
A Practical Asymptotic Variance Estimator for Two-Step
Semiparametric Estimators

Daniel Ackerberg
UCLA

Xiaohong Chen
Yale University

Jinyong Hahn
UCLA

First Version: March 20, 2009

Abstract

The goal of this paper is to develop techniques to simplify semiparametric inference. We do this by
deriving a number of numerical equivalence results. These illustrate that in many cases, one can obtain
estimates of semiparametric variances using standard formulas derived in the already-well-known parametric
literature. This means that for computational purposes, an empirical researcher can ignore the semipara-
metric nature of the problem and do all calculations �as if� it were a parametric situation. We hope that
this simplicity will promote the use of asymptotic semiparametric variance estimates.

1 Introduction

Many recently introduced empirical methodologies utilize two-step semiparametric estimation approaches. In the
�rst step, certain functions are estimated nonparametrically. In the second step, structural/causal parameters
are estimated parametrically, using the nonparametric estimates from the �rst stage as inputs. Such estimators
have been used both in the treatment e¤ect literature to estimate average treatment e¤ects (e.g. Hahn (1998),
and Hirano, Imbens, and Ridder (2003)) and in the Labor and IO literatures to estimate rich, often dynamic,
structural models (Hotz and Miller (1993, 1994), Olley and Pakes (1995), Aguirregabiria and Mira (2002, 2007),
Bajari, Benkard, and Levin (2007), Pakes, Ostrovsky, and Berry (2007), Pesendorfer and Schmidt-Dengler
(2007), and Bajari, Hong, Krainer, and Nekipelov (2008)).
These two-step semiparametric estimators are often very computationally convenient to use. This is partic-

ularly true in the structural models cited above. As argued by that literature, these two-step methods allow one
to estimate the underlying structural parameters without having to repeatedly solve for complicated (and often
dynamic) equilibrium. This can tremendously reduce computational burden. As such, these estimators are
being used quite regularly in applications (e.g. Ryan (2006), Collard-Wexler (2006), Dunne, Klimek, Roberts,
and Xu (2006), Sweeting (2007), Macieira (2008), Ellickson and Misra (2008), Snider (2008), Ryan and Tucker
(2008)).
These methods do, however, rely crucially on being nonparametric in the �rst step. The �rst step involves

estimating reduced form policy functions that arise from the equilibria of the underlying structural model. From
a practical perspective, there is a sense in which the nonparametric �rst step estimation is parametric - since one
needs to choose, e.g. the number of terms in a series approximation, the bandwidth of a kernel, or the �exibility
of a sieve. But naïve parametric speci�cation of these reduced form policy functions is likely to contradict the
underlying structural model.1 So, researchers have to take seriously the �nonparametric promise�of increasing
the �exibility of the �rst-step speci�cation as the number of observations increases.
Taking this promise seriously also requires one to explicitly consider the problem�s semiparametric nature

when estimating the variances of the estimated �nite-dimensional (structural) parameters. Asymptotic variances

1 Imposing the structure of the underlying model on the reduced form policy functions would necessitate solving for the equilib-
rium, which is exactly what these methods are trying to avoid.
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in parametric models are based on the assumption that the total number of parameters stays �xed as the
number of observations increases. In contrast, asymptotic variances in semiparametric models are based on
the assumption that the total number of parameters increases as the number of observations increase. These
asymptotic variances will generally be di¤erent.
There is a long line of theoretical literature that derives expressions for semiparametric asymptotic variances

of two-step estimators (Newey (1994), Andrews (1994), Newey and McFadden (1994), Ai and Chen (2007),
Chen, Linton and van Keilegom (2003), Ichimura and Lee (2008), to name a few). Some of these papers also
show how to consistently estimate the asymptotic variances. While these theoretical results are useful, their
implementation is typically not straightforward in practice. Some (e.g. Newey (1994), Chen, Linton and van
Keilegom (2003)) give very high level results on asymptotic variance expressions, requiring an applied researcher
to calculate the asymptotic variance in a closed-form in order to apply the theoretical result to a particular
situation.2 Others (e.g., Ai and Chen (2007)) are very general and do not need to solve the asymptotic variance
analytically, but require numeric optimization to compute a consistent estimate of the asymptotic variance.
These limitations have often lead applied researchers to use the bootstrap to estimate asymptotic variances
(e.g., Ryan (2006), Ellickson and Misra (2008), Macieira (2008)), but this can be computationally demanding
and may also be di¢ cult to justify theoretically. Bootstrap validity is typically established for con�dence
region construction. Even for parametric linear regressions, one needs additional regularity conditions to justify
bootstrap validity for standard errors (see, e.g., Gonçalves and White (2005) for a recent discussion).
The purpose of this paper is to show that in a large class of models, one can greatly simplify the estimation of

semiparametric asymptotic variances. The core point of our paper is a numerical equivalence result. To describe
this, consider researcher A, who estimates the model with a parametric �rst step. Also consider researcher B,
who estimates the model semi-parametrically, using the method of sieves as the nonparametric �rst step. Since
sieves are just �su¢ ciently �exible�parameterized functions, let us assume that researcher B�s sieve is identical
to researcher A�s parameterized function for the �rst step.
Given this choice of sieve, it is clear that researcher A and researcher B will obtain identical point estimates

of the structural parameters. On the other hand, the asymptotic variances of the two estimators will be di¤erent,
as researcher A is in a parametric world where the total number of unknown parameters is constant (and �nite),
while researcher B is in a semiparametric world where the total number of unknown parameters is increasing to
in�nity.
Our results concern the estimated asymptotic variance of the structural parameters. We show, somewhat

surprisingly, that in a large class of models, the estimate of the semiparametric asymptotic variance using the
methods of Newey (1994) or Ai and Chen (2007) is numerically identical to the estimate of parametric asymptotic
variance using standard two-step parametric results (described in Section 2, see, e.g. Murphy and Topel (1985),
or Newey and McFadden (1994)). In other words, researcher A and researcher B will obtain numerically identical
variance estimates (for the structural parameters). This is true even though they are estimating di¤erent objects
asymptotically �the true asymptotic parametric variance vs. the true asymptotic semiparametric variance of
the �nite dimensional parameters of interest. To the best of our knowledge, Newey (1994, Section 6) was the
�rst to recognize this equivalence in a simple example involving one in�nite-dimensional parameter, which is
estimated by least squares using a series approximation in the �rst step. We go one step further and generalize
his insight to other classes of two step semiparametric estimators, including models with multiple nonpametric
components, models characterized by likelihoods, and models where the second step moments depend on the
�rst step in�nite-dimensional parameter in a more complicated way.
The implication of this numerical equivalence result is that it becomes very simple for applied researchers

to take the nonparametric portion of the above models seriously. One of course has to make the nonparametric
promise that one will increase the �exibility of the nonparametric approximation as the number of observations

2As illustrated in Newey (1994) and Ichimura and Lee (2008), one can typically solve the asymptotic variance analytically when
there is only a scalar unknown function estimated in the �rst stage. However, it is extremely di¢ cult to calculate the asymptotic
variance analytically when there are several unknown functions involved. Recognizing this di¢ culty, Chen, Linton and van Keilegom
(2003) provide nonparametric bootstrap justi�cation for the construction of con�dence regions.
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increases (which probably should be interpreted in practice as making the approximation su¢ ciently �exible
given the number of observations). However, to compute the estimated variances and standard errors, one
can simply use regular parametric formulas rather than either understanding Newey (1994) or Ai and Chen
(2007), or bootstrapping. These regular parametric variance formulas will generate consistent estimates of
the semiparametric asymptotic variances. In some sense, our result says that for computational purposes, a
researcher can ignore the nonparametric aspect of the problem and do all calculations �as if�it were a parametric
situation. We hope that this simplicity will promote the use of asymptotic semiparametric variance estimates,
and alleviate the need for computationally burdensome bootstrapping.
Many researchers are aware that the two step semi-parametric estimator is typically

p
n consistent and

asymptotically normal, but seem to be under the impression that (i) it is necessary to characterize the analytic
expression of the asymptotic variance matrix; (ii) such characterization is possible but di¢ cult; and therefore
(iii) statistical inference can be a challenge in practice. Hotz and Miller�s (1993) original two-step estimator
presented in their equation (5.9) is in fact a parametric estimator because they assume that the nonparametric
component is a conditional expectation on some variable with �nite support. They consider an extension to
the case where the conditioning variable is continuous, and end up developing a new estimator. Olley and
Pakes (1996) ended up writing another paper (Pakes and Olley (1995)) in order to characterize the analytic
formula of the asymptotic variance (for the case where the �rst step nonparametric estimation is done by kernel
methods). Olley and Pakes (1996) note �We do not currently know of a theorem that insures

p
n consistency and

asymptotic normality when the series estimator is used...�Bajari, Benkard, and Levin (2007) noted the di¢ culty
of characterizing the semiparametric asymptotic variance of their estimators, and �To simplify this second-stage
problem, we henceforth assume that the policy function and transition probabilities are parameterized by a �nite
parameter vector � and that this vector can be consistently estimated at the �rst stage.�Noting a separate work
by Bajari, Chernozhukov, and Hong (2005), they go on to state �We are optimistic that our approach could be
shown to work for a nonparametric �rst stage with continuous actions on a continuous state space, but we leave
this for future research.� Their conjecture was later veri�ed by Bajari, Chernozhukov, Hong, and Nekipelov
(2008). We do not disagree with the profession that analytic characterization of the asymptotic variance matrix
can be challenging. Our contribution is to note that analytic characterization is often unnecessary in practice
because a practitioner simply needs a consistent estimator of the asymptotic variance, and that such an estimator
is very easy to compute by adopting the convenient view that the �rst step sieve nonparametric estimation is
in practice a parametric step.3 This convenience has applicability across a wide range of literatures, including
labor and IO applications.
Section 2 starts with a review of how to compute standard errors in two-step parametric models. Sections

3 and 4 present our main numerical equivalence results for two classes of semiparametric models. For intuition,
Section 5 presents a very simple example where our result holds, the partially linear semiparametric model of
Robinson (1988). Section 6 presents some extensions and examples applying our result to some of the current
models in the empirical literature. Section 7 brie�y concludes.

2 Review: Standard Errors in Two-Step Parametric M-Estimators

In this section, we provide a brief review of how to estimate the asymptotic variance of two-step parametric
M-estimators. We assume that a researcher estimates a parameter vector � using a �rst-step M-estimator (e.g.
OLS, NLLS, MLE, method of moments). This estimate is then plugged into a second-step M-estimator which
is used to estimate another parameter vector �. The question is whether and how the estimation error of the
�rst-step M-estimator b� a¤ects the asymptotic variance of the second-step M-estimator b�. To the best of our
knowledge, Newey (1984), and Murphy and Topel (1985) were among the �rst to investigate this issue. These

3Our numerical equivalence results are established for the two-step semiparametric estimators only when sieve (or series) methods
are used in the �rst-step. We doubt such a numerical equivalence result might still hold for other nonparametric �rst-steps such as
kernel, local linear regression, or nearest neighbor methods.
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methods of adjusting the asymptotic variance of b� are now so well-understood that they can even be found in
standard textbooks such as Wooldridge (2002, Chapter 12.4).
Suppose that in the �rst step, a researcher estimates � with the b� that solves

1

n

nX
i=1

'
�
zi; b�� = 0 (1)

In the case where b� solves some optimization problem, such as OLS, NLLS, or MLE, ' is the �rst order condition
of the optimization problem. In the second step, the researcher estimates � by solving

1

n

nX
i=1

 
�
zi; b�; b�� = 0 (2)

Note that the second step M-estimator b� will in general be di¤erent from the e� that solves 1nPn
i=1  

�
zi; e�; ��� =

0, where �� denotes the true value of � satisfying E[' (zi; ��)] = 0. Therefore, the asymptotic variance of
p
n
�b� � ��� is in general di¤erent from that of

p
n
�e� � ���, due to the estimation error in b�.

In order to assess the asymptotic variance of
p
n
�b� � ��� that correctly re�ects the estimation error of b�,

a researcher can consider the two-step estimator as a component of a one-step M-estimator4

1

n

nX
i=1

g
�
zi; b�; b�� = 0 (3)

where

g (zi; �; �) =

�
' (zi; �)

 (zi; �; �)

�
The b� and b� that solve (3) are numerically identical to b� and b� that solve (1) and (2). Letting � = (�0; �0)

0

and recognizing that b� = �b�0; b�0�0 is an M-estimator, we can then use standard arguments5 to compute the
asymptotic variance of

p
n (b�� ��) i.e. a consistent estimator of the asymptotic variance of pn (b�� ��) is

given by  
1

n

nX
i=1

@g (zi; b�)
@�0

!�1 
1

n

nX
i=1

g (zi; b�) g (zi; b�)0! 1
n

nX
i=1

@g0 (zi; b�)
@�

!�1
:

The asymptotic variance of
p
n
�b� � ��� is simply the upper left block of the asymptotic variance matrix ofp

n (b�� ��). This one-step interpretation is a device that facilitates our theoretical discussion. In practice,
two-step estimation techniques are often adopted for computational convenience.

3 Estimator of Asymptotic Variance of Two-Step Semiparametric
Estimators

We present our �rst main result in this section. We consider semiparametric two-step estimation, where a
researcher estimates certain functions with a nonparametric estimator in the �rst-step. In the second-step, she
plugs the nonparametric estimators into a parametric moment equation to compute an estimator b� of some
�nite dimensional parameter vector. We assume that the �rst-step nonparametric estimation is implemented
by the method of sieves, e.g. a series approximation. Note that the �rst-step requires computation of a
�nite dimensional parameter in practice. For example, if the �rst-step involves nonparametric estimation of

4This formulation assumes exact identi�cation.
5See Wooldridge (2002, Chapter 12.3).
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a conditional expectation implemented with a series approximation, then the �rst step amounts to OLS in
practice.
Now assume that there are two researchers. Researcher A makes an incorrect assumption that the �rst-step

is in fact parametric, therefore believing that the number of terms in the series approximation remains constant
as the sample size grows to in�nity. Because she believes the �rst step to be a parametric procedure (and
because the second step is truly parametric), Researcher A would estimate the asymptotic variance of b� using
the formula discussed in Section 2.
Researcher B, on the other hand, makes the correct nonparametric assumption that the number of terms in

the series approximation increases to in�nity as an appropriate function of the sample size. Therefore, Researcher
B would like to compute a consistent estimator of the asymptotic variance of b� using a formula that correctly
re�ects b��s semiparametric nature. Because the two researchers are considering di¤erent asymptotic sequences,
Researcher A�s asymptotic variance formula (i.e., the theoretical formula expressed in population expectations)
will generally be di¤erent from Researcher B�s. In other words, Researcher A is trying to estimate a di¤erent
theoretical variance object than Researcher B.6 Despite this di¤erence, this section proves that the estimator of
the asymptotic variance that Researcher A implements will be numerically equivalent to the estimator of the
asymptotic variance that Researcher B uses.
We use Ai and Chen�s (2007) asymptotic variance formula extensively. To the best of our knowledge, Newey

(1994) was the �rst to characterize the asymptotic variance of a two-step semiparametric estimator. In Appendix
C, we show that Newey�s asymptotic variance formula can also be given this �parametric� interpretation. In
Appendix D, we explain how Newey�s asymptotic variance formula can be related to Ai and Chen�s.

Description of the model and estimator More formally, consider a model given by the following moment
restrictions

E [y1i � h1� (x1i)jx1i] = 0;
...

E [yLi � hL� (xLi)jxLi] = 0;
E [m (zi; ��; h1� (x1i) ; : : : ; hL� (xLi))] = 0: (4)

The h1 (x1i) ; : : : ; hL (xLi) functions are the nonparametric components in the model. � is the �nite-dimensional
component of the model. Note that the conditioning variables x1i; : : : ; xLi are allowed to di¤er from each
other. We also allow the dimensions of x1i; : : : ; xLi to di¤er. The practitioner nonparametrically estimates
h1� (x1i) ; : : : ; hL� (xLi) with the estimators bh1 (x1i) ; : : : ;bhL (xLi), and then estimates �� with the b� that solves7

1

n

nX
i=1

m
�
zi; b�;bh1 (x1i) ; : : : ;bhL (xLi)� = 0:

Ai and Chen�s (2007) modi�ed SMD estimator We now show that this two-step estimator is numerically
identical to Ai and Chen�s (2007) modi�ed SMD estimator as long as bh1 (x1i) ; : : : ;bhL (xLi) are approximated
using the method of sieves.8 A more applied reader can skip these details in this and the next subsections. The
modi�ed SMD estimator solves the minimization problem

1

n

nX
i=1

(y1i � h1 (x1i))2 + � � �+
1

n

nX
i=1

(yLi � hL (xLi))2 +





 1n

nX
i=1

m (zi; �; h1 (x1i) ; : : : ; hL (xLi))







2

6Researcher A is trying to estimate a theoretical object that is not the true asymptotic variance, since she believes that the
number of terms in the series will remain constant in her asymptotics. In fact, Researcher A�s estimator b� in the second step will
be inconsistent in general because her �rst step estimator will not converge to the true nonparametric object.

7For simplicity we assume exact identi�cation for �.
8See their equation (5) or their plug-in estimation equations (6)-(7). In fact, Ai and Chen (2007) consider a much broader class

of models, including misspeci�ed semi/nonparametric models. Our discussion here is a �translation� of their procedure for the
speci�c model we consider here.
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over (�; h1; : : : ; hL) 2 B �H1;n � � � � � HL;n, where kak denotes a vector norm such that kak = a0a. Assuming
that B is a compact subset of Rd, and for l = 1; : : : ; L; the sieve spaces Hl;n are given by:

Hl;n =
�
hl : hl(xl) = pl;1 (xl) �(l);1 + � � �+ pl;Kl;n

(xl) �(l);Kl;n
= hl

�
xl; �(l)

�	
; (5)

we can see that the modi�ed SMD is numerically equivalent to the following multi-step estimator:

b�(l) = argmin
�(l);1;:::;�(l);Kl;n

1

n

nX
i=1

�
yli �

�
pl;1 (xl) �(l);1 + � � �+ pl;Kl;n

(xl) �(l);Kl;n

��2
; l = 1; : : : ; L;

0 =
1

n

nX
i=1

m
�
zi; b�; h1 �x1i; b�(L)� ; : : : ; hL �xLi; b�(L)�� :

Ai and Chen�s (2007) estimator of asymptotic variance Ai and Chen (2007) show that b� is
p
n-

consistent and asymptotically normal under certain regularity conditions. They also provide a consistent esti-

mator of the semiparametric asymptotic variance (V ) of
p
n
�b� � ���, which we now describe. For simplicity

of notation, we will write

r (zi; ��) =

264 y1i � h1� (x1i)
...

yLi � hL� (xLi)

375 (6)

where �� = (��; h�), and h is an abbreviation of (h1; : : : ; hL). We adopt a similar convention for bh. Denoteb� = (b�;bh). Assuming the sieve space Hn = H1;n � � � � � HL;n with Hl;n given by (5) for l = 1; :::; L, Ai and
Chen�s estimator bV of the asymptotic variance of b� can be computed using the following algorithm:
1. Compute bw� = ( bw�1 ; :::; bw�d) that solves for j = 1; :::; d;

bw�j = argmin
w2Hn

1

n

nX
i=1

8<:
�
@r(zi;b�)
@�j

�
PL

l=1
@r(zi;b�)
@hl

wj;l (xl;i)
�0 �

@r(zi;b�)
@�j

�
PL

l=1
@r(zi;b�)
@hl

wj;l (xl;i)
�

+



 1nPn

i=1

�
@m(zi;b�)
@�j

�
PL

l=1
@m(zi;b�)
@hl

wj;l (xl;i)
�


2

9=; :

2. Compute

� (zi; b�) = � r (zi; b�)
m (zi; b�)

�
;

b�bw� (zi) =

24 PL
l=1

�
@r(zi;b�)
@�1

�
PL

l=1
@r(zi;b�)
@hl

bw�1;l (xl;i)� � � �
PL

l=1

�
@r(zi;b�)
@�d

�
PL

l=1
@r(zi;b�)
@hl

bw�d;l (xl;i)�
1
n

Pn
i=1

�
@m(zi;b�)
@�1

�
PL

l=1
@m(zi;b�)
@hl

bw�1;l (xl;i)� � � � 1
n

Pn
i=1

�
@m(zi;b�)
@�d

�
PL

l=1
@m(zi;b�)
@hl

bw�d;l (xl;i)�
35

and b
 = 1

n

nX
i=1

�b�bw� (zi)
�0
� (zi; b�) � (zi; b�)0 b�bw� (zi)

3. Compute

bV =  1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1 b
 1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1
:

A Naïve practitioner�s estimator We now consider how the semiparametric estimators b� and bV relate to
what one obtains if the estimation problem is approached from a purely parametric perspective (i.e. Researcher
A). First, note that a parametric estimator based on the parametric speci�cation hl(xl) = pl;1 (xl) �(l);1 + � � �+
pl;Kl

(xl) �(l);Kl
= hl

�
xl; �(l)

�
(where Kl = Kl;n is a function of n although it is perceived to be �xed for our

�ctitious Researcher A) will result in an estimate of � that is numerically equivalent to b�. This means that
6



for the purpose of computing b�, it is harmless to �pretend�that the hl�s are parametrically speci�ed. We now
show that the same idea holds for the estimated variance.
Our parametric Researcher A perceives b� to be a simple M-estimator solving the moment equation E [g (zi; ��; ��)] =

0, where

g (zi; �) =

26664
pK1
1 (x1;i)

�
y1i � h1

�
x1i; �(1)

��
...

pKL

L (xL;i)
�
yLi � hL

�
xLi; �(L)

��
m
�
zi; �; h1

�
x1i; �(1)

�
; : : : ; hL

�
xLi; �(L)

��
37775 ;

where � = (�0; �0)0, � =
�
�0(1); : : : ; �

0
(L)

�0
, and for l = 1; :::; L, hl

�
xli; �(l)

�
= pKl

l (xl;i)
0�(l) with pKl

l (xl;i) =

(pl;1 (xl;i) ; ::::; pl;Kl
(xl;i))

0. Here both � and � are �nite dimensional parameters such that dim (g) = dim (�) +
dim (�). A consistent estimator of variance matrix of all the parameters is given by the usual formula 

1

n

nX
i=1

@g (zi; b�)
@�0

!�1 
1

n

nX
i=1

g (zi; b�) g (zi; b�)0! 1
n

nX
i=1

@g (zi; b�)0
@�

!�1
(7)

and like in Section 2 an estimator bVp of the parametric asymptotic variance of b� can be obtained from the upper
left corner of (7).

Numerical equivalence Note that bVp is obtained from a completely di¤erent perspective then the one under-
lying bV . In fact, the idea that led to bVp is wrong! However, Appendix B shows that bVp is numerically identical
to bV . While subtle, this has a profound consequence for semiparametric statistical inference. Researchers want-
ing (or needing) to do semiparametric inference need not explicitly consider the semiparametric nature of the
problem in estimation. After specifying the �exible series approximation, they can proceed as if the problem
was completely parametric for the purpose of inference on �. Obviously, this does not necessarily mean that
the same is true for inference on the nonparametric components of the problem.

4 Estimator of Asymptotic Variance of Sieve MLE

In this section, we consider consistent estimation of the asymptotic variances of sieve maximum likelihood
estimators (MLE). We assume that an econometric model is characterized by a probability density with two
kinds of parameters: �nite dimensional parameters � and some unknown functions h(�). We estimate (�; h) by
sieve maximum likelihood in which h is approximated by �nite dimensional �exible parametric families. This
implies that the estimator of (�; h) is in fact identical to the maximizer of a (potentially) misspeci�ed parametric
likelihood. As in Section 3, we show that the estimator of the asymptotic variance of the parametric component
can be given a parametric interpretation.
Assume that we observe zi for each individual. We further assume that zi are independent and identically

distributed.9 The log likelihood of the data fzigni=1 is given by 1
n

Pn
i=1 ` (zi; �; h (�)), where � 2 B is a vector

of �nite-dimensional parameter of interest and h 2 H is a vector of L real-valued unknown functions (i.e.,
h (�) = (h1 (�) ; : : : ; hL (�)) and each hl (�) could depend on di¤erent argument xl for l = 1; :::; L). We take h (�)
to be the nonparametric nuisance functions. Denote � = (�; h) 2 B � H. We assume that the true parameter
value �� = (��; h�) 2 B �H uniquely solves the population problem

sup
(�;h)2B�H

E [` (zi; �; h (�))] :

9 In other words, we do not need to worry about the dependence as in Chen and Shen (1998).
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The sieve MLE is a sample counterpart, except that the function parameter space H = H1�� � ��HL is replaced

by a sieve parameter space Hn = H1;n � � � � � HL;n. In other words, the sieve MLE
�b�;bh� is the solution to

max
(�;h)2B�Hn

1

n

nX
i=1

` (zi; �; h (�)) : (8)

Shen�s result (1997) implies that b� is pn-consistent, asymptotically normal and semiparametrically e¢ cient
(under regularity conditions), i.e.,

p
n
�b� � ���! N

�
0; I�1

�
, with I�1 given in Appendix E.

In the following for w = (w(1); :::; w(L)) 2 Hn = H1;n � � � � � HL;n, we let
d`(zi;b�)
dh [w] =

PL
l=1

d`(zi;b�)
dhl

[w(l)],

and d`(zi;b�)
dhl

[w(l)] denotes the directional derivative of ` with respect to hl at the direction w(l), loosely speaking.
For more precise de�nition, see Appendix E. We propose the following simple sieve estimator of the asymptotic
variance of the sieve MLE b�:
1. Compute a consistent estimator bw�j of w�j , j = 1; :::; d :

bw�j = argmin
w2Hn

nX
i=1

�
d` (zi; b�)
d�j

� d` (zi; b�)
dh

[w]

�2
:

2. Compute

b�(z) =
2664

d`(z;b�)
d�1

� d`(z;b�)
dh [ bw�1 ]
...

d`(z;b�)
d�d

� d`(z;b�)
dh [ bw�d]

3775 :
3. Compute

bVsmle =  1
n

nX
i=1

b�(zi) b�(zi)0!�1 : (9)

In Appendix E, we provide a proof that bVsmle is a consistent estimator of I�1 (the asymptotic variance of
the sieve MLE b�).10
We now discuss the practical implication of (9). Consider a �ctitious practitioner who assumes that H is

in fact Hn. In other words, the practitioner believes that h can be and should be parametrically speci�ed. In
terms of estimating (�; h), this �ctitious practitioner�s estimator would be numerically identical to ours. After
all, he will solve the same problem (8). Would his standard error for b� be identical to ours?
We now show that the practitioner�s estimator of the asymptotic variance is identical to ours if the sieve

space is Hn = H1;n � � � � � HL;n with Hl;n given by (5) for l = 1; :::; L. The practitioner would write

hl(xl) = pl;1 (xl) �(l);1 + � � �+ pl;Kl
(xl) �(l);Kl

= pKl

l (xl)
0�(l) for �(l) =

�
�(l);1; :::; �(l);Kl

�0
with pKl

l (xl) = (pl;1 (xl) ; ::::; pl;Kl
(xl))

0, where Kl = Kl;n is a function of n although it is perceived to be �xed

for our �ctitious practitioner. Denote � =
�
�0(1); : : : ; �

0
(L)

�0
which is a K � 1�vector with K = K1 + � � �+KL.

The parametric practitioner would estimate (��; ��) = argmax�;� E[` (zi; �; �)] via parametric MLE, and obtain:

p
n
�b� � ��; b� � ���0 ! N

0B@0;
24 E

h
d`(z;��;��)

d�
d`(z;��;��)

d�0

i
E
h
d`(z;��;��)

d�
d`(z;��;��)

d�0

i
E
h
d`(z;��;��)

d�
d`(z;��;��)

d�0

i
E
h
d`(z;��;��)

d�
d`(z;��;��)

d�0

i 35�1
1CA ;

10We provide a proof of the consistency of bVsmle along with regularity conditions in Appendix E because we are not aware of any
published papers that establish the consistency of bVsmle, albeit such an estimator has been used in the literature without proofs;
see, e.g., Chen (2007, remark 4.2), Chen, Fan and Tsyrennikov (2006). For most other results in this paper, we do not provide any
rigorous asymptotic theory, which is already done in the existing literature.
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and the asymptotic variance for b�, Vp, is simply the upper-left block of the above variance and covariance
matrix, which can be computed by the partitioned inverse formula. The partitioned inverse formula on the
other hand, has another interpretation as the inverse of the variance of the least squares projection residual of
d`(z;��;��)

d� on d`(z;��;��)
d�0 :

Vp =
�
E
�
�p (zi)�p (zi)

0���1
;

where

�p (z) =

2664
d`(z;��;��)

d�1
� d`(z;��;��)

d�0 c�1
...

d`(z;��;��)
d�d

� d`(z;��;��)
d�0 c�d

3775
and

c�j = argmin
cj2RK

E

"�
d` (z; ��; ��)

d�j
� d` (z; ��; ��)

d�0
cj

�2#
for j = 1; :::; d:

If the practitioner uses the outer-product based estimator of the information matrix, then the asymptotic

variance matrix for
�b�; b��0 can be consistently estimated by the following matrix:

24 1
n

Pn
i=1

d`(zi;b�;b�)
d�

d`(zi;b�;b�)
d�0

1
n

Pn
i=1

d`(zi;b�;b�)
d�

d`(zi;b�;b�)
d�0

1
n

Pn
i=1

d`(zi;b�;b�)
d�

d`(zi;b�;b�)
d�0

1
n

Pn
i=1

d`(zi;b�;b�)
d�

d`(zi;b�;b�)
d�0

35�1 ;
and the asymptotic variance for b� can be consistently estimated by the upper-left block of the above matrix,
which can be computed by the partitioned inverse formula, which also has another interpretation that can be
characterized by the following algorithm:

1. Compute the solution bc�j to
min
cj2RK

nX
i=1

0@d`
�
zi; b�; b��
d�j

�
d`
�
zi; b�; b��
d�0

cj

1A2

:

2. Compute

b�p (zi) =
26664

d`(zi;b�;b�)
d�1

� d`(zi;b�;b�)
d�0 bc�1

...
d`(zi;b�;b�)

d�d
� d`(zi;b�;b�)

d�0 bc�d

37775 :
3. Compute

bVp =  1
n

nX
i=1

b�p (zi) b�p (zi)0!�1 :
We argue that bVp is in fact numerically identical to bVsmle, since b�p (zi) is numerically identical to b�(z). For

this purpose, it su¢ ces to note that with hl(xl) = pKl

l (xl)
0�(l), � =

�
�0(1); : : : ; �

0
(L)

�0
and c =

�
c0(1); : : : ; c

0
(L)

�0
,

we have:
d`
�
zi; b�; b��
d�0

c =
LX
l=1

d`
�
zi; b�;bh�
dhl

pKl

l (�)0 c(l)

Therefore, the minimization problem over c 2 RK is in fact identical to the minimization problem over all linear
combinations w(l) = pKl

l (�)0 c(l), which in turn is identical to the minimization over w =
�
w(1); : : : ; w(L)

�
2

9



Hn = H1;n � � � � �HL;n. It follows that the variance estimator bVp obtained from the pretension that the model
is parametrically speci�ed is exactly identical to the sieve variance estimator bVsmle obtained under the correct
assumption that the model is semiparametrically speci�ed.
We conclude that, as long as outer-product is used for calculation of information, the �parametric�inference

is numerically identical to semiparametric inference.

5 Intuition: Partially Linear Regression Model

In order to gain intuition of our general result, it is useful to consider the partially linear regression model

yi = xi�� + h (si) + ui

where h is a scalar-valued unknown function. For simplicity of notation, we assume that � is a scalar.
This model is usually estimated by the following steps:

1. Compute nonparametric estimators bE [yj s] and bE [xj s] of E [yj s] and E [xj s]
2. Compute b� using an OLS regression of yi � bE [yj si] on xi � bE [xj si]
It has been shown that

p
n
�b� � ��� is asymptotically normal under certain regularity conditions; see, e.g.,

Robinson (1988). Assuming that the unobserved error ui is independent of (xi; si), the asymptotic variance is
equal to

Var (ui)

E
h
(xi � E [xj si])2

i (10)

This result can be given a �parametric�interpretation. Suppose that a practitioner believes that

h (s) = h (s; �) = p1 (s) �1 + � � �+ pK (s) �K

Then the practitioner�s estimator can be computed by the partitioned regression formula:

1. Run OLS regressions of both yi and xi on p1 (si),......,pK (si), and obtain the �tted values eE [yj si] andeE [xj si]
2. Compute e� using an OLS regression of yi � eE [yj si] on xi � eE [xj si]e� will be numerically identical to b� if the nonparametric estimation of bE [yj s] and bE [xj s] computed as sieve

estimators overHn = fh : h(s) = p1 (s) �1 + � � �+ pKn (s) �Kng. What about the asymptotic variance estimator?
Note that the asymptotic variance (10) can be estimated by

dVar (ui)
1
n

Pn
i=1

�
xi � bE [xj si]�2

where dVar (ui) is some consistent estimator of Var (ui). But since in this case, bE [xj si] will be identical toeE [xj si], we conclude that it is numerically identical todVar (ui)
1
n

Pn
i=1

�
xi � eE [xj si]�2 (11)

which is the practitioner�s estimator of the asymptotic variance of
p
n
�e� � ���, which is in turn numerically

equivalent to the upper-left corner of the estimator of the asymptotic variance
�e�; e�0�0, where e� is obtained

from the one-step regression of yi on xi and p1 (si) ; : : : ; pKn (si).

10



How is this equivalence related to our results in Sections 3 and 4? We can see that b� can be given two di¤erent
interpretations. First, we can understand it as a two-step semiparametric estimator with a nonparametric �rst-
step. As such, our result in Section 3 explains the numerical equivalence between the estimated variances.
Second, if u is assumed to have a normal distribution, we can treat b� as a component of the sieve MLE using
the standard equivalence of OLS to pseudo-MLE with normal errors. Therefore, our result in Section 4 also
explains the numerical equivalence.

6 Extensions and Examples

In the �rst three subsections of this section, we present three simple extensions to cover models that are
commonly seen in applied microeconometrics. In the last two subsections, we discussion some speci�c examples
that are commonly seen in labor and IO applications.

6.1 Dependence of Second-Stage on Full Non-Parametric Function

Consider a model where

E [yi � h� (xi)jxi] = 0;
E [m (zi; ��; h�)] = 0:

Note the important di¤erence between this model and the model of Section 3. In this model, the moment
equation m (zi; ��; h�) depends not only on h� through its value at xi but through its values at all support
points of xi. Does this change our conclusion? For simplicity of notation, we will assume that yi is a scalar and
h� is a scalar-valued function.
This model still �ts into the framework of Ai and Chen (2007). According to their asymptotic variance

formula for their modi�ed SMD estimator b�, to consider this model we simply have to replace the term
@m(zi;b�)

@h wj (xi) in Section 3 by
@m(zi;b�)

@h [wj (�)], where the pathwise derivatives are de�ned as

@m (zi; b�)
@h

h
h� bhi = dm

�
zi; b�; (1� �)bh+ �h�

d�

������
�=0

:

Let the sieve space be Hn = fh : h(�) = �1p1 (�) + � � �+ �KnpKn (�)g. Ai and Chen�s sieve estimator bV of the
asymptotic variance of b� can then be computed by the following algorithm:
1. Compute bw� = ( bw�1 ; :::; bw�d) for j = 1; :::; d as

bw�j = argmin
w2Hn

1

n

nX
i=1

8<:(�wj (xi))2 +
 
1

n

nX
i=1

�
@m (zi; b�)

@�j
� @m (zi; b�)

@h
[wj ]

�!29=; :

2. Compute

� (zi; b�) = " yi � bh (xi)
m
�
zi; b�;bh�

#
;

b�bw� (zi) =

"
� bw�1(xi) � � � � bw�d(xi)

1
n

Pn
i=1

�
@m(zi;b�)
@�1

� @m(zi;b�)
@h [ bw�1 ]� � � � 1

n

Pn
i=1

�
@m(zi;b�)
@�d

� @m(zi;b�)
@h [ bw�d]�

#
and b
 = 1

n

nX
i=1

�b�bw� (zi)
�0
� (zi; b�) � (zi; b�)0 b�bw� (zi) :
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3. Compute

bV =  1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1 b
 1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1
:

Now assume that a practitioner takes a parametric perspective with h� (�) = p1 (�) �1+ � � �+pK (�) �K , where
K = Kn is a function of n although it is perceived to be �xed for our �ctitious practitioner. His moment
equation is then E [g (zi; ��; ��)] = 0 where

g (zi; �; �) =

�
pK (xi) (yi � h� (xi))

m (zi; �; h�)

�
with

@g (zi; �; �)

@ (�; �)
0 =

"
0 �pK (xi) pK (xi)0

@m(zi;�;h�)
@�0 m (zi; �; �)

0

#
;

where m (zi; �)
0
= [m1 (zi; �) ; : : : ;mK (zi; �)], and for k = 1; :::;K;

mk (zi; �) �
@m (zi; �)

@h
[pk] :

With this notation, it is easy to see that

@m (zi; b�)
@h

[�1p1 + � � �+ �KpK ] =
X
k

mk (zi; b�) �k =m (zi; b�)0 �;
and the argument in Appendix B applies yet again. Thus we can conclude the upper-left (dim (�) � dim (�))
block of the parametric variance estimator 

1

n

nX
i=1

@g (zi; b�)
@ (�; �)

0

!�1 
1

n

nX
i=1

g (zi; b�) g (zi; b�)0! 1
n

nX
i=1

@g (zi; b�)0
@ (�; �)

!�1

is numerically identical to Ai and Chen�s (2007) asymptotic semiparametric variance estimator bV .
6.2 First Step with Restriction

As another extension, we can consider a model where

E [y1i � h� (x1;i)jx1;i] = 0;
...

E [yLi � h� (xL;i)jxL;i] = 0;
E [m (zi; ��; h� (x1;i) ; : : : ; h� (xL;i))] = 0;

where the dimensions of x1i; : : : ; xLi are restricted to be identical, and for simplicity we assume h� (�) is a
scalar-valued function. The practitioner estimates h� (�) by the sieve estimator bh (�) which minimizes

1

n

nX
i=1

(y1i � h (x1;i))2 + � � �+
1

n

nX
i=1

(yLi � h (xL;i))2

over Hn = fh : h(x) = p1 (x) �1 + � � �+ pKn (x) �Kng, and then solves

1

n

nX
i=1

m
�
zi; b�;bh (x1;i) ; : : : ;bh (xL;i)� = 0:
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This again �ts into the modi�ed SMD framework because minimization of

1

n

nX
i=1

(y1i � h (x1;i))2 + � � �+
1

n

nX
i=1

(yLi � h (xL;i))2 +
 
1

n

nX
i=1

m (zi; �; h (x1;i) ; : : : ; h (xL;i))

!2
over (�; h) 2 B � Hn amounts to this two step estimation. Ai and Chen�s asymptotic variance estimator for
this case is described in Appendix F.
We now assume that a practitioner adopts a parametric speci�cation h (x) = pK (x)

0
�, where K = Kn is a

function of n although it is perceived to be �xed for our �ctitious practitioner. The practitioner proceeds with
the following two-step algorithm: �rst minimizes

1

n

nX
i=1

�
y1i � pK (x1;i)0 �

�2
+ � � �+ 1

n

nX
i=1

�
yLi � pK (xL;i)0 �

�2
;

and then solves
1

n

nX
i=1

m
�
zi; b�; pK (x1;i)0 b�; : : : ; pK (xL;i)0 b�� = 0:

Note that the practitioner�s estimator is identical to the modi�ed SMD estimator. Also, the practitioner�s
moment condition is then E [g (zi; ��; ��)] = 0 where

g (zi; �; �) =

�
pK (x1;i) (y1i � h (x1i; �)) + � � �+ pK (xL;i) (yLi � h (xLi; �))

m (zi; �; h (x1i; �) ; : : : ; h (xLi; �))

�
where h (xli; �) = pK (xl;i)

0
�. It follows that the practitioner�s estimator of asymptotic variance is (7).

Again, it turns out that the practitioner�s asymptotic variance is numerically identical to Ai and Chen�s
asymptotic variance estimator; see Appendix F for a proof. As before, we obtain the practical conclusion that
researchers wanting to do semiparametric inference need not explicitly consider the semiparametric nature of
the problem in estimation.

6.3 Nonparametric Sieve M-Estimation As First Step

Next consider semiparametric two-step estimation where the �rst-step involves nonparametric sieve, maximum-
likelihood-like, M-estimation in the �rst step. Again, these nonparametric estimators are plugged into a para-
metric moment equation to compute an estimator b� of some �nite dimensional parameter in the second step.
Note that the �rst step sieve M-estimation requires computation of a �nite dimensional parameter in practice.
Suppose that the true structural parameters �� and the unknown functions h� (�) are identi�ed by the

following model:
h� = argmax

h2H
E [` (zi; h (�))] ; E [m (zi; ��; h� (�))] = 0;

where ` (zi; h) is any criterion function and h = (h1; :::; hL) could be a vector of L unknown real-valued functions,
each hl(�) could depend on di¤erent argument for di¤erent l = 1; : : : ; L. Note that this problem does not �t
into the framework of Ai and Chen (2007).11 We propose the following sieve estimator:

�b�;bh� = argmax
(�;h)2B�Hn

8<: 1n
nX
i=1

`(zi; h) +
1

2






 1n
nX
i=1

m (zi; �; h (�))






2
9=; ;

which is equivalent to the following two-step semiparametric estimator:

bh = argmax
h2Hn

1

n

nX
i=1

`(zi; h (�)); 0 =
1

n

nX
i=1

m
�
zi; �;bh (�)� :

11To our knowledge, the result below is new to the literature.
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It can be shown that b� is pn-consistent and asymptotically normal under certain regularity conditions. See
Appendix G for the characterization of the asymptotic variance V of

p
n
�b� � ���.

We now suggest a consistent estimator of the asymptotic variance of
p
n
�b� � ���. In the following to simplify

presentation we assume that � and h are scalars. Let the sieve space beHn = fh : h(�) = p1 (�) �1 + � � �+ pKn
(�) �Kn

g,
a sieve estimator bV of the asymptotic variance V can be computed by the following algorithm:

1. Compute a consistent estimator bw�:
bw� = argmin

w2Hn

1

n

nX
i=1

8<:
0@�@2`

�
zi;bh�

@h@h
[w (�) ; w (�)]

1A+ 1
n

nX
i=1

�
@m (zi; b�)

@�
� @m (zi; b�)

@h
[w (�)]

�!29=; :

and

bv�� =
0@ 1
n

nX
i=1

8<:
0@�@2`

�
zi;bh�

@h@h
[ bw� (�) ; bw� (�)]

1A+ 1
n

nX
i=1

�
@m (zi; b�)

@�
� @m (zi; b�)

@h
[ bw� (�)]�!2

9=;
1A�1

2. Compute

� (zi; b�) = " @`(zi;b�)
@h [ bw� (�)]
m (zi; b�)

#
;

b� bw� (zi) =
"

1
1
n

Pn
i=1

�
@m(zi;b�)

@� � @m(zi;b�)
@h [ bw� (�)]�

#
;

and b
 = 1

n

nX
i=1

�b� bw� (zi)�0 � (zi; b�) � (zi; b�)0 b� bw� (zi) :
3. Compute bV = bv�� b
bv�� :
As before, we note that the b� is numerically equivalent to the parametric estimator based on the parametric

speci�cation h(�) = p1 (�) �1+� � �+pK (�) �K , where K = Kn is a function of n although it is perceived to be �xed
for our �ctitious practitioner. For the purpose of computing b�, it is harmless to pretend that h is parametrically
speci�ed. We now argue that the above sieve estimator bV of the asymptotic variance of b� is again numerically
identical to the well-known Murphy and Topel�s (1985) formula.
Suppose that a researcher perceives the �rst-step sieve nonparametric estimation to be a parametric esti-

mation. The researcher would perceive b� to be a simple parametric M-estimator solving the moment equation
E [g (zi; ��; ��)] = 0, where

g (zi; ��; ��) =

"
�@`(zi;h(xi;�))

@h pK (�)
m (zi; �; h (�; �))

#
and h (�; �) = pK (�)0 �. Here, both � and � are �nite dimensional parameters such that dim (g) = dim (�) +

dim (�). A consistent estimator of b� = �b�; b�0�0 is given by the usual formula (which is (7): 
1

n

nX
i=1

@g (zi; b�)
@�0

!�1 
1

n

nX
i=1

g (zi; b�) g (zi; b�)0! 1
n

nX
i=1

@g (zi; b�)0
@�

!�1
:

The estimator bVp of the asymptotic variance of b� is then obtained from the upper left corner of the above
formula.
In Appendix G, it is shown that bV = bVp. As before, we obtain the practical conclusion that researchers

wanting to do semiparametric inference need not explicitly consider the semiparametric nature of the problem
in estimation.
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6.4 Example: Estimation of Average Treatment E¤ects

There is a large body of literature on estimation of average treatment e¤ects. We discuss two estimators that
�t into our framework. Consider the e¤ect of a treatment on some outcome variable of interest. Let di denote
the dummy variable such that di = 1 when treatment is given to the ith individual, and di = 0 otherwise. Let
y0i and y1i denote the potential outcomes when di = 0 and di = 1, respectively. We can then say that the
treatment causes the outcome variable of the ith individual to increase by y1i � y0i. Thus, y1i � y0i can be
called the treatment e¤ect for the ith individual. See, e.g., Rubin (1974). Individual treatment e¤ect cannot be
observed, though, because the econometrician only observes di and yi � diy1i+(1� di) y0i. On the other hand,
the average treatment e¤ect � � E [y1i � y0i] can be identi�ed and consistently estimated when di is assigned
independent of (y0i; y1i). Extending this idea, Hahn (1998) and Hirano, Imbens, and Ridder (2003) proposed
estimators of the average treatment e¤ect when the treatment di is assigned independent of (y0i; y1i) given the
observed covariates xi.
Hahn�s (1998) estimator is b� = 1

n

nX
i=1

bh1 (xi)bp (xi) � bh2 (xi)
1� bp (xi)

where bh1 (xi), bh2 (xi), and bp (xi) are nonparametric estimators of E [diyijxi], E [ (1� di) yijxi], and E [dijxi].
Hahn (1998) proposed series estimation, a special case of sieve estimation, for bh1 (xi), bh2 (xi), and bp (xi). Writing

E [diyi � h1 (xi)jxi] = 0
E [ (1� di) yi � h2 (xi)jxi] = 0

E [di � p (xi)jxi] = 0

E

�
h1 (xi)

p (xi)
� h2 (xi)

1� p (xi)
� �

�
= 0

we can easily recognize that this �ts into our framework discussed in Section 3.
Hirano, Imbens, and Ridder�s (2003) estimator is

e� = 1

n

nX
i=1

diyibp (xi) � (1� di) yi1� bp (xi) :
Writing

E [di � p (xi)jxi] = 0

E

�
diyi
p (xi)

� (1� di) yi
1� p (xi)

� �
�
= 0

this also �ts into our framework discussed in Section 3.
They also consider an estimator where the propensity score p (xi) = E [dijxi] is estimated by nonparametric

maximum likelihood estimation with a Logit speci�cation, i.e., p (xi) = exp (h (xi))/ [1 + exp (h (xi))]. This
alternative estimator �ts into our framework in Section 6.3. We note that our result there can in principle ac-
commodate the case where the propensity score is speci�ed as a Probit model, which has some minor theoretical
signi�cance because the proof in Hirano, Imbens and Ridder (2003) can address only a Logit speci�cation.12

We also note that our result in Section 6.3 can in principle accommodate cases where the propensity score takes
a more restrictive form. An example would be exp (h1(x1) + � � �+ hL(xL))/ [1 + exp (h1(x1) + � � �+ hL(xL))],
which imposes some additive separability restrictions on how the di¤erent x�s a¤ect the propensity score.

12Given the �exibility of h(xi), it is not clear from a practical perspective why one would prefer a Probit over a Logit speci�cation.
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6.5 Example: 2-Step Estimation of Dynamic Models

There is a large recent literature on two step semiparametric estimation of single agent dynamic programming
problems and dynamic games, including Hotz and Miller (1993 (HM1), 1994 (HM2)), Aguirregabiria and Mira
(2002 (AM1), 2007(AM2)), Bajari, Benkard, and Levin (2007 (BBL)), Pakes, Ostrovsky, and Berry (2007
(POB)), and Pesendorfer and Schmidt-Dengler (2008 (PS)).
Examining how our results relate to this large literature is challenging, especially since each of the above

papers develops multiple models and multiple estimators. To simplify, we consider a very general model that
encompasses many of these models and estimators. Suppose there are a discrete set of agents i (�rms, consumers,
etc.) interacting in market j across discrete time t. The relevant variables are:

yijt = �nite dimensional vector of actions taken by �rm i in market j at time t

xijt = �nite dimensional vector of �public�state variables for �rm i in market j at time t

uijt = �nite dimensional vector of �private�state variables for �rm i in market j at time t

vijt = �nite dimensional vector of shocks to the state evolution of �rm i in market j at time t

In each period, agents simultaneous choose yijt given their respective information sets. Agent i�s information
set at t includes xijt, uijt, and all past values of these variables. It does not include u

�i
jt , i.e. the private state

variables of other �rms, or vijt.13

We assume that uijt and vijt are independent of each other, that uijt is iid across i, j, and t, and that vijt
is iid across j and t. The econometrician is assumed to observe (yijt; xijt), but not (uijt; vijt). Asymptotics will
be considered as the number of markets (J) goes to in�nity, holding the number of agents per market (N) and
the number of periods each market is observed (T ) �xed. For simplicity of notation, we consider a stationary,
in�nite horizon environment - the model can trivially be extended to a �nite horizon case by including the
variable t in xijt.
The primitives of the model are given by the following two structural equations

Single Period Payo¤s: �
�
xijt; yijt; y

�i
jt ; uijt;�1

�
State Evolution Equation: xijt+1 = f

�
xijt; yijt; y

�i
jt ; vijt;�2

�
(12)

The second equation describes how next period�s state xijt+1 evolves depending on the current state xijt and
current actions yijt. Since these are both structural equations, they are typically parametrically speci�ed - i.e.
� and f are assumed known up to the �nite dimensional parameter vectors �1 and �2. Note that given this
formulation, we can without loss of generality assume that the individual elements of the vector uijt (and vijt)
are distributed independently with marginal distributions U(0; 1).14 Hence, �1 and �2 contain all the structural
parameters of the model.
The equilibrium of this dynamic game can be characterized by the following �reduced form�distribution of

equilibrium actions yijt conditional on the state xijt:

Equilibrium Action Distribution: p(yijtjxijt)

Note that the randomness in yijt given xijt is induced by variation in the underlying �private� state variable
uijt.
In the �rst step of these estimation procedures, the econometrician estimates two parts of the model:

1. The state evolution equation xijt+1 = f
�
xijt; yijt; y

�i
jt ; vijt;�2

�
is used to estimate the parameter vectorb�2. This is done using parametric methods.15

13 In our example, we restrict vijt from entering information sets at t to keep things simple. Some examples in the literature do
allow it to enter, and our conclusions should also apply there.
14Arbitrary marginal distributions and correlations can be generated using the functions � and f , and the parameters �1 and �2

(note that we have not restricted the dimension of uijt or vijt)
15Note that potential endogeneity problems in this equation have already been assumed away with the assumptions that vijt is

iid, independent of uijt, and not observed by the agents before making their decisions yijt.
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2. The equilibrium action distribution bp (yijtjxijt) is non-parametrically estimated.
We want to stress that in all these methods, it is very important to estimate bp (yijtjxijt) non-parametrically.

The equilibrium action distribution p (yijtjxijt) depends in a very complicated way on the underlying structural
equations �

�
xijt; yijt; y

�i
jt ; uijt;�1

�
and f

�
xijt; yijt; y

�i
jt ; vijt;�2

�
.16 If one places arbitrary parametric structure

on p(yijtjxijt), this parametric structure is likely to contradict these underlying structural equations, making
the resulting estimates inconsistent.
In the second step of these estimation procedures, the estimates b�2 and bp are used to construct an estimating

equation that can often be represented in the following form:

E
h
m
�
yijt; xijt; �1; b�2; bp (�)�i = 0 (13)

where m is a known function. This moment condition is used to estimate the parameter vector b�1. The di¤erent
papers in the literature (and the di¤erent models in each paper) vary considerably in how they construct (13)17 .
In some cases, m is speci�ed directly as a moment condition (e.g. HM1, BBL, POB, PS); in others it can be
derived from the derivative of a pseudo-likelihood (e.g. AM1, AM2, POB). However, in all cases, the intuition
is the same: Once b�2 and bp have been estimated, the econometrician knows agent i�s perceived distribution over
all possible paths of future states in the dynamic model (conditional on his action yijt). Hence, the expected
discounted sum of future pro�ts resulting from any choice yijt is can be computed (or simulated) up to the
parameter vector �1.18 (13) can then be derived from the condition that the observed choices yijt given xijt
maximize this expected discounted sum of future pro�ts. This condition can then be used to estimate b�1. Note
that this moment condition depends on the entire bp (�), not just bp (xijt) at the current state xijt. This is because
to calculate the expected discounted sum of future pro�ts (which is implicitly part of m), one needs to consider
the distribution of competitor (and own) actions at all possible future states.
We now consider the conditions under which this model �ts into our framework and our numerical equivalence

result applies. We go through the estimating equations one by one. Since xijt+1 = f
�
xijt; yijt; y

�i
jt ; vijt;�2

�
is estimated parametrically, it easily �ts into our framework where part of the �rst step includes a parametric
M-estimator. This can be done whether the equation is estimated using maximum likelihood (in which case,
the M-estimator would involve a moment condition using the score), or using a �nite set of moment conditions.
This results in a consistent estimator b�2 of this set of structural parameters.
The second estimating equation, i.e. non-parametric estimation of p (yijtjxijt) can be treated in two ways,

depending on whether the actions yijt take on a discrete set of possible values, or whether there is a continuum
of possible actions.19 When yijt only takes on L discrete values, one could estimate the conditional probabilities
via the following �nite set of conditional moment conditions:

E [y1ijt � h1� (xijt)jxijt] = 0;
...

E [yLijt � hL� (xijt)jxijt] = 0;

where ylijt is an indicator function representing whether action l was taken, and the h(�) = (h1 (�) ; :::; hL (�))
functions belong toHl;J =

�
hl : hl(xijt) = pl;1 (xijt) �(l);1 + � � �+ pl;KJ

(xijt) �(l);KJ

	
for l = 1; :::; L. Essentially,

16Assessing the precise way in which p(yijtjsijt) relates to �(sijt; yijt; y�ijt ; uijt;�1) and f(sijt; yijt; y
�i
jt ; vijt;�2) would require

solving the dynamic programming problem, which is exactly what these methods are trying to avoid (for computational reasons).
17Some of the estimators in the literature cannot be represented in this form. For example, one of the estimators in BBL,

the inequality based estimator, cannot be written in this form. Nor can the iterated version of the psuedo-maximum likelihood
estimators of AM1 and AM2.
18Again, this is done in the various papers in many di¤erent ways. Sometimes additional assumptions are necessary to do this,

e.g. monotonicity conditions, or restrictions on the dimensionality of uijt and vijt.
19Our theoretical results allow for xijt to be either continuous or discrete or mixed. Note that when xijt and yijt can only take

on a �nite set of values, one is in a parametric world and no longer needs �rst stage nonparametrics.
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this is like estimating L linear probability models. Note that the �exibility of these non-parametric functions is
indexed by KJ , which is assumed to increase as J !1. This model falls under the extension in Section 6.1.20
Alternatively, our extension in Section 6.3 (to general �rst stage non-parametric sieve M-estimation) suggests
that our equivalence result would also hold if one modelled p (yijtjxijt) in other (su¢ ciently �exible) ways, e.g.
a multinomial sieve Logit or sieve Probit. This is common in applied work, e.g. Ryan (2006).
On the other hand, if there are a continuum of possible actions (i.e., if yijt is a continuous random variable),

one could estimate the conditional density p (yijtjxijt) non-parametrically using either orthogonal series method
including Fourier series and wavelets (see, e.g. Efromovich (1999)), or sieve MLE using Hermite polynomial
series (Gallant and Nychka (1987)), spline series (Stone (1990)), exponential families (Barron and Sheu (1991)),
mixture of normals (Genovese and Wasserman (2000)) and many other �exible sieves. Our equivalence result
in Section 6.3 would again apply.

Lastly, note that the third estimating equation, E
h
m
�
yijt; xijt; �1; b�2; bp (�)�i = 0, does �t within our frame-

work. The question is more whether the second stage estimation equation can actually be written in this form.
As noted above, most of the second-stage estimating equations in this literature can be written in this form,
though there are some notable exceptions (e.g. the inequality version of the BBL estimator, and the iterated
version of the AM1 and AM2 estimators).
In summary, our numerical equivalence result applies to many of the models and estimators in this literature,

regardless whether the action space is discrete or continuous. This means that when one uses the method of
sieves to estimate the non-parametric components of the model, semi-parametric standard errors of the structural
parameters b�1 can be computed by simply treating the chosen sieves as parametric functions and applying the
well-known parametric methodology of Section 2.

7 Concluding Remarks

In this paper, we established the numerical equivalence between two estimators of asymptotic variance for two-
step semiparametric estimators when the �rst-step nonparametric estimation is implemented by the method
of sieves. Because the method of sieves is equivalent to a parametric model in a given �nite sample, it is
useful to examine the properties of the �parametric� estimator of the asymptotic variance. We show that
this �parametric� estimator is numerically equivalent to a consistent sieve estimator of the semiparametric
asymptotic variance. This numerical equivalence is signi�cant because it means that practitioners can simply
implement the well-known parametric formulas of Newey (1984) or Murphy and Topel (1985) without the need
to understand and apply results in the semiparametric literature.
We derived the numerical equivalence for two classes of semiparametric two-step estimators: the �rst class

involves �rst-stage sieve nonparametric estimation based on conditional moment restrictions;21 the second class
involves �rst-stage sieve nonparametric estimation based on a maximum-likelihood like criterion.22 For both
classes, we for simplicity have assumed that the second stage estimation of �nite dimensional structural pa-
rameter is based on an exactly identi�ed unconditional moment model. All of these could be relaxed. One
could extend the numerical equivalence results to more general semiparametric models, including the misspeci-
�ed semiparametric models considered in Ai and Chen (2007) and Ichimura and Lee (2008). Nevertheless, we
believe that the numerical equivalence results in our current paper already cover a very wide range of practical
applications of two-step semiparametric estimation.
Lastly, note that our result is predicated on the assumption that the asymptotic variance of the semipara-

metric estimator is �nite. Practitioners should be careful not to implement the procedure for models where
the asymptotic variance is in�nite, which happens if the �nite dimensional parameter is unidenti�ed or if the
semiparametric information bound is zero, as was discussed in Chamberlain (1985) or Hahn (1994). In practice,

20Note that the Murphy and Topel (1985) formula, if appropriately computed, would address within-market correlation due to
vijt possibly being correlated across �rms in a given market/time period.
21The �rst class of semiparametric estimators is a special case of Ai and Chen (2007).
22The second class does not �t into Ai and Chen (2007). To our knowledge, this result is new to the literature.
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the latter may be more important because two-step semiparametric estimation tends to be employed only when
the �nite dimensional parameter of interest is identi�ed. It is not clear whether it would be easy to establish
information bound in complicated structural models.
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Appendix

A A Useful Lemma

Our proofs of numerical equivalence are based on the following auxiliary result:

Lemma 1 Suppose that A and B are (d1 + d2)�d1 and (d1 + d2)�d2 matrices such that [A;B] is nonsingular.
Also suppose that F is a (d1 + d2)�(d1 + d2) symmetric positive semide�nite matrix. Then the upper-left d1�d1
block of the matrix

[A;B]�1 F
�
A0

B0

��1
;

where A and B are (d1 + d2)� d1 and (d1 + d2)� d2 matrix and , can be computed by the following algorithm:
Step 1: For the jth column of A, solve

min
c
(Aj � Bc)0��1 (Aj � Bc)

for some symmetric positive de�nite matrix �. Let c�j denote the solution, and let c
� =

�
c�1; : : : ; c

�
d1

�
.

Step2: Compute�
(A� Bc�)0��1 (A� Bc�)

��1 �
(A� Bc�)0��1F��1 (A� Bc�)

� �
(A� Bc�)0��1 (A� Bc�)

��1
Proof. The �rst step is a least squares problem, and the solution is given by

c�j =
�
B0��1B

��1 B0��1Aj
Now note that [A� Bc�;B] is such that B0��1 (A� Bc�) = 0 by construction, which implies that�

A0

B0

�
��1 [A� Bc�;B] =

�
A0��1 (A� Bc�) A0��1B
B0��1 (A� Bc�) B0��1B

�
=

�
(A� Bc�)0��1 (A� Bc�) (c�)

0 B0��1B
0 B0��1B

�
and ��

A0

B0

�
��1 [A� Bc�;B]

��1
=

" �
(A� Bc�)0��1 (A� Bc�)

��1 �
�
(A� Bc�)0��1 (A� Bc�)

��1
(c�)

0

0
�
B0��1B

��1
#

(14)

Now, we have

[A;B]�1 F
�
A0

B0

��1
=
�
��1 [A;B]

��1 �
��1F��1

��� A0
B0

�
��1

��1
=

��
(A� Bc�)0

B0

�
��1 [A;B]

��1��
(A� Bc�)0

B0

�
��1F��1 [A� Bc�;B]

���
A0

B0

�
��1 [A� Bc�;B]

��1
(15)

Using (14), it can be shown that the upper left block of (15) is equal to�
(A� Bc�)0��1 (A� Bc�)

��1 �
(A� Bc�)0��1F��1 (A� Bc�)

� �
(A� Bc�)0��1 (A� Bc�)

��1
;

which proves the validity of the algorithm.
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B Proof of Numerical Equivalence Result in Section 3

We now prove the �rst main numerical equivalence result stated in Section 3. We assume that the practi-
tioner adopts the parametric speci�cation hl

�
xl;i; �(l)

�
= pKl

l (xl;i)
0
�(l), for l = 1:; ; ; :L, and hence, bhl (xl;i) =

pKl

l (xl;i)
0 b�(l), where Kl = Kl;n is a function of n although it is perceived to be �xed from the practitioner�s

view. The practitioner�s estimator of asymptotic variance is (7) with

@g
�
zi; b�; b��

@ (�0; �0)
=

26666664
0 �pK1

1 (x1;i)
�
pK1
1 (x1;i)

�0
. . .

0 �pKL

L (xL;i)
�
pKL

L (xL;i)
�0

@m(zi;b�)
@�0

@m(zi;b�)
@h1

pK1
1 (x1;i)

0 � � � @m(zi;b�)
@hL

pKL

L (xL;i)
0

37777775
=

�
0 �PiP 0i
q0i Q0i

�
and

g
�
zi; b�; b�� =

26666664
pK1
1 (x1;i)

�
y1i � h1

�
x1i; b�(1)��

...

pKL

L (xL;i)
�
yLi � hL

�
xLi; b�(L)��

m
�
zi; b�; h1 �x1i; b�(1)� ; : : : ; hL �xLi; b�(L)��

37777775
=

�
Pi 0

0 Id

� �
yi � hi
mi

�
where

Pi =

264 pK1
1 (x1;i) 0

. . .
0 pKL

L (xL;i)

375
q0i =

@m (zi; b�)
@�0

Q0i =
h

@m(zi;b�)
@h1

pK1
1 (x1;i)

0 � � � @m(zi;b�)
@hL

pKL

L (xL;i)
0
i

yi � hi =

26664
y1i � h1

�
x1i; b�(1)�
...

yLi � hL
�
xLi; b�(L)�

37775
mi = m

�
zi; b�; h1 �x1i; b�(1)� ; : : : ; hL �xLi; b�(L)�� :

We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix. For this purpose,
we let

A =
1

n

nX
i=1

�
0

q0i

�
=

�
0

q0

�

B =
1

n

nX
i=1

�
�PiP 0i
Q0i

�
=

"
� 1
n

Pn
i=1 PiP

0
i

Q
0

#

F =
1

n

nX
i=1

g
�
zi; b�; b�� g �zi; b�; b��0
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and

��1 =

" �
1
n

Pn
i=1 PiP

0
i

��1
0

0 Id

#
In the minimization problem of the �rst step, we see that the objective function is

(Aj � Bc)0��1 (Aj � Bc) = c0

 
1

n

nX
i=1

PiP
0
i

!
c+ q0jqj � 2qjQ

0
c+ c0QQ

0
c (16)

Therefore, we can see that c�j =
��

1
n

Pn
i=1 PiP

0
i

�
+QQ

0��1
Qqj or

c� =

  
1

n

nX
i=1

PiP
0
i

!
+QQ

0
!�1

Qq0

Also, we have

(A� Bc�)0��1 (A� Bbc�) = (c�)0 1
n

nX
i=1

PiP
0
i

!
c� +

�
q �Q0c�

�0 �
q �Q0c�

�
� b�p

and

(A� Bc�)0��1g (zi; �; �) =
�
(c�)

0 � 1
n

Pn
i=1 PiP

0
i

�
q0 � (c�)0Q

� " � 1
n

Pn
i=1 PiP

0
i

��1
0

0 Id

# �
Pi 0

0 Id

� �
yi � hi
mi

�
=
�
(c�)

0
Pi q0 � (c�)0Q

� � yi � hi
mi

�
=
�
(c�)

0
Pi (yi � hi) q0mi � (c�)0Qmi

�
and

(A� Bc�)0��1F��1 (A� Bc�) = 1

n

nX
i=1

��bA� bBbc��0 Fgi���bA� bBbc��0 Fgi�0
= (bc�)0 1

n

nX
i=1

Pi (yi � hi)0 (yi � hi)P 0i

!bc� + �q �Q0bc��0 1
n

nX
i=1

mim
0
i

!�
q �Q0bc��

� b
p
The practitioner�s estimator bVp for the asymptotic variance of b� is then equal to

bVp = b��1p b
p �b��1p �0
Now, we note that Ai and Chen�s �rst step minimization problem solves for c�j that minimizes

1

n

nX
i=1

(P 0i c)
0
(P 0i c) +

 
1

n

nX
i=1

(qij �Q0ic)
!2

= c0

 
1

n

nX
i=1

PiP
0
i

!
c+ q0jqj � 2qjQ

0
c+ c0QQ

0
c (17)

We can see that the same bc� as above solves the practitioner�s problem (16). Ai and Chen�s estimator then
requires calculating b�bw� (zi) =

"
P 0ibc�

q �Q0bc�
#

1

n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi) = (bc�)0 1

n

nX
i=1

PiP
0
i

!bc� + �q �Q0bc��0 �q �Q0bc��
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and

b
 = 1

n

nX
i=1

�b�bw� (zi)
�0
� (zi; b�) � (zi; b�)0 b�bw� (zi)

= (bc�)0 1
n

nX
i=1

Pi (yi � hi)0 (yi � hi)P 0i

!bc� + �q �Q0bc��0 1
n

nX
i=1

mim
0
i

!�
q �Q0bc��

Note that

1

n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi) = b�p

b
 = b
p
It follows that the practitioner�s estimator of the asymptotic variance is numerically equal to Ai and Chen�s.

C Understanding Newey�s (1994) Asymptotic Variance Formula

Newey�s result We consider a simple model where the true unknown function h� is scalar-valued and solves
E [yi � h� (xi)jxi] = 0, and the true �� solves E[m (zi; ��; h� (xi))] = 0.
Newey (1994) considers a method of moment estimator b� that solves

1

n

nX
i=1

m
�
zi; b�;bh� = 0;

where bh is some nonparametric estimator of h�. Newey (1994) shows that the asymptotic variance ofpn�b� � ���
is the asymptotic variance of

� (M�)
�1
 
1p
n

nX
i=1

fm (zi; ��; h�) + E [D (z)jx = xi] (yi � h� (xi))g
!

(18)

where M� = E
h
@m(zi;��;h�)

@�0

i
and D (z) = @m (z; ��; h (x))/ @hjh=h� .

Then a consistent estimator for the semiparametric asymptotic variance is equal to�cM�

��1 1
n

nX
i=1

�
m
�
zi; b�;bh�+ bE [D (z)jxi]�yi � bh(xi)��2 �cM 0

�

��1
(19)

where cM� =
1
n

Pn
i=1

@m(zi;b�;bh)
@�0 and bE [D (z)jxi] is some nonparametric estimator of E [D (z)jx = xi]. (For

notational simplicity, we assume that m is scalar-valued.)

In order to prove (18), it su¢ ces to characterize the asymptotic distribution of 1p
n

Pn
i=1m

�
zi; ��;bh�. (This

is because we have
p
n
�b� � ��� = � (M�)

�1
 
1p
n

nX
i=1

m
�
zi; ��;bh�!+ op (1)

under regularity conditions.)
Newey (1994) basically writes

1p
n

nX
i=1

m
�
zi; ��;bh� = 1p

n

nX
i=1

fm (zi; ��; h�) + a (zi)g

and devotes the rest of his paper characterizing the adjustment a (zi) to the in�uence function. We follow Newey�s
(1994) notation for convenience of readers. From Newey (p. 1360), we can see that, for D (z; h) = D (z)h (v)
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with D (z) = @m (z; h (v))/ @hjh=h� , we have his equation (4.1) satis�ed. As is discussed on the same page, we
now assume that h�(x) = E [yjx] for some y and x. Now we follow his equation (4.4), and see if we can �nd

E [D (z) eg (x)] = E [� (x) eg (x)] for all eg:
Obviously the answer is given by � (x) = E [D (z)jx]. Then according to Newey�s (1994) Proposition 4, we can
see that a (z) = � (x) (y � E [yjx]) or

1p
n

nX
i=1

m
�
zi; ��;bh� = 1p

n

nX
i=1

(m (zi; ��; h�) + E [D (z)jx = xi] (yi � h�(xi)) + op (1) : (20)

A Naïve practitioner�s estimator Now we pose the following question. Let�s assume that a practitioner
�ts a ��exible�but �nite-dimensional parametric model h (x; �) for E [yjx]. In other words, he will believe that
h� (x) = E [yjx] = h (x; ��). The practitioner pretends that his parametric model is a correct one. He will

then assume that the population analog of his parametric strategy is �� = argmin� E
h
(y � h (x; �))2

i
. We will

further suppose that h (xi; �) = pK (xi)
0
� = p1 (xi) �1 + � � � + pK (xi) �K where pK(x) = (p1 (x) ; ::::; pK (x))

0,
where K is �nite and �xed.
We now argue that a consistent estimator that this practitioner will use is the outer product of

�

0@ 1
n

nX
i=1

@m
�
zi; b�; h�xi; b���

@�0

1A�1 
1p
n

nX
i=1

�
m
�
zi; b�; h�xi; b���+ bE� �D (zi) ��pK (xi)� �yi � h�xi; b����!

where

bE� �D (zi) ��pK (xi)� �yi � h�xi; b���
� pK (xi)

0
(P 0P )

�1
 

nX
i=1

pK (xi)D (zi)

! 
yi � pK (xi)0 (P 0P )�1

 
nX
i=1

pK (xi) yi

!!
(21)

and P =
�
pK (x1) ; : : : ; p

K (xn)
�0
. Because the practitioner believes that �� = argmin� E

h
(y � h (x; �))2

i
, he

would believe that the corresponding moment equation is

E

�
@h (x; ��)

@�
(y � h (x; ��))

�
= 0

With this in mind, he will conclude that

p
n
�b� � ��� = �E �@h (x; ��)

@�

@h (x; ��)

@�0

���1 
1p
n

nX
i=1

@h (xi; ��)

@�
(yi � h (xi; ��))

!
+ op (1)

He will then proceed and conclude that

1p
n

nX
i=1

m
�
zi; ��; h

�
xi; b��� = 1p

n

nX
i=1

m (zi; ��; h (xi; ��))

+

 
1p
n

nX
i=1

@m (zi; ��; h (xi; ��))

@h

@h (xi; ��)

@�0

!�b� � ���+ op (1)
=

1p
n

nX
i=1

m (zi; ��; h (xi; ��))

+

 
1

n

nX
i=1

D (zi)
@h (xi; ��)

@�0

!
p
n
�b� � ���+ op (1) (22)
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Now, in his mind, he will think that 
1

n

nX
i=1

D (zi)
@h (xi; ��)

@�0

!
p
n
�b� � ���

= E

�
D (zi)

@h (xi; ��)

@�0

�p
n
�b� � ���+ op (1)

= E

�
D (zi)

@h (xi; ��)

@�0

��
E

�
@h (x; ��)

@�

@h (x; ��)

@�0

���1 
1p
n

nX
i=1

@h (xi; ��)

@�
(yi � h (xi; ��))

!
+ op (1) (23)

We now see that, if we regress D (zi) on
@h(x;��)

@� in the population, the coe¢ cient is equal to�
E

�
@h (x; ��)

@�

@h (x; ��)

@�0

���1
E

�
@h (xi; ��)

@�
D (zi)

�
and the �tted value is equal to

@h (xi; ��)

@�0

�
E

�
@h (x; ��)

@�

@h (x; ��)

@�0

���1
E

�
@h (xi; ��)

@�
D (zi)

�
= E

�
D (zi)

@h (xi; ��)

@�0

��
E

�
@h (x; ��)

@�

@h (x; ��)

@�0

���1
@h (xi; ��)

@�
(24)

So, let�s write

E�
�
D (zi)

����@h (xi; ��)@�

�
= E

�
D (zi)

@h (xi; ��)

@�0

��
E

�
@h (x; ��)

@�

@h (x; ��)

@�0

���1
@h (xi; ��)

@�
(25)

where E� denotes the best linear predictor. Combining (23) �(25), we can then see the practitioner�s thought
process would lead to the expression

1p
n

nX
i=1

m
�
zi; ��; h

�
xi; b���

=
1p
n

nX
i=1

�
m (zi; ��; h (xi; ��)) + E

�
�
D (zi)

����@h (xi; ��)@�0

�
(yi � h (xi; ��))

�
+ op (1) (26)

We now compare (20) with (26). It is easy to see that, except forE [D (z)jx = xi] in (20) and E�
h
D (zi)

���@h(xi;��)@�

i
in (26), the formulae that the practitioner uses for asymptotic variance calculation are identical. Obvi-

ously, we need to ask the question when E�
h
D (zi)

���@h(xi;��)@�

i
can be interpreted to be an approximation

of E [D (z)jx = xi]. This is easy. Suppose that h (xi; �) = pK (xi)
0
�. Then

@h (xi; ��)

@�
= pK (xi)

so the best linear predictor E�
h
D (zi)

���@h(xi;��)@�

i
is essentially the least squares operation on pK (xi), which can

be interpreted to be an approximation to E [D (z)jx = xi] as long as K is large enough.
A consistent estimator for the �parametric�asymptotic variance is equal to�cM�

��1 1
n

nX
i=1

�
m
�
zi; b�; h�xi; b���+ bE� �D (zi) ��pK (xi)� �yi � h�xi; b����2 �cM 0

�

��1
: (27)
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Numerical equivalence when bh is a sieve estimator When will Newey�s estimator (19) of the semipara-
metric asymptotic variance (18) be numerically identical to the practitioner�s parametric variance estimator
(27)? If we are to use a sieve estimator with basis pK (xi) to compute bh(xi) = bE [yjx = xi] and bE [D (z)jxi] in
Newey�s (19), it can be easily seen that

bE [D (z)jxi]�yi � bE [yjx = xi]
�

= pK (xi)
0
(P 0P )

�1
 

nX
i=1

pK (xi)D (zi)

! 
yi � pK (xi)0 (P 0P )�1

 
nX
i=1

pK (xi) yi

!!
; (28)

which is numerically identical to (21). It follows that Newey�s estimator (19) is numerically identical to (27)
when a sieve least squares estimator is used for bh and bE [D (z)jxi]. (In fact, Murphy and Topel�s (1985)
estimator is identical to (27).)

D Discussion of Ai and Chen (2007)

Ai and Chen�s (2007) sieve estimator of the asymptotic variance may appear somewhat mysterious. It is in fact
a sample counterpart of the population characterization of the asymptotic variance involving a minimization
problem. In order to gain some intuition, we consider the following simple example model:

E [yi � h� (xi)jxi] = 0; E [m (zi; ��; h� (xi))] = 0: (29)

Ai and Chen�(2007) modi�ed sieve minimum distance (SMD) estimator23 for �� = (��; h�) boils down to

�b�;bh� = argmin
(�;h)2B�Hn

8<: 1n
nX
i=1

(yi � h (xi))2 +





 1n

nX
i=1

m (zi; �; h (xi))







2
9=; ;

which amounts to estimating h (xi) by the method of sieves and then estimating � in the moment equation
E [m (zi; ��; h� (xi))] = 0 plugging in the �rst step nonparametric estimator. In other words, it is exactly the
same setup as that in Newey (1994). Ai and Chen (2007)�s asymptotic variance V for their b� can be characterized
by the following algorithm, where we assume that dim (�) = 1 and scalar-valued h for notational simplicity:

1. Compute w� to solve

inf
w
E

"
(w (xi))

2
+

�
E

�
@m (zi; ��)

@�
� @m (zi; ��)

@h
w (xi)

��2#
:

2. Calculate

�w� (zi) =

"
w� (xi)

E
h
@m(zi;��)

@� � @m(zi;��)
@h w� (xi)

i # ;
and

� (zi; ��) =

�
yi � h� (xi)

m (zi; ��; h� (xi))

�
:

3. Calculate

V =
�
E
�
�w� (zi)

0
�w� (zi)

���1
Var

�
�w� (zi)

0
�(zi; ��)

� �
E
�
�w� (zi)

0
�w� (zi)

���1
: (30)

23See their equation (5).
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For this simple example model (29), it can be shown that the solutions in the above Steps 1 - 3 are

w� (xi) =
E
h
@m(zi;��)

@�

i
1 + E

h
(E [D (z)jx = xi])

2
iE [D (z)jx = xi] ;

�w� (zi) =

26664
E

�
@m(zi;��)

@�

�
1+E[(E[D(z)jx=xi])2]

E [D (z)jx = xi]

E

�
@m(zi;��)

@�

�
1+E[(E[D(z)jx=xi])2]

37775 ;

�w� (zi)
0
� (zi; ��) =

E
h
@m(zi;��)

@�

i
1 + E

h
(E [D (z)jx = xi])

2
i (m (zi; ��; h� (xi)) + E [D (z)jx = xi] (yi � h� (xi))) ;

and

V =
Var [m (zi; ��; h� (xi)) + E [D (z)jx = xi] (yi � h� (xi))]�

E
h
@m(zi;��)

@�

i�2 ;

where D (z) = @m (z; ��; h (x))/ @hjh=h� . In particular, we see that Ai and Chen�s asymptotic variance V
is identical to Newey�s (1994) asymptotic variance (18) for this example model (29). We note that analytic
characterization of w� (�) hence population asymptotic variance V is not always easy for general semiparametric
models considered in Ai and Chen (2007). Their sieve estimator of the asymptotic variance V simply uses a
sample counterpart of the population minimization problem to bypass such a di¢ culty.

E Estimator of Asymptotic Variance of Sieve MLE (9)

We �rst recall the asymptotic variance of the sieve MLE b�, and then argue that the estimator bVsmle of the
asymptotic variance of b� is consistent.
Below is an argument leading to the characterization of the asymptotic variance. We follow Chen and Shen�s

(1998) notation. For any � = (�; h) 2 A = B � H, let � (��; �) 2 A is a path in � connecting �� and � such
that � (��; 0) = �� and � (��; 1) = �. Let

`0�� [z; �� ��] = lim
�!0

` (z; � (��; �))� ` (z; ��)
�

=
d` (z; ��)

d�0
(� � ��) +

d` (z; ��)

dh
[h� h�] ;

where when h() = (h1; :::; hL) we have

d` (z; ��)

dh
[h� h�] =

LX
l=1

d` (z; ��)

dhl
[hl � h�l] :

For any �; � 2 A, denote `0�� [z; �� �] = `0�� [z; �� ��]� `
0
�� [z; �� ��], and de�ne the metric k�k as

k�� �k =
r
E
h�
`0�� [z; �� �]

�2i
which de�nes the Hilbert space on the closure of the linear span of A� f��g with the inner product

hv; vi = E
�
`0�� [z; v] � `

0
�� [z; v]

�
:

For each component �j of �, let w�j denote the solution to

w�j = arg inf
w2H

E

"�
d` (z; ��)

d�j
� d` (z; ��)

dh
[w]

�2#
for j = 1; :::; d:
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Denote

�(z; ��) =

2664
d`(z;��)
d�1

� d`(z;��)
dh [w�1 ]

...
d`(z;��)
d�d

� d`(z;��)
dh [w�d]

3775 ;
and

I � E
�
�(zi; ��)� (zi; ��)

0�
:

Consider the smooth functional f (�) = �0� for some � 2 Rd with � 6= 0. Also let w� = (w�1 ; : : : ; w
�
d) and

v� =
�
v�� ; v

�
h

�
with

v�� =
�
E
�
�(z; ��)� (z; ��)

0���1
� = (I)�1 �; v�h = �w� � v�� :

We then have
�
v�� ; v

�
h

�
; �� ��

�
= E

��
d` (z; ��)

d�0
v�� +

d` (z; ��)

dh
[v�h]

��
d` (z; ��)

d�0
(� � ��) +

d` (z; ��)

dh
[h� h�]

��
= E

��
�(z; ��)

0
v��
��
�(z; ��)

0
(� � ��) +

d` (z; ��)

dh
[w� � (� � ��)] +

d` (z; ��)

dh
[h� h�]

��
=
�
v��
�0
E
�
�(z; ��)� (z; ��)

0�
(� � ��)

= �0 (� � ��) = f (�)� f (��)

By Chen and Shen (1998, Theorem 2), we obtain that

p
n�0

�b� � ��� = 1p
n

nX
i=1

`0�� [zi; v
�] + op (1)

where
`0�� [zi; v

�] = � (zi; ��)
0
v�� = �(zi; ��)

0 �
E
�
�(zi; ��)� (zi; ��)

0���1
�:

In other words, we have

p
n
�b� � ���! N

�
0; I�1

�
; with I = E

�
�(zi; ��)� (zi; ��)

0�
;

which provides an intuitive reason why the sieve estimator bVsmle given in (9) is a plausible estimator of I�1.
Below, we provide a rigorous proof for the consistency of (9). In the following we let k�ks denote a metric

(e.g., the supreme norm or the mean squared metric) on A = ��H. Denote N0 = f� 2 A : k�� ��ks = o (1)g
and Wn = fw 2 Hn : kwks � const: <1g. Also denote gj (z; �;w) = d`(z;�)

d�j
� d`(z;�)

dh [w].
We impose the following assumptions:

Assumption A.1 (1) jjv�jj2 = �0I�1� < 1; (2) There is a v�n =
�
v�� ;�w�

nv
�
�

�
with w�

n = (w�n1; : : : ; w
�
nd),

w�nj 2 Hn for all j = 1; :::; d; such that jjv�n � v�jj = o(1).

Assumption A.2 For all j = 1; :::; d, (1) E
h
sup�2N0;w2Wn

jgj (z; �;w)j2
i
� const: <1; (2) there is a �nite

constant � > 0 such that jgj (z; �;w)� gj (z; ��; w)j � U (z; w)�k�� ��k�s for some E
h
supw2Wn

jU(z; w)j2
i
�

const: <1.

Lemma 2 Let b� = �b�;bh� be the sieve MLE such that kb�� �0ks = oP (1). Suppose that fzig is i.i.d. and
assumptions A.1-A.2 hold. If Kn !1, Kn=n! 0, then: bVsmle = I�1 + oP (1).
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Proof. Assumption A.2 implies that for all j = 1; :::; d,
��

d`(z;�)
d�j

� d`(z;�)
dh [w]

�2
: � 2 N0; w 2 Wn

�
is a

Glivenko-Cantelli class. Thus, uniformly over w 2 Hn,

1

n

nX
i=1

�
d` (zi; b�)
d�j

� d` (zi; b�)
dh

[w]

�2
� E

�
d` (zi; ��)

d�j
� d` (zi; ��)

dh
[w]

�2
= Ezi

"�
d` (zi; b�)
d�j

� d` (zi; b�)
dh

[w]

�2#
� Ezi

"�
d` (zi; ��)

d�j
� d` (zi; ��)

dh
[w]

�2#
+ op (1)

�

s
Ezi

��
d` (zi; b�)
d�j

� d` (zi; b�)
dh

[w]

�
�
�
d` (zi; ��)

d�j
� d` (zi; ��)

dh
[w]

��2

�

vuut2E sup
�2N0;w2Hn

����d` (zi; �)d�j
� d` (zi; �)

dh
[w]

����2
!

= oP (1) ;

where the last equality also follows from assumption A.2. Here, Ezi denotes the expectation taken only respect
to zi regarding b� as a nonstochastic constant. Thus,

min
w2Hn

1

n

nX
i=1

�
d` (zi; b�)
d�j

� d` (zi; b�)
dh

[w]

�2
= min

w2Hn

E

"�
d` (zi; ��)

d�j
� d` (zi; ��)

dh
[w]

�2#
+ op (1)

= inf
w2H

E

"�
d` (zi; ��)

d�j
� d` (zi; ��)

dh
[w]

�2#
+ op (1) ;

where the second equation follows from assumption A.1. The lemma now follows immediately.

F Proof for Section 6.2 on Restricted First Step

We �rst describe Ai and Chen�s sieve estimator of the semiparametric asymptotic variance of b� for this restricted
case. For simplicity of notation, we will write

r (zi; ��) =

264 y1i � h� (x1i)
...

yLi � h� (xLi)

375
Assuming that Hn = fh : h(x) = p1 (x) �1 + � � �+ pKn

(x) �Kn
g, Ai and Chen�s estimator bV of the asymptotic

variance of b� can be computed by the following algorithm:
1. Compute bw� = ( bw�1 ; :::; bw�d) for j = 1; :::; d as

bw�j = argmin
w2Hn

1

n

nX
i=1

8<:
�
@r(zi;b�)
@�j

�
PL

l=1
@r(zi;b�)
@hl

wj (xl;i)
�0 �

@r(zi;b�)
@�j

�
PL

l=1
@r(zi;b�)
@hl

wj (xl;i)
�

+
�
1
n

Pn
i=1

�
@m(zi;b�)
@�j

�
PL

l=1
@m(zi;b�)
@hl

wj (xl;i)
��2

9=; :

(We write h� (xli) = hl� (xli) for ease of accounting.)

2. Compute

� (zi; b�) = � r (zi; b�)
m (zi; b�)

�
;
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b�bw� (zi) =

24 PL
l=1

�
@r(zi;b�)
@�1

�
PL

l=1
@r(zi;b�)
@hl

bw�j (xl;i)� � � �
PL

l=1

�
@r(zi;b�)
@�d

�
PL

l=1
@r(zi;b�)
@hl

bw�j (xl;i)�
1
n

Pn
i=1

�
@m(zi;b�)
@�1

�
PL

l=1
@m(zi;b�)
@hl

bw�j (xl;i)� � � � 1
n

Pn
i=1

�
@m(zi;b�)
@�d

�
PL

l=1
@m(zi;b�)
@hl

bw�j (xl;i)�
35

and b
 = 1

n

nX
i=1

�b�bw� (zi)
�0
� (zi; b�) � (zi; b�)0 b�bw� (zi)

3. Compute

bV =  1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1 b
 1
n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi)

!�1
:

Next, we assume that the practitioner adopts the parametric speci�cation h (xl;i; �) = pK (xl;i)
0
�, where

pK(x) = (p1 (x) ; ::::; pK (x))
0, where K = Kn is a function of n although it is perceived to be �xed for our

�ctitious practitioner. Note that the practitioner�s estimator is identical to the modi�ed SMD estimator. The
practitioner�s moment condition is then

g (zi; �; �) =

�
pK (x1;i) (y1i � h (x1i; �)) + � � �+ pK (xL;i) (yLi � h (xLi; �))

m (zi; �; h (x1i; �) ; : : : ; h (xLi; �))

�
where h (xli; �) = pK (xl;i)

0
�. (For ease of accounting, we sometimes write h (xli; �) = hl (xli; �).) It follows that

the practitioner�s estimator of asymptotic variance is (7) with

@g
�
zi; b�; b��

@ (�0; �0)
=

"
0 �pK (x1;i)

�
pK (x1;i)

�0 � � � � � pK (xL;i) �pK (xL;i)�0
@m(zi;b�)
@�0

@m(zi;b�)
@h1

pK1 (xi)
0
+ � � �+ @m(zi;b�)

@hL
pKL (xi)

0

#

�
�
0 �PiP 0i
q0i Q0i

�
and

g
�
zi; b�; b�� =

24 pK1 (x1;i)
�
y1i � h

�
x1i; b���+ � � �+ pKL (xL;i)�yLi � h�xLi; b���

m
�
zi; b�; h�x1i; b�� ; : : : ; h�xLi; b���

35
�
�
Pi 0

0 Id

� �
yi � hi
mi

�
where

Pi =
�
pK (x1;i) � � � pK (xL;i)

�
q0i =

@m (zi; b�)
@�0

Q0i =
@m (zi; b�)

@h1
pK1 (xi)

0
+ � � �+ @m (zi; b�)

@hL
pKL (xi)

0

yi � hi =

26664
y1i � h

�
x1i; b��
...

yLi � h
�
xLi; b��

37775
mi = m

�
zi; b�; h�x1i; b�� ; : : : ; h�xLi; b���

30



We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix. For this purpose,
we let
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1

n

nX
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�
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�
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�
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q0

�
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n
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�PiP 0i
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�
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"
� 1
n

Pn
i=1 PiP

0
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#
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g
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1
n

Pn
i=1 PiP

0
i

��1
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0 Id

#
In the minimization problem of the �rst step, we see that the objective function is

(Aj � Bc)0��1 (Aj � Bc) = c0

 
1

n

nX
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PiP
0
i

!
c+ q0jqj � 2qjQ

0
c+ c0QQ

0
c (31)

Therefore, we can see that c�j =
��

1
n

Pn
i=1 PiP

0
i

�
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Also, we have
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The practitioner�s parametric estimator bVp for the parametric asymptotic variance of b� is then equal to

bVp = b��1p b
p �b��1p �0 :
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Finally, we note that Ai and Chen�s �rst step minimization problem solves for c�j that minimizes

1

n

nX
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(P 0i c)
0
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0
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!
c+ q0jqj � 2qjQ

0
c+ c0QQ

0
c: (32)

We can see that the same bc� as above solves the practitioner�s problem (16). Ai and Chen�s estimator then
requires calculating b�bw� (zi) =

"
P 0ibc�

q �Q0bc�
#
;

1

n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi) = (bc�)0 1

n

nX
i=1

PiP
0
i

!bc� + �q �Q0bc��0 �q �Q0bc�� ;
and

b
 = 1

n
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�b�bw� (zi)
�0
� (zi; b�) � (zi; b�)0 b�bw� (zi)

= (bc�)0 1
n
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Pi (yi � hi)0 (yi � hi)P 0i

!bc� + �q �Q0bc��0 1
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0
i

!�
q �Q0bc�� :

Note that

1

n

nX
i=1

�b�bw� (zi)
�0 b�bw� (zi) = b�p;

b
 = b
p:
It follows that the practitioner�s estimator of the parametric asymptotic variance is numerically equal to Ai and
Chen�s sieve estimator of the semi-parametric asymptotic variance.

G Proof for Section 6.3 on First Step Sieve M-Estimation

In order to simplify presentation we assume that � is a scalar (i.e., dim (�) = 1) and h is a scalar function of x.
Then, under standard regularity conditions, we show that b� is pn-consistent and asymptotically normal, and
solve its asymptotic variance analytically. Below we provide two ways to characterize the asymptotic variance
of b�.
Explicit characterization of the in�uence function Asymptotic variance can be obtained by explicitly
characterizing the in�uence function of

1

n

nX
i=1

m
�
zi; ��;bh (xi)� :

De�ne the functional f : H ! R as f (h) = E [m (zi; ��; h (xi))]. Using Chen and Shen (1998), we then have
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�
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We can write
f 0 [�� ��] = hv�; �� ��i

where
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It follows that the in�uence function is

@` (zi; h� (xi))

@h
[v�] =

@` (zi; h� (xi))

@h
I (xi)�1Mh (xi)

It follows that, as long as stochastic equicontinuity is satis�ed,
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Ai and Chen (2007) style asymptotic variance characterization If we adopt the approach of Ai and

Chen (2007), we have
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Equivalence of these two asymptotic variance characterizations For the simple case of scalar h()
function of x, the optimization problem (33) can be solved in closed form. Note that
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so that
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Numerical equivalence We now apply Lemma 1 to characterize the upper-left block of the estimated vari-
ance matrix. For this purpose, we assume that the practitioner adopts the parametric speci�cation h (x; �) =
pK (x)

0
�, with pK(x) = (p1 (x) ; ::::; pK (x))
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Using the notation in Lemma 1, we let
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In the minimization problem of the �rst step in the lemma, we see that the objective function is
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which is identical to the minimization in our algorithm. We therefore obtain
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By Lemma 1, the practitioner�s estimator bVp for the asymptotic variance of b� is then equal to
bVp = bvpb
pbvp

Because bvp = bv�� and b
p = b
, we get the desired conclusion that bV = bVp.
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