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Abstract

The goal of this paper is to develop techniques to simplify semiparametric inference. We do this by
deriving a number of numerical equivalence results. These illustrate that in many cases, one can obtain
estimates of semiparametric variances using standard formulas derived in the already-well-known parametric
literature. This means that for computational purposes, an empirical researcher can ignore the semipara-
metric nature of the problem and do all calculations “as if” it were a parametric situation. We hope that
this simplicity will promote the use of asymptotic semiparametric variance estimates.

1 Introduction

Many recently introduced empirical methodologies utilize two-step semiparametric estimation approaches. In the
first step, certain functions are estimated nonparametrically. In the second step, structural/causal parameters
are estimated parametrically, using the nonparametric estimates from the first stage as inputs. Such estimators
have been used both in the treatment effect literature to estimate average treatment effects (e.g. Hahn (1998),
and Hirano, Imbens, and Ridder (2003)) and in the Labor and IO literatures to estimate rich, often dynamic,
structural models (Hotz and Miller (1993, 1994), Olley and Pakes (1995), Aguirregabiria and Mira (2002, 2007),
Bajari, Benkard, and Levin (2007), Pakes, Ostrovsky, and Berry (2007), Pesendorfer and Schmidt-Dengler
(2007), and Bajari, Hong, Krainer, and Nekipelov (2008)).

These two-step semiparametric estimators are often very computationally convenient to use. This is partic-
ularly true in the structural models cited above. As argued by that literature, these two-step methods allow one
to estimate the underlying structural parameters without having to repeatedly solve for complicated (and often
dynamic) equilibrium. This can tremendously reduce computational burden. As such, these estimators are
being used quite regularly in applications (e.g. Ryan (2006), Collard-Wexler (2006), Dunne, Klimek, Roberts,
and Xu (2006), Sweeting (2007), Macieira (2008), Ellickson and Misra (2008), Snider (2008), Ryan and Tucker
(2008)).

These methods do, however, rely crucially on being nonparametric in the first step. The first step involves
estimating reduced form policy functions that arise from the equilibria of the underlying structural model. From
a practical perspective, there is a sense in which the nonparametric first step estimation is parametric - since one
needs to choose, e.g. the number of terms in a series approximation, the bandwidth of a kernel, or the flexibility
of a sieve. But naive parametric specification of these reduced form policy functions is likely to contradict the
underlying structural model." So, researchers have to take seriously the “nonparametric promise” of increasing
the flexibility of the first-step specification as the number of observations increases.

Taking this promise seriously also requires one to explicitly consider the problem’s semiparametric nature
when estimating the variances of the estimated finite-dimensional (structural) parameters. Asymptotic variances

Tmposing the structure of the underlying model on the reduced form policy functions would necessitate solving for the equilib-
rium, which is exactly what these methods are trying to avoid.



in parametric models are based on the assumption that the total number of parameters stays fixed as the
number of observations increases. In contrast, asymptotic variances in semiparametric models are based on
the assumption that the total number of parameters increases as the number of observations increase. These
asymptotic variances will generally be different.

There is a long line of theoretical literature that derives expressions for semiparametric asymptotic variances
of two-step estimators (Newey (1994), Andrews (1994), Newey and McFadden (1994), Ai and Chen (2007),
Chen, Linton and van Keilegom (2003), Ichimura and Lee (2008), to name a few). Some of these papers also
show how to consistently estimate the asymptotic variances. While these theoretical results are useful, their
implementation is typically not straightforward in practice. Some (e.g. Newey (1994), Chen, Linton and van
Keilegom (2003)) give very high level results on asymptotic variance expressions, requiring an applied researcher
to calculate the asymptotic variance in a closed-form in order to apply the theoretical result to a particular
situation.? Others (e.g., Ai and Chen (2007)) are very general and do not need to solve the asymptotic variance
analytically, but require numeric optimization to compute a consistent estimate of the asymptotic variance.
These limitations have often lead applied researchers to use the bootstrap to estimate asymptotic variances
(e.g., Ryan (2006), Ellickson and Misra (2008), Macieira (2008)), but this can be computationally demanding
and may also be difficult to justify theoretically. Bootstrap validity is typically established for confidence
region construction. Even for parametric linear regressions, one needs additional regularity conditions to justify
bootstrap validity for standard errors (see, e.g., Gongalves and White (2005) for a recent discussion).

The purpose of this paper is to show that in a large class of models, one can greatly simplify the estimation of
semiparametric asymptotic variances. The core point of our paper is a numerical equivalence result. To describe
this, consider researcher A, who estimates the model with a parametric first step. Also consider researcher B,
who estimates the model semi-parametrically, using the method of sieves as the nonparametric first step. Since
sieves are just “sufficiently flexible” parameterized functions, let us assume that researcher B’s sieve is identical
to researcher A’s parameterized function for the first step.

Given this choice of sieve, it is clear that researcher A and researcher B will obtain identical point estimates
of the structural parameters. On the other hand, the asymptotic variances of the two estimators will be different,
as researcher A is in a parametric world where the total number of unknown parameters is constant (and finite),
while researcher B is in a semiparametric world where the total number of unknown parameters is increasing to
infinity.

Our results concern the estimated asymptotic variance of the structural parameters. We show, somewhat
surprisingly, that in a large class of models, the estimate of the semiparametric asymptotic variance using the
methods of Newey (1994) or Ai and Chen (2007) is numerically identical to the estimate of parametric asymptotic
variance using standard two-step parametric results (described in Section 2, see, e.g. Murphy and Topel (1985),
or Newey and McFadden (1994)). In other words, researcher A and researcher B will obtain numerically identical
variance estimates (for the structural parameters). This is true even though they are estimating different objects
asymptotically — the true asymptotic parametric variance vs. the true asymptotic semiparametric variance of
the finite dimensional parameters of interest. To the best of our knowledge, Newey (1994, Section 6) was the
first to recognize this equivalence in a simple example involving one infinite-dimensional parameter, which is
estimated by least squares using a series approximation in the first step. We go one step further and generalize
his insight to other classes of two step semiparametric estimators, including models with multiple nonpametric
components, models characterized by likelihoods, and models where the second step moments depend on the
first step infinite-dimensional parameter in a more complicated way.

The implication of this numerical equivalence result is that it becomes very simple for applied researchers
to take the nonparametric portion of the above models seriously. One of course has to make the nonparametric
promise that one will increase the flexibility of the nonparametric approximation as the number of observations

2 As illustrated in Newey (1994) and Ichimura and Lee (2008), one can typically solve the asymptotic variance analytically when
there is only a scalar unknown function estimated in the first stage. However, it is extremely difficult to calculate the asymptotic
variance analytically when there are several unknown functions involved. Recognizing this difficulty, Chen, Linton and van Keilegom
(2003) provide nonparametric bootstrap justification for the construction of confidence regions.



increases (which probably should be interpreted in practice as making the approximation sufficiently flexible
given the number of observations). However, to compute the estimated variances and standard errors, one
can simply use regular parametric formulas rather than either understanding Newey (1994) or Ai and Chen
(2007), or bootstrapping. These regular parametric variance formulas will generate consistent estimates of
the semiparametric asymptotic variances. In some sense, our result says that for computational purposes, a
researcher can ignore the nonparametric aspect of the problem and do all calculations “as if” it were a parametric
situation. We hope that this simplicity will promote the use of asymptotic semiparametric variance estimates,
and alleviate the need for computationally burdensome bootstrapping.

Many researchers are aware that the two step semi-parametric estimator is typically 1/n consistent and
asymptotically normal, but seem to be under the impression that (i) it is necessary to characterize the analytic
expression of the asymptotic variance matrix; (ii) such characterization is possible but difficult; and therefore
(iii) statistical inference can be a challenge in practice. Hotz and Miller’s (1993) original two-step estimator
presented in their equation (5.9) is in fact a parametric estimator because they assume that the nonparametric
component is a conditional expectation on some variable with finite support. They consider an extension to
the case where the conditioning variable is continuous, and end up developing a new estimator. Olley and
Pakes (1996) ended up writing another paper (Pakes and Olley (1995)) in order to characterize the analytic
formula of the asymptotic variance (for the case where the first step nonparametric estimation is done by kernel
methods). Olley and Pakes (1996) note “We do not currently know of a theorem that insures y/n consistency and
asymptotic normality when the series estimator is used...” Bajari, Benkard, and Levin (2007) noted the difficulty
of characterizing the semiparametric asymptotic variance of their estimators, and “To simplify this second-stage
problem, we henceforth assume that the policy function and transition probabilities are parameterized by a finite
parameter vector « and that this vector can be consistently estimated at the first stage.” Noting a separate work
by Bajari, Chernozhukov, and Hong (2005), they go on to state “We are optimistic that our approach could be
shown to work for a nonparametric first stage with continuous actions on a continuous state space, but we leave
this for future research.” Their conjecture was later verified by Bajari, Chernozhukov, Hong, and Nekipelov
(2008). We do not disagree with the profession that analytic characterization of the asymptotic variance matrix
can be challenging. Our contribution is to note that analytic characterization is often unnecessary in practice
because a practitioner simply needs a consistent estimator of the asymptotic variance, and that such an estimator
is very easy to compute by adopting the convenient view that the first step sieve nonparametric estimation is
in practice a parametric step.®> This convenience has applicability across a wide range of literatures, including
labor and IO applications.

Section 2 starts with a review of how to compute standard errors in two-step parametric models. Sections
3 and 4 present our main numerical equivalence results for two classes of semiparametric models. For intuition,
Section 5 presents a very simple example where our result holds, the partially linear semiparametric model of
Robinson (1988). Section 6 presents some extensions and examples applying our result to some of the current
models in the empirical literature. Section 7 briefly concludes.

2 Review: Standard Errors in Two-Step Parametric M-Estimators

In this section, we provide a brief review of how to estimate the asymptotic variance of two-step parametric
M-estimators. We assume that a researcher estimates a parameter vector 6 using a first-step M-estimator (e.g.
OLS, NLLS, MLE, method of moments). This estimate is then plugged into a second-step M-estimator which
is used to estimate another parameter vector 8. The question is whether and how the estimation error of the
first-step M-estimator 0 affects the asymptotic variance of the second-step M-estimator B To the best of our
knowledge, Newey (1984), and Murphy and Topel (1985) were among the first to investigate this issue. These

30ur numerical equivalence results are established for the two-step semiparametric estimators only when sieve (or series) methods
are used in the first-step. We doubt such a numerical equivalence result might still hold for other nonparametric first-steps such as
kernel, local linear regression, or nearest neighbor methods.



methods of adjusting the asymptotic variance of B are now so well-understood that they can even be found in
standard textbooks such as Wooldridge (2002, Chapter 12.4).
Suppose that in the first step, a researcher estimates 6 with the 6 that solves

%zn:gp(zz,é) =0 (1)
i=1

In the case where 8 solves some optimization problem, such as OLS, NLLS, or MLE, ¢ is the first order condition
of the optimization problem. In the second step, the researcher estimates 5 by solving

1< S
o> w(=nB.0) =0 (2)
=1
Note that the second step M-estimator B will in general be different from the B that solves % Z?zl P (zi, 3 , 9*) =

0, where 6, denotes the true value of 6 satisfying E[p (z;,04)] = 0. Therefore, the asymptotic variance of
vn (B — 6*) is in general different from that of v/n (5 — B*), due to the estimation error in 6.

In order to assess the asymptotic variance of v/n (B — ﬁ,k) that correctly reflects the estimation error of 5,

a researcher can consider the two-step estimator as a component of a one-step M-estimator?

L (2.5.8) =0 @
i=1

where

g(zi,ﬁ,e):[ ¢ (2:,0) }

w (Zia ﬁa 9)
The 6 and 3 that solve (3) are numerically identical to 6 and 3 that solve (1) and (2). Letting o = (5,6")’

o~ o~/
and recognizing that & = (ﬁ’ 0 ) is an M-estimator, we can then use standard arguments® to compute the

asymptotic variance of \/n (& — «,) i.e. a consistent estimator of the asymptotic variance of /n (@ — ) is
given by

n n

-1 -1
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(23 288) (15 seaear) (132
The asymptotic variance of v/n (B — B*) is simply the upper left block of the asymptotic variance matrix of

vn (@ — a,). This one-step interpretation is a device that facilitates our theoretical discussion. In practice,
two-step estimation techniques are often adopted for computational convenience.

3 Estimator of Asymptotic Variance of Two-Step Semiparametric
Estimators

We present our first main result in this section. We consider semiparametric two-step estimation, where a
researcher estimates certain functions with a nonparametric estimator in the first-step. In the second-step, she
plugs the nonparametric estimators into a parametric moment equation to compute an estimator B of some
finite dimensional parameter vector. We assume that the first-step nonparametric estimation is implemented
by the method of sieves, e.g. a series approximation. Note that the first-step requires computation of a
finite dimensional parameter in practice. For example, if the first-step involves nonparametric estimation of

4This formulation assumes exact identification.
5See Wooldridge (2002, Chapter 12.3).



a conditional expectation implemented with a series approximation, then the first step amounts to OLS in
practice.

Now assume that there are two researchers. Researcher A makes an incorrect assumption that the first-step
is in fact parametric, therefore believing that the number of terms in the series approximation remains constant
as the sample size grows to infinity. Because she believes the first step to be a parametric procedure (and
because the second step is truly parametric), Researcher A would estimate the asymptotic variance of B using
the formula discussed in Section 2.

Researcher B, on the other hand, makes the correct nonparametric assumption that the number of terms in
the series approximation increases to infinity as an appropriate function of the sample size. Therefore, Researcher
B would like to compute a consistent estimator of the asymptotic variance of B using a formula that correctly
reflects E 's semiparametric nature. Because the two researchers are considering different asymptotic sequences,
Researcher A’s asymptotic variance formula (i.e., the theoretical formula expressed in population expectations)
will generally be different from Researcher B’s. In other words, Researcher A is trying to estimate a different
theoretical variance object than Researcher B.% Despite this difference, this section proves that the estimator of
the asymptotic variance that Researcher A implements will be numerically equivalent to the estimator of the
asymptotic variance that Researcher B uses.

We use Ai and Chen’s (2007) asymptotic variance formula extensively. To the best of our knowledge, Newey
(1994) was the first to characterize the asymptotic variance of a two-step semiparametric estimator. In Appendix
C, we show that Newey’s asymptotic variance formula can also be given this “parametric” interpretation. In
Appendix D, we explain how Newey’s asymptotic variance formula can be related to Ai and Chen’s.

Description of the model and estimator More formally, consider a model given by the following moment

restrictions

E[y1i — hax (z13)| 213] = 0,

Elyri — hr« (xri)|zn] =0,
E[m (2i, B, his (215) .., hrw (xLi))] = 0. (4)
The hy (214), ..., hr (z1;) functions are the nonparametric components in the model. S is the finite-dimensional
component of the model. Note that the conditioning variables x1,,...,z; are allowed to differ from each
other. We also allow the dimensions of xy;,...,xr; to differ. The practitioner nonparametrically estimates
hix (217) ..., hr« (v1;) with the estimators hy (1) ,. ..,z (1;), and then estimates 3, with the 3 that solves’

% Zm (zi,g,ﬁl (213) ..., hy (xLz)> =0.
i—1

Aj and Chen’s (2007) modified SMD estimator We now show that this two-step estimator is numerically
identical to Ai and Chen’s (2007) modified SMD estimator as long as ﬁl (z15),--- ,EL (zr;) are approximated
using the method of sieves.® A more applied reader can skip these details in this and the next subsections. The
modified SMD estimator solves the minimization problem

n

%Zm(zi,ﬂ,hl (x“),...,hL (le))

i=1

1 n 1 n
- ; (yri — by (210))° + - + - ; (ypi — hr (z0:))* +

6Researcher A is trying to estimate a theoretical object that is not the true asymptotic variance, since she believes that the
number of terms in the series will remain constant in her asymptotics. In fact, Researcher A’s estimator E in the second step will
be inconsistent in general because her first step estimator will not converge to the true nonparametric object.

"For simplicity we assume exact identification for §.

8See their equation (5) or their plug-in estimation equations (6)-(7). In fact, Ai and Chen (2007) consider a much broader class
of models, including misspecified semi/nonparametric models. Our discussion here is a “translation” of their procedure for the
specific model we consider here.



over (B,h1,...,hr) € B X Hyp X -+ X Hpn, where |la|| denotes a vector norm such that ||a|| = a’a. Assuming
that B is a compact subset of R?, and for [ = 1,..., L, the sieve spaces ‘H,,», are given by:

Hipn = {h s (@) = puy (@) Oy 1 + - + ik, (20) 00y, = (21,00)) } (5)

we can see that the modified SMD is numerically equivalent to the following multi-step estimator:

n

~ . 1 2
Oqy =  argmin = — Z (yli - (pl,1 (@) 0ay,1 + - + Pk, (1) e(l)vKl,n)) , i=1...,L,
0y, 1500, 1, TV i

0= 23 (s B () s (25000 )

Ai and Chen’s (2007) estimator of asymptotic variance Ai and Chen (2007) show that Bis /n-
consistent and asymptotically normal under certain regularity conditions. They also provide a consistent esti-
mator of the semiparametric asymptotic variance (V') of /n (B\ — ﬂ*), which we now describe. For simplicity
of notation, we will write
Y1i — hix (214)
r (z ) = ; (6)
yri — hi« (1)

where a, = (Bs, hy), and h is an abbreviation of (hy,...,hr). We adopt a similar convention for h. Denote
& = (8,h). Assuming the sieve space H,, = Hi, X -+ X Hp, with H;,, given by (5) for [ = 1,...,L, Ai and
Chen’s estimator V' of the asymptotic variance of 5 can be computed using the following algorithm:

1. Compute w* = (w7, ..., w}) that solves for j =1,...,d,

or(zi, Or (2,0 or(zi, Or (2,0
o[ (k) () S sy, ()
w; = argmin — E

_ 2
weEH, N = + %Z?:l (%;1]70‘) _ lL:l Bmé()zll,a) w;jg (xl,i)) H
2. Compute
~ r (2, Q)
a5 |
19
L or(zi,a L 0r(z:i,@) ~x L or(zi,a L 0r(zi,@) ~x
3/\ (Z) Zl:l ( Té%la) - =1 r(dzhza) wl l (Il Z)) U Zl:l ( Tigzﬁda) - =1 r(dzhza) wdl (‘Tl Z))
we %) = om(zi,a om(zi, om(zi,a L om(z,
%Z?:l ( ma(gl = Zl 1 m(z a)w1 N/ (ﬂUl z)) %Z?:l (W T =1 wwdl (ffl z))
and
RPN ~
= Z (AVAV 2; ) p(zi,@) p(2i,Q) A~ (%)
i=1
3. Compute

n , -1 n / !
V= (i > (B () B @)) Q <i > (Bs- () As <zi>> :

A Naive practitioner’s estimator We now consider how the semiparametric estimators B and V relate to
what one obtains if the estimation problem is approached from a purely parametric perspective (i.e. Researcher
A). First, note that a parametric estimator based on the parametric specification hy(x;) = pi1 (21) 0@y, + - - +
K, (1) 0wy, = u (a:g, 0(1)) (where K; = K, is a function of n although it is perceived to be fixed for our
fictitious Researcher A) will result in an estimate of 8 that is numerically equivalent to B This means that



for the purpose of computing B, it is harmless to “pretend” that the h;’s are parametrically specified. We now
show that the same idea holds for the estimated variance.

Our parametric Researcher A perceives 3 to be a simple M-estimator solving the moment equation F [g (2;, Bx,
0, where

Pt (@) (s = b (21, 600)))

g(ziva) = K : )
it (@r) (yoi — hr (w0, 0(1)))
m (zi, B, h1 (215,001)) - - -, hr (w13, 0(1)))

where o = (8,0'), 6 =
(P11 (z13) -, P1K, (21,5)). Here both 8 and 6 are finite dimensional parameters such that dim (g) = dim (8) +
dim (6). A consistent estimator of variance matrix of all the parameters is given by the usual formula

(15 ad) (15 matar) (13 26) ®

i=1 i=1

/
( 21)7...,9&)) ,and for [ = 1,....L, (.’Eli79(l)) = le’(gcl,i)’H(l) with le’(xl,i) =

and like in Section 2 an estimator 17;7 of the parametric asymptotic variance of 3 can be obtained from the upper
left corner of (7).

Numerical equivalence Note that V is obtained from a completely different perspectlve then the one under-
lymg V. In fact, the idea that led to V is wrong! However, Appendix B shows that V is numerically identical
to V. While subtle, this has a profound consequence for semiparametric statistical inference. Researchers want-
ing (or needing) to do semiparametric inference need not explicitly consider the semiparametric nature of the
problem in estimation. After specifying the flexible series approximation, they can proceed as if the problem
was completely parametric for the purpose of inference on 5. Obviously, this does not necessarily mean that
the same is true for inference on the nonparametric components of the problem.

4 Estimator of Asymptotic Variance of Sieve MLE

In this section, we consider consistent estimation of the asymptotic variances of sieve maximum likelihood
estimators (MLE). We assume that an econometric model is characterized by a probability density with two
kinds of parameters: finite dimensional parameters 5 and some unknown functions h(-). We estimate (3, h) by
sieve maximum likelihood in which h is approximated by finite dimensional flexible parametric families. This
implies that the estimator of (5, h) is in fact identical to the maximizer of a (potentially) misspecified parametric
likelihood. As in Section 3, we show that the estimator of the asymptotic variance of the parametric component
can be given a parametric interpretation.

Assume that we observe z; for each individual. We further assume that z; are independent and identically
distributed.” The log likelihood of the data {z;}!_; is given by 23" ¢ (z;,3,h(-)), where 8 € B is a vector
of finite-dimensional parameter of interest and h € H is a vector of L real-valued unknown functions (i.e.,
h(-)=(h1(),...,hr(-)) and each h; (-) could depend on different argument z; for [ = 1,...,L). We take h (-)
to be the nonparametric nuisance functions. Denote o = (5, h) € B x H. We assume that the true parameter
value o, = (Bx, hi) € B X H uniquely solves the population problem

sup  E[l(z,B,h(-))].

(B,R)EBXH

9Tn other words, we do not need to worry about the dependence as in Chen and Shen (1998).

0.)] =



The sieve MLE is a sample counterpart, except that the function parameter space H = Hy x - - - X H, is replaced
by a sieve parameter space H, = Hin X -+ X Hr . In other words, the sieve MLE ([3, h) is the solution to

(2, B, : 8
(/j’h)EBan g “i 6 ()

Shen’s result (1997) implies that B is y/n-consistent, asymptotically normal and semiparametrically efficient
(under regularity conditions), i.e., v/n (B - ﬁ*) — N (O,Ifl) with Z~! given in Appendix E.

In the following for w = (w), ..., w)) € Hpn = Hipn X -+ X Hppn, we let M [w] = Zz 1 dz,’”’o‘) [wy],
and M[w(l)] denotes the directional derivative of £ with respect to h; at the dlrectlon w(y, loosely speaking.

For more precise definition, see Appendix E. We propose the following simple sieve estimator of the asymptotic
variance of the sieve MLE (:

1. Compute a consistent estimator @} of wj, j=1,...,d:

dl (zi,a)  dl(z;,Q) )2
_ [w] ] .

n
W} = argmin E (
i=1

weHy, dp; dh
2. Compute
(2, 0(2,Q) [ ~x
d(ggl ) -z Eih ) [wl]
A = z
dé(z,a dl(z,Q) [~
L
3. Compute

n -1
‘//\;mle = (i Z 8 (Z’L) & (Zz)/> . (9)

i=1

In Appendix E, we provide a proof that ‘7:9777,18 is a consistent estimator of Z~! (the asymptotic variance of
the sieve MLE j3).10

We now discuss the practical implication of (9). Consider a fictitious practitioner who assumes that H is
in fact H,. In other words, the practitioner believes that i can be and should be parametrically specified. In
terms of estimating (3, h), this fictitious practitioner’s estimator would be numerically identical to ours. After
all, he will solve the same problem (8). Would his standard error for E be identical to ours?

We now show that the practitioner’s estimator of the asymptotic variance is identical to ours if the sieve
space is H,, = Hipn X -+ X Hpp, with H;,,, given by (5) for [ =1, ..., L. The practitioner would write

hu(zi) = pua (1) Oy s + - + puw () Oy i, = 91 (21) 0y for 0y = (O 1, ~-~70(l),K1)/

with lel (x1) = (o1 (@1) oo D1k, (1)), where K = K ,, is a function of n although it is perceived to be fixed
/
for our fictitious practitioner. Denote 6 = (921), ceey HEL)) which is a K x 1—vector with K = K1 +---+ K.

The parametric practitioner would estimate (8, 0.) = argmaxg » E[€ (2;, 8,0)] via parametric MLE, and obtain:
dl(z.5. 0.) d(z.5..0.)|  p [de(B..0.) de(zp..0)] ]

~ ~ / dp dp’ dp a0’
Vi (6 — b - 9*) - N0 E | d4z0:.0.) diz8..0.)] g [de(z...0.) di(zB..6.) ’
dé do’

L0We provide a proof of the consistency of ‘Z:mle along with regularity conditions in Appendix E because we are not aware of any
published papers that establish the consistency of Vsmles albeit such an estimator has been used in the literature without proofs;
see, e.g., Chen (2007, remark 4.2), Chen, Fan and Tsyrennikov (2006). For most other results in this paper, we do not provide any
rigorous asymptotic theory, which is already done in the existing literature.



and the asymptotic variance for ﬁ, »» is simply the upper-left block of the above variance and covariance
matrix, which can be computed by the partitioned inverse formula. The partitioned inverse formula on the

other hand, has another interpretation as the inverse of the variance of the least squares projection residual of
d@(z,ﬁ*,e*) de(z Bis0) .
dB T

-1

Vp = (E [Ap (2i) Ap (Zz)/]) )

where

dl(2,Bx,0+) _ dz(z7ﬁ*79*)c*

dB1 de’ 1

Ap (2) =

dl(2,Bx,0+) _ de(z,ﬁ*,e*)c*

dBa de’ d

and )

dé(zvﬁ*ve*) dé(276*79*) -
= F — i fi =1,..d.
c; aclzgerlr%li(n ( a5; 7T ¢ or j sy

If the practitioner uses the outer-product based estimator of the information matrix, then the asymptotic

PO
variance matrix for (ﬁ, 9) can be consistently estimated by the following matrix:

1 (ziﬁﬁ) 0(2,88) 1 n  d0(2,8.08) ae(=,88) 17"
Zz 1

B dp’ n i=1 ag_ dae’
1 (z“@ 0) de(2:.8.0) 1 n  d(z:,B,0) de(z:,5.0) ’
Zz 1 g’ n £i=1 do do’

and the asymptotic variance for B\ can be consistently estimated by the upper-left block of the above matrix,
which can be computed by the partitioned inverse formula, which also has another interpretation that can be
characterized by the following algorithm:

1. Compute the solution ¢} to

n (a0 (2.8.0)  dt(z.5.0) ’

min - ¢j
St 2\ T ap, dg
2. Compute
d0(z:,5.0)  de(zi,B.0)
dpBy - o A
A, (z) = :
de(ziﬁ,@) _ d(=.8.0)
Ba de’ d
3. Compute

—1
~ 1 < ~ -
— A, (z) A, (2 .
- (13886

i=1

We argue that \7p is in fact numerically identical to \A/smle, since ﬁp (z;) is numerically identical to A (z). For

/ /

this purpose, it suffices to note that with h;(x;) = le" (1) 0y, 0 = (9?1), .. .,9&)) and ¢ = (c’(l), .. .,cEL)) ,
we have:

¢ (zl,ﬁ, ) al (Zza67 )

L
K ’
Z ———p " () e
1=1
Therefore, the minimization problem over ¢ € R¥ is in fact identical to the minimization problem over all linear

combinations w) = lel (~)'c(l), which in turn is identical to the minimization over w = (w(),...,w(r)) €



Hy =Hin X X Hp . It follows that the variance estimator 17p obtained from the pretension that the model
is parametrically specified is exactly identical to the sieve variance estimator ‘A/S,nle obtained under the correct
assumption that the model is semiparametrically specified.

We conclude that, as long as outer-product is used for calculation of information, the “parametric” inference
is numerically identical to semiparametric inference.

5 Intuition: Partially Linear Regression Model
In order to gain intuition of our general result, it is useful to consider the partially linear regression model
Yi = oif + h(si) +wi
where h is a scalar-valued unknown function. For simplicity of notation, we assume that § is a scalar.
This model is usually estimated by the following steps:

1. Compute nonparametric estimators E [y| s] and E [z]s] of E [y| s] and E [z] s]

2. Compute 3 using an OLS regression of y; — F [y| si] on z; — E [z] 5]

It has been shown that v/n (B\ — ,6’*) is asymptotically normal under certain regularity conditions; see, e.g.,

Robinson (1988). Assuming that the unobserved error w; is independent of (z;, s;), the asymptotic variance is

equal to
Var (u;)

E [(:L‘i — E[z]s:))?

(10)

This result can be given a “parametric” interpretation. Suppose that a practitioner believes that
h(s)="h(s,0)=p1(s)01+ - +pK(s) 0k
Then the practitioner’s estimator can be computed by the partitioned regression formula:

1. Run OLS regressions of both y; and z; on p1 (s;),.......,px (s;), and obtain the fitted values E [yl si] and
B[] si]

2. Compute 3 using an OLS regression of y; — E [y| s;] on z; — E [z] s;]

/3 will be numerically identical to 3 if the nonparametric estimation of E [y s] and E 2] s] computed as sieve
estimators over Hy, = {h: h(s) =p1 (s) 01 + - - + vk, () 0K, }. What about the asymptotic variance estimator?
Note that the asymptotic variance (10) can be estimated by

Var (u;)
L, (- Blalsd)

where @(ul) is some consistent estimator of Var (u;). But since in this case, E [z|s;] will be identical to
E [z| s;], we conclude that it is numerically identical to

Var (u;)
Ly (m- Blal )

(11)

which is the practitioner’s estimator of the asymptotic variance of /n (B - ﬂ*), which is in turn numerically

~ N/ ~
equivalent to the upper-left corner of the estimator of the asymptotic variance (ﬂ,@’ ) , where 6 is obtained

from the one-step regression of y; on x; and p; (s;),...,pK, ().

10



How is this equivalence related to our results in Sections 3 and 47 We can see that E can be given two different
interpretations. First, we can understand it as a two-step semiparametric estimator with a nonparametric first-
step. As such, our result in Section 3 explains the numerical equivalence between the estimated variances.
Second, if u is assumed to have a normal distribution, we can treat B as a component of the sieve MLE using
the standard equivalence of OLS to pseudo-MLE with normal errors. Therefore, our result in Section 4 also
explains the numerical equivalence.

6 Extensions and Examples

In the first three subsections of this section, we present three simple extensions to cover models that are
commonly seen in applied microeconometrics. In the last two subsections, we discussion some specific examples
that are commonly seen in labor and IO applications.

6.1 Dependence of Second-Stage on Full Non-Parametric Function

Consider a model where

E [yi — ha (24)] .Ti] =0,

Note the important difference between this model and the model of Section 3. In this model, the moment
equation m (2;, B«, h«) depends not only on h, through its value at x; but through its values at all support
points of x;. Does this change our conclusion? For simplicity of notation, we will assume that y; is a scalar and
h. is a scalar-valued function.

This model still fits into the framework of Ai and Chen (2007). According to their asymptotic variance
formula for their modified SMD estimator 3, to consider this model we simply have to replace the term

ij (z;) in Section 3 by w [wj (-)], where the pathwise derivatives are defined as

dm (zi,g, (1- 7')/]’; + Th)
dr

)] -

7=0

Let the sieve space be H,, = {h: h(-) =61p1 () + -+ 0k, Pk, (-)}. Ai and Chen’s sieve estimator V of the
asymptotic variance of 8 can then be computed by the following algorithm:

1. Compute w* = (05, ...,w}) for j =1,...,d as

e e O )

n
wE’Hn i=1

2. Compute
yi_A(xi)
p(zi, @) = l m(zi,B,ﬁ) 1
Ag- (zi):[ 1y am<;%§>(xi)am(zl-,a> N e am<;l,g(xi)am<zi,a) o ]
EZizl( 28, Oh [w1]> ﬁzz'ﬂ( 98a __ Oh [wd]>
and

11



3. Compute B )
V= (i Z (3@* <zi>)/£@* (Zi)> 0 (i Z (&V* @))’3@* (Zz)) .

Now assume that a practitioner takes a parametric perspective with hg (-) = p1 (1) 61+ -+ pk (+) Ok, where
K = K, is a function of n although it is perceived to be fixed for our fictitious practitioner. His moment
equation is then F [g (z;, f«, 0)] = 0 where

(2, 58,0) = [ P (1) (yi — ho (7)) }

m(zivﬁa h@)
with
/
dg (2, 3,0) _ 0 —p* (xi)pK ()
0(8.0) | 5P m(z,8,0) |
where m (z;, @) = [my (z;,0),...,mg (2, )], and for k =1,..., K,
0 iy
my (z,0) = PG g g

With this notation, it is easy to see that

om (z;, Q)

oh [91p1+"‘+9KpK] :ka (Ziaa)gk:m(zha)lev

k

and the argument in Appendix B applies yet again. Thus we can conclude the upper-left (dim (8) x dim (8))
block of the parametric variance estimator

1 -1
1 < 9g (2, Q) 18 R ) (1= 09 (z.0)
<nz 8(5,9)/> <n;g(zi,a)g(zi,a)> (TLZ d(B,0) )

i=1 =1

is numerically identical to Ai and Chen’s (2007) asymptotic semiparametric variance estimator V.

6.2 First Step with Restriction

As another extension, we can consider a model where

Ey1; — ha (z1,)] 14 =0,

Elyri — he (xp)| zp:] =0,
E [m (Zia ﬁ*a h* ($1,i) PR h* (zL71))] = Oa

where the dimensions of zy;,...,z1; are restricted to be identical, and for simplicity we assume h, (-) is a
scalar-valued function. The practitioner estimates h. (-) by the sieve estimator & (-) which minimizes

1< 1<
=3 = h(@)’ ok = (g~ h(era)?
i=1 i=1
over H, ={h: h(z) =p1(z)01 + -+ pxk, (z) 0k, }, and then solves
i - m zi,B,ﬁ(xM) gous ,ﬁ(xLyi) = 0
n

12



This again fits into the modified SMD framework because minimization of

n n n 2
%Z (i — b (@) +-- -+ %Z (yri — b (@) + (Tlt Zm (20, B, b (214) 5 - b (xL,z')))

i=1

over (8,h) € B x H,, amounts to this two step estimation. Ai and Chen’s asymptotic variance estimator for
this case is described in Appendix F.

We now assume that a practitioner adopts a parametric specification h (z) = p* (z)' 0, where K = K,, is a
function of n although it is perceived to be fixed for our fictitious practitioner. The practitioner proceeds with
the following two-step algorithm: first minimizes

n

1
o Z (yli —pK (l‘17i)/9)2 4+ 4

i=1 %

(yri — o™ (z1.) 9)2 ;
1

n

3=

and then solves

o~

% Z m (zia B\,pK (xl,i)/ 03 s 7pK (xL,i)/ é\) =0.
i=1

Note that the practitioner’s estimator is identical to the modified SMD estimator. Also, the practitioner’s
moment condition is then E [g (z;, B«,0x)] = 0 where

) = [ P& (214) (yri — h(216,0)) + - -+ p™ (x£3) (yri — h (2£i,0))

g(Zi7B70 m(zia/@7h(zli70)a"'vh(xLi70))

where h (x;;,0) = p™ (1) 0. Tt follows that the practitioner’s estimator of asymptotic variance is (7).

Again, it turns out that the practitioner’s asymptotic variance is numerically identical to Ai and Chen’s
asymptotic variance estimator; see Appendix F for a proof. As before, we obtain the practical conclusion that
researchers wanting to do semiparametric inference need not explicitly consider the semiparametric nature of
the problem in estimation.

6.3 Nonparametric Sieve M-Estimation As First Step

Next consider semiparametric two-step estimation where the first-step involves nonparametric sieve, maximum-
likelihood-like, M-estimation in the first step. Again, these nonparametric estimators are plugged into a para-
metric moment equation to compute an estimator B of some finite dimensional parameter in the second step.
Note that the first step sieve M-estimation requires computation of a finite dimensional parameter in practice.

Suppose that the true structural parameters . and the unknown functions h, (-) are identified by the
following model:

h. = argmax FE [l (z;, h (7)), E[m(zi, B, b (:))] =0,
heH

where ¢ (z;, h) is any criterion function and h = (hq, ..., hz) could be a vector of L unknown real-valued functions,
each hy(-) could depend on different argument for different [ = 1,..., L. Note that this problem does not fit
into the framework of Ai and Chen (2007).!! We propose the following sieve estimator:

n 2

(Baﬁ) :( argmax Ze(zmh)+;||iim(zl7ﬂ)h())
=1

B,h)EBXH,, =

)

S|

which is equivalent to the following two-step semiparametric estimator:

o~

h = argmax 1 Zﬁ(zi, h()), 0= 1 Zm (zi,ﬁjz ()) .

n
heH, =1 i—1

HTo our knowledge, the result below is new to the literature.
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It can be shown that B is y/n-consistent and asymptotically normal under certain regularity conditions. See
Appendix G for the characterization of the asymptotic variance V of \/n (3 — B*>

We now suggest a consistent estimator of the asymptotic variance of v/n (3 - B*) . In the following to simplify

presentation we assume that 8 and h are scalars. Let the sieve space be H,, = {h : h(:-) =p1 ()01 +--- + pK, (*) 0k, },
a sieve estimator V' of the asymptotic variance V' can be computed by the following algorithm:

1. Compute a consistent estimator w*:

n 2 Zi’A - m (z;, & m (z;, & ?
@*:argminlz _ag(h)[w(.%w(.)] i (1 <5 ((%1, ) Om(z, )[w(.)])>

wEH, n 8h8h n ah

= i=1

and

n n a a ’
R R B O D) +<iz<6m§;§’a)‘amé:’a)[@*('”»

2. Compute

-1

A_[Méif”[@*(-ﬂ}’

m (z;, Q)

—~ 1
Ag (z;) = l lZn (37n(zi,&) _ Om(z,d) [ (_)]) ] )
n Zui=1 B Oh

and

o~

i (3@ (%))lp(zi, Q) p(zi,a) Ag- ().

3. Compute

~

v = 5005,

As before, we note that the B is numerically equivalent to the parametric estimator based on the parametric
specification h(-) = p1 (-) 01+ -+ pK (-) Ok, where K = K, is a function of n although it is perceived to be fixed
for our fictitious practitioner. For the purpose of computing B\ , it is harmless to pretend that h is parametrically
specified. We now argue that the above sieve estimator V of the asymptotic variance of B is again numerically
identical to the well-known Murphy and Topel’s (1985) formula.

Suppose that a researcher perceives the first-step sieve nonparametric estimation to be a parametric esti-
mation. The researcher would perceive fj\ to be a simple parametric M-estimator solving the moment equation

E g (zi, Bx,0+)] =0, where
9L (zi,h(zi,0)) K
=t () ]

m (Zi7 ﬁa h ('a 6))
and h(-,0) = p (-)' 0. Here, both § and @ are finite dimensional parameters such that dim (g) = dim (3) +

9 (2i, Bs, 0:) = [

o~ ~N\/
dim (#). A consistent estimator of & = (6, 0’) is given by the usual formula (which is (7):

1 - 99 (2;,Q) o 1 & 1 = 99 (2;,a) o
iy ~ ~\/ Ly
(nzf%;’) (n Zg(zi,oz)g(zi,a)> (nza;> :
i=1 i=1 i=1
The estimator 171, of the asymptotic variance of B is then obtained from the upper left corner of the above
formula.

In Appendix G, it is shown that V = V,,. As before, we obtain the practical conclusion that researchers
wanting to do semiparametric inference need not explicitly consider the semiparametric nature of the problem
in estimation.

14



6.4 Example: Estimation of Average Treatment Effects

There is a large body of literature on estimation of average treatment effects. We discuss two estimators that
fit into our framework. Consider the effect of a treatment on some outcome variable of interest. Let d; denote
the dummy variable such that d; = 1 when treatment is given to the ith individual, and d; = 0 otherwise. Let
yo; and yy; denote the potential outcomes when d; = 0 and d; = 1, respectively. We can then say that the
treatment causes the outcome variable of the ith individual to increase by y1; — yo;- Thus, y1; — yo; can be
called the treatment effect for the ith individual. See, e.g., Rubin (1974). Individual treatment effect cannot be
observed, though, because the econometrician only observes d; and y; = d;y1; + (1 — d;) yo;- On the other hand,
the average treatment effect § = E [y1; — yo;] can be identified and consistently estimated when d; is assigned
independent of (yoi,y1:). Extending this idea, Hahn (1998) and Hirano, Imbens, and Ridder (2003) proposed
estimators of the average treatment effect when the treatment d; is assigned independent of (yo;,y14) given the
observed covariates ;.
Hahn’s (1998) estimator is

S Imha(m)  ha(w)
PG 1 p)

where hy (x3), ha (x;), and P (z;) are nonparametric estimators of F [d;y;|z;], F [(1 — d;) y;| x;], and E [d;| x].
Hahn (1998) proposed series estimation, a special case of sieve estimation, for hy (x;), ha (2;), and p (z;). Writing

Eldy; — h (z3)| 2] =0

E[(1 —di)yi — ha (zi)| 2] =0

hl(l‘i)_ hQ(l‘L) . _

Pl e ) =

we can easily recognize that this fits into our framework discussed in Section 3.
Hirano, Imbens, and Ridder’s (2003) estimator is

Writing

diyi  (A—di)y: ] _
Els 0 )

this also fits into our framework discussed in Section 3.

They also consider an estimator where the propensity score p (x;) = E [d;| z;] is estimated by nonparametric
maximum likelihood estimation with a Logit specification, i.e., p(z;) = exp (h(xz;))/[1+ exp (h(z;))]. This
alternative estimator fits into our framework in Section 6.3. We note that our result there can in principle ac-
commodate the case where the propensity score is specified as a Probit model, which has some minor theoretical
significance because the proof in Hirano, Imbens and Ridder (2003) can address only a Logit specification.!?
We also note that our result in Section 6.3 can in principle accommodate cases where the propensity score takes
a more restrictive form. An example would be exp (hi(x1)+ - -+ hr(zr))/[1 +exp (hi(z1) + -+ hr(zp))],
which imposes some additive separability restrictions on how the different x’s affect the propensity score.

12Given the flexibility of h(x;), it is not clear from a practical perspective why one would prefer a Probit over a Logit specification.
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6.5 Example: 2-Step Estimation of Dynamic Models

There is a large recent literature on two step semiparametric estimation of single agent dynamic programming
problems and dynamic games, including Hotz and Miller (1993 (HM1), 1994 (HM2)), Aguirregabiria and Mira
(2002 (AM1), 2007(AM2)), Bajari, Benkard, and Levin (2007 (BBL)), Pakes, Ostrovsky, and Berry (2007
(POB)), and Pesendorfer and Schmidt-Dengler (2008 (PS)).

Examining how our results relate to this large literature is challenging, especially since each of the above
papers develops multiple models and multiple estimators. To simplify, we consider a very general model that
encompasses many of these models and estimators. Suppose there are a discrete set of agents ¢ (firms, consumers,
etc.) interacting in market j across discrete time ¢. The relevant variables are:

yij¢+ = finite dimensional vector of actions taken by firm ¢ in market j at time ¢

z;;+ = finite dimensional vector of “public” state variables for firm ¢ in market j at time ¢

u;j; = finite dimensional vector of “private” state variables for firm 7 in market j at time ¢

v35¢ = finite dimensional vector of shocks to the state evolution of firm ¢ in market j at time ¢
In each period, agents simultaneous choose y;;¢ given their respective information sets. Agent ¢’s information
set at ¢ includes ¢, uij¢, and all past values of these variables. It does not include u ", i.e. the private state

variables of other firms, or vijt.l?’
We assume that u;;; and v;;; are independent of each other, that u;;; is iid across 4, j, and ¢, and that v;j;

—1
gt

is iid across j and t. The econometrician is assumed to observe (y;j¢, Tijt), but not (w;j¢, vij¢). Asymptotics will
be considered as the number of markets (J) goes to infinity, holding the number of agents per market (V) and
the number of periods each market is observed (T') fixed. For simplicity of notation, we consider a stationary,
infinite horizon environment - the model can trivially be extended to a finite horizon case by including the
variable ¢ in x;;z.

The primitives of the model are given by the following two structural equations

Single Period Payoffs: II (mijt, Yijt, yj;i, Uit ﬂl)
State Evolution Equation: x;j41 = f (xijt, yijt,y;ti,vijt; 52) (12)

The second equation describes how next period’s state x;j;4+1 evolves depending on the current state x;;; and
current actions y;;;. Since these are both structural equations, they are typically parametrically specified - i.e.
IT and f are assumed known up to the finite dimensional parameter vectors 5, and 2. Note that given this
formulation, we can without loss of generality assume that the individual elements of the vector w;;; (and v;j¢)
are distributed independently with marginal distributions U(0,1).!* Hence, 8; and 3 contain all the structural
parameters of the model.

The equilibrium of this dynamic game can be characterized by the following “reduced form” distribution of
equilibrium actions y;;; conditional on the state x;;;:

Equilibrium Action Distribution: p(y;j¢|@ijt)

Note that the randomness in y;;; given z;j; is induced by variation in the underlying “private” state variable
Wit -

In the first step of these estimation procedures, the econometrician estimates two parts of the model:

1. The state evolution equation ;41 = f (ZEijt, Yijts yj_ti, Vijits Bg) is used to estimate the parameter vector

32. This is done using parametric methods.'®

13In our example, we restrict vij¢ from entering information sets at ¢ to keep things simple. Some examples in the literature do
allow it to enter, and our conclusions should also apply there.

14 Arbitrary marginal distributions and correlations can be generated using the functions II and f, and the parameters 51 and B2
(note that we have not restricted the dimension of w;j¢ or vsj¢)

15Note that potential endogeneity problems in this equation have already been assumed away with the assumptions that vij¢ s
iid, independent of u;j¢, and not observed by the agents before making their decisions y;;¢.
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2. The equilibrium action distribution p (y;j:|;;;) is non-parametrically estimated.

We want to stress that in all these methods, it is very important to estimate D (y;j¢|xi;+) non-parametrically.
The equilibrium action distribution p (y;j:|j:) depends in a very complicated way on the underlying structural
equations IT (21, Yijt, yj_ti, wije; B1) and f (zije, vije, yJ_tL7 vij¢; B2).'¢ If one places arbitrary parametric structure
on p(yije|xije), this parametric structure is likely to contradict these underlying structural equations, making
the resulting estimates inconsistent.

In the second step of these estimation procedures, the estimates 32 and p are used to construct an estimating
equation that can often be represented in the following form:

E [m (yijt,xijt,ﬁhﬁz,ﬁ('))} =0 (13)

where m is a known function. This moment condition is used to estimate the parameter vector 31. The different
papers in the literature (and the different models in each paper) vary considerably in how they construct (13)!7.
In some cases, m is specified directly as a moment condition (e.g. HM1, BBL, POB, PS); in others it can be
derived from the derivative of a pseudo-likelihood (e.g. AM1, AM2, POB). However, in all cases, the intuition
is the same: Once 32 and p have been estimated, the econometrician knows agent i’s perceived distribution over
all possible paths of future states in the dynamic model (conditional on his action y;;;). Hence, the expected
discounted sum of future profits resulting from any choice y;;; is can be computed (or simulated) up to the
parameter vector J3;.'8 (13) can then be derived from the condition that the observed choices y;;; given ;¢
maximize this expected discounted sum of future profits. This condition can then be used to estimate 31. Note
that this moment condition depends on the entire p(+), not just ﬁ(mijt) at the current state x;;;. This is because
to calculate the expected discounted sum of future profits (which is implicitly part of m), one needs to consider
the distribution of competitor (and own) actions at all possible future states.

We now consider the conditions under which this model fits into our framework and our numerical equivalence
result applies. We go through the estimating equations one by one. Since z;ji41 = f (xijhyijt, y;ti,vijt; ﬁg)
is estimated parametrically, it easily fits into our framework where part of the first step includes a parametric
M-estimator. This can be done whether the equation is estimated using maximum likelihood (in which case,
the M-estimator would involve a moment condition using the score), or using a finite set of moment conditions.
This results in a consistent estimator 32 of this set of structural parameters.

The second estimating equation, i.e. non-parametric estimation of p (y;j¢|x;j¢) can be treated in two ways,
depending on whether the actions y;;; take on a discrete set of possible values, or whether there is a continuum
of possible actions.!” When y;;; only takes on L discrete values, one could estimate the conditional probabilities
via the following finite set of conditional moment conditions:

E [y1ijt — hax (Tije)| w456 = 0,

Elyrijt — o« (wije)| zij¢] =0,

where ;¢ is an indicator function representing whether action ! was taken, and the h(-) = (h1 (),...,h (+))
functions belong to H; ; = {hl sh(ige) = put (@ige) Oy + -+ oLk (Tige) 0(1),;{‘,} forl =1,..., L. Essentially,

16 Assessing the precise way in which p(Yijt|sije) relates to H(sijt,yijt,yﬁl,uijt;ﬁl) and f(sijt,yijt,yﬁz,vijt;ﬁg) would require
solving the dynamic programming problem, which is exactly what these methods are trying to avoid (for computational reasons).

17Some of the estimators in the literature cannot be represented in this form. For example, one of the estimators in BBL,
the inequality based estimator, cannot be written in this form. Nor can the iterated version of the psuedo-maximum likelihood
estimators of AM1 and AM2.

18 Again, this is done in the various papers in many different ways. Sometimes additional assumptions are necessary to do this,
e.g. monotonicity conditions, or restrictions on the dimensionality of u;;¢ and v;j¢.

190ur theoretical results allow for x;;¢ to be either continuous or discrete or mixed. Note that when x;;; and y;;¢ can only take
on a finite set of values, one is in a parametric world and no longer needs first stage nonparametrics.
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this is like estimating L linear probability models. Note that the flexibility of these non-parametric functions is
indexed by K7, which is assumed to increase as J — oo. This model falls under the extension in Section 6.1.2°
Alternatively, our extension in Section 6.3 (to general first stage non-parametric sieve M-estimation) suggests
that our equivalence result would also hold if one modelled p (y;;¢|®ij¢) in other (sufficiently flexible) ways, e.g.
a multinomial sieve Logit or sieve Probit. This is common in applied work, e.g. Ryan (2006).

On the other hand, if there are a continuum of possible actions (i.e., if y;;; is a continuous random variable),
one could estimate the conditional density p (yi;¢|xi;¢) non-parametrically using either orthogonal series method
including Fourier series and wavelets (see, e.g. Efromovich (1999)), or sieve MLE using Hermite polynomial
series (Gallant and Nychka (1987)), spline series (Stone (1990)), exponential families (Barron and Sheu (1991)),
mixture of normals (Genovese and Wasserman (2000)) and many other flexible sieves. Our equivalence result
in Section 6.3 would again apply.

Lastly, note that the third estimating equation, F [m (yijt, Tijt, B, Bg,ﬁ())] = 0, does fit within our frame-
work. The question is more whether the second stage estimation equation can actually be written in this form.
As noted above, most of the second-stage estimating equations in this literature can be written in this form,
though there are some notable exceptions (e.g. the inequality version of the BBL estimator, and the iterated
version of the AM1 and AM2 estimators).

In summary, our numerical equivalence result applies to many of the models and estimators in this literature,
regardless whether the action space is discrete or continuous. This means that when one uses the method of
sieves to estimate the non-parametric components of the model, semi-parametric standard errors of the structural
parameters 31 can be computed by simply treating the chosen sieves as parametric functions and applying the
well-known parametric methodology of Section 2.

7 Concluding Remarks

In this paper, we established the numerical equivalence between two estimators of asymptotic variance for two-
step semiparametric estimators when the first-step nonparametric estimation is implemented by the method
of sieves. Because the method of sieves is equivalent to a parametric model in a given finite sample, it is
useful to examine the properties of the “parametric” estimator of the asymptotic variance. We show that
this “parametric” estimator is numerically equivalent to a consistent sieve estimator of the semiparametric
asymptotic variance. This numerical equivalence is significant because it means that practitioners can simply
implement the well-known parametric formulas of Newey (1984) or Murphy and Topel (1985) without the need
to understand and apply results in the semiparametric literature.

We derived the numerical equivalence for two classes of semiparametric two-step estimators: the first class
involves first-stage sieve nonparametric estimation based on conditional moment restrictions;?! the second class
involves first-stage sieve nonparametric estimation based on a maximum-likelihood like criterion.?? For both
classes, we for simplicity have assumed that the second stage estimation of finite dimensional structural pa-
rameter is based on an exactly identified unconditional moment model. All of these could be relaxed. One
could extend the numerical equivalence results to more general semiparametric models, including the misspeci-
fied semiparametric models considered in Ai and Chen (2007) and Ichimura and Lee (2008). Nevertheless, we
believe that the numerical equivalence results in our current paper already cover a very wide range of practical
applications of two-step semiparametric estimation.

Lastly, note that our result is predicated on the assumption that the asymptotic variance of the semipara-
metric estimator is finite. Practitioners should be careful not to implement the procedure for models where
the asymptotic variance is infinite, which happens if the finite dimensional parameter is unidentified or if the
semiparametric information bound is zero, as was discussed in Chamberlain (1985) or Hahn (1994). In practice,

20Note that the Murphy and Topel (1985) formula, if appropriately computed, would address within-market correlation due to
vi;j¢ possibly being correlated across firms in a given market/time period.

21 The first class of semiparametric estimators is a special case of Ai and Chen (2007).

22The second class does not fit into Ai and Chen (2007). To our knowledge, this result is new to the literature.
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the latter may be more important because two-step semiparametric estimation tends to be employed only when
the finite dimensional parameter of interest is identified. It is not clear whether it would be easy to establish
information bound in complicated structural models.
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Appendix

A A Useful Lemma

Our proofs of numerical equivalence are based on the following auxiliary result:

Lemma 1 Suppose that A and B are (dy + d2) X dy and (d1 + d2) x da matrices such that [A,B] is nonsingular.
Also suppose that F is a (dy + do) X (d1 + d2) symmetric positive semidefinite matriz. Then the upper-left dy X dq

block of the matriz
1

1 A
w7 g |
where A and B are (dy + d2) X d1 and (d1 + d3) X da matriz and , can be computed by the following algorithm:
Step 1: For the jth column of A, solve

min (A; — Be)' T (A; — Be)

C

for some symmetric positive definite matrixz Y. Let ¢; denote the solution, and let ¢* = [CT, ey c’;l].
Step2: Compute

[(A—Be) T (A—Bc)] ™ [(A—Be) TFY ' (A—Be)] [(A—Be) T (A—Be)] ™
Proof. The first step is a least squares problem, and the solution is given by

¢ = (BT 'B) T BY A,
Now note that [A — Be*, B] is such that B'Y~! (A — Bc*) = 0 by construction, which implies that

(
AT Y (A-Bc*) ATB] [ (A-Bc") Y ' (A-Bc*) ()BT 'B
B ) ] - { }

A’ 1 * _ -
|: :| T [A — Bc ,B] = |: ]B/T,]_ (A — Be* BIT71E% 0 B’T*lﬁ

and

— (A —Be) T (A —Be)) ' ()

0 (BY-1B) "

Now, we have
[A,B]'F { A }

-1

IBI
-1

= (Y7 [AB) T (YTUETTY) ([ gj ] T_l)

_ *\/ -1 _ *\/ ’ —1
- ({ (& B]EBC ) ]T‘l [A,]B%]) ([ (& BIEBC ) }T‘WFT”[A—Bc*,IB%]) ([ g, }T‘l [A—Bc*,]ﬂa})
(15)
Using (14), it can be shown that the upper left block of (15) is equal to

(A—Be*) T™1 (A —Bc*)) " [(A—Be) TFY ' (A —Be)] ((A—Be*) T (A—Be)) ',

which proves the validity of the algorithm. m
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B Proof of Numerical Equivalence Result in Section 3

We now prove the first main numerical equivalence result stated in Section 3. We assume that the practi-
tioner adopts the parametric specification h; (IEl,i, 9(1)) = p{(l (z1.4) 0y, for I = 1.,,,.L, and hence, I (1) =
le’ (xlyi)/é\(l), where K; = K, is a function of n although it is perceived to be fixed from the practitioner’s
view. The practitioner’s estimator of asymptotic variance is (7) with

i
0 —pit (21,4) (P{Q (wl,z‘))
ag (Zia Ba 0)
a /7 9/ = !
(8,6") 0 —pp* (zr) (pr ($L7))
om(z;,a om(z;,a om(z;,a
8(5' ) 6(h1 )pf{l (zl,i)l e a(hL )pr (zL,i)l
0 PP
| ¢ !
and
P (1,4) (yli —h (ivu‘,é\u)))
g (zi7 B\v é\) = ’ ~
PRE (zr4) (Z/Li —hr (-TL'L" 9(L)))
m (Zi7 B) hl (xli; a(l)) P hL (xLia é\(L)))
o [ P 0 Yi — N
L0 Iy m;
where
Pt (21,) 0
P = -
0 pr* (xr)

, Om(z,Q)

q; = g
Q; = [ %}Z’a)p{(l (z1,)" - %Zl’&)pfﬁ (x,:)

y1i — (9611', 5(1))
yi —hy = :

yLi — hr (ILi,é(L))
m; =m (zi,g, h1 (mli,é\(l)) yoe b (mLi,@\(L))) .

We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix. For this purpose,

we let
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and

[ GYn e o
0 1,

In the minimization problem of the first step, we see that the objective function is
A~ By T-L (A, —Bo) = ¢ (L5 P 7.3, —27,Q ¢+ QQ 16
(A; —Be)' Y71 (A; —Be) = c E; P ) e+ 150, —20,Q ¢ +QQ ¢ (16)

-1
n raYa¥ N=
Therefore, we can see that ¢ = ((% Yo PiPi/) +QQ ) Qq; or
1< -
* A0 O7
(1) o)

Also, we have
1 — — / — ~
o *\/ —1 Rk *\/ - - p/ * = * - k) —
(A—Bc*) T (A Bc)-(c)(niglﬂPz>c +(q Qc)(q Qc)_Ap

and

n -1

(A =B Y9 (=, 8,0) = [ () (3 Tt ) q’—WQ][( 0 Iy

P 0 yi — h;
0 Id m;

SIGER STl

and

(A—Be") T-IFT! (A — Be*) = %Z ((& - ]EE*)/]ng> ((1& - @?)'ng)l

Now, we note that Ai and Chen’s first step minimization problem solves for ¢} that minimizes

n n

2
1 1 1 & P
= (Ple) (Plo) + (n > (i - Q;c>> =< (n ZPiP{> cHTT - Qe+ Q@ ()
i=1 i=1 i=1

We can see that the same ¢* as above solves the practitioner’s problem (16). Ai and Chen’s estimator then

requires calculating




and

Q=03 (Bor () 0 (@) (208 B (20
= @) (}1 S Py~ b (- B P;) o+ (1-07) <; me> (a-9%)
i=1 =1

Note that

It follows that the practitioner’s estimator of the asymptotic variance is numerically equal to Ai and Chen’s.

C Understanding Newey’s (1994) Asymptotic Variance Formula

Newey’s result We consider a simple model where the true unknown function h, is scalar-valued and solves
Ey; — hy (z;)| x;] = 0, and the true B, solves E[m (z;, Bx, h« (2;))] = 0.
Newey (1994) considers a method of moment estimator 8 that solves

:Lgm (zz,g,;\z) =0,

where  is some nonparametric estimator of h,.. Newey (1994) shows that the asymptotic variance of /n (E - B*>

is the asymptotic variance of
—(Mp)™! (\/15 > Am (2, B he) + E[D (2)| @ = @3] (i — . (xi))}> (18)
i=1

where Mg = F [%ﬁﬁ,h)} and D (z) = Om (2, B, h(x))/ Oh|)_;, -

Then a consistent estimator for the semiparametric asymptotic variance is equal to

-1

() 53 (m (3 8.8) + B D 0 () (77 (19

7 om(zi,5,h
where Mg = 3" %

notational simplicity, we assume that m is scalar-valued.)

and E [D (z)| ;] is some nonparametric estimator of E[D (z)|z = z;]. (For
In order to prove (18), it suffices to characterize the asymptotic distribution of ﬁ Srm (zi, B*,TL). (This
is because we have
~ a1 & ~
Vi (B-8.) = - () (\M >om (2 80,0) ) + 0, (1)
under regularity conditions.)
Newey (1994) basically writes

. ;m (o8 ) = - i{m<zi,ﬁ*,h*> Fa(z)

and devotes the rest of his paper characterizing the adjustment a (2;) to the influence function. We follow Newey’s
(1994) notation for convenience of readers. From Newey (p. 1360), we can see that, for D (z,h) = D (z) h(v)
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with D (z) = dm (2, h (v))/ Oh|,_,, , we have his equation (4.1) satisfied. As is discussed on the same page, we
now assume that h.(x) = E [y| z] for some y and z. Now we follow his equation (4.4), and see if we can find

E[D(2)g(x)] = E[6(2) g (2)] for all g.

Obviously the answer is given by ¢ () = E[D (z)| ]. Then according to Newey’s (1994) Proposition 4, we can
see that a (z) = d (x) (y — E [y| z]) or

\}ﬁ;m(%ﬁ*,ﬁ) IZ m (zi, Bas he) + E[D (2)| & = 23] (yi — ha () + 0, (1) (20)

A Naive practitioner’s estimator Now we pose the following question. Let’s assume that a practitioner
fits a “flexible” but finite-dimensional parametric model h (z,0) for E [y|z]. In other words, he will believe that
h« (z) = E[y|lz] = h(z,0.). The practitioner pretends that his parametric model is a correct one. He will

then assume that the population analog of his parametric strategy is 6, = argming F |(y — h (z, 0))2]. We will
further suppose that h (z;,60) = p* (z;) 0 = py (z;) 01 + - + px (z3) Ox where p&(z) = (p1 (), ....., px (@),
where K is finite and fixed.

We now argue that a consistent estimator that this practitioner will use is the outer product of

15 (P I (0 ) b 0] (- (17)

i=1

Si-

E*[D [ (2 |p } (yL —h (3:1,9>)
=p" (2;) (ZP ) (yz p* (@) (P'P) <ipK (ﬂfi)%‘)) (21)

=1

and P = [p& (z1),...,p¥ (mn)]/ Because the practitioner believes that 6, = argmin, E {(y - h(x,@))z], he

would believe that the corresponding moment equation is

- [Bh (z,0.)

S8 - (a0 -

With this in mind, he will conclude that

VGO E (E {ahgée*)ahg;o*)bl (;ﬁi%%ea)(y h(xi,e*))> +o,(1)

He will then proceed and conclude that

T 2o (e (50)) = o 3o a0

1 (szﬁ*v (.’Ez, )) oh (‘rl? ) 0
(f oh o9’ )(9 0.) +0, (1)

1=
n

Z (2i5 By h (w4, 6.))

%\H

%Z 8’”‘;39)) Vi (0-0.) + 0, (1) (22)

/—\
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Now, in his mind, he will think that

_ {D (=) 3’1(”39)} Vi (6-6.) +0, (1)

oo’
Oh (4, 0.) Oh (2,0,) Oh (2,0,)]1\ ' [ 1 <= Oh(z;,6.)
=F|D(z)———=| | F — ———— (y; — h(x;,0. 1 2
() 2| (| IO 7 2 G ket £ ) 03
We now see that, if we regress D (z;) on W in the population, the coefficient is equal to

(E {3%1 (gé 0.) Oh g;,/e*)} ) ! 5 {(% (ge 0:) (z,»>]

and the fitted value is equal to

Oh (z;,6.) <E [ah (2,0,) Oh (wﬂ*)Dl 5 [Ww"*)mzﬂ}

o6’ 90 a0’ 90
B | Oh(x4,0.) Oh (z,0,) Oh (z,0.)1\ " h (x:,6.)
=F {D (=) =59 ] (E [ 0 90’ a0 (24)
So, let’s write
) NEOCRA | Oh(x4,0,) Oh (x,60,) Oh (z,0,)]1\ " Ok (:,06.)
E [D (1) aa} =F [D @) =g | \F |0 a0’ a0 (25)

where E* denotes the best linear predictor. Combining (23) — (25), we can then see the practitioner’s thought
process would lead to the expression

S (s (1)

i:l
\} < (22, Bos o (21, 0.)) + B {D(zi) W](yi—h(:ci,ﬁ*)))+op(l) (26)

We now compare (20) with (26). It is easy to see that, except for E[D (z)| ¢ = x;] in (20) and E* [D (%) %}

n (26), the formulae that the practitioner uses for asymptotic variance calculation are identical. Obvi-

ously, we need to ask the question when E* {D (2:) %] can be interpreted to be an approximation

of E[D (z)|x = x;]. This is easy. Suppose that h (z;,60) = p¥ (z;)" 0. Then

so the best linear predictor E* [D (%) ‘%(g%*)

be interpreted to be an approximation to E [D (z)| x = x;] as long as K is large enough.
A consistent estimator for the “parametric” asymptotic variance is equal to

() 15 o et (208)) B 900 ) s () ()

} is essentially the least squares operation on p& (2;), which can
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Numerical equivalence when h is a sieve estimator When will Newey’s estimator (19) of the semipara-
metric asymptotic variance (18) be numerically identical to the practitioner’s parametric variance estimator
(27)? If we are to use a sieve estimator with basis p¥ (2;) to compute h(z;) = E [y| 2 = 2;] and E[D (2)|2;] in
Newey’s (19), it can be easily seen that

~

E(D:)|w] (v - Blylo = o))
= (@) (P'P)" (ZpK (i) D (z») <y =" @) (P'P) (ZpK (1) y)) : (28)

which is numerically identical to (21). It follows that Newey’s estimator (19) is numerically identical to (27)
when a sieve least squares estimator is used for h and E[D (z)|x;]. (In fact, Murphy and Topel’s (1985)
estimator is identical to (27).)

D Discussion of Ai and Chen (2007)

Ai and Chen’s (2007) sieve estimator of the asymptotic variance may appear somewhat mysterious. It is in fact
a sample counterpart of the population characterization of the asymptotic variance involving a minimization
problem. In order to gain some intuition, we consider the following simple example model:

Ely; — ha (z)| 2] =0, E[m (2, B«, hs (2;))] = 0. (29)

Ai and Chen’ (2007) modified sieve minimum distance (SMD) estimator?® for a,, = (8s, h«) boils down to

n 2

<B,E) = argmin 1 Z (y; — h(z))” +

(Bh)EBxH, | V]

which amounts to estimating h (z;) by the method of sieves and then estimating § in the moment equation
E [m (z;, By, hs (x;))] = 0 plugging in the first step nonparametric estimator. In other words, it is exactly the
same setup as that in Newey (1994). Ai and Chen (2007)’s asymptotic variance V for their B can be characterized
by the following algorithm, where we assume that dim (8) = 1 and scalar-valued h for notational simplicity:

1. Compute w* to solve

inf £
b o3 oh

(w(2:))” + (E {3771 (zi,00) 8m(zi,a*)w(zi)})2l |

2. Calculate
w* (z;)

om(z;,0x om(z; 0 * )
E[ (aﬁ b ey (xi)]l

Aw* (Zl) =

and

o) = Yi — ha (z5)
oo = oo |
3. Calculate
V= (E[Ay- (2) A+ (zi)])_l Var (A, (zi)'p(zi,oc*)) (B [Ay- (z) A+ (z)]) . (30)

238ee their equation (5).
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For this simple example model (29), it can be shown that the solutions in the above Steps 1 - 3 are

om(z;,0ux)
il

w” (z;) = T E[D (2)|x =],
1+ E[(B[D(2)|e = 2:])’]
E[DM(ZEW*)
E[D(z)|z = i
1+E[(E[D(2)|z=x;])?
Ay (2) = (LD )‘E an]b)(z]i,a*) )

1+ E[(E[ D(2)|z=z:])?
B |:8m(§go<*)}

1+E [(E (D (2)|z = mi]ﬂ

Ay () p (25, 00) = (m (2, B, h (2:)) + E[D (2)| 2 = 23] (yi — ha (1))

and
_ Var[m (zi, Bs, he (23)) + E[D (2)| 2 = @i] (i — ha ()]

(s (23]

where D (z) = Om (2,8, h(x))/Oh|,_, . In particular, we see that Ai and Chen’s asymptotic variance V’
is identical to Newey’s (1994) asymptotic variance (18) for this example model (29). We note that analytic
characterization of w* (+) hence population asymptotic variance V' is not always easy for general semiparametric
models considered in Ai and Chen (2007). Their sieve estimator of the asymptotic variance V simply uses a

|4

)

sample counterpart of the population minimization problem to bypass such a difficulty.

E Estimator of Asymptotic Variance of Sieve MLE (9)

We first recall the asymptotic variance of the sieve MLE 3, and then argue that the estimator YA/SWG of the
asymptotic variance of B is consistent.

Below is an argument leading to the characterization of the asymptotic variance. We follow Chen and Shen’s
(1998) notation. For any o = (8,h) € A = B x H, let a(au,7) € A is a path in 7 connecting a, and a such
that « (a«,0) = o and a (ay, 1) = . Let

. l(zya(aw,T)) —L(z,00) dl(z,0u) dl(z, o)
f;*[z,a—a*]:lli% = = ap’ (ﬁ_ﬁ*)""T[h_h*]a
where when h() = (hq, ..., hr) we have
dl(z, o) B L (2, )
== h] = l; i [h — hyt] .
For any o, @ € A, denote 0], [z, —a] ={,, [z, — a,] — L, [2,@ — o], and define the metric ||-|| as

_ )
|l — @l = \/E {(% [z, — @) }

which defines the Hilbert space on the closure of the linear span of A — {a.} with the inner product
(v,0) = E [l [z,v]- L, [27].

For each component ; of 3, let w} denote the solution to

dl(z,o)  dl(z, o) 2 -
< ag;  dh [M) ] for j =1,...,d.

* .
wi: = arg inf F
J gwE'H
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Denote dl(z,on)  dl(z,ax) [ %
e — S [wil
Az, ay) = : ’

dl(z,a) dl(z,a) [wz]

dBg dh

and
I=E[A(z,00)A (z,00)].

Consider the smooth functional f (o) = N3 for some A € R? with A # 0. Also let w* = (w},...,w}) and
¥ = (0571);;) with
v = (E[A(z,0) Az ) ]) A= (D) 7', of = —w* x v}

We then have

((v,0h) = )

. Kde S‘lzﬂ,/a*)vz L& (g;za*) [wﬂ) (W (8= B) + % [h— h}ﬂ

-F {(A (2, ) v5) (A (e (B — f.) + L2 02)

dh
= (05) E[A(z0) A (z,00)] (B - Ba)
—XN(B—B.)=f(a) - f(a)

By Chen and Shen (1998, Theorem 2), we obtain that

wx (9= )] + 50 )|

VAN (5= 5.) = = 3t ] o (1)

where

0, (2,0 ] = Az, 00) v = A (2, 00) (B [A (25, 0) A(zi,a*)/])_l A.

In other words, we have
N (B* 5*) — N (O,Iil) , withZ = F [A (2, .) A (zi,a*)/] ,

which provides an intuitive reason why the sieve estimator ‘Afsmle given in (9) is a plausible estimator of Z~1.
Below, we provide a rigorous proof for the consistency of (9). In the following we let [|-||, denote a metric
(e.g., the supreme norm or the mean squared metric) on A = © x H. Denote Ny = {a € A: |ja — a.||, =0 (1)}
and W,, = {w € H,, : ||wl|, < const. < co}. Also denote g; (z,a,w) = %ﬁ;a) — W [w].
We impose the following assumptions:

Assumption A.1 (1) |[v*||> = NZ7I\ < oo; (2) There is a v}, = (vg,fw,’;v;) with wi = (whq,...,wk,),
wy,; € My, for all j =1,...,d, such that [[v; —v*|| = o(1).

Assumption A.2 Forall j=1,....d, (1) E |Sup,cn;, wew, |9 (z,a,w)ﬂ < const. < o0; (2) there is a finite

constant £ > 0 such that |g; (z, a,w) — gj (z, ax,w)| < U (2,w) x |[|a — a.||s for some E [SqueWn |U(z, w)ﬂ <
const. < 00.

Lemma 2 Let & = (B\,fz) be the sieve MLE such that ||&@ — ogl|, = op (1). Suppose that {z} is i.i.d. and
assumptions A.1-A.2 hold. If K,, — oo, K, /n — 0, then: ‘A/smle =T t+op(1).
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2
Proof. Assumption A.2 implies that for all j = 1,...,d, {(dec(lgja) — dz(dz}za) [w]) o€ Ng,w € Wn} is a

Glivenko-Cantelli class. Thus, uniformly over w € H,,,

1 Z (de dzé; dr (;;-L, ) [w]>2 e <dzz (;iﬁ,ja*) B dﬁ(zi};a*) M)Q

<d€ Elzﬁj &) dl (;;Z, a) [w]>2 (de (;«gja*) e (Zi;;a*) M)?

N R )

dl(z;, ) dl(z, ) 2
2F su — w
(ae/\/o,feﬁn dpB; dh [w]
=op (1),

= Ezi

— Ezi

+ 0, (1)

IN

X

where the last equality also follows from assumption A.2. Here, E,, denotes the expectation taken only respect
to z; regarding @& as a nonstochastic constant. Thus,

1N (dl(z,d)  dl(z,Q) 2 Al (zi,00)  dl(z,00) , \°
wné%?n;< a3 ap W) = minE a3 an )|t
. dl(zi, o) dl(zi, ) 2
= guf B ( a5 ) e

where the second equation follows from assumption A.1. The lemma now follows immediately. =

F Proof for Section 6.2 on Restricted First Step

We first describe Ai and Chen'’s sieve estimator of the semiparametric asymptotic variance of B for this restricted
case. For simplicity of notation, we will write

Y1i — ha (214)
T (zi,04) = :

Yri — P (Z‘Li)

Assuming that H,, = {h: h(z) =p1(x)61 + -+ pK, (x) 0k, }, Al and Chen’s estimator V of the asymptotic
variance of 8 can be computed by the following algorithm:

1. Compute W* = (w7, ...,w};) for j =1,...,d as

or(z;,@) L 9r(z;,Q) ) ) ar( zl,oz or(zi,a) )
s 1l e < oB; 2u=1"on, Wi (ml,l) Zl 1~ on W (z1,4)
W} = argmin — E ) (o) . a (eo) 9
n 4 n m(zi,Q m(z;,Q ) )
weHn i=1 + (g Zi:l ( 9B; Zui=1" on; Wi (xlvl)))

(We write hy (z1;) = hix (x1;) for ease of accounting.)

2. Compute
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L or(z;,Q) L 9r(z;,a) ~ Ir(zi,a) L 9r(z;,a) ~
2171( 081 Z4l=1" 0m w;f(x”)) Zl 1( 0Bq  Zul=1" Oh, U’;(ﬂi))

Aw* (ZZ) - om(z om(z o~ om(z om(z -~
D 1( ”3(511”) Zz 1 (“a)w* (xzz)) SN SN 1( "ifm;’a) Ez 1 (“a)w* (xzz))
and
~ 1N /
0=0 3 (Bar () (80 (00) B ()
3. Compute

<

n ’ -1 n / -1
V= (i > (3@* (zi)) Rg- (zi)> 9 <:LZ(£W (zi)) A *(zi)> .

Next, we assume that the practitioner adopts the parametric specification h (x;;,6) = p& (z14)" 0, where
pK(x) = (p1 (2),.....,pK (7)), where K = K, is a function of n although it is perceived to be fixed for our
fictitious practitioner. Note that the practitioner’s estimator is identical to the modified SMD estimator. The
practitioner’s moment condition is then

, [ e (1) (v — B(215,0)) + -+ p5 (2r) (yri — h (214, 0))
g(z“ﬁ’e)_[ m (2, B, h (213,0) s .. ., b (z1:,0)) ]

where h (z1;,0) = p (ml,i)’ 6. (For ease of accounting, we sometimes write h (x;;,0) = h; (x5, 0).) It follows that
the practitioner’s estimator of asymptotic variance is (7) with

dg (21,579) _ 0 R —p™ (21,) (pK (21 z))l R (335 i) (pK L z))l
8(6/; 9/) %Zzlaa) amgziva)p{( (z ZA)’ Lt %Zi’a)pf (xz)
[0 —-pP
B { ¢ Q }
and
(z» 3 5) B i (x1,5) (yli —h (9611', §)> + e +pf (xr,i) (Z/Li —h (aﬁLz’, 5))
I o m(zhgah(l’liaé\)7"',h(xLi7§)>
_| P 0 yi — hi
- 0 Id m;
where
Pi=[ p® (z1,) P (zr,) |
, Om(z;,Q)
q’L 8B/
p_Om(z,Q) o Om(2,@) o
Qi 8h1 1 (xi) + @h[, pL (‘TL)
Yy — h (561175
Yi — hz =
Yri —h (xu, a)
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We now apply Lemma 1 to characterize the upper-left block of the estimated variance matrix. For this purpose,

we let

and .
T1 = (% Z?:l PiPi/) 0
0 Iy
In the minimization problem of the first step, we see that the objective function is
_ 1o I— —
(Aj —Be)' T (Aj —Be) = ¢ (n Z; Pz-Pi’) c+7;7; —2;Q c+dQQ ¢ (31)

R 1__
Therefore, we can see that ¢} = ((% St PP+ QQI> Qg or

n -1
¢ = <<71123P{>+QQ'> Q7
i=1
Also, we have
!~ — >k *\/ 1 . / * =\ (- A *\ — A
(A—Be*) T~ (A - B&) = (¢¥) <n;api>c +(q—Qc> (q—Qc):Ap

and

P 0 Yi — hg
0 Id m;

(A=Bc) Y79 (2,6,0) = [ (") (; Tl PPY) @ — () Q] [

and

(A —Bc*) TIFY ! (A —Be*) =

= @) ( S P~ he) (3 - W;) o+ (a-97) (}1 fjmim;> (7-07%)
i=1 i=1

The practitioner’s parametric estimator \7p for the parametric asymptotic variance of B is then equal to
Vi 2-15 (7-1)
V=8, (3,") .
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Finally, we note that Ai and Chen’s first step minimization problem solves for ¢} that minimizes

n n 2 n
- > (Ple) (Ple) + (i > (4~ Qéc)) =d (Tll > R—R-’) ¢+~ 23,Q ¢+ ¢QQ e (32)

i=1 i=1

We can see that the same ¢* as above solves the practitioner’s problem (16). Ai and Chen’s estimator then

Pl
i-qQe |

r) e+ (7-07) (1-07),

requires calculating

—
~
>
s*
o
N
>
)
B
I
)
VR
S|~
g

= =
and
0= (Bor (20) (a0 () B ()
= @) (}1 ZP (s = ha)' (9 = h»P;) o+ (a-ac) (i imzml> (a-Q%)
Note that ) i

It follows that the practitioner’s estimator of the parametric asymptotic variance is numerically equal to Ai and
Chen’s sieve estimator of the semi-parametric asymptotic variance.

G Proof for Section 6.3 on First Step Sieve M-Estimation

In order to simplify presentation we assume that S is a scalar (i.e., dim () = 1) and h is a scalar function of x.
Then, under standard regularity conditions, we show that (3 is /n-consistent and asymptotically normal, and
solve its asymptotic variance analytically. Below we provide two ways to characterize the asymptotic variance

of 3.

Explicit characterization of the influence function Asymptotic variance can be obtained by explicitly
characterizing the influence function of

;gm (zi,ﬁ*ﬁ (ﬂfi)) :

Define the functional f: H — R as f (h) = E [m (2, B«, h (x;))]. Using Chen and Shen (1998), we then have

Pla-a =5 2EBeb G ) o)
= p [P 0] o g LG ) ), ()

for .

z;

oh

(35(21,8};: (ﬂfi)))2
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We can write
where

and

(az (2i, b (xi)))2

:_E[Wh*(w

xl:| )

Tw)=E oh i Oh2
My (2) = E {8771 (Zi,%];h* (1)) zz} My —F [8771 (zi,g,;h* (mi))] .

It follows that the influence function is

e ) ) = ST (1) M ()

It follows that, as long as stochastic equicontinuity is satisfied, v/n (E — ﬂ*) — N (0,V), where

" [(m (262 B o () + PG 2T () ™" My <$f>ﬂ

2
Mﬁ

V =

Aj and Chen (2007) style asymptotic variance characterization If we adopt the approach of Ai and
Chen (2007), we have /n (B\— ﬂ*) — N (O,UEQUE,), where

= (] (At ) o ([ Pme)ombnd ]

Q = Var <8£(22h*) [w*] + <E [am Sﬁ a.) _ om (;h %) [W*]D m(zi,a*)> ;

(—W [mw]) + <E [8m (86 ) _ O MDQ] | .

Equivalence of these two asymptotic variance characterizations For the simple case of scalar h()
function of z, the optimization problem (33) can be solved in closed form. Note that

o[ (-t o) (2 [P - 25wy

= BT (w:)w (@:)?] + (M — B[My (@) w (:)])°

and

and w* solves

inf F
weH

has a solution equal to

My (2)?
o (o) = | My — MsB M55\ a2 My My(x) _ MM ()
1+ E [MI’L((;)V} I(x) 14E {7]\%(%)2] I(z:) = I(x)
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so that

2
_ M? M, (z)? M, M, (z)?
(v5) " = ; o | T Me ;
w(x 7 (x My () I (x
(1+B[2e2)) () 1+ B [ M0 ()
_ M My (@)*| | Mp _ M
Mj (2)? Z () Mj () =
(1+2[436]) (1+2[435])
Note that
Ol (2, hy) W] = O (i, hi) Mg My, (2:)
Oh oh = I(z)
and
om (Zua*) om (ZZ,OZ*) B l My, (xl) _ %
E{ B on Wl = Ms (1= 2B =S =
Then,
Ol (zi, hi) om ( zz,a* Com(zi,on) ‘
o (E [ o [w ]}) m (2, o)
or Ziy M mz
- E( ((’)h S T(x )) +m(z“o‘*))
and

Q = Var (‘%(;”};h*) [w*] + (E [57” (ggo‘*) _om (5;’1’0‘*) [w*]D m(zi7a*)>

M2 Ol (i, ha) Mp, (x;)
V ( oh T (z;)

+m(zi,o¢*)>

from which we obtain

oL Zi,h* T;
I Var( (8h )]\é’éi)) +m(zi,oz*)) v
Uﬂ UB = Mg = V.

Numerical equivalence We now apply Lemma 1 to characterize the upper-left block of the estimated vari-
ance matrix. For this purpose, we assume that the practitioner adopts the parametric specification h (x,0) =
pX (z)' 0, with p&(z) = (p1 (z),....,px (x))’, where K = K,, is a function of n although it is perceived to be
fixed for our fictitious practitioner. Then:

g (2, 8,0) 1 &
72 d(8,0" EZ

8 f(zl, g:l)“a)) K( ’L)pK ([I,'Z)/ ‘|

— am(zl,[j’hrz,e)) 8m(z,,[j’ h(T,,O)) K( z)
|10 R
= 7 a/
and
(Zz,ﬂ, (z4,0)
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Using the notation in Lemma 1, we let

S5 (5)

and

T =

R0
0 Iy
In the minimization problem of the first step in the lemma, we see that the objective function is
(A —Bc)' (A — Be)
=dRe+q — QQQIC + c’@lc

)

i=1

which is identical to the minimization in our algorithm. We therefore obtain

—1

0= (A-Be) T (A -Be) = () B + (7-Q¢) (7-T) = (@)
We also have
(A —Bc") Y7 (2;,8,0)
o Bé(z“h(zlﬁ)) K
=[—() 7-()Q] [ & 1

(Zza67 (.’17“ )
= OGO (o () 1 (3 () Q) m ()

and

Q, = (A—Bc") YTT'FY ! (A — Bc*)
_ ;; ((1& _ @a*)’r—lg,.) ((,& _ @a*)’r—lgi)
= L (RO ) 4 g ) @ e )
=1

9)

By Lemma 1, the practitioner’s estimator XA/p for the asymptotic variance of E is then equal to
‘71) = ﬁpﬁpap

Because v, = vj; and ﬁp =, we get the desired conclusion that V = I7p.
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