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The Question

Wild Bootstrap
e Prevalent inference method in linear models with few clusters.
e Due to remarkable simulations by Cameron, Gelbach & Miller (2008).
e Simulations show size control with as few as five clusters.

Examples

Meng, Qian, and Yared (2015, REStud): 19 clusters.

Acemoglu, Cantoni, Johnson, Robinson (2011, AER): 13 clusters.
Giuliano and Spilimbergo (2014, REStud): 9 clusters.

Kosfeld and Rustagi (2015, AER): 5 clusters.

The Problem:
e Available theory requires # clusters — infinity.
e Asymptotic properties with few clusters remain unknown.
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The Question

What We Know

e Simulations have shown wild bootstrap can fail to control size
... but not easy to find these designs.
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The Question

What We Know

e Simulations have shown wild bootstrap can fail to control size
... but not easy to find these designs.

e Justifications are asymptotic as number of clusters diverges
... but why does it work with as few as five clusters?

e Small changes to the procedure can affect simulation performance
... e.g. why do Rademacher weights do better than Mammen weights?
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The Question

What We Know

e Simulations have shown wild bootstrap can fail to control size
... but not easy to find these designs.

e Justifications are asymptotic as number of clusters diverges
... but why does it work with as few as five clusters?

e Small changes to the procedure can affect simulation performance
... €.9. why do Rademacher weights do better than Mammen weights?

This Paper

Study the performance of the Wild bootstrap with few clusters.
Study in asymptotic framework where number of clusters is fixed.
Will Show Wild bootstrap can be valid with few clusters.

Result requires clusters to be suitably “homogenous”.
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Related Literature

Wild Bootstrap

Liu (1988), Mammen (1993), Davidson & Mackinnon (1999), Cameron,
Gelbach & Miller (2008), Davidson & Flachaire (2008), Kline & Santos
(2012a, 2012b), Webb (2013), Mackinnon, Nielsen & Webb (2017).

= These results do not explain performance with (as few as) five clusters.
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Related Literature

Wild Bootstrap

Liu (1988), Mammen (1993), Davidson & Mackinnon (1999), Cameron,
Gelbach & Miller (2008), Davidson & Flachaire (2008), Kline & Santos
(2012a, 2012b), Webb (2013), Mackinnon, Nielsen & Webb (2017).

= These results do not explain performance with (as few as) five clusters.

Fixed Number of Clusters

Ibragimov & Muller (2010, 2016), Bester, Conley & Hansen (2011), Canay,
Romano & Shaikh (2017), Hagemann (2019).

= Study alternative procedures with fixed number of clusters.
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@ Setup and Notation
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The Model

Yij =W+ Z 6+ e

where v € R4, 3 € R% and E|[Z, je; ;] = 0 and E[W; je; ;] = 0 (Vi, j).
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The Model

Yij = Wi,/,j’Y + Z{,jﬁ + €4
where v € R%, 8 € R% and E[Z; je; ;] = 0 and E[W; je; ;] = 0 (¥4, j).

Notation
e We index clusters by j € J.
e We index number of clusters by ¢ = |J|.
e We index units in the j'" cluster by i € I,, ;.
We index number of units in cluster j by n; = |I,, ;|.
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The Model

Yij = Wi,/,j’Y + Z{,jﬁ + €4
where v € R%, 8 € R% and E[Z; je; ;] = 0 and E[W; je; ;] = 0 (¥4, j).

Notation
e We index clusters by j € J.
e We index number of clusters by ¢ = |J|.
e We index units in the j'" cluster by i € I,, ;.
e We index number of units in cluster j by n; = |I,, ;|.

Comment
e [ is main coefficient of interest (e.g. Z; ; € R).
e v is a nuisance parameter (e.g. W, ; are fixed effects).

Canay, Santos, and Shaikh. October 4, 2019. UCLA



The Test

For some ¢ € R? and A € R we consider the hypothesis testing problem

Hy:cp=2) Hy:dB#)\
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The Test

For some ¢ € R? and A € R we consider the hypothesis testing problem

Hy:cp=2) Hy:dB#)\

Test Statistic
Tn = |\/R(C/Bn - )\)|

where 3, is the ordinary least squares estimator of §.
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The Test

For some ¢ € R? and A € R we consider the hypothesis testing problem

Hy:cp=2) Hy:dB#)\
Test Statistic
T, = [Vn(¢ B = )]
where 3, is the ordinary least squares estimator of §.
Wild Bootstrap Test
én = 1{T, > é,(1 — )}

where ¢, (1 — «) is computed using a specific variant of the wild bootstrap.

Note: We will study properties of the Studentized test statistic later.
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Critical Values

Work with a very specific variant of the wild bootstrap.
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Critical Values

Work with a very specific variant of the wild bootstrap.

Step 1
e Run a restricted regression of Y; ; on (W, ;, Z; ;) subjectto ¢/ = A.

e Let4" € R and 3! € R% be restricted estimators.
e Let ¢ ; be the corresponding residuals from restricted regression.
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Critical Values

Work with a very specific variant of the wild bootstrap.
Step 1
e Run a restricted regression of Y; ; on (W, ;, Z; ;) subjectto ¢/ = A.

e Let4" € R and 3! € R% be restricted estimators.
e Let ¢ ; be the corresponding residuals from restricted regression.

Step 2
o Let {(JJj}]'eJ be i.i.d. with P((Uj = 1) = P(wj = —1) = 1/2 for a”] e J.
e Define w = {w;},cs, and for each w denote the new outcomes

Yi(w) = W Ay + Zi By, + wj€

e Run an unrestricted regression of Y;*;(w) in (W; ;,

Zij)-

e Let 47 (w) and 3 (w) be corresponding unrestricted coefficients.
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Critical Values

Step 3
e Compute the 1 — « quantile of bootstrap statistic conditional on the data

én(1—a)=inf{u e R: P(|vn(dB:(w) — \)| < u|Data) > 1 — a}

e In practice ¢, (1 — «) approximated via simulation of bootstrap samples.

Comments
e Bootstrap uses /!, satisfying ¢/ " = A (impose the null).
¢ Use of Rademacher weights is essential for our results.
¢ Importance of Rademacher vs alternatives known from simulations.
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Different Interpretation

Key: Under fixed number of clusters, distribution of {w;};c s fixed with n.
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Different Interpretation

Key: Under fixed number of clusters, distribution of {w;};c s fixed with n.

Observations
e Let G = {—1,1}49, which corresponds to the support of w = {w,}ec.
e Every (g1,...,94) = g € Gis then a possible realization of w = {w; } jes.
e Note that P(w = g) = 1/|G| for every g € G (all equally likely).
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Different Interpretation

Key: Under fixed number of clusters, distribution of {w;};c s fixed with n.

Observations
e Let G = {—1,1}49, which corresponds to the support of w = {w,}ec.
e Every (g1,...,94) = g € Gis then a possible realization of w = {w; } jes.
e Note that P(w = g) = 1/|G| for every g € G (all equally likely).

Abuse Notation Write 3% (g) and 47 (g) in place of 37 (w) and 47 (w).
én(l—a)=inf{u e R: P(|v/n(dB:(w) — \)| < u|Data) > 1 — o}
—inf{u € R: ﬁ S Y ValdBig) = N <u} > 1-a}

geG
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@® The Assumptions
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Preliminary Notation

e Let II,, be the d,, x d. matrix satisfying the orthogonality conditions

D D (Zuy — I Wey )W =

JjeEJi€l, ;
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Preliminary Notation

e Let II,, be the d,, x d. matrix satisfying the orthogonality conditions

D D (Zuy — I Wey )W =

JjeEJi€l, ;
e (Zi; —1I,W, ;) is residual from regressing Z; ; on W; ; on whole sample.

Zij = (Zi; —1,W; ;)
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Preliminary Notation

e Let II,, be the d,, x d. matrix satisfying the orthogonality conditions

D D (Zuy — I Wey )W =

JjeEJi€l, ;
e (Zi; —1I,W, ;) is residual from regressing Z; ; on W; ; on whole sample.

Zij = (Zi; —1,W; ;)

e Let ﬂ,,fyj be a d,, x d, matrix satisfying the orthogonality conditions

Z (Zi; — (ﬁ%)/Wi,j)Wi/,j =

i€l ;

Note: fISL’j may not be uniquely defined (e.g. include cluster fixed effects)
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Weak Assumption

Assumption W
(i) The following statistic converges in distribution as n diverges to infinity

1 Wi j€i;
XY (G

jEJ ie[n.j

(i) The following statistic converges (in prob.) to a positive definite matrix

1 D3 ( Wi Wi, Wi Zi )
n Wz
" ieTict,, ZiiWis  ZigZi;
Comments
e Requirements for showing /3,, and 3!, converge in distribution.
¢ Implicit requirement dependence within cluster weak enough for CLT.
e Imply II,, converges in probability to a well defined limit.
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Homogeneity Assumption

Assumption H
(i) Forindependent {Z;};cs with Z; ~ N(0,%;) and X, > 0 we have

{

1 5 . d .
Zi€ijjedt—={Z;:5¢€J}
\/@lE;J 7€, j

(i) Foreach j € J, nj/n— ¢ > 0.

Comments
e Requirement (i) requires convergence of cluster level “score”.

e Requirement (ii) requires clusters not be “too” imbalanced.

Canay, Santos, and Shaikh. October 4, 2019. UCLA



Homogeneity Assumption

Assumption H
(iii) There are a; > 0 and 2 ; positive definite such that for each j € J

1 ~ ~
; Z Zi’sz{,j ﬁ) anZ

T i€l

(iv) For each j € J it follows that

1 . .
— > WL, 115 ) 5 0

J el

Comments
e If Z; ; € R, H(iii) means nonzero limit of > Zﬁj/nj.

e H(iv) requires convergence of full sample and cluster level projections.

i€y, ;
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;8+e
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;B+e€;

Note: Since here W; ; = 1for all i € I,, ; and j € J we therefore we have

1, Wi ; = %Z > Ziy (I15)' Wi = ni > Zi

jeJi€l,,; T el ;
2J
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;B+e€;

Note: Since here W; ; = 1for all i € I,, ; and j € J we therefore we have

/I/Vi,j:%z > Zi (I15)'W, Z Zij

jeJicl,, ; 7 iel,,;

e Hence, Assumption H(iv) (asymptotic equivalence of projections) needs

Cluster level means are the same (asymptotically)
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;B+e€;

Note: Since here W; ; = 1for all i € I,, ; and j € J we therefore we have

/VW,]‘:%Z > Zi (I15)'W, Z Zij

jeJicl,, ; 7 iel,,;

e Hence, Assumption H(iv) (asymptotic equivalence of projections) needs

Cluster level means are the same (asymptotically)

o While, Assumption H(iii) needs same covariance matrices (up to scaling).
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;8+e

Note: Same model, but estimate with cluster level fixed effects (1V; ;)
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Some Discussion

Fory € R, Ele; ;] =0and E[Z, je; ;] =0foralli € I, ; and j € J suppose

Yij=v+Z;8+e

Note: Same model, but estimate with cluster level fixed effects (1V; ;)

Z Zi (11S)'W, Z Zi

T iel, ; el ;

e Hence, Assumption H(iv) (equivalence of projections) is automatic.

e While, Assumption H(iii) needs same covariance matrices (up to scaling).
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©® Main Result
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Main Result

Theorem If Assumptions W and H hold and ¢’3 = A, then it follows that

a— <liminf P(T,, > é,(1 — o))
n— oo

94—1 =
< limsup P(T,, > é,(1 — o))

n— oo

<a

Comments

Wild bootstrap controls size for any number of clusters.

Conservative, but difference decreases exponentially with # of clusters.
Because q fixed, ¢, (1 — «) is not consistent.

Theorem valid for IV under similar assumptions.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Test Statistic
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Test Statistic
e Suppose the null hypothesis is true so that ¢/5 = A. Then it follows that

) . . 1
T, = v/nld Bn = Al = Vnld (B = B)| = Q1> 7 > Zijei ]

jeJ i€l

where O, =3, 3,0, Zi; 2] ;/nis usual d. x d. matrix.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Test Statistic
e Suppose the null hypothesis is true so that ¢/5 = A. Then it follows that

) . . 1
T, = v/nld Bn = Al = Vnld (B = B)| = Q1> 7 > Zijei ]

jeJ il

where Q,, = S ies Dier,, ZiiZi j/nis usual d. x d. matrix.

e Therefore, for an appropriate function 7" we can write T,, as

T, =T(Sn) S = (O, {% Z Zij€igtier)

€1y, ;
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Bootstrap Statistic
e Since ;" satisfies ¢/ /3", = A by construction, it then follows that

Vil Bi(g) = Al = vl (Bi(g) — 8| = |€'Q; 12 = 0,716

jeJ ZGI
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Bootstrap Statistic
e Since ;" satisfies ¢/ /3", = A by construction, it then follows that

\/MCIB:L(Q) — A= \/E|C/(B (9) Br )= Q ! Z Zgj i€ z,y

jeJ zel

e Therefore, for the same function T' characterizing T, it follows that

D% * * A 9j ~
\/ﬁ|clﬂn(g) - )\| = T(gsn) gS’n = (QTH {7% Z Z77]€E»J}JEJ)
S

forany (gi1,...,94) = g € G, whererecall G = {—1,1}9.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Critical Value
e Since ;" satisfies ¢/ /3", = A by construction, it then follows that

én(1 —a) =1 — a quantile of |v/nc¢ (35(g) — \)| over g € G
=1 — a quantile of T'(¢S;;) over g € G
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

The Critical Value
e Since ;" satisfies ¢/ /3", = A by construction, it then follows that

én(1 —a) =1 — a quantile of |v/nc¢ (35(g) — \)| over g € G
=1 — a quantile of T'(¢S;;) over g € G

e Equivalently, let 7(®)(S*|G) be the k" smallest value of {T(gS:)}scc

T(l)(gS;ﬂG) <... < T“G‘(l_“)‘)(gSZ\G) <... < T”G‘)(gSZ\G)

én(1—a)
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Sketch of Proof

Step 1 Rewrite the test to show (asymptotic) connection to randomized test.

T, > é,(1 — a) or equivalently 7(S,,) > TUSI0=)(45*|G)

Comments
e If S,, equaled S}, it would resemble a randomization test.
e Since the number of clusters is fixed, G is not changing.

e Showing bootstrap validity needs “non-standard” arguments.
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢9S;) to T'(9.S,)
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)

y A n; 1 A
T(98n) = T(9Sp) <11 DL — > 9,732 3/n{B = B}

jeJ Ji€l,,;
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)

y A n; 1 A
T(98n) = T(9Sp) <11 DL — > 9,732 3/n{B = B}

jeJ Ji€l,,;

(= BlZi, 2}, + LLN) = ¢ (30 720) ™ - 2 ;/n {8 = B} + 0,(1)

jeJ jeJ
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)

y A n; 1 A
T(98n) = T(9Sp) <11 DL — > 9,732 3/n{B = B}

jeJ Ji€l,,;
n; . n; .
(Q = B[Zi;Z] ]+ LLN) = | (> ngj) > ngjgj\/ﬁ{ﬂ — Bu} +op(1)
jeJ JjeJ

(Homogeneity) = | (3 20,) 712, 3~ "g;v/n{8 - B} + 0,(1)

jeJ jeJ

~ ldentity
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)

y A n; 1 A
T(98n) = T(9Sp) <11 DL — > 9,732 3/n{B = B}

jeJ Ji€l,,;

(= BlZi, 2}, + LLN) = ¢ (30 720) ™ - 2 ;/n {8 = B} + 0,(1)

jer jed
. , . -~ n.: ~
(Homogeneity) = |’ (> g]QZ) 0y #gj\/ﬁ{ﬂ — Bt +0,(1)
jer jed
= |dentity
(Push ¢ through) =~ IZ %gjclx/ﬁ{ﬂ — B} + 0p(1)
jed
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)

y A n; 1 A
T(98n) = T(9Sp) <11 DL — > 9,732 3/n{B = B}

jeJ Ji€l,,;

(= BlZi, 2}, + LLN) = ¢ (30 720) ™ - 2 ;/n {8 = B} + 0,(1)

jer jed
. , . -~ n.: ~
(Homogeneity) = |’ (> g]QZ) 0y #gj\/ﬁ{ﬂ — Bt +0,(1)
jer jed
= |dentity
(Push ¢ through) =~ IZ %gjclx/ﬁ{ﬂ — B} + 0p(1)
jed

(Use ¢ = ¢/B) = 0,(1)
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢9S;) to T'(9.S,)
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢9S;) to T'(9.S,)

So Far We have shown T'(¢S,,) = T'(¢9S};) + o,(1) forany g € G.
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Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)
So Far We have shown T'(¢S,,) = T'(¢9S};) + o,(1) forany g € G.

In addition If g = +(1,...,1), then T'(¢S,,) = T(¢S};) (same arguments)

Canay, Santos, and Shaikh. October 4, 2019. UCLA



Sketch of Proof

Step 2 Employ the homogeneity assumptions to relate T'(¢.S;) to T(gS»)
So Far We have shown T'(¢S,,) = T'(¢9S};) + o,(1) forany g € G.

In addition If g = +(1,...,1), then T'(¢S,,) = T(¢S};) (same arguments)

Therefore
T, > én(1—a) orequivalently  7(S,) > TUCI0=)(46*|1G)
or w.p.a. one T(S,) > TUCI0=9) (45 1G)
Comments

e Using restricted estimator BL plays fundamental role.
e Ensuring T'(¢S,,) = T(gS;) for g = £(1, ..., 1) fundamental for ties.
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Sketch of Proof

Step 3 Establish asymptotic connection to randomization test to conclude.
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Sketch of Proof

Step 3 Establish asymptotic connection to randomization test to conclude.

S’IL

(Q, {% Z Zi j€ij}ie) Lt (Qz.{Z}jes) =8

1€l ;
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Sketch of Proof

Step 3 Establish asymptotic connection to randomization test to conclude.
. 1 d
Sn = (Qn, {% > Zijeijties) > (Qz.{Zi}es) =8
ST

Therefore

P(T,, > é,(1 — a)) = P(T(S,) > TUGI0=9D (45, 1G)) 4 o(1)
— P(T(8) > TIGI0-9)(45|G))
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Sketch of Proof

Step 3 Establish asymptotic connection to randomization test to conclude.
. 1 d
Sn = (Qn, {% > Zijeijties) > (Qz.{Zi}es) =8
ST

Therefore

P(T,, > é,(1 — a)) = P(T(S,) > TUGI0=9D (45, 1G)) 4 o(1)
— P(T(8) > TIGI0-9)(45|G))

Finally since ¢S 2 S for all g € G, properties of randomization tests imply

P(T(S) > T(CI0=2)(g5]G)) < a
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Additional Comments

Main Conclusion

e Wild bootstrap provides size control with fixed # clusters.
e Certain homogeneity assumptions are required.
e Procedure also works if ¢ 1 0o, so Wild bootstrap is “robust” to ¢.

Procedure Comments

e Fundamental to use restricted estimator .
e Fundamental to use Rademacher weights.
e Both these observations are folklore from simulations.

Proof Comments

e The wild bootstrap is not consistent (i.e. ¢,(1 — «) does not converge).
e Instead wild bootstrap behaves like randomization test.
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@ Studentization and Extensions
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Studentized Test

The Test Statistic

where &, are cluster robust s.e.;i.e. & ; = (Yij — W/ ;4 — Z;J.Bn) and

. A_1¢ A= - 1 5o s
0721 = C/invnﬂnlc Vi = E Z Z Z ZiJZ;,jei,jes,j
jeJicl; scl;
The Bootstrap

e Wild bootstrap critical values adjusted accordingly.
o Wild bootstrap s.e. use wild bootstrap residuals from B:;(g).
e Write the resulting wild bootstrap critical value as & (1 — «).
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Studentized Test

Theorem If Assumptions W and H hold and ¢’3 = A, then it follows that
1 s s S ~S
a5 < hﬂrgloréfP(Tn > (1—a))
<limsup P(T} > & (1 — )

n— oo

- 1
_Oé+2qj

Comments
e Problem: Unlike unstudentized version “ties” matter (7 = ¢ (1 — «)).
e But: Probability of tie asymp. only 1/2¢-! = Small distortion.
e Similar intuition extends to nonlinear estimators and hypotheses.
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Score Bootstrap (Sketch)

Test Statistic
TF(Sn) = F(S,) + Op(l)

where F'is a known function, and S, is the cluster level scores given by

Se={gz Y v i)

i€l

Critical Value

&F(1—a)=inf{u: ﬁ > {F(g5,) <u} >1-a}
geG

where ¢S, are “perturbed” estimates for the cluster level scores given by

95 > gitn(Xiy) g €T}

1€1n,;

_ L
= {7
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Score Bootstrap (Sketch)

Main Assumption (M)

- Y alXiy) = - > (X ) + 0p(1)
vn NG

i€l 5 i€l 5

To verify: use constrained estimator and “homogeneity” condition.

Example (GMM)
e For some m(X;;,-) : R% — R parameter 3 € R% satisfies

E[m(Xi,j, ﬂ)] =0

e If T}, is Wald test-statistic based on GMM estimator, key condition is

% Z V(X ;. Bn) 2 a;D(B)

iGIﬂ,)j

Canay, Santos, and Shaikh. October 4, 2019. UCLA



@ Simulation Evidence
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Simulation Design

Yij=v+Z;8+0(Zij)(n;+eij)

for1 <i<nand1 <j<qwhere we explore four parameter specifications.

The Good Specifications
e Model 1: Zz',j = Aj + Ci,j7 O'(Zi,j) = Z%j, Y= 1. All variables ]\7(07 1)

K3

e Model 2: Asin M.1, but Z; ; = Vj(4; + Gij)-

Note: Models 1 and 2 need fixed effects to satisfy our assumptions.
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Simulation Design

Yij=v+Z;8+0(Zij)(n;+eij)

for1 <i<nand1 <j<qwhere we explore four parameter specifications.

The Bad Specifications
e Model 3: As in M.1, but Aj ~ N(O,Ig), Cimj ~ N(O, Ej), ﬂ = (51, 1, 1)
o Model 4: Asin M1, but 5 = (61,2), 0(Zi ;) = (2. + 2{))? with

Zi’j ~ N(,ul, 21) forj > q/2
Zi,j ~ N(,LLQ, 22) forj < q/2

where iy = (=4, -2), p2 = (2,4), X1 = Iz and ¥ = ( 01% Ois )
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The Tests

The Tests We Consider
un-Stud: un-studentized test.

Stud: Studentized test.

ET-US: Equi-tail analog of the un-Stud test above.
Reject if T,, < é,(a/2) or Ty, > &, (1 — «/2).

ET-S: Same as ET-US but with studentized test statistic.

Variants of These Tests

e Implemented with or without cluster-Ivl fixed effects
¢ Implemented with Rademacher or Mammen weights.
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Size Under Homogeneity

Rade - with FEs

q

Rade - without FEs

q

Mammen - with FEs

q

Test 5 6 8 5 6 8 5 6 8
Non-Stud.  9.90 9.34 9.42 14.48 13.80 12.48 14.42 13.06 12.16
Model 1 Stud. 1042 954 9.76 10.80 10.04 9.86 6.26 516 4.58
n=50 ETNS 740 9.64 9.26 11.42 14.00 12.16 3.14 330 4.74
ET-S 864 990 9.52 8.34 10.32 9.46 25.72 2432 22.04
Non-Stud.  9.02 9.70 9.98 15.84 1560 15.42 13.62 13.78 13.72
Model 2  Stud 944 9.72 10.08 10.38 10.06 11.04 592 460 4.10
n=50 ETNS 6.68 9.88 9.72 12.44 15.68 15.00 154 222 3.58
ET-S 760 10.34 9.88 8.30 10.24 10.80 2542 25.26 25.40
Non-Stud.  9.72 9.46 10.16 15.48 1432 14.24 14.78 13.48 12.88
Model 1 Stud 10.22 9.64 10.16 11.24 10.42 10.86 6.88 530 4.58
n =300 ETNS 714 966 9.84 12.00 14.42 13.82 266 362 4.70
ET-S 8.12 10.12  9.92 8.78 10.74 10.56 25.08 24.38 24.14
Non-Stud.  9.68 9.74 10.12 17.74 16.20 15.26 14.86 14.08 13.34
Model 2  Stud 10.16  9.86 10.16 10.96 10.28 10.66 6.18 480 4.34
n =300 ETNS 7.26 10.00 9.96 13.60 16.24 14.74 1.80 236 3.40
ET-S 8.16 1042 9.88 8.00 10.44 10.40 26.80 26.66 25.42

Table: Rejection prob. (in %) under Hy
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Size Without Homogeneity

Rade - with Fixed effects

q

Rade - without Fixed effects

q

Test 4 5 6 8 4 5 6 8
Non-Stud 1158 1390 1332 1324 2668 37.16 32.38 26.12
Model 3 Stud 1114 1274 1194 1144 1998 18.62 1454 12.66
n=>50 ETNS 562 10.82 1278 12.92 8.66 31.40 33.18 2562
ET-S 7.06 10.24 1134 11.38 1352 16.08 1510 12.46
Non-Stud 1296 17.70 16.30 1296 1244 2264 18.00 14.22
Model 4  Stud 13.00 16.34 1462 10.88 1524 22,68 17.22 12.84
n=5 ETNS 552 14.68 16.56 12.72 360 19.08 18.20 14.02
ET-S 7.62 1430 1510 10.76 9.60 20.70 17.66 12.74
Non-Stud 1226 1510 1352 1266  30.10 39.08 33.26 26.06
Model 3 Stud 12.32 1352 11.40 1096 2200 19.38 1544 1296
n=300 ETNS 5.88 1220 14.14 1238 1420 3234 16.14 1274
ET-S 820 11.86 11.94 1074  17.80 1670 13.00 11.98
Non-Stud 1354 17.18 1594 1284 1472 2438 17.56 13.78
Model 4  Stud 13.40 1578 1494 1172 1712 2510 17.66 12.58
n=300 ETNS 560 13.98 16.36 12.68 432 1966 17.80 13.60
ET-S 7.88 13.38 1546 1156  10.42 2216 18.14 12.36
Table: Rejection prob. (in %) under Hy. 5,000 replications. a = 10%
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Conclusion

The Wild Bootstrap

Valid under a fixed number of clusters (and still if ¢ 1 o)
Specific to implementatin with Rademacher weight and “B””.
Including cluster level fixed effects eases conditions.
Studentized may over-reject (but negligible)

Related to Folklore

e Rademacher weights outperform Mammen despite large ¢ theory.
e “Imposing the null” has dramatic effects in simulations.
e Certain “heterogeneous” designs negatively affect wild bootstrap.
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