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Abstract

This document provides additional results for the authors’ paper “The Wild Boot-
strap with a “Small” Number of “Large” Clusters”. It includes the proofs of auxiliary
lemmas, additional details for Remark 2.3, and a generalization of the main results to
non-linear models and non-linear hypotheses.

KeEYwoORDs: Wild bootstrap, Clustered Data, Randomization Tests.
JEL CLASSIFICATION CODES: C12, C15, C23.



S.1 Auxiliary Lemmas

Lemma S.1.1. Let Assumptions 2.1 and 2.2 hold, an denote the pseudo-inverse of QZ oy and
seta=3 ;c;&a; and Uy j = ﬁ > ict,, Zijeij. If B =X\, then for any (g1,...,9,) =g € G

= Q ( ; fjajz )( ; SJ%Z ) 07 ,c+op(l)

JGJ jeJ jeJ

- 5 € -

(& (9) _C/QZnZ(gJ C 2 Zg] TLJ) (gJ LV 24 Z 9; n]) Zn c+op(l) .
JjedJ jeJ jeJ

PROOF: Recall that (/3),4/)" denotes the least squares estimator of (4',7') in (1) and denote the
corresponding residuals by € ; = (Y ; Z”ﬂn W} Am). Since V(Bn — B) and /n(3, —7) are
bounded in probability by Assumption 2.1, Lemma S.1.2 and the definition of U, ; yield

Z Ziéij = Z i€ — Z Zi 32} (B — B) — = Z Zi jW, 7/ — )

1€ly j zeln i zeln i zEIn d

Z 23, Z; ;0B = B) + 0p(1) . (S.1)
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Next, note that Q 7.n is invertible with probability tending to one by Assumption 2.2(iii). Since
0> =02 when Q5 7. 18 invertible, we obtain from Assumptions 2.2(ii)-(iii) that

=Y 22,05, =X S Zgag+or() = L YU +op(1) . (82)

Ze[n] JEJ kel, 5 jeJ

Therefore, (S.1), (S.2), and the continuous mapping theorem yield
~ 1
(e T ) (X )
= i€l
Z( i — f]a] Z )( g — f]a] Z ~> +0P ) ) (83)

jed jeJ jeJ

The first part of the lemma thus follows by the definition of 2 in (15).

For the second claim of the lemma, note that when /3 = ), it follows from Assumption 2.1 and
Amemiya (1985, Eq. (1.4.5)) that v/n(35 — 8) and \/n(4%, — ) are bounded in probability. Together
with Assumption 2.1 such result in turn also implies that /n(5%(g) — 85) and /n(5%(g) — 4%) are
bounded in probability for all g € G. Next, recall that the residuals from the bootstrap regression

in (4) equal &;(g) = g;ét; — Z,,(Bx(9) — Br) — W/, (35(9) — A%) for all (g1,...,9,) = g € G.



Therefore, we are able to conclude for any ¢ € G and j € J that
T Z 7 ,Jézj(g)

ze]nj
ZZJQJ’L,J ZZJ Z] ( /Br _7227] () 7n)

zeln F 1€In R i€ly
Z Z ,]g] z,j Z ZZ,]Z;,]\/H(B:L(Q) - /8;,) + OP(]-) ) (84)
zeln i ielw-

where in the final equality we employed Lemma S.1.2. Next, recall @r‘,j =€, — Z;J(BA,{L - B) —
W/ (4, — ) and note

A 1 / AT
Zn\f Z i,j95€ 1_] Q 5 Z 1,95 (€5 — ”\f(ﬂr )_‘/Vz',j\/ﬁ(’yn—’Y))

1€y ; el,,

_ _ 1 5 AT
= C’“z,nngn,j =0 — > 9iZiZiVn(B, — B) +op(1), (S5)

i€l ;

where the second equality follows from Lemma S.1.2 and Q > VN (BL — ), and v/n(5. —~) being
bounded in probability. Moreover, Assumptions 2.2(ii)-(iii) 1mply

LS i BB - ) = 05 D% 0, (B )+ op(1) = 0p(1) , (S6)

zEIn i

where the final result follows from ¢ B = X by construction and ¢/3 = X\ by hypothesis. Next, we
note that since Q Zn = =Q 1n whenever Q Zn is invertible, and Q~ Zn is invertible with probability

tending to one by Assumptlon 2.2(iii), we can conclude that

* AT _ A n] ].
Z”n Z Z”ZI’J n(B(9) - 5)—6/92,71;; Z 2,2 0] anf Z k95 k -+ op(1)

i€l 5 T iel, ; jeJ kel,
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where in the final equality we applied (S.5), (S.6), and a = Zje s&jaj. The second part of the
lemma then follows from the definition of (67%(g))? in (16) and results (S.4)-(S.7). m

Lemma S.1.2. Let Assumptions 2.1(ii) and 2.2(iv) hold. It follows that for any j € J we have

. Z op(l) and nl] Z i.J m Z ZJ +0P( ) -

Jicl,, i€l J i,

PROOF: Let || - ||r denote the Frobenius matrix norm, which recall equals || M ||% = trace{M'M}

for any matrix M. By the definition of Z; ; in (8), > et (Zij — (ﬂ%,j)/Wi7j)Wi/,j = 0 by definition



of fIfL ; (see (9)), and the triangle inequality applied to || - ||p, we then obtain

1 ~
1= > ZiWi

1 ~
p=l= > (Zij = Wi Wi;lr

Vel T iel, ;
. A 1 N
- u— > (0 = W)y WagWislle < = 3 (L = M) Wiy Wigle - (S:8)
T icl, ; T e, ;
Moreover, applying a second triangle inequality and the properties of the trace we get
— Z I(11 n) Wi iWijlle = Z (L5 5 — TL0) Wi < W Wi gl
zEIn g ze[n R
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where the inequality follows from the Cauchy-Schwarz inequality, and the final result by Assumption
2.1(ii) and 2.2(iv). Since II,, is bounded in probability by Assumption 2.1(ii) and

. Z ] l,] Z Z»J Z,_] Z Z,] (810)

zEIn i ze[n Ji zeln i

by (8), the second part of the lemma follows. m

S.2 Further Details for Remark 2.3

Consider a differences-in-differences application in which, for simplicity, we assume there are only
two time periods. Treatment is assigned in the second time period, and for each individual 7 in
group j we let Y; ; denote an outcome of interest, T; ; € {1,2} be the time period at which Y; ; was
observed, and Z;; € {0,1} indicate treatment status. In the canonical differences-in-differences
model (Angrist and Pischke, 2008), these variables are assumed to be related by

Yij=I{T;;=2}6+ Z I{j =Y+ ZijB+ ey,
jeJ

which we may accommodate in our framework by letting W; ; be cluster-level fixed effects and
I{T;; = 2}. Typically, the groups are such that treatment status is common among all i € I,, ;

with T; ; = 2. This structure implies that J can be partitioned into sets J(0) and J(1) such that
Zij =I1{T;; = 2,5 € J(1)}. In order to examine the content of Assumptions 2.2(iii)-(iv) in this

setting, define

> jes) ni(L)p;
>jesni(Lp;

T

(S.11)



where n;(t) = Zz‘eln,j I{T;; =t} and p; = n;(2)/n;. By direct calculation, it is then possible to

verify that (IIS)'W;; = Z; j, while

—p;T if T;; =1 and j € J(0)
(I—-7)pj7r  ifT;;=1andje J(1)
(1—pj)T if T; ; =2 and j € J(0)

T+ (1—-7)p; UT;;=2andje J(1)

1, W, = (5.12)

which implies Assumption 2.2(iv) is violated. On the other hand, these derivations also imply that
it may be possible to satisfy Assumption 2.2(iii) by clustering more coarsely. In particular, if we
instead group elements of J into larger clusters {Si : k € K} (K < ¢) such that

> jesns, M (1p;
> jes, i(1)p;

converges to 7, then Assumption 2.2(iv) is satisfied. In this way, Assumption 2.2(iv) thereby
requires the clusters to be “balanced” in the proportion of treated units.

S.3 A General Result

In this section, we present a result that generalizes Theorem 3.3 and, as explained below, permits
us to establish qualitatively similar results for nonlinear null hypotheses and nonlinear models. In
what follows, there is no longer a need to distinguish between Y; ;, W; ;, and Z; ;, so we denote by
Xij € R% the observed data corresponding to the ith unit in the jth cluster. We consider tests
that reject for large values of a test statistic T, whose limiting behavior we will assume below is
the same as the limiting behavior of F(S,,), where S,, is the cluster-level “scores” given by

1
S, = 4;55 j{: 7P(J(Lj) cj€ed

i€ly

and F : R? — R is a known, continuous function. Here, ¢ : R% — R% is an unknown function
that may depend on the distribution of the data, so, in order to describe a critical value with which
to compare T, we assume that there are estimators v, of ¢ and define

~ 1 N
5%/55 JE— § n-X% ) J
\/ﬁ = ¢ ( 7]) ] S
1&in,j

Using this notation, the critical value we employ is obtained through the following construction:
Step 1: Let G = {—1,1}9 and for any g = (g1,...,9q) € G define

. 1 R .
95 =\ 7= > giba(Xig) i€ T

i€l j



Step 2: Compute the 1 — « quantile of {F(gSn)}gec, denoted by

¢ (1 —a) =inf uGR:’C{HZI{F(gS‘n)gu}Zl—a
geG

Below we develop properties of the test ¢f that rejects whenever TF exceeds ¢& (1 — )}, i.e.,
n=1{T; > e (1-a)}.

In the context of the linear model studied in the main paper, under appropriate choices of F', 1,
and 12)71, the test ¢% is in fact numerically equivalent to the test ¢, defined in (6). More generally,
however, the test gbg can be interpreted as relying on the “score” bootstrap studied by Kline and
Santos (2012). In particular, note that ¢k (1 — o) may alternatively be written as

inf{ueR:P{F Z% S Gu(Xig) | <ulx™ b >1-a (S.13)

jes V' iel,

where X(™ denotes the data and {w; };1-:1 are i.i.d. Rademacher random variables independent of
X (™) Whenever |G| is large, one may therefore approximate ¢& (1 — o) by simulating (S.13).
Our analysis will require the following high-level assumption:

Assumption S.3.1. The following statements hold:

(i) The test statistic Ty satisfies
TF = F(S,) +op(1) .

(ii) The estimator i, satisfies

! A 1
\/ﬁg:w dn(Xig) = = ; $(Xss) + op(1)

forall j € J.

(iii) There exists a collection of independent random variables {Z;}jc;, where Z; € R% and
Z; ~ N(0,%;), such that

jﬁig;iji,j):jej 4z jeTy.
(iv) For any g € G and g € G,
P{F({g;Zj:jeJ})=F({g;Z;:7€J})} €{0,1} .
(v) There is an integer k such that |A(g)| = k for any g € G, where

Alg)={9e€ G: P{F({g;2;:j€J})=F({g;2;:j€J}}=1}.



Assumption S.3.1(i) formalizes the aforementioned requirement that the limiting behavior of T}
is the same as the limiting behavior of F'(S,,). Assumption S.3.1(ii) encodes homogeneity restrictions
qualitatively similar to those in Assumption 2.2; see our discussion of nonlinear restrictions and
GMM below. Assumption S.3.1(iii) essentially requires that the dependence within clusters be weak
enough to permit application of a suitable central limit theorem to the cluster “scores.” Finally,
Assumptions S.3.1(iv)-(v) are typically satisfied with x = 2 for two-sided tests and k = 1 for one-
sided tests. By allowing for other values of k, however, we can also accommodate settings in which
nj/n — 0 for some j or ¥; in Assumption S.3.1(iii) is positive semi-definite.

We are now prepared to state our result about the properties of ¢f. While we are agnostic
about the exact form of the null hypothesis, we emphasize that we only expect Assumption S.3.1 to
hold under the null hypothesis, so the following result should be interpreted as a statement about
the limiting rejection probability of ¢f under the null hypothesis, whatever it may be.

Theorem S.3.1. If Assumption S.3.1 holds, then

a— 2% < limian{T}lJ > éb1 —a)} < limsupP{Tg > e —a)} <a+ ~

n—00 N—00 24

PROOF OF THEOREM S.3.1: The proof follows arguments similar to those employed in establishing
Theorem 3.1. We again start by introducing notation that will streamline our arguments. Let
S = ®j€J R4 and write an element of s € S by {s; : j € J}. We further identify any (g1,...,9,) =
g € G with an action on s € S by gs = {g;s; : j € J}. Since F is continuous by hypothesis, note
that Assumptions S.3.1(ii)-(iii) and the continuous mapping theorem imply

(F(S), {F(gSh) : g € G}) 5 (F(S),{F(95) : g € G}) . (S.14)

Hence, by Assumption S.3.1(i), a set inclusion restriction, and the Portmanteau theorem (see, e.g.,
Theorem 1.3.4(iii) in van der Vaart and Wellner (1996)), we obtain

limsup P{T} > ¢5,(1 — )} < limsup P{T} > ¢ (1 —a)}

n—0o0 n—oo

. 1
<P F(S)sz{ueR:mgezg;f{F(gS)gu}m—a} . (S.15)

In what follows, for any s € S, we denote the ordered values of {F(gs) : g € G} according to
FO(@G) < - < FUGD(5|G) .
Setting k* = [|G|(1 — «)], we then obtain from (S.15) and Assumption S.3.1(iii) that

limsup P{TF > & (1 — )} < P{F(S) > F*)(S|G)} + P{F(S) = F¥)(5|G)}

n—oo

<a+ P{F(S)=F*)(5|G)}, (S.16)

where in the final inequality we employed that ¢S 2 S for all g € G and the basic properties of
randomization tests; see, e.g., Theorem 15.2.1 in Lehmann and Romano (2005). Moreover, applying



Theorem 15.2.2 in Lehmann and Romano (2005) yields

P{F(S) = F*)(5G)} = EIP{F(S) = F*)(5]G)|S € {gS}gec}

* I{/
= ‘G|ZI{F95 = F®(gSIG)}| = 5 . (S7)
geG

where the final equality follows from Assumptions S.3.1(iv)-(v). The claim of the upper bound in
the theorem therefore follows from results (S.16) and (S.17).

For the lower bound, note that £* = [|G|(1 — a)] > |G| + « implies a — k/|G| < 0, in which
case the lower bound is immediate. Assume k* < |G| — k and note that result (S.14) and the
Portmanteau Theorem, see, e.g., Theorem 1.3.4(ii) in van der Vaart and Wellner (1996) yield

liminf P{TE > ¢f (1 — o)} > P{F(S) > F*)(S|G)} > P{F(S) > FF*)(5|G)} ,  (S.18)
n—oo
where the last inequality holds because P{F®+%)(S|G) > F@)(S|G)} = 1 for any integer z <
|G| — k by Assumptions S.3.1(iv)-(v). Next note k* + k = [|G|((1 — a) + /|G|)] = [|G|(1 — )]
with @ = a — £/27 and so the properties of randomization tests (see Lehmann and Romano, 2005,

Theorem 15.2.1) imply

P{F(S) > FF+9(S|G)} > a — 2—"2 . (S.19)

Thus, the lower bound holds by (S.18) and (S.19), and the claim of the theorem follows. m

S.3.1 Applications of the General Result

Below, we apply Theorem S.3.1 to establish results qualitatively similar to Theorem 3.3 for tests of
nonlinear null hypotheses in both the linear model of Section 2 and the GMM framework of Hansen
(1982).

S.3.1.1 Nonlinear Null Hypotheses

Recall the setup introduced in Section 2, including Assumptions 2.1 and 2.2. For h : R% — R
with dj, < dg and h continuously differentiable at 3, consider testing

Ho:h(B)=0 vs. Hi:h(B)#0. (S.20)

We employ TF = ||v/nh(B,)||?, where | - || is the Euclidean norm, as our test statistic. For our
critical value, we use

Fl-a)=influecR: = Z {||Vh (8r) Z LN 05 Zigés) < u} >1-ab, (S.21)
9eG jeJ ze[n,j

where VA(f") denotes the Jacobian of h : R% — R and (5%, 5") are understood to be computed
subject to the restriction that h(8) = 0 rather than ¢/ = X. The following theorem bounds the



limiting rejection probability of the test
=I{T; > e (1—a)}
under the null hypothesis.

Theorem S.3.2. If Assumptions 2.1 and 2.2 hold and h(8) = 0 for h : R% — R with dj, < dg
and h continuously differentiable at 3, then

1
=g < < hmmfP{TF - )} < limsupP{Tf > el - @)} <a+

n—=00 n—o00 o 2¢—1 "~

SKETCH OF PROOF: Theorem S.3.2 follows from an application of Theorem S.3.1. To map ¢f into

the context of Theorem S.3.1, we let X ; = (Vi ;, Z] ;, W/ ;)" and define

w(Xi,j) = Vh(/B)(aQ ) ,]627] ) (8.22)
where recall a = Eje ja;&;. It then follows by standard arguments and QZ n K afl; by As-

sumptions 2.2(ii)-(iii), that TF satisfies Assumption S.3.1(i) with F' : RY — R given by F(c) =
1> 5es cj||? for any ¢ = (c1,...,¢q) and ¥(X; ;) as in (S.22). Moreover, by setting

In(Xij) = Vh(ﬁr)ﬂ z,,e”, (S.23)

we verify the critical value in (S.21) has the exact structure required by Theorem S.3.1. Further
note that arguments similar to those leading to (A-37) in the proof of Theorem 3.3 yield

Z Un(Xig Z VA(8 Zijeig + 258 — BL)) + op(1)

lelnj ’Leln ,J

== 3 (i) + V(D) jg]\f(ﬁ B+ op(1) = o= 37 () +op(1).

’LGInJ /[/e[’ﬂj

where the second equality follows from Assumption 2.2(iii), and the final equality follows from
Vh(B8)y/n(B — BL) = op(1) due to h(B) = h(B) = 0. Hence, Assumption S.3.1(ii) is satisfied.
Finally, Assumptions S.3.1(iii)-(v) hold immediately with x = 2 by Assumptions 2.2(i)-(ii). m

Remark S.3.1. In this application it is also natural to consider employing the critical value
Fl-a)=inf{ueckR: |ZJ{||fh GNP <u}>1-a (S.24)
geG

where, again, 5% (g) is understood to be computed as in Section 2 but by using (5%, %) corresponding
to the restriction h(3) = 0 rather than ¢/3 = X\. By the mean value theorem we then obtain

V(B (9)) = Vh(Ba(9)) V(B Z =D Vh(Bulg Zi i€

jedJ ze[n]



for some f3,,(g) satisfying B,(g) B pr " . Hence, the continuity of the the Jacobian Vh implies that

;: Z an 1,7 +0P()7

jeJ zelm

which reveals a close relation between ¢f (1—a) as in (S.21) and é& (1—a) as in (S.24). Inspecting the
proof of Theorem S.3.1 (see, in particular, (S.14), (S 15), and (S.18)), then reveals the conclusion
of Theorem S.3.1 continues to apply if we employ ¢k (1 — a) in place of ¢f (1 — a); i.e.

1 . 1
_ < — < — < —
O~ 5 lgllggéfP{T >é(l—a)} h}lnﬁ\sgpP{T >d(l-a)} <a+ 501 -
We note that if h is linear, then ¢& (1 — a) and & (1 — a) are numerically equivalent and the upper
bound on the limiting rejection probability can be shown to equal « (instead of o +1/2971). m

S.3.1.2 Generalized Method of Moments

In this section, we apply Theorem S.3.1 to study the properties of “score” bootstrap-based tests
of nonlinear null hypotheses in a GMM setting with a “small” number of “large” clusters. As
mentioned previously, the reason for relying on the “score” bootstrap instead of the wild bootstrap
stems from there being no natural “residuals” in this setting.

To this end, let

!/

By, = arg mm Z Z Xij,b Z Z Xij;b) |, (S.25)

]EJ i€y ; ]EJ i€y, ;

where m(X;;,-) : R% — R is a moment function 3, is a d,, X dpm weighting matrix. Under
suitable conditions, see, e.g., Newey and McFadden (1994), Bn is consistent for its estimand, which
we denote by f. For h : R% — R% with dg < dp, and h continuously differentiable at 3, we
consider testing

Ho:h(B)=0 vs. Hi:h(B)#0.

We again employ TF = ||v/nh(8,)||2, where || - || is the Euclidean norm, as our test statistic. In
order to describe a critical value with which to compare 7%, define, for any b € R%, the matrix

= —Z > Vm(Xi b (S.26)

j€J i€l ;

where Vm(X; j,b) denotes the Jacobian of m(Xj ;,-) : R% — R% at b. Further define, for BA;; the
GMM estimator computed subject to the restriction h(j%) = 0,

~ A

Un(Xij) = VR(BL) (Dn(B5) L0 Dn(B) ™ Du(Br) Sam(Xi g, B) -



Using this notation, our critical value is given by

¢F(1 - a) = inf ueR:é‘Z {”Z ZQM H2<u}21—a

geG JjeJ ze[n .4

The test we study is therefore given by
=T > (1—a)}.

In order to apply Theorem S.3.1 to establish properties of ¢f, we impose the following assump-
tion:

Assumption S.3.2. The following statements hold:

(i) h:R¥ — R¥™ is continuously differentiable at 3.

(ii) There are full rank matrices ¥ and D(B) such that 3, 5% and Dy (by) 5 D(B) for any
random variable b, € R satisfying by, L B.

(iii) The restricted and unrestricted estimators satisfy \/ﬁ(ﬁf1 —pB) =0p(1) and

Vnh(Ba) = VA(B)(D(B)SD(8))* Z > m(Xij,B) +op(1) .

]EJ i€ly ;

(i) There ezists a collection of independent random variables {N;}jc;s, where N € R and
N ~ N(0,%;) with ¥; positive definite, such that

WZ (Xij.B):jedp SN jed).

i€lyj

(v) For each j € J there is an a; > 0 such that

— Z Vm(X; ;,b ajD(ﬁ)

’LGIn Ji

for any random variable b, € R satisfying by, L 8.
The following theorem bounds the limiting rejection probability of ¢f under the null hypothesis.
Theorem S.3.3. If Assumption S.3.2 holds and h(B) = 0, then

1 1
=57 S <liminf P{T} > éF(1 — o)} <limsup P{TF > éf(1—a)) <a— —

n—00 N0 A

SKETCH OF PROOF: Theorem S.3.3 follows from an application of Theorem S.3.1. Let F': R? -+ R
be given by F(c) = || >_,c, cj||? for any ¢ = (c1,...,¢,) € R? and set ¢ : R% — R% to equal

¥(Xi;) = Vh(B)(D(8)ED(8)) ™ D(B) Em(Xi;, B) - (5.27)

10



Assumption S.3.2(iii), continuity of || -||?, and the continuous mapping theorem imply Assumption
S.3.1(i). Assumption S5.3.1(iii) follows from S.3.2(iv) with

2j = Vh(B)(D(8)'ED(8)) "' D(B)EN; .

Assumptions S.3.1(iv) and S.3.1(v) are then immediate with x = 2. We are then left with Assump-
tion S.3.1(ii). By the mean value theorem and the definition of i, (Xi ), we obtain

Z Un(Xig) = Vh(B})(Dn(B5) EnDn(5))) "' Du(5,)'E 7 > m(Xij.f)
zelm i€ly j
+ Vh(B,)(Dn(B1) S0 Dn(B1) ™! Di(B1)'S Vin(Xi . Bu)Vn(By, — B) , (S.28)

i€l

where £, lies between % and . Assumptions S.3.2(i), S.3.2(ii), and S.3.2(iv) imply that the first
term satisfies

VA (D5 5 Du(B) DuB) Br 3 m(XigB) = = 3 (i) +0p(1)

1€ly; zeln i

Assumptions S.3.2(i) and S.3.2(ii)-(iv), imply that the second term equals

Vh(B)(D(B)ED(B)) " D(B)S(a; D(B)Vn(B;, — B) + op(1) = a;VA(B)Vn(B}, — B) + op(1)
= OP(I) )

where final equality follows from 0 = h(3%)—h(8) = V(B,)vn(BL—B) = Vh(B)v/n(B: —B)+op(1)
for (3, between Bfl and 8 by Assumptions S.3.2(i)-(iii). This completes the argument. m
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