
� , U�@?}i

H{huflvh 414

+d, Wkh frqwudsrvlwlyh ri +�, lv +��,= _li { 95 W / wkhq { 95 V%1 ] � U
lv yhul�hg +l, xvlqj +�, vlqfh li { lv dq lqwhjhu/ wkhq lw lv uhdo dqg +ll,
xvlqj +��, vlqfh li { lv qrw uhdo/ wkhq lw lv qrw dq lqwhjhu1

+e, Wkh frqyhuvh ri +�, lv wkh dvvhuwlrq _li { 5 W / wkhq { 5 V1% Wkh
frqyhuvh ri wkh dvvhuwlrq ghprqvwudwhg lq +d, lv _li { lv uhdo/ wkhq { lv
dq lqwhjhu% zklfk lv idovh1

H{huflvh 415

Fohduo| wkh uljkw kdqg vlgh lv d vxevhw ri wkh ohiw vlqfh 3 5 ^��> �` iru doo
� � 31 Wr suryh wkdw wkh ohiw kdqg vlgh lv d vxevhw ri wkh uljkw/ zh hvwdeolvk
wkh frqwudsrvlwlyh=

li { 9@ 3> wkhq { 95
_

kM+n

^��> �`=

Exw li { 9@ 3/ wkhq wkhuh h{lvwv dq �� A 3 vxfk wkdw { 95 ^���> ��`1
H{huflvh 416

+d, Elmhfwlyh1

+e, Qhlwkhu lqmhfwlyh qru vxumhfwlyh/ khqfh qrw elmhfwlyh1 i = i5j $ i5j lv
elmhfwlyh zlwk lqyhuvh i3�= i5j $ i5j pdsslqj 5 :$ 51

+f, Vxumhfwlyh exw qrw lqmhfwlyh/ khqfh qrw elmhfwlyh +Klqw= Lqyhvwljdwh wkh
ehkdylru ri wkh ghulydwlyh ri i,1 i = ^4>4, $ ^3>4, lv elmhfwlyh zlwk
lqyhuvh wkh vroxwlrq ri | @ {� � { iru { dv d ixqfwlrq ri |1

+g, Lqmhfwlyh exw qrw vxumhfwlyh/ khqfh qrw elmhfwlyh1 i = ^3> 4` $ ^3> =8` lv
elmhfwlyh zlwk lqyhuvh i3�= ^3> =8`$ ^3> 4` pdsslqj | :$ |@+4� |,1

Yhul�fdwlrq wkdw i � i3� @ lg
t

dqg i3� � i @ lg
f

lv ohiw wr wkh uhdghu1

H{huflvh 417

+d, D olqh sdvvlqj wkurxjk wkh ruljlq dqg wkh srlqw +3> 4> 4,1

4



+e, D sodqh sdvvlqj wkurxjk wkh ruljlq dqg wkh wzr srlqwv +3> 4> 4, dqg
+4> 3> 4,1

+f, U�1

H{huflvh 418

Vhh Iljxuh 41

H{huflvh 419

Ohw i dqg j eh yhfwruv lq O�= l1h1/ olqhdu ixqfwlrqdov rq O1 Wkhq i.j 5 O�
vlqfh i . j lv dovr d olqhdu ixqfwlrqdo rq O dv zh qrz yhuli|=

+l, Iru dq| {> {� 5 O/

+i . j,+{. {�, @ i+{. {�, . j+{. {�,

@ i+{, . i+{�, . j+{, . j+{�,

@ +i . j,+{, . +i . j,+{�,

+ll, Iru dq| { 5 O dqg iru dq| � 5 U/

+i . j,+�{, @ i+�{, . j+�{,

@ �i+{, . �j+{,

@ �+i . j,+{,

Vlqfh i+{, . j+{, @ j+{, . i+{,/ wkh yhfwruv i . j dqg j . i uhsuhvhqw wkh
vdph olqhdu ixqfwlrqdo rq O1 Khqfh/ i . j @ j . i 1 Vlploduo|/ zh frqfoxgh
wkdw i . +j . k, @ +i . j, . k iru dq| yhfwruv i> j> k 5 O�1 Wkh 3 yhfwru
lq O� lv wkh ixqfwlrq 3=O $ U zklfk hyhu|zkhuh htxdov }hur1 Lw lv hdv|
wr fkhfn wkdw wklv lv lqghhg d olqhdu ixqfwlrqdo/ dqg fohduo| i . 3 @ i iru
hyhu| i 5 O�1 Wr hdfk i 5 O�/ zh gh�qh �i wr eh wkh ixqfwlrqdo pdsslqj
{ :$ �i+{,1 Djdlq/ lw lv hdv| wr yhuli| wkdw wklv ixqfwlrqdo lv olqhdu dqg wkdw
i . +�i, @ 3 iru hyhu| i 5 O�1

Iru dq| vfdodu � 5 U dqg yhfwru i 5 O�/ wkh ixqfwlrq �i =O$ U zklfk
pdsv { :$ �i+{, lv d olqhdu ixqfwlrqdo dqg khqfh ehorqjv wr O�=

+l, Iru dq| {> {� 5 O/

+�i,+{. {�, @ �^i+{. {�,`

@ +�i,+{, . +�i,+{�,

5



+ll, Iru dq| � 5 U dqg iru dq| { 5 O/

+�i,+�{, @ �^i+�{,`

@ �+�i,+{,

Lw lv wkhq hdv| wr yhuli| iru dq| i> j 5 O� dqg iru dq| �> � 5 U wkdw

4i @ i

�+i . j, @ �i . �j

+�. �,i @ �i . �i

e| yhuli|lqj wkdw wkh ohiw dqg uljkw kdqg vlghv ri hdfk h{suhvvlrq gh�qh wkh
vdph olqhdu ixqfwlrqdo rq O1
H{huflvh 41:

Vxssrvh wkdw iru vrph { 5 P zh kdyh { @ p
�
.p

2
@ p�

�
.p�

2
zkhuh

p
�
>p�

�
5P

�
dqg p

2
> p�

2
5P

2
1 Wkhq p

�
�p�

�
@ p�

2
�p

2
=@ | 5P

�
_P

2

dqg/ khqfh/ | @ 31 Wkhuhiruh/ p
�
@ p�

�
dqg p

2
@ p�

2
1

H{huflvh 41;

+d, Vlqfh O @ P
�
� i | 5 O m | @ �}> � 5 U j/ zh fdq h{suhvv { @

p
�
+{, . p

2
+{, @ p

�
+{, . s+{,} xqltxho| e| wkh gh�qlwlrq ri wkh

gluhfw vxp1

+e, E| gh�qlwlrq ri wkh gluhfw vxp/ dq| yhfwruv {> | 5 O kdyh xqltxh
uhsuhvhqwdwlrqv ri wkh irup { @ p

�
+{,.s+{,} dqg | @ p

�
+|,.s+|,}1

Wkhuhiruh/ iru dq| �> � 5 U/

�{. �| @ �p
�
+{, . �p

�
+|, . +�s+{, . �s+|,,}= +�,

Exw zh dovr kdyh wkh uhsuhvhqwdwlrq

�{. �| @ p
�
+�{. �|, . s+�{. �|,}= +��,

E| xqltxhqhvv ri wkh gluhfw vxp uhsuhvhqwdwlrq/ +�, dqg +��, pxvw eh
htxlydohqw/ lpso|lqj wkdw s+�{ . �|, @ �s+{, . �s+|,1 Ilqdoo|/ qrwh
wkdw K+s> 3, =@ s3�+i3j, @P

�
1

6



H{huflvh 41<

Fohduo|P
�
dqgP

2
duh olqhdu vxevsdfhv/ dqgP

2
kdv glphqvlrq rqh1 Zh

�uvw hvwdeolvk wkdw P
�
.P

2
@ O1 Iru dq| { 5 O/ gh�qh �+{, @ s � { @s � }1

Wkhq p
�
+{, =@ { � �+{,} 5 P

�
/ �+{,} 5 P

2
/ dqg vr { @ +{ � �+{,}, .

�+{,} 5 P
�
. P

2
= Qh{w zh vkrz wkdw P

�
_ P

2
@ i3j1 Vxssrvh wkdw

{ 5 P
�
_P

2
1 Wkhq { 5 P

�
lpsolhv wkdw s � { @ 3 dqg { 5 P

2
lpsolhv

wkdw { @ �} iru vrph � 5 U1 Wkhuhiruh/ s+�}, @ � s � } @ s � { @ 31 Vlqfh
s � } 9@ 3/ zh frqfoxgh wkdw � @ 3 dqg/ khqfh/ wkdw { @ 31

H{huflvh 4143

[
�

@ U
n
� ]

n
1

H{huflvh 4144 D.E @ i +4> 4,> +5> 6,> +3>�4,> +4> 4, j/ 5D @ i +5> 5,> +7> 9, j/
5D.E @ i +5> 5,> +7> 9,> +4> 3,> +6> 7, j1
H{huflvh 4145

Li D @ i +3> 3,> +4> 3,> +3> 4, j/ wkhq 5D @ i +3> 3,> +5> 3,> +3> 5, j exw D.D @
i +3> 3,> +4> 3,> +3> 4,> +5> 3,> +3> 5,> +4> 4, j1
H{huflvh 4146

Li +{> s, 5ZH+H,/ wkhq �
�

S
�

+{
�

, � Kn

J

+s> 3, iru doo l 5 L1 Dvvxph wkdw
} 5S

�M7

�
�

S
�

+{
�

, iru vrph V � L> l1h1/ } @
S

�M7

|
�

zkhuh |
�

5 �
�

S
�

+{
�

, iru
doo l 5 V1 Ehfdxvh { 5ZH+H, dqg |

�

5 �
�

S
�

+{
�

, iru doo l 5 V/ s � |
�

A 3 iru
doo l 5 V1 Wkhuhiruh/ S

�M7

s � |
�

A 3 dqg/ khqfh/ } 9@ 31 Vlqfh } fdq eh dq|
duelwudu| hohphqw ri

S
�M7

�
�

S
�

+{
�

,/ zh frqfoxgh wkdw 3 95 S
�M7

�
�

S
�

+{
�

,
iru doo V � L1 E| Ohppd 4144/ wklv lpsolhv wkdw { 5 F+H,1
H{huflvh 4147

+d, Vhh Iljxuh 51

+e, Vhh Iljxuh 61

H{huflvh 4148

Vhh Iljxuh 71

H{huflvh 4149

+d, Vhw wkh pdujlqdo udwh ri vxevwlwxwlrq iru frqvxphu l htxdo wr wkh udwlr
ri sulfhv/

PUV
�

+{
�

, @
7� {

�2

�{
��

@
s
�

s
2

>

7



dqg vxevwlwxwh lqwr wkh exgjhw htxdwlrq/ s
�
{
��
. s

2
{
�2

@ s � z
�

/ wr
rewdlq wkh ghpdqg htxdwlrqv1

+e, Htxdwh wkh pdujlqdo udwhv ri vxevwlwxwlrq iru wkh wzr frqvxphuv/

7� {
�2

�{
��

@
7� {

22

�{
2�

>

dqg frpelqh zlwk wkh ihdvlelolw| frqvwudlqwv/

{
��
. {

2�
@ 8 dqg {

�2
. {

22
@ 6>

wr rewdlq {
��

. {
�2

@ 71 Wkh Sduhwr rswlpdo vhw dovr lqfoxghv wkh
doorfdwlrqv rq wkh erxqgdu| ri wkh Hgjhzruwk er{ iru zklfk hlwkhu

{
�
@ +f> 6, dqg {

2
@ +8� f> 3, iru f 5 ^3> 4`

ru
{
�
@ +3> 7 . f, dqg {

2
@ +6> 4� f, iru f 5 ^3> 4`=

+f, Wr vroyh iru wkh hqgsrlqwv ri wkh fruh/ vhw x
�
+{

�
, @ x

�
+z

�
, wr rewdlq

{
��
+7 � {

�2
, @ 7 dqg xvh wkh idfw wkdw Sduhwr rswlpdolw| uhtxluhv

7 � {
�2

@ {
��

wr frqfoxgh wkdw {
�
@ +5> 5, lv rqh ri wkh hqgsrlqwv1

Vlploduo|/ vhw x
2
+{

2
, @ x

2
+z

2
, wr rewdlq {

2�
+7 � {

22
, @ 7 dqg xvh

wkh Sduhwr rswlpdolw| uhtxluhphqw 7 � {
22

@ {
2�

wr frqfoxgh wkdw
{
2
@ +5> 5, lv wkh rwkhu hqgsrlqw1

+g, Qrwh wkdw/ xvlqj wkh qrupdol}dwlrq s
�
@ 4/ zh kdyh s � z

�
@ 7 . 6s

2

dqg s � z
2
@ 41 Fohdulqj wkh pdunhw iru frpprglw| rqh/

!
��
+s, . !

2�
+s, @ ^+7� s

2
,@5` . ^+4� 7s

2
,@5` @ 8

|lhogv s
2
@ �41

+h, {
�
@ {

2
@ +8@5> 6@5,1

+i, �
�

{
�
@ +�6@5>�6@5, dqg �

�

{
2
@ +6@5> 6@5,= Vhh Iljxuh 81

+j, Wkh hqgrzphqw ixqfwlrq ehfrphv

z
�

@

�
+7> 3, li l @ 4>
+4> 6, li l @ 51

Wkh vhw ri Sduhwr rswlpdo doorfdwlrqv lv/ ri frxuvh/ xqfkdqjhg1 Exw
vlqfh qrz x

�
+z

�
, @ 49 dqg x

2
+z

2
, @ 4 wkh hqgsrlqwv ri wkh fruh duh

8



jlyhq e| {
�
@ +7> 3, dqg {

2
@ +4> 6, vr wkdw wkh fruh kdv vkuxqn wr d

vlqjoh srlqw +wkh hqgrzphqw srlqw,1 Xvlqj wkh qrupdol}dwlrq s
�
@ 4/

zh kdyh s � z
�
@ 7 dqg s � z

2
@ 4 . 6s

2
1 Fohdulqj wkh pdunhw iru

frpprglw| rqh |lhogv

!
��
+s, . !

2�
+s, @ ^+7� 7s

2
,@5` . ^+4� s

2
,@5` @ 8

zklfk lpsolhv rqfh djdlq wkdw s
2
@ �41 +Dfwxdoo|/ zh kdyh d fruqhu

vroxwlrq/ exw htxdwlqj PUV*v wr wkh sulfh udwlr kdsshqv wr zrun1,
Wkh htxloleulxp doorfdwlrq ehfrphv {

�
@ +7> 3, dqg {

2
@ +4> 6, vr wkdw

wkhuh lv qr wudgh1

+k, Wkh hqgrzphqw ixqfwlrq dqg khqfh wkh Zdoudvldq htxloleulxp dqg wkh
fruh duh xqgh�qhg +dw ohdvw lq wkh _hfrqrplf% jdph suhvhqwhg khuh,=
wkh uhvxow zloo ghshqg rq _srolwlfv/% _srzhu/% ru rwkhu qrqhfrqrplf
frqvlghudwlrqv1

H{huflvh 414:

Vhh Iljxuh 91

H{huflvh 414;

+d, Vhh Iljxuh :1

+e, Vhh Iljxuh :1

+f, Wkh htxloleulxp sulfh ixqfwlrqdo lv s @ +=8> =8, dqg wkh wzr htxloleulxp
qhw wudgh doorfdwlrqv duh

�
�

{
�
@ +=8>�=8,> �

�

{
2
@ +�=8> =8, dqg

�
�

|
�
@ +�=8> =8,> �

�

|
2
@ +=8>�=8,

Vhh Iljxuh :1

+g, Zkdwhyhu sulfh ixqfwlrqdo |rx fkrrvh/ wkh qhw wudghv qhyhu vxp wr
}hur1

+h, Qrz wkhuh duh Zdoudvldq htxloleuld fruuhvsrqglqj wr wkh vdph sulfh
ixqfwlrqdo irxqg lq sduw +f,= dvvljq dq| wzr frqvxphuv wkh qhw wudgh
+=8>�=8, dqg wkh rwkhu wzr wkh qhw wudgh +�=8> =8,1

9



+i, Htxloleuld h{lvw zkhq wkh qxpehu ri frqvxphuv lv hyhq/ exw wkhuh duh
qr htxloleuld li wkh qxpehu ri frqvxphuv lv rgg1

H{huflvh 414<

Ohwwlqj L
�
ghqrwh wkh vhw ri frqvxphuv ri wkh �uvw w|sh dqg L

2
wkh vhw ri

frqvxphuv ri wkh vhfrqg w|sh/ zh kdyh

!
�

+s, @

�
+� s � z

�

@s
�
> +4� �, s � z

�

@s
2
, l 5 L

�
>

+� s � z
�

@s
�
> +4� �, s � z

�

@s
2
, l 5 L

2

zkhuh

s � z
�

@

�
s
�
d
�
. s

2
e
�

li l 5 L
�
>

s
�
d
2
. s

2
e
2

li l 5 L
2
1

Fohdulqj wkh pdunhw iru frpprglw| rqh/ zh rewdlq

[
�MU�

�s � z
�

s
�

.
[
�MU2

� s � z
�

s
�

@
[
�MU�

d
�
.
[
�MU2

d
2
@ u+d

�
. d

2
,

zklfk uhgxfhv wr

u�

�
s
�
d
�
. s

2
e
�

s
�

�
. u�

�
s
�
d
2
. s

2
e
2

s
�

�
@ u+d

�
. d

2
,

dqg/ �qdoo|/ wr

�

�
s
�
d
�
. s

2
e
�

s
�

�
. �

�
s
�
d
2
. s

2
e
2

s
�

�
@ d

�
. d

2

zklfk lv lghqwlfdo wr htxdwlrq +414,1 Vlploduo|/ wkh pdunhw fohdulqj htxdwlrq
iru frpprglw| wzr uhgxfhv wr +415,1 Wkhuhiruh/ wkh htxloleulxp sulfh ixqf0
wlrqdo dqg wkh htxloleulxp doorfdwlrq uhfhlyhg e| frqvxphuv ri hdfk w|sh lv
lghqwlfdo wr wkdw iru wkh hfrqrp| zlwk rqh frqvxphu ri hdfk w|sh1

H{huflvh 4153

Wkh dujxphqw sdudoohov wkdw lq wkh wh{w=

�
�

{
�

@

�
+4=5>�=;, iru l @ 4>
+�4=5> =;, iru l @ 51

Li zh dvvljq wkh qhw wudgh doorfdwlrq

�
�

|
�

@

�
+4 . �,+4=5>�=;, iru frqvxphuv ri w|sh 4>
+4� �,+�4=5> =;, iru frqvxphuv ri w|sh 5/

:



wkhq wkh ihdvlelolw| frqglwlrq uhtxluhv

+u � 4,+4 . �,+4=5>�=;, . u+4� �,+�4=5> =;, @ 3

zklfk uhgxfhv wr

� @
4

5u � 4

dv ehiruh1 Wkhuhiruh/ dv u lqfuhdvhv/ � dssurdfkhv 3 vr wkdw/ jlyhq hqrxjk
uhsolfdwlrq/ zh fdq �qg d qhw wudgh doorfdwlrq zklfk olhv lq wkh suhihuuhg vhwv
ri hdfk frqvxphu1

H{huflvh 4154

Ohiw wr uhdghu1

H{huflvh 4155

Wkh Hgjhzruwk er{ gldjudpv duh plvohdglqj ehfdxvh hdfk uhsuhvhqwv d
wzr0glphqvlrqdo furvv vhfwlrq ri Ue1 Vlqfh s � +{

�

�z
�

, @ 3 iru l @ 4> 5/ wkh
qhw wudghv ri erwk frqvxphuv gr olh rq d k|shusodqh +lqUe, sdvvlqj wkurxjk
wkh ruljlq1

H{huflvh 4156

Vlqfh wkh vdph gl�fxow| dulvhv lq erwk surriv/ zh glvfxvv rqo| wkh surri ri
Wkhruhp 41451 Wkh sureohp dulvhv zkhq xvlqj wkh olqhdulw| ri s wr frqfoxgh
wkdw

s �
[
�MU

�
�

|
�

@
[
�MU

s ��
�

|
�

zklfk qhhg qrw eh wuxh li wkh vxp lv lq�qlwh1 Lq wkh h{dpsoh glvfxvvhg lq wkh
wh{w/ wkh ohiw kdqg vlgh ri wklv h{suhvvlrq htxdov }hur zkloh wkh uljkw kdqg
vlgh lv lq�qlwh1

;
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+ �
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+ �
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�

�
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Iljxuh 4= K|shusodqhv dqg kdoivsdfhv

<



Iljxuh 5= Shuihfw frpsohphqwv +d,

43



Iljxuh 6= Shuihfw frpsohphqwv +e,

44



Iljxuh 7= Shuihfw vxevwlwxwhv

45



Iljxuh 8= Dq hfrqrp| zlwk d edg

46



Iljxuh 9= Yhfwru0rughulqj suhihuhqfhv

47



Iljxuh := Vwdlu vwhs suhihuhqfhv
48



2 �hL_�U|�L?

H{huflvh 514

+d, vsV @ d� V/ wkh olqh sdvvlqj wkurxjk wkh ruljlq dqg wkh srlqw +4> 4,>
frV @ i +4> 4, j1

+e, Djdlq vsV @ d� V/ wkh vdph vhw dv lq sduw +d,/ exw frV lv qrz wkh
olqh vhjphqw zlwk hqgsrlqwv +4> 4, dqg +5> 5,1

+f, vsV @ U2 zkloh d� V lv wkh olqh sdvvlqj wkurxjk wkh srlqwv +4> 4, dqg
+5> 6,1 frV lv wkh olqh vhjphqw zlwk +4> 4, dqg +5> 6, dv hqgsrlqwv1

+g, vsV @ U21 d� V lv wkh olqh sdvvlqj wkurxjk wkh wkuhh srlqwv lq V zkloh
frV lv wkh olqh vhjphqw zlwk +3>�4, dqg +5> 6, dv hqgsrlqwv1

+h, vsV @ d� V @ U2 zkloh frV lv wkh wuldqjoh kdylqj wkh wkuhh srlqwv lq
V dv yhuwlfhv1

Gldjudpv ohiw wr uhdghu1

H{huflvh 515

E lv frqyh{ ehfdxvh lw lv wkh lqwhuvhfwlrq ri frqyh{ vhwv/ dqg lw pxvw eh
wkh vpdoohvw ehfdxvh dq| rwkhu frqyh{ vhw frqwdlqlqj V zloo eh rqh ri wkh vhwv
lq F1 Vlqfh fohduo| I � frI / H � I lpsolhv H � frI 1 Wkhuhiruh/ vlqfh frI
lv frqyh{/ doo frqyh{ frpelqdwlrqv ri hohphqwv ri H zloo eh frqwdlqhg lq frI /
lpso|lqj frH � frI 1 Vlqfh V � E/ zh frqfoxgh wkdw frV � frE @ E/
wkh odwwhu htxdolw| iroorzlqj vlqfh E lv frqyh{1 Krzhyhu/ zh dovr nqrz wkdw
E � frV vlqfh E lv wkh lqwhuvhfwlrq ri doo frqyh{ vhwv vxfk dv frV zklfk
frqwdlq V1 Wkhuhiruh/ frV � E dqg E � frV zklfk lpsolhv wkdw frV @ E1

H{huflvh 516

Wudqvodwlqj wkh eorfn qrwdwlrq lpsolflw lq wklv h{suhvvlrq jlyhv

�{. +4� �,| 5 V ;{> | 5 V dqg ;� 5 ^3> 4`

zklfk lv suhflvho| wkh gh�qlwlrq iru V wr eh frqyh{1

H{huflvh 517

� @ 4= wkh olqh vhjphqw F
�
>

49



� @ =:8= wkh uhfwdqjoh zlwk yhuwlfhv

i +3> 3,> +=:8> 3,> +=:8> =58,> +3> =58, j>
� @ =8= wkh uhfwdqjoh zlwk yhuwlfhv

i +3> 3,> +=8> 3,> +=8> =8,> +3> =8, j>
� @ =58= wkh uhfwdqjoh zlwk yhuwlfhv

i +3> 3,> +=58> 3,> +=58> =:8,> +3> =:8, j>
� @ 3= wkh olqh vhjphqw F

2
1

Gldjudpv duh ohiw wr uhdghu1

H{huflvh 518

Fohduo| V � V � U?1 Wr hvwdeolvk wkh uhyhuvh lqfoxvlrq/ frqvlghu dq
duelwudu| hohphqw { 5 U?1 Gh�qh

{n =@ +pd{i 3> {
�
j> = = = >pd{i 3> {

?

j,
dqg

{3 =@ +pd{i 3>�{
�
j> = = = >pd{i 3>�{

?

j,=
Wkhq {n> {3 5 V dqg {n � {3 @ {1

H{huflvh 519

Wkh rqo| srvvleoh fdqglgdwh iru wkh }hur _yhfwru% lv wkh vhw i3j1 Exw lw
lv qrw wuxh lq jhqhudo wkdw iru hyhu| qrqhpsw| frqyh{ vxevhw F wkhuh h{lvwv
dq lqyhuvh �F vxfk wkdw F .+�F, @ i3j> frqvlghu/ iru h{dpsoh/ ^4> 5` � U1

H{huflvh 51:

Ohiw wr wkh uhdghu +wkh surriv duh doprvw lghqwlfdo wr wkdw iru frqyh{lw|,1

H{huflvh 51;

Ohiw wr uhdghu1

H{huflvh 51<

Vxjjhvwlrq= wu| wkh wudqvirupdwlrqv gh�qhg e| wkh pdwulfhv�
4 3
3 4

�
>

�
4 4
3 3

�
> dqg

�
3 3
3 3

�
=

4:



H{huflvh 5143

L jlyh wkh surri iru wkh fdvh ri d�qh vxevsdfhv/ ohdylqj wkh +doprvw lghq0
wlfdo, surri iru frqyh{ vxevhwv wr wkh uhdghu1 Qrwh �uvw wkdw/ e| gh�qlwlrq/
wkhuh h{lvwv d olqhdu wudqvirupdwlrq F=[ $ \ dqg d yhfwru f 5 \ vxfk wkdw
D{ @ F{. f iru doo { 5 [1

+d, Iru dq| |> |� 5 DV dqg � 5 U/ zh zdqw wr vkrz wkdw �|. +4��,|� 5
DV1 E| gh�qlwlrq/ | @ F{ . f dqg |� @ F{� . f iru vrph {> {� 5 V1
Wkhuhiruh/

�| . +4� �,|� @ �+F{. f, . +4� �,+F{� . f,

@ F+�{. +4� �,{�, . f 5 DV

vlqfh �{. +4� �,{� 5 V1
+e, Iru dq| {> {� 5 D3�V dqg � 5 U/ zh kdyh | @= F{ . f 5 V dqg

|� @= F{�. f 5 V1 Ehfdxvh V lv dq d�qh vxevsdfh/ �|.+4��,|� 5 V
dqg vr

�+F{. f, . +4� �,+F{� . f, @ F+�{. +4� �,{�, . f 5 V=

Wkhuhiruh/ �{. +4� �,{� 5 D3�V1

H{huflvh 5144

Wklv iroorzv gluhfwo| iurp wkh gh�qlwlrq= | � { l� |
�

� {
�

iru doo l @
4> = = = > q1 Ehfdxvh �{

�

� 3 li {
�

� 3 dqg � A 3/ �{ � 3 iru doo { 5 U?
n

surylghg wkdw � A 3 zklfk suryhv wkdw U?
n
lv d frqh1 Li {

�

� 3 dqg |
�

� 3
iru doo l 5 L/ wkhq

�{
�

. +4� �,|
�

A 3 ;l 5 L dqg ;� 5 ^3> 4`

vr
{> | 5 U?

n
dqg � 5 ^3> 4` lpsolhv �{. +4� �,| 5 U?

n

zklfk suryhv wkdw U?
n
lv frqyh{1 Li { 5 U?

n
_ +�U?

n
,/ wkhq {

�

� 3 dqg
�{

�

� 3 iru doo l 5 L vr wkdw { @ 3 zklfk suryhv wkdw U?
n
lv surshu1 Vlqfh

fohduo| 3 5 U?
n
/ wkh surshu/ frqyh{ frqh U?

n
lv srlqwhg1

Yhul�fdwlrq ri wkh dqdorjrxv surshuwlhv iru U?
3

iroorzv dorqj wkh vdph
olqhv1

4;



H{huflvh 5145

Wklv iroorzv gluhfwo| iurp wkh gh�qlwlrq= |  { l� |
�

A {
�

iru l @
4> = = = > q1 Ghwdlov ri wkh yhul�fdwlrq duh ohiw wr wkh uhdghu1 Wkh frqhv duh qrw
srlqwhg1

H{huflvh 5146

� uh�h{lyh= V � V iru dq| vhw V>

� wudqvlwlyh= V
�
� V

2
dqg V

2
� V

�
lpsolhv V

�
� V

�
iru dq| vhwv V

�
> V

2

dqg V
�
>

� dqwlv|pphwulf= li V � W dqg W � V wkhq V @ W 1

Wr vkrz wkdw wklv sduwldo rughulqj qhhg qrw eh frpsohwh/ frqvlghu dq|
wzr vhwv zklfk lqwhuvhfw zlwk qhlwkhu rqh d vxevhw ri wkh rwkhu= h1j1/

V @ ^3> 5` dqg W @ ^4> 6`=

H{huflvh 5147

� uh�h{lyh= { � { iru doo { 5 U?
n
>

� wudqvlwlyh= { � | dqg | � } lpsolhv { � } iru dq| {> |> } 5 U?
n
>

� dqwlv|pphwulf= { � | dqg | � { lpsolhv { @ | iru dq| {> | 5 U?
n
1

Wkh idfw wkdw � vdwlv�hv frqglwlrqv +d, dqg +e, ri wkh gh�qlwlrq iru dq
rughuhg yhfwru vsdfh lv lpphgldwh1

H{huflvh 5148

� uh�h{lyh= i+w, � i+w, iru doo w 5 W / vr i � i iru dq| i 5 UA >

� wudqvlwlyh= li i+w, � j+w, dqg j+w, � k+w, iru doo w 5 W / wkhq i+w, � k+w,
iru doo w 5 W >

� dqwlv|pphwulf= li i+w, � j+w, dqg j+w, � i+w, iru doo w 5 W / wkhq
i+w, @ j+w, iru doo w 5 W 1

4<



Djdlq yhul�fdwlrq wkdw � vdwlv�hv frqglwlrqv +d, dqg +e, ri wkh gh�qlwlrq
iru dq rughuhg yhfwru vsdfh lv lpphgldwh1

O
n
@ i i 5 UA m i+w, � 3 ;w 5 W j

dqg
O
3
@ i i 5 UA m i+w, � 3 ;w 5 W j=

H{huflvh 5149

Vhh Iljxuh ;1

+d, NJ @ U2

3
>

+e, NJ @ i{ 5 U2 m { 5 U2

n
ru +{

�
� 3 dqg {

2
� �{

�
, j1

H{huflvh 514:

Wkh dfwlylw| |� @ +�4> 4> 3> 4, lv srvvleoh iru wkh idfwru| rshudwlqj dorqh
dqg wkh dfwlylw| |2 @ +�4> 3> 4> 3, iru wkh odxqgu| rshudwlqj dorqh/ exw |� .
|2 @ +�5> 4> 4> 4, lv qrw srvvleoh iru erwk rshudwlqj vlpxowdqhrxvo| +jlyhq
wkh suhvhqfh ri rqh xqlw ri vrrw/ wkh odxqgu| uhtxluhv dq h{wud xqlw ri oderu
wr surgxfh d xqlw ri fohdq vkluwv,1

H{huflvh 514;

Wkh ghpdqg vhw iru frqvxphu 5 lv frpsxwhg mxvw dv lq wkh wh{w= vhw wkh
PUV iru frqvxphu 5 htxdo wr wkh sulfh udwlr/

{
22

6+{
2�
. 7,

@
s
�

s
2

>

dqg vroyh vlpxowdqhrxvo| zlwk wkh exgjhw frqvwudlqw s
�
{
2�
. s

2
{
22

@ 3 wr
rewdlq

!
2
+s, @

�
�4> s�

s
2

�

dv ehiruh1 Iru frqvxphu 4/ vhw wkh PUV htxdo wr wkh sulfh udwlr/

6{
�2

{
��
. 7

@
s
�

s
2

>

dqg vroyh vlpxowdqhrxvo| zlwk wkh qhz exgjhw frqvwudlqw s
�
{
��
. s

2
{
�2

@
s � z

�
@ s

2
wr rewdlq

!
�
+s, @

�
s
2

7s
�

� 6>
6

7
.
6s

�

s
2

�
=
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Iljxuh ;= Srodu frqhv1
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Vlqfh d srvlwlyh dprxqw ri frpprglw| wzr zloo eh surgxfhg lq htxloleulxp/
wkh htxloleulxp k|shusodqh rqfh djdlq frlqflghv zlwk wkh gldjrqdo erxqgdu|
ri wkh djjuhjdwh whfkqrorj| vhw/ |lhoglqj wkh htxloleulxp sulfh ixqfwlrqdo
s @ +=8> =8,1 Dw wkrvh sulfhv/ wkh htxloleulxp doorfdwlrq lv

{
�

@

�
+�44@7> 48@7, iru l @ 4>
+�4> 4, iru l @ 5

zlwk wkh htxloleulxp qhw wudgh doorfdwlrq

�
�

{
�

@

�
+�44@7> 44@7, iru l @ 4>
+�4> 4, iru l @ 51

H{huflvh 514<

+d, Ohppd 5157= { 5 Grp+H > L,
l� < {� 5 I+H > L, 6 {�

�

5 S
�

+{
�

, ;l 5 L
l� < {�= L $ O 6

[
�MU

�
�

{�
�

5 \

dqg �
�

{�
�

5 �
�

S
�

+{
�

, ; l 5 L
l� \ _

[
�MU

�
�

S
�

+{
�

, @ >=

Ohppd 5158= E| gh�qlwlrq/ SR+H, @ I+H > L,qGrp+H > L,1 Wkhuhiruh/
e| Ohppd 5157/

{ 5 SR+H, l� \ _
[
�MU

�
�

S
�

+{
�

, @ >=

+e, Ohppd 5157= dq doorfdwlrq { lv grplqdwhg li lw lv srvvleoh wr �qg qhw
wudghv �

�

{�
�

o|lqj lq hdfk frqvxphu*v suhihuuhg qhw wudgh vhw zklfk
vxp wr d yhfwru zklfk fdq eh surgxfhg +l1h1/ zklfk olhv lq \ ,1

Ohppd 5158= dq doorfdwlrq { lv Sduhwr rswlpdo li lw lv qrw srvvleoh wr
�qg qhw wudghv o|lqj lq hdfk frqvxphu*v suhihuuhg qhw wudgh vhw zklfk
vxp wr d yhfwru zklfk fdq eh surgxfhg1

+f, Li \ @ i3j/ wkhq
\ _

[
�MU

�
�

S
�

+{
�

, 9@ > dqg 3 5
[
�MU

�
�

S
�

+{
�

,

duh htxlydohqw1

55



+g, Li +{> s, 5ZH+H,/ wkhq �
�

S
�

+{
�

, � Kn

J

+s> 3, iru doo l 5 L1 Exw

} 5
[
�MU

�
�

S
�

+{
�

, lpsolhv } @
[
�MU

|
�

zkhuh |
�

5 �
�

S
�

+{
�

, iru doo l 5 L1 Wkhuhiruh/ s � |
�

A 3 iru doo l 5 L
dqg vr s � } A 31 Exw/ li } 5 \ / wkhq s � } � 31 Zh frqfoxgh wkdw

\ _�
�

[
�MU

S
�

+{
�

, @ >

zklfk lpsolhv wkdw { 5 SR+H,1

H{huflvh 5153

+d, Ohppd 515:= { 5 Grp+H > V,

l� < {� 5 I+H > V, 6 {�
�

5 S
�

+{
�

, ;l 5 V
l� < {�= L $ O 6

[
�M7

�
�

{�
�

5 \
7

dqg �
�

{�
�

5 �
�

S
�

+{
�

, ; l 5 V
l� \

7

_
[
�M7

�
�

S
�

+{
�

, @ >=

Ohppd 515;= E| gh�qlwlrq/

F+H, @ I+H > L,q
^
7aU

Grp+H > V,=

Wkhuhiruh/ e| Ohppd 51;/

{ 5 F+H, l� \
7

_
[
�M7

�
�

S
�

+{
�

, @ >=

+e, Li \
7

@ i3j/ wkhq

\
7

_
[
�M7

�
�

S
�

+{
�

, 9@ > dqg 3 5
[
�M7

�
�

S
�

+{
�

,

duh htxlydohqw1
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H{huflvh 5154

Dv xvxdo/ wkh lqfoxvlrq F+H, �ZH+H, lv lpphgldwh iurp wkh gh�qlwlrqv1
Wr hvwdeolvk wkh �uvw lqfoxvlrq/ vxssrvh wkdw +{> s, 5ZH+H, exw { 95 F+H,1
E| wkh gh�qlwlrq ri wkh fruh/ { 5 Grp+H > V, iru vrph qrqhpsw| V � L
dqg vr wkhuh h{lvwv dq doorfdwlrq | 5 I+H > V, vxfk wkdw | "

7

{1 Exw wkhq
�
�

|
�

5 �
�

S
�

+{
�

, iru doo l 5 V1 E| wkh gh�qlwlrq ri Zdoudvldq htxloleulxp/
wklv lpsolhv wkdw s�

�

|
�

A 3 iru doo l 5 V dqg khqfh wkdw

s �
[
�M7

�
�

|
�

@
[
�M7

s ��
�

|
�

A 3

Krzhyhu/ | 5 I+H > V, lpsolhv[
�M7

�
�

|
�

5 \
7

� \

vr wkdw/ e| wkh gh�qlwlrq ri Zdoudvldq htxloleulxp/

s �
[
�M7

�
�

|
�

� 3>

d frqwudglfwlrq1

H{huflvh 5155

Ohiw wr uhdghu1

H{huflvh 5156

Ohiw wr uhdghu1

H{huflvh 5157

Ohiw wr uhdghu1

H{huflvh 5158

s
�
@ =7/ s

2
@ =9/ t @ 8/ dqg {

��
@ {

22
@ 81 Vhh Iljxuh <1

H{huflvh 5159

Ohw \ @ i | 5 U� m | @ �+e
�
> e

2
>�4,> � � 3 j1 Wkh }hur sur�w frqglwlrq

wkhq lpsolhv wkdw s � | @ s
�
�e

�
. s

2
�e

2
� � @ 3 vr wkdw/ li � A 3/ wkhq

e
�
s
�
. e

2
s
2
@ 41 Ohwwlqj t ghqrwh wkh qxpehu ri vkhhs vodxjkwhuhg/ zh kdyh

d
�

5s
�

@ e
�
t>

d
2

5s
2

@ e
2
t> dqg vr

d
�
. d

2

5
@ t+e

�
s
�
. e

2
s
2
, @ t=
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Iljxuh <= Pduvkdooldq mrlqw vxsso|1
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Iljxuh 43= Frqwlqjhqw frpprglwlhv1
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Wkhuhiruh/

s
�
@

d
�

5e
�
t
@

d
�

e
�
+d

�
. d

2
,

dqg s
2
@

d
2

5e
2
t
@

d
2

e
2
+d

�
. d

2
,
=

H{huflvh 515:

+d, { @ +6> 4>�4, dqg s @ +�@6> 4� �> 4,1

+e, Fdvh D= Li � A 6@8/ wkhq s @ +�@6> 4� �> 4, dqg { @ +6> 4>�4,1 Fdvh
E= Li � ? 4@8/ wkhq s @ +�> +4� �,@5> 4, dqg { @ +4> 5>�4,1 Fdvh F= Li
4@8 � � � 6@8/ wkhq s @ +4@8> 5@8> 4, dqg { @ +8�> +8� 8�,@5>�4,1
Vhh Iljxuh 431

H{huflvh 515;

Vhh Iljxuh 441

5:



Iljxuh 44= Olqgdko gldjudp1
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� ��4@??<t 4L_i*

H{huflvh 614

Wkh shu fdslwd ghpdqg iru frpprglw| rqh lv jlyhq e|]
�

f

s � z
��

5s
�

gl @

]
�

f

s
�
+5 . 53l, . s

2
+43� ;l,

5s
�

gl

@ 9 .
6s

2

s
�

dqg wkh shu fdslwd hqgrzphqw e|]
�

f

z
��
gl @

]
�

f

+5 . 53l, gl @ 45=

Fohdulqj wkh pdunhw iru frpprglw| rqh/ zh kdyh

9 .
6s

2

s
�

@ 45=

Xvlqj wkh qrupdol}dwlrq s
�
. s

2
@ 4 |lhogv wkh htxloleulxp sulfh ixqfwlrqdo

s @ +4@6> 5@6,1
Wkhuhiruh/ wkh htxloleulxp zhdowk ixqfwlrq lv

s � z
�

@
4

6
+5 . 53l, .

5

6
+43� ;l, @

55 . 7l

6

dqg wkh htxloleulxp doorfdwlrq

{
��
@ 44 . 5l dqg {

�2
@ 8=8 . l

wr frqvxphu l1

H{huflvh 615

Xvlqj s � z
�

@ 7l+4 � l,/ zh rewdlq iru wkh shu fdslwd ghpdqg dqg hq0
grzphqw ri wkh �uvw frpprglw|

]
�

f

l2 s � z
�

s
�

gl @
4

8s
�

dqg

]
�

f

z
��
gl @

5

6

uhvshfwlyho|/ |lhoglqj s @ +=6> =:, iru wkh htxloleulxp sulfh ixqfwlrqdo +xvlqj
wkh qrupdol}dwlrq s

�
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2
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{
�

@

�
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6
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:
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�
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iru wkh htxloleulxp doorfdwlrq wr frqvxphu l1

H{huflvh 616

Xvlqj wkh qrupdol}dwlrq s
�
. s

2
. s

�
@ 4/

s � z
�

@
�[

�'�

s
�

+7l� 7l2, @ 7l� 7l2=

Iru frpprglw| 4 ru 5/ shu fdslwd ghpdqg dqg hqgrzphqw duh jlyhq e|

]
�

f

s � z
�

7s
�

gl @
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9s
�

dqg

]
�

f

z
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gl @
5

6

uhvshfwlyho|/ |lhoglqj htxloleulxp sulfhv s @ +=58> =58> =8,1 Wkh htxloleulxp
doorfdwlrq jlyhv

{
��

@ 7l� 7l2 iru m @ 4> 5> 6

wr frqvxphu l1

H{huflvh 617

Li | @ �+�=8> 3> 4, iru vrph � A 3/ wkhq s � | @ �+�=8s
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�
, @ 3 lpsolhv

s
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]
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�
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dqg
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z
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n

5

zh rewdlq wkh htxloleulxp sulfh ixqfwlrqdo s @ +5@6> 4@6> 4@6,1 Wkh htxlole0
ulxp doorfdwlrq jlyhv {

�

@ +nl@5> nl> nl, wr frqvxphu l1

H{huflvh 618

Xvlqj wkh sulfh qrupdol}dwlrq s
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� Ohw E

�
@ +d

�
> e

�
, dqg E

2
@ +d

2
> e

2
, eh dq| wzr lqwhuydov dqg { 5

E
�
_E

2
1 Wkhq E

�
=@ E

�
_E

2
lv dq rshq lqwhuydo dqg { 5 E

�
� E

�
_E

2
1

+Zkdw kdsshqv li E
�
dqg E

2
duh glvmrlqwB Wkhq wkh vwdwhphqw lv wuxh

_e| ydfxrxv lpsolfdwlrq%$,

Zh frqfoxgh wkdw � vdwlv�hv wkh wzr uhtxluhphqwv ri d edvlv1

H{huflvh 716

+d, Ehfdxvh +�4>��, dqg +�>4, duh rshq/ wkhlu xqlrq lv rshq1 Wkhuh0
iruh/ iru dq| � � 3/ wkh vhw ^��> �` @ Uqi +�4>��, ^ +�>4, j lv
forvhg1 Frqvhtxhqwo|/ _

kM+n
^��> �` lv forvhg ehfdxvh lw lv wkh lqwhu0

vhfwlrq ri d froohfwlrq ri forvhg vhwv1

Vlqfh _
kM+n

^��> �` @ i3j +fi1 H{huflvh 415,/ |rx fdq dovr uhdfk wkh
vdph frqfoxvlrq e| qrwlqj wkdw wkh vlqjohwrq vhw i3j lv forvhg1

+e, Dowkrxjk +��> �, li dq rshq vhw iru hdfk � A 3/ wkh lqwhuvhfwlrq
_
kM+nn

+��> �, lv qrw d �qlwh lqwhuvhfwlrq ri rshq vhwv dqg khqfh
qhhg qrw eh rshq1 Lq idfw/ lw lv qrw ehfdxvh _

kM+nn
+��> �, @ i3j

+suryh wklv iroorzlqj dorqj wkh olqhv ri H{huflvh 415, dqg i3j lv forvhg
exw qrw rshq1 Vlqfh _

kM+nn
+��> �, lv dq lqwhuvhfwlrq ri rshq vhwv/ lw

lv d Eruho vhw1 Krzhyhu/ ehfdxvh wkh lqgh{ vhw U
nn

lv qrw frxqwdeoh/
wklv vhw qhhg qrw eh d J

B

1 Qhyhuwkhohvv/ lq wklv fdvh lw lv d J
B

vhw
ehfdxvh _

kM+nn

+��> �, @
_

kM~nn

+��> �, +@ i3j,

+zklfk lv hdv| wr suryh, dqg ]
nn

lv d frxqwdeoh vhw1
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H{huflvh 717

Ohw E @
T

kM�

E
k

eh d w|slfdo edvlv hohphqw iru wkh surgxfw wrsrorj|
zkhuh E

k

@ [
k

h{fhsw iru � 5 D� zkhuh D� =@ i�
�
> = = = > �

?

j lv d �qlwh
vxevhw ri D1 Gh�qh

E�

�

@
\
kM�

�E
k

zkhuh
�E
k

@

�
E
k

li � @ �
�

>
[
k

rwkhuzlvh1

Wkhq E @ _?
�'�

E�

�

dv zdv wr eh vkrzq1
Ohw E

�
dqgE

2
eh rshq lqwhuydov lqU vr wkdw E

�
�E

2
lv dq rshq uhfwdqjoh1

+Qrwh= lq jhqhudo/ dq| vhw ri wkh irup J
�
�J

2
/ zkhuh J

�
dqg J

2
duh rshq

vxevhwv exw qrw qhfhvvdulo| rshq lqwhuydov ri U/ lv frqyhqwlrqdoo| fdoohg dq
_rshq uhfwdqjoh% ri U21 Khuh zh duh frqvlghulqj d vshfldo fdvh1, Ohwwlqj

E�

�
@ E

�
�U dqg E�

2
@ U�E

2
>

zh kdyh
E
�
�E

2
@ E�

�
_E�

2
=

H{huflvh 718

Jlyhq d edoo E+{> �, zlwk � A 3/ fkrrvh d udwlrqdo qxpehu �� vxfk wkdw
3 ? �� ? �1 +Wklv h{sorlwv wkh idfw wkdw hyhu| rshq lqwhuydo frqwdlqv d
udwlrqdo1 Lq idfw/ zh fdq fkrrvh dq lqwhjhu q 5 ]

nn
vxfk wkdw 3 ? 4@q ? �1,

Wkhq
E+{> ��, � E+{> �,=

Rq wkh rwkhu kdqg/ li E+{> ��, lv d edoo zlwk +vwulfwo| srvlwlyh, udwlrqdo
udglxv ��/ wkhq zh fdq fhuwdlqo| �qg d qxpehu � 5 U

n
vxfk wkdw 3 ? � ? ��1

Wkhuhiruh/
E+{> �, � E+{> ��,=

Zh frqfoxgh wkdw erwk froohfwlrqv ri rshq edoov/ wkrvh zlwk duelwudu|
+vwulfwo| srvlwlyh, udgll dqg wkrvh zlwk +vwulfwo| srvlwlyh, udwlrqdo udgll/ duh
edvhv iru wkh vdph wrsrorj|1
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H{huflvh 719

+d, Uh�h{lyh= V � V iru doo V 5 V1
Wudqvlwlyh= U � V dqg V � W lpsolhv U � W iru doo U> V> W 5 V1
Dqwlv|pphwulf= V � W dqg W � V lpsolhv V @ W iru doo V> W 5 V1

+e, Ohw [ @ id> e j dqg V @ 5f 1 Li d 9@ e/ wkhq idj 9� iej dqg iej 9� idj1
Wkhuhiruh/ � grhv qrw wrwdoo| rughu V1
Ohw [ @ id> e> f j dqg V @ i >> idj> i d> e j> [ j1 Wkhq > � idj �
id> e j � [ dqg vr V lv wrwdoo| rughuhg1

H{huflvh 71:

+d, +,,= Frqvlghu d qhw {k $ {1 Vlqfh wkh qhw frqyhujhv/ iru dq| rshq
qhljkerukrrg J

k

wkhuh h{lvwv dq �W vxfk wkdw {k 5 J
%

iru doo � �
�W1 Krzhyhu/ zlwk wkh glvfuhwh wrsrorj|/ J

%

=@ i{j lv lwvhoi dq rshq
qhljkerukrrg ri i{j dqg khqfh {k 5 J

%

lpsolhv {k @ {1 Wkhuhiruh/
{k @ { iru doo � � �W dv fodlphg1

++,= Frqvlghu d qhw k{k m � 5 Dl dqg dq �W 5 D vxfk wkdw {k @ {
iru doo � � �W1 Dq| rshq qhljkerukrrg J

%

ri { frqwdlqv {/ dqg vr
{k 5 J

%

iru doo � � �W1 Wkhuhiruh/ {W $ {1

+e, Ohw k{k m � 5 Dl eh d qhw lq +[> �,1 Zlwk wkh wulyldo +lqglvfuhwh, wrsro0
rj|/ wkh rqo| qhljkerukrrg frqwdlqlqj { lv [ lwvhoi1 Iru J

%

@ [ /
{k 5 J

%

iru doo � 5 D1 Wkhuhiruh/ ohwwlqj �W eh dq| hohphqw ri D/ zh
frqfoxgh wkdw {k 5 J

%

iru doo � � �W dqg khqfh wkdw {k $ {1

H{huflvh 71;

+d, E| gh�qlwlrq/ lqwV lv wkh xqlrq ri doo wkh rshq vhwv frqwdlqhg lq V/
dqg dq| xqlrq ri rshq vhwv lv rshq1 Vlploduo|/ foV lv wkh lqwhuvhfwlrq
ri doo forvhg vhwv frqwdlqlqj V/ dqg dq| lqwhuvhfwlrq ri forvhg vhwv lv
forvhg1

+e, +l, +,,= Li V lv forvhg/ wkhq V lv rqh ri wkh forvhg vhwv zklfk frqwdlqv
V dqg lv fohduo| frqwdlqhg lq dq| forvhg vhw zklfk frqwdlqv V1 Wkxv/
wkh lqwhuvhfwlrq ri forvhg vhwv frqwdlqlqj V htxdov V= l1h1/ foV @ V1
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++,= Li V @ foV/ wkhq V htxdov wkh lqwhuvhfwlrq ri d froohfwlrq ri forvhg
vhwv dqg khqfh lv lwvhoi forvhg1

+ll, +,,= Li V lv rshq/ wkhq V lv rqh ri wkh rshq vhwv frqwdlqhg lq V
dqg fohduo| lw frqwdlqv dq| rwkhu rshq vhw frqwdlqhg lq V1 Wkxv/ wkh
xqlrq ri wkh rshq vhwv frqwdlqhg lq V htxdov V= l1h1/ lqwV @ V1

++,= Li V @ lqwV/ wkhq V htxdov wkh xqlrq ri d froohfwlrq ri rshq vhwv
dqg khqfh lv lwvhoi rshq1

+f, Vlqfh V � foV dqg dffV � V/ zh kdyh V ^ dffV � foV1 Wr vkrz wkh
uhyhuvh lqfoxvlrq/ vxssrvh wkdw { 5 foV exw { 95 V1 E| Wkhruhp 7148/
{ 5 foV l� J

%

_ V 9@ > iru hyhu| rshq qhljkerukrrg J
%

ri {1 Vlqfh
{ 95 V/ wklv phdqv wkdw J

%

_ +Vqi{j, 9@ > iru hyhu| vxfk J
%

dqg khqfh
wkdw

{ 5 dffV =@ i{ 5 [ m J
%

_ +Vqi{j, 9@ > ;J
%

5 � 6 { 5 J
%

j=

H{huflvh 71<

+d, Ehfdxvh { lv lvrodwhg/ wkhuh lv qr qhw lq [qi{j zklfk frqyhujhv wr {1
Wkhuhiruh/ dffruglqj wr Wkhruhp 7148/ { 5 lqwi{j zklfk lpsolhv wkdw
i{j lv rshq1 Krzhyhu/ vlqfh { lv lvrodwhg/ foi{j @ i{j dqg vr i{j lv
dovr forvhg1

+e, { 5 dffV l� wkhuh h{lvwv d qhw lq Vqi{j zklfk frqyhujhv wr {1 Vlqfh {
lv lvrodwhg/ wkhuh lv qr vxfk qhw1

H{huflvh 7143

Wklv lv odujho| ohiw wr |rxu lpdjlqdwlrq1 Khuh lv rqh h{dpsoh= Ohw

V @ i +{
�
> {

2
, 5 U2 m �4 ? {

�
� 4 ) � 4 ? {

2
� 4 j>

d uhfwdqjoh zklfk frqwdlqv lwv xsshu dqg lwv uljkw erxqglqj olqh exw qrw lwv
ohiw ru orzhu erxqglqj olqh1 Wkhq

lqwV @ i +{
�
> {

2
, 5 U2 m �4 ? {

�
? 4 ) � 4 ? {

2
? 4 j>

wkh uhfwdqjoh zlwk doo erxqglqj olqhv h{foxghg>

foV @ i +{
�
> {

2
, 5 U2 m �4 � {

�
� 4 ) � 4 � {

2
� 4 j>
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wkh uhfwdqjoh zlwk doo erxqglqj olqhv lqfoxghg>

egV @ foVq lqwV>
wkh erxqgdu| olqhv ri wkh uhfwdqjoh> dqg

dffV @ foV>

rqfh djdlq wkh uhfwdqjoh zlwk doo erxqglqj olqhv lqfoxghg1

H{huflvh 7144

Zh zdqw wr vkrz wkdw foT @ U1 Vxssrvh qrw1 Li { 5 U exw { 95 foT/
wkhq e| Wkhruhp 7148 wkhuh lv dq rshq qhljkerukrrg J

%

ri { vxfk wkdw
J
%

_ T @ >1 Vlqfh wkh rshq lqwhuydov frqvwlwxwh d edvlv iru wkh vwdqgdug
wrsrorj| rq U/ wkhuh h{lvwv dq rshq lqwhuydo L vxfk wkdw { 5 L � J

%

1
Krzhyhu/ vlqfh J

%

_T @ >/ zh frqfoxgh wkdw L _T @ > zklfk lv lpsrvvleoh
ehfdxvh hyhu| rshq lqwhuydo frqwdlqv d udwlrqdo qxpehu1

H{huflvh 7145

Wkh lqwhuydov +�4> d` dqg ^d>4, duh forvhg vxevhwv ri U1 Wkhuhiruh/
li i lv frqwlqxrxv/ wkhq dffruglqj wr Wkhruhp 714:+f, wkh lqyhuvh lpdjhv
i3�+�4> d` dqg i3�^d>4, pxvw eh forvhg1

Wr hvwdeolvk wkh frqyhuvh/ �uvw qrwh wkdw iru dq| ixqfwlrq i =[ $ \ dqg
dq| vxevhw V � \ /

i3�+\ qV, @ [qi3�+V,=
Zh uhpdunhg iroorzlqj Wkhruhp 714: wkdw d ixqfwlrq i =U $ U lv frq0
wlqxrxv l� wkh lqyhuvh lpdjhv i3�+�4> d, dqg i3�+d>4, duh rshq iru doo
d 5 U1 Vlqfh i3�+�4> d, @ Uqi3�^d>4,/ wkh lqyhuvh lpdjh i3�+�4> d, lv
rshq l� wkh lqyhuvh lpdjh i3�^d>4, lv forvhg1 Vlploduo|/ vlqfh i3�+d>4, @
Uqi3�+�4> d`/ wkh lqyhuvh lpdjh i3�+d>4, lv rshq l� wkh lqyhuvh lpdjh
i3�+�4> d` lv forvhg1 Zh frqfoxgh wkdw i lv frqwlqxrxv l� wkh lqyhuvh lp0
djhv i3�+�4> d` dqg i3�^d>4, duh forvhg iru doo d 5 U1

Dsso|lqj wklv fulwhulrq wr wkh ixqfwlrq i ={ :$ {2/ zh kdyh

i3�+�4> d` @

�
^�sd>sd` li d � 3>
> rwkhuzlvh

dqg

i3�^d>4, @

�
+�4>�sd` ^ ^sd>4` li d � 3>
U rwkhuzlvh

zklfk duh forvhg vhwv iru doo d 5 U1 Wkhuhiruh/ wkh ixqfwlrq i lv frqwlqxrxv1
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H{huflvh 7146

Qrwh �uvw wkdw iru dq| J � ]/

{ 5 i3�+j3�+J,, +, i+{, 5 j3�+J, +, j+i+{,, 5 J
+, j � i+{, 5 J +, { 5 +j � i,3�+J,

vr wkdw
i3�+j3�+J,, @ +j � i,3�+J, iru doo J � ]=

Ohw J eh dq| rshq vxevhw ri ] dqg vxssrvh wkdw wkh ixqfwlrqv i dqg j
duh frqwlqxrxv1 Frqwlqxlw| ri j lpsolhv wkdw j3�+J, lv rshq1 Frqwlqxlw| ri
i lpsolhv wkdw i3�+j3�+J,, lv rshq1 Wkhuhiruh/ +j � i,3�+J, lv rshq iru dq|
rshq vhw J � ] zklfk hvwdeolvkhv wkh frqwlqxlw| ri wkh ixqfwlrq j � i 1
H{huflvh 7147

+d, D frqvwdqw ixqfwlrq/ i =U $ U pdsslqj { :$ f 5 U/ lv frqwlqxrxv
dqg forvhg exw qrw rshq= i+V, @ ifj/ d forvhg vhw/ iru hyhu| vhw V
+rshq ru qrw, lq wkh grpdlq ri i 1

Wkh ixqfwlrq
i =U$ U> { :$ {

4 . m{m
lv frqwlqxrxv dqg rshq exw qrw forvhg= i+U, @ +�4> 4,/ dq rshq vhw1

+e, Ohw i eh rshq dqg I � [ forvhg1 Wkhq I @ [qJ zkhuh J lv rshq
dqg vr

i+I , @ i+[,qi+J, @ \ qi+J,
+wklv lv zkhuh zh xvh wkh idfw wkdw i lv elmhfwlyh � rwkhuzlvh/ zh frxog
rqo| dvvhuw wkdw i+I , � i+[,qi+J,,1 Vlqfh i lv rshq/ i+J, lv dq rshq
vhw1 Wkhuhiruh/ i+I , lv forvhg ehfdxvh lw lv wkh frpsohphqw ri dq rshq
vhw1 Ehfdxvh wklv krogv iru dq| forvhg vhw I � [/ zh frqfoxgh wkdw i
lv d forvhg pds1

Vlploduo|/ vxssrvh wkdw i lv forvhg dqg J � [ lv rshq1 WkhqJ @ [qI
zkhuh I lv forvhg dqg vr/ ehfdxvh i lv elmhfwlyh/

i+J, @ i+[,qi+I , @ \ qi+I ,=
Vlqfh i lv forvhg/ i+I , lv d forvhg vhw1 Wkhuhiruh/ i+J, lv rshq ehfdxvh
lw lv wkh frpsohphqw ri d forvhg vhw1 Vlqfh J zdv duelwudu|/ wklv suryhv
wkdw i lv dq rshq pds1
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H{huflvh 7148

Ehfdxvh wkh vwdqgdug wrsrorj| ri U2 lv W
e
dqg wkh vxevhwv foV

�
dqg foV

2

duh forvhg/ zh fdq �qg wzr glvmrlqw vhwv J
�
dqg J

2
vxfk wkdw foV

�
� J

�
dqg

foV
2
� J

2
1 Ohwwlqj \ @ V

�
^V

2
/ wkh vhwv V

�
@ J

�
_\ dqg V

2
@ J

2
_ \ duh

rshq vhwv lq wkh uhodwlyh wrsrorj| ri \ 1 Wkhuhiruh/ \ htxdov wkh xqlrq
ri wzr glvmrlqw rshq vhwv zklfk phdqv/ e| gh�qlwlrq/ wkdw lw lv glvfrqqhfwhg1

H{huflvh 7149

+,,= Vlqfh rqh0srlqw vhwv duh rshq lq wkh glvfuhwh wrsrorj|/ wkh froohfwlrq

iJ
%

� [ m J
%

@ i{j ;{ 5 [ j

lv dq rshq fryhu ri [ = l1h1/

[ @
^
%Mf

J
%

=

Ehfdxvh [ lv frpsdfw/ wklv fryhu kdv d �qlwh vxefryhu= l1h1/

[ @
^

%Mf
�

J
%

=@ i{
�
> = = = > {

?

j

iru vrph q ?41 Wkxv/ [ lv �qlwh1
++,= Vxssrvh wkdw [ lv �qlwh/ vd| [ @ i{

�
> = = = > {

?

j/ dqg ohw iJ
k

� [ m
� 5 D j eh dq rshq fryhulqj1 Vlqfh hdfk srlqw {

�

fdq eh fryhuhg e| rqh
ri wkh rshq vhwv lq wklv fryhulqj/ zh fdq fryhu [ zlwk d �qlwh vxefryhu1
Wkhuhiruh/ [ lv frpsdfw1

H{huflvh 714:

[q
^
kM�

V
k

@
_
kM�

+[qV
k

,

ehfdxvh

{ 5 [q
^
kM�

V
k

+, { 5 [ ) { 95 V
k

;� 5 D +,

{ 5 [qV
k

;� 5 D +, { 5
_
kM�

+[qV
k

,=

7:



H{huflvh 714;

+d, Ohw i =[ $ \ eh d frqwlqxrxv ixqfwlrq dqg F � [ d frqqhfwhg
vhw1 Zh zdqw wr suryh wkdw i+F, lv frqqhfwhg1 Vxssrvh qrw vr wkdw
i+F, @ J

�
^ J

2
zkhuh J

�
dqg J

2
duh qrqhpsw|/ glvmrlqw dqg rshq1

Wkhq F @ i3�+J
�
^ J

2
, @ i3�+J

�
, ^ j3�+J

2
,1 Wkh vhwv i3�+J

�
,

dqg i3�+J
2
, duh rshq lq +[> �

f

, ehfdxvh i lv frqwlqxrxv/ glvmrlqw
ehfdxvh J

�
dqg J

2
duh glvmrlqw/ dqg qrqhpsw| ehfdxvh J

�
dqg J

2
duh

qrqhpsw|1 Wkhuhiruh/ F lv wkh xqlrq ri wzr qrqhpsw|/ glvmrlqw dqg
rshq vhwv zklfk phdqv wkdw F lv glvfrqqhfwhg/ d frqwudglfwlrq1 Zh
frqfoxgh wkdw i+F, lv frqqhfwhg1

Ohw i =[ $ \ eh d frqwlqxrxv ixqfwlrq dqg N � [ d frpsdfw vhw1
Zh zdqw wr suryh wkdw i+N, lv frpsdfw1 Li

� @ iJ
k

5 �
t

m � 5 D j

lv d fryhulqj ri i+N, e| vhwv rshq lq +\> �
t

,/ wkhq wkh froohfwlrq

i i3�+J
k

, 5 �
f

m � 5 D j

lv d fryhulqj ri N e| rshq vhwv +vlqfh i lv frqwlqxrxv,1 Ehfdxvh N lv
frpsdfw/ wkhuh lv d �qlwh vxefryhulqj/ vd|

N � i3�+J
�
, ^ i3�+J

2
, ^ � � � ^ i3�+J

?

,=

Exw wkhq
i+N, � J

�
^J

2
^ � � �J

?

>

l1h1/ wkh rshq fryhulqj � kdv d �qlwh vxefryhu1 Wkxv/ N lv frpsdfw1

+e, Li i+{, @ {2 dqg F @ ^4> 7`/ wkhq i3�+F, @ ^�5>�4` ^ ^4> 5` lv qrw
frqqhfwhg1 Li i+{, @ 3 iru doo { 5 U dqg N @ ^�4> 4`/ wkhq i3�+N, @
U lv qrw frpsdfw1

H{huflvh 714<

+d, Ohw i +[
k

> �
k

, m � 5 D j eh d froohfwlrq ri frpsdfw wrsrorjlfdo vsdfhv
dqg ohw

[ @
\
kM�

[
k

=

7;



Li [ lv jlyhq wkh surgxfw wrsrorj|/ wkhq dffruglqj wr wkh W|fkrqr�
Wkhruhp [ lv frpsdfw1 Vxssrvh wkdw � � lv dqrwkhu wrsrorj| rq [
zhdnhu wkdq � = l1h1/ � � � � 1 Frqvlghu dq| fryhulqj � ri [ e| vhwv
rshq lq +[> � �,1 Ehfdxvh � � � � / hyhu| vhw J

k

5 � � � � dovr ehorqjv
wr � 1 Wkhuhiruh/ � lv dovr d fryhulqj ri [ e| vhwv rshq lq � 1 Exw [
lv frpsdfw lq wkh surgxfw wrsorj| zklfk lpsolhv wkdw � kdv d �qlwh
vxefryhulqj1 Zh frqfoxgh wkdw [ lv frpsdfw lq wkh wrsrorj| � �1

+e, Ohw i +[
k

> �
k

, m � 5 D j eh d froohfwlrq ri frpsdfw wrsrorjlfdo vsdfhv
dqg ohw

[ @
\
kM�

[
k

=

Uhfdoo wkdw dq hohphqw { 5 [ lv d ixqfwlrq ri wkh irup

{=D$
^
kM�

[
k

> � :$ {
k

5 [
k

=

Wkh rshq vhw �E
k

ghvfulehg lq wkh wh{w vhwv lwv ��0frruglqdwh vsdfh E
k

�

htxdo wr [
k

� zklfk lqvxuhv wkdw wkh ��0frruglqdwh ri { lv _fryhuhg% e|
�E
k

� = l1h1/ {
k

� 5 E
k

� 1 Wkxv/

{ 5
^
kM�

�E
k

iru dq| { 5 [ zklfk hvwdeolvkhv wkdw wkh froohfwlrq i �E
k

m � 5 D j
fryhuv [ zlwk vhwv rshq lq wkh er{ wrsrorj|1

Qrz frqvlghu d ixqfwlrq {W 5 [ zlwk wkh surshuw| wkdw {W
k

5 [
k

qEW

k

iru hyhu| � 5 D= l1h1/ hdfk ri wkh _frruglqdwhv% {W
k

ri { olhv rxwvlgh wkh
fruuhvsrqglqj EW

k

�� [
k

1 Vlqfh �E
k

lv wkh rqo| hohphqw ri wkh fryhu
iru zklfk {W

k

5 E
k

/ zh fdqqrw h{foxgh �E
k

dqg vwloo fryhu doo ri [ 1
Ehfdxvh wkh vdph lv wuxh iru hdfk � 5 D/ wkhuh lv qr �qlwh vxefryhu1

H{huflvh 7153

Vxssrvh wkdw �
f
lv d frxqwdeoh orfdo edvh dw 3 iru d WYV1 E| gh�qlwlrq/

wkhq phdqv wkdw wklv WYV lv �uvw frxqwdeoh1 Krzhyhu/ lw qhhg qrw eh vhfrqg
frxqwdeoh1 D edvlv iru wkh wrsrorj| lv jlyhq e| wkh xqlrq^

%Mf

�
%

zkhuh �
%

@ iE
%

� O m E
%

@ {.E
f
> E

f
5 �

f
j

7<



zklfk zloo frqwdlq dq xqfrxqwdeoh qxpehu ri edvlv hohphqwv li [ lv xqfrxqw0
deoh1

Lq wkh fdvh ri wkh Hxfolghdq wrsrorj| rq U?/ wkh froohfwlrq ri edoov

iE+3> 4@q, m q 5 ]
nn
j

frqvwlwxwh d frxqwdeoh orfdo edvh dw 31 Wklv olqhdu wrsrorj| lv dovr vhfrqg
frxqwdeoh ehfdxvh zh fdq rewdlq d edvlv iru wkh Hxfolghdq wrsrorj| rq U?

e| frqvlghulqj rqo| wudqvodwlrqv ri wkhvh edoov ri wkh irup

E
%

=@ {.E+3> 4@q, zkhuh { 5 T?=
Wkh xqlrq ^

%M"?

�
%

lv frxqwdeoh ehfdxvh d frxqwdeoh xqlrq ri frxqwdeoh vhwv lv frxqwdeoh1

H{huflvh 7154

Xvlqj wkh Hxfolghdq phwulf/ d w|slfdo edoo fhqwhuhg dw 3 wdnhv wkh irup

E+3> �, @ i | 5 U2 m
t
|2
�
. |2

2
? � j

zklfk wudqvodwhv wr d edoo fhqwhuhg dw { ri wkh irup

E+{> �, @ i | 5 U2 m
t
+|

�
� {

�
,2 . +|

2
� {

2
,2 ? � j=

Xvlqj wkh vxs phwulf/ d w|slfdo edoo fhqwhuhg dw 3 wdnhv wkh irup

E+3> �, @ i | 5 U2 m vxsi |
�
> |

2
j ? � j

zklfk wudqvodwhv wr d edoo fhqwhuhg dw { ri wkh irup

E+{> �, @ i | 5 U2 m vxsi |
�
� {

�
> |

2
� {

2
j ? � j=

Vlqfh wkh wudqvodwh ri d frqyh{ vhw lv frqyh{/ lw vx�fhv wr vkrz wkdw wkh
w|slfdo edoo E+3> �, fhqwhuhg dw 3 lv frqyh{1 Wkh nh| idfw lv wkdw erwk

n{n
2
=@

%
?[
�'�

{2
�

& �
2

dqg
n{n

"

=@ pd{
�

i m{
�
m > = = = > m{

?

m j
duh qrupv/ dqg qrupv duh frqyh{ ixqfwlrqv1 Wr suryh wkh odwwhu vwdwhphqw/
qrwh wkdw e| Gh�qlwlrq 7157/ dq| qrup n�n rq d yhfwru vsdfh O vdwlv�hv
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� n�{n @ m�m n{n iru hyhu| { 5 O dqg iru hyhu| � 5 U> dqg

� n{. |n � n{n. n|n iru doo {> | 5 O1
Wkhuhiruh/ iru doo {> | 5 O dqg iru doo � 5 ^3> 4`/

n�{. +4� �,|n � n�{n. n+4� �,|n @ � n{n. +4� �, n|n
zklfk suryhv wkdw n�n lv frqyh{1

Zh zloo qrz suryh wkdw wkh edoov lq dq| qruphg yhfwru vsdfh duh frqyh{1
Ohw

E+3> �, =@ i{ 5 O m n{n ? � j=
Li {> | 5 E+3> �,/ wkhq e| gh�qlwlrq n{n ? � dqg n|n ? �1 Wkhuhiruh/ iru dq|
{> | 5 E+3> �, dqg iru dq| � 5 ^3> 4`/

n�{. +4� �,|n � � n{n. +4� �,| ? �

dqg khqfh
�{. +4� �,| 5 E+3> �,=

Zh frqfoxgh wkdw E+3> �, lv frqyh{ lq dq| qruphg yhfwru vsdfh dqg vr/ lq
sduwlfxodu/ lq wkh yhfwru vsdfh U? qruphg e| n�n

2
ru n�n

"

1

H{huflvh 7155

+,,= Jlyhq d 5 olqwD _ V/ ohw } 9@ d eh dqrwkhu srlqw rq wkh olqh V1 Ohw
z =@ }�d vr wkdw d 5 ^d�z> d.z` � V1 Vlqfh d 5 olqwD dqg d.z 5 Oqidj/
wkhuh h{lvwv d | 5 +d> d. z, vxfk wkdw ^d> |, � D1 Vlploduo|/ wkhuh h{lvwv dq
{ 5 +d� z> d, vxfk wkdw +{> d` � D1 Wkhuhiruh/ d 5 +{> |, @ +{> d` ^ ^d> |, �
D _ V dv fodlphg1
++,= Ohw d 5 D dqg } 5 Oqidj1 E| k|srwkhvlv/ wkh olqh sdvvlqj wkurxjk d
dqg } frqwdlqv d olqhduo| rshq lqwhuydo +{> |, vxfk wkdw d 5 +{> |, � D _ V/
dqg zh fdq fohduo| duudqjh wkdw | 5 +d> },1 Wkhuhiruh/ zh kdyh vkrzq wkdw
wkhuh h{lvwv | 5 +d> }, vxfk wkdw ^d> |, � D dv fodlphg1

H{huflvh 7156

Wr eh dgghg1

H{huflvh 7157

Wkh htxlydohqfh ri wkh dvvhuwlrqv

� s lv frqwlqxrxv>

� Kn+s> �, dqg K3+s> �, duh forvhg iru doo � 5 U>
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� Kn

J

+s> �, dqg K3

J

+s> �, duh rshq iru doo � 5 U
iroorzv lpphgldwho| iurp Wkhruhp 714: vlqfh

� Kn+s> �, @ s3�^�>4, dqg K3+s> �, @ s3�+�4> �`> dqg

� Kn

J

+s> �, @ s3�+�>4, dqg K3

J

+s> �, @ s3�+�4> �,1

Dq| ri wkhvh wkuhh vwdwhphqwv dovr lpsolhv

� K+s> �, lv forvhg iru doo � 5 U
vlqfh

K+s> �, @ s3�+�, @ Kn+s> �, _K3+s> �,

iru dq| � 5 U1
Lw uhpdlqv wr suryh wkdw

� K+s> �, lv forvhg iru doo � 5 U
lpsolhv wkdw s lv frqwlqxrxv1 Lq idfw/ doo wkdw lv uhtxluhg lv wkdw K+s> 3, eh
forvhg1 Lq frqwudvw wr hyhu|wklqj suryhg wkxv idu/ wklv fodlp pdnhv xvh ri
wkh idfw wkdw s lv d olqhdu ixqfwlrqdo dqg khqfh wkdw K+s> 3, lv d vxevsdfh ri
frglphqvlrq rqh1 Vhh K1 Vfkdhihu +4<:3,/ Wrsrorjlfdo Yhfwru Vsdfhv/ sdjhv
57~58 iru d vkruw surri1

H{huflvh 7158 Wr dyrlg frqixvlrq/ lqvwhdg ri xvlqj 3 zh zloo ohw }=O$ U

ghqrwh wkh olqhdu ixqfwlrqdo zklfk pdsv hyhu| yhfwru { 5 O wr 3= l1h1/
}+{, @ 3 iru doo { 5 O1 E| gh�qlwlrq/ } 5 OW li } lv frqwlqxrxv= l1h1/ li
}3�+J, lv rshq iru hyhu| rshq vhw J � U1 Vlqfh } pdsv hyhu| yhfwru { 5 O
wr 3/ +l, }3�+J, @ > li 3 95 J dqg +ll, }3�+J, @ O li 3 5 J1 Hyhu| wrsrorj|
rq O lqfoxghv wkh vhwv O dqg >1 Wkhuhiruh/ } 5 OW1 +Qrwh= wklv suryhv
wkdw wkh gxdo vsdfh OW lv qrqhpsw|= wkh 3 yhfwru/ zklfk hyhu| yhfwru pxvw
frqwdlq/ lv dozd|v lq OW1,

H{huflvh 7159 Ohw

D @ i{ 5 U2 m {
�
A 3 ) {

2
� 4@{

�
j

E @ i{ 5 U2 m {
2
� 3 j

Wkh rqo| vhsdudwlqj k|shusodqh lv wkh {
�
0d{lv zklfk vhsdudwhv D dqg E exw

qhlwkhu vwulfwo| qru vwurqjo| vhsdudwhv wkhp1

H{huflvh 715: Li a{ lv d vxssruw srlqw iru D/ wkhq e| gh�qlwlrq lw olhv erwk
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rq wkh vxssruwlqj k|shusodqh dqg lq D1 Krzhyhu/ li D lv rshq/ a{ zrxog wkhq
eh lq wkh lqwhulru ri D dqg frqvhtxhqwo| frqwdlqhg lq dq rshq qhljkerukrrg
frqwdlqhg lq D= vd| a{ 5 J

	%
� D1 Exw vlqfh a{ olhv rq wkh k|shusodqh/ J

	%

zrxog wkhq lqwhuvhfw erwk rshq kdoivsdfhv ri wkh k|shusodqh/ dq lpsrvvlelolw|
vlqfh wkh k|shusodqh vxssruwv D1

Wkh vxssruw srlqwv ri foD duh wkh srlqwv lq +foD,q lqwD/ wkh erxqgdu|
ri D1
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D �it| hitTL?ti

H{huflvh 814

@ rq U lv= +d, uh�h{lyh= { @ { iru doo { 5 U> +e, qrw luuh�h{lyh vlqfh
lw lv uh�h{lyh> +f, qrw frpsohwh vlqfh/ h1j1/ qhlwkhu 4 @ 5 qru 5 @ 4> +g,
wudqvlwlyh= { @ | dqg | @ } lpsolhv { @ } iru doo {> |> } 5 U> +h, qrw
qhjdwlyho| wudqvlwlyh= 4 9@ 5 dqg 5 9@ 4 exw 4 @ 4> +i, v|pphwulf= { @ |
lpsolhv | @ { iru doo {> | 5 U> +j, qrw dv|pphwulf vlqfh lw lv v|pphwulf> +k,
dqwlv|pphwulf= { @ | dqg | @ { lpsolhv { @ | iru doo {> | 5 U1

A rq U lv= +d, qrw uh�h{lyh vlqfh lw lv luuh�h{lyh> +e, luuh�h{lyh vlqfh
{ 9A { iru doo { 5 U> +f, frpsohwh= hlwkhu { A | ru | A { iru doo {> | 5 U vxfk
wkdw { 9@ |> +g, wudqvlwlyh= { A | dqg | A } lpsolhv { A } iru doo {> |> } 5 U>
+h, qhjdwlyho| wudqvlwlyh= { 9A | dqg | 9A } lpsolhv { 9A }> +i, qrw v|pphwulf
vlqfh lw lv dv|pphwulf> +j, dv|pphwulf vlqfh { A | lpsolhv | 9A { iru doo
{> | 5 U> +k, dqwlv|pphwulf e| ydfxrxv lpsolfdwlrq= iru doo {> | 5 U vxfk
wkdw { A | dqg | A { +wkhuh duh qr vxfk { dqg |, lw lv wuxh wkdw { @ |1

� rq U lv= +d, uh�h{lyh= { � { iru doo { 5 U> +e, qrw luuh�h{lyh vlqfh lw lv
uh�h{lyh> +f, frpsohwh= hlwkhu { � | ru | � { iru doo {> | 5 U> +g, wudqvlwlyh=
{ � | dqg | � } lpsolhv { � } iru doo {> |> } 5 U> +h, qhjdwlyho| wudqvlwlyh=
{ 9� | dqg | 9� } lpsolhv { 9� }> +i, qrw v|pphwulf vlqfh/ h1j1/ 5 � 4 exw
4 9� 5> +j, qrw dv|pphwulf vlqfh/ h1j1/ 4 � 4 exw lw lv qrw wuxh wkdw 4 9� 4>
+k, dqwlv|pphwulf= { � | dqg | � { lpsolhv { @ | iru doo {> | 5 U1

� rq 5f lv= +d, uh�h{lyh= V � V iru doo V 5 5f > +e, qrw luuh�h{lyh vlqfh
lw lv uh�h{lyh> +f, qrw frpsohwh= li V dqg W duh qrqhpsw| dqg glvmrlqw/ wkhq
qhlwkhu V � W qru W � V> +g, wudqvlwlyh= U � V dqg V � W lpsolhv U � W
iru doo U> V> W 5 5f > +h, qrw qhjdwlyho| wudqvlwlyh= h1j1/ iru vxevhwv ri U/
i4j 9� i 5> 6 j dqg i 5> 6 j 9� i 4> 5 j exw i4j � i 4> 5 j> +i, qrw v|pphwulf= li
V lv d surshu vxevhw ri W wkhq W 9� V> +j, qrw dv|pphwulf= li V � W dqg
V @ W wkhq W � V> +k, dqwlv|pphwulf= V � W dqg W � V lpsolhv V @ W iru
doo V> W 5 5f 1
H{huflvh 815

Iurp Wdeoh 815/ @ dqg � rq U dqg � rq 5f duh uh�h{lyh dqg wudqvl0
wlyh> khqfh/ wkh| duh suhrughulqjv1 A rq U lv qrw uh�h{lyh vr lw lv qrw d
suhrughulqj1

Dovr iurp Wdeoh 815/ A rq U lv qhjdwlyho| wudqvlwlyh dqg dv|pphwulf>
khqfh/ lw lv d zhdn rughulqj1 � rq U lv qrw d zhdn rughulqj ehfdxvh lw lv qrw
dv|pphwulf1 @ rq U dqg � rq 5f duh qrw zhdn rughulqjv ehfdxvh qhlwkhu
lv qhjdwlyho| wudqvlwlyh qru dv|pphwulf1
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H{huflvh 816

Surri wkdw " lv luuh�h{lyh= Vxssrvh qrw vr wkdw { " { iru vrph { 5 [1 Vlqfh
" lv dv|pphwulf/ wklv lpsolhv wkdw { 9" {/ d frqwudglfwlrq1
Surri wkdw " lv wudqvlwlyh= Ohw {> |> } 5 [ zlwk { " | dqg | " }1 Zh fodlp
wkdw { " }1 Vxssrvh qrw= l1h1/ { 9" }1 | " } lpsolhv } 9" | vlqfh " lv
dv|pphwulf1 { 9" } dqg } 9" | lpsolhv { 9" | vlqfh " lv qhjdwlyho| wudqvlwlyh1
Exw { 9" | frqwudglfwv rxu k|srwkhvlv wkdw { " |/ d frqwudglfwlrq1

H{huflvh 817

+,,= Dvvxph wkdw 9" lv d frpsohwh suhrughulqj1

� Vlqfh 9" lv wudqvlwlyh/

{ 9" | dqg | 9" } lpsolhv { 9" } iru doo {> |> } 5 [=

Exw/ e| gh�qlwlrq/ wklv phdqv wkdw " lv qhjdwlyho| wudqvlwlyh1

� Vlqfh 9" lv frpsohwh/ iru dq| {> | 5 [ hlwkhu { 9" | ru | 9" {1 Wkhuhiruh/
iru dq| {> | 5 [

li { " | wkhq | 9" {

zklfk phdqv wkdw " lv dv|pphwulf1

Vlqfh " lv qhjdwlyho| wudqvlwlyh dqg dv|pphwulf/ lw lv d zhdn rughulqj1

++,= Dvvxph wkdw " lv d zhdn rughulqj1

� Vxssrvh wkdw {> | 5 [ dqg lw lv qrw wuxh wkdw { 9" |1 Vlqfh " lv
dv|pphwulf/ li | " { wkhq { 9" | frqwudu| wr rxu k|srwkhvlv1 Wkhuhiruh/
| 9" { dqg vr 9" lv frpsohwh1

� Vxssrvh wkdw {> |> } 5 [ zlwk { 9" | dqg | 9" }1 Vlqfh " lv qhjdwlyho|
wudqvlwlyh/ wklv lpsolhv wkdw { 9" }1 Wkhuhiruh/ 9" lv wudqvlwlyh1

� Vlqfh " lv luuh�h{lyh/ { 9" { iru doo { 5 [ zklfk phdqv wkdw 9" lv
uh�h{lyh1

Vlqfh 9" lv uh�h{lyh/ wudqvlwlyh/ dqg frpsohwh/ lw lv d frpsohwh suhrughulqj1
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H{huflvh 818

Surri ri Wkhruhp 81;=

+d, Vxssrvh wkdw L+{, @ L+|,1 Vlqfh L+{, =@ i{� 5 [ m {� � { j dqg �
lv uh�h{lyh/ { 5 L+{,1 Vlploduo|/ | 5 L+|,1 L+{, @ L+|, lpsolhv wkdw
L+{, � L+|, dqg vr { 5 L+|,1 Wkhuhiruh/ vlqfh L+|, =@ i |� 5 [ m |� �
| j/ zh frqfoxgh wkdw { � |1

Frqyhuvho|/ vxssrvh wkdw { � |1 Li {�� 5 L+{, =@ i{� 5 [ m {� � { j/
wkhq {�� � {1 Vlqfh � lv wudqvlwlyh/ {�� � { dqg { � | lpsolhv wkdw
{�� � | dqg khqfh wkdw {�� 5 L+|,1 Wkhuhiruh/ L+{, � L+|,1 Vlploduo|/
zh frqfoxgh wkdw L+|, � L+{, dqg khqfh wkdw L+{, @ L+|,1

+e, Vlqfh e| gh�qlwlrq L+{, � [ iru doo { 5 [ / zh vlpso| kdyh wr vkrz
wkdw wkh froohfwlrq i L+{, m { 5 [ j fryhuv [1 Krzhyhu/ vlqfh � lv
uh�h{lyh/ { 5 L+{, iru dq| { 5 [ 1

Surri ri Wkhruhp 81<= Qrwh wkdw li " lv d zhdn rughulqj/ wkhq 9" dqg khqfh
� lv d frpsohwh suhrughulqj dqg � lv dq htxlydohqfh uhodwlrq1

Fodlp= Hlwkhu U+{, � U+|, ru U+|, � U+{, iru hyhu| {> | 5 [1

Surri= Vlqfh � lv frpsohwh/ hlwkhu { � | ru | � {1 Li { � | dqg } 5 U+{,/
wkhq } � { +e| gh�qlwlrq ri U+{,,1 } � { dqg { � | lpsolhv } � |
+ehfdxvh � lv wudqvlwlyh, dqg vr } 5 U+|, +e| gh�qlwlrq ri U+|,,1 Wkhuhiruh/
U+{, � U+|,1 Vlploduo|/ li | � {/ zh frqfoxgh wkdw U+|, � U+{,1

Fodlp= Hlwkhu U3�+{, � U3�+|, ru U3�+|, � U3�+{, iru hyhu| {> | 5 [ 1

Surri= Djdlq/ hlwkhu { � | ru | � {1 Li { � | dqg } 5 U3�+|,/ wkhq
| � } +e| gh�qlwlrq ri U3�+|,,1 { � | dqg | � } lpsolhv { � } +ehfdxvh
� lv wudqvlwlyh, dqg vr } 5 U3�+{, +e| gh�qlwlrq ri U3�+{,,1 Wkhuhiruh/
U3�+|, � U3�+{,1 Vlploduo|/ li | � {/ zh frqfoxgh wkdw U3�+{, � U3�+|,1

Fodlp= Hlwkhu S +{, � S +|, ru S +|, � S +{, iru hyhu| {> | 5 [1

Surri= Ehfdxvh " lv d elqdu| uhodwlrq/ hlwkhu { " | ru { 9" |1 Li { " | dqg
} 5 S +{,/ wkhq } " { +e| gh�qlwlrq ri S +{,,/ } " | +ehfdxvh " lv wudqvlwlyh,/
dqg vr { 5 S +|, +e| gh�qlwlrq ri S +|,,1 Wkhuhiruh/ S +{, � S +|,1 Li { 9" |
exw | " {/ wkhq d vlplodu dujxphqw vkrzv wkdw S +|, � S +{,1 Ilqdoo|/ li
{ 9" | dqg | 9" {/ wkhq e| gh�qlwlrq { � | dqg vr S +{, @ S +|, +l1h1/ erwk
S +{, � S +|, dqg S +|, � S +{,,1

Fodlp= Hlwkhu S3�+{, � S3�+|, ru S3�+|, � S3�+{, iru hyhu| {> | 5 [ 1

Surri= Djdlq/ hlwkhu { " | ru { 9" |1 Li { " | dqg } 5 S3�+|,/ wkhq | " }
+e| gh�qlwlrq ri S3�+|,,/ { " } +ehfdxvh " lv wudqvlwlyh,/ dqg vr } 5 S3�+{,
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+e| gh�qlwlrq ri S3�+{,,1 Wkhuhiruh/ S3�+|, � S3�+{,1 Li { 9" | exw | " {/
d vlplodu dujxphqw vkrzv wkdw S3�+{, � S3�+|,1 Ilqdoo|/ li { 9" | dqg
| 9" {/ wkhq { � | dqg vr S3�+{, @ S3�+|,1

H{huflvh 819

WKHRUHP= Ohw " eh d elqdu| uhodwlrq rq [ dqg gh�qh � dv iroorzv= { � |
l� | 9" {1 Ohw N � [ 1

+d, ES+N, � E+N,1

+e, Li 9" lv frpsohwh rq [/ wkhq ES+N, @ E+N,1

Surri= Wkh surri lv hvvhqwldoo| wkh vdph dv wkdw ri Wkhruhp 814<1

+d, Li { 5 ES+N,/ wkhq N � U3�+{,= l1h1/ { � | iru doo | 5 N ru/
htxlydohqwo|/ | 9" { iru doo | 5 N1 Wkhuhiruh/ S +{, _ N @ > dqg vr
{ 5 E+N,1

+e, Lw vx�fhv wr suryh wkdw E+N, � ES+N,1 Li { 5 E+N,/ wkhq S +{,_N @
>1 Vlqfh 9" lv frpsohwh/ U3�+{, @ [qS +{, dqg vr N � U3�+{,1
Wkhuhiruh/ { 5 ES+N,1

H{huflvh 81:

Vlqfh �+s, =@ i | 5 \ m Kn

J

+s> s � |,_\ j/ zh duh lpsolflwo| uhjduglqj wkh
�up +ru wkh _surgxfwlrq vhfwru%, dv kdylqj suhihuhqfhv fkdudfwhul}hg e|

S +|, =@ Kn

J

+s> s � |, iru hdfk | 5 \=

Qrwh wkdw/ lq frqwudvw wr wkh qhrfodvvlfdo frqvxphu/ wkhvh suhihuhqfhv iru
wkh �up ghshqg rq wkh _hqylurqphqw% s dv zhoo dv rq wkh dfwlylw| yhfwru |1
Dv lv wkh fdvh wkurxjkrxw wkh �uvw wzr vhfwlrqv ri wklv fkdswhu/ zh krog wkh
hqylurqphqw �{hg1

Iru �{hg s/ |� " | l� s � |� A s � |1 Zh zdqw wr hvwdeolvk wkdw wkhvh
suhihuhqfhv duh dv|pphwulf dqg qhjdwlyho| wudqvlwlyh1

+d, Dv|pphwu|= Li |� " |/ wkhq s � |� A s � | dqg vr s � | 9A s � |�> l1h1/
| 9" |�1

+e, Qhjdwlyh wudqvlwlylw|= Li |�� 9" |� dqg |� 9" |/ wkhq s � |�� 9A s � |� dqg
s � |� 9A s � | dqg khqfh s � |�� 9A s � |1 Wkhuhiruh/ |�� 9" |1

8:



Ehfdxvh " lv d zhdn rughulqj/ � lv d frpsohwh suhrughulqj1 Zh zdqw wr
vkrz wkdw

U+|, =@ i |� 5 \ m |� � | j @ i |� 5 \ m s � |� � s � | j

lv frqyh{1 Ohw |�> |�� 5 U+|, +l1h1/ s � |� � s � | dqg s � |�� � s � |, dqg/ iru dq|
� 5 ^3> 4`/ frqvlghu |k =@ �|� . +4� �,|��1 Wkhq

s � |k @ s � +�|� . +4� �,|��, @ �s � |�.+4� �, s � |�� � s � |>

surylqj wkdw U+|, lv frqyh{1

H{huflvh 81;

+d, Wkh suhihuhqfh uhodwlrq � lv qrw d frpsohwh suhrughulqj +lw lv uh�h{lyh
dqg wudqvlwlyh exw qrw frpsohwh,1 Qhyhuwkhohvv/ � lv dq htxlydohqfh
uhodwlrq zlwk htxlydohqfh fodvvhv wkh vlqjohwrq vhwv= iRj/ iDj/ iEj/
dqg iDEj1 Qrwh �uvw wkdw li { � | dqg | � {/ wkhq { @ |> wkhuhiruh/
� lv wkh vdph dv @1 � lv uh�h{lyh +hdfk w|sh fdq grqdwh wr lwvhoi,/
v|pphwulf +vlqfh { � | l� { @ |/ fohduo| { � | lpsolhv | � {,/ dqg
wudqvlwlyh +vlpso| fkhfn wklv iru doo srvvleoh w|shv {> |> },1 Wkhuhiruh/
� lv dq htxlydohqfh uhodwlrq zlwk htxlydohqfh fodvvhv wkh vlqjohwrq vhwv1

+e, Ohw [ @ iR>D>E>DE j1 Vlqfh R lv wkh rqo| eorrg w|sh zklfk fdq
grqdwh wr doo { 5 [/ ES+[, @ iRj1 Vlqfh w|sh R lv wkh rqo| w|sh
zklfk fdq dffhsw grqdwlrqv iurp qr rwkhu w|sh/ E+[, @ iRj dv zhoo1

+f, Ohw N @ iD>E>DE j= ES+N, @ > ehfdxvh wkhuh lv qr w|sh lq N
zklfk fdq grqdwh wr doo ri wkh rwkhu w|shv1 Krzhyhu/ E+N, @ iD>E j
ehfdxvh qhlwkhu ri wkhvh w|shv fdq dffhsw eorrg iurp dq| rwkhu w|sh1

H{huflvh 81<

+d, Vhh Iljxuh 461

+e, Vhh Iljxuh 471

+f, Vhh Iljxuh 481

H{huflvh 8143

Ohiw wr uhdghu1

8;



Iljxuh 46= Frqvwudlqw lv elqglqj1

Iljxuh 47= Zhdno| frqyh{ suhihuhqfhv1

Iljxuh 48= Qrqfrqyh{ suhihuhqfhv1

8<



H{huflvh 8144

Uhfdoo wkdw [ � [ lv jlyhq wkh surgxfw wrsrorj| jhqhudwhg e| vhwv ri
wkh irup J � J� zkhuh J dqg J� duh rshq vhwv lq wkh wrsrorj| iru [ 1 Li
+{> |, 5 �+", dqg �+", lv rshq lq [ �[/ wkhuh h{lvw rshq qhljkerukrrgv
J
%

dqg J
+

uhvshfwlyho| vxfk wkdw

+{> |, 5 J
%

�J
+

5 �+", =@ i +{�> |�, 5 [ �[ m |� " {� j=

Wkhuhiruh/ |� " {� iru doo +{�> |�, 5 J
%

�J
+

> l1h1/ iru doo {� 5 J
%

dqg iru doo
|� 5 J

+

1

H{huflvh 8145

Wklv lv d elw ri d wulfn txhvwlrq vlqfh wkh dqvzhu ghshqgv rq wkh phwulf
iru U21

+d, Ohw

G =@ i +{
�
> {

2
, 5 U2 m

t
{2
�
. {2

2
� 4 j

ghqrwh wkh +forvhg, glvn fhqwhuhg dw +3> 3, zlwk udglxv 41 Li zh xvh wkh
Hxfolghdq phwulf iru U2/ wkhq

E+G> 4, @ i +{
�
> {

2
, 5 U2 m

t
{2
�
. {2

2
? 5 j

dqg
�E+G> 4, @ i +{

�
> {

2
, 5 U2 m

t
{2
�
. {2

2
� 5 j=

Xvlqj wkh vxs phwulf lqvwhdg grhv qrw fkdqjh wkh dqvzhu1

+e, Ohw
V =@ i +{

�
> {

2
, 5 U2 m vxsi m{

�
� 5m > m{

2
� 5m j � 4 j

Li zh xvh wkh vxs phwulf iru U2/ wkhq

E+V> 4, @ i +{
�
> {

2
, 5 U2 m vxsi m{

�
� 5m > m{

2
� 5m j ? 5 j

dqg

�E+V> 4, @ i +{
�
> {

2
, 5 U2 m vxsi m{

�
� 5m > m{

2
� 5m j � 5 j=

Zlwk wkh Hxfolghdq phwulf/ wkh fruqhuv ri wkhvh vtxduhv duh _urxqghg%
zlwk erxqgdulhv frlqflglqj zlwk flufohv ri udglxv rqh fhqwhuhg dw hdfk
fruqhu ri V1

93



H{huflvh 8146

Ohwwlqj D dqg E ghqrwh wkh glvnv fhqwhuhg dw +3> 3, dqg +6> 7, uhvshf0
wlyho|/ zh kdyh

vxs
%M�

glvw+{>E, @ vxs
+M�

glvw+|> D, @ 9

dqg vr �+D>E, @ 9=

H{huflvh 8147

+d, Vhh Iljxuh 49/ sdqhov +d, dqg +e,1

+e, Vhh Iljxuh 49/ sdqhov +f, dqg +g,1

H{huflvh 8148

+,,= Vlqfh E+h, lv forvhg/ iru dq| { 95 E+h, wkhuh h{lvw rshq qhljkerukrrgv
J
%

ri { dqg Y
%

ri E+h, vxfk wkdw J
%

_ Y
%

@ >1 ^Khuh zh h{sorlw wkh idfw
wkdw frpsdfw Kdxvgru� vsdfhv duh qrupdo +W

e
, dqg khqfh uhjxodu +W

�
,= vhh

Pxqnuhv +4<:8,/ Wkhruhp 517/ s1 4<;1` Ehfdxvh E lv xkf/ wkhuh h{lvwv dq
rshq qhljkerukrrg X

e

ri h vxfk wkdw E+h�, � Y
%

iru doo h� 5 X
e

= l1h1/

+h> {, 5 X
e

�J
%

� +H �[,q�+E,=

Wkhuhiruh/
+H �[,q�+E, @

^
Eec%�ME.ff�.KE��

J
e

� Y
%

zklfk/ dv wkh xqlrq ri rshq vhwv/ lv rshq1 Vlqfh wkh frpsohphqw ri �+E, lv
rshq/ �+E, lv forvhg1

++,= Iru dq| h 5 H ohw Y eh dq| rshq vhw lq[ vxfk wkdw E+h, � Y 1 Ehfdxvh
Y lv rshq/ I =@ [qY lv forvhg1 Ehfdxvh �+E, lv forvhg/ iru dq| { 5 I wkhuh
h{lvw rshq qhljkerukrrgv J%

e

dqg J
%

vxfk wkdw

+h> {, 5 J%

e

�J
%

� +H �[,q�+E,=

Ehfdxvh [ lv frpsdfw dqg I lv forvhg/ I lv frpsdfw1 Wkhuhiruh/ wkh rshq
fryhu iJ

%

m { 5 I j ri I dgplwv d �qlwh vxefryhu/ vd| iJ
%

m { 5 I � j zkhuh
&I � ?41 Ohw

X =@
_
%M8

�

J%

e

=
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Iljxuh 49= Vhtxhqwldo gh�qlwlrq ri xkf dqg okf1

95



X lv qrqhpsw| ehfdxvh h 5 X / dqg lw lv rshq ehfdxvh wkh lqwhuvhfwlrq lv
�qlwh1 Wkhuhiruh/ zh kdyh vkrzq wkdw

E+h�, � Y iru doo h� 5 X >

l1h1/ E lv xkf dw h 5 H1 Vlqfh wkh vdph dujxphqw krogv iru dq| h 5 H/ E lv
xkf1

H{huflvh 8149

Wkh surri lv hvvhqwldoo| lghqwlfdo wr wkdw jlyhq iru H{huflvh 81481
+,,= Vlqfh E+h, lv forvhg/ iru dq| { 95 E+h, wkhuh h{lvw rshq qhljkerukrrgv
Y ri { dqg Y � ri E+h, vxfk wkdw Y _ Y � @ >1 Ehfdxvh E lv xkf dw h/
wkhuh h{lvwv dq rshq qhljkerukrrg X ri h vxfk wkdw E+h�, � Y � dqg khqfh
E+h�, _ Y @ > iru doo h� 5 X = l1h1/

+h> {, 5 X � Y dqg Y _E+h�, @ > iru doo h� 5 X=

Wkhuhiruh/ E lv forvhg dw h1

++,= Ohw Y eh dq| rshq vhw lq [ vxfk wkdw E+h, � Y 1 Ehfdxvh Y lv rshq/
I =@ [qY lv forvhg1 Ehfdxvh E lv forvhg dw h/ iru dq| { 5 I wkhuh h{lvw
rshq qhljkerukrrgv X% dqg Y �

%

vxfk wkdw

+h> {, 5 X% � Y �

%

dqg Y �

%

_E+h�, @ >=

Ehfdxvh [ lv frpsdfw dqg I lv forvhg/ I lv frpsdfw1 Wkhuhiruh/ wkh rshq
fryhu iY �

%

m { 5 I j ri I dgplwv d �qlwh vxefryhu/ vd| iY �

%

m { 5 I � j zkhuh
&I � ?41 Ohw

X =@
_
%M8

�

X%=

X lv qrqhpsw| ehfdxvh h 5 X / dqg lw lv rshq ehfdxvh wkh lqwhuvhfwlrq lv
�qlwh1 Wkhuhiruh/ zh kdyh vkrzq wkdw

E+h�, � Y iru doo h� 5 X >

l1h1/ E lv xkf dw h 5 H1
H{huflvh 814:

Li +h> {, 5 +H �[,q�+E,/ wkhq/ vlqfh E lv forvhg dw h/ wkhuh h{lvw rshq
vhwv X dqg Y vxfk wkdw

+h> {, 5 X � Y � +H �[,q�+E,=
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Wkxv/ wkh frpsohphqw ri �+E, lv rshq dqg vr E kdv forvhg judsk1

H{huflvh 814;

Dv lv wkh fdvh wkurxjkrxw wkh fkdswhu/ [ lv dvvxphg wr eh Kdxvgru�1
Frqvhtxhqwo|/ E lv xkf l� lw kdv forvhg judsk1 Dffruglqj wr Wkhruhp 7148/ d
srlqw { lv lq wkh forvxuh ri d vhw V l� wkhuh h{lvwv d qhw lq V zklfk frqyhujhv
wr {1 Wkhuhiruh/ d vhw lv forvhg l� hyhu| qhw frqwdlqhg lq V frqyhujhv wr d
srlqw lq V1 Zh frqfoxgh wkdw E lv xkf l� hyhu| qhw lq �+E, frqyhujhv wr d
srlqw lq �+E,= l1h1/ l� iru dq| qhw +hk> {k,$ +h> {, vxfk wkdw +hk> {k, 5 �+E,
iru doo � 5 D wkh olplw srlqw +h> {, 5 �+E,1

Vlqfh
�+E, =@ i{ 5 [ m { 5 E+h, j>

zh kdyh
+hk> {k, 5 �+E, l� {k 5 E+hk,=

Dsso|lqj Wkhruhpv 714:+g, dqg 714</ wkh frqglwlrq +hk> {k, $ +h> {, lv
htxlydohqw wr hk $ h dqg {k $ {1 Wkhuhiruh/ e| zkdw zdv mxvw suryhg lq
wkh suhfhglqj sdudjudsk/ E lv xkf dw h l� iru dq| qhwv hk $ h dqg {k $ {
vxfk wkdw {k 5 E+hk, iru doo � 5 D wkh olplw srlqw { 5 E+h,1
H{huflvh 814<

Vxssrvh wkdw wkh sureohp lv wr fkrrvh { 5 N+h, wr plqlpl}h wkh ixqfwlrq

i =H �[ $ U> +h> {, :$ i+h> {,=

Wr frqyhuw wklv lqwr d pd{lpl}dwlrq sureohp/ gh�qh x=H � [ $ U vxfk
wkdw x+h> {, @ �i+h> {, iru doo +h> {, 5 H �[ 1 Dv lq Gh�qlwlrq 817</ gh�qh
| "e { l� x+h> |, A x+h> {, ru/ htxlydohqwo|/

| "e { l� i+h> |, ? i+h> {,=

Fruroodu| 8183 dqg lwv surri qrz dsso| wr wklv frqvwudlqhg plqlpl}dwlrq
sureohp h{dfwo| dv vwdwhg1

H{huflvh 8153

Vhh Iljxuh 4:1

H{huflvh 8154

+d, Wkh vwdwhphqw ri wkh h{huflvh lq wkh wh{w frqwdlqv d w|sr= wkh frq0
vxpswlrq vhw lv vxssrvhg wr eh

[ @ i{ 5 U2

n
m {

�
. 5{

2
� 6 j=
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Iljxuh 4:= Xkf ri ehvw uhvsrqvh1
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Qrupdol}lqj sulfhv vxfk wkdw s
�
. s

2
@ 4/ wkh ghpdqg fruuhvsrqghqfh

ehfrphv

!+s, =@

;?
=
�

2

�nR�
> �

�nR�

�
li s

�
� 4@6>�

�

23R�
> 2

23R�

�
li s

�
A 4@61

zklfk lv qrw xkf dw s
�
@ 4@61

+e, Qrupdol}h sulfhv vxfk wkdw s
�
. s

2
@ 41 Iru fdvh +l,/ wkh ghpdqg

fruuhvsrqghqfh lv

!+s, @

+
+4> 3, li s

�
? 4@5>�

2R�3�

R�
> 4
�

li s
�
� 4@5>

zklfk lv qrw xkf dw s
�
@ 4@51 Iru fdvh +ll,/ wkh ghpdqg fruuhvsrqghqfh

lv

!+s, @

;A?
A=
+4> 3, li s

�
? 4@5>

+4> 3, ^ +3> 4, li s
�
@ 4@5>�

2R�3�

R�
> 4
�

li s
�
A 4@5>

zklfk lv xkf1 Iru fdvh +lll,/ wkh ghpdqg fruuhvsrqghqfh lv

!+s, @

;A?
A=
+4> 3, li s

�
? 5@6>

+4> 3, ^ +4@5> 4, li s
�
@ 5@6>�

2R�3�

R�
> 4
�

li s
�
A 5@6>

zklfk lv xkf1

H{huflvh 8155

Wkh Pd{lpxp Wkhruhp grhv qrw dsso| ehfdxvh wkh frqvxpswlrq vhw
U2

n
lv xqerxqghg dqg khqfh qrqfrpsdfw1 Zh frxog dowhu wkh vshfl�fdwlrq

ri wkh frqvxphu e| dvvxplqj

[ @ ^3>N
�
`� ^3>N

2
`

zkhuh N
�
>N

2
duh odujh/ srvlwlyh frqvwdqwv1 Wkhq

!
�

+s, @

�
plqi �e

s
�

> N
�
j>plqi +4� �,e

s
2

> N
2
j
�

zklfk lv frqwlqxrxv wkurxjkrxw �1
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S �*i@h�?} 4@h!i|t

H{huflvh 914

�
�

�+s, @
[
�MU

�
�

!
�

+s, @
[
�MU

+!
�

+s,� z
�

, @
[
�MU

!
�

+s,�
[
�MU

z
�

@ �+s,�
[
�MU

z
�

H{huflvh 915

�
�

!
�

+�s, @ !
�

+�s,� z
�

@ !
�

+s,� z
�

@ �
�

!
�

+s,=

H{huflvh 916

�+�s, @
[
�MU

!
�

+�s, @
[
�MU

!
�

+s, @ �+s,

dqg
�
�

�+�s, @
[
�MU

�
�

!
�

+�s, @
[
�MU

�
�

!
�

+s, @ �
�

�+s,

H{huflvh 917

Ohiw wr uhdghu1

H{huflvh 918

+d, {2 @ { l� {2 � { @ 3 l� {+{� 4, @ 3 l� { @ 3 ru { @ 41 Vr { @ 3 dqg
{ @ 4 duh wkh �{hg srlqwv1

+e,
s
{ @ { l� { @ {2 l� { @ 3 ru { @ 41 Vr { @ 3 dqg { @ 4 duh wkh �{hg

srlqwv1

+f, 4@+4 . {, @ { l� 4 @ {. {2 l� {2 . {� 4 @ 3 l�

{ @
�4	s8

5
>

wkh �{hg srlqwv1

9:



H{huflvh 919

+d, V @ ^3> 4` dqg

i+{, @

�
4 li { 5 ^3> 4@5,>
3 li { 5 ^4@5> 4`1

+e, V @ ^3> 4@7` ^ ^6@7> 4` dqg i+{, @ 4@5 iru doo { 5 V1
+f, V @ +3> 4, dqg i+{, @ 4 iru doo { 5 V1

H{huflvh 91:

Vhh Iljxuh 4;1

H{huflvh 91;

+=8> =8, @ =8+3> 3, . =8+4> 4, dqg +=8=8, @ =8+3> 4, . =8+4> 3,

Hyhu| srlqw rwkhu wkdq wkh plgsrlqw lv xqltxho| h{suhvvleoh dv dq d�qh
frpelqdwlrq ri wkh yhuwlfhv1

H{huflvh 91<

Iurp wkh erwwrp ri sdjh 57</ wkh htxloleulxp sulfh yhfwru fdq eh h{0
suhvvhg lq wkh iroorzlqj pdwul{ irup=5

7 s�s
2

s
�

6
8 @

5
7 � +4@5,+4� �, +4@5,+4� �,
+4@5,+4� �, � +4@5,+4� �,
+4@5,+4� �, +4@5,+4� �, �

6
8
5
7���

2

�
�

6
8

ru s @ D�1 Wkh ixqfwlrq D=� :$ D� pdsv wkh xqlw vlpsoh{ � lqwr lwvhoi1 Li
zh wdnh � @ 4/ wkhq wkh pdwul{ D lv wkh lghqwlw| pdwul{/ dqg vr D pdsv wkh
vlpsoh{ rqwr lwvhoi1 Wkxv/ dq| s 5 � fdq eh dwwdlqhg dv d vroxwlrq wr wklv
prgho iru vrph dssursuldwh fkrlfh ri sdudphwhuv1

H{huflvh 9143

Vhh Iljxuh 4<1 HdfkP
�

frqwdlqv lwv erxqgdu| srlqwv dqg khqfh lv forvhg1
Lw lv dovr hylghqw wkdw

P
�
^P

2
^P

�
@ �

vr iP
�

m m @ 4> 5> 6 j fryhu wkh vlpsoh{1 Ohwwlqj h�/ h2/ dqg h� ghqrwh wkh
yhuwlfhv ri wkh xqlw vlpsoh{/ zh kdyh

h� 5P
�
> h2 5P

2
> h� 5P

�

9;



Iljxuh 4;= Iuhh glvsrvdo htxloleulxp1

9<



i h�> h2 j �P
�
^P

2
> i h�> h� j �P

�
^P

�
> i h2> h� j �P

2
^P

�

dqg
i h�> h2> h� j �P

�
^P

2
^P

�
=

Wkxv/ doo wkh uhtxluhphqwv ri wkh NNP Wkhruhp duh vdwlv�hg1

H{huflvh 9144

E| wkh NNP Wkhruhp/ wkhuh h{lvwv d sW 5 _
�Ma

P
�

> l1h1/ d sulfh yhfwru
sW vxfk wkdw

�
�

�
�

+sW, � 3 iru doo m 5 M= +�,
Wkh vwurqj irup ri Zdoudv* Odz lpsrvhv wkh uhvwulfwlrq

sW ��
�

�+sW, @
[
�Ma

sW
�

�
�

�
�

+sW, @ 3= +��,

Xvlqj +�, dqg wkh idfw wkdw sWmm � 3/ zh frqfoxgh wkdw hdfk whup lq wkh vxp
+��, lv htxdo wr }hur1 Wkxv/ �

�

�
�

+sW, @ 3 zkhqhyhu sW
�

A 31

H{huflvh 9145

Xvlqj Hxfolghdq frruglqdwhv/ ohw { @ +{
�
> {

2
, ghqrwh dq duelwudu| srlqw

lq V1 Ohw
y� @ +3> 3,> y2 @ +4> 3,> dqg y� @ +3> 4,=

+d, P
�
@ i{ 5 V m {

�
. {

2
? 4@5 j dqg P

2
@ P

�
@ i{ 5 V m {

�
. {

2
�
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