1 Exchange

Exercise 1.1

(a) The contrapositive of (x) is (xx): “if x & T, then x ¢ S”7. Z C R

is verified (i) using (x) since if x is an integer, then it is real and (ii)
using (#x) since if z is not real, then it is not an integer.

(b) The converse of (x) is the assertion “if x € T, then x € S.” The
converse of the assertion demonstrated in (a) is “if x is real, then z is
an integer” which is false.

Exercise 1.2

Clearly the right hand side is a subset of the left since 0 € [—«, o] for all
a > 0. To prove that the left hand side is a subset of the right, we establish
the contrapositive:

if ©#0, then x¢ ﬂ [—a, al.

acR

But if x # 0, then there exists an o’ > 0 such that x & [—d/, o/].

Exercise 1.3

(a) Bijective.

(b) Neither injective nor surjective, hence not bijective. f:{2} — {2} is
bijective with inverse f1: {2} — {2} mapping 2 — 2.

(¢) Surjective but not injective, hence not bijective (Hint: Investigate the
behavior of the derivative of f). f:[1,00) — [0,00) is bijective with
inverse the solution of y = 23 — x for x as a function of .

(d) Injective but not surjective, hence not bijective. f:[0,1] — [0,.5] is
bijective with inverse f~1:[0,.5] — [0, 1] mapping y — y/(1 — y).

Verification that f o f~! =idy and f~!o f =idx is left to the reader.

Exercise 1.4

(a) A line passing through the origin and the point (0,1,1).



(b) A plane passing through the origin and the two points (0,1,1) and
(1,0,1).

(c) R3.

Exercise 1.5

See Figure 1.

Exercise 1.6

Let f and g be vectors in L': i.e., linear functionals on L. Then f+g € L’
since f 4 g is also a linear functional on L as we now verify:

(i) For any z,2' € L,

(f+9)x+2) = fle+a")+ga+a’)
= flx)+ f@') +g(z) +g(a)
= (f+9) @)+ (f+9)()

(ii) For any x € L and for any o € R,

(f +9)(ax) = flaz)+g(ar)

Since f(x) + g(z) = g(x) + f(x), the vectors f 4+ g and g + f represent the
same linear functional on L. Hence, f + g = g + f. Similarly, we conclude
that f + (¢ + h) = (f + g) + h for any vectors f,g,h € L'. The 0 vector
in I is the function 0: L — R which everywhere equals zero. It is easy
to check that this is indeed a linear functional, and clearly f + 0 = f for
every f € L'. To each f € L', we define —f to be the functional mapping
x — —f(x). Again, it is easy to verify that this functional is linear and that
f+(=f)=0for every f € L.

For any scalar @ € R and vector f € L/, the function af: L. — R which
maps = — af(x) is a linear functional and hence belongs to L':

(i) For any z,2' € L,

(af)(z+a") = aff(z+a)
= (af)(@) + (af)()



(if)

For any 0 € R and for any = € L,

(af)(Bx) = aoff ()]

It is then easy to verify for any f,g € L’ and for any a, 3 € R that

1f = f
a(f+g9) = af+ag
(a+B)f = af +8f

by verifying that the left and right hand sides of each expression define the
same linear functional on L.
Exercise 1.7

Suppose that for some x € M we have x = my + my = m} + m}, where
mi,m) € My and ma, mb € My. Then my —m) = mbh —mg:=y € M1 N Mo
and, hence, y = 0. Therefore, m; = m/ and ms = m,.

Exercise 1.8

(a)

(b)

Since L = My @®{y € L |y = Az, A € R}, we can express x =
my(z) + ma(x) = my(z) + p(x)z uniquely by the definition of the
direct sum.

By definition of the direct sum, any vectors x,y € L have unique
representations of the form x = my(z) +p(x)z and y = m1(y) +p(y)=.
Therefore, for any «, 8 € R,

az + By = amy(x) + Bma(y) + (ap(z) + Bp(y))z. (%)

But we also have the representation

ax + By = my(az + By) + plax + By)z. (k)

By uniqueness of the direct sum representation, (x) and (x%) must be
equivalent, implying that p(ax + By) = ap(z) + Bp(y). Finally, note
that H(p,0) := p 1({0}) = M;.



Exercise 1.9

Clearly M7 and Ms are linear subspaces, and M»> has dimension one. We
first establish that My + My = L. For any = € L, define a(z) =p- -2 /p- 2.
Then my(x) == x — a(x)z € My, a(x)z € Ms, and so x = (v — a(z)z) +
a(x)z € My + Msy. Next we show that M; N M; = {0}. Suppose that
x € My N My. Then x € M; implies that p-x = 0 and ©x € Ms implies
that x = Az for some A € R. Therefore, p(Az) = Ap-z =p-x = 0. Since
p -z # 0, we conclude that A = 0 and, hence, that = = 0.

Exercise 1.10

Xi=Ri xXZ,.
Exercise 1.11 A+ B ={(1,1),(2,3),(0,—-1),(1,1) }, 24 ={(2,2),(4,6) },
2A+B={(2,2),(4,6),(1,0),(3,4) }.
Exercise 1.12

It A = { (0,0), (1,0), (0,1) }, then 24 = { (0,0), (2,0), (0,2) } but A+A =
{(0,0),(1,0),(0,1),(2,0),(0,2),(1,1) }.

Exercise 1.13

If (z,p) € WE(E), then Ay, P;(z;) C HJ (p,0) for all i € I. Assume that
2 € Y icg AyPi(x;) for some S C Iie., z = > ,cqy; wherey; € Ay, P;(z;) for
all i € S. Because v € WE(E) and y; € A, Pi(x;) for alli € S, p-y; > 0 for
all © € §. Therefore, Y ;cgp-y; > 0 and, hence, z # 0. Since z can be any
arbitrary element of ;. ¢ Ay Pi(x;), we conclude that 0 & >.cq Ay Pi(x;)
for all S C I. By Lemma 1.11, this implies that x € C(E).

Exercise 1.14

(a) See Figure 2.

(b) See Figure 3.

Exercise 1.15

See Figure 4.
Exercise 1.16

(a) Set the marginal rate of substitution for consumer i equal to the ratio
of prices,
4—x;
MRS;(z;) = ——= = &2,
—T4i1 P2



and substitute into the budget equation, p1x;1 + paxse = p-w;, to
obtain the demand equations.

Equate the marginal rates of substitution for the two consumers,

4 — x19 4 — x99

—T11 —x91
and combine with the feasibility constraints,
T11+ 291 =5 and x99 + x99 = 3,

to obtain x11 + r12 = 4. The Pareto optimal set also includes the
allocations on the boundary of the Edgeworth box for which either

z1=(¢,3) and x2=(5—1¢,0) for cel0,1]

or
r1=(0,4+¢) and wz2=(3,1—¢) for ce|0,1].

To solve for the endpoints of the core, set ui(x1) = uy1(wi) to obtain
211(4 — x12) = 4 and use the fact that Pareto optimality requires
4 — x99 = x11 to conclude that x1 = (2,2) is one of the endpoints.
Similarly, set ua(x2) = ug(wz) to obtain x91(4 — x92) = 4 and use
the Pareto optimality requirement 4 — x99 = w27 to conclude that
x9 = (2,2) is the other endpoint.

Note that, using the normalization p; = 1, we have p-w; = 4 + 3p2
and p - wy = 1. Clearing the market for commodity one,

¢11(p) + ¢21(p) = [(4 —p2)/2] + [(1 — 4p2)/2] =5
yields po = —1.
x1 =9 = (5/2,3/2).
Ayxy = (—3/2,-3/2) and Ayza = (3/2,3/2). See Figure 5.
The endowment function becomes

[(4,0) ifi=1;
YT (1,3) ifi=2.

The set of Pareto optimal allocations is, of course, unchanged. But
since now uq(wq) = 16 and ug(wz) = 1 the endpoints of the core are



given by z1 = (4,0) and x2 = (1, 3) so that the core has shrunk to a
single point (the endowment point). Using the normalization p; = 1,
we have p-w; = 4 and p-wy = 1 + 3pa. Clearing the market for
commodity one yields

¢11(p) + d21(p) = [(4 = 4p2)/2] + [(1 — p2) /2] = 5

which implies once again that po = —1. (Actually, we have a corner
solution, but equating MRS’s to the price ratio happens to work.)
The equilibrium allocation becomes x; = (4,0) and x2 = (1, 3) so that
there is no trade.

The endowment function and hence the Walrasian equilibrium and the
core are undefined (at least in the “economic” game presented here):
the result will depend on “politics,” “power,” or other noneconomic
considerations.

Exercise 1.17

See Figure 6.
Exercise 1.18

See Figure 7.
See Figure 7.

The equilibrium price functional is p = (.5,.5) and the two equilibrium
net trade allocations are

Ayry = (.5, —.5), Ayxa = (—.5,.5) and
Awyl = <_57 5)7 Awa = (57 _5>

See Figure 7.

Whatever price functional you choose, the net trades never sum to
7Z€ro.

Now there are Walrasian equilibria corresponding to the same price
functional found in part (c): assign any two consumers the net trade
(.5,—.5) and the other two the net trade (—.5,.5).



(f) Equilibria exist when the number of consumers is even, but there are
no equilibria if the number of consumers is odd.

Exercise 1.19

Letting I; denote the set of consumers of the first type and Is the set of
consumers of the second type, we have

oy Jlapw/p1,(L—a)p-w,; /p2) i€ I
@(p)_{(ﬁp-wi/pl,(l—ﬁ)p-wi/pz) i€l

where o
,w,_{Pml +poby if i € In;
bt prag + poby  if i € Io.

Clearing the market for commodity one, we obtain

S S P = S S e = v+ )

ier;, P1 e, P ich icly

which reduces to
a1 + pob a9 + pab
a(?l 1+p2 1)+r5<p1 2+ p2 2):r(a1+a2)
P1 P1
and, finally, to

b b
a(plal + 2 1) +5(p1a2 + p2b2

) =a1 + a2
p1 P1

which is identical to equation (1.1). Similarly, the market clearing equation
for commodity two reduces to (1.2). Therefore, the equilibrium price func-
tional and the equilibrium allocation received by consumers of each type is
identical to that for the economy with one consumer of each type.

Exercise 1.20
The argument parallels that in the text:

(1.2,-.8) fori=1,

Aui = { (-1.2,.8) fori=2.

If we assign the net trade allocation

Ay (14+¢€)(1.2,—.8) for consumers of type 1;
wii = (1—¢€)(—1.2,.8) for consumers of type 2,

7



then the feasibility condition requires
(r—11+¢(1.2,-8)+7(1 —¢)(—1.2,.8) =0
which reduces to g
€= 2r—1
as before. Therefore, as r increases, € approaches 0 so that, given enough

replication, we can find a net trade allocation which lies in the preferred sets
of each consumer.

Exercise 1.21
Left to reader.

Exercise 1.22

The Edgeworth box diagrams are misleading because each represents a
two-dimensional cross section of R*. Since p - (x; —w;) = 0 for i = 1,2, the
net trades of both consumers do lie on a hyperplane (in R*) passing through
the origin.

Exercise 1.23

Since the same difficulty arises in both proofs, we discuss only the proof of
Theorem 1.12. The problem arises when using the linearity of p to conclude

that
Py Auyi =Y p- Awyi
icl icl
which need not be true if the sum is infinite. In the example discussed in the

text, the left hand side of this expression equals zero while the right hand
side is infinite.
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2 Production

Exercise 2.1

(a) spS = aff S, the line passing through the origin and the point (1,1);
coS={(1,1)}.

(b) Again sp S = aff §, the same set as in part (a), but coS is now the
line segment with endpoints (1,1) and (2, 2).

(c) spS = R? while aff S is the line passing through the points (1,1) and
(2,3). coS is the line segment with (1,1) and (2,3) as endpoints.

(d) spS = R2. aff S is the line passing through the three points in S while
co S is the line segment with (0,—1) and (2,3) as endpoints.

(e) sp S = aff S = R? while co S is the triangle having the three points in
S as vertices.

Diagrams left to reader.

Exercise 2.2

B is convex because it is the intersection of convex sets, and it must be
the smallest because any other convex set containing S will be one of the sets
in C. Since clearly F' C co F';, E C F implies E C co F'. Therefore, since co F'
is convex, all convex combinations of elements of E will be contained in co F/,
implying coE C coF'. Since S C B, we conclude that coS C coB = B,
the latter equality following since B is convex. However, we also know that
B C co S since B is the intersection of all convex sets such as coS which
contain S. Therefore, coS C B and B C co S which implies that coS = B.

Exercise 2.3
Translating the block notation implicit in this expression gives
ar+(1—a)ye S Vr,yeS and Vae|0,1]

which is precisely the definition for S to be convex.

Exercise 2.4

«a = 1: the line segment Cf;
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a = .75: the rectangle with vertices
{(0,0),(.75,0), (.75, .25), (0, .25) };

a = .5: the rectangle with vertices

{(0,0),(.5,0),(.5,.5),(0,.5) };

a = .25: the rectangle with vertices
{(0,0),(.25,0), (.25,.75), (0,.75) };
a = 0: the line segment Ch.
Diagrams are left to reader.

Exercise 2.5

Clearly S — S C R"™. To establish the reverse inclusion, consider an
arbitrary element x € R™. Define

T = (max{ 0,21 },...,max{0,z, })
and
T = (max{ 0, —I1 }, ceey max{ 0, —Tnp })
Then 27,2~ € S and 2" — 2~ = x.

Exercise 2.6

The only possible candidate for the zero “vector” is the set {0}. But it
is not true in general that for every nonempty convex subset C' there exists
an inverse —C such that C'+ (—C') = {0}; consider, for example, [1,2] C R.

Exercise 2.7

Left to the reader (the proofs are almost identical to that for convexity).

Exercise 2.8
Left to reader.

Exercise 2.9

Suggestion: try the transformations defined by the matrices

(1) (o) ma (50)

17



Exercise 2.10

I give the proof for the case of affine subspaces, leaving the (almost iden-
tical) proof for convex subsets to the reader. Note first that, by definition,
there exists a linear transformation C: X — Y and a vector ¢ € Y such that
Ar=Czx+c¢ forall xe X.

(a) For any y,y' € AS and a € R, we want to show that ay + (1 — )y’ €
AS. By definition, y = Cz + ¢ and 3y’ = C2’ + ¢ for some z,2’ € S.
Therefore,

ay+(1—a)y = a(Cz+c)+(1-a)(C2' +c)
= Clar+(1—a)2')+ce AS

since ax + (1 —a)a’ € S.

(b) For any z,2' € A™'S and a € R, we have y =: Cx + ¢ € S and
y' =:Cx'+c¢ € S. Because S is an affine subspace, ay + (1 —a)y’ € S
and so

alCx+c)+(1—a)(C2’' +¢)=Clax + (1 —a)x') +c€ S.

Therefore, ax + (1 — a)a’ € A LS.

Exercise 2.11

This follows directly from the definition: y > «x iff y; > x; for all ¢ =
1,...,n. Because Az; > 0 if ; > 0 and A > 0, Ax > 0 for all z € RY}
provided that A > 0 which proves that RZ is a cone. If z; > 0 and y; > 0
for all ¢ € I, then

ari+(1—a)y; >0 Viel and Vae€|0,1]
S0
z,y € R} and a€[0,1] implies az+ (1-a)ycRY

which proves that RY is convex. If x € R} N (—RY), then z; > 0 and
—x; > 0 for all 7 € I so that x = 0 which proves that RY is proper. Since
clearly 0 € R}, the proper, convex cone R is pointed.

Verification of the analogous properties for R™ follows along the same
lines.

18



Exercise 2.12

This follows directly from the definition: y > x iff y; > xz; for i =
1,...,n. Details of the verification are left to the reader. The cones are not
pointed.

Exercise 2.13

o reflexive: S O S for any set S

e transitive: S; D Sy and Se D S5 implies S; D Sy for any sets Sy, .59
and Ss;

e antisymmetric: if S DT and T D S then S =T.

To show that this partial ordering need not be complete, consider any
two sets which intersect with neither one a subset of the other: e.g.,

S=10,2] and T =][1,3].

Exercise 2.14

e reflexive: x > x for all x € RY;
e transitive: x >y and y > 2z implies x > 2 for any x,y,2 € RY;
e antisymmetric: x > y and y > x implies x = y for any z,y € R%.

The fact that > satisfies conditions (a) and (b) of the definition for an
ordered vector space is immediate.

Exercise 2.15

o reflexive: f(t) > f(t) for all t € T, so f > f for any f € RT;

e transitive: if f(¢) > g(t) and g(¢t) > h(t) for all t € T, then f(t) > h(t)
for all t € T,

e antisymmetric: if f(t) > ¢(¢t) and g(t) > f(¢t) for all ¢ € T, then
f(t)=g(t) forallt €T.
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Again verification that > satisfies conditions (a) and (b) of the definition
for an ordered vector space is immediate.

Ly={feRT|ft)>0vteT}

and
L ={feR"|ft)<0vteT}.

Exercise 2.16

See Figure 8.
(a) K°=R?;
(b) KOZ{CUER2|:L‘ER3_ or (x1<0 and x> —x1)}.

Exercise 2.17

The activity y! = (—1,1,0, 1) is possible for the factory operating alone
and the activity y? = (—1,0,1,0) for the laundry operating alone, but y! +
y? = (=2,1,1,1) is not possible for both operating simultaneously (given
the presence of one unit of soot, the laundry requires an extra unit of labor
to produce a unit of clean shirts).

Exercise 2.18

The demand set for consumer 2 is computed just as in the text: set the
MRS for consumer 2 equal to the price ratio,

T2 1

3(5621 + 4) D2 ’
and solve simultaneously with the budget constraint pixo; + paxas = 0 to

obtain
¢2(p) = <—17 %)

as before. For consumer 1, set the MRS equal to the price ratio,

3x19 _n
r11+4  pe

)

and solve simultaneously with the new budget constraint pix11 + paxio =
P - wy = pa to obtain

P2 3 3291)
= (= -3,>+=2).
¢1(p) <4p1 4 po

20
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Since a positive amount of commodity two will be produced in equilibrium,
the equilibrium hyperplane once again coincides with the diagonal boundary
of the aggregate technology set, yielding the equilibrium price functional
p = (.5,.5). At those prices, the equilibrium allocation is

[(~11/4,15/4) fori=1;
ol (=1,1) for i = 2

with the equilibrium net trade allocation

(—11/4,11/4) fori=1;

Auls = { (—1,1) for i = 2.

Exercise 2.19

(a)

Lemma 2.24: x € Dom(€&, 1)

iff I eFEI 2 2ieP(x)Viel
iff  F2T—-L 3> AyrieY
i€l
and Ayzi € ApP(x)Viel
iff YN AyPi(z) =0
icl
Lemma 2.25: By definition, PO(E) = F(&,I)\Dom(&,I). Therefore,
by Lemma 2.24,
z€PO(E) iff YN AyPi(x)=0.

i€l

Lemma 2.24: an allocation x is dominated if it is possible to find net
trades Ay} lying in each consumer’s preferred net trade set which
sum to a vector which can be produced (i.e., which lies in V).

Lemma 2.25: an allocation z is Pareto optimal if it is not possible to
find net trades lying in each consumer’s preferred net trade set which
sum to a vector which can be produced.

If Y = {0}, then
Yn ZAwPi(xi> #0 and 0e€e ZAwPi(xi)

i€l el

are equivalent.

22



(d) If (x,p) € WE(E), then Ay, P;(x;) C HS (p,0) for all i € I. But

Z € Z Ay P;(x;) implies z= Zyz

icl i€l

where y; € Ay P;(x;) for all ¢ € I. Therefore, p-y;, > 0 for all i €
and so p-z > 0. But, if z€ Y, then p- 2z < 0. We conclude that

YNAyY Pix)=0

icl

which implies that € PO(E).

Exercise 2.20

(a) Lemma 2.27: € Dom(&, S)

if J2'e€F(E,S) > ;€ P(xi)Vies
iff a2 I—L 35 ) AuajeYs
€S
and Ayzi € AyBi(x;)Vie S
iff YN AyPix;)=0.

€S
Lemma 2.28: By definition,

C(€) =F(&, 1)\ U Dom(¢&, S).

Scil

Therefore, by Lemma 2.8,

zeCE) iff Ysn> AyPi(x;)=0.
€S

(b) If Yg = {0}, then

YN Y ApPi(x) #0 and 0€ Y AyP(x;)

€S €S

are equivalent.
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Exercise 2.21

As usual, the inclusion C(£) C WE(E) is immediate from the definitions.
To establish the first inclusion, suppose that (x,p) € WE(E) but = & C(E).
By the definition of the core, x € Dom(&,S) for some nonempty S C I
and so there exists an allocation y € F(&€,S) such that y >g =. But then
Ayyi € Ay Pi(x;) for all ¢ € S. By the definition of Walrasian equilibrium,
this implies that pA,y; > 0 for all ¢ € S and hence that

Py Auwyi=> p-Ayy >0
€S €S

However, y € F(&,S) implies

Y Awyi €YsCY

€S
so that, by the definition of Walrasian equilibrium,

b Z Awyl < 07
€S

a contradiction.

Exercise 2.22
Left to reader.

Exercise 2.23
Left to reader.
Exercise 2.24
Left to reader.
Exercise 2.25
p1 = .4, po = .6, g =05, and x11 = x22 = 5. See Figure 9.
Exercise 2.26
Let Y = {y € R3 |y = A(by,bz,—1), A > 0}. The zero profit condition
then implies that p-y = p1Aby + paAba — A = 0 so that, if A > 0, then
b1p1 + baps = 1. Letting g denote the number of sheep slaughtered, we have
ap
o

ai + as

a
b1g, — =byg, and so = q(bip1 + b2p2) = q.

2p2
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Figure 9: Marshallian joint supply.
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Therefore,

_ ai _ ay
2b1q b1 (a1 + ag)

ag _ ag
2b2q bg (a1 + ag) )

21 and po =

Exercise 2.27

(a) z=(3,1,-1) and p = (7/3,1 —m,1).

(b) Case A: If # > 3/5, then p = (7/3,1 —m,1) and = = (3,1,—1). Case
B: If 7 < 1/5, then p = (7, (1 —7)/2,1) and = (1,2,—1). Case C: If
1/5 <7 <3/5, then p=(1/5,2/5,1) and = = (57, (5 — 5m)/2,—1).

See Figure 10.

Exercise 2.28
See Figure 11.
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Figure 11: Lindahl diagram.
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3 Aumann’s model

Exercise 3.1

The per capita demand for commodity one is given by

1 . ] 1 . . .
/ poWi g / p1(2 4 207) 4 p2(10 — 8i) di
o 2;m 0 2p

3p2
P

= 6+
and the per capita endowment by

1 1
/wﬂ di:/ (2 + 20) di = 12.
0 0

Clearing the market for commodity one, we have

Using the normalization p; + po = 1 yields the equilibrium price functional

p=(1/3,2/3).
Therefore, the equilibrium wealth function is

22+ 40
3

1 2
p-w; = 5(2+20¢) + - (10 — &) =
3 3
and the equilibrium allocation
rp=114+2¢ and x;=55+1

to consumer 2.

Exercise 3.2

Using p-w,; = 4i(1 — i), we obtain for the per capita demand and en-
dowment of the first commodity

152, .. 1 1 2
/Zp Didi=_— and /wﬂdz’:—
0o Pp1 op1 0 3

respectively, yielding p = (.3,.7) for the equilibrium price functional (using
the normalization p; 4+ ps = 1) and

4 4
T = (goz'?’u — i), 70(' —2 =43 +i4)>

29



for the equilibrium allocation to consumer .
Exercise 3.3

Using the normalization p; + p2 + p3 = 1,

3

prw; =Y pi(4i—4i%) = 4 — 44°.
j=1

For commodity 1 or 2, per capita demand and endowment are given by
Lp-w, 1

1 2
di=— and /wi-di:—
0o 4p; 6p; o 3

respectively, yielding equilibrium prices p = (.25,.25,.5). The equilibrium
allocation gives
xi; =4 —4* for j=1,2,3

to consumer 7.

Exercise 3.4
If y = A\(—.5,0, 1) for some A > 0, then p -y = A(—.5p1 + p3) = 0 implies
p3 = .5p1. Using

Ip-w,

k 1 k
di=— and / wyo di = —
0 3p2 6p2 0 2 2

we obtain the equilibrium price functional p = (2/3,1/3,1/3). The equilib-
rium allocation gives x; = (ki/2, ki, ki) to consumer i.

Exercise 3.5

Using the price normalization p; + p2 = 1,

p-w; = pik; + paki = ki(p1 + p2) = k.

/xl:/wdi:i/ak
I I b1 p1JrI

Equating this expression to [, w; = [; k yields the equilibrium price

J;ak
p ==t
Jik

Therefore,
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and corresponding equilibrium allocation

O[Z'k'i f] k
Jrak

(1 —ai)ki(1— J k)
Jrak

Ti1 = and T =

Exercise 3.6

The per capita demand for commodity 1 is
/561 Z/ a(prag +p25t) -y at(prag +p25t))\(5t>
teT teT p1
and the per capita endowment is
/w1 Z/ ay = Zat)\ St
te’l te’l
Clearing the market for commodity one yields
b
teT p1 teT

Using the normalization p; + ps = 1 and solving for p1, we conclude that in
equilibrium

2ter abiA(St)
ier [(1 — ar)ar + b A(Sy).

p1 =

Exercise 3.7
Substituting into the utility function w;(x;) = \/23 + (iz:2)? yields
u;(1,0) =1 and wu;(0,1/7) =
However, evaluating the utility of the commodity bundle .5(1,0)+.5(0,1/¢) =
(.5,.5/i) gives u;(.5,.5/i) = 1/+/2 which is less than 1.

Exercise 3.8

In the pure exchange model, the inequality p - w; > 3(p - w; —p2) becomes
i < .15p2/p1 while the inequality 3(p-w; —p2) > 5(p - w; —2p2) becomes
1 < .35p2/p1. The per capita demand for automobiles is then

35p2/p1
/ Ty = / 9=2_ 52
15p2/p1 .35p2/p1 P1
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while the per capita endowment, of course, remains the same: [;ws; = 1.
Clearing the market for automobiles and using the normalization p; + p2 =
1 yields the equilibrium price functional p = (1/3,2/3). The equilibrium
allocation is unchanged.

In the production model, the zero profit requirement py = Bp; combined
with the normalization p; + p2 = 1 yields the equilibrium price functional

p=(1/(1+p),6/(1+0)).

Exercise 3.9

(a)

If cars are produced, then the zero profit condition implies
O0=p-y=Ap2s—4p3) = A(p2 —4) forsome >0
and so py = 4.
The maximum utility achievable by consumer i is
Vo = (14 (1)(0) + (2)(0))(p - w; /p3) = p - w;

if he chooses no car,

Vii=(1+11) + (2)0)((p-w; —p1)/p3) = 2(p - w; —p1)
if he chooses a used car, and

Vo= (1+ (1)(0) + (2)(1))((p - w; —p2)/p3) = 3(p - w; —p2)

if he chooses a new car.

Since we are given k1 < .5, the relevant income for the consumer
i = kj indifferent between owning no car and a used car is p - w; = 12:.

Therefore, Vi = V4 iff

prw;=2(p-w; —p1) iff i=p;/6
so that k1 = p1/6.

Since we are given ko > .5, the relevant income for the consumer
i = ko indifferent between owning a used car and owning a new car is
p-w; = 12¢ 4+ p1. Therefore, V; = V5 iff

2(p-w; —p1) = 3(p-w; —p2) iff i=(p2—p1)/4

so that ko = (po — p1)/4.
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(c) Since

/x1:p2_p1—ﬂ, /w1:.5, and po =4,
I 4 6 I

we obtain p; = 6/5 as the equilibrium price of a used car.

(d) Since py =6/5 and p2 = 4,

Therefore, 20 per cent (the interval [0,.2)) get no car, 50 per cent get
a used car (the interval [.2,.7)), and 30 per cent get a new car (the
interval [.7,1]).

Exercise 3.10
Left to reader.

Exercise 3.11

(a) X;={0,1}x{0,1} x Ry

(b) Setting ;(0,0,p-w;) = u;(1,0,p-w; —p;1) for the consumer ¢ = k;
indifferent between no car and a Honda gives k1 = .2p;. Setting
u;(1,0,p-w; —p1) = u;(0,1,p - w; —p2) for the consumer i = ko indif-
ferent between a Honda and a Porsche gives ks = .3ps — .2p;. Finally,
setting u;(0,1,p - w; —p2) = w;(1,1,p - w; —p1 — p2) for the consumer
i = k3 indifferent between owning “only” a Porsche and owning both
a Honda and a Porsche gives k3 = .2p1 + po.

(¢) Per capita demand and endowment for Hondas are

/l’lzk‘g—k’l-i-l—k‘g and /w1:.4
1 1

respectively. Per capita demand and endowment for Porsches are

/.732:1—k‘2 and /IUQ:.5.
1 1

Clearing the two automobile markets gives

ki —ko+ks=.6 and ko =.5.
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Using the results of part (b) to substitute for k1, k2 and k3 and sim-
plifying, the market clearing equations become

3pr—p2=3 and —2p1+3p2=5
which have solution p; = 2 and py = 3.
(d) Use the equilibrium prices and the results of part (b) to compute
ki=.4, ke=.5, and k3=.T.

Since

9 1
/p-w:/ 10z di+/ (4p1 + bp2 + 104) di = 7.3,
I 0 9

k1 ko k3
/xs = / p-w+/ (p-w—p1)+/ (p-w—p2)
1 0 k1 ko

1
+/k (p-w—p1 — p2)

3

1 ko k3 1
= /P'w— pl—/ p2-/(P1+p2>:5
0 k1 ko k3

1
/w3:/ 10¢ di =5
1 0

so the market for the divisible commodity does clear.

(e) Left to reader.

Exercise 3.12

(a) For an activity vector y = A(1, 1, —f3), the zero profit condition requires
py=ANp1+p2—p0)=0. If A >0, then p; +p2 = .

(b) Integrating consumer demand gives

/3:1 = (pl)_l/alk and /3:2 = (pg)_l/alk.
I I I I
q= /1’1 Z/LL’Q
I I
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denote the per capita quantities of mutton and hides, we conclude that

B =p1+p2 qul/l(oél-i-om)k

and hence
0=07" [ (a1 +ax)k
and f L f L
19 72
=3—4 - _  and =f—4 =
e A

(¢) g=1, p1 = A(51), p2 = A(S — 2), and
[ (1/A(51),0,1) ifi€ S
%_{wﬂMwa)ﬁie&.

Exercise 3.13

b) 0< <1,
A{z}) = A() = AN[0,2)) = M(x, 1)) =1—x— (1 —2) =0.
Ifx=0,
A{z}) =AI) = A((0,1])=1—-1=0.
Ifz=1,
A{z}) =AI) = A([0,1))=1—-1=0.

(c) Letting T'= QN [0,1] and using the fact that Q (and hence T') is
countable,

A(S1) = AUser{a}) = 2 A(e}) =0.

zeT

(d) A(S2) = AI) = A(Sy) =1—-0=1.

Exercise 3.14
We check Definition 3.1:

~ 0 ifa>1;
f 1((61700)):{Qm(071} if 0 <a<1;
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Therefore, f is measurable since each of the sets (), Q, and (0, 1] is measur-
able.
Exercise 3.15

Since I is finite, any collection {S; € C |t € T'} of disjoint subsets of
I is necessarily finite. It suffices, therefore, to prove finite additivity. For
counting measure,

1(UrerSe) = #(UrerSe) = > #S: =D u(Sh).

te’l teT

For normalized counting measure,

_ #Uer St Yer #5t
H(UthSt) - #I - E#I - ;M(St)

Neither is a nonatomic measure. Normalized counting measure is a proba-

bility measure.

Exercise 3.16

THEOREM: Let € = ({X;, Pyw; | i € 1},{Y(S) | S C I}) be an
Aumann economy with (I, B(I), \) a nonatomic measure space of consumers
and Y(S) a nonempty, pointed, convex cone with Y (S) C Y/(I) for all S C I.
Then WE*(E) C C(€) C PO(E).

PROOF: The inclusion C(£) C PO(E) is immediate. To show that
WE*(E) € PO(E), suppose not. Then there exists an allocation z € WE? ()
but = ¢ C(£): i.e., there is a coalition S € B(I) with A(S) > 0 and an
allocation 2’ € F(&, S) such that o} >; x; for a.e. ¢ € S. But then p -2} >
p-w;ae i€ Sandso [¢p-a’ > [¢p-wor

[p@—w)=p- [@—w)=p-y >0,
S S
contradicting the hypothesis that 2’ € F(&,S) and hence that p-y’ = p -
Jg(@' —w) <p-0=0.
Exercise 3.17
Letting t1 = (o1, (a1,b1)) and t2 = (a2, (az,b2)), we have
T = .255751 + .755752.

In the example, 1 = (3,9/5) and x5 = (7/3,7/5). Letting f1 = (x1,t1) and
f2 = (x2,t2), we have
p=.256f + .756¢,.
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Exercise 3.18

Let > denote the stairstep preference common to all consumers, and
w = (1.5,1.5) the common endowment vector. Letting t = (>, w), we have
T = (St.
Letting f1 = (z1,t1) and fo = (x9,t2) where 21 = (.5,2.5) and z9 =
(2.5,.5), we have
n= -55t1 + .55,52.

Exercise 3.19

For w € [0, 3),
2(0) = 0,z({k}) = 0,2({c} =w, and z({k,c})=w.
For w € [3,7),
2(0) =0,2({k}) =1,z({c} =w—2, and z({kc})=w— 1.
For w € [3,10],
2(0) = 0,2({k}) = 2,z({c} =w —4, and z({k,c})=w—2.

Since by definition, x € M(J) takes the form = x.6.+x 0, the vectors
{6c, 6 } span M(J). Applying the measure ad. + (36 to the set {c} gives

(abe + Bop){c} = a
while applying it to {k} gives
(abe + B6){k} = 5.

Therefore,
ab. + B, =0 implies a= =0,

which proves that 6. and ; are independent.
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Exercise 3.20

(a) VE = (w— Bk?)(1+ ak?). Therefore,

av® 9 9
T (w— Bk*)(2ak) + (1 + ak)(—20k) =0
implies the optimum
R it
2a3

Ifa=1,03=2 andw =10, k* = V2.
(b) k(w) = /(w—2)/4 which has support [1,4/3]. The distribution is

clearly not uniform.

Exercise 3.21

We take as parameters the values given on page 137 of the text: a =1,
0 =2, and k > 3. In the convexified economy, a consumer with endowment
w = wd, will choose a jurisdiction offering a local public good of quality

w—2
b=—7
ie.,
1.0 ifw=6;
1.5 fw=328;
k=420 ifw=10;
25 ifw=12;
3.0 ifw=14.

The corresponding Rosen diagram is shown in Figure 12.

Since each of the five types has measure .2 while scale economies are
exhausted for jurisdictions serving .1, the Tiebout equilibrium for the con-
vexified economy will also be an equilibrium for the original economy. How-
ever, if economies of scale are exhausted only for jurisdictions serving at
least a quarter of the population, then there is no Tiebout equilibrium for
the original economy.
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Figure 12: Rosen diagram

39



4 Topology

Exercise 4.1

(a)

Let (X, 7) be a topological space. Note first that the definitions of T
and T3 explicitly assume that (X,7) is 7. Consequently, singtleton
sets are closed. To prove this, consider any point y # x. Since (X, 7) is
Ty, there is an open neighborhood Gy, of y disjoint from {z}. Because

XN\ay= U {yh

yeX\{z}

we conclude that

X\{z}c |J G, andso X\{z}= |J G,.
yeX\{z} yeX\{z}

Since the right hand side is a union of open sets, it is open. Thus, the
complement of {z} is open and hence {z} is closed.

Ty = T3: For any x € X, the singleton set {z} is closed. Let F' be
a closed set such that x ¢ F. Because (X,7) is Ty, the closed sets
{z} and F are contained in open neighborhoods G, and G which are
disjoint and so (X, 1) is T3.

T3 = Ty: Given z,y € X, the singleton sets {z} and {y} are closed.
If x # y, then the fact that (X, 7) is T3 implies the existence of open
neighborhoods G, and Gy of {x} and {y} which are disjoint. There-
fore, (X, 1) is Tb.

T5 = T7: Note that here, in contrast to the previous two steps, we do
not assume (X,7) is T1. Given z,y € X such that x # y, the fact
that (X, 7) is Ty implies the existence of open neighborhoods G, and
Gy of x and y which are disjoint. Consequently, y ¢ G, which shows
that (X, 7) is T7.

If (X, 7) has the discrete topology, every subset of X is open. Let F'
and F’ be any pair of disjoint subsets of X. Because their complements
are open sets (recall that under the discrete topology every subset is
open), F' and F’ are closed sets. But they are also open sets (because
every subset is an open subset): i.e., they are “clopen.” Define Gp = F
and Gg» = F’. These neighborhoods of F and F” are open and disjoint.
We conclude that (X, 1) is Ty.
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()

For any z,y € X such that x # y, the only open set other than () is
X. But if G; = X, then clearly y € G. Therefore, (X, 7) is not 7.

To show that singleton sets are not closed, note that {x} is closed iff
X\{x} is open. But if X contains more than one point, then X\{z} #
X and X\{z} # 0. Therefore, X\{z} is not an open set and hence
{z} is not closed.

Exercise 4.2

Let 3 represent the set of open intervals in R.

e Forany x € X and any € >0, x € (x — €,z +€) € 5.

e Let By = (a1,b1) and By = (ag,b2) be any two intervals and = €

B1NBs. Then B3 := B1N By is an open interval and x € By C B1NBs.
(What happens if By and By are disjoint? Then the statement is true
“by vacuous implication”!)

We conclude that 3 satisfies the two requirements of a basis.

Exercise 4.3

(a)

Because (—oo, —a) and (a, 00) are open, their union is open. There-
fore, for any a > 0, the set [—a,a] = R\{(—o00, —a) U (a,00) } is
closed. Consequently, Nocr, [—@, @] is closed because it is the inter-
section of a collection of closed sets.

Since Naer., [—,a] = {0} (cf. Exercise 1.2), you can also reach the
same conclusion by noting that the singleton set {0} is closed.

Although (—«,«) if an open set for each a > 0, the intersection
NacR,, (—a, @) is not a finite intersection of open sets and hence
need not be open. In fact, it is not because Nger,, (—a,a) = {0}
(prove this following along the lines of Exercise 1.2) and {0} is closed
but not open. Since Naer, , (—a, a) is an intersection of open sets, it
is a Borel set. However, because the index set Ry is not countable,
this set need not be a (Gs. Nevertheless, in this case it is a Gs set

because
ﬂ (_O‘va): m (_a7a> (: {O}>

CMER++ ac Z++

(which is easy to prove) and Z  is a countable set.
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Exercise 4.4
Let B = [[,c4 Ba be a typical basis element for the product topology
where B, = X, except for a« € A" where A" := {aq,...,q, } is a finite
subset of A. Define
B; = H Ba

acA

where )
Bo_ B, if a=ay;
o X, otherwise.

Then B = NP B! as was to be shown.

Let By and By be open intervals in R so that By X Bs is an open rectangle.
(Note: in general, any set of the form G1 x G2, where G and G4 are open
subsets but not necessarily open intervals of R, is conventionally called an

“open rectangle” of R2. Here we are considering a special case.) Letting
B =B; xR and B, =R x By,

we have

B XBQZBiﬂBé.

Exercise 4.5

Given a ball B(z,€) with € > 0, choose a rational number € such that
0 < € < e. (This exploits the fact that every open interval contains a
rational. In fact, we can choose an integer n € Z, . such that 0 < 1/n < e.)
Then
B(z,€') C B(z,e).

On the other hand, if B(z,€¢') is a ball with (strictly positive) rational
radius €/, then we can certainly find a number € € R such that 0 < e < €.
Therefore,

B(z,€) C B(xz,¢€).

We conclude that both collections of open balls, those with arbitrary
(strictly positive) radii and those with (strictly positive) rational radii, are
bases for the same topology.
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Exercise 4.6

(a)

(b)

Reflexive: S C S for all S € S.

Transitive: R C S and S C T implies R C T for all R, S,T € S.
Antisymmetric: S C T and T C S implies S =T for all S,T € S.
Let X = {a,b} and S = 2%, If a # b, then {a} ¢ {b} and {b} ¢ {a}.
Therefore, C does not totally order S.

Let X = {a,b,c} and § = {0,{a},{a,b},X}. Then 0§ C {a} C
{a,b} C X and so S is totally ordered.

Exercise 4.7

(a)

(=): Consider a net z“ — x. Since the net converges, for any open
neighborhood G, there exists an a* such that z* € G, for all a >
a*. However, with the discrete topology, G, := {x} is itself an open
neighborhood of {z} and hence 2® € G, implies % = x. Therefore,
% = x for all o > o™ as claimed.

(<): Consider a net (z® | a € A) and an a* € A such that z% = x
for all @ = a*. Any open neighborhood G, of x contains x, and so
% € G, for all a = o*. Therefore, z* — x.

Let (z* | a € A) be anet in (X, 7). With the trivial (indiscrete) topol-
ogy, the only neighborhood containing x is X itself. For G, = X,
x® € G, for all a € A. Therefore, letting o* be any element of A, we
conclude that z% € G, for all a > a* and hence that 2% — .

Exercise 4.8

(a)

By definition, int S is the union of all the open sets contained in S,
and any union of open sets is open. Similarly, cl S is the intersection
of all closed sets containing S, and any intersection of closed sets is
closed.

(i) (=): If S is closed, then S is one of the closed sets which contains
S and is clearly contained in any closed set which contains S. Thus,
the intersection of closed sets containing S equals S: i.e., cl1 S = 5.
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(<): If S = cl S, then S equals the intersection of a collection of closed
sets and hence is itself closed.

(27) (=): If S is open, then S is one of the open sets contained in §
and clearly it contains any other open set contained in S. Thus, the
union of the open sets contained in S equals S: i.e., int 5 = S.

(<): If S =int S, then S equals the union of a collection of open sets
and hence is itself open.

(c) Since S C clS and accS C S, we have SUaccS C clS. To show the
reverse inclusion, suppose that x € c1.S but x ¢ S. By Theorem 4.15,
x € clS iff G, NS # O for every open neighborhood G, of x. Since
x & S, this means that G, N (S\{z}) # 0 for every such G, and hence
that

zeaccS:={zxe X |GNS\{z})#0 VGreT >2xe€Gy}.

Exercise 4.9

(a) Because x is isolated, there is no net in X\{x} which converges to =.
Therefore, according to Theorem 4.15, x € int{x} which implies that
{z} is open. However, since z is isolated, cl{z} = {z} and so {z} is
also closed.

(b) x € acc S iff there exists a net in S\{x} which converges to z. Since x
is isolated, there is no such net.

Exercise 4.10

This is largely left to your imagination. Here is one example: Let
S={(r;,m) eR?*| 1<z <1& —1<a3<1},

a rectangle which contains its upper and its right bounding line but not its
left or lower bounding line. Then

intS:{(xl,xg)GRQ\—1<x1<1& —1<ZL‘2<1},
the rectangle with all bounding lines excluded;

cddS={(z,m) eR? | -1<2;<1& —1<a3<1},

44



the rectangle with all bounding lines included;
bdS =clS\int S,
the boundary lines of the rectangle; and
accS =cl§,

once again the rectangle with all bounding lines included.

Exercise 4.11

We want to show that c1Q = R. Suppose not. If x € R but = & clQ,
then by Theorem 4.15 there is an open neighborhood G, of x such that
G, N Q = (). Since the open intervals constitute a basis for the standard
topology on R, there exists an open interval I such that x € I C G;.
However, since G, N Q = (), we conclude that I N Q = () which is impossible
because every open interval contains a rational number.

Exercise 4.12

The intervals (—oo,a| and [a,00) are closed subsets of R. Therefore,
if f is continuous, then according to Theorem 4.17(c) the inverse images
f1(—o0,a] and f~![a,00) must be closed.

To establish the converse, first note that for any function f: X — Y and
any subset S C Y,

FH\S) = X\FL(S).
We remarked following Theorem 4.17 that a function f:R — R is con-
tinuous iff the inverse images f~!(—o0,a) and f~!(a,o00) are open for all
a € R. Since f~1(—o00,a) = R\f~![a,0), the inverse image f~!(—oc0,a) is
open iff the inverse image f~![a,00) is closed. Similarly, since f~!(a,o00) =
R\ f~!(—o00,a], the inverse image f~!(a,o0) is open iff the inverse image
f~(—o0,a] is closed. We conclude that f is continuous iff the inverse im-
ages f~1(—oco,a] and f~![a,00) are closed for all a € R.
Applying this criterion to the function f:x — 22, we have

1 oo ql = [—Va,/a] if a > 0;
7 ,a] {@ otherwise

and
£ Ya,00) = { (—o0, —/a] U [ya,00] if a > 0;

R otherwise
which are closed sets for all a« € R. Therefore, the function f is continuous.
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Exercise 4.13
Note first that for any G C Z,

z€ f g Q) = flx) g (G) = g(f(x)) €C

= gof(x) €G < z€(gof)7(G)

so that

F U HG) = (go f) " MG) forall GcCZ.

Let G be any open subset of Z and suppose that the functions f and g
are continuous. Continuity of g implies that g~ !(G) is open. Continuity of
f implies that f~1(¢7(G)) is open. Therefore, (go f)~*(G) is open for any
open set G C Z which establishes the continuity of the function g o f.

Exercise 4.14

(a)

A constant function, f:R — R mapping z — ¢ € R, is continuous
and closed but not open: f(S) = {c}, a closed set, for every set S
(open or not) in the domain of f.

The function .

1+ |z|

is continuous and open but not closed: f(R) = (—1,1), an open set.

ffR—R, T =

Let f be open and F C X closed. Then F' = X\G where G is open
and so

fF) = FXONF(G) = Y\[(G)
(this is where we use the fact that f is bijective — otherwise, we could
only assert that f(F) C f(X)\f(G)). Since f is open, f(G) is an open
set. Therefore, f(F) is closed because it is the complement of an open
set. Because this holds for any closed set F' C X, we conclude that f
is a closed map.

Similarly, suppose that f is closed and G C X is open. Then G = X\ F’
where F' is closed and so, because f is bijective,

F(G) = FRON(F) = Y\f(F).

Since f is closed, f(F') is a closed set. Therefore, f(G) is open because
it is the complement of a closed set. Since G was arbitrary, this proves
that f is an open map.
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Exercise 4.15

Because the standard topology of R2 is T and the subsets c1.S; and ¢l S
are closed, we can find two disjoint sets G; and G5 such that c1.S7 C Gy and
cl So C Gs. Letting Y = S§1U Sy, the sets S1 = G1NY and So = GoNY are
open sets in the relative topology of Y. Therefore, Y equals the union
of two disjoint open sets which means, by definition, that it is disconnected.

Exercise 4.16

(=): Since one-point sets are open in the discrete topology, the collection
{Ge C X |Gy={z} Vr e X}
is an open cover of X: i.e.,

X=JG..
reX

Because X is compact, this cover has a finite subcover: i.e.,

X = U Gy :={x1,...,2n}

zeX’

for some n < oo. Thus, X is finite.

(«<): Suppose that X is finite, say X = {z1,...,2, }, and let { G, C X |
a € A} be an open covering. Since each point x; can be covered by one
of the open sets in this covering, we can cover X with a finite subcover.
Therefore, X is compact.

Exercise 4.17

X\ U Sa = ﬂ(X\Soz)

acA acA

because

zreX\|J S = reX&argS.VacA =

acA

r€X\SaVaeA = ze (](X\Sa)

acA
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Exercise 4.18

(a)

Let f: X — Y be a continuous function and C C X a connected
set. We want to prove that f(C) is connected. Suppose not so that
f(C) = G1 UGy where G; and G4 are nonempty, disjoint and open.
Then C = f_l(Gl U GQ) = f_l(Gl) U g_l(Gg). The sets f_l(Gl)
and f~1(Gz) are open in (X,7x) because f is continuous, disjoint
because G1 and G3 are disjoint, and nonempty because G; and G2 are
nonempty. Therefore, C' is the union of two nonempty, disjoint and
open sets which means that C' is disconnected, a contradiction. We
conclude that f(C) is connected.

Let f: X — Y be a continuous function and K C X a compact set.
We want to prove that f(K) is compact. If

F={Gpety|acA}
is a covering of f(K) by sets open in (Y, 7y), then the collection
{1 (Ga)eTx |aec A}

is a covering of K by open sets (since f is continuous). Because K is
compact, there is a finite subcovering, say

KCf G)UfHG)U---Uf HGn).

But then

f(K) C GiUGaU---Ghy;
i.e., the open covering I' has a finite subcover. Thus, K is compact.
If f(z) = 2% and C = [1,4], then f}(C) = [-2,—-1] U [1,2] is not
connected. If f(z) =0 for all # € R and K = [—1,1], then f~}(K) =

R is not compact.

Exercise 4.19

(a)

Let { (X, Ta) | @ € A} be a collection of compact topological spaces

and let
X =[] Xo-

acA
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If X is given the product topology, then according to the Tychonoff
Theorem X is compact. Suppose that 7/ is another topology on X
weaker than 7: i.e., 7/ C 7. Consider any covering I' of X by sets
open in (X, 7'). Because 7 C 7, every set G, € I' C 7’ also belongs
to 7. Therefore, I' is also a covering of X by sets open in 7. But X
is compact in the product toplogy which implies that I" has a finite
subcovering. We conclude that X is compact in the topology 7.

(b) Let { (Xa,7a) | @ € A} be a collection of compact topological spaces

and let
X =[] Xo-
acA

Recall that an element x € X is a function of the form

:U:A—>UXQ, a— xy € Xg.
acA

The open set By, described in the text sets its o/-coordinate space By
equal to X, which insures that the o/-coordinate of = is “covered” by
B, ie., xzy € By Thus,

z€ |J Ba
acA

for any € X which establishes that the collection { By | @ € A}
covers X with sets open in the box topology.

Now consider a function z* € X with the property that =}, € X,\B}
for every o € A: i.e., each of the “coordinates” x}, of x lies outside the
corresponding B} CC X,. Since By is the only element of the cover
for which z}, € B,, we cannot exclude l—z)’a and still cover all of X.
Because the same is true for each o € A, there is no finite subcover.

Exercise 4.20

Suppose that Gy is a countable local base at 0 for a TVS. By definition,
then means that this TVS is first countable. However, it need not be second
countable. A basis for the topology is given by the union

J 8. where B, ={B,CL|B,=x2+By, Bo€f}
reX
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which will contain an uncountable number of basis elements if X is uncount-
able.
In the case of the Euclidean topology on R™, the collection of balls

{B0,1/n) |n€Zii}

constitute a countable local base at 0. This linear topology is also second
countable because we can obtain a basis for the Euclidean topology on R™
by considering only translations of these balls of the form

By :=x+ B(0,1/n) where z¢€ Q".

The union

U 6

zeQn
is countable because a countable union of countable sets is countable.

Exercise 4.21

Using the Euclidean metric, a typical ball centered at 0 takes the form

B(0,e) ={yeR* | \Jy? +y3 <€}

which translates to a ball centered at x of the form

B(z,e) = {y € R? | /(g1 —21)% + (y2 — 22)2 < e }.

Using the sup metric, a typical ball centered at 0 takes the form

B(0,¢) = {y € R* | sup{y1,n} <¢}

which translates to a ball centered at x of the form

B(z,e) ={y € R? | sup{y1 —x1,y2 — w2 } <€}

Since the translate of a convex set is convex, it suffices to show that the
typical ball B(0, €) centered at 0 is convex. The key fact is that both

n 3
lally = [zx%]
=1

and

Il s= max{ foa - }

are norms, and norms are convex functions. To prove the latter statement,
note that by Definition 4.24, any norm ||-|| on a vector space L satisfies
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e |ax| = |a|||z|| for every x € L and for every a € R; and
o llz+yll < llzll + lly|| for all 2,y € L.

Therefore, for all x,y € L and for all o € [0, 1],
lax + (1 = a)y|| < [laz]| + (1 = a)yll = allz]|+ (1 —a) [ly]

which proves that ||-|| is convex.
We will now prove that the balls in any normed vector space are convex.

Let
B(0,e):={xe L] || <e}.

If z,y € B(0,¢), then by definition ||z|| < € and ||y|| < e. Therefore, for any
x,y € B(0,¢) and for any « € [0, 1],

oz + (1 —a)y|| < allzf|+ (1 -a)y <e
and hence
ar + (1 —a)y € B(0,¢€).
We conclude that B(0,¢€) is convex in any normed vector space and so, in
particular, in the vector space R™ normed by ||-||, or ||-|| -
Exercise 4.22

(=): Given a € lint AN S, let 2z # a be another point on the line S. Let
w = z—aso that a € [a—w,a+w] C S. Since a € lint A and a+w € L\{a},
there exists a y € (a,a + w) such that [a,y) C A. Similarly, there exists an
x € (a —w,a) such that (x,a] C A. Therefore, a € (x,y) = (z,a] U [a,y) C
ANS as claimed.

(«<): Let a € A and z € L\{a}. By hypothesis, the line passing through a
and z contains a linearly open interval (z,y) such that a € (z,y) C ANS,
and we can clearly arrange that y € (a, z). Therefore, we have shown that
there exists y € (a, z) such that [a,y) C A as claimed.

Exercise 4.23
To be added.

Exercise 4.24

The equivalence of the assertions
e p is continuous;

e H"(p,a) and H™(p,a) are closed for all « € R;
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e Hf(p,a) and H, (p, ) are open for all « € R
follows immediately from Theorem 4.17 since
o H*(p,a) =p~'[a,c0) and H™ (p,a) = p~'(~00,al; and
o H/(p,a) =p~'(a,00) and H, (p,a) = p~'(—00, ).
Any of these three statements also implies
e H(p,a) is closed for all « € R
since
H(p,a) =p () = H'(p,a) N H™ (p, )
for any o € R.
It remains to prove that

e H(p,a) is closed for all « € R

implies that p is continuous. In fact, all that is required is that H(p,0) be
closed. In contrast to everything proved thus far, this claim makes use of
the fact that p is a linear functional and hence that H(p,0) is a subspace of
codimension one. See H. Schaefer (1970), Topological Vector Spaces, pages
24-25 for a short proof.

Exercise 4.25 To avoid confusion, instead of using 0 we will let z: L — R

denote the linear functional which maps every vector x € L to 0: i.e.,
z(x) = 0 for all x € L. By definition, z € L* if z is continuous: i.e., if
2~1(@G) is open for every open set G C R. Since z maps every vector € L
to 0, (i) 2= 3(G) =0 if 0 ¢ G and (ii) 2~}(G) = L if 0 € G. Every topology
on L includes the sets L and (). Therefore, z € L*. (Note: this proves
that the dual space L* is nonempty: the 0 vector, which every vector must
contain, is always in L*.)

Exercise 4.26 Let
A = {zeR? |21 >0& a9 > 1)1}
B = {zeR*|2<0}

The only separating hyperplane is the x1-axis which separates A and B but
neither strictly nor strongly separates them.

Exercise 4.27 If & is a support point for A, then by definition it lies both
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on the supporting hyperplane and in A. However, if A is open, & would then
be in the interior of A and consequently contained in an open neighborhood
contained in A: say & € Gz C A. But since & lies on the hyperplane, Gz
would then intersect both open halfspaces of the hyperplane, an impossibility
since the hyperplane supports A.

The support points of cl A are the points in (cl A)\ int A, the boundary
of A.
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5 Best response

Exercise 5.1

= on R is: (a) reflexive: x = z for all z € R; (b) not irreflexive since
it is reflexive; (c) not complete since, e.g., neither 1 = 2 nor 2 = 1; (d)
transitive: = = y and y = z implies = z for all z,y,z € R; (e) not
negatively transitive: 1 # 2 and 2 # 1 but 1 = 1; (f) symmetric: z =y
implies y = x for all x,y € R; (g) not asymmetric since it is symmetric; (h)
antisymmetric: * = y and y = x implies x = y for all z,y € R.

> on R is: (a) not reflexive since it is irreflexive; (b) irreflexive since
x # x for all x € R; (¢) complete: either x > y or y > x for all x,y € R such
that x # y; (d) transitive: x >y and y > z implies > z for all z,y,z € R;
(e) negatively transitive: x ¥ y and y % z implies « # z; (f) not symmetric
since it is asymmetric; (g) asymmetric since x > y implies y % x for all
z,y € R; (h) antisymmetric by vacuous implication: for all x,y € R such
that x > y and y > x (there are no such x and y) it is true that z = y.

> on R is: (a) reflexive: © > x for all z € R; (b) not irreflexive since it is
reflexive; (c) complete: either > y or y > x for all z,y € R; (d) transitive:
x >y and y > z implies > z for all z,y, z € R; (e) negatively transitive:
x ?y and y # z implies ¢ # z; (f) not symmetric since, e.g., 2 > 1 but
1 # 2; (g) not asymmetric since, e.g., 1 > 1 but it is not true that 1 % 1;
(h) antisymmetric: « >y and y > « implies z = y for all z,y € R.

C on 2% is: (a) reflexive: S C S for all S € 2%; (b) not irreflexive since
it is reflexive; (¢) not complete: if S and T' are nonempty and disjoint, then
neither S C T nor T' C S; (d) transitive: R C S and S C T implies R C T
for all R,S,T € 2%; (e) not negatively transitive: e.g., for subsets of R,
{1} ¢ {2,3} and {2,3} ¢ {1,2} but {1} € {1,2}; (f) not symmetric: if
S is a proper subset of 7" then T' ¢ S; (g) not asymmetric: if S C 7" and
S =T then T'C S; (h) antisymmetric: S C T and T' C S implies S =T for
all §,T € 2X.

Exercise 5.2

From Table 5.2, = and > on R and C on 2% are reflexive and transi-
tive; hence, they are preorderings. > on R is not reflexive so it is not a
preordering.

Also from Table 5.2, > on R is negatively transitive and asymmetric;
hence, it is a weak ordering. > on R is not a weak ordering because it is not
asymmetric. = on R and C on 2% are not weak orderings because neither
is negatively transitive nor asymmetric.
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Exercise 5.3

Proof that » is irreflexive: Suppose not so that x > x for some x € X. Since
>~ is asymmetric, this implies that x ¥ z, a contradiction.

Proof that > is transitive: Let x,y,z € X with x > y and y > z. We claim
that = > z. Suppose not: i.e., z ¥ z. y > z implies z ¥ y since > is
asymmetric. x ¥ z and z ¥ y implies x ¥ y since > is negatively transitive.
But x 3 y contradicts our hypothesis that x > y, a contradiction.

Exercise 5.4

(=): Assume that ¥ is a complete preordering.
e Since ¥ is transitive,
x#y and y ¥z implies x ¥z foral =xz,y,z€ X.
But, by definition, this means that > is negatively transitive.

e Since i is complete, for any =,y € X either x % y or y % x. Therefore,
for any z,y € X
if x>y then y¥x

which means that > is asymmetric.

Since > is negatively transitive and asymmetric, it is a weak ordering.

(«): Assume that > is a weak ordering.

e Suppose that x,y € X and it is not true that x ¥ y. Since > is
asymmetric, if y > x then x 3 y contrary to our hypothesis. Therefore,
y # x and so ¥ is complete.

e Suppose that z,y,z € X with x ¥ y and y 3 z. Since > is negatively
transitive, this implies that x # z. Therefore, 3 is transitive.

e Since > is irreflexive, x % x for all x € X which means that ¥ is
reflexive.

Since # is reflexive, transitive, and complete, it is a complete preordering.
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Exercise 5.5
Proof of Theorem 5.8:

(a) Suppose that I(z) = I(y). Since I(z) := {2’ € X | 2/ ~ z} and ~
is reflexive, x € I(x). Similarly, y € I(y). I(z) = I(y) implies that
I(z) C I(y) and so « € I(y). Therefore, since I(y) :={y € X |y ~
y }, we conclude that x ~ y.

Conversely, suppose that z ~y. If 2" € I(z) := {2/ € X |2/ ~ 2},
then z/ ~ x. Since ~ is transitive, " ~ x and x ~ y implies that
2’ ~ y and hence that 2’ € I(y). Therefore, I(x) C I(y). Similarly,
we conclude that I(y) C I(x) and hence that I(z) = I(y).

(b) Since by definition I(z) C X for all z € X, we simply have to show
that the collection { I(x) | + € X} covers X. However, since ~ is
reflexive, € I(z) for any x € X.

Proof of Theorem 5.9: Note that if > is a weak ordering, then ¥ and hence
> is a complete preordering and ~ is an equivalence relation.

Claim: Either R(z) C R(y) or R(y) C R(z) for every x,y € X.

Proof: Since = is complete, either x = y or y = . If v = y and z € R(z),
then z > x (by definition of R(x)). z > x and x > y implies z > y
(because * is transitive) and so z € R(y) (by definition of R(y)). Therefore,
R(z) C R(y). Similarly, if y >~ x, we conclude that R(y) C R(x).

Claim: Either R~'(z) C R™Y(y) or R~(y) C R~Y(x) for every x,y € X.
Proof: Again, either # = y or y = z. If x = y and 2z € R !(y), then
y = z (by definition of R71(y)). = = y and y = z implies x = z (because
= is transitive) and so z € R 1(z) (by definition of R™!(x)). Therefore,
R~Y(y) ¢ R~!(x). Similarly, if y = =, we conclude that R=!(z) C R™1(y).
Claim: Either P(x) C P(y) or P(y) C P(z) for every x,y € X.

Proof: Because > is a binary relation, either x > y or « % y. If x > y and
z € P(x), then z > x (by definition of P(x)), z > y (because > is transitive),
and so x € P(y) (by definition of P(y)). Therefore, P(x) C P(y). If z # y
but y > x, then a similar argument shows that P(y) C P(x). Finally, if
x % y and y ¥ x, then by definition x ~ y and so P(z) = P(y) (i.e., both
P(z) C P(y) and P(y) C P(x)).

Claim: Either P~Y(x) C P~Y(y) or P~(y) C P~(x) for every z,y € X.
Proof: Again, either x = y or x # y. If = y and 2 € P~1(y), then y = 2
(by definition of P~1(y)), # = 2 (because > is transitive), and so z € P~}(x)
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(by definition of P~1(z)). Therefore, P~1(y) C P71(z). If x # y but y = z,
a similar argument shows that P~!(x) C P~!(y). Finally, if z ¥ y and
y # x, then x ~y and so P~1(z) = P~1(y).

Exercise 5.6

THEOREM: Let = be a binary relation on X and define > as follows: x = y
iffy ¥ x. Let K C X.

(a) B¢(K) C B(K).
(b) If % is complete on X, then B¢(K) = B(K).
Proof: The proof is essentially the same as that of Theorem 5.19.

(a) If € BS(K), then K C R7Y(x): ie, o = y for all y € K or,
equivalently, y » x for all y € K. Therefore, P(x) N K = () and so
x € B(K).

(b) It suffices to prove that B(K) C B¢(K). If z € B(K), then P(x)NK =
(. Since ¥ is complete, R }(z) = X\P(z) and so K C R !(z).
Therefore, © € B¢(K).

Exercise 5.7
Since n(p) :={y €Y | HS (p,p-y)NY }, we are implicitly regarding the
firm (or the “production sector”) as having preferences characterized by

P(y) = Hf (p,p-y) foreach y€Y.

Note that, in contrast to the neoclassical consumer, these preferences for
the firm depend on the “environment” p as well as on the activity vector y.
As is the case throughout the first two sections of this chapter, we hold the
environment fixed.

For fixed p, ¥/ = y iff p-4y/ > p-y. We want to establish that these
preferences are asymmetric and negatively transitive.

(a) Asymmetry: If ' = y, then p-y' > p-y and so p-y ¥ p-y; ie.,
yry.

(b) Negative transitivity: If y” # ¢ and 3" % y, then p-y” # p-y and
p-y #p-yand hence p-y” # p-y. Therefore, y" # y.
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Because > is a weak ordering, > is a complete preordering. We want to
show that

Ry)={y eY|y=yt={yeY|py=>py}

is convex. Let v/, y" € R(y) (i.e.,p -y >p-yand p-y” > p-y) and, for any
a € [0,1], consider y* := ay’ + (1 — a)y”. Then

py*=p-(a+(1—a)y)=ap-y+(1-a)p-y" >p-y,

proving that R(y) is convex.

Exercise 5.8

(a)

The preference relation > is not a complete preordering (it is reflexive
and transitive but not complete). Nevertheless, ~ is an equivalence
relation with equivalence classes the singleton sets: {O}, {A}, {B},
and {AB}. Note first that if x > y and y > =, then x = y; therefore,
~ is the same as =. ~ is reflexive (each type can donate to itself),
symmetric (since x ~ y iff x = y, clearly x ~ y implies y ~ ), and
transitive (simply check this for all possible types z,y, z). Therefore,
~ is an equivalence relation with equivalence classes the singleton sets.

Let X = {O,A,B,AB}. Since O is the only blood type which can
donate to all z € X, B¢(X) = {O}. Since type O is the only type
which can accept donations from no other type, B(X) = {O} as well.

Let K = {A,B,AB}. B°(K) = () because there is no type in K
which can donate to all of the other types. However, B(K) = { A, B}
because neither of these types can accept blood from any other type.

Exercise 5.9

(a)
(b)
(c)

See Figure 13.
See Figure 14.

See Figure 15.

Exercise 5.10
Left to reader.
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Figure 13: Constraint is binding.

Figure 14: Weakly convex preferences.

Figure 15: Nonconvex preferences.
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Exercise 5.11

Recall that X x X is given the product topology generated by sets of
the form G x G’ where G and G’ are open sets in the topology for X. If
(x,y) € I'(>) and I'(>) is open in X x X, there exist open neighborhoods
G, and Gy respectively such that

(2,y) EGe x Gy eT(=):={(2/,y) e X x X |y = 2'}.

Therefore, y' > 2’ for all (2/,y') € Gz x Gy; i.e., for all 2’ € G and for all
y' € Gy.
Exercise 5.12

This is a bit of a trick question since the answer depends on the metric
for R2.

(a)

Let

D = {(x1,x2) € R? | /22 +23 <1}

denote the (closed) disk centered at (0,0) with radius 1. If we use the
Euclidean metric for R?, then

B(D,1) = { (z1,22) € R | \/2? + 23 <2}

and
B(D,1) = {(z1,22) € R? | \Ja? + 23 <2}

Using the sup metric instead does not change the answer.

Let
S = {(z1,x2) €R2|sup{|m1—2\,|x2—2\}§ 1}

If we use the sup metric for R?, then

B(S,1) = { (x1,22) € R? | sup{ |21 — 2|, a2 — 2| } < 2}
and

B(S,1) = { (z1,29) € R* | sup{ |x1 — 2|, =2 — 2| } < 2}.

With the Euclidean metric, the corners of these squares are “rounded”
with boundaries coinciding with circles of radius one centered at each
corner of S.
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Exercise 5.13

Letting A and B denote the disks centered at (0,0) and (3,4) respec-
tively, we have

sup dist(x, B) = sup dist(y, A) = 6
z€A yeB

and so 6(A, B) = 6.
Exercise 5.14

(a) See Figure 16, panels (a) and (b).

(b) See Figure 16, panels (c) and (d).

Exercise 5.15

(=): Since B(e) is closed, for any = ¢ B(e) there exist open neighborhoods
Gy of x and V, of B(e) such that G, NV, = (). [Here we exploit the fact
that compact Hausdorff spaces are normal (T4) and hence regular (73): see
Munkres (1975), Theorem 2.4, p. 198.] Because B is uhc, there exists an
open neighborhood U, of e such that B(e') C V, for all ' € U,: i.e.,

(e,x) € U x Gy C (E x X)\I'(B).

Therefore,
(Ex X)\I'(B) = U G, x Vj
(e,2)E(ExX\I'(B)
which, as the union of open sets, is open. Since the complement of I'(B) is
open, I'(B) is closed.

(«<): For any e € E let V be any open set in X such that B(e) C V. Because
V is open, F':= X\V is closed. Because I'(B) is closed, for any = € F there
exist open neighborhoods G¥ and G such that

(e,2) € GZ x Gy C (E x X)\I'(B).

Because X is compact and F' is closed, F' is compact. Therefore, the open
cover { G | x € F } of F admits a finite subcover, say { G | x € F' } where
#F' < oo. Let

U= ﬂ GZ.

xeF’
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Figure 16: Sequential definition of uhc and lhc.
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U is nonempty because e € U, and it is open because the intersection is
finite. Therefore, we have shown that

B()cV forall € eU;

i.e., B is uhc at e € E. Since the same argument holds for any e € E, B is
uhc.
Exercise 5.16

The proof is essentially identical to that given for Exercise 5.15.
(=): Since B(e) is closed, for any = ¢ B(e) there exist open neighborhoods
V of  and V' of B(e) such that VNV’ = (). Because B is uhc at e,
there exists an open neighborhood U of e such that B(e') C V'’ and hence
B )NV = for all ¢ € U: i.e.,

(e,z) eUxV and VNB()=0 foral ¢ eU.

Therefore, B is closed at e.

(«<): Let V be any open set in X such that B(e) C V. Because V is open,
F := X\V is closed. Because B is closed at e, for any « € F there exist
open neighborhoods U* and V] such that

(e,z) e U* x V) and V)N B() = 0.

Because X is compact and F' is closed, F' is compact. Therefore, the open
cover { V] | x € F'} of F admits a finite subcover, say { V] | z € F’ } where
#F' < co. Let
U:= ﬂ U-.
TEF

U is nonempty because e € U, and it is open because the intersection is
finite. Therefore, we have shown that

B(e')cV forall € eU;

i.e., Bisuhc at e € F.

Exercise 5.17

If (e,z) € (E x X)\I'(B), then, since B is closed at e, there exist open
sets U and V such that

(e,z) e U xV C (E x X)\I'(B).
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Thus, the complement of I'(B) is open and so B has closed graph.

Exercise 5.18

As is the case throughout the chapter, X is assumed to be Hausdorff.
Consequently, B is uhc iff it has closed graph. According to Theorem 4.15, a
point x is in the closure of a set S iff there exists a net in S which converges
to x. Therefore, a set is closed iff every net contained in S converges to a
point in S. We conclude that B is uhc iff every net in I'(B) converges to a
point in I'(B): i.e., iff for any net (e®, %) — (e, x) such that (e®,z%) € I'(B)
for all a € A the limit point (e, z) € T'(B).

Since

I'(B):={xze X |zeBe)},

we have

(e“,z*) eT'(B) iff 2% € B(e%).
Applying Theorems 4.17(d) and 4.19, the condition (e®,z%) — (e,z) is
equivalent to e — e and x* — x. Therefore, by what was just proved in
the preceding paragraph, B is uhc at e iff for any nets e* — e and % — x
such that 2% € B(e®) for all a € A the limit point = € B(e).
Exercise 5.19

Suppose that the problem is to choose x € K (e) to minimize the function
fiEx X — R, (e,x) — f(e,x).

To convert this into a maximization problem, define u: E x X — R such
that u(e,z) = —f(e,x) for all (e,x) € E x X. As in Definition 5.49, define
y ¢ x iff u(e,y) > u(e, z) or, equivalently,

y=¢x iff f(e,y) < f(e,x).

Corollary 5.50 and its proof now apply to this constrained minimization
problem exactly as stated.

Exercise 5.20
See Figure 17.

Exercise 5.21

(a) The statement of the exercise in the text contains a typo: the con-
sumption set is supposed to be

X={zeR% |z +212>3}.
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Figure 17: Uhc of best response.
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Normalizing prices such that p; 4+ p2 = 1, the demand correspondence

becomes
2 1 : .
’ 1 2 .
(2_—]31’2——?1) lfpl >1/3

which is not uhc at p; = 1/3.

(b) Normalize prices such that p; + ps = 1. For case (i), the demand
correspondence is

(1,0) if p1 < 1/2;
olp) = { (2= 1) it pr>1/2

which is not uhc at p; = 1/2. For case (ii), the demand correspondence

(1,0) if p1 < 1/2;
¢(p) = { (LO)U(0,1) if pr =1/2;
(2 1—1 1) if py > 1/2;

which is uhc. For case (iii), the demand correspondence is

18

(1,0 if py < 2/3;
o(p) = { (1,0)U(1/2,1) if p1 = 2/3;
(2=11) it > 2/

which is uhc.

Exercise 5.22

The Maximum Theorem does not apply because the consumption set
Ri is unbounded and hence noncompact. We could alter the specification
of the consumer by assuming

X = [0, K1] x [0, Ky]
where K7, Ky are large, positive constants. Then

a)b

; = ( min a_b min (1_7
) = (min{ 52 K1y min{ S, 1 })

which is continuous throughout A.
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6 Clearing markets

Exercise 6.1

Ap®(p) = Y Auwdi(p) =D (¢i(p) —wi) =Y di(p) = > wi

i€l el i€l el

= O(p) - sz‘

icl
Exercise 6.2

Awdi(Ap) = ¢i(Ap) — wi = ¢i(p) — wi = Awdi(p).

Exercise 6.3

D(Ap) = 0i(Ap) =) di(p) = 2(p)
iel iel
and

Awq)(Ap) = ZAM¢Z(AP> = ZAwdh(P) = Awq)(p)

icl il

Exercise 6.4
Left to reader.

Exercise 6.5
(a) 2?2 =z iff 2?2 —2=0iff z(a — 1) =0if s =0 or = 1. Sox = 0 and
x = 1 are the fixed points.

(b) Vr=ziffr=2?if t=00orz=1. Sox =0 and x = 1 are the fixed
points.

() 1/1+a)=zif l=a+2?if 2> +2—1=0iff

—1++5
2 )

xr =

the fixed points.
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Exercise 6.6

(a) S =1[0,1] and 0.1/2)
1 ifxel0,1/2);
f@):{o if z € [1/2,1].

(b) S=10,1/4]U[3/4,1] and f(z) =1/2 for all x € S.

(¢) S=1(0,1) and f(x) =1for all z € S.

Exercise 6.7

See Figure 18.

Exercise 6.8

(.5,.5) = .5(0,0) + 5(1,1) and (.5.5) = .5(0,1) + .5(1,0)

Every point other than the midpoint is uniquely expressible as an affine
combination of the vertices.
Exercise 6.9

From the bottom of page 249, the equilibrium price vector can be ex-
pressed in the following matrix form:

p1 @ (1/2)(1=a) (1/2)(1—-a)] [m
p2| = [(1/2)(1—60 a (1/2)(1 - a) [uz]
p3 (1/2)(1—a) (1/2)(1 - «a) a 13

or p= Au. The function A: u — Ap maps the unit simplex A into itself. If
we take a = 1, then the matrix A is the identity matrix, and so A maps the
simplex onto itself. Thus, any p € A can be attained as a solution to this
model for some appropriate choice of parameters.

Exercise 6.10

See Figure 19. Each M contains its boundary points and hence is closed.
It is also evident that
My UMyUM; =A

so {M; | j =1,2,3} cover the simplex. Letting e!, %, and e denote the
vertices of the unit simplex, we have

eleMl, eQEMg, e3 e M

68



Figure 18: Free disposal equilibrium.
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{el,e?} c MiUM,, {el,e®Yc MyuUM;, {e2 e} c MyUMs
and
{61,62,63} C My U My U M;.
Thus, all the requirements of the KKM Theorem are satisfied.

Exercise 6.11

By the KKM Theorem, there exists a p* € N;jcsMj; i.e., a price vector
p* such that
Ap®;(p*) <0 forall jeJ (%)

The strong form of Walras’ Law imposes the restriction
P Aw®(p") = ) pjAu®;(p") = 0. (%)
jedJ
Using (%) and the fact that p*|j > 0, we conclude that each term in the sum
(#x) is equal to zero. Thus, A,®;(p*) = 0 whenever p} > 0.
Exercise 6.12

Using Euclidean coordinates, let = (21, x2) denote an arbitrary point
in S. Let
vl =(0,0), +*=(1,0), and o*=(0,1).

(a) Mi={zeS|x1+ax2<1/2}and Moy =Mz ={x eS|z +a2>
1/2} satisfy all the requirements of the KKM Theorem except that
M is not closed. The intersection of these sets is empty.

(b) My ={xzeS|zi+a2<1/4}and My =Mz ={x €S|z +x2>
1/2} satisfy all the requirements of the KKM Theorem except that
they do not cover the simplex S. Their intersection is empty.

(¢c) My ={xz e S|ax14+ax2<1/2}, My ={x €S|z >3/4}, and
Ms={x €S|z +x2>1/2} are closed sets whose union covers S,
but their intersection is empty. The conditions which fail are

Co{vl,v2}CM1UM2 and co{vQ,v3}CM2UM3.

Exercise 6.13

There are (n — 1)! distinct permutations.

Exercise 6.14
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Figure 19: Sets M; in example economy.
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Exercise 6.15

Left to reader.

Exercise 6.16
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