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1 Introduction

This paper develops a framework which allows insurance contracts to be
priced using the techniques of intertemporal finance. From Malinvaud [1972,
1973] to Cass, Chichilnisky and Wu [1996], a significant part of the literature
on insurance has been preoccupied with explaining how insurance markets
manage to function despite the individualized nature of insurance contracts:
if n individuals each face the prospect of having an accident or not, the state
space is of size 2" which seems to imply an impossibly large number of con-
tingent contracts. As Malinvaud demonstrated, this apparent paradox can
be resolved through an appeal to the law of large numbers. We suggest an-
other approach to explaining why insurance markets work: introducing the
possibility that accidents do not happen all at once, as in a static model, but
gradually as part of a process that unfolds over time. This paper develops
the discrete-time version of the theory.

In our model, insurable events are represented as a marked point process,
a stochastic process in which there is never more than one accident at any
given date. In this setting the revelation over time of the true state of
nature can be represented by a very simple information structure: an event
tree with the same number of branches emerging from each node, one branch
for each type of “accident” plus a branch corresponding to the possibility of
no accident. As a consequence, market completeness in the dynamic sense of
Kreps [1982] requires a number of contracts proportional to n, the number
of consumers, rather than 2™.

Establishing a framework in which dynamic spanning applies to insur-
ance markets is the heart of this paper; the rest simply applies standard
finance in this specialized setting. As we shall see, finance provides some
fresh insights into the nature of insurance. For example, even in a world
of risk-averse consumers and investors, insurance contracts can be viewed
as “actuarially fair” under the right probability measure: we show that the
price of an insurance contract is the discounted expected value of future
payments for the insured events where expectation is taken relative to the
risk neutral probability measure introduced by Harrison and Kreps [1979] in
their synthesis of financial asset pricing theory. Insurance contracts provide
a particularly natural interpretation of the Harrison-Kreps result: the risk
neutral probability measure incorporates society’s aversion to risk and so
builds into every “actuarially fair” insurance contract a load which compen-
sates insurers for the risk they bear.

Section 2 begins with a formal description of a discrete-time marked



point process and its application to insurance markets. Using a marked
point process as the basic source of uncertainty, we define an intertemporal
exchange economy on the event tree generated by the accident process and
characterize the competitive equilibrium involving trade in Arrow-Debreu-
Radner (ADR) date-event contingent commodities on this tree. The cor-
responding contingent prices allow us to price insurance contracts, which
are typically not standard ADR contracts, as redundant securities. With
this standard competitive equilibrium in place, we then “remove” the ADR
contingent commodities, leaving only the insurance contracts to deal with
risk. As we then show, insurance contracts alone yield dynamically com-
plete markets in the sense of Kreps [1982] provided there is one insurance
contract for each type of accident. Section 3 illustrates the theory with a
simple example yielding a natural interpretation of the Harrison-Kreps risk
neutral measure and a dramatic demonstration how trading a few insurance
contracts can dynamically complete markets even though the state space is
extremely large. Although the focus of Section 3 is on providing a bridge to
the traditional insurance literature, our ultimate intent is to use intertempo-
ral finance to develop a theory of how to insure events such as earthquakes
or hurricanes for which the traditional theory seems less relevant. Section 4
describes some of the applications and extensions we have in mind.

2 The model

Our application of finance theory! to insurance markets hinges crucially on
the assumption that markets are dynamically complete in the sense of Kreps
[1982]. Accidents are modeled as a discrete-time version of a marked point
process with time intervals which should be interpreted as very short:? short
enough, say a nanosecond, so that at most dates there is no “accident” and
at no date is there more than one. To simplify the discussion, we confine
attention to a model of pure exchange with a single commodity available for
consumption at each date.

Let 7 :={0,1,...,T} represent the time set.®> An accident can happen

! As presented, for example, in Dothan [1990], Duffie [1988] or Huang and Litzenberger
[1988].

2A continuous-time formulation, which we are developing, is more elegant but also
more complicated. For treatments of marked point processes see, for example, Brémaud
[1981] or Last and Brandt [1995].

3We assume that T < oo in this section, but the analysis generalizes quite directly to
the infinite horizon case. The example of Section 3 treats the case T = oc.



at any date t > 1, but never more than one accident at any given date. If
an accident happens at date ¢, it is assumed to occur and be known to all
agents in the economy prior to trade or consumption at date ¢.

We assume that any accident occurring at date ¢ can be classified into
one of a finite number of accident types indexed by K :={0,..., K } with
k = 0 signifying “no accident.” All uncertainty in the economy is captured
by the probability space (Q,F, P) with state space Q := KT, o-algebra
F = 2, and probability measure P. Throughout this paper, we assume
that P(w) > 0 for all w € Q. For k > 0, let Np:T x Q — Z, represent
the stochastic process which counts the number of accidents of type k: i.e.,
Nk (t,w) is the number of accidents of type k which have occurred up to
date t. Nj is nondecreasing, N (0,w) = 0 for all w € €, at most one of the
processes Np jumps at any instant ¢ and, when a jump occurs, it is always
by exactly one unit. The vector-valued stochastic process defined by

N(t,w) := (N1(t,w),..., Ng(t,w))

is called a discrete time, K-variate counting process or, equivalently, a
marked point process.

To illustrate these ideas more concretely, note that a sample point w € €2
can be identified with a sequence kiks ... kp where k; € KC denotes the type
of accident occurring at time ¢. Thus, if T'= 10 and K = 5, a sample point

w = 0300105300

corresponds to a realization in which there is an accident of type 1 at date
five, accidents of type 3 at dates two and eight, an accident of type 5 at
date seven, and no accident at any other date. N3, the stochastic process
which counts events of type 3, starts at N3(0,w) = 0 at date 0, jumps
to N3(2,w) = 1 at date 2 and to N3(8,w) = 2 at date 8 while remaining
constant otherwise.

In the usual way, the stochastic process N generates a filtration, a non-
decreasing sequence of o-algebras

FoCchHCFC---CFr=F

with the property that F; is the coarsest o-algebra with respect to which the
random variable N (¢): Q — Z is measurable. Let f; denote the partition of
Q which generates the o-algebra Fy with fo = {Q} and fr = {{w} |w €
Q1 }, corresponding to the absence of information at date t = 0 and complete



information at date T. We will use a; to denote a typical element of the
partition f; at date t.

Consumers in this economy are indexed by the finite set 7 = {1,...,n}.
For each consumer ¢ € I, a consumption process is a function z;: 7 xQ2 — R
and an endowment process a function w;: 7 x Q@ — R, each adapted to the
filtration generated by the accident process N. Let L denote this vector
space. Processes adapted to the accident filtration are constant on the sets
{t} x a; for each event a; € f;.

Contingent commodities provide a convenient way to represent these
consumption or endowment processes. The (t,a;)-contingent commodity,
representing one unit of consumption in event ay € f; at date ¢, is represented
by the indicator function 1(t,as): 7 x Q — R defined by*

e , .
1(t, a)(t, W) = { 1 ift = 1‘ and W' € ag;
0 otherwise.

Using these contingent commodities as a basis, a consumption process x; € L
for consumer i € I has the representation

Z Z f (lf f CLt)
t=0 a; € fy
and an endowment process the representation

T

w; = Z Z wi(t, ar)1(t, ap).
t=0qascft

Letting
Li:={zel|x(t,a)>0VteT &as € fr}

represent the nonnegative orthant of L, assume that each consumer i € [
has consumption set X; = Ly, endowment w; € L, , and preference relation
=; on X; x X; which is a complete preordering and strongly monotonic.
Competitive prices are given by a linear functional p: L — R with represen-

tation
p(x) = T_ZZ (t,ar)x(t, ar)

teT ay Eft

1We write 1(t, a¢) rather than the more usual 1(; 4, for typographical convenience.



where 7(t,a¢) is the price of a (¢, as)-contingent commodity. Just as for
consumption processes , we can also view w € Ly as a stochastic process
adapted to the accident filtration. A competitive equilibrium for this ex-
change economy consists of a feasible allocation = and a price system p such
that x; is in the demand set® ¢;(p) of consumer 4 for every consumer i € I,

The ADR contingent commodities are, of course, purely theoretical con-
structs with little resemblance to actual insurance contracts. However, since
markets are complete, any additional contracts which we choose to intro-
duce are redundant assets and, consequently, they can be priced. Suppose
we introduce a collection of assets which resemble actual insurance contracts,
indexed by j € J. Associated with each security j # 0 is a dividend pro-
cess d; € Ly where d;(t,a;) represents the payout of insurance policy j at
date-event (¢, a;), measured in units of the consumption good at (t,a;). We
assume that d;(0,€) = 0 for all j # 0. As for the price and consumption
processes, cach dividend process d; can be viewed as a stochastic process
adapted to the accident filtration, reflecting the fact that an insurance con-
tract will pay off only on accidents which have already happened and not
on those which are yet to come. In addition to these insurance policies,
we also assume there exists a riskfree asset available at each date-event
(t,a¢) which costs one unit of the consumption good at (¢,a;) and returns
do(t,ag11) = 1+ r(t,a;) of the consumption good at each successor event
ar+1 C ay, a1 € fry1. We will refer to r(t, ar) as the riskfree rate.

From now on, we adopt the price normalization® 7(0) = 1 so that the
competitive price functional has the representation

cx=x( —{—ZZ w(t,ap)x(t, ar).
t=1atEft

Given prices 7, define for each event a; € fr and azrq € fri1, where aryq C
ag, the martingale conditional probability

m(t+ 1, at41)
Za;_HCat W(t + 1’ a‘éJrl)

Qa1 | ar) == (1)

®The notation adopted here is from Ellickson [1993].
5Because the initial and terminal information partitions have a special structure,

fo={Q} and fr={{w}|lwen}

it is convenient to abuse notation slightly, writing 7(0) and z(0) in place of 7(0,£2) or
2(0,9Q) and 7(T,w) or z(T,w) in place of 7(T,{w}) or (T, {w})



Assuming that prices of all insurance assets are ex dividend, we define for
cach t < T the price process S; for asset j according to the relation

m(t,a¢)S IL a) Z Z (s, as 57(1’5)7

s=t+1 ascfs
asCag

the Arrow-Debreu valuation of the dividend stream following the date-event
(t,a¢). At terminal nodes, S;(T,w) = 0. Note that S; € L. so that security
prices can also be viewed as nonnegative stochastic processes adapted to the
accident filtration. As with payouts, the security price S;(t, a;) is measured
in units of the (¢, a¢)-consumption good.

As a simple consequence of the tree structure of the filtration,

7T(t, CLt)Sj(t, CLt> == Z 7T(7L + ]., CLH,l) [Sj(f + 1, (lt+1> + dj<f + 1, CLH,l)] .
at+1Cag
(2)

where the sum is over events ag41 belonging to the partition fyy1 and con-
tained in a;. In the special case of the riskfree asset, which costs one unit of
the consumption good at (¢, a;) and pays 147 (¢, a) at each of the immediate
successor nodes, the above condition specializes to

7r(t, at) = Z 7T(t + 1, CLt_H)(l + T‘(t,at))

at+1Cag
or, equivalently,

W(tv a‘t)
Eat_HCat 7'('('//' + 17 (It+1)

1+r(t,a) = (3)

for all t < T'. Using the definitions of the martingale conditional probability
and the riskfree rate, equation (2) can now be written

Darsicar 97t + Lar) + dj(t + 1, ap1)] Qary | ar)
1+ 7'(t, CLt) ’

Sj (t7 at) =

Letting

r(t) := Z r(t,ap)1(t, ar)

at€ft

denote the interest rate at date ¢ and

)= D Sjtan)l(t,a),

at€ fi



the price of the j asset at date ¢, we have

EqlSi(t+ 1) +d;(t+1) | A

50 = T+ 7(t)

(4)

where Eg[ - | Fi] denotes conditional expectation relative to the sigma-
algebra F; under the martingale measure Q.

Using the riskfree rate to discount insurance asset prices and their pay-
outs, define

. S5(t)
S- ) =
O T 1+ )
and
d(t) = = )

e ] AN
smo(147(s))
Define the cumulative discounted dividend process for security j as

Di(t) =Y di(s).
s=0

Our first result asserts that insurance contracts are actuarially fair pro-
vided that expectations are computed according to the Harrison-Kreps risk
neutral (martingale) measure Q.

THEOREM 1: For cach insurance contract j € J, 57+ D7 is a martingale
with respect to the measure Q.

PROOF: From equation (4) it follows that
Eq[S;(t+1) +d;(t+1) | 7
Si(t)+ Di(t) = Di(t
0+ 5) D)
t)+di(t+1) | F
t+1)| Al (5)

— Eo[Si(t+1)+ Di(
— Eo[Si(t+1)+ Di(
| |

Our second result asserts that returns on insurance contracts satisfy a
version of CAPM. First, we decompose the rate of return of the % insurance
contract at date ¢t + 1 into a predictable and an innovation component,

Si(t+1) 4 d;(t+1)
S;(t)

—1= ,LLj(t—F 1) + l/j(t—i- 1) — l/j(t)



where

pi(t+1) = Ep +‘;j(t+1) Iﬂ]—l

is the predictable component,

Sj(t+1)+d;(t+1) B Si(t+1)+d;(t+1)
0 B [AHERED 5]

is the innovation component and v;(0) is an arbitrary constant. Define the
likelihood ratio process z by

aA1) = Ep |2 |

for all t > 1. The following theorem establishes z as an aggregate risk factor
for the economy, expressing the excess return of the j* insurance contract
in terms of the conditional covariance between the innovation component of
the return and the aggregate risk factor.”

THEOREM 2: For each insurance contract j € J and each ¢t > 1,

l/j(t + 1) = l/j(t) +

j(t+1) —r(t) = —ﬁcov&rp[l/j(t +1), 2(t+ 1) (6)
PROOF: From equation (4),
i) = Bo [MEPEAIEL | 7]
. i Sj(t+1)+dj(t+1) ;
N Z(t)E K 14+7(t) > (Hl)"ﬂ}
s D+ D)
“zwu+mePK 50 )“*”‘ﬂ]
Therefore,
_ 1 j(t+1)+di(t+1)
1+r(t) = z(t)EPK Sj(f)j >z(t+1)\}}
= B sl ) D) = s (0):(+ 1) 7
= 14— Bpl((t+ 1) + 15t 1) — vy (H)=(t +1) |

2(t)

"We follow closely the discussion leading up to Theorem 6.4 of Dothan [1990].




where in the last step we use the fact that z is a P-martingale. Rearranging
and using the fact that both z and v; are P-martingales,

pit+ ) =) =~ B+ 1) = v+ 1) = 2(0) |
= —%cov&rp[z/j(t +1),z(t+ 1))
|
What we have shown is that, provided there is a complete set of ADR
contingent contracts, standard insurance contracts can be priced. Assuming
a complete set of ADR contingent contracts is clearly not very realistic. For-
tunately, once insurance contracts have been introduced, the ADR contracts
become redundant and therefore unnecessary. More precisely, our claim is
that insurance contracts are capable of completing the market dynamically
in the sense of Kreps [1982]. The key to dynamic spanning is the index of
the filtration which in an event tree context corresponds to the maximum
number of branches leaving any node of the event tree: the number of acci-
dent types plus one in our model. As shown by Kreps [1982], the number of
securities required for dynamic spanning is no greater than the index of the
filtration. What this means for us is that, in addition to the riskfree asset,
all that is required for dynamic spanning is one insurance contract covering
cach type of accident.
To illustrate, assume that J = K where security j = k > 1 pays one
unit of the consumption good at date ¢ if and only if an accident of type k
occurs at that date.® Let o represent an arbitrary event a;_1 € f;_; and

Bt(a) = {a’t C a1 | a; € fT} = {ﬁOaﬁlv"'vﬁK}
the collection of its immediate successors. Let
0i(t, ) = (60(t, ), 0} (t, ), ..., 68 (t, )"

represent the portfolio of securities purchased by consumer ¢ at date-event
(t—1,) and

0;(t+1,8) = (A%t +1,6),0 (t+1,0),...,05 @t +1,8)T

the portfolio acquired at date-event (¢, 3), 5 € Bi(a) where T' denotes trans-
pose. Note that, by definition, the trading process 6; is not only adapted to

81n the terminology of Kreps [1982], these insurance contracts are long-lived securities.



the filtration, but also predictable: i.e., for each t, ;(t) is measurable with
respect to F;_1. Requiring predictability captures the economically natural
restriction that a consumer must buy insurance prior to acquiring knowledge
whether the insured event will occur. Finally, let

Ale(tv /8) = T?(ta ﬁ) - w?(tvﬁ)

represent the net trade of consumer i at date-event (t,3). For each 5 €
By (), budget balance in the spot market at date-event (¢, 3) requires

Ayi(t, B) = Y 62(t, )[S;(t, B) + d;(t, )] = D 02 (t + 1, 8)S;(t, B).

JjeJ jeJ
which, letting

cilt,a, B) = Aya(t, B) + Y 01 (t + 1, B)S;(t, B),

jeJ
can be written

> 02(t,0)[S5(, B) + dj(t, B)] = ei(t. o B). (7)

jeJ

For each date-event (¢, ), define the K + 1 by K + 1 matrices

So(t,Bo) Si(t,Bo) ... Sk(t,0Bo)

s | OB S s
Solts i) Sa(tBic) - Siclt, Bic)

wnd dolt.B)  dy(tB) .. dic(t. o)
Dit.a) = do(t, B1) dl(tjﬂl> dx (t, B1)
do(t,.ﬂK) dl(f;ﬂK) dK(t;/BK)

The system of equations of type (7) at date-event (¢, ) then takes the form
[S(tv a) + D(tv 0[)]97 (ta a) =6 (tv a) (8)
where

Ci(t? Oé) = (Ci(ta «, /80)7 Ci(ta «, ﬁl)v s Ci(tv «, ﬁK))T

10



An ADR equilibrium allocation is said to be dynamically spanned by the
set of securities J provided there is a portfolio 6;(¢, ) which solves equation
(8) for every date-event (¢, &) and every consumer ¢ € I. If T'is finite and the
matrix S(¢,a) + D(t,«) is invertible for every date-event (¢, «), then a set
of dynamically spanning portfolio trades can be found by working backward
from the terminal date T". In the following section, we illustrate a method of
solution for an infinite horizon which exploits stationarity. In either case, the
matrix S(t,«) + D(t, o) must be invertible at each step, a condition which,
as we shall see, holds quite naturally when there is a separate insurance
contract for each type of accident.

3 Illustrating the theory

This section illustrates our abstract theory of insurance pricing with an ap-
plication to the type of risk situation which is the focus of the traditional
insurance literature. In our model an accident can be any event — a flood,
a car wreck, or an earthquake for example — which affects the endowment
or the preferences of one or more consumers. However, to facilitate compar-
ison with the traditional insurance literature, here we consider a situation
in which each accident affects only one individual and every consumer is af-
fected by an accident in exactly the same way: for simplicity, we assume the
consumer loses his entire endowment. Formally, let £ = TU{0} where & > 1
represents an accident happening to individual k =4 € I and k = 0 an acci-
dent happening to no one. Assume that consumer ¢ € I has von-Neumann
Morgenstern utility

T
wi(x;) = Ina;(0) + Z 6t Z P(az) Inx;(t, ar) 9)
t=1 aeft

where 6 € [0,1) and P(a¢) is the probability of event a; € f;. Let

w(t,ar) := Z wi(t, ar)

icl

denote the aggregate endowment of the (¢, a;)-contingent commodity and

w(0) ==Y w;(0)

el

11



the aggregate endowment at date 0. Using the normalization 7(0) = 1, the
market-clearing price for the (¢, a;)-contingent commodity is given by

6tw(O)P(at).

w(t, at) (10)

W(tv a‘t) =
For any a; € f; and ary1 € fip1 where agr1 C ay, assume that the
conditional probability

Pla | ar) = A; if an accident happens to ¢ € I at date t + 1, and
HLTT = U Ny if no accident happens at date ¢ + 1.

Assume also that the endowment of consumer 7 at date ¢ will be

[0 if an accident happens to consumer 7 at date ¢, and
wi(t,ar) = i
Y otherwise

where Y > 0 is the same for all consumers. Thus, the hazard rate for an
accident happening to consumer 7 remains constant over time and, when
an accident happens to i, it destroys her entire endowment at the date on
which the accident occurs.
Under these assumptions, equation (1) yields the following expressions

for the martingale conditional probabilities:

(i) (No accident.) If azyq is the event “no accident happens to any con-

sumer at date t 4+ 1,” then
Ao

Ag + %(1 — )\0) '

Qa1 | ar) =

(i1) (Accident to consumer i.) If ar4q is the event “an accident happens
to consumer ¢ at date t + 1,” then

Ai
=) N +1 - Ao

Q(ary1 | ar) = (

Thus, the insurance context provides a natural interpretation of the Harrison-
Kreps “risk neutral” probability measure @: provided there is more than
one consumer, () increases the probability of an accident to each consumer
and, consequently, lowers the probability of no accident. By inflating the
risk involved, @ builds a “load” into each insurance contract compensating
insurers for the risk they bear.

Specializing some more, suppose the hazard rate of no accident is A\g =
1/4, the number of consumers is even, and the population is split into two
equal size groups: I = I1 U Iy with

12



e \; = 1/n for the high risk consumers i € I; and
e )\, = 1/2n for the low risk consumers i € Is.

For a¢41 the event “no accident at date ¢t + 1,

Qloss | ar) = 7-—
a4 1 | Q) = .
+ dn — 1
For asy1 an event corresponding to an accident to some high risk consumer,
Qlary: | ar) =
Ayl | Q) = .
+ 4n —1

And, finally, for a; 11 an event corresponding to an accident to some low risk
consumer,

2
Q(at+1 \ at) T An_1

As n, the number of consumers, approaches infinity, the martingale proba-
bility of no accident approaches one-fourth and the martingale probabilities
of an accident to either a high or a low risk consumer approach zero. In
each of these cases,

iy @las la) _
m —— =
N—00 P(at+1 | Clt)

so that, consistent with the treatment in Malinvaud [1972, 1973], with a
large number of consumers there is little difference between actuarial and
martingale insurance pricing in this setting.

Specializing even more, assume that n = 10, § = 12/13, Y = 390, and
T = oo. Table 1 shows the equilibrium trades and net trades of the (¢, a;)-
contingent commodity for a high-risk consumer (consumer 1) and a low-risk
consumer (consumer 2) under three conditions: (a) there is no accident at
date ¢ (the accident type or “mark” k(t) = 0), (b) there is an accident to
consumer 7 (k(t) = 1), and (c¢) there is an accident to some consumer 7' # 1
(k(t) =14"). Note that gross trades depend only on the “macro risk” in the
economy, i.e., whether an accident happens to some consumer or there is no
accident, while net trades also depend on who has the accident.

Even though we allow at most one accident per “nanosecond,” we face
an explosion of contingent commodities: each node of the event tree is fol-
lowed by 11 branches so that there are 11 contingent commodities at date
1, 11% at date 2, 113 at date 3 and so forth. However, in our context unlike

13



Table 1: Equilibrium trades and net trades

E(t) | x1(t,ap) | wa(tyap) | Apri(t,ar) | Ayra(t, ar)
380 400 -10 10

1 342 360 342 360
7! 342 360 -48 -30

that of Malinvaud, events unfold gradually over time and, because time al-
lows for dynamic spanning, the exponential explosion of states does not lead
to an explosion of required insurance contracts. To illustrate, we consider
how these Arrow-Debreu equilibria can be implemented under two insur-
ance regimes, one offering short-term insurance to consumers and the other
offering long-term contracts. Either regime cuts the number of securities
needed for spanning dramatically: 107" short-term insurance contracts with
the first regime or 10 insurance contracts of infinite duration plus a risk-
free asset under the second regime doing the work of 117 ADR contingent
contracts.

3.1 Short-term insurance

We know that to achieve dynamic spanning, it is necessary to offer a separate
insurance contract for each type of accident. In the first regime we consider,
insurance contracts are short-term: one unit of insurance issued at date ¢
on accidents of type k at date t + 1 returns a payout at ¢ + 1 of

1 if an accident of type k occurs at date ¢t + 1;

di(t+1,a041) = {0 otherwise

Because security prices are ex dividend and this contract is short-term, it is
worthless at date t + 1: Sk(t + 1) = 0. Applying equation (4), we conclude
that for a high-risk consumer

4/39 if there were no accidents at date ¢;

Siltar) = {6/65 otherwise
while for a low-risk consumer

Si(t ar) = 2/39 if there were no accidents at date t;
ARTT03/65  otherwise.

14



To verify that we have dynamic spanning, equation (7) must be mod-
ified slightly to account for the fact that the insurance securities we are
considering are short-term. At date ¢ there are two securities of type k =1
in existence: the “old” contracts issued at t — 1 and paying off at ¢ and
the “new” contracts issued at ¢ and paying off at ¢ 4+ 1. Since contracts
issued yesterday are worthless today (i.e., their ex dividend price is zero),
we reserve Sg(t, ) to represent the price of contracts issued at date ¢ and
history a € f; on an accident of type k. With this modification, equation
(7) becomes

10 10
ST0I(t a)d;(t, B) = Awri(t, Br) + > 07 (t + 1, By)S; (¢, Br) (11)
=0 j=0

for each successor event (i € By(«).

Because we have assumed an infinite horizon in this example, we cannot
solve for the trading portfolios by backward recursion. However, we might
suspect that the portfolios are stationary, and that turns out to be the case.
In equilibrium, neither the high-risk nor the low-risk consumer holds any
of the riskfree asset. Each consumer buys 60%(¢,a;) = 351 units of insurance
on accidents to herself and sells 6% (¢, a;) = —39 units of insurance to each
consumer k # i. It is tedious but straightforward to verify that equation
(11) is satisfied with this portfolio for each a € f; and By € B(«) for all
t>0.

3.2 Long-term insurance

The short-term insurance contracts of the preceding section are, of course,
simply Radner’s variation on Arrow-Debreu contingent commodities: i.e.,
contingent commodities traded at dates ¢ > 0 rather than at the beginning
of time. Although they do reduce the number of contingent contracts or
securities required for spanning from 117 to 10T plus a riskfree asset, such
contracts seem only slightly more realistic than their ADR counterparts:
issuing a new insurance contract every nanosecond puts a heavy burden on
our tacit assumption of no transactions costs! Taking a step closer to reality,
we now consider long-term insurance contracts. In the real world, insurance
contracts cover all occurrences of some event over an extended period of
time, say a year. Here we will assume for simplicity that the contracts last
forever: specifically, an insurance policy on an accident of type k is a long-
term obligation which, at a price Sk (¢, a;) at date-event (¢, a¢), returns one
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unit of the consumption good at each subsequent date-event at which an
accident of type k occurs.

For the sake of symmetry, we also replace the riskfree asset with a bond
which pays one unit of the consumption good at every date-event (¢, a;) from
time one forward. For a; € fi let B € fi11 be the immediate successor event
in which an accident of type k occurs. From equation (4), the price of the
bond at (¢, a) is

_ 1+ 420 Q(Bk | an)So(t + 1, By)

Solt, at) 1+ r(t,ar)

Of the eleven successor events which could occur at ¢t 4+ 1, only two are
distinct macro states in this simple economy: either an accident occurs or
is does not. Let a*,a® denote events in f; in which an accident does or
does not occur respectively, and let 8%, 8% € f; denote the corresponding
events in f;11. Applied to all a; € f;, equation (4) reduces to two distinct

equations,
o 14 (3/13)Sp(t+1,8% + (10/13)So(t + 1, 8%)
So(t, o) = 1+ r(t,a)
and o .
Sot.a*) = 1+ (3/13)So(t +1,5%) 4+ (10/13)So(t + 1,8 )'

1+7(t,a)

Assuming bond prices are stationary, so that
So(t,a®) = So(t,3Y) and  So(t,a*) = So(t, 5%),

we conclude that

13 if there is no accident at date t;
So(t, (lt) == . . .
117/10 if there is an accident at date t.

The prices of the insurance contracts are found in essentially the same
way. Exploiting the fact there are only two distinct macro states at any date
and the hypothesis that the insurance contract price should be stationary,
equation (4) implies that for insurance on a high-risk consumer

Si(t, ar) = 4/3 if there is no accident at date t;
ABTT106/5 if there s an accident at date ¢

while for a low-risk consumer

Si(t ar) = 2/3 if there is no accident at date t;
ABTT13/5 if there s an accident at date t.
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Turning to the issue of dynamic spanning, equation (7) becomes

10 10
D 0t @) [Si(t, Br) + dj(t, Br)] = Awailt, Be) + > 02(t+ 1, Bi) S;(t, Br)
j=0 j=0

(12)
for each successor event G € Bi(a). Once again the hypothesis that sta-
tionary portfolios can achieve dynamic spanning turns out to be correct, but
now, in contrast to the short-term insurance regime, low- and high-risk con-
sumers hold somewhat different portfolios. Each high-risk consumer i € I3
sells 09(, a¢) = —10 units of the riskfree asset, buys 0%(t,a;) = 352 units of
insurance on accidents to herself and sells 9‘77 (t,ar) = —38 units of insurance
to each consumer j # i. Each low-risk consumer i € I buys 69(t,ay) = 10
units of the riskfree asset, buys 0%(t,a;) = 350 units of insurance on acci-
dents to herself and sells Gf (t,a;) = —40 units of insurance to cach consumer
J #i. It is easy to verify that these portfolios satisfy equation (12) for each
a € fyand B € B(w) for all ¢+ > 0 and that the security markets clear.

4 Conclusion

The example of Section 3 follows Malinvaud in assuming that an accident
never affects more than one individual. What happens if, as in the case of
an carthquake or a flood, many consumers are affected simultancously? Ma-
linvaud’s framework leaves no scope for such a possibility, while the finance-
based approach to insurance offered here covers such cases with no change
in the theory. Suppose there are n consumers but only two types of accident
so that K = {0,1,2}. For the sake of interpretation, imagine a world con-
sisting of two regions, either of which can experience an earthquake at date
t. To apply the theory developed in this paper, we must assume there is
never more than one earthquake at a given date. Suppose 2n consumers are
divided into subsets of equal size: I; who reside in region 1 and I5 who reside
in region 2. For each i € I := I; U Iy, assume preferences are once again
represented by the utility function (9) but the endowment of consumer i € T
is now given by w;(t,a;) = 0 if an earthquate occurs in the region where
she resides at date ¢ and 0 otherwise. It is easy to see that the results we
obtain are essentially those of Section 3 in the special case of two consumers.
In particular, the ADR prices, equilibrium net trades, and security prices
are the same, and they do not change as n increases: insurance is priced
competitively, but the law of large numbers is irrelevant.
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As will be apparent to those familiar with the finance literature, the re-
search reported here only begins to tap the potential for applying the tools of
intertemporal finance to insurance markets. Insurance contracts are clearly
more complex than the simple instruments described in this paper, typically
insuring a variety of types of accident over varying periods of time with op-
tions to renew and the like. All such contracts are “redundant assets” in
this setting and, as such, can be priced. Insurance contracts also typically
pay out in real rather than nominal terms, a distinction we have not ad-
dressed in our single-commodity version of the model but which clearly can
be addressed in an extension of the model. Development of some version of
a mutual fund theorem, in which consumers buy insurance on themselves
and invest in a market portfolio of insurance contracts on others, is another
obvious possibility.

As the theoretical discussion clearly shows, there is no reason to assume
hazard rates are independent of the past history of the process and constant
or that the effect of an accident is confined to the date at which it occurs.
When one medical problem strikes, it may announce the increased chance
of other problems arising. And an accident today may put a worker out of
commission for months or years to come.

Finally, a major item on the agenda is to extend this model to continuous
time. Much of the formalism of this paper is aimed at making the transition
from discrete to continuous time as effortless as possible.
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