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RANDOM CHOICE AND PRIVATE INFORMATION

BY JAY LU1

We consider an agent who chooses an option after receiving some private informa-
tion. This information, however, is unobserved by an analyst, so from the latter’s per-
spective, choice is probabilistic or random. We provide a theory in which information
can be fully identified from random choice. In addition, the analyst can perform the fol-
lowing inferences even when information is unobservable: (1) directly compute ex ante
valuations of menus from random choice and vice versa, (2) assess which agent has
better information by using choice dispersion as a measure of informativeness, (3) de-
termine if the agent’s beliefs about information are dynamically consistent, and (4) test
to see if these beliefs are well-calibrated or rational.

KEYWORDS: Random utility, Blackwell informativeness, informational dynamic con-
sistency.

1. INTRODUCTION

1.1. Overview and Motivation

IN MANY ECONOMIC SITUATIONS, an agent’s private information is not observ-
able. If this information affects the agent’s choice behavior, then from the per-
spective of an analyst who does not see the agent’s information, these choices
appear to be random. In this paper, we provide a theory in which the analyst
can use the agent’s random choice to identify her private information and also
perform various exercises of inference.

We motivate our theory with two examples. In the first example, a lender
(agent) is faced with a pool of loan applications and has to decide whether to
approve each applicant. Approving an applicant results in a low payoff for the
lender if the applicant defaults and a high payoff otherwise. There is a fixed
information structure (e.g., credit check, socioeconomic data) that the lender
uses to learn about the likelihood of default before making a decision. A reg-
ulator (analyst) wants to check whether the lender is following proper anti-
discrimination policies. For instance, the lender could be using demographic
information such as race or gender that should not be taken into account when
evaluating loan applications. In many cases, this information is private to the
lender and not observable to the regulator. Hence, from the regulator’s per-
spective, the only observable data are the approval rates for the overall pool of
applicants. Our theory shows how the regulator can use these approval rates

1I am deeply indebted to both Faruk Gul and Wolfgang Pesendorfer for their advice, guidance,
and encouragement. I am very grateful to Stephen Morris for some highly valuable and insightful
discussions. I would also like to thank Roland Bénabou, Simon Board, Simone Cerreia-Vioglio,
Sylvain Chassang, Mark Dean, Leandro Gorno, Doron Ravid, Kota Saito, seminar audiences at
Yale, UCLA, Northwestern, Kellogg MEDS, Cornell, MIT, UBC, BU, UPenn, SAET (Waseda),
USC, Caltech, Duke-UNC, NYU, Wisconsin, Stanford, CETC (Western), RUD (Bocconi), a co-
editor, and three anonymous referees for their helpful suggestions and feedback.

© 2016 The Econometric Society DOI: 10.3982/ECTA12821

http://www.econometricsociety.org/
http://www.econometricsociety.org/
http://dx.doi.org/10.3982/ECTA12821


1984 JAY LU

(random choice) to identify the lender’s private information and determine if
she is following relevant policies.

In the second example, a group of consumers (agents) choose whether to
book a hotel online. Each consumer has some private information, such as
a prior belief about how much she will be using the various amenities at the
hotel (e.g., proximity to the beach). A website (analyst) wants to identify the
consumers’ private information in order to inform pricing strategies and ad-
vertising policies. For instance, suppose the website wants to assess the value
of disclosing additional information in the form of online reviews. The optimal
amount of information disclosure would then depend on the distribution of
consumer beliefs. Since the consumers’ information is private, the only observ-
able data to the website are the booking frequencies of everyone in the group.
Our theory shows how the website can use these booking frequencies (random
choice) to identify the consumers’ private information in order to implement
the optimal disclosure policy.

In both examples above, the analyst is faced with the problem of identify-
ing the agent’s private information from random choice. In the first example,
the random choice is the result of the lender (single agent) making choices in
repetition across applicants. In the second example, the random choice is the
result of many consumers (group of agents) choosing whether to book a hotel.
We refer to these as the individual and group interpretations of random choice,
respectively. There are many economic applications that fit in this framework.
A policy-maker wants to identify the information used by a college for ad-
mission decisions. A government wants to evaluate the effects of providing
tax-code information to low-income families. An insurance company wants to
assess the amount of private information in a particular group of customers.2
In all these examples, the identification of private information is an important
and useful exercise for the analyst.

This paper provides a theoretical methodology for identifying private infor-
mation from random choice. We also show how the analyst can perform stan-
dard exercises of inference. First, the analyst can use random choice to directly
compute the agent’s ex ante valuations of choice menus. In the loan example,
this allows the regulator to use approval rates to determine how the lender
would price a menu of loan products ex ante, that is, before slotting applicants
into different loan products based on the lender’s private information. Call
this exercise evaluating menus. Second, the analyst can use choice dispersion
to measure the informativeness of the agent’s signal. This allows the regulator
to distinguish between a discriminatory lender and one who is ignoring racial
and gender information and following protocol. Call this assessing informative-
ness. Third, if the analyst observes both ex ante valuations and random choice,

2In health insurance, Finkelstein and McGarry (2006) and Hendren (2013) identified private
information by directly eliciting it from survey data. In contrast, our approach follows the revealed
preference methodology of Savage (1954) by inferring it from choice behavior.
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then he can compare them to determine when the agent may be dynamically
inconsistent with respect to her information. For example, the lender may an-
ticipate to follow anti-discriminatory policies ex ante but violate them ex post.
Call this detecting biases. Finally, if the analyst also observes the joint distribu-
tion of choices and payoff-relevant states, then he can test to see if the agent’s
beliefs are rational. A rational lender would have signals about applicants that
are consistent with actual default rates. Call this calibrating beliefs. While we
focus on the loan example for expository purposes, our results equally apply to
the other examples (e.g., hotel bookings).

When information is observable, identification and inferences are impor-
tant and well-understood exercises in information theory and information eco-
nomics. Our main contribution is showing how to carry out these analyses even
when information is not observable and can only be inferred from choice be-
havior. When the available choice data are relatively rich, such as with loan
approvals or online hotel bookings, we show that identification and inferences
can be performed just as effectively as in the case when information is observ-
able. In the loan example, this means that the regulator can carry out all the
analysis without observing any socioeconomic or demographic data on appli-
cants.

When the available choice data are less rich, the application of our results
is less immediate. Nevertheless, our theory provides a useful benchmark by
highlighting the key conceptual issues that are relevant for identifying infor-
mation and performing inference. It also provides a unifying methodology to
help inform and guide what choice data should be collected in the lab or field
when trying to identify private information. Moreover, in many settings, the
nature of the environment will allow the analyst to make additional assump-
tions in order to reduce the dimensionality of the problem. With additional
structure, our results imply sharper predictions that can be tested with less
data. Combined with the fact that our main identification result only requires
binary choices, this greatly reduces the burden on data availability. We leave
the practical questions of performing these exercises when choice data are only
partially available as interesting avenues for future research.

Our model follows the standard setup of Anscombe and Aumann (1963).
There is an objective payoff-relevant state space and each choice option corre-
sponds to a state-contingent payoff called an act. In the loan example, the state
space is whether an applicant defaults or not. Approving a loan corresponds to
choosing the act that gives the lender a low payoff if the applicant defaults and
a high payoff otherwise. A menu is a finite set of acts. Since the agent’s private
information is not observed by the analyst, the only observable data (i.e., the
primitive of the model) consist of a random choice rule (RCR) that specifies a
choice distribution over acts for each menu. We consider an RCR that can be
rationalized by a random utility maximization (RUM) model where the ran-
dom utilities are subjective expected utilities that depend on the realization of



1986 JAY LU

the agent’s beliefs.3 The probability that an act is chosen is exactly the prob-
ability that it attains the highest subjective expected utility in the menu. Call
this an information representation of the RCR. Theorem 1, our main identifica-
tion result, shows that the analyst can completely identify the agent’s private
information from random choice over binary menus.

We introduce test functions as a technical innovation for using random choice
to perform identification and inference. Given any menu, consider adding a test
act that yields the same payoff in all states. As the value of the test act changes,
the probability that acts in the original menu will be chosen over the test act
will also vary. Call this graph the test function for that menu. In the loan exam-
ple, variation in the test act could correspond to historical fluctuations in the
value of the lender’s outside option. Test functions are cumulative distribution
functions that characterize the utility distributions of menus and serve as suffi-
cient statistics for identifying information. This identification strategy assumes
that the information structure does not vary with the choice menu, a natural
premise for loan approvals or college admissions where a fixed signal structure
is used by the agent for all decisions.4 In the group interpretation, this is the
standard assumption that beliefs are menu-independent as in Savage (1954)
and Anscombe and Aumann (1963).

We now turn to the four exercises of inference. First, we show how the an-
alyst can evaluate menus. In the individual interpretation, the valuation of a
menu is the agent’s ex ante utility of the menu before receiving any informa-
tion. For example, this reflects how the lender would price a menu of loan
products prior to receiving applicant credit reports. In the group interpreta-
tion, the valuation of a menu is its total utility for all agents in the group.5
Menu valuations correspond to the subjective learning representation of Dil-
lenberger, Lleras, Sadowski, and Takeoka (2014) (henceforth DLST). We pro-
vide tools for the analyst to directly compute valuations from random choice
and vice versa. Theorem 2 shows that integrating test functions recovers valu-
ations, while Theorem 3 shows that differentiating valuations with respect to
test acts recovers random choice. These operations are mathematical inverses
and provide a precise connection between menu choice and random choice.
They offer a methodology for elicitation and identification that are in the same
spirit as classical results from consumer and producer theory (for instance,
Theorem 3 is the random choice analog of Hotelling’s lemma).

3For more about RUM, see Block and Marschak (1960), Falmagne (1978), McFadden and
Richter (1990), Gul and Pesendorfer (2006), and Gul, Natenzon, and Pesendorfer (2014). RUM
is also used extensively in discrete choice estimation with specific parameterizations such as the
logit, the probit, the nested logit, etc. (see Train (2009)).

4In loan approvals, the signal structure may be a protocol for obtaining credit scores or so-
cioeconomic information that is set by senior management. Even if the lender is discriminatory,
our results hold as long as the lender is uniformly discriminatory across all decisions. In college
admissions, notions of fairness may prevent the college from changing the signal structure when
the choice menu changes.

5McFadden (1981) called this the “social surplus.”
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Second, we show how to assess informativeness. In the classical approach of
Blackwell (1951, 1953), better information is characterized by higher ex ante
valuations. Theorem 4 shows that under random choice, better information
is characterized by second-order stochastic dominance of test functions. One
agent is better informed than another if and only if test functions under the
latter second-order stochastic dominate those of the former. This allows the
analyst to use a stochastic dominance relation over observable choice data to
characterize a multidimensional ordering over unobservable private informa-
tion. Intuitively, a more informative signal structure (or more private informa-
tion in a group of agents) is characterized by greater dispersion or randomness
in choice behavior.6 In the loan example, the regulator can use approval rates
to distinguish between a discriminatory lender who uses racial or gender infor-
mation and a lender who follows protocol.7

Third, we apply these results to detect biases. Consider an analyst who ob-
serves both random choice and ex ante valuations. He can then detect when
the agent may be dynamically inconsistent with respect to her information. In
other words, the agent may have ex ante preferences (reflecting valuations)
that suggest a more (or less) informative signal than that implied by random
choice. In prospective overconfidence, she initially prefers large menus in antic-
ipation of an informative signal but subsequently exhibits more deterministic
choice indicating a less informative signal. In prospective underconfidence, the
ordering is reversed. For example, a lender initially anticipates to ignore race
and gender information but then ends up using it for loan approvals. In either
case, we call this dynamic inconsistency subjective misconfidence. Our results
show how the regulator can detect these biases even when the lender’s signals
are not directly observable.

Finally, we calibrate beliefs. We show that given joint data on choices and
actual state realizations, the analyst can test whether the agent has well-
calibrated (i.e., consistent) beliefs. In the individual interpretation, this implies
that the agent has rational expectations with respect to her signals. For ex-
ample, the lender’s beliefs about her signals are consistent with actual default
rates. In the group interpretation, this implies that agents’ beliefs are predic-
tive of actual state realizations so there is genuine private information in the
group.8 Using conditional test acts with payoffs that vary only in a given state,

6In the group interpretation, Theorem 4 is the revealed preference analog of Hendren (2013)
who used elicited beliefs from survey data to test whether there is more private information in
one group of agents (insurance rejectees) than another (non-rejectees).

7Our theory cannot distinguish between a non-discriminatory lender and one who gathers dis-
criminatory information but chooses not to use it for loan approvals. Since we are ultimately
interested in actions, the distinction between using and not using discriminatory information is
the relevant comparison.

8See Chiappori and Salanié (2000) and Finkelstein and McGarry (2006) for empirical tests of
the presence of private information in the context of health insurance.
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we construct conditional test functions. Theorem 5 shows that beliefs are well-
calibrated if and only if conditional and unconditional test functions share the
same mean. Combined with previous results on bias detection, this allows the
analyst to determine when the agent is objectively misconfident with respect to
her information.

RUM models in general have difficulty dealing with indifferences in the ran-
dom utility. Indifferences are useful in that they allow the analyst to leave select
data unmodeled for purposes of tractability and flexibility. Classic determinis-
tic choice permits this flexibility but only admits static choice. Traditional ran-
dom choice models allow for more richness but impose too much rigidity by
insisting all choice probabilities be fully specified. In our model, we relax this
latter restriction. We thus bridge the gap by retaining both the flexibility of de-
terministic choice and the richness of random choice. This broadens the set of
environments in which choice models can be applied. In particular, it allows
us to include the subjective expected utility model of Anscombe and Aumann
(1963) as a special case of ours.

Section 2 introduces the model and the main identification result. Test func-
tions are introduced in Section 3 and the four inference exercises are ad-
dressed in Sections 4 to 7. All proofs are in the Appendix unless otherwise
stated. In the Supplemental Material to this paper (Lu (2016)), we provide
an axiomatic characterization of our model. It consists of four axioms (mono-
tonicity, linearity, extremeness, and continuity) that are direct analogs of the ran-
dom expected utility axioms from Gul and Pesendorfer (2006) and three new
ones: non-degeneracy which ensures no universal indifference, S-monotonicity
which ensures that acts that dominate in every state are chosen for sure, and
C-determinism which ensures deterministic choice over constant acts.

1.2. Related Literature

This paper is related to a long literature on stochastic choice. Recent pa-
pers that have specifically studied the relationship between stochastic choice
and information include Natenzon (2013), Caplin and Dean (2015), Matějka
and McKay (2015), Ellis (2012), and Fudenberg, Strack, and Strzalecki (2015).
In these models, the information structure varies with the menu so the result-
ing RCR may not necessarily have a RUM representation. In contrast, the
information structure in our model is fixed, which conforms to the benchmark
model of information processing and choice. Caplin and Martin (2015) also
studied a RUM model with a fixed information structure. If we recast their
model in our Anscombe–Aumann setup, our use of test functions to calibrate
beliefs coincides with checking their NIAS inequalities.9 While their model

9See Section S.3 in the Supplemental Material. While NIAS takes utilities as given, we take
the random choice rule as the primitive.
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requires less data, the richer setup in our model allows information to be
uniquely identified from the RCR.

This paper is also related to the literature on menu choice which includes
Kreps (1979), Dekel, Lipman, and Rustichini (2001) (henceforth DLR), and
DLST. Our main contribution to this literature is showing that there is an in-
timate connection between ex ante choice over menus and ex post random
choice from menus. Ahn and Sarver (2013) also studied this relationship where
choice options are lotteries. Their work connecting DLR with Gul and Pe-
sendorfer (2006) random expected utility is analogous to our results connecting
DLST with our model. As our choice options reside in the richer Anscombe–
Aumann space, we are able to achieve a tighter connection between menu
and random choice (see Section S.2 in the Supplemental Material). Fuden-
berg and Strzalecki (2015) also analyzed the relationship between preference
for flexibility and random choice but in a dynamic setting with a generalized
logit model. Saito (2015) established a connection between greater preference
for flexibility and more randomness in a model where the agent deliberately
randomizes due to ambiguity aversion. Working with very different primitives,
Karni and Safra (2016) also studied menu choice and implied random choice.

Grant, Kajii, and Polak (1998, 2000) studied decision-theoretic models in-
volving information. They considered generalizations of the Kreps and Porteus
(1978) model where the agent has an intrinsic preference for information even
when she is unable or unwilling to act on that information. In contrast, the
agent in our model prefers information only due to its instrumental value as in
the classical sense of Blackwell.

In the strategic setting, Bergemann and Morris (2016) studied information
structures in Bayes correlated equilibria. In the special case where there is a
single bidder, our results translate directly to their setup for a single-person
game. Kamenica and Gentzkow (2011) and Rayo and Segal (2010) character-
ized optimal information structures where senders commit to an information
disclosure policy. In these models, the sender’s ex ante utility is a function of
the receiver’s random choice rule, so our results relating random choice with
valuations provide a technique for expressing the sender’s utility in terms of
the receiver’s utility and vice versa. Chambers and Lambert (2014) also stud-
ied the elicitation of an expert’s private information where they used a properly
incentivized protocol for identification.

2. AN INFORMATIONAL MODEL OF RANDOM CHOICE

We now describe the basic setup of the model. Let S be a finite state space
and ΔS be the set of beliefs about S. In the loan example, the state space is
whether the applicant defaults or not. In the hotel example, the state space is
whether the consumer makes use of the hotel amenities (e.g., visits the beach).
Let X be a finite prize space. Payoffs are in the form of lotteries over prizes
which we denote by ΔX . Each choice option of the agent corresponds to a
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state-contingent payoff f : S → ΔX called an Anscombe–Aumann (1963) act.
For example, approving a loan results in a low payoff for the lender if the
applicant defaults and a high payoff otherwise. Booking an expensive hotel
close to the beach results in a high payoff for the consumer if she visits the
beach and a low payoff otherwise.

LetH be the set of all acts. A menu is a finite set of acts, and let K denote the
set of all menus.10 In the loan example, a menu could be a set of loan products
that also includes the option to reject the applicant. In the hotel example, a
menu could be a set of different hotel packages that also includes the option to
not book the hotel. An act f is constant if it has the same payoff in all states. For
notational convenience, we also let f denote the singleton menu {f } whenever
there is no risk of confusion.

The analyst observes a random choice rule (RCR) that specifies choice proba-
bilities for acts in every menu. In the individual interpretation of random choice,
the RCR specifies the choice frequency by the agent if she chooses from a given
menu repeatedly. If the menu consists of whether or not to approve an appli-
cant, then this corresponds to the lender’s approval rate across applicants. In
the group interpretation of random choice, the RCR specifies the frequency dis-
tribution of choices in the group if every agent in the group chooses from the
given menu. If the menu consists of whether or not to book a hotel, then this
corresponds to the booking frequency across all consumers in the group.

Under classic deterministic choice, if two acts are indifferent (i.e., they have
the same utility), then the model is silent about which act the agent will choose.
This allows the analyst to be agnostic about data that are orthogonal to the
model at hand. Traditional random choice models lack this flexibility by insist-
ing that all choice probabilities be fully specified. We introduce an innovation
to model indifferences that retains this flexibility for random choice. If two
acts are indifferent (i.e., they have the same random utility), then we allow the
RCR to be silent about each act’s individual choice probability. This provides
the analyst with additional freedom to interpret data and allows for just enough
flexibility so that we can include the deterministic Anscombe–Aumann (1963)
model as a special case.

Formally, we model indifferences as non-measurable sets with respect to the
RCR. Let H be a collection of measurable sets on H. For example, if H is the
Borel σ-algebra,11 then this is the benchmark case where every act is measur-
able and there are no indifferences. Indifferences occur when H is coarser than
the Borel σ-algebra. Since the agent will choose some act from the menu, the

10We endow K with the Hausdorff metric. For two sets F and G, the Hausdorff metric is given
by

dh(F�G) := max
(

sup
f∈F

inf
g∈G

|f − g|� sup
g∈F

inf
f∈G

|f − g|
)
�

11That is, the Borel σ-algebra generated by the Euclidean metric.
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menu itself must be measurable. Hence, given any menu F , the corresponding
random choice must be a probability on the σ-algebra generated by H ∪ {F}
which we denote by HF .12 Let ΔH be the set of all probability measures on H.
We formally define an RCR as follows.

DEFINITION: A random choice rule (RCR) is a (ρ�H) where ρ : K → ΔH
and ρF is a measure on (H�HF) such that ρF(F)= 1.

For each menu F , the RCR ρ assigns a probability measure on (H�HF) with
support in F . We interpret ρF(G) as the probability that some act in G will be
chosen given the menu F . For ease of exposition, we denote RCRs by ρ with
the implicit understanding of its association with some H. To address the fact
that G may not be HF -measurable, define the outer measure

ρ∗
F(G) := inf

G⊂E∈HF

ρF(E)�

As both ρ and ρ∗ coincide on measurable sets, we let ρ denote ρ∗ without loss
of generality.

An RCR is deterministic if all choice probabilities are either 0 or 1. The fol-
lowing example highlights the use of non-measurability to model indifferences
and how classic deterministic choice is a special case of random choice.

EXAMPLE 1: Suppose there are two states S = {s1� s2} and two prizes X =
{x� y}. Without loss of generality, we can associate each act f ∈ H with the
point f ∈ [0�1] × [0�1] where fi = f (si)(x) for i ∈ {1�2}. Let H be the σ-
algebra generated by sets of the form B×[0�1] where B is a Borel set on [0�1].
Consider the RCR (ρ�H) where ρF(f )= 1 if f1 ≥ g1 for all g ∈ F . Hence, acts
are ranked based on how likely they will yield prize x if state s1 occurs. This
could describe an agent who prefers x to y and believes that s1 will realize for
sure. If we consider a menu F that consists of two acts f and g where f1 = g1,
then neither f nor g is HF -measurable; the RCR is unable to specify choice
probabilities for f or g and they are indifferent. Observe that ρ corresponds
exactly to classic deterministic choice where f is preferred to g if and only if
f1 ≥ g1.

We now describe an information representation of an RCR. Recall the timing
of our model. First, the agent receives some private information about the
underlying state. She then chooses the best act in the menu given her updated
belief. Since her private information is unobservable to the analyst, choice is
probabilistic and can be modeled as an RCR.

12This definition imposes a common measurability across all menus which can be relaxed if
some of our axioms are strengthened (see Section S.1 in the Supplemental Material).
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Since each signal realization corresponds to a posterior belief q ∈ ΔS, we
model private information as a signal distribution μ over the canonical signal
space ΔS. This approach allows us to work directly with posterior beliefs and
be agnostic about updating rules. In the loan example, μ is the distribution of
the lender’s beliefs about the likelihood of default. In the hotel example, μ is
the distribution of consumer beliefs that they will use hotel amenities (e.g., visit
the beach). If μ= δq for some q ∈ ΔS, then the signal distribution is degener-
ate. In the first example, this corresponds to a completely uninformative signal;
in the second example, this corresponds to all consumers sharing the same be-
lief. Note that even though μ could be the result of an information acquisition
problem by the lender, as long as it is independent of the menu, the regulator
can assume μ is exogenous without loss of generality.

Let u : ΔX → R be an affine utility function. An agent’s subjective expected
utility of an act f given her belief q is q · (u ◦ f ).13 Given a utility function, a
signal distribution is regular if the subjective expected utilities of any two acts
are either always or never equal. This is a relaxation of the standard restriction
in traditional RUM where utilities are never equal and allows us to handle
indifferences.

DEFINITION: μ is regular if q · (u ◦ f )= q · (u ◦ g) with μ-measure 0 or 1 for
any f , g.

Going forward, we let (μ�u) denote a regular μ and a non-constant u. We
can now define an information representation as follows.

DEFINITION—Information Representation: ρ is represented by (μ�u) if for
any f ∈ F ∈K,

ρF(f )= μ{
q ∈ ΔS|q · (u ◦ f )≥ q · (u ◦ g) ∀g ∈ F}

�

This is a RUM model where the random utilities are subjective expected util-
ities that depend on the agent’s private information. The probability of choos-
ing an act f is exactly the measure of beliefs that rank f higher than every other
act in the menu. In the loan example, the approval rate is exactly the proba-
bility that the lender receives a good signal about an applicant. In the hotel
example, the booking frequency is exactly the proportion of consumers who
believe they will be using hotel amenities (e.g., visiting the beach). Note that
from the analyst’s perspective, both μ and u are unobserved and the only ob-
servable data is the RCR. When μ is degenerate, this reduces to the standard
subjective expected utility model of Anscombe and Aumann (1963).

13We let u ◦ f ∈ R
S denote the utility vector of an act f ∈H where (u ◦ f )(s)= u(f (s)) for all

s ∈ S.
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As we are interested in studying the role of information in random choice,
the taste utility u is fixed in an information representation. In the individ-
ual interpretation, this means that signals only affect beliefs but not tastes.
In the group interpretation, this means that from the analyst’s perspective,
there is unobservable heterogeneity in beliefs but observable tastes. For in-
stance, the RCR could be conditional on all the taste-relevant socioeconomic
and demographic data on the group of agents. In the Supplemental Mate-
rial to this paper, we study a more general model that allows for unobserved
heterogeneity in tastes as well.14 We also assume the standard assumption of
state-independent (taste) utilities. This can be addressed in our model by con-
sidering random choice generalizations of classic solutions to state-dependent
utility as in Karni, Schmeidler, and Vind (1983) and Karni (2007).15

Theorem 1 below states that by studying binary choices, the analyst can com-
pletely identify private information.

THEOREM 1: Suppose ρ and τ are represented by (μ�u) and (ν� v), respec-
tively. Then the following are equivalent:

(1) ρf∪g(f )= τf∪g(f ) for all f and g,
(2) ρ= τ,
(3) (μ�u)= (ν�αv+β) for α> 0.

In other words, given two agents (or two groups of agents), comparing bi-
nary choices is sufficient to completely differentiate between the two informa-
tion structures. In the loan example, the regulator can completely identify the
lender’s signal structure by only looking at approval rates for different loan
products. In the hotel example, the website can completely identify the distri-
bution of consumer beliefs by only looking at booking frequencies for different
hotel offerings.

We end this section with a technical remark about regularity. As mentioned
above, indifferences in traditional RUM must occur with probability zero.
Since all choice probabilities are specified, these models run into difficulty
when dealing with indifferences in the random utility. Our definition of reg-
ularity circumvents this issue by allowing for enough flexibility so that we can
model indifferences using non-measurability. Note that our definition still im-
poses certain restrictions on μ. For instance, multiple mass points are not al-
lowed if μ is regular.16

14See Section S.1 of the Supplemental Material.
15In practice, however, most of the applied literature has largely assumed state independence

due to lack of better empirical evidence (see Finkelstein, Luttmer, and Notowidigdo (2009), for
example).

16More precisely, our definition of regularity permits strictly positive measures on sets in ΔS
that have less than full dimension. This relaxes the definition of regularity from Gul and Pe-
sendorfer (2006) which requires μ to be full-dimensional (see their Lemma 2). See Block and
Marschak (1960) for the case of finite alternatives.
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3. TEST FUNCTIONS

We now introduce a key technical tool that will play an important role in
our subsequent analysis. We show how the analyst can use the agent’s RCR to
construct test functions that will serve as powerful tools for performing identi-
fication and inference.

First, we show how these test functions can be constructed from choice data.
Given any menu, consider the enlarged menu that contains an additional test
act which yields a constant payoff in all states. In the loan example, a test act
could correspond to the lender’s outside option from rejecting an applicant. In
the hotel example, it could correspond to the consumer’s outside option from
not booking a hotel. The analyst can then record the probability that the agent
will choose some act in the original menu over the test act. For example, if
the test act is very valuable (i.e., it yields a high payoff), then this probability
will presumably be low. On the other hand, if the value of the test act is low,
then this probability will be high. In both loan approvals and hotel bookings,
variation in the test act could correspond to historical fluctuations in the value
of the agent’s outside option.

As the value of the test act changes, the probability that the agent will choose
something in the menu over the test act will also change. We call this graph the
test function for the original menu. Given any menu, the analyst can always
record these choice probabilities in order to construct a test function for that
menu. Test functions are derived completely from the observable choice data
(i.e., the RCR). While they require the choice data to contain enough variation
in test acts, once obtained, test functions allow the analyst to perform all the
identification and inference exercises.

To gain some intuition for why test functions are useful constructs, note that
each value of the test function corresponds to the probability that the utility of
the menu is above some cutoff value. Hence, a menu’s test function essentially
maps out its utility distribution. Since choice is random due to information, this
utility distribution is induced by the distribution of beliefs. Test functions thus
provide a direct way of measuring the agent’s information using the observable
RCR.

We now formally define test functions. Call an act the best (worst) act under ρ
if in any binary choice comparison, the act (other act) is chosen with certainty.
In other words, letting f and f denote the best and worst acts, respectively, we
have ρf∪f (f ) = ρf∪f (f ) = 1 for any act f . If ρ is represented by (μ�u), then
there exist constant best and worst acts.17 Test acts are mixtures between the
best and worst acts.

DEFINITION: A test act is f a := af + (1 − a)f for some a ∈ [0�1].

17To see this, note that ρ induces a preference relation over constant acts that is represented
by u. Since u is affine and X is finite, we can always find a best and worst act.
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Note that test acts are also constant acts. Define test functions as follows.

DEFINITION: Given ρ, the test function of F ∈K is Fρ : [0�1] → [0�1] where

Fρ(a) := ρF∪f a(F)�

Let Fρ denote the test function of menu F ∈K given ρ. If F = f is a singleton
menu, then denote fρ = Fρ. As a increases, the test act f a progresses from the
best to worst act and becomes less attractive. Thus, the probability of choosing
something in F increases. Test functions are in fact cumulative distribution
functions under information representations.

LEMMA 1: If ρ has an information representation, then Fρ is a cumulative for
all F ∈K.

Under deterministic choice, test functions reduce to mixtures between the
best and worst acts that yield indifference. What follows is an example of a test
function.

EXAMPLE 2: Consider the loan example with S = {s1� s2} where s1 corre-
sponds to the applicant defaulting and s2 otherwise. Consider a risk-neutral
lender with normalized utility u such that the payoff of the best act is 1 and
that of the worst act is 0. Suppose the lender’s signal structure results in a
uniform signal distribution μ. The lender’s RCR ρ is represented by (μ�u).
Suppose approving an applicant corresponds to choosing the act f that yields
a low payoff of 1

4 if the applicant defaults and a high payoff of 3
4 otherwise. Re-

jecting an applicant corresponds to choosing the test act f a with payoff 1 − a
for a ∈ [0�1]. Hence, one can interpret a as a parameter reflecting variation in
the lender’s payoff for rejecting an applicant. The test function for f is given
by

fρ(a)= ρf∪f a(f )= μ
{
q ∈ [0�1]

∣∣∣q1
4

+ (1 − q)3
4

≥ 1 − a
}

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if a <
1
4
�

2a− 1
2

if
1
4

≤ a < 3
4
�

1 if
3
4

≤ a�

Note that this is a cumulative distribution function and the approval rate in-
creases with a.

A corollary of Theorem 1 is that knowing test functions is enough for the
analyst to completely identify the agent’s information structure.



1996 JAY LU

COROLLARY 1: Let ρ and τ have information representations. Then ρ = τ if
and only if fρ = fτ for all f ∈H.

Thus, test functions are “sufficient statistics” for identifying information. In
other words, an analyst who knows all test functions can do just as good a job of
identifying the signal distribution μ as an analyst who knows the entire sample
of all random choices ρ.

4. EVALUATING MENUS

We now address our first exercise of inference and show that there is an
intimate relationship between random choice and ex ante valuations of menus.
Consider a valuation preference relation � over menus.

DEFINITION—Subjective Learning: � is represented by (μ�u) if it is repre-
sented by

V (F)=
∫
ΔS

sup
f∈F

q · (u ◦ f )μ(dq)�

In the individual interpretation, V gives the agent’s ex ante valuation of
menus prior to receiving her signal. This is the subjective learning represen-
tation axiomatized by DLST. In the loan example, this reflects how the lender
would price a menu of loan products prior to receiving the credit reports on
applicants. If she expects the reports to be very informative, then she will pre-
fer larger menus ex ante, that is, she exhibits a preference for flexibility. In the
group interpretation, V gives the total utility or “social surplus” for all agents in
the group (see McFadden (1981)). In the hotel example, a consumer advocate
who internalizes the utilities of all the consumers would be interested in cal-
culating V . An advocate who thinks that consumer beliefs are more dispersed
would prefer more flexible (i.e., larger) menus.

In this section, assume that ρ has a best and worst act and Fρ is a well-defined
cumulative distribution function for all F ∈ K. Let K0 denote the subset of
menus where every act in the menu is measurable with respect to the RCR.18

Call an RCR standard if it satisfies the following properties.

DEFINITION: ρ is standard if it is
(1) monotone: G⊂ F implies ρG(f )≥ ρF(f ),
(2) linear: ρF(f )= ρaF+(1−a)g(af + (1 − a)g) for a ∈ (0�1),
(3) continuous: ρ is continuous on K0.19

18That is, f ∈ HF for all f ∈ F ∈ K0.
19In other words, ρ : K0 → Δ0H is continuous where Δ0H is the set of all Borel measures on

H endowed with the topology of weak convergence. Note that ρF ∈ Δ0H for all F ∈ K0 without
loss of generality.



RANDOM CHOICE AND PRIVATE INFORMATION 1997

Monotonicity says that the probability of choosing an act must not increase
as more acts are added to the menu. It is necessary for any RUM model. Lin-
earity is the random choice analog of the standard independence axiom. Con-
tinuity is the usual continuity axiom adjusted for indifferences. Any RCR that
has an information representation is standard, while being standard is a rela-
tively weak restriction.20

Given an RCR, consider ranking menus as follows.

DEFINITION: Given ρ, let �ρ be represented by Vρ :K → [0�1] where

Vρ(F) :=
∫

[0�1]
Fρ(a)da�

A menu that is more valuable ex ante will have acts that are chosen more
frequently over a test act. This yields a test function that takes on high values.
Theorem 2 shows that �ρ is exactly the valuation preference relation corre-
sponding to the RCR ρ.

THEOREM 2: The following are equivalent:
(1) ρ is represented by (μ�u),
(2) ρ is standard and �ρ is represented by (μ�u).

Thus, if ρ has an information representation, then the integral of the test
function Fρ is exactly the valuation of F . The analyst can simply use Vρ to com-
pute ex ante valuations. An immediate consequence is that if Fρ(a) ≥Gρ(a)
for all a ∈ [0�1], then Vρ(F) ≥ Vρ(G). In other words, first-order stochastic
dominance of test functions implies higher valuations.

Theorem 2 also demonstrates that if a standard RCR induces a preference
relation that has a subjective learning representation, then that RCR must have
an information representation. In fact, both the RCR and the preference rela-
tion are represented by the same (μ�u). This serves as an alternate character-
ization of information representations using properties of its induced prefer-
ence relation.

The discussion above suggests a converse: given valuations, can the analyst
directly compute random choice? First, given any act f and state s, let f (s)
also denote the constant act that yields f (s) in every state.

DEFINITION: � is dominant if f (s)� g(s) for all s ∈ S implies F ∼ F ∪ g for
f ∈ F .

20See the axiomatic treatment in Section S.1 of the Supplemental Material. In fact, standard-
ness may not be enough to ensure that a random utility representation even exists. In particular,
an additional restriction called extremeness is needed.
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Dominance is one of the axioms of a subjective learning representation in
DLST. It captures the intuition that adding acts that are dominated in every
state does not affect ex ante valuations. Consider an RCR induced by a prefer-
ence relation as follows.

DEFINITION: Given �, let ρ� denote any standard ρ such that almost every-
where (a.e.)

ρF∪fa(fa)= dV (F ∪ fa)
da

�

where V :K → [0�1] represents � and fa := af + (1 − a)f .

Given any preference relation �, the RCR ρ� may not even exist. On the
other hand, there could be a multiplicity of RCRs that satisfy this definition.
Theorem 3 shows that if � has a subjective learning representation, then these
issues are irrelevant: ρ� exists and is the unique RCR corresponding to �.

THEOREM 3: The following are equivalent:
(1) � is represented by (μ�u),
(2) � is dominant and ρ� is represented by (μ�u).

The probability that an act fa is chosen is exactly its marginal contribution
to the valuation of the menu. The more often the act is chosen, the greater
its effect on the menu’s overall valuation.21 For instance, if the act is never
chosen, then it will have no effect on valuations. One could interpret this as
a cardinal version of Axiom 1 in Ahn and Sarver (2013) (see Section S.2 in
the Supplemental Material). Any violation of this would indicate some form of
inconsistency, which we explore in Section 6.

The analyst can now use ρ� to directly compute random choice from valua-
tions. To see how, first define ρ so that it coincides with � over all constant acts.
Then use the definition of ρ� to specify ρF∪fa(fa) for all a ∈ [0�1] and F ∈K.22

Linearity then extends ρ to all menus. By Theorem 3, the ρ so constructed is
represented by (μ�u).

The other implication is that if a dominant preference relation induces an
RCR that has an information representation, then that preference relation
has a subjective learning representation. As in Theorem 2, this is an alternate
characterization of subjective learning representations using properties of its

21In the econometrics literature, this is related to the Williams–Daly–Zachary theorem (see
McFadden (1981)). The use of constant acts in the Anscombe–Aumann setup, however, means
that Theorem 2 has no counterpart.

22Technically, V (F ∪ fa) may be undifferentiable, but this occurs at most once so ρ� is well-
defined.
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induced RCR. Moreover, combined with Theorem 1, this means that binary
menus are sufficient for identification in the subjective learning representa-
tion.

Theorem 3 is the random choice version of Hotelling’s lemma from classi-
cal producer theory. The analogy follows if we interpret choice probabilities as
“outputs,” conditional utilities as “prices,” and valuations as “profits.”23 Simi-
larly to how Hotelling’s lemma is used to compute firm outputs from the profit
function, Theorem 3 can be used to compute random choice from valuations.
Combining these results, we obtain the following.

COROLLARY 2: Let � and ρ be represented by (μ�u). Then �ρ=� and
ρ� = ρ.

Similarly to how classical results from consumer and producer theory (e.g.,
Hotelling’s lemma) provide a methodology for relating data, Corollary 2 allows
an analyst to relate valuations with random choice and vice versa. Integrating
test functions yields valuations, while differentiating valuations yields random
choice. In the loan example, this means the regulator can use approval rates
to calculate how the lender would price a set of loan products ex ante and vice
versa. In the hotel example, this means a consumer advocate can use booking
frequencies to calculate consumer welfare and vice versa. These operations
allow the analyst to compute one type of data from another without the need
to identify signal distributions or utilities explicitly.

5. ASSESSING INFORMATIVENESS

We now show how the analyst can infer which agent uses a more informa-
tive signal even when information is not directly observable. First, consider the
classic methodology when information is observable. A transition kernel on the
set of beliefs ΔS is mean-preserving if it preserves average beliefs.24

DEFINITION: The transition kernel K : ΔS × B(ΔS) → [0�1] is mean-
preserving if, for all q ∈ ΔS,∫

ΔS

pK(q�dp)= q�

23Formally, interpret each act f ∈ F as a “good,” yf = μ(Qf ) as the “output” given a parti-
tion Qy = {Qf }f∈F , and pf = ∫

Qf

q·(u◦f )
μ(Qf )

μ(dq) as the “price.” Hence, V (F) = supy�Qy
p · y is the

maximizing “profit.” Note that a= pfa is exactly the price of fa. The caveat is that in Hotelling’s
lemma, prices are fixed, while in our case, they depend on the partition Qy .

24Formally, K : ΔS×B(ΔS)→ [0�1] is a transition kernel if q→K(q�Q) is measurable for all
Q ∈ B(ΔS) and Q→K(q�Q) is a measure on ΔS for all q ∈ ΔS.
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Let μ and ν be two signal distributions. We say μ is more informative than ν
if the distribution of beliefs under μ is a mean-preserving spread of the distri-
bution of beliefs under ν.

DEFINITION: μ is more informative than ν if there is a mean-preserving tran-
sition kernel K such that, for all Q ∈ B(ΔS),

μ(Q)=
∫
ΔS

K(p�Q)ν(dp)�

If μ is more informative than ν, then the information structure of ν can be
generated by adding noise or “garbling” μ. This is Blackwell’s (1951, 1953) or-
dering of informativeness based on signal sufficiency. For example, if K is the
identity kernel, then no information is lost and ν = μ. In the loan example, a
discriminatory lender who uses additional race and gender information would
have a signal distribution that is more informative than that of a lender who
follows protocol. In the hotel example, a group of consumers with more het-
erogeneous beliefs would have a signal distribution that is more informative
than that of a group with less belief heterogeneity.

In the classical approach, Blackwell (1951, 1953) showed that better infor-
mation is characterized by higher ex ante valuations. We now show how to
characterize better information using random choice. First, consider a degen-
erate signal distribution corresponding to an uninformative signal (or a group
of agents all with the same belief). Choice is deterministic in this case, so the
test function of an act corresponds to a single mass point. Another agent (or
group of agents) with more information will have test functions that have a
more dispersed distribution. This is captured exactly by second-order stochastic
dominance, that is, F ≥SOSD G if

∫
R
φdF ≥ ∫

R
φdG for all increasing concave

φ :R→ R.

THEOREM 4: Let ρ and τ be represented by (μ�u) and (ν�u), respectively.
Then μ is more informative than ν if and only if Fτ ≥SOSD Fρ for all F ∈K.

Theorem 4 equates an unobservable multidimensional information ordering
with an observable single-dimensional stochastic dominance relation. An ana-
lyst can assess informativeness simply by comparing test functions via second-
order stochastic dominance. It is the random choice characterization of better
information. The intuition is that better information corresponds to more dis-
persed (i.e., random) choice, while worse information corresponds to more
concentrated (i.e., deterministic) choice. We illustrate this with an example.

EXAMPLE 3: Recall Example 2 from above and consider a second lender
with a signal distribution ν that has density 6q(1 − q). Recall that the first
lender’s RCR ρ is represented by (μ�u) and let the second lender’s RCR τ be
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represented by (ν�u). As before, let f be the act corresponding to approving
an applicant. Now, the test function of f under the second lender’s RCR τ is

fτ(a)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 if a <
1
4
�

(1 − a)(1 − 4a)2 if
1
4

≤ a < 3
4
�

1 if
3
4

≤ a�

Since fτ ≥SOSD fρ, the first lender’s signal distribution μ is more informative
than that of the second lender ν. In fact, fρ is a mean-preserving spread of fτ
in this example. Thus, by looking at the approval rates of the two lenders and
comparing test functions, the regulator can identify the lender who is using
additional discriminatory information.

In DLST, better information is characterized by a greater preference for flex-
ibility in the valuation preference relation. This is the choice-theoretic version
of Blackwell’s (1951, 1953) result. A preference relation exhibits more pref-
erence for flexibility than another if whenever the other prefers a menu to a
singleton, the first must do so as well. Corollary 3 relates our random choice
characterization of better information with more preference for flexibility.

DEFINITION: �1 has more preference for flexibility than �2 if F �2 f implies
F �1 f .

COROLLARY 3: Let ρ and τ be represented by (μ�u) and (ν�u), respectively.
Then the following are equivalent:

(1) Fτ ≥SOSD Fρ for all F ∈K,
(2) �ρ has more preference for flexibility than �τ,
(3) μ is more informative than ν.

PROOF: By Theorem 4, (1) and (3) are equivalent. By Corollary 2, �ρ and
�τ are represented by (μ�u) and (ν�u), respectively. Hence, by Theorem 2 of
DLST, (2) is equivalent to (3). Q.E.D.

Greater preference for flexibility and greater choice dispersion are the be-
havioral manifestations of better information. In the individual interpretation,
a more informative signal corresponds to greater preference for flexibility (ex
ante) and more randomness in choice (ex post). In the group interpretation,
more private information corresponds to a greater social preference for flexi-
bility and more heterogeneity in choice. Note the prominent role of test func-
tions: computing their integrals evaluates menus, while comparing them via
second-order stochastic dominance assesses informativeness.
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If μ is more informative than ν, then it follows from the Blackwell ordering
that the two distributions must have the same average belief. Combined with
Theorem 4, this implies that test functions of singleton menus under the more
informative signal is a mean-preserving spread of those under the less informa-
tive signal as in Example 3. This condition, however, is insufficient for assessing
informativeness; it corresponds to a stochastic order over distributions that is
strictly weaker than the Blackwell order.25

6. DETECTING BIASES

In this section, we study situations when an agent’s private information in-
ferred from valuations is inconsistent with that inferred from her random
choice. In the individual interpretation, this inconsistency describes an agent
whose prospective ex ante (pre-signal) beliefs about her signals are misaligned
with her retrospective ex post (post-signal) beliefs. This is an informational ver-
sion of the dynamic inconsistency as seen in Strotz (1955). In the group inter-
pretation, this describes the situation when social preferences indicate a more
(or less) dispersed distribution of beliefs in a group than that implied by ran-
dom choice.

Consider the loan example where a lender expects to use credit scores that
are not very informative. As a result, ex ante, the lender does not consider
menus containing a variety of loan products to be particularly valuable. Ex
post, however, she decides to use very detailed reports on applicants. As a
result, the lender updates her beliefs about applicants by more than what she
anticipated initially and exhibits greater randomness or dispersion in choice.
This is exactly the case if the lender expects to follow protocol initially but
then decides to use discriminatory information when approving loans. Call this
prospective underconfidence, where confidence here refers to signal precision.

On the flip side, there may be situations where ex post choice reflects less
confidence than that implied by ex ante preferences. For example, suppose the
lender initially expects to use very detailed credit reports. Hence, she ex ante
prefers large menus and may be willing to pay a cost in order to postpone her
decision and “keep her options open.” Ex post, however, she decides to ignore
the reports all together and approve all applicants in the pool. The analyst
can deduce from the lender’s behavior that she incorrectly anticipated a much
more informative signal. Call this prospective overconfidence.

Since beliefs in our model are completely subjective, we are silent as to which
period’s behavior is more “correct.” Both prospective overconfidence and un-
derconfidence are relative comparisons involving subjective misconfidence. This

25Formally, test functions of singleton menus under ρ is a mean-preserving spread of those
under τ if and only if the signal distribution of τ stochastically dominates that of ρ under the
linear concave order. Although the Blackwell order implies the linear concave order, the converse
is not true (see Section 3.5 of Muller and Stoyan (2002)).
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is a form of belief misalignment that is independent of the true information
structure and is in a sense more fundamental as it indicates a violation of in-
trapersonal consistency.26

Let (��ρ) denote the valuation preference relation � and the RCR ρ. Mo-
tivated by Theorem 4, define subjective misconfidence as follows.27

DEFINITION: (��ρ) exhibits prospective overconfidence (underconfidence) if
Fρ ≥SOSD Fρ� (Fρ ≤SOSD Fρ�) for all F ∈K.

COROLLARY 4: Let � and ρ be represented by (μ�u) and (ν�u), respectively.
Then (��ρ) exhibits prospective overconfidence (underconfidence) if and only if
μ is more (less) informative than ν.

Corollary 4 follows immediately from Corollary 2 and Theorem 4. It pro-
vides a choice-theoretic foundation for subjective misconfidence. Returning to
the loan example, Corollary 4 allows a regulator to use the lender’s ex ante
valuations and ex post approval rates to detect when the lender may have ini-
tially planned to follow protocol but ultimately decided to use discriminatory
information (or vice versa).

We can also apply Corollary 4 to study other behavioral biases. In the di-
versification bias (see Read and Loewenstein (1995)), an agent ex ante prefers
large menus with a wide variety of food options, but ex post always chooses
her favorite food. Hence, the agent initially overestimates the degree to which
she will be taking advantage of the wide variety of options. If her choices are
driven by informational reasons, then this corresponds exactly to prospective
overconfidence.28 Other biases involving information processing include the
hot-hand fallacy and the gambler’s fallacy (see Gilovich, Vallone, and Tversky
(1985) and Rabin (2002), respectively). If we assume that the agent is unaf-
fected by these biases ex ante but becomes afflicted ex post, then the hot-hand
and gambler’s fallacies correspond to prospective underconfidence and over-
confidence, respectively. Corollary 4 also allows us to rank the severity of these
biases via the Blackwell ordering of information structures and provides a uni-
fying methodology to study a wide variety of informational biases.

7. CALIBRATING BELIEFS

Following Savage (1954) and Anscombe and Aumann (1963), we have
adopted a purely subjective treatment of beliefs. Our theory identifies when

26In Section 7, we show how an analyst can discern which period’s choice behavior is correct
by studying a richer data set (e.g., the joint data over choices and state realizations).

27Note that by Corollary 3, we could redefine prospective overconfidence (underconfidence)
solely in terms of more (less) preference for flexibility.

28Although the diversification bias was originally in reference to uncertainty over tastes, there
are many informational reasons why one would prefer one food over another (news of a candy
recall, for example).
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observed choice behavior is consistent with some distribution of beliefs, but is
unable to recognize when these beliefs may be incorrect.29 For example, our
notions of misconfidence in the previous section are descriptions of subjective
belief misalignment and not measures of objective misconfidence.

In this section, we incorporate additional data to achieve this distinction. By
studying the joint distribution over choices and state realizations, the analyst
can test whether agents’ beliefs are objectively well-calibrated. In the individual
interpretation, this implies that the agent has rational expectations about her
signals. In the loan example, this means that the lender’s beliefs about her
signals are consistent with actual default rates. In the group interpretation, this
implies that agents have beliefs that are predictive of actual state realizations
and suggests that there is genuine private information in the group. In the
hotel example, this means that consumers’ beliefs correctly predict their use
of hotel amenities (e.g., visiting the beach). If information is observable, then
calibrating beliefs is a well-understood statistical exercise.30 We show how the
analyst can use test functions to calibrate beliefs even when information is not
observable.

Let r ∈ ΔS be some observed distribution over states. Assume that r has full
support without loss of generality. For example, in the loan example, r is the
unconditional default rate of applicants.31 In this section, the primitive consists
of r and a state-dependent random choice rule (sRCR) ρ := (ρs)s∈S that specifies
a RCR for each state.32 Let ρs�F(f ) denote the probability of choosing f ∈ F
given state s ∈ S. The unconditional RCR is

ρ :=
∑
s∈S
rsρs�

Note that r in conjunction with the sRCR ρ completely specify the joint distri-
bution over choices and state realizations.33

Information now corresponds to a joint distribution over beliefs and state
realizations. In this section, let μ := (μs)s∈S be a state-dependent signal distri-
bution where μs is the signal distribution conditional on s ∈ S. Let (μ�u) de-
note a state-dependent signal distribution μ and a non-constant u. We now
define a state-dependent information representation and say ρ is represented by

29In Section S.1 of the Supplemental Material, we also provide an axiomatic treatment that
incorporates the observed distribution of states as part of the primitive.

30For example, see Dawid (1982).
31This is the default rate unconditional on the decision of the lender. For instance, if not de-

faulting corresponds to the applicant’s project for the loan succeeding, then this is the uncondi-
tional rate of project success.

32Formally, an sRCR consists of (ρ�H) where ρ : S × K → ΔH and (ρs�H) is an RCR for all
s ∈ S.

33State-dependent stochastic choice was studied by Caplin and Martin (2015) and Caplin and
Dean (2015) who first demonstrated the feasibility of collecting such data for individuals. In the
group interpretation, these data are also readily available (see Chiappori and Salanié (2000)).
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(μ�u) if ρs is represented by (μs�u) for all s ∈ S. Note that this does not im-
ply beliefs are well-calibrated since μ may not be consistent with the observed
frequency r. Define the unconditional signal distribution as

μ :=
∑
s∈S
rsμs�

DEFINITION: μ is well-calibrated if, for all s ∈ S and Q ∈ B(ΔS),

μs(Q)=
∫
Q

qs

rs
μ(dq)�

Well-calibration implies that μ satisfies Bayes’s rule. For each s ∈ S, μs is ex-
actly the conditional signal distribution as implied by μ. In other words, choice
behavior implies beliefs that agree with the observed joint data on choices and
state realizations.

We now show how the analyst can test for well-calibrated beliefs using test
functions. Let ρ be represented by (μ�u). Since u is fixed, both the best and
worst acts are well-defined for ρ. Given a state s ∈ S, define a conditional worst
act f s as the act that coincides with the worst act if s occurs and with the best
act otherwise.34 Let f as := af s + (1 − a)f be a conditional test act and define a
conditional test function as follows.

DEFINITION: Given ρ, the conditional test function of F ∈ K is Fsρ : [0� rs] →
[0�1] where

Fsρ(rsa) := ρs�F∪fas (F)�

A conditional test function specifies the conditional choice probability as
we vary the conditional test act from the best to the conditional worst act.
As with unconditional test functions, conditional test functions are increasing
functions that are cumulative distribution functions if Fsρ(rs)= 1. Let Ks denote
all menus with conditional test functions that are cumulatives.

THEOREM 5: Let ρ be represented by (μ�u). Then μ is well-calibrated if and
only if Fsρ and Fρ share the same mean for all F ∈Ks and s ∈ S.

Theorem 5 equates well-calibrated beliefs with the requirement that both
conditional and unconditional test functions have the same mean. If beliefs
are well-calibrated, then the ex ante value of a menu calculated from the
state-dependent RCR should be the same once adjusted for the prior in that

34That is, f s(s)= f (s) and f s(s′)= f (s′) for all s′ �= s.
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state. This is a random choice characterization of rational beliefs using test
functions.35 In the loan example, this means that the regulator can use state-
dependent approval rates to determine if the lender has unbiased beliefs about
her signals. In the hotel example, this means that the website can use state-
dependent booking frequencies to determine if consumers have genuine pri-
vate information.

Suppose that in addition to the sRCR ρ, the analyst also observes the val-
uation preference relation � over all menus. In this case, if beliefs are well-
calibrated, then any misalignment between � and ρ is no longer solely subjec-
tive. For example, in the individual interpretation, any prospective overconfi-
dence (underconfidence) can now be interpreted as objective overconfidence
(underconfidence) with respect to the true information structure. By enrich-
ing choice behavior with data on state realizations, the analyst can now make
claims about objective belief misalignment.

APPENDIX A: MODEL AND IDENTIFICATION

A.1. Preliminaries

In this section, we introduce some preliminary notation and results regard-
ing indifferences. Recall that H is a σ-algebra on H corresponding to indif-
ferences, and for any menu F , HF is the σ-algebra generated by H ∪ {F}. For
G⊂ F ∈ K, let GF denote the smallest HF -measurable set containing G, that
is,

GF :=
⋂

G⊂E∈HF

E�

Since menus are finite, if G ⊂ F , then GF must also be HF -measurable. We
first show the following useful property.

LEMMA A.1: If G⊂ F ⊂ J ∈K, then GF =GJ ∩ F .

PROOF: Let G⊂ F ⊂ J ∈K. First, note that since G⊂ F ∈HF ,

GF =
⋂

G⊂E∈HF

(E ∩ F)=
( ⋂
G⊂E⊂F;E∈H

E

)
∩ F�

By the same argument, we have

GJ =
( ⋂
G⊂E⊂J;E∈H

E

)
∩ J�

35This approach is also related to the NIAS restrictions of Caplin and Martin (2015) (see Sec-
tion S.3 in the Supplemental Material).
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Since F ⊂ J, this implies that

GJ ∩ F =
( ⋂
G⊂E⊂J;E∈H

E

)
∩ F =GF�

as desired. Q.E.D.

Since GF is well-defined, we can define the outer measure

ρ∗
F(G) := ρF(GF)= inf

G⊂E∈HF

ρF(E)�

and let ρ denote ρ∗ without loss of generality. We will also use the condensed
notation ρ(F�G) := ρF∪G(F).

Two acts are tied if ρ(f�g)= ρ(g� f )= 1. Note that if ρ is deterministic, then
this is exactly the traditional notion of indifference. The following are three
equivalent characterizations of indifference that will be useful in our subse-
quent analysis.

LEMMA A.2: Let {f�g} ⊂ F ∈K. The following are equivalent:
(1) ρ(f�g)= ρ(g� f )= 1,
(2) g ∈ fF ,
(3) fF = gF .

PROOF: We will prove that (1) implies (2) implies (3) implies (1). First, sup-
pose (1) is true so ρ(f�g)= ρ(g� f )= 1. We will show that ff∪g = f ∪ g. Sup-
pose otherwise, so ff∪g is just the singleton f . Now, since f ∪g ∈Hf∪g, g ∈Hf∪g
so gf∪g is just the singleton g. This implies that ρ(f�g) + ρ(g� f ) = 2 > 1,
yielding a contradiction. Thus, ff∪g = f ∪ g. Now, since f ∪ g ⊂ F , applying
Lemma A.1 yields

fF ∩ (f ∪ g)= ff∪g = f ∪ g�
Thus, g ∈ fF so (1) implies (2).

Now, suppose (2) is true, so g ∈ fF and thus g ∈ gF ∩ fF . Since gF ∩ fF ∈HF ,
the definition of gF means that gF ⊂ gF ∩ fF , which implies that gF ⊂ fF . We
will now show that f ∈ gF . Suppose otherwise, so f ∈ fF \ gF ∈HF . As a result,
fF ⊂ fF \ gF , which implies that gF must be empty, yielding a contradiction.
Thus, f ∈ gF so f ∈ gF ∩fF . By the definition of fF , this implies that fF ⊂ gF ∩fF
so fF ⊂ gF . Hence, fF = gF so (2) implies (3).

Finally, suppose (3) is true so fF = gF . This implies that f ∪g⊂ fF . Applying
Lemma A.1 yields

ff∪g = fF ∩ (f ∪ g)= f ∪ g�
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Hence, ρ(f�g) = ρf∪g(f ∪ g) = 1. By symmetric reasoning, ρ(g� f ) = 1 so (3)
implies (1). This shows that (1), (2), and (3) are all equivalent. Q.E.D.

We now show that replacing acts with ties does not change choice probabili-
ties; in other words, RCRs are insensitive to ties.

LEMMA A.3: Let ρ be monotonic. Suppose F = ⋃
i fi, G= ⋃

i gi where fi and
gi are tied for all i ∈ {1� � � � � n}. Then ρF(fi)= ρG(gi) for all i ∈ {1� � � � � n}.

PROOF: We first show that if g is tied with some act h ∈ F , then ρF(f ) =
ρF∪g(f ) for any f ∈ F . By Lemma A.2, we can find hj ∈ F such that
{h1

F� � � � �h
m
F } forms a unique partition of F . Without loss of generality, assume

g is tied with h1. By Lemma A.2 again, h1
F∪g = h1

F ∪ g and hjF∪g = h
j
F for all

j > 1. By monotonicity,

ρF
(
h
j
F

) = ρF
(
hj

) ≥ ρF∪g
(
hj

) = ρF∪g
(
h
j
F∪g

)
�

Now, for any f ∈ hkF , we know that f ∈ hkF∪g and

ρF(f )= 1 −
∑
j �=k
ρF

(
h
j
F

) ≤ 1 −
∑
j �=k
ρF∪g

(
h
j
F∪g

) = ρF∪g(f )�

By monotonicity again, ρF(f )= ρF∪g(f ).
We now prove the main result. Let F = ⋃

i fi, G= ⋃
i gi and assume fi and

gi are tied for all i ∈ {1� � � � � n}. From above and the fact that fi and gi are tied,
we have

ρF(fi)= ρF∪gi (fi)= ρF∪gi (gi)= ρ(F∪gi)\fi (gi)�

Repeating this argument yields ρF(fi)= ρG(gi) for all i. Q.E.D.

Finally, we show that ties are insensitive to (Minkowski) mixing. For concise-
ness, letGaF := aG+ (1−a)F denote the a-mixture of menuG with menu F .

LEMMA A.4: Let ρ be monotonic and linear. Then (fah)Fah = (fF)ah for f ∈
F ∈K.

PROOF: Suppose gah ∈ (fF)ah for some g ∈ fF . By Lemma A.2, g is tied
with f . Hence, by linearity,

ρ(fah�gah)= ρ(f�g)= 1�

ρ(gah� fah)= ρ(g� f )= 1�

so gah is tied with fah. By Lemma A.2, gah ∈ (fah)Fah so (fF)ah⊂ (fah)Fah.
Now, suppose gah ∈ (fah)Fah so gah is tied with fah. By Lemma A.2 and
linearity again, this implies that ρ(f�g)= ρ(g� f )= 1 so f and g are tied. Thus,
g ∈ fF and gah ∈ (fF)ah. This shows that (fF)ah= (fah)Fah. Q.E.D.
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A.2. Proof of Lemma 1

To simplify notation, denote test acts by f a := faf for a ∈ [0�1]. First, we
show that test functions are well-defined, that is, they are insensitive to the
choice of any particular best or worst acts.

LEMMA A.5: Suppose f and g are best acts and f and g are worst acts. Then

ρ(F� faf )= ρ(F�gag) for all F ∈K.

PROOF: Since f and g are best acts, ρ(f �g)= ρ(g� f )= 1. Since f and g are
worst acts, ρ(f �g)= ρ(g� f )= 1. Thus, f is tied with g and f is tied with g. By
Lemma A.4, f a is tied with ga = gag, so by Lemma A.3, ρ(F� f a)= ρ(F�ga) as
desired. Q.E.D.

We will now prove the following result characterizing expectations with re-
spect to test functions. This will automatically imply Lemma 1.

LEMMA A.6: Let ρ be represented by (μ�u). Then for any measurableφ :R→
R,

∫
[0�1]
φdFρ =

∫
ΔS

φ

(q · (u ◦ f )− sup
f∈F

q · (u ◦ f )

q · (u ◦ f )− q · (u ◦ f )
)
μ(dq)�

PROOF: Fix some menu F and define the function ψ : ΔS→ [0�1] such that

ψ(q) :=
q · (u ◦ f )− sup

f∈F
q · (u ◦ f )

q · (u ◦ f )− q · (u ◦ f ) �

Note that ψ is well-defined as u is non-constant. Let λ := μ ◦ψ−1 be the image
measure of ψ on [0�1]. By a standard change of variables, for any measurable
φ :R→ R,∫

[0�1]
φ(x)λ(dx)=

∫
ΔS

φ
(
ψ(q)

)
μ(dq)�

We now show that Fρ is exactly the cumulative of λ. Now,

λ[0� a] = μ ◦ψ−1[0� a] = μ{
q ∈ ΔS|a≥ψ(q)≥ 0

}
= μ

{
q ∈ ΔS∣∣ sup

f∈F
q · (u ◦ f )≥ q · (u ◦ f a)}�
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First, assume f a is tied with nothing in F . Since μ is regular, for all f ∈ F ,
q · (u ◦ f a)= q · (u ◦ f ) with μ-measure 0. Thus,

λ[0� a] = 1 −μ{
q ∈ ΔS|q · (u ◦ f a) ≥ q · (u ◦ f ) ∀f ∈ F}

= 1 − ρ(f a�F) = ρ(F�f a) = Fρ(a)�
Now, assume f a is tied with some g ∈ F so q · (u ◦ f a) = q · (u ◦ g) μ-a.s. By
Lemma A.2, f a ∈ gF∪f a so

Fρ(a)= ρ(F�f a) = 1 = λ[0� a]�
Hence, λ[0� a] = Fρ(a) for all a ∈ [0�1]. Note that λ[0�1] = 1 = Fρ(1) so Fρ is
the cumulative of λ as desired. Q.E.D.

A.3. Proofs of Theorem 1 and Corollary 1

Let ρ and τ be represented by (μ�u) and (ν� v), respectively. Let f , f and
g, g be the best and worst acts of ρ and τ, respectively. We will show that the
following are all equivalent:

(1) ρ(f�g)= τ(f�g) for all f and g,
(2) ρ= τ,
(3) (μ�u)= (ν�αv+β) for α> 0,
(4) fρ = fτ for all f .

Note that the equivalence of (1) and (3) proves Theorem 1 and the equivalence
of (4) proves Corollary 1. We will show that (3) implies (2) implies (1) implies
(4) implies (3).

First, suppose (3) is true so (μ�u) = (ν�αv + β) for α > 0. Thus, ρF(f ) =
τF(f ) for all f ∈ H from the representation. Moreover, since ρ(f�g) =
ρ(g� f )= 1 iff τ(f�g)= τ(g� f )= 1 iff f and g are tied, the partitions {fF}f∈F
agree under both ρ and τ. Thus, Hρ

F = Hτ
F for all F ∈ K so ρ = τ and (2) is

true. Note that (2) implies (1) trivially and implies (4) by Lemma A.5.
Hence, all that remains is to prove that (4) implies (3). Suppose (4) is true

so fρ = fτ for all f ∈ H. First, we will show that u = αv + β for α > 0. By
Lemma A.5, we can assume that both sets of best and worst acts are constant
acts. Note that for any two constant acts u(f )≥ u(g) iff ρ(f�g)= 1 and v(f )≥
v(g) iff τ(f�g) = 1. Now, for any constant f , suppose u(f ) = u(f a) for some
a ∈ [0�1]. Hence,

1 = fρ(a)= fτ(a)= τ(f�ga)�
so v(f ) ≥ v(ga). If a = 0, then clearly v(f ) = v(g0) = v(g). If a > 0, then for
any c < a, u(f ) < u(f c) so

0 = fρ(c)= fτ(c)= τ(f�gc)�
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so v(f ) < v(ga) for all c < a. By continuity, v(f )= v(ga). Now, suppose u(f )≥
u(g) and let u(f )= u(f a) and u(g)= u(f b) so a≤ b. Since v(f )= v(ga) and
v(g) = v(gb), v(f ) ≥ v(g). By symmetric argument, we have u(f ) ≥ u(g) iff
v(f )≥ v(g). Since both u and v are linear, u= αv+β for α> 0.

Thus, without loss of generality, we can assume 1 = u(f ) = v(g) and 0 =
u(f )= v(g) and u= v. Now,

μ
{
q ∈ ΔS|q · (u ◦ f )≥ 1 − a}
= ρ(f� f a) = fρ(a)= fτ(a)
= τ(f�ga) = ν{q ∈ ΔS|q · (v ◦ f )≥ 1 − a}�

Since this is true for any f ∈H and a ∈ [0�1], the distributions of q ·w under μ
and ν are the same for any w ∈ [0�1]S . Hence, by the Cramér–Wold theorem,
μ= ν so (3) is true, as desired.

APPENDIX B: INFERENCES

This section includes proofs for the inference results. For any two cumula-
tives F and G on [0�1], let F ≥m G denote that F has a higher mean than
G, that is,

∫
[0�1] xdF(x) ≥ ∫

[0�1] xdG(x). The following properties follow from
standard results (see Billingsley (1986)).

LEMMA B.1: Let F and G be cumulatives on [0�1].
(1)

∫
[0�1]F(a)da= 1 − ∫

[0�1] adF(a).
(2) F =G if and only if F =G a.e.

B.1. Proof of Theorem 2

Before proving Theorem 2, we first show a few useful lemmas. The first pro-
vides a convenient expression for test functions of menus containing test acts.
Recall the notation f a := faf and fa := faf for a ∈ [0�1].

LEMMA B.2: If ρ is standard, then (F ∪ f b)ρ = max{Fρ� f bρ } for all b ∈ [0�1].

PROOF: Let ρ be standard and f and f be the best and worst acts of ρ. Note
that if ρ(f � f ) > 0, then f and f are tied, so by Lemma A.3, ρ(f � f )= ρ(f� f )=
1 for all f ∈H. Thus, all acts are tied, so (F ∪ f b)ρ = 1 = max{Fρ� f bρ } trivially.

Now, suppose ρ(f � f )= 0. Note that linearity implies ρ(f b� f a)= 1 if a≥ b
and ρ(f b� f a)= 0 otherwise. Thus

f bρ (a)=
{

1 if a≥ b�
0 otherwise�
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so for any F ∈K,

max
{
Fρ(a)� f

b
ρ (a)

} =
{

1 if a≥ b�
Fρ(a) otherwise�

Consider the menu G := F ∪ {f b� f a} so(
F ∪ f b)

ρ
(a)= ρG

(
F ∪ f b)�

First, suppose a ≥ b. If a > b, then ρ(f a� f b) = 0 so ρG(f a) = 0 by mono-
tonicity. Hence, ρG(F ∪ f b)= 1. If a= b, then ρG(F ∪ f b)= 1 trivially. Thus,
(F ∪ f b)ρ(a)= 1 for all a≥ b. Now consider a < b so ρ(f b� f a)= 0, which im-
plies ρG(f b) = 0 by monotonicity. First, suppose f a is tied with nothing in F .
Thus, by Lemma A.2, f aG = f aF∪fa = f a so

ρF∪f a(F)+ ρF∪f a
(
f a

) = 1 = ρG(F)+ ρG
(
f a

)
�

By monotonicity, ρF∪f a(F) ≥ ρG(F) and ρF∪f a(f a) ≥ ρG(f
a) so ρG(F) =

ρF∪f a(F). Hence,

ρG
(
F ∪ f b) = ρG(F)= ρF∪f a(F)= Fρ(a)�

Finally, suppose f a is tied with some h ∈ F . Thus, by Lemma A.3,

ρG
(
F ∪ f b) = ρF∪f b

(
F ∪ f b) = 1 = Fρ(a)�

This implies that

(
F ∪ f b)

ρ
(a)=

{
1 if a≥ b�
Fρ(a) otherwise�

so (F ∪ f b)ρ = max{Fρ� f bρ } as desired. Q.E.D.

Next, we show that if two standard RCRs share the same test functions, then
they are the same.

LEMMA B.3: Let ρ and τ be standard. If Fρ = Fτ for all F ∈K, then ρ= τ.

PROOF: Let f , f and g, g be the best and worst acts of ρ and τ, respectively,
so for any act f ,

ρ(f � f )= ρ(f� f )= τ(g� f )= τ(f�g)= 1�



RANDOM CHOICE AND PRIVATE INFORMATION 2013

Suppose Fρ = Fτ for all F ∈K. Note that

τ(f �g)= f τ(0)= f ρ(0)= 1�

so f and g are τ-tied. Also, note that for any a < 1,

τ
(
f �ga

) = f
τ
(a)= f

ρ
(a)= ρ(f � f a) = 0�

This implies that τ(ga� f ) = 1 for all a < 1. Since τ is continuous, this means
that τ(g� f )= 1 so f and g are also τ-tied. Note that this implies f a and ga are
τ-tied for all a ∈ [0�1].

We now show that ties under ρ and τ agree, that is, ρ(f�g)= 1 iff τ(f�g)= 1.
Note that for any f and g, by linearity and Lemma A.4, we can assume that
g= f a for some a ∈ [0�1] without loss of generality. Hence

ρ
(
f� f a

) = fρ(a)= fτ(a)= τ(f�ga) = τ(f� f a)�
where the last equality follows from Lemma A.3. Thus, ρ(f� f a) = 1 iff
τ(f� f a) = 1. This establishes that f and g are ρ-tied iff they are τ-tied, so
Hρ
F =Hτ

F for all F ∈K.
Finally, we show that the two RCRs are the same. Consider f ∈ G. Again

by linearity and Lemma A.3, we can assume f = f a for some a ∈ [0�1] without
loss of generality. First, suppose f a is tied with nothing in F :=G \ f a. Thus,

ρG(f )= 1 − ρG(F)= 1 − Fρ(a)= 1 − Fτ(a)= τG(f )�
Now, if f a is tied with some act in G, then let F ′ := F \ f aG. By Lemma A.3,
ρG(f )= ρF ′∪f (f ) and τG(f )= τF ′∪f (f ), where f is tied with nothing in F ′. Ap-
plying the above on F ′ yields ρG(f )= τG(f ) for all f ∈G ∈K. Hence, ρ= τ as
desired. Q.E.D.

Finally, the following useful result shows that the integral of a menu’s test
function is exactly its ex ante utility.

LEMMA B.4: If ρ is represented by (μ�u), then for all F ∈K,

Vρ(F)=
∫
ΔS

sup
f∈F

q · (u ◦ f )μ(dq)�

PROOF: Let ρ be represented by (μ�u) and assume without loss of general-
ity that u is normalized. By Lemma A.5, without loss of generality, we can let
f and f be constant acts that are the best and worst acts of ρ. Thus, u(f )= 1
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and u(f )= 0. Now, from part (1) of Lemma B.1 and Lemma A.6,

Vρ(F)=
∫

[0�1]
Fρ(a)da= 1 −

∫
[0�1]
adFρ(a)

= 1 −
∫
ΔS

(
1 − sup

f∈F
q · (u ◦ f )

)
μ(dq)

=
∫
ΔS

sup
f∈F

q · (u ◦ f )μ(dq)�

as desired. Q.E.D.

We are now ready to prove Theorem 2. We wish to show the following are
equivalent:

(1) ρ is represented by (μ�u).
(2) ρ is standard and �ρ is represented by (μ�u).

First suppose (1) is true. Lemma B.4 immediately implies that �ρ is repre-
sented by (μ�u), and ρ is standard follows from the information representa-
tion (see Theorem S.2 in the Supplemental Material). This proves (2).

Now, suppose (2) is true so ρ is standard and �ρ is represented by (μ�u).
Define V such that

V (F)=
∫
ΔS

sup
f∈F

q · (u ◦ f )μ(dq)�

with u normalized so V represents �ρ. Let f and f be the best and worst acts
of ρ. We first show that ρ(f � f ) = 0. Suppose otherwise, so f and f must be
tied. By Lemma A.3,

ρ(f� f )= ρ(f� f )= 1�

so every f is tied with f . This implies that fρ(a)= 1 for all a ∈ [0�1] so Vρ(f )=
Vρ(g) for all acts f and g. Since �ρ is represented by (μ�u), this contradicts
the fact that u is non-constant. This proves that ρ(f � f )= 0.

We now show that V (f )= 1 and V (f )= 0. Note that∫
[0�1]
f
ρ
(a)da= 0 ≤

∫
[0�1]
fρ(a)da≤ 1 =

∫
[0�1]
f ρ(a)da�

which implies f �ρ f �ρ f . Thus, V (f )≤ V (f )≤ V (f ) for all f ∈H so V (f )=
1 and V (f )= 0.

Define τ as the RCR represented by (μ�u), so by Lemma B.4, Vτ = V .
We show that Fρ = Fτ for all F ∈ K. Since �ρ is represented by V , Vρ(F) =
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φ(V (F)) for some monotonic transformation φ : R → R. Since ρ(f � f ) = 0,
for any b ∈ [0�1],

1 − b=
∫

[0�1]
f bρ (a)da= Vρ

(
f b

) =φ(
V

(
f b

))
=φ(

(1 − b)V (f )+ bV (f )) =φ(1 − b)�
Thus, Vρ = V = Vτ so for all F ∈K,∫

[0�1]
Fρ(a)da= Vρ(F)= Vτ(F)=

∫
[0�1]
Fτ(a)da�

By Lemma B.2, for all b ∈ [0�1],∫
[0�1]

(
F ∪ f b)

ρ
(a)da=

∫
[0�1]

max
{
Fρ(a)� f

b
ρ (a)

}
da

=
∫

[0�1]
max

{
Fρ(a)�1[b�1](a)

}
da

=
∫

[0�b]
Fρ(a)da+ 1 − b�

Thus, for all b ∈ [0�1],∫
[0�b]

Fρ(a)da=
∫

[0�b]
Fτ(a)da�

By the Radon–Nikodym theorem, Fρ(a) = Fτ(a) a.e. so by Part (2) of
Lemma B.1, Fρ = Fτ for all F ∈K. By Lemma B.3, ρ= τ, as desired.

B.2. Proof of Theorem 3

Before proving Theorem 3, we first show two useful lemmas. The first shows
that if some RCR is induced by a preference relation, then the best and worst
acts of the RCR are also the best and worst acts of the preference relation.

LEMMA B.5: Suppose f and f are the best and worst acts of ρ� for some �.
Then f � F � f for all F ∈K and ρ(f � f )= 0.

PROOF: Let ρ= ρ� so ρ(fa�F)= dW (F∪fa)
da

for some W :K → [0�1] that rep-
resent �. Let f and f be the best and worst acts of ρ. Note that

W (F ∪ f1)−W (F ∪ f0)=
∫

[0�1]
ρ(fa�F)da�
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If we let F be the singleton f , then

W (f ∪ f )−W (f)=
∫

[0�1]
ρ(fa� f )da= 1�

where the last equality follows from the definition of f . Since the range of W
is [0�1], this implies that W (f ∪ f )= 1 and W (f)= 0. Now, if we let F be the
singleton f , then

W (f)−W (f ∪ f )=
∫

[0�1]
ρ(fa� f )da�

W (f )= 1 +
∫

[0�1]
ρ(fa� f )da�

Hence,W (f)= 1 and
∫

[0�1] ρ(fa� f )da= 0. Thus, f � F � f for all F ∈K. Note
that this also proves that ρ(f � f ) = 0 since otherwise, f and f would be tied,
which would contradict the above equality. Q.E.D.

The next lemma shows that if a RCR ρ is standard, then it is induced by Vρ.

LEMMA B.6: If ρ is standard and ρ(f � f )= 0, then a.e.,

ρ(fa�F)= 1 − Fρ(1 − a)= dVρ(F ∪ fa)
da

�

PROOF: Let ρ be standard and ρ(f � f )= 0. We first show that a.e.,

1 = ρ(f b�F) + Fρ(b)= ρ(f b�F) + ρ(F�f b)�
By Lemma A.2, this is violated iff ρ(f b�F) > 0 and there is some act in f ∈ F
tied with f b. Note that if f is tied with f b, then f cannot be tied with f a for
some a �= b as ρ(f � f )= 0. Thus, ρ(f b�F)+ Fρ(b) �= 1 at most a finite number
of points as F is finite. The result follows.

Now, by Lemma B.2,

Vρ(F ∪ fb)= Vρ
(
F ∪ f 1−b) =

∫
[0�1]

max
{
Fρ(a)� f

1−b
ρ (a)

}
da

=
∫

[0�1−b]
Fρ(a)da+ b=

∫
[b�1]

Fρ(1 − a)da+ b�



RANDOM CHOICE AND PRIVATE INFORMATION 2017

Since Vρ(F ∪ f0)= ∫
[0�1]Fρ(1 − a)da, we have

Vρ(F ∪ fb)− Vρ(F ∪ f0)= b−
∫

[0�b]
Fρ(1 − a)da

=
∫

[0�b]

(
1 − Fρ(1 − a))da�

Thus, we have a.e.

dVρ(F ∪ fa)
da

= 1 − Fρ(1 − a)= ρ(fa�F)�

as desired. Q.E.D.

We are now ready to prove Theorem 3. We wish to show the following are
equivalent:

(1) � is represented by (μ�u),
(2) � is dominant and ρ� is represented by (μ�u).

First, suppose (1) is true so let u be normalized and

V (F) :=
∫
ΔS

sup
f∈F

q · (u ◦ f )μ(dq)

represent �. Let ρ= ρ� and f and f are the best and worst acts of ρ. Thus,

ρ(fa�F)= dW (F ∪ fa)
da

�

where W : K → [0�1] represents �. Let τ be represented by (μ�u). Note that
� is dominant follows from Theorem 1 of DLST. In order to prove (2), we will
show that ρ= τ.

First, we show that q · (u ◦ f )= 1 and q · (u ◦ f )= 0 μ-a.s. By Lemma B.5,
we know that ρ(f � f )= 0 and f � F � f for all F ∈K. Since V also represents
� and u is normalized, this means that

0 = V (f )=
∫
ΔS

q · (u ◦ f )μ(dq)�

1 = V (f )=
∫
ΔS

q · (u ◦ f )μ(dq)�

which proves that q · (u ◦ f ) = 1 and q · (u ◦ f ) = 0 μ-a.s. Note that by
Lemma A.5, we can let f and f be the best and worst acts of τ as well without
loss of generality.
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Next, we show thatW = V . Since bothW and V represent �,W =φ ◦V for
some monotonic φ :R→ R. Hence

W (fa)=φ(
V (fa)

) =φ(a)�
Since ρ= ρ�,

W (f0 ∪ fa)−W (f0)=
∫

[0�a]
ρ(fb� f0)db= a�

Since q · (u ◦ f0)= 0 μ-a.s., V (f0 ∪ fa)= V (fa) so

φ(a)=W (fa)=W (f0 ∪ fa)= a�
Thus, W = V .

Note that by Lemma B.4, Vτ = V . Thus, by Lemma B.6,

1 − Fτ(1 − a)= dVτ(F ∪ fa)
da

= dV (F ∪ fa)
da

= dW (F ∪ fa)
da

= ρ(fa�F)= 1 − Fρ(1 − a)�
This implies that Fτ = Fρ for all F ∈K so by Lemma B.3, ρ= τ. This proves (2).

Now, suppose (2) is true so � is dominant and ρ = ρ� is represented by
(μ�u). Let f and f be best and worst acts of ρ so

ρ(fa�F)= dW (F ∪ fa)
da

�

whereW :K → [0�1] represents �. Assume u is normalized so we have q · (u◦
f ) = 1 and q · (u ◦ f ) = 0 μ-a.s. Note that this also implies that for all s ∈ S,
qsu(f (s))= 1 and qsu(f (s))= 0 μ-a.s.

Define V as above, so by Lemma B.4, V = Vρ. Since ρ is standard, by
Lemma B.6,

dV (F ∪ fa)
da

= ρ(fa�F)= dW (F ∪ fa)
da

�

which implies that

W (F ∪ f )−W (F ∪ f )= V (F ∪ f )− V (F ∪ f )�

By Lemma B.5, f � F � f for all F ∈ K. Let s∗ ∈ S be such that f (s∗) � f (s)
for all s ∈ S. Consider the constant menu

F :=
⋃
s∈S
f (s)�
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Since qsu(f (s))= 0 μ-a.s. for all s ∈ S,

W (F ∪ f )−W (F ∪ f )= V (F ∪ f )− V (F ∪ f )= 1�

This implies that W (F ∪ f ) = 0 =W (f) so F ∪ f ∼ f . Since f (s∗) � h(s) for
all h ∈ F ∪ f , dominance implies that

f
(
s∗

) ∼ F ∪ f ∼ f �
Thus, f (s) ∼ f for all s ∈ S. By a symmetric argument, f (s) ∼ f for all s ∈ S.
By dominance again, for any F ∈K, F ∪ f ∼ F and F ∪ f ∼ f . Thus,

1 −W (F)=W (F ∪ f )−W (F ∪ f )
= V (F ∪ f )− V (F ∪ f )= 1 − V (F)�

so W = V and (1) is true.

B.3. Proof of Theorem 4

Let ρ and τ be represented by (μ�u) and (ν�u), respectively, and assume u
is normalized. We will prove that the following are equivalent:

(1) μ is more informative than ν,
(2) Fτ ≥SOSD Fρ for all F ∈K,
(3) Fτ ≥m Fρ for all F ∈K.

We will show that (1) implies (2) implies (3) implies (1). First, suppose (1) is
true so μ is more informative than ν. Fix F ∈K and let U := u ◦ F . Define

ψF(q) := 1 − sup
v∈U

q · v�

Since support functions are convex, ψF is concave in q ∈ ΔS.36 Let φ : R → R

be increasing concave. Since u is normalized, by Lemma A.6,∫
[0�1]
φ(a)dFρ(a)=

∫
ΔS

φ
(

1 − sup
v∈U

q · v
)
μ(dq)

=
∫
ΔS

φ ◦ψF(q)μ(dq)�

Now for α ∈ [0�1], ψF(qαr)≥ αψF(q)+ (1 − α)ψF(r) so

φ
(
ψF(qαr)

) ≥φ(
αψF(q)+ (1 − α)ψF(r)

)
≥ αφ(

ψF(q)
) + (1 − α)φ(

ψF(r)
)
�

36See Theorem 1.7.5 of Schneider (1993) for elementary properties of support functions.



2020 JAY LU

Thus, φ ◦ψF is concave. By Jensen’s inequality,∫
ΔS

φ ◦ψF(q)μ(dq)=
∫
ΔS

∫
ΔS

φ ◦ψF(p)K(q�dp)ν(dq)

≤
∫
ΔS

φ ◦ψF
(∫

ΔS

pK(q�dp)

)
ν(dq)

≤
∫
ΔS

φ ◦ψF(q)ν(dq)�

so
∫

[0�1]φdFρ ≤ ∫
[0�1]φdFτ and Fτ ≥SOSD Fρ for all F ∈K. This proves (2).

Since ≥SOSD implies ≥m, (2) implies (3) trivially. Now, suppose Fτ ≥m Fρ for
all F ∈K. Thus, if we let φ(x)= x, then∫

ΔS

ψF(q)μ(dq)=
∫

[0�1]
adFρ(a)

≤
∫

[0�1]
adFτ(a)=

∫
ΔS

ψF(q)ν(dq)�

Thus, ∫
ΔS

(
sup
v∈U

q · v
)
μ(dq)≥

∫
ΔS

(
sup
v∈U

q · v
)
ν(dq)

for all U = u ◦ F ⊂ [0�1]S . By Blackwell (1951, 1953), μ is more informative
than ν, proving (1). Theorem 4 now follows immediately from the equivalence
of (1) and (2).

B.4. Proof of Theorem 5

Before proving Theorem 5, we first show two useful lemmas. Recall that
ρ= (ρs)s∈S and μ= (μs)s∈S are the state-dependent RCR and state-dependent
signal distribution, respectively, and ρ= ∑

s rsρs and μ= ∑
s rsμs are the cor-

responding unconditional RCR and unconditional signal distribution, respec-
tively. We first show that if a state-dependent RCR has a state-dependent in-
formation representation, then its unconditional RCR has an unconditional
information representation. Recall that f s is the conditional worst act that co-
incides with the worst act if s ∈ S occurs and the best act otherwise. Throughout
this section, we will assume without loss of generality that u is normalized and
that the best and worst acts are constant (see Lemma A.5).

LEMMA B.7: If ρ is represented by (μ�u), then ρ is represented by (μ�u).
Moreover, for any s ∈ S, qs > 0 μ-a.s. if and only if qs > 0 μs′ -a.s. for all s′ ∈ S.
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PROOF: Let ρ be represented by (μ�u). We first show that ρ is represented
by (μ�u). Note that by definition, ρs is represented by (μs�us) for all s ∈ S and
the measurable sets of ρs�F and ρF coincide for each F ∈K. Since ties coincide,
we can assume us = u without loss of generality. For f ∈ F ∈K, let

Qf�F := {
q ∈ ΔS|q · (u ◦ f )≥ q · (u ◦ f ) ∀g ∈ F}

�

Thus

ρF(f )= ρF(fF)=
∑
s

rsρs�F(fF)=
∑
s

rsμs(Qf�F)= μ(Qf�F)�

so ρ is represented by (μ�u).
We now prove the last part of the lemma. Let s ∈ S and define

Q := {
q ∈ ΔS|q · (u ◦ f s) ≥ u(f )} = {

q ∈ ΔS|1 − qs ≥ 1
}

= {
q ∈ ΔS|qs ≤ 0

}
�

Since f is the best act, for any s′ ∈ S, we have ρs′(f � f
s) = 1 = ρ(f � f s) where

the second equality follows from the fact that ρ is represented by (μ�u). Note
that if f s is tied with f , then μs′(Q)= μ(Q)= 1. On the other hand, if f s is not
tied with f , then μs′(Q)= μ(Q)= 0. Hence, qs > 0 μ-a.s. iff qs > 0 μs′ -a.s. for
all s′ ∈ S, as desired. Q.E.D.

The next lemma provides a useful expression for the means of conditional
test functions.

LEMMA B.8: Let ρs be represented by (μs�u) and ρs(f
s� f )= 0. Then qs > 0

μs-a.s. and for all F ∈Ks,∫
[0�rs]

adFsρ(a)=
∫
ΔS

rs

qs

(
1 − sup

f∈F
q · (u ◦ f )

)
μs(dq)�

PROOF: Note that

0 = ρs
(
f s� f

) = μs
{
q ∈ ΔS|q · (u ◦ f s) ≥ 1

}
= μs

{
q ∈ ΔS|1 − qs ≥ 1

} = μs
{
q ∈ ΔS|0 ≥ qs

}
�

so qs > 0 μs-a.s. Define

ψsF(q) := rs

qs

(
1 − sup

f∈F
q · (u ◦ f )

)
�
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and let λFs := μs ◦ (ψsF)−1 be the image measure on R. By a change of variables,∫
R

xλFs (dx)=
∫
ΔS

ψsF(q)μs(dq)�

Note that since qs > 0 μs-a.s., the right integral is well-defined. We now show
that the cumulative distribution function of λFs is exactly Fsρ. For a ∈ [0�1], let
f as := f saf and first assume f as is tied with nothing in F . Thus,

λFs [0� rsa] = μs ◦
(
ψsF

)−1[0� rsa] = μs
{
q ∈ ΔS|rsa≥ψsF(q)

}
= μs

{
q ∈ ΔS∣∣ sup

f∈F
q · (u ◦ f )≥ 1 − aqs

}

= μs
{
q ∈ ΔS∣∣ sup

f∈F
q · (u ◦ f )≥ q · (u ◦ f as

)}

= ρs
(
F�f as

) = Fsρ(rsa)�
Now, if f as is tied with some g ∈ F , then

Fsρ(rsa)= ρs
(
F�f sa

) = 1 = μs
{
q ∈ ΔS∣∣ sup

f∈F
q · (u ◦ f )≥ q · (u ◦ f sa

)}
= λFs [0� rsa]�

Thus, λFs [0� rsa] = Fsρ(rsa) for all a ∈ [0�1]. Since F ∈Ks,

1 = Fsρ(rs)= λFs [0� rs]�

so Fsρ is the cumulative of λFs . Q.E.D.

We are now ready to prove Theorem 5. Let ρ be represented by (μ�u). We
wish to show the following are equivalent:

(1) Fsρ =m Fρ for all F ∈K,
(2) μ is well-calibrated.

First, suppose (1) is true so Fsρ =m Fρ for all F ∈ K. Let S+ be the set of states
s ∈ S such that ρs(f

s� f )= 0. Let s ∈ S+, so by Lemma B.8, qs > 0 μs-a.s. Define
the measure νs on ΔS such that, for any measurable set Q⊂ ΔS,

νs(Q) :=
∫
Q

rs

qs
μs(dq)�

We will show that μ= νs for all s ∈ S+.
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Since Fsρ =m Fρ, by Lemmas A.6, B.7, and B.8, for all F ∈Ks∫
[0�1]
adFρ(a)=

∫
[0�rs]

adFsρ(a)�∫
ΔS

(
1 − sup

f∈F
q · (u ◦ f )

)
μ(dq)=

∫
ΔS

rs

qs

(
1 − sup

f∈F
q · (u ◦ f )

)
μs(dq)

=
∫
ΔS

(
1 − sup

f∈F
q · (u ◦ f )

)
νs(dq)�

Let G ∈K and Fa := (Gaf)∪ f s for a ∈ (0�1). Since f s ∈ Fa, ρs(Fa� f s)= 1 so
Fa ∈Ks. Define

Qa :=
{
q ∈ ΔS∣∣ sup

f∈Gaf
q · (u ◦ f )≥ q · (u ◦ f s)}�

and note that

sup
f∈Gaf

q · (u ◦ f )= a
(

sup
f∈G

q · (u ◦ f )
)

+ (1 − a)q · (u ◦ f )

= 1 − a(1 − h(u ◦G�q))�
where h(U�q) denotes the support function of the set U at q. Thus,∫

ΔS

(
1 − sup

f∈Fa
q · (u ◦ f )

)
μ(dq)

=
∫
Qa

(
a
(
1 − h(u ◦G�q)))μ(dq)+

∫
Qca

qsμ(dq)�

so for all a ∈ (0�1),∫
Qa

(
1 − h(u ◦G�q))μ(dq)+

∫
Qca

qs

a
μ(dq)

=
∫
Qa

(
1 − h(u ◦G�q))νs(dq)+

∫
Qca

qs

a
νs(dq)�

We will now take limits as a→ 0. By Lemma B.7, qs > 0 μ-a.s., so by domi-
nated convergence,

lim
a→0

∫
Qa

(
1 − h(u ◦G�q))μ(dq)

= lim
a→0

∫
ΔS

(
1 − h(u ◦G�q))1Qa∩{qs>0}(q)μ(dq)
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=
∫
ΔS

(
1 − h(u ◦G�q)) lim

a→0
1{qs≥a(1−h(u◦G�q))}∩{qs>0}(q)μ(dq)

=
∫
ΔS

(
1 − h(u ◦G�q))1{qs>0}(q)μ(dq)

=
∫
ΔS

(
1 − h(u ◦G�q))μ(dq)�

For q ∈Qc
a,

11 − qs = q · (u ◦ f s)> 1 − a(1 − h(u ◦G�q))�
qs

a
< 1 − h(u ◦G�q)≤ 1�

so
∫
Qca

qs
a
μ(dq)≤ ∫

ΔS
1Qca(q)μ(dq). By dominated convergence again,

lim
a→0

∫
Qca

qs

a
μ(dq)≤ lim

a→0

∫
ΔS

1Qca(q)μ(dq)

≤
∫
ΔS

lim
a→0

1{qs<a(1−h(u◦G�q))}(q)μ(dq)

≤
∫
ΔS

1{qs=0}(q)μ(dq)= 0�

By a symmetric argument for νs, taking limits as a→ 0 yields that

∫
ΔS

(
1 − h(u ◦G�q))μ(dq)=

∫
ΔS

(
1 − h(u ◦G�q))νs(dq)

for all G ∈ K. Letting G= f yields 1 = μ(ΔS)= νs(ΔS), so νs is a probability
measure on ΔS and∫

ΔS

sup
f∈G

q · (u ◦ f )μ(dq)=
∫
ΔS

sup
f∈G

q · (u ◦ f )νs(dq)�

By the uniqueness properties of the subjective learning representation (Theo-
rem 1 of DLST), μ= νs for all s ∈ S+. Hence,

∫
Q

qs

rs
μ(dq)=

∫
Q

qs

rs
νs(dq)= μs(Q)

for all measurable Q⊂ ΔS and s ∈ S+.
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Finally, for s /∈ S+, ρs(f
s� f )= 1 so qs = 0 μs-a.s. By Lemma B.7, qs = 0 μ-a.s.

Let

Q0 :=
{
q ∈ ΔS

∣∣∣∑
s /∈S+

qs = 0
}
�

and note that μ(Q0)= 1. Now, since rs =
∫
ΔS
qsμ(dq) for all s ∈ S+ from above,

∑
s∈S+

rs =
∑
s∈S+

∫
ΔS

qsμ(dq)=
∫
Q0

∑
s∈S+

qsμ(dq)

=
∫
Q0

(∑
s∈S
qs

)
μ(dq)= μ(Q0)= 1�

This implies that
∑

s /∈S+ rs = 0, which contradicts that r has full support on S.
Thus, S+ = S, so μ is well-calibrated and (2) is true.

Now, suppose (2) is true so μ is well-calibrated. Note that ties of ρs and ρ
coincide by definition. As above, let S+ denote the set of states s ∈ S such that
ρs(f

s� f ) = 0. Thus, s /∈ S+ implies f s and f are tied and qs = 0 a.s. under all
measures. By the same argument as the sufficiency proof above, letting Q0 :=
{q ∈ ΔS|∑s /∈S+ qs = 0} yields

∑
s∈S+

rs =
∑
s∈S+

∫
ΔS

qsμ(dq)=
∫
Q0

(∑
s∈S
qs

)
μ(dq)= 1�

a contradiction. Thus, S+ = S. Let F ∈ Ks and s ∈ S. Since ρs(f
s� f ) = 0, by

Lemmas A.6 and B.8 and the fact that μ is well-calibrated,∫
[0�rs]

adFsρ(a)=
∫
ΔS

rs

qs

(
1 − sup

f∈F
q · (u ◦ f )

)
μs(dq)

=
∫
ΔS

rs

qs

(
1 − sup

f∈F
q · (u ◦ f )

)qs
rs
μ(dq)

=
∫
ΔS

(
1 − sup

f∈F
q · (u ◦ f )

)
μ(dq)=

∫
[0�1]
adFρ(a)�

Thus, Fsρ =m Fρ so (1) is true.
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