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Abstract

We characterize when an agent’s observed stochastic choice can be repre-
sented as a limit frequency of optimal choices over time. In our model, an agent
repeatedly chooses risky prospects aware that future preferences will evolve ac-
cording to a subjective ergodic utility process. We show parameters of the
model can be uniquely identified and provide a complete characterization. As
part of our axiomatization, we extend the representation theorems of Gul and
Pesendorfer (2006) and Dekel et al. (2001, 2007) to an infinite-dimensional space
with countably-additive probability measures. This is accomplished through a
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1 Introduction

The psychological origins of stochastic choice models imply an interpretation where
choice probabilities correspond to the long-run frequencies of an agent making choices
from a decision problem repeatedly.! Much of the literature however, has taken
these choice frequencies as given without explicitly modeling the underlying processes
generating them. In this paper, we provide the first theoretical foundation for this
repeated-choice interpretation of stochastic choice. We introduce and characterize a
model where an agent repeatedly chooses from a menu aware that future preferences
will evolve according to subjective utility process, and the limit frequency of these
optimal choices correspond exactly to stochastic choice.

Our setup is as follows. Following Kreps and Porteus (1978) and Gul and Pe-
sendorfer (2004), we consider an infinite-horizon framework where every period, an
agent faces a menu (i.e., a choice set) consisting of risky prospects over consumption
today and continuation menus tomorrow. We focus on repeated menus where regard-
less of what is chosen or which outcome is realized, the agent will always face the
same menu again after some finite time. This guarantees that the agent will choose
from the same menu infinitely many times, generating a time series of choices. We can
then interpret stochastic choice as the long-run frequency of this sequence of choices
from the repeated menu.

In our representation, the agent’s utility every period ¢ depends on some state s,
that evolves according to an ergodic Markov process. For example, the state could be
the agent’s mood every period which affects his risk-aversion and degree of impatience.
In state s; at time ¢, the utility of a pair (¢, z) of current consumption ¢ and future

continuation menu z is recursively given by

i (e,2) = 6, (e Bo, [maxuens ()] ). ()

Here, ¢ is a stochastic aggregator that specifies the agent’s intertemporal tradeoffs

between current consumption and future continuation value. The agent knows the

! Early works include Thurstone (1927), Luce (1959), Block and Marschak (1960), and Falmagne
(1978). The adoption of these models to study unobserved population heterogeneity led to their
widespread use in economics. For an overview of this history, see McFadden (2001).



Markov process and is fully sophisticated, taking expectations anticipating that he
will be choosing from z again next period. The probability that an option p is chosen
from a repeated menu z is given by

p.(p) = lim — Z 1{uir1 (p) > uysq (q) forall g € 2}, (2)

n—oo n

where 1{-} is the indicator function and u, (p) is the expected utility of a lottery p
according to (1). We call this an ergodic representation of stochastic choice. Despite
the generality of the model and the fact that we only consider a restricted domain of
repeated menus, an analyst observing the agent’s choices can fully identify the agent’s
utility process from stochastic choice over repeated binary menus.

Our main result is a complete characterization of our model. First, we show that
the set of repeated menus is in fact dense in the set of all menus. This allows us to
extend stochastic choice over repeated menus to over all finite (but not necessarily
repeated) menus. Next, note that since the Markov process in our representation is
ergodic, it has a stationary distribution. By Birkhoft’s ergodic theorem, we can rewrite
our representation as a random utility with respect to this stationary distribution.

Our first axiom consists of the conditions from Gul and Pesendorfer (2006) adapted
to our setup. This ensures we have a random expected utility representation. Our
second axiom is a linearity condition that ensures that continuation menus are eval-
uated according to the representation in Dekel et al. (2001, 2007). We introduce two
new stationarity axioms. The first (A-Stationarity) is a weaker analog of the sta-
tionarity axiom of Koopmans (1960) for stochastic choice. It allows us to construct
a recursive and stationary Markov utility process. The second (D-Stationarity) is
a condition stating that deterministic stationarity is robust to small perturbations.
It ensures ergodicity of the utility process. A final application of Birkhoft’s ergodic
theorem ensures that we can rewrite our random utility as (2) (for details, see the
discussion after Theorem (2)).

Our axiomatization requires extending the representation theorems from Gul and
Pesendorfer (2006) and Dekel et al. (2001, 2007) to an infinite-dimensional space with

countably-additive probability measures. This is a known technical challenge in the



literature due to the lack of compactness in the infinite-dimensional setting.? Our
main technical contribution is providing a unified methodology to achieve both (see
Theorems 3 and 4 in Appendix C). We focus on the set of Lipschitz continuous
utilities with common bound, which is compact via the Arzela-Ascoli theorem. Note
that this is not only important for the representation but also crucial for identification
as identification would not be possible without such restrictions. Importantly, the use
Lipschitz continuity is natural in many settings. This is true in Dekel et al. (2001,
2007) and in other popular models (for an application to ambiguity, see Lu (2021)).

We hope our methodology will be useful for future research in other applications.

1.1 Related Literature

There are many papers that study stochastic choice under expected utility. Gul and
Pesendorfer (2006), Ahn and Sarver (2013), Lu (2016), and Lu and Saito (2018)
study static models of stochastic choice, while Fudenberg and Strzalecki (2015) and
Frick et al. (2020) study dynamic random choice.> Our paper is most closely related
to the latter. The main differences are in motivation and mathematical modeling.
Given their motivation to study history dependency in populations, stochastic choice
in their model is conditional on past menus, choices, and consumption realizations.
On the technical side, they extend Gul and Pesendorfer (2006) to a finitely additive
measure via the finiteness condition of Ahn and Sarver (2013), while our extension is
to a countably-additive measure via Lipschitz continuity. Our infinite-horizon setup
also allows us to study ergodic properties of the utility process.

There is also a large literature on menu preferences under expected utility, be-
ginning with Dekel et al. (2001) and Gul and Pesendorfer (2001). The former was
extended to an objective state space by Dillenberger et al. (2014). Gul and Pesendor-
fer (2004) extended this to a dynamic setting by proposing an infinite-horizon con-

sumption setup, which we adopt in this paper. Other papers that use this framework

2 Krishna and Sadowski (2014) provides an outline of the technical issues of extending Dekel et al.
(2001, 2007). See Ma (2018) and Frick et al. (2020) for other extensions of Gul and Pesendorfer
(2006).

3 See also Duraj (2018), which extends Frick et al. (2020) to a setting with an objective state
space, and Ke (2018) which studies expected utility in a Luce model.



include Higashi et al. (2009) and Krishna and Sadowski (2021). The first considers
a random discounting model in which the agent anticipates the stochasticity of his
future discount factor. The second extends the additive linear representation into an
infinite-dimensional space. While their extension is finitely additive, our extension
is countably additive which preserves uniqueness of the representation. Krishna and
Sadowski (2014) and Dillenberger et al. (2023) augment the dynamic setup with an

informational structure (see the latter for a review of this literature).

2 Repeated Menus

Time T" = {1,2,...} is discrete and M = [0,m] is a closed interval representing
consumption (e.g., money). The agent is faced with an infinite-horizon consumption
problem, that is, a menu of choice options in which each option corresponds to a
lottery over consumption today and a continuation menu tomorrow. We will refer to
these simply as menus and denote them by z € Z. From Gul and Pesendorfer (2004),
we know that Z is homeomorphic to I (A (M x Z)), where A (-) denotes the set of
probability measures and K () denotes the set of nonempty compact subsets. Thus,
we will associate Z with IC (A (M x Z)) without loss of generality.

Let X = M x Z denote the set of possible outcomes. For x € X, we sometimes
also let x denote the degenerate lottery 0, € AX and p denote the singleton menu
{p} €z

The main focus of our study will be on menus that repeat themselves after a
fixed number of periods. The following example illustrates what we mean by such

“repeated” menus.

Example 1. Consider an analyst interested in eliciting an agent’s risk aversion which
may be stochastic over time. Every period, the agent is offered a choice between a safe
option b and a risky option r from the menu z = {b,r}. For instance, the safe option
yields $5 now and the menu z € Z again next period. The risky option yields either
$10 or $0 with equal probability now and the menu z € Z next period. Note that

regardless of what the agent chooses and which outcome is realized, he will always



face the menu z again next period.

The menu in the example above is repeated every period. More generally, we
consider menus that repeat (for sure) after a fixed number of periods. Formally, for
z € Z, let Ry(z) = {z} and recursively define R;(z) := K (A (M x R;_1(2))) for
t € T. Thus, R, (z) C Z are the subset of menus that yield z for sure after ¢ periods.

Definition 1. A menu z is t-period if z € R;(z). The menu z is repeated if it is

t-period for some t > 0.

Let R C Z denote the set of repeated menus. When a menu is ¢-period, the agent
chooses from the menu at periods 1,1 + ¢,1 + 2t and so forth. Since this is repeated
ad infinitum, it generates an infinite sequence of choices from the same menu. We can
thus calculate the long-run frequency of these choices, which is the common individual
interpretation of stochastic choice.* We now model this explicitly. Let Z/ C Z denote

the set of finite menus and let Z* = RN Z7/ denote the set of finite repeated menus.

Definition 2. A stochastic choice is a mapping p : Z* — A (AX) such that for every
z € Z*, p, is a probability distribution on z.

Given a finite repeated menu z € Z*, p, (p) designates the probability of choosing
option p from the menu z. To simplify notation, we sometimes let p (2,y) = p.uy (2)
for z,y € Z*. Thus, p(p,q) = pgp.qt (p) denotes the frequency of choosing p over g.

A couple of remarks are in order. First, in a repeated menu, repetition is com-
pletely independent of the agent’s choices. As a result, the analyst need not worry
about selection biases interfering with the data collection process. In fact, for re-
peated menus, the analyst can simply record the agent’s choices whenever the menu
appears; there is no need to know the actual history of choices that led to it.> Second,
even though repeated menus form a small subset of menus, they are rich enough to
approximate any menu, i.e. R is dense in Z (see Corollary 1). Moreover, stochastic

choice over repeated menus is sufficient to fully identify our model (see Theorem 1).

4 See Luce (1959) and Luce and Suppes (1965) for more detailed descriptions of the individual
interpretation of stochastic choice.

5 This would still hold if we extended our domain to include menus that repeat with some
probability, which would accommodate some consumption-savings applications.



This obviates the need for considering richer data sets such as the entire time path
of choices. Both remarks imply that the burden on data collection is much reduced
in our setting.

Finally, a remark on ties in the stochastic choice.’ As in Lu (2016), we deal with
ties in allowing for some probabilities to be unspecified. This is analogous to how
under deterministic choice, indifference characterizes exactly when the model is silent
about which option the agent will choose. We model this as non-measurability and

let p denote the corresponding outer measure without loss of generality.”

3 An Ergodic Representation

3.1 Utility Process

In our model, the agent’s utility at every period is stochastic and depends on the
realization of some state s € S (unobserved by the analyst). For instance, the state
could be the agent’s mood each day, which affects how risk-averse or how patient he
is on that day. It could also reflect the realization of some private news arriving every
period which affects the agent’s utility that period.

The state evolves according to a Markov process (s;),., with transition proba-
bilities P : S — AS and a stationary distribution 7 € AS. The Markov process is
known to the agent but unknown to the analyst. We assume P satisfies the continuity
condition that P, > dn for some § > 0.8 This ensures that the Markov process has
full support with respect to its stationary distribution and guarantees ergodicity.

We now describe the agent’s utility. Let U denote the set of utility functions w :

X — [0,1] normalized such that u (z) = 0 and u (z) = 1, where z and Z respectively

6 To see why ties are needed in our model, note that evaluations of continuation menus are
deterministic when utilities are iid. As a result, ties can occur with probability one.

7 Formally, let F be a o-algebra on AX. Given any z € Z*, let p, be the outer measure with
respect to the o-algebra generated by F U {z}. See Lu (2016) for details.

8 The classic Doeblin’s condition states that P > §\ for some n > 1 and probability measure
where P" is the n-iteration of the Markov process. Our condition obtains if we set n = 1 and A = 7.



correspond to consuming 0 and m forever.” For any measurable u € U, we let

u(p) = [ ue)dp

denote the expected utility of p € AX.

Every period t € T, a state s; € S is realized that determines the agent’s utility
us, € U and his expectation about next period’s state s;;1 € S (according to P;,).
The agent is fully sophisticated and has correct beliefs. Following Kreps and Porteus
(1978), we model utilities recursively as aggregator functions that tradeoff current

consumption with future continuation values.

Definition 3. ¢ = (¢s),4 is a stochastic aggregator if every ¢, : M x [0,1] — [0, 1] is

Lipschitz continuous (with bound N) and strictly increasing in the second argument.
We now define a utility process as follows.

Definition 4. A stochastic process (u;),. on U is a utility process if there exists a
Markov process P on S and a stochastic aggregator ¢ such that a.s.

el =00 (6 swpues ()P ) ®)

pez

We say the utility process is generated by (P, ¢) if P and ¢ are the corresponding
Markov process and stochastic aggregator. If s, = s for some s € S, we sometimes
use the notation ug or us,, instead of wuy.

The following lemma shows that the utility process is an ergodic Markov process

on the space of utilities
Lemma 1. A wutility process is an ergodic Markov process.
Proof. See Appendix A.2. n

To see why, note that if u; = uy, then equation (3) imposes that the expectations
in the second argument of the aggregator must be the same. This implies that the
distributions of the next period’s utility must also be the same. Ergodicity then

follows from the ergodicity of P.

9 We use the range [0, 1] for convenience but any compact interval will suffice.



3.2 Representation

We are now ready to formally define the representation. Recall 7 is the stationary
distribution of P. We say a utility process is regular if ugs (p) = us(q) with -
probability zero or one for all p,q € AX, i.e. ties either never occur or occur for

sure.

Definition 5. p has an ergodic representation if there exists a regular utility process
generated by (P, ¢) such that for any t-period z € Z*, a.s.

p. (p) = lim — Z 1{uig1 (p) > wigy1 (q) forall g € 2} .

n—oo n

As usual, if a stochastic choice has an ergodic representation corresponding to
(P, ¢), then we say it is represented by (P,¢). In an ergodic representation, the
probability of choosing an option is exactly the long-run frequency of choosing it in
an infinite sequence of choices. Every period, the option is chosen only if it is ranked
the highest according to the utility process.

Ergodicity of the utility process has two important implications. First, by Birkhoff’s
ergodic theorem, it means there is an equivalent representation of an ergodic repre-

sentation via the unique stationary distribution of the utility process, i.e.
p=(p) =7{s €5 us(p) = us(q) forall ¢ €z}.

Second, it means the time at which the analyst starts collecting choice data is unim-
portant; all long-run frequencies will eventually converge to this stationarity distribu-
tion. Since repeated menus ensure there is no selection bias from menus, this greatly
simplifies the data collection process for the analyst.

Two important special cases of our model are as follows.

Example 2 (Standard Utility). A utility process is standard if there is a random
vNM utility @, over consumption and a random discount factor 3, € (0, 1] such that

a.s.
¢S (07 U) - (1 - BS) (o (C) + 58“

Standard utility is additively separable and linear in continuation values. It also cor-



responds to the classic Bellman equation in dynamic discrete choice.'® Now, consider
a l-period repeated menu z and for every p € z, let p € AM denote its marginal
distribution over consumption. Since continuation values for 1-period menus cancel
out under standard utility, us (p) > us (¢) if and only if 4, (p) > 4, (G). As a result,

we have
p=(p) =7{s €5 0 (p) = a4 (q) forall g €z}.
This is the random expected utility model of Gul and Pesendorfer (2006).

Example 3 (Stochastic Epstein-Zin). A utility process is stochastic Epstein-Zin if
there are ag > 0, 35 € (0,1) and ~y, > 0 such that a.s.

64 (c,0) = (1= B,) & + B ) ™

As in Epstein and Zin (1989), the parameters (a, 3,7) correspond to (stochastic) risk
aversion, discounting and the elasticity of intertemporal substitution respectively.
When v = «, this reduces to standard utility (random expected CRRA utility). A
special case is when the state is exactly the parameters s = («, 3,7) but in general,
the state space can be much richer as it encodes not only intertemporal preferences

(i.e. the stochastic aggregator) but also expectations about tomorrow’s state.

When the utility process is standard, the analyst does not need to model repeti-
tion explicitly as the long-run choice frequency is independent of future continuation
menus. When utilities are not standard however as in the case of stochastic Epstein-
Zin in Example 3, the repetition structure of menus matters.

We end this section with a uniqueness result. The analyst can completely identify

10 Tn that literature, utilities satisfy
us, (¢,2) = (1= B) (w(c) +es, (¢c,2)) + PE: [sgp U,y (p)]
pEZ

where shocks ¢ are iid across both consumption ¢ and menus z. When the menu is fixed (e.g. z
is 1-repeated), letting s (¢) = w(c) + €5 (¢) corresponds to our standard utility. One caveat is
that 4, is bounded and Lipschitz continuous which would not technically hold if € is extreme-value
distributed. In most applications however, the set of options is finite in which case this is satisfied
without loss.



the agent’s utility process in an ergodic representation from stochastic choice over

repeated binary menus.!!

Theorem 1. Let p and T be represented by (P, ¢) and (Q, ) respectively. Then the

following are equivalent:

(1) p(p,q) =7 (p,q) for all {p,q} € Z*

(2) (P,¢) and (Q, ) generate the same utility process.
Proof. See Appendix B. O

For some intuition as to how the utility process can be identified purely from
long-run frequencies, consider two utility processes where one is iid and the other is
persistent yet both share the same stationary distribution. Since utilities also encode
information regarding the agent’s expectation about tomorrow’s utilities, he would
exhibit a greater preference for flexibility in the iid case than in the persistent case.
The analyst can thus use attitudes toward continuation menus to distinguish between

the two utility processes.

4 Characterization

We now provide an axiomatic characterization of our model. First, we show how
repeated menus can be used to approximate any menu. This allows us to extend our

primitive to the set of all (finite) menus.

4.1 Repeated Menu Approximations

We first show how repeated menus can be used to approximate any menu z € Z.

First, let r,; (2) denote the menu obtained from replicating z for the first ¢ periods

1 This does not mean that the Markov process on S is uniquely identified as one can easily
relabel or add redundant states. Nevertheless, if we focus on a “minimal” state space such that no
two states have the same utility, then unique identification holds.

10



and ending with the menu y € Z for sure. We define this inductively as follows. Let
ry0 (2) = y and subsequently define

Tyt (2) = A{pys:p € 2}

where p,; € AX is the lottery induced by 7,,1."* Lemma 7 in Appendix A.3 shows
that this is well-defined. Given any menu z € Z, we can now define what it means

to construct a repeated menu that approximates z up to t periods and then repeats.
Definition 6. Given z € Z, let z' be t-period such that 2 = r,¢; (2).

The following lemma shows this is well-defined. Moreover, given any menu z € 7,
we can use its t-period repeated version to approximate it as we increase the number

of periods between each repetition.
Lemma 2. For every z € Z, 2t exists and z2' — 2z as t — 00.
Proof. See Appendix A.3. O

An immediate corollary is that we can use repeated menus to approximate any

finite menu.
Corollary 1. Z* is dense in Z/.

Proof. Fix some finite menu z € Z/ so from Lemma 2, we can find 2! € R such
that 2 — z. Since 2z = r,¢; (2) and z is finite, z* is also finite by definition. Thus,
e RNZ/ = Z* as desired. O

4.2 Axiomatic Characterization

The results in the previous section allow us to extend the observed stochastic choice
over repeated finite menus to all finite menus as follows. From Corollary 1, for any
finite menu z € Z/, we can find a sequence of finite repeated menus z* € Z* such that
2" — z. Assuming continuity of the stochastic choice mapping (see Axiom 1.4 below),

we can thus define stochastic choice over all finite menus by setting p, = lim; p.¢.

12 Formally, py+ (A x B) =p (A xr,;_; (B)) for any measurable A x B.

11



Going forward, let p denote the continuous extension of stochastic choice from Z*
to Z/. We model ties the same way (see the discussion on ties in Section 2) and let
7Z° C Zf denote the set of finite menus that contain no ties.

We are now ready to state our axioms. The first set consists of conditions for
random expected utility. For any p,q € AX and a € [0,1], let ap + (1 — a) g denote
the ex-ante mixture between the two lotteries. Let ext (z) denote the extreme options
of some finite menu z. Also recall that r and z are the consumption streams that

yield the best outcome (i.e., m) and worst outcome (i.e., 0) respectively forever.
Axiom 1.1 (Monotonicity). z C y implies p, (p) > py (p).

Axiom 1.2 (Linearity). p. (p) = paz+(1-a)q (ap + (1 — @) q) for a > 0.

Axiom 1.3 (Extremeness). p, (ext(z)) = 1.

Axiom 1.4 (Continuity). p: Z° — A (AX) is continuous.

Axiom 1.5 (Best-Worst). p(z,z) =0 and p (Z,z) = p(x,z2) =1 for all z € X.

Axiom 1.6 (L-continuity). There exists N > 0 such that |v, — x9| < 5 implies
p (a&—c +(1—a)dy,ad, + (1 —a) (5962) = 1.

Axioms 1.1-1.4 are direct from Gul and Pesendorfer (2006). Axiom 1.5 ensures
that x and z truly are the best and worst outcomes. Axiom 1.6 is the stochastic
version of the Lipschitz continuity axiom from Dekel et al. (2007). It guarantees
that utilities are sufficiently well-behaved in that they are Lipschitz continuous with
respect to some common bound N. This is important and ensures the representation
is unique.'® To understand L-continuity intuitively, note that when N = oo, then z; =
x9 = z for some x and the axiom reduces to p (04(555 +(1—a)dyad, + (1 —a) 51,) =1,
which holds by Best-Worst and Linearity. L-continuity requires that this remains true
for large enough but finite N.!* Taken together, Axiom 1 characterizes a random

expected Lipschitz utility with best and worst outcomes.

13 When the outcome space is infinite-dimensional, allowing for all possible vINM utilities would
be too permissive and not permit unique identification.

14 Note that if the condition is satisfied for N, then it must also be satisfied for all N’ > N so
testing the axiom involves finding a large enough N such that the condition holds.

12



The above conditions are all ex-ante and impose no restrictions on continuation
menus. We now define a notion of ex-post mixing. For A € [0,1], ¢,d € M and

z,y € Z, define ex-post mixing as
Oé(C,Z)EB (1 _a) (dvy) = (O[C+<1 —a)d,az+(1 —O[)y)

The first mixture ac + (1 — «) d corresponds to the standard mixing of real num-
bers (e.g. monetary values) while the second mixture az + (1 — «) y corresponds to
Minkowski (ex-ante) mixing of menus. The Minkowski version of ex-post mixing is

defined in the usual way
az®(l-a)y={ap®(l-a)g:p€zqey}

whenever the menus z and y consist of degenerate lotteries.
For any ¢ € M, let Z/ be the set of finite menus consisting of degenerate lotteries
that yield consumption c for sure today, i.e. (. .). Linearity with respect to mixing of

continuation menus would require that for any menu z € Z/, degenerate ¢ and o > 0

Pz (P) = Paze(i-a)g (ap ® (1 —a)q).

This is exactly the ex-post counterpart of Linearity (Axiom 1.2). Under stochastic
choice however, this is not sufficient to ensure utilities are linear.!®> Continuation

Linearity strengthens linearity to hold even with respect to ex-ante mixing.'6

Axiom 2 (Continuation Linearity). For p € z € Z/, degenerate q and a, A > 0,

Pz (D) = Pret(i-N(az@(—-a)g) (AP + (L =X) (ap® (1 — ) q)).

Finally, we introduce our two stationarity axioms. Classic Koopmans (1960) sta-
tionarity states that choices remain unchanged if everything is delayed by a period.

A natural extension of this to stochastic choice would be requiring choice frequencies

15 Lin (2020) provides examples of random non-linear utilities that violate the linearity axiom.

16 A weaker axiom would only impose this in cases where today’s consumption is the same. This
would lead to a model where beliefs about tomorrow’s state Ps could also depend on the consumption
each period, accommodating stochastic consumption-dependent preferences due to habit formation
or experimentation. See Turansick (2023) for related work in a different domain.

13



to remain unchanged if everything is delayed by a period, i.e.

p (Z7 y) =p (5(0,2)7 6(c,y)) . (4)

While appealing, this condition is too strong in our setup.!” For example, consider a
standard utility process and suppose the state is iid, i.e., P, = 7 for all s € S. In this
case, choice between ¢ or d today would depend on the realization of the state s, i.e.
s (c) versus @ (d). This would be stochastic. On the other hand, choice between ¢ or
d delayed by a period would depend on the expectation of their utilities, i.e. E [ (c)]
versus E [is (d)]. This would be deterministic. As a result, condition (4) would be
violated.!®

Nevertheless, there is a weaker version where stationarity holds on “average”. For
a € [0, 1], define the lottery p, that yields the best prize with probability « and the
worst, prize otherwise, i.e.

Po =z + (1 —a)d,

Now, for any « € [0,1], p(z,pa) is the demand for options in menu z given outside

option p,. We can thus interpret

1
v, ::/ p(z,pa) da
0

as the “average” demand for z. A-Stationarity below ensures that average demand

remains unchanged if all consumptions are delayed by one period.

Axiom 3 (A-Stationarity). For any z € Z/ and c € M,

1 d IO, d
/0 p(2,Pa) a_/o P (8e2): Stepa) der.

This axiom can be interpreted as a stationarity condition on the surplus of menus.

Recall from McFadden (1978, 1981) that the consumer surplus of a menu z is given by

17 See Lu and Saito (2018) for a model where this condition is satisfied.
18 Interestingly in this example, the discount factor for consumption at period ¢ is given by

ﬂmE [552]E [ ~E [ﬂst]]] = 5315t71

where § := E [3]. This corresponds to a model of random quasi-hyperbolic discounting where present
bias occurs if 85, < ¢ and future bias occurs if 55, > 0.

14



Jsmax,e, us (p) dr. This is in fact equivalent to the average demand v, which mea-
sures consumer surplus by integrating the demand function with respect to price.'
The surplus delayed by one period is given by [ [¢ max,e, uy (p) dPsdm. If the Markov
process is stationary, i.e. m = [¢ Psdm, then these two surpluses must be the same.

Finally, consider stationarity for deterministic choices, i.e. if p(z,y) = 1, then

P (82 Sey) = 1

for any two menus 2z and 3.2° The final stationarity axiom require this to be “robust”

in the following sense. For any menu z € Z, let

Pz = Uzéa? + (1 - Uz) 5$

denote its probability-equivalent. Note that the agent is ex-ante indifferent between the
menu and its probability-equivalent. D-stationarity below states that deterministic
stationarity is robust even if we perturb the menus z and y slightly by mixing them

with their probability-equivalents p, and p. respectively.
Axiom 4 (D-stationarity). There ezists € > 0 such that if p(z,y) = 1, then for all
e<e
P (5(0,(175)z+5py)7 5(0,(175)y+€pz)) =1
D-stationarity not only implies deterministic stationarity but that it also holds in

a robust way; this ensures the utility process satisfies Doeblin’s condition and is thus

ergodic. We now state our representation theorem.
Theorem 2. p satisfies Axioms 1—4 if and only if it has an ergodic representation.
Proof. See Appendix D O

We now provide an outline for the proof of Theorem 2. The first step is the con-
struction of a random expected utility representation where the probability measure

is countably additive and continuation menus are evaluated according to the additive

19 This can be seen via standard integration by parts. See Lu (2016) for a similar methodology.
20 This is similar to the menu stationarity axiom of Higashi et al. (2009) except we only require
implication in one direction.
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linear utility function of Dekel et al. (2001, 2007). For this step, we extend Dekel
et al. (2001, 2007) and Gul and Pesendorfer (2006) with countably-additive probabil-
ity measures to an infinite-dimensional space. Both extensions are known challenges
in the literature as the set of utilities over an infinite-dimensional space (without any
restrictions) may not be compact.?!

We employ a unified methodology that achieves both. We first focus on finite-
dimensional settings. Then, we apply Kolmogorov’s extension theorem followed by
the Tietze extension theorem by focusing on the set of Lipschitz continuous utilities
with common bound; this forms a nice compact set according to the Arzela-Ascoli
theorem. Theorems 3 and 4 in Appendix C are the formal statements. Note that
this is not only important for the representation but also crucial for identification in
both settings (Theorem 1). In fact, without such a restriction on the set of utilities,
identification would not be possible.

Once we have a random expected utility representation where continuation menus
are evaluated according to the additive linear functional form, the next step is to show
that the random utilities are derived from the stationary distribution of an ergodic
utility process. This is where the last two stationarity axioms come into play. First,
by using A-Stationarity, we show that the random utility is recursive. This allows
us to construct a Markov utility process with a stationary distribution that coincides
exactly with the distribution of the random utility from the representation. Next,
D-stationarity ensures that this Markov utility process is ergodic. In the final step,

the representation is obtained by an application of Birkhoff’s ergodic theorem.

21 For instance, the unit ball is compact in finite-dimensional space but not in infinite-dimensional
space. See the discussion after Theorem 3 in Krishna and Sadowski (2014) for more details.
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Appendix

A Preliminaries

A.1 Lipschitz Continuous Utilities

In this section, let X denote a compact metric space, C' (X) denote the set of continu-
ous functions and Ly (X) denote the set of Lipschitz functions with Lipschitz bound
N. We endow C'(X) with the topology of uniform convergence. Fix z,z € X and
define

Uv:={uely(X):0=u(z) <u(x)<u(z)=1forall z € X}. (5)

For each u € C'(X) and p € AX, let u(p) = [y udp denote its expectation. The
following result shows that the set of utilities we consider is compact. It is crucial for

both characterization and identification, and highlights the role of Lipschitz functions.
Lemma 3. Uy is compact in C (X).

Proof. First, we show that Ly (X) is equicontinuous. Fix x € X and ¢ > 0 and
consider y € X such that |z —y| < e. Thus, for all u € Ly (X), |u(z) —u(y)| <
N |z — y| < e. Since this holds for all x € X, Uy is equicontinuous. Note that since
0 <|u| <1 forall u € Uy, Uy is pointwise bounded.

Next, we show that Uy is closed. Consider u, € Uy such that u, — wu. Since uy

is bounded,
u(®) = u(y) = lim (uy (2) = up (y)) <IN |z —y| = Nz - y|

so u € Ly (X). Moreover, since 0 = ug (z) < ug(x) < u(z) = 1 for all k, 0 =
u(z) <u(zr) <wu(x)=1. This shows u € Uy so Uy is closed. By the Arzela-Ascoli
Theorem (Theorem 4.43 of Folland (2013)), Uy is compact in C (X). O

The following lemma is useful for characterizing distributions on Uy.
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Lemma 4. For u,v € AUy, p=v iff

o max {u(p),a}du = /UN max {u (p),,a}dv

for all a € [0,1] and p € AX.

Proof. Note that one direction is trivial so we will prove the other direction. Let G

denote the set of all functions g : Uy — R such that
g(u) = Z aiemu(pi)
i=1

for some n, a; € R, r; > 0 and p; € AX. By Theorem 1.57 of Miiller and Stoyan
(2002), we have

/ eriu(pi)dlu:/ eriu(pi)dy

UN UN

/ g(U)duz/ g (u)dv
UN UN

for all g € G.
We now show G is dense in C' (Uy) via the algebraic version of the Stone-Weierstrass
theorem. Note that G is a vector space and includes constants as e?®) = 1. To see

that G is closed under multiplication, note that

eriu(p) graw(p2) — griu(pr)+rau(ps) — e(”“ﬂ?)“(nrflrzpﬁn%zp?) cq
if 7 41y > 0 and e"1“PVer2ur2) = 1 € @ otherwise. To see that G separates points
in Uy, note that if there are u,v € Uy such that u # v, then u (z) # v (z) for some
z € X so e®) £ ¢e¥(®)  Since Uy is compact by Lemma 3, G is a subalgebra, contains
the constant function and separates points in Uy, it is dense in C' (Uy) by Theorem
9.13 of Aliprantis and Border (2006) (henceforth, AB). Since Uy is compact, u = v
by AB Theorem 15.1. O

Next, we have the usual density result for support functions in C' (Uy). It is mod-
ified from Lemma 11 from Dekel et al. (2001) to accommodate Lipschitz continuous

functions.
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Lemma 5. Let G denote the set of all functions g : Uy — R such that

g (u) =rsupu(p) —rsupu(q)

pEZ q€y

for some r > 0 and finite z,y C AX. Then G is dense in C (Uy).

Proof. For ease of notation, let

o; (u) = Sup u (p)

denote the support function given z C AX. We will show the result via the lattice
version of the Stone-Weierstrass theorem. First, we prove that GG is a linear subspace.
First, note that 0 € G trivially by setting » = 0. Moreover, if g € G, then —g € G
so Ag € G for all A € R. Now, consider g;, g € G and assume r; + 175 > 0. We thus

have

g1+ g2 =110, — 110y, + 120, — 20y,
= <T1 + TQ) [(a021 + (1 - a) 022) - (aayl + (1 — a) O'y2)]

= (7‘1 + 712) (Uazl+(1—a)zz - Uay1+(1—a)y2) €G

where a := P If ry +7r, =0, then g; + go = 0 € G trivially. This proves that G is
a linear subspace of C' (Uy).

To see that G includes constants, note that oz (u) = 1 and o, (u) = 0. That G
is a lattice follows from the same arguments as in Lemma 11 of Dekel et al. (2001).
Finally, to see that G separates points in Uy, note that if there are u,v € Uy such
that u # v, then u (z) # v (z) for some x € X so o, (u) # o, (v) for z = {z}. Since
Uy is compact by Lemma 3, G is a vector lattice, contains the constant function and

separates points in Uy, it is dense in C' (Uy) by AB Theorem 9.12. O

Finally, the following lemma is modified from Dekel et al. (2007) and characterizes
Lipschitz continuous functions on a countable dense subset of X. It will be useful
when we prove the extensions of the representation theorems of Dekel et al. (2001,
2007) and Gul and Pesendorfer (2006) in Section C. Since X is a compact metric
space and thus separable, let X* C X be a countable dense subset of X and without
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loss of generality, assume z,x € X*.

Lemma 6. Suppose v : X* — R is such that uw(z) = 1 and u(x) = 0. Then
u € Ly (X¥) iff for all z1, 25 € X* and a € [0, 1], |v1 — z9| < 5 implies

au(Z)+ (1 —a)u(z) > au(z) + (1 —a)u(xs).

Proof. First, suppose u € Ly (X*). Note that if & = 1, then the result is trivial so

assume o < 1. Let |z — ] < so

u(za) —u(xy) < Nljxg — 29| < |z — xo| <

11—« T 1-«

Rearranging yields the result as desired.

Now, suppose the condition holds. Fix some & < 1 and consider x1, x5 € X*. Set

a = |x; — 29| N and first suppose a < @. Now, the condition implies that

a N
— < = — <
u (x2) U(ﬂUl)_l_a 1_O[|561 $2|_1

- |I1 - $2|
-«
Next, suppose a > @. Since X is a convex metric space, we can find y; := (1 — i) x1+

_ 1
_;|

%xg € X fori € {0,1,...,n} such that |y;11 — v T1— To| < % Since X* is

dense in X and the metric mapping is continuous, we can choose n large enough such

that for each € > 0, we can find y; € X* such that |y; — y;| < e and |y —vf| < ¥

for all 7. Applying the argument above, we have

N

u (y:+1> —u(y;) < 1-a Yiv1 — Ui
N N x
= 1-a (’yiJrl — il + Yiv1 — yi+1‘ + |yi — ?/z’)
N
< —— (|Yig1 — vil + 2¢)
11—«

N 1
= — ( |.T1 —.I'Q‘ —|—2€)
l1—a\n

Since we can set y5 = yo = x; and y;, = y,, = T, this implies that

* * N
u(@s) —ule) < ) ‘“(yi)_“(yz‘—l)‘ =1z

1<i<n

(|x1 — 22| + 2ne)

Taking e — 0 yields u (22) — u (1) < 2 |21 — 22| Since 2= — N as @ — 0, this

-
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means that |u (z9) — u (z1)| < N|z1 — 22| s0o u € Ly (X*) as desired. O

A.2 Proof of Lemma 1

Fix two states s1,s2 € S and suppose us, = us,. We will show that the induced
probability distributions over next period utilities are the same in both states. Define
the mapping £ : S — U such that & (s) = u,. We will show that v; := P, o™t € AU
are the same for ¢ € {1,2}. Consider the menu z = {p, adz + (1 — «) 5£}. Since
us, (¢,2) = ug, (¢, z) and ¢ is strictly increasing in the second argument,

/U max {u (p),a}dy, = /Ssup ug (p) dPy,

pEZz

= [ supuy (p)dP,, = /U max {u (p) , a} dvy

S pez
for any a € [0,1]. Thus, v = v, by Lemma 4.
We can now define a transition kernel K on U such that K (u) = P, o £~! where

u = u, for any s € S. Let u = mo &1 € AU and note that for any measurable
B cCU,

where the third equality follows from the fact that 7 is a stationary distribution of
P. This shows the utility process is a stationary Markov process. Moreover, by the
continuity condition of the Markov process P, for any measurable B, we also have

H-a.s.
K., (B) = P.(¢'(B)) > om (¢ (B)) = ou(B)

so the utility process also satisfies Doeblin’s condition and is ergodic.

A.3 Proof of Lemma 2

Recall that 7, (2) is the menu that follows z € Z for ¢ periods and then ends with

y € Z for sure. We first show that this is well-defined and continuous.
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Lemma 7. For anyy € Z, vy, : Z — Z is well-defined and continuous.

Proof. We will prove this by induction on ¢. Clearly this is true fort = 0asr,o(2) =y
for all z € Z. Now, suppose that r,;_; is well-defined and continuous. This means

that for any p € z and measurable A x B,

pyi (AxB)=p(Axr,l (D))

is well-defined. Next, we show that p,; is continuous in p € AX. Consider p" — p

and let u : X — R be continuous and bounded. Since r,;_; is continuous,

/X u(c,z)dpy, = /X u(e,ryi—1 (2))dp™ — /X u(e,ryi—1(2))dp = /X u(c,z)dpy,

80 py ; — Pyt by AB Theorem 15.3 as desired. Lemma 1(i) from Gul and Pesendorfer
(2004) then ensures that 7, is continuous. By induction, r,, is well-defined and

continuous. O

We now prove Lemma 2. First, we show that r,, (2) is continuous in y. Again,
we will prove this by induction. Note that since 7, (2) = y, this is true for ¢ = 0.
Now, suppose this holds for r, ;1 (2). If we consider y,, — y, then for any continuous

bounded u : X — R,

/Xu(c,z) dpymt:/Xu(c,rymt,l (z))dp—>/xu(c,ry,t,1 (z))dp:/xu(c,z) dpy.

SO Pyt — Dyt by AB Theorem 15.3. Lemma 1(i) from Gul and Pesendorfer (2004)
then ensures that 7, is continuous in y as desired.

Following Gul and Pesendorfer (2004), let Z, := {0}, X¢y1 = M X Z; and
Zir1 = K(A(X¢q1)). From Theorem Al of Gul and Pesendorfer (2004), we have

the homeomorphism
Z={z€ZyxZyx 1 zp=ros(2e11)} (6)

where z; denote t-th argument of z for any ¢ € T and ro;(2) € Z, denote the t-
truncated menu that follows z for t-periods. Note that each Z; is compact so Z is

compact in the product topology.
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Since Z is compact, by the Brouwer fixed point theorem (AB Corollary 17.56),
there exists some y € Z such that y = r,, (2). Note that since y yields y for sure after
t periods by definition, y € R; (y) and y is t-period. To show that y is well-defined,
suppose there exists some other ¢ € Z such that ¥’ = r, ;1 (2). Note that ' and y
agree on everything up to period ¢, and since they are both ¢-period, they agree on
all periods. Thus, y = %/ from (6). This proves that z! = y is well-defined.

Finally, we show that 2! — 2. Since Z is a compact metric space, assume z*
converges to some z* € Z without loss. Note that 2} = 2z, for all t € T" so z* = z from

(6) as desired. This concludes the proof.

B Proof of Theorem 1

From Lemma 1, the utility process is ergodic and let ;. and v denote the stationary
utility distributions for p and 7 respectively. Suppose p and 7 agree on all binary
repeated menus. We will show that for any p € AX, u (p) has the same distribution
under p and v. Let p, = adz + (1 — ) 0, so u (pa) = afor all w € U. Let z = {p, pa}
and recall 2z = {p',p,} € Z* is the t-period menu that follows z for ¢ periods and
then repeats. From Corollary 1, p* — p and p!, — p,.

First, suppose v (p) = a p-a.s.. If u(p) > «, then limy; Ly,ph>upe)y (v) = 1 as
otherwise, u (p') < u (p,) for some subsequence of ¢ so u (p) < « yielding a contra-
diction. On the other hand, if u (p) < a, then lim; 1iypt>upe )y (1) = 0 as otherwise
u(p') > u(pl) for some subsequence of ¢t so u (p) > a again yielding a contradiction.

This implies that p-a.s.

lim Lupzuter)} (4) = Huw)zay ()
Thus,
. t ¢t s . t t
limp (p',ph) =limp{u €U : u(p') > u(p))}
= lim /U Lot zun)y i = /U Hu(p)zaydut

=pf{uel:up)zaj
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where the first equality follows from Birkhoff’s ergodic theorem and the third equality

from dominated convergence. Since p (p',pt,) = 7 (p*, pL,), this implies that
p{uelU :u(p) >at=v{uelU: u(p) >a}. (7)

Since p is regular, the only other case to consider is when u (p) = a* p-a.s. for
some o*. Applying (7) for all o # a*, it must be that u (p) = a* v-a.s.. We have
thus shown that u (p) must have the same distribution under p and v, so by Lemma
4, = v. Since each u € U determines the transition kernel on U, this means that

the Markov utility process induced by p and v are the same. The converse is trivial.

C Extensions of DLRS and GP

In this section, we present extensions of the main representation theorems of Dekel
et al. (2001, 2007) (henceforth DLRS) and Gul and Pesendorfer (2006) (henceforth
GP). We use a unifying methodology to extend their results to countably-additive
probability measures in infinite-dimensional settings. In both cases, we achieve this
by using Lipschitz continuous utilities with a common bound. The plan of attack
consists of two steps. First, we first focus on finite-dimensional settings and apply
Kolmogorov’s extension theorem to extend the representations to Lipschitz continuous
utilities on a countable dense subset. We then use the Tietze extension theorem to
extend Lipschitz continuity from the countable dense set to the entire set. The reason
for doing this in two steps, rather than using Kolmogorov’s extension directly in one
go, is to ensure almost sure Lipschitz continuity in the final representation.?? This is
analogous to the method for proving the existence of Brownian motion and ensuring
that paths are uniformly continuous almost surely.

In this section, let X be a compact metric space and Uy be the set of Lipschitz
continuous utilities with common bound N as defined in (5). Let X* C X be a

countable dense subset of X and without loss of generality, assume z,z € X*. Let

22 Other papers that also employ Kolmogorov’s extension in this manner include Lu and Saito
(2018), who do not address continuity, and Frick et al. (2020), who obtain a measure with finite
support (ignoring ties).
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Z = K (AX) denote the set of non-empty compact subsets of AX.%3

C.1 Extension of DLRS

Consider a binary relation = on Z and the following conditions (we omit universal

quantifiers unless there is a risk of confusion).

Condition 1.1 (Weak Order). > is complete and transitive.

Condition 1.2 (Flexibility). z C y implies z < y.

Condition 1.3 (Independence). z = y implies az + (1 — @) w = ay + (1 — o) w.
Condition 1.4 (Continuity). > is continuous.

Condition 1.5 (Best-Worst). z = {z,z} and = = {z,z} for all z € X.

Condition 1.6 (L-Continuity). There exists NV > 0 such that |z; — x5| < § implies
(1 — )0y, + adz ~ {(1 — )0y, + adz, (1 — )by, + 0«5&} :

Conditions 1.1-1.4 are directly from DLRS. Condition 1.5 ensures that z and z
are the best and worst options, which ensures utilities can be bounded. Finally, note
that Condition 1.6 (L-continuity) is different than the Lipschitz continuity axiom
from Dekel et al. (2007). There, the axiom is used to ensure that the representation
is Lipschitz continuous and is in fact unnecessary when preferences satisfy flexibility
(Condition 1.2). Here, the condition is needed to ensure that the utility distribution

in the representation has support only on Lipschitz continuous utilities.

Theorem 3 (DLRS extension). = satisfies Conditions 1.1-1.6 iff there is a countably

additive probability measure v on Uy such that >~ is represented by

v(z) = /UN sup u (p) dv.

pez

23 Note that while DLRS formally considers all non-empty subsets of AX, it is without loss to
focus on compact sets.
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We now prove Theorem 3. To see the necessity of the conditions, note that
Conditions 1.1-1.4 follow from the same arguments as in DLRS. It is easy to see
Condition 1.5 from the representation. Condition 1.6 follows from Lemma 6.

We now show sufficiency. We first construct a representation on a limited domain.

Lemma 8. There exists a probability measure v on Uy such that for all finite W C

X*, = on K (AW) is represented by

/ supu (p) dv.
Un

pEZ
Proof. The proof consists of three steps:

Step 1: First, we construct a DLRS representation for any finite menu W C X*
where z,x € W. Note that from DLRS, Conditions 1.1-1.4 imply that there exists
a probability measure pp on RY such that [pw Sup,c, u (p) duw represents = on
K (AW). By Condition 1.5, we have u (z) < u(z) < u(Z) pw-a.s. for all z € W.
Thus, we can assume that v (z) = 1 and u (z) = 0 without loss of generality. With
this normalization of utilities, the DLRS representation is unique. Let U (X*) denote
the set of all utilities v : X* — R such that 0 = u(z) < u(x) < u(z) =1 for all
x € X*. Since all such py are consistent, we can apply Kolmogorov’s extension to
obtain a countably additive probability measure p on U (X*) such that

/U sup u (p) dp

(X*) pez

represents = on IC (AW) for all finite W C X*.

Step 2: Next, we show that u has support only on Lipschitz continuous utilities
over X* ie. p(Ly(X*))=1. Take N from Condition 1.6 and for every zi,z5 € X*
and « € [0, 1], let U***2 be the set of u € U (X*) such that

|21 — ) §%:>a—|—(1—a)u(a:1)2(1—a)u(a:2)

By Condition 1.6, u (U**2) = 1. Let I* be some countable dense subset of [0, 1] and
1 € I*. Since I* and X* are countable and p is countably additive,

T1,r2 |
H ﬂ Ua = 1.
T, X* acl*
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We will now show that

N U™ C Ly (X*)

1,226 X*,al*

Consider u € Ny spexsacr USH™ and suppose |z; — x| < £ for some z1, 25 €
X* and o < 1. Consider a decreasing sequence a \, o where oy € [*. Since
|1 — 29| < G, ap+ (L —a)u(21) > (1 — o) u () for all k so a4 (1 — o) u(w1) >
(1 —a)u(xz). By Lemma 6, this means that v € Ly (X*) as desired. This implies
that p (Ly (X*)) = 1.

Step 3: Finally, we extend this to bounded Lipschitz continuous utilities over all
X. By the Lipschitz version of the Tietze extension theorem (see McShane (1934)),

we can extend p on Ly (X*) to a probability measure v on Ly (X). Define
Un(z) ={ue Ly (X) : 0=u(z) <u(x) <u(x)=1}

Now, since v (Uy (x)) = 1 for all x € X*, by the countable additivity of v,

1/( N UN(:U)> =1.

zeX*

We will now show that

m UN(ZE) Cc Uy

reX*
Consider u € Nyex+ Un (2) s0 0 < wu(z) <1 forall z € X*. Since u is continuous and
X* is dense in X, this implies 0 < u (z) < 1 for all z € X so u € Uy as desired. This

implies that v (Uy) = 1 and concludes the proof. ]

We now conclude the proof of Theorem 3 by extending the representation to all

of Z = K (AX). First, note the following useful lemma.

Lemma 9. For every p € AX, there exists a sequence p, — p where each p, has

some finite support in X*.
Proof. Since X™* is dense and Dirac measures are extreme points in AX, this follows

from the Krein-Milman theorem (AB Theorem 15.10): O

For any z € Z, define
v(z) = / supu (p) dv
Un

pez
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We show that v is continuous. Note that z, — z implies sup,c., u(p) — sup,e, u (p)
for all u € Uy. By dominated convergence, v (z,) — v (z) so v is continuous.

Now, consider a generic z € Z. For any p € AX, by Lemma 9, we can find p,
with finite support in X* such that p, — p. Let z, := {p, :p € 2} so 2z, — z and
zn € K (AW,,) for some finite W,, C X*. Define a, := v (z,) € [0, 1] and note that

Zp ~ andz + (1 — ay) 6y

Assume that «,, converges to some « without loss of generality. Since v is continuous,

v (2) = a. Since z, — z and «,, — «, by Condition 1.4,

z~adz+(1—a)d,=v(2)0z+ (1 —v(2))0d,

Thus, z = y iff

v(2)0z+(1—v(2)0, = v(y)oz+ (1 —v(y)) o

iff v (z) > v (y). Thus, v represents = on Z.

C.2 Extension of GP

We now apply the same methodology to extend GP. Consider a stochastic choice
function p on finite menus Z/ C Z, i.e. p, is a probability measure over z for
every z € Zf. Without ties, this construction would be identical that of the DLRS
extension. We follow Lu (2016) in allowing for ties in that they can occur with
probability one. Let Z° C Z/ denote the set of finite menus that contain no ties and
say a probability measure on Uy is regular if u(p) = u(q) occurs with probability
zero or one for all p,g € AX. Consider the following conditions (again, we omit

universal quantifiers unless there is a risk of confusion).
Condition 2.1 (Monotonicity). z C y implies p, (p) > p, (p)-
Condition 2.2 (Linearity). p. (p) = paz+(1—a)q (ap + (1 — ) ¢) for a > 0.

Condition 2.3 (Extremeness). p, (ext (2)) = 1.
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Condition 2.4 (Continuity). p: Z° — A (AX) is continuous.
Condition 2.5 (Best-Worst). p(z,2) =0 and p(Z,z) = p(z,z) = 1 for all z € X.

Condition 2.6 (L-continuity). There exists N > 0 such that |z, — 25| < % implies
p (aé;c +(1—a)dy,ad, +(1—a) 5962) =1

Conditions 2.1-2.4 are directly from GP with the continuity condition adjusted for
ties. Condition 2.5, like Condition 1.5, ensures that z and z are the best and worst
options and ensures utilities can be bounded. Condition 2.6 serves the same role as

Condition 1.6 in ensuring that utilities are Lipschitz continuous.

Theorem 4 (GP extension). p satisfies Conditions 2.1-2.6 iff there exists a countably
additive reqular probability measure i on Uy such that for any z € Z7,

p-(p) = p{u € Uy :u(p) > u(q) forallqe€ z}.

We now prove Theorem 4. To see the necessity of the conditions, note that
Conditions 2.1-2.3 follow from the same arguments as in GP while Condition 2.4
follows from the same argument as in Lu (2016). It is easy to see Condition 2.5 from
the representation. Condition 2.6 follows from Lemma 6.

We now show sufficiency. The methodology parallels the way in which we extended
DLRS in the previous section. In fact, Lemma 10 below corresponds exactly to Lemma

8 above.

Lemma 10. There exists a probability measure jn on Uy such that for all finite

W C X* and finite z C AW,

p-(p) =p{u €Uy :u(p) >u(q) forallqez}.

Proof. As in the proof for Lemma 8, the proof consists of three steps:

Step 1: First, we construct a GP representation for any finite menu W C X*
where z,x € W. Note that from GP and Lu (2016), Condition 2.1-2.4 imply that
there exists a regular probability measure my on RY such that for any finite 2 C AW,

p. has a GP representation with 7y,. Since the GP representation is unique with the
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appropriate normalization, we can use the same arguments in Step 1 of Lemma 8 to
apply Kolmogorov’s extension and obtain a countably additive and regular probability
measure m on U (X*) (the set of normalized utilities) such that for for all finite

W C X* and finite z C AW,
p.(p)=m{u e U (X"):u(p) >u(q) forall g € 2}.

Step 2: Next, we show that 7 has support only on Lipschitz continuous utilities
over X*, i.e. m(Ly (X*)) = 1. This follows the exact same arguments as in Step 2 of
Lemma 8 above.

Step 3: Finally, we extend this to bounded Lipschitz continuous utilities over all
X. By the same argument as in Step 3 of Lemma 8, we can extend m on Ly (X*) to
a probability measure p on Ly (X). Moreover, by the same arguments as in Step 3

of Lemma 8, p (Uy) = 1 which concludes the proof. O

We now conclude the proof of Theorem 4 by extending the representation to all
of Z/. The first step is to extend it to menus without ties, i.e. Z°. Consider a menu
z=Ap1,...,Pm} € Z° and fix some small « € (0,1). By Lemma 9, for each p;, we
can find a sequence of options p}' with finite support in X* such that p} — p; and

Q
lpi —pi'| < m

Let 2" :={p},...,p"} so 2" — z. Define

D= i (a?ég—c +(1—a}) 5£) + <1 — i) i

for some af € (0,1). Note that p! all have finite support in X* and let z" :=
{P, ..., Py} When are the options in 2" tied? By Lemma 10, pj and p} are tied iff

[-a.s.

u () —u (p) = 2



Since m is finite, we can choose 0 = af < a < af for all 7 > 1 such that Z" has no

ties, i.e. 2" € Z°. From Lemma 10 and the fact that u is regular on U (X*),

e (33) = p {u () > w () for all i > 1)
:,u{u(p?) > u(py) + noil for all i > 1}

n

§u{u(p1)>u(pi)+ai féforallz'>1}
n

where the inequality follows from the fact that v € Uy. Since p}' — p;, 2" — z so by
Condition 2.4,

Pz (pl) = MTTLH Pzn (ﬁ?)

n

< lim pt {u (p1) > u(p;) + for all 7 > 1}

< p{u(pr) > u(p;) forall ¢ > 1}

where the last inequality follows from the fact that p is countably additive. Note that
this is true for any p; € z. Now, suppose there is some p; € z such that the above

inequality is strict. This implies that
1= sz (pi) < Z,u{u(pl) >u(p;j) foralli#j} <1

yielding a contradiction. We thus have extended the GP representation to all menus
without ties, i.e. Z°.

The final step of the proof is to extend the representation to all menus including
those with ties. We will show that if any p and ¢ are tied, then u (p) = u(q) u-
a.s.. First, suppose p and ¢ are tied and both are not tied with x so from the GP
representation, p(z,p) = 0. Let p. := (1 —¢)p+ €6, so p(pe,p) = 0 by Condition
2.2. Since p and q are tied, p (p,q) = 0 by Lemma A.2 of Lu (2016). Since p. and ¢

are not tied, from the representation

L=p(gp)=p{ul(q) > 1 —<c)ulp)}
= p{u(q) —u(p) > —eu(p)}
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Taking ¢ — 0 yields u (¢) > u (p) p-a.s.. By symmetric reasoning, u (p) > u (q) p-a.s.
so u (p) = u(q) p-a.s. On the other hand, if p is tied with z, then p cannot be tied
with €0z + (1 —€) d,. From the representation,

1=p(20s+ (1 =)0y, p) = p{z > u(p)}

Taking e — 0 yields u (p) = 0 = u(q) p-a.s.. Applying Lemma A.2 from Lu (2016),
we have that for any z € Z7,

p-(p) = p{u € Uy :u(p) > u(q) foralge z}.

D Proof of Theorem 2

Sufficiency. Note that Axioms 1.1-1.6 correspond exactly to Conditions 2.1-2.6 in
Theorem 4. Thus, there exists a regular countably additive probability measure p on

Uy s.t. for any z € Z7,

p-(p) = p{u€ Uy :u(p) >ul(q) forall g€ z}.

Consider z = {5(0,21), 5(c,zz)} S0

0z @ (1= ) dey) = {Saan+0-0): Sidazt1-ay) |

where d = ac+ (1 — a) é. Now,

1 1 1

1 1 1
52 + 5 (OZZ s> (1 - Oé) T) - {25(0,,21) + 55(d,az1+(17a)y)7 56(0,,22) + 55(d,az1+(17(1)y)7

1 1 1 1

56(0,21) + 55(d,a22+(17a)y)a 55(0,@) + 25(d,OzZQ+(1a)y)}

Applying Axiom 2 and using the notation u. (z) = u ((5(672)), we have

1 1
H {uc (Zl) > Ue (ZQ)} =Pz (5(c,z1)) = p%z-}—%(az@(l—a)r) (25(0,21) + 25(d,a21+(1a)y)>

— e (1) = e (), wa (0 + (1= @) ) > ug (az + (1 - a) )}
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This implies that p-a.s.
e (21) 2 te (22) = ug (021 + (1 = a)y) = ua(@z1 + (1 - a)y) (8)

Since Z, M and |0, 1] are all separable and any u € Uy is continuous, by the countable
additivity of p, we have that this holds p-a.s. for all ¢,d € M, 21,29,y € Z and
a € [0,1]. Moreover, we can define a preference relation =, on Z for each u € Uy
such that z >, y if and only if u.(2) > wu.(y). Note that this is well-defined as it
does not depend on ¢ € M by (8) above.

We now show that >, satisfies Conditions 1.1-1.6 from Theorem 3 p-a.s. Note that
Condition 1.1 is trivial and Condition 1.3 follows from (8) above. To see Condition

1.2, note that from Axiom 4, for any z,y, if y C z, then

l=p(zy)=p (5(6,2)7 5(c,y)) = p{uc (2) = uc (y)}-

Since p is countably additive, u € Uy is continuous and Z is separable, Condition 1.2
follows. Note that Condition 1.4 follows from the continuity of v € Uy. Finally, by
applying Axiom 4 to Axioms 1.5 and 1.6, we obtain Conditions 1.5 and 1.6 respec-
tively by the same argument as before. We can thus apply Theorem 3 so that >, is
represented by

Uy (2) ::/U sup @ (p) dK,

N PEz
where K, is a countably additive probability measure on Uy. Since u. (-) and v, (-)
represent the same preference, there must exist some ¢, : M x [0,1] — [0, 1] strictly

increasing in the second argument such that p-a.s.

ue (2) = du (¢, vu (2)) -
We now show p is an invariant measure using A-Stationarity (Axiom 3).
Lemma 11. p is an invariant measure of K.

Proof. Define the measure p* on Uy such that for every measurable B C Uy,



We will show that p* = p proving that p is an invariant measure of K. Consider

z € Z7 and note that p(2,pa) = p {suppez u(p) > a} which implies that

1
| pGipayda= [ supup)du.

pEZ

On the other hand, note that

p((c,2),(¢;pa)) = t{du (c;vu (2)) = o (¢ v (pa))}
= p{vy (2) > vy (Pa)}
= p{vy (2) > a}

which implies that

IO d d
/0 P (0 Oepn) 04—/UN vy (2) dp.

Axiom 3 thus implies that
d 1 d 1 0 0 d
/UN sup u (p) w = /0 p (Z7poz) o = /0 P( (c,2) s (c,pa)) a

pEZ
= vy (2) dp = / (/ sup @ (p) dKu> du
Un Un Un pez

= | supu(p)dy".

Un pez

Letting z = {p, pp}, we have

max {u (p) b} dp = |, ma {u (p) b} dp’

Un

so pu = p* by Lemma 4. O]

We now formally construct the state space. Let U! C Uy be set of u such that

there exist some K, and ¢, where

u(c, z) = ¢y (c, /UN sup @ (p) dKu>

pEZ
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From the arguments above, u (U') = 1. Now define recursively
Uttt ={ueU": K, (U") =1}

U= u"
n=1

We will show that o (U*) = 1. First, we show that p (U™) = 1 for all n by induction.
Suppose p (U™) = 1 so by Lemma 11,

L=p(UY = [ KU dy
This implies that K, (U") = 1 p-a.s. so u(U™) = 1. Since u (U') = 1, this means
that p(U™) = 1 for all n. Since U™*' C U™, by Proposition 3.6 of Cmlar (2011),
p(U*) =lim, p (U™) = 1. By Lemma 11 again, we have

1= p(U*) = / Ko (U*) dp

Un

so K, (U*) =1 p-a.s. Set the state space S := U* and define a Markov process P with
transition kernel P, := K, for all s = u € U*. Note that P has invariant distribution

p and for any z € Z7,

p=(p) =pn({s € S:us(p) = us(q) forall g € 2})

where

us (c,2) = 64 ( [ s o) dps) |

pEZ
Finally, we show that P is ergodic via Doeblin’s continuity. Consider any positive
f € C(Uy). By Lemma 5, we can find g, € G such that g, — f uniformly. If we let
fr :== max {gg, 0}, then fi, — f as f > 0 and note that

fr (u) = max {ryo,, (u) — rioy, (u),0}

= TkO 2, Uy (u) — TkOy, (u)

where o (u) := sup,, u(p) is the support function. Since p (zr Uy, yr) = 1, by
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Axiom 4, there exists some £ > 0 s.t. p-a.s.

/SU (1=&)2kUyptepy, (W) dPs > /SU (1=e)ytepayy, (W) AP
(1) [ G (W) APy +2v,, = (L=2) [ 0y (W) AP. + v,
[ @ (W) = 0y () AP, 2 = (00, = v3)
= 1 [ O () = ()
[ e @ap = [ fi(w)dp

EJS (
[ war = [ 7w

where the last inequality follows from dominated convergence. Since p is countably

additive and C' (Uy) is separable by AB Lemma 3.99, we have p-a.s. for all positive

feC(Uy)
[ F P, =5 [ f(wdu

where ¢ := ;=—. By AB Theorem 13.9, for any measurable 2 C S, there are positive
f; € C(Uy) such that f; — 1p Ps-a.s. By the dominated convergence theorem,

J-.a.8.

E) = /S lim f; (u) dP, = lim /S f; (u) P
> 1im 3 [ f; (u) du = 3y (E)

This implies P satisfies Doeblin’s condition and is thus uniformly ergodic (Theorem
16.2.3 of Meyn and Tweedie (2012)). By Birkhoff’s ergodic theorem (AB Corollary
20.8), p-a.s.

p-(p) = lim — Z L {tits1 (p) > wirg1 (q) for all g € 2}

n—oo n

for all t-period z € Z/ as desired. This concludes the sufficiency proof.

Necessity. By Lemma 1, we can consider the ergodic utility process u; = u,, with
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stationary distribution . Thus, for any t-period z € Z7/

p-(p) = lim — Z 1 {tits1 (p) = wirg1 (q) for all g € 2}

n—oo n

=u({ueUy:u(p) >u(q) forall g€ z})

where the second equation follows from Birkhoff’s ergodic theorem (AB Corollary
20.8). Note that even though this holds for repeated menus, continuity of p, which
follows from the same argument as in Lu (2016), allows us to extend this to all finite
menus z € Z/. Axioms 1.1-1.6 then follows immediately from Theorem 4.

For Axiom 2, consider p,p’ € z € Z/ where p = §(.,) and p' = (.. Thus,
u(p) = u(p') iff

u (e vy (y) 2 ule,vu (y))

where

vy (y) := /UN sup @ (r) dK,

rey
Now, for any degenerate ¢ = d(qw), ap @ (1 — @) ¢ = S(act(1-a)das+(1—-a)w)- Thus,
u(ap® (1 —a)q) >u(ap ©(1-a)q) iff

u(ac+ (1—a)d,v, (ay+ (1 —a)w)) > ulac+ (1 —a)d, v, (ay’ + (1 — a)w))
vy (y + (1 —a)w) > v, (' + (1 — a)w)
vu (y) 2 vu (¥)
This implies that u(p) > w(p) ff u(ap® (1 —a)q) > u(ap’ ® (1 —a)q) for all
p,p’ € z. The axiom follows immediately from the linearity of u and the Minkowski

mixture operation.

For Axiom 3, note that by the same arguments as in Lemma 11,

1
/Op(z,pa)d&z/U sup @ (p) dp

N PEZ
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and

1
Sie, e d:/u d:/ / 0 (p) dK, | d
/Op(m (epa)) d ol (2) dp UN<UN§’EE“(p) ) 1

= | supi(p)du

Un pEz

where the last equation follows from the fact that p is the stationary distribution.
Finally, for Axiom 4, note that from Lemma 1, we know there exists some § > 0

such that p-a.s.
| fwar,>6 [ fwds

Un

for all measurable f > 0. Suppose p(z,y) =1 so p-a.s.

f(u) :==supu(p) —supu(p) =0

pEZ pEyY

Moreover, v, > v,. Define ¢ such that 6 = %= and note that for any ¢ < ¢,

(1—¢€)d —e>0. We thus have p-a.s.

vy (L =€)z +epy) —v (L —2)y+ep.) = (1 —¢) (vu(2) —vu(y)) + € (vu (py) — vu (p2))
_ (1—5)/UNf(u)dKu—|—5(vy—vz)
> (1-2)5 [ f(u)dp—c(o:—v,)

=(1—-¢)é (v, —vy) —e (v, —vy)
=((1-2)d—¢e)(v:=vy) 20

so the axiom follows. This concludes the necessity proof.
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