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Abstract

This paper studies nonparametric series estimator of conditional quantile function when the

tuning parameter (i.e., the number of approximating functions) is selected through the V -fold

cross-validation, where V denotes the number of subsamples in cross-validation. The cross-

validated quantile estimator is evaluated using an estimation criterion-based metric and the L2-

norm. We show that the cross-validated quantile estimator enjoys the oracle inequality under

the criterion-based metric. That is, with probability approaching 1 its criterion-based distance

to the true unknown function is bounded from above by that of the oracle estimator multiplied

by some finite constant CV > 1. When the number of subsamples V grows with sample size,

we show that the upper bound CV shrinks to 1 which implies that the cross-validated estimator

is asymptotically optimal in this case. Among different cross-validated estimators based on

different sample splitting schemes, we find that the cross-validated estimator based on the equal

sample splitting scheme has the smallest upper bound CV given V . Moreover, we show that the

cross-validated quantile series estimator has the optimal convergence rate under the L2-norm.

The finite sample properties of the cross-validated estimator are investigated with different

values of V and under different sample splitting schemes.

1 Introduction

Quantile regression is an important tool of analyzing the effects of covariates on outcomes. It

supplements the conditional mean regression through estimating the conditional quantile functions

at different quantiles and provides a more comprehensive analysis of the stochastic relationships of
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economic variables. This paper studies quantile regression in the nonparametric setting. Specifi-

cally, we are interested in estimating the unknown function h0(·) in the following model

Y = h0(X) + u, E[I{u ≤ 0}|X] = τ, (1.1)

where τ ∈ (0, 1), Y and u are random variables, X is a dx×1 random vector with bounded support

X and I{·} denotes the indicator function. The unknown function h0(·) is called the conditional

τth quantile function of Y given X and is assumed to be in some function space H.

Let ρτ (u) = (τ − I{u ≤ 0})u denote the check function. Given data {(Yi, X ′i)}ni=1, one can

estimate h0(·) through the series quantile estimator ĥk (·) = P ′k(·)β̂k, where Pk(·) is a k-dimensional

vector of approximating functions (e.g., power series, splines and trigonometric polynomials), k is

a positive integer and

β̂k = arg min
βk∈Rk

n−1
n∑
i=1

ρτ (Yi − Pk(Xi)
′βk). (1.2)

When k is fixed, β̂k is the parametric quantile regression estimator introduced in Koenker and

Bassett (1978). In the nonparametric setting, one has to let k grow with the sample size for

consistent estimation of the unknown function h0. When k is set to be a deterministic sequence

which diverges at certain rate with sample size, many asymptotic properties of the series quantile

estimator ĥk (e.g., the consistency, the rate of convergence, the pointwise and uniform inference)

are known in the literature. See, e.g., White (1992), Chen and White (1999), Horowitz and Lee

(2005), Chen (2007), Belloni, et al. (2016) and among others.

For empirical implementation of the series estimation, one has to determine the dimension k

of the approximating functions. Let K = {κ, κ+ 1 . . . , κ} where κ and κ are the lower and upper

bounds of the set K respectively. The set K is large enough such that for any h0 ∈ H, there exists

some k∗n ∈ K such that the series quantile estimator ĥk∗n achieves certain optimal properties (e.g.,

optimal risk or optimal convergence rate). The series estimator ĥk based on an arbitrary k from K

may have large approximation/estimation error and hence slow rate of convergence. Therefore, it

is important to have a procedure to determine k in practice such that the resulting nonparametric

series estimator enjoys a fast convergence rate.

For the nonparametric series estimation of conditional mean functions, there are many data-

dependent methods (such as Mallows’ CL, the cross-validation and the generalized cross-validation)

in the literature for selecting k. The series conditional mean estimators based on these methods

are shown to be optimal in the sense that they minimize the distance to the unknown function h0

under the empirical L2-norm (or the prediction norm). See, e.g., Li (1988), Andrews (1991) and
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Hansen (2014, 2015) and among others. Theoretical analysis of these data-dependent nonparametric

estimators is facilitated by the closed-form expression of the series estimator in the conditional mean

regression, which are not enjoyed by the series estimators in general nonlinear nonparametric models

such as the quantile regression. On the other hand, when the nonparametric estimator does not

have closed form expression, the cross-validation is one of the most popular methods in selecting the

tuning parameter (see, e.g., Lecué and Mitchell (2012), Chatterjee and Jafarov (2015), Chetverikov

and Liao (2019)).

In this paper, we study the series quantile estimator when the dimension k of the approximating

functions is selected through the V-fold cross-validation. To perform this cross-validation, the full

sample {(Yi, X ′i)′}i∈I is divided into V subsamples {(Yi, X ′i)′}i∈Ij , where I = {1, . . . , n}, V ≥ 2 is a

positive integer and Ij denotes the index set of the jth subsample with ∪j≤V Ij = I and Ij1∩Ij2 = ∅

for j1 6= j2. For each j = 1, . . . , V , the subsamples indexed by Ij and I−j = I ∩ Icj are called

the validating subsample and the training subsample respectively. Let nj and n−j denote the

cardinalities of Ij and I−j respectively. For j = 1, . . . , V , the series quantile estimator based on the

training subsample I−j is

ĥ−j,k = arg min
h∈Hk

Ln,−j(h), (1.3)

where Hk = {h (x) : h(x) = Pk(x)′βk, βk ∈ Rk}, Ln,−j(h) = n−1
−j
∑

i∈I−j
ρτ,i(h) and ρτ,i(h) =

ρτ (Yi − h(Xi)). The number of approximating functions k is determined by

k̂V = arg min
k∈K

V −1
V∑
j=1

Ln,j(ĥ−j,k), (1.4)

where Ln,j(h) = n−1
j

∑
i∈Ij ρτ,i(h). The V-fold cross-validated quantile estimator is then defined as

ĥ
k̂V

(x) = P
k̂V

(x)′β̂
k̂V

(1.5)

where β̂
k̂V

is defined in (1.2) with k = k̂V .

Two criteria are used to evaluate the performance of the V-fold cross-validated estimator ĥ
k̂V

.

The first is the criterion-based distance to the true parameter h0, defined as

∆(h) = E [ρτ,i(h)− ρτ,i(h0)] .

The second is the L2-distance to the true parameter ‖h− h0‖2 = (E[|h(X)− h0(X)|2])1/2. Under
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some mild regularity conditions, we show that the

∆(ĥ
k̂V

)

mink∈K∆(ĥk)
< CV (1 + op(1)) (1.6)

where CV > 1 is a finite constant depending on V and the sample splitting scheme in the V-fold

cross-validation. The inequality in (1.6) implies that the criterion-based distance of the cross-

validated estimator ĥ
k̂V

is of the same order of the oracle quantile series estimator mink∈K∆(ĥk).

The inflation of the criterion-based distance by cross-validation is bounded from above by some

finite constant CV . We find that given V the upper bound CV is minimized if the subsamples Ijs

are equal, while the constant CV goes to 1 from above if V grows with the sample size n. Moreover

we show that ∥∥∥ĥk̂V − h0

∥∥∥
2

= Op(n
−γ/(1+2γ)) (1.7)

where γ > 1/2 denotes the ratio of the smoothness p of the function space H and the dimensionality

of covariates X. The rate n−γ/(1+2γ) is optimal in the context of nonparametric conditional mean

regression and nonparametric density estimation in the sense that no estimator achieves faster

convergence rate uniformly over the class of p-smooth functions (see Stone (1982)).

The rest of the paper is organized as follows. Section 2 derives the main results on the V-fold

cross-validated estimator ĥ
k̂V

under both the criterion-based distance and the L2-distance. Section

3 conducts simulation studies to investigate the finite sample performances of the cross-validated

estimator with different V and different sample splitting schemes. Section 4 briefly concludes.

Proofs, technical derivations and tables are included in the Appendix.

Notations. The notation a ≡ b means a is defined as b. For any real matrix A, we use ||A||

to denote the operator norm of A. tr(·) denotes the trace operator of square matrices. If A is

a real symmetric matrix, λmin(A) and λmax(A) denote the smallest and largest eigenvalues of A,

respectively. Let R = (−∞,+∞) and N denote the set of natural numbers. For any (possibly

random) positive sequences {an}∞n=1 and {bn}∞n=1, an = Op(bn) means that supn∈N P (an/bn > c)→

0 as c → ∞; an = op(bn) means that for all ε > 0, limn→∞ P (an/bn > ε) = 0. For any function

h(x), we use ‖h‖∞ to denote the uniform norm, i.e., ‖h‖∞ = supx∈X |h(x)|, and ‖h‖2 to denote the

L2-norm, i.e., ‖h‖2 = (E[h(X)2])1/2.

2 The V-fold Cross-Validated Quantile Estimator

We study the properties of the V-fold cross-validated estimator ĥ
k̂V

in this section. Define

h0,k (·) = Pk(·)′β0,k, which is the projection of the unknown function h0 on the k-dimensional
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space, where

β0,k = arg min
βk∈Rk

E
[
ρτ (Y − Pk(X)′βk)

]
. (2.1)

Let Qk = E [Pk(X)Pk(X)′] for any k. The following conditions are needed.

Assumption 2.1 (i) The data {(Yi, X ′i)}
n
i=1 are i.i.d. from model (1.1); (ii) the conditional

density fu|x(u) of u given X = x, its first and second derivatives in u are bounded from above by a

finite constant cf uniformly in u and x; (iii) fu|x(0) is bounded from below by a positive constant

cf uniformly in x; (iv) maxk∈K ‖h0,k − h0‖∞ = o(1) and there is some constant γ > 1/2 such that

‖h0,k − h0‖2 ≤ C0k
−γ for any k,

where C0 is a finite constant; (v) for any positive integer k, cλ ≤ λmin(Qk) ≤ λmax(Qk) ≤ cλ where

cλ and cλ are finite positive constants; (vi)

V κ−1(1 + log(κ) log(n)κ−2) + (log(n))5κξ2
κn
−1 + max

k∈K
ξkk
−γ = o(1),

where ξk = supx∈X ‖Pk(x)‖ is non-decreasing in k.

Assumptions 2.1(ii, iii) impose bounds and smoothness on the conditional density fu|x(u) and

its derivatives in u. Assumption 2.1(iv) requires that h0,k approximates the unknown function h0

with k going to infinity. The constant γ in Assumption 2.1(iv) is closely related to the smoothness

of h0 and the dimensionality of X. Assumption 2.1(v) imposes lower and upper bounds on the

eigenvalues of Qk uniformly over k. Assumption 2.1(vi) imposes restrictions on candidate set K, the

number of subsamples in cross-validation and the smoothness of unknown function h0. It requires

that the lower bound κ of the candidate set K diverges to infinity with n. The rate that κ diverges

can be slow (such as log(n) or log(log(n))). The number of subsamples in cross-validation is allowed

to diverge to infinity in Assumption 2.1(vi), which is important to show the asymptotic optimality

of the cross-validated quantile estimator. Assumption 2.1(vi) also requires that the upper bound κ

of the candidate set K diverges to infinity not too fast. When the vector of approximating functions

Pk(x) are power series, ξk ≤ Ck for any k where C is a finite constant. Hence (log(n))5κ3n−1 = o(1)

and γ > 1 are sufficient for the upper bound requirement in Assumption 2.1(vi). When the vector

of approximating functions Pk(x) are splines or trigonometric series, ξk ≤ Ck1/2 for any k where C

is a finite constant. In this case, (log(n))5κ2n−1 = o(1) and γ > 1/2 are sufficient for upper bound

requirement.
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Theorem 2.1 Under Assumption 2.1, we have

max
k∈K

∣∣∣∣∣∆(ĥk)

Rn(k)
− 1

∣∣∣∣∣ = op(1) (2.2)

where Rn(k) = 2−1τ(1− τ)tr(J−1
k Qk)n

−1 + ∆(h0,k) and Jk = E
[
fu|X(0)Pk(X)Pk(X)′

]
.

Remark 3.1. Theorem 2.1 provides an approximation of the criterion-based distance between ĥk

and h0 uniformly over k ∈ K. Let k̂∗∆ and k∗Rn
denote the minimizers of ∆(ĥk) and Rn(k) over K

respectively. Then by Theorem 2.1,

∆(ĥ
k̂∗∆

)

Rn(k∗Rn
)

=
mink∈K∆(ĥk)

mink∈KRn(k)
= 1 + op(1), (2.3)

which together with (2.2) implies that

mink∈K∆(ĥk)

∆(ĥk∗Rn
)

=
∆(ĥ

k̂∗∆
)

Rn(k∗Rn
)

Rn(k∗Rn
)

∆(ĥk∗Rn
)

= 1 + op(1). (2.4)

If the target is to minimize the criterion-based distance ∆(ĥk) over k ∈ K, then (2.4) implies that

ĥk∗Rn
achieves this goal in the asymptotic sense. Therefore, selecting k ∈ K to minimize ∆(ĥk) can

be conducted through selecting k ∈ K to minimize Rn(k).

Remark 3.2. There are two components in Rn(k). The first one, 2−1τ(1 − τ)tr(J−1
k Qk)n

−1 is

the variance term from the estimation error. The second component, ∆(h0,k) is the bias from the

series approximation. Therefore, minimizing Rn(k) over k ∈ K is to balance the bias and variance

of the series estimator ĥk. However, minimization of Rn(k) is infeasible since both the bias and

the variance components of ĥk are unknown in practice. We shall show below that the V-fold

cross-validation provides an estimator of ∆(ĥk) which is close to ∆(ĥk) enough such that the series

estimator based on the minimizer of this estimator enjoys optimal properties.

Assumption 2.2 For any j1, j2 = 1, . . . , V , nj1/nj2 > c0 where c0 is a fixed constant.

Assumption 2.2 requires that each subsample in the V-fold cross-validation takes a non-trivial

share of the full sample. This assumption holds for example, if we set nj = bn/V c for j = 1, . . . , V−1

and nV = n−
∑V−1

j=1 nj . This equal sample splitting scheme is widely used in practice. As we shall

see below it provides a better approximation of the criterion-based distance ∆(ĥk) than the other

sample splitting schemes in the V-fold cross-validation.
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Theorem 2.2 Let ∆n,j(ĥ−j,k) = Ln,j(ĥ−j,k) − Ln,j(h0) for any j = 1, . . . , V and for any k ∈ K.

Then under Assumptions 2.1 and 2.2, we have

max
k∈K

∣∣∣∣∣V −1
∑V

j=1 ∆n,j(ĥ−j,k)

Rn,V (k)
− 1

∣∣∣∣∣ = op(1) (2.5)

where Rn,V (k) = 2−1τ(1− τ)V −1
∑V

j=1 tr(J−1
k Qk)n

−1
−j + ∆(h0,k).

Remark 3.3. Theorem 2.2 indicates that minimizing V −1
∑V

j=1 Ln,j(ĥ−j,k) over k ∈ K is asymp-

totically equivalent to minimizing the criterion Rn,V (k) over k ∈ K, since it implies that

min
k∈K

V −1
V∑
j=1

∆n,j(ĥ−j,k) = (1 + op(1)) min
k∈K

Rn,V (k). (2.6)

By definition, k̂V is the minimizer of V −1
∑V

j=1 ∆n,j(ĥ−j,k) over k ∈ K. By (2.6) and Theorem 2.2,

mink∈KRn,V (k)

Rn,V (k̂V )
=

mink∈KRn,V (k)

mink∈K V −1
∑V

j=1 ∆n,j(ĥ−j,k)

V −1
∑V

j=1 ∆n,j(ĥ−j,k̂V )

Rn,V (k̂V )
= 1 + op(1). (2.7)

Therefore if one wants to select k ∈ K to minimize Rn,V (k), then (2.7) implies that the minimizer

k̂V of V −1
∑V

j=1 Ln,j(ĥ−j,k) achieves the goal asymptotically.

Ideally, one may want to find k∗Rn
to construct the oracle quantile series estimator ĥk∗Rn

which

has the smallest criterion-based distance. By Theorem 2.2, the cross-validated tuning parameter

k̂V minimizes Rn,V (k) which is different from Rn(k), while Rn(k) approximates the criterion-based

distance between ĥk and h0 by Theorem 2.1. Therefore, it is interesting to see how far the cross-

validated estimator ĥ
k̂V

is away from the oracle estimator ĥk∗R . The following theorem addresses

this issue.

Theorem 2.3 Under Assumptions 2.1 and 2.2, we have

∆(ĥ
k̂V

)

mink∈K∆(ĥk)
<

nV −1
V∑
j=1

n−1
−j

 mink∈KRn,V (k)

mink∈K∆(ĥk)
(1 + op(1)) (2.8)

where

1 + (V − 1)−1 ≤ nV −1
V∑
j=1

n−1
−j ≤ 1 + (c0(V − 1))−1. (2.9)
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Remark 3.4. From (2.8) and (2.9), we get the following upper bound for the ratio in the left hand

side of the inequality (2.8):

∆(ĥ
k̂V

)

mink∈K∆(ĥk)
<

(
1 +

1

c0(V − 1)

)
(1 + op(1)), (2.10)

which holds for different sample splitting schemes. Since c0 ∈ (0, 1) and V ≥ 2, the upper bound

1 + (c0(V − 1))−1 in (2.10) is strictly larger than 1. When the subsamples are split equally,

nV −1
V∑
j=1

n−1
−j = (1− V −1)−1

which implies that the cross-validated estimator ĥ
k̂V

based on the equal sample splitting scheme

has the smallest upper bound

∆(ĥ
k̂V

)

mink∈K∆(ĥk)
<

(
1 +

1

V − 1

)
(1 + op(1)). (2.11)

This provides some justification to the equally split cross-validating procedure in practice.

Remark 3.5. Since the ratio ∆(ĥ
k̂V

)/mink∈K∆(ĥk) is bounded from below by 1, it is desirable

to have the upper bound in (2.8) as close to 1 as possible. Therefore, one may let V diverge with

the sample size n such that the upper bound in (2.11) converges to 1 with n→∞. In this case

∆(ĥ
k̂V

)

mink∈K∆(ĥk)
= 1 + op(1)

which implies that the cross-validated estimator is optimal since it minimizes the criterion based

distance in the asymptotic sense.

Theorem 2.3 implies that the V-fold cross-validated estimator ĥ
k̂V

converges to the true param-

eter h0 at the same rate of the oracle estimator under the criterion-based distance. The following

theorem derives the convergence rate of the estimator ĥ
k̂V

under the L2-norm.

Theorem 2.4 Under Assumptions 2.1 and 2.2

∥∥∥ĥk̂V − h0

∥∥∥2

2
≤ 4c−1

f (cλc
−1
λ + 1)(1 + op(1)) min

k∈K
Rn,V (k). (2.12)
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Remark 3.6. By (2.9) and (B.30) in the Appendix,

min
k∈K

Rn,V (k) ≤
(

1 +
1

c0(V − 1)

)
min
k∈K

Rn(k)

which together with (2.12) implies that

∥∥∥ĥk̂V − h0

∥∥∥2

2
≤ CH,V (1 + op(1)) min

k∈K
Rn(k). (2.13)

where CH,V = 4c−1
f (cλc

−1
λ + 1)

(
1 + (c0(V − 1))−1

)
. The above upper bound holds for the V-fold

cross-validated estimators under different sample splitting schemes, as long as Assumptions 2.1 and

2.2 hold. Therefore the convergence rate of the V-fold cross-validated estimator is of the magnitude

(mink∈KRn,V (k))1/2 under the L2-norm.

By Assumption 2.1(ii, iii, v),

cλcf
cλ

k

n
≤

tr(J−1
k Qk)

n
≤ cλ
cλcf

k

n

which together with Assumption 2.1(iv) implies that

Rn(k) ≤ τ(1− τ)cλ
cλcf

k

n
+ C0k

−γ . (2.14)

Therefore, the V-fold cross-validated estimator satisfies

∥∥∥ĥk̂V − h0

∥∥∥2

2
≤ CH,V (1 + op(1)) min

k∈K

[
τ(1− τ)cλ

cλcf

k

n
+ C0k

−γ
]
. (2.15)

Let k∗n =
⌊
n1/(1+2γ)

⌋
. Then k∗n ∈ K for the splines or trigonometric series since γ > 1/2 by

Assumption 2.1(iv). Moreover, k∗n ∈ K for the power series when γ > 1. By k∗n ∈ K and Assumption

2.1(iv, v)

min
k∈K

[
τ(1− τ)cλ

cλcf

k

n
+ C0k

−γ
]

= O(n−2γ/(1+2γ))

which together with (2.15) implies that

∥∥∥ĥk̂V − h0

∥∥∥
2

= Op(n
−γ/(1+2γ)).

The above result implies that the V-fold cross-validated estimator achieves the optimal convergence

rate.
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3 Simulation Studies

In this section, we investigate the finite sample performance of the V-fold cross-validated quan-

tile series estimators through simulation experiments. The data is generated from the following

model

Y = 2−1 sin(2πX) + u (3.1)

where X is a uniform random variable with support [−1, 1], u is a standard normal random variable

and is independent with respect to X. Since the median of u is zero, the unknown function

h0(x) = 2−1 sin(2πx) is the 0.5th conditional quantile function of Y given X = x.

Two different approximating functions are used to estimate the unknown conditional quantile

function h0: the Legendre polynomials and the cubic splines. For each type of approximating

functions, we consider three cross-validation procedures of selecting k from the candidate set K =

{1, . . . , 20}. The first two are the 2-fold and the 5-fold cross-validations with equal sample splitting,

and the third one is a 5-fold cross-validation with unequal sample splitting. In the unequal sample

splitting scheme, we set n1 = n2 = n/10, n3 = n4 = n/5 and n5 = 2n/5 where n is the sample size

of the simulated data.

The cross-validated quantile estimators are evaluated based on their criterion-based distances

and their L2-distances to the true unknown parameter h0. For any cross-validated estimator say

ĥ
k̂V

, we calculate two ratios given the simulated sample with sample size n

S∆,n =
∆(ĥ

k̂V
)

mink∈K∆(ĥk)
and SL2,n =

∥∥∥ĥk̂V − h0

∥∥∥
2

mink∈K

∥∥∥ĥk − h0

∥∥∥
2

. (3.2)

We use S∗∆,n(2), S∗∆,n(5) and S∆,n(5) to denote the first ratio in (3.2) when ĥ
k̂V

is the 2-fold

and the 5-fold cross-validated estimators with equal sample splitting and the 5-fold cross-validated

estimator with unequal sample splitting respectively. Similarly, S∗L2,n
(2), S∗L2,n

(5) and SL2,n(5)

denote the second ratio in (3.2) when ĥ
k̂V

is the 2-fold and the 5-fold cross-validated estimators

with equal sample splitting and the 5-fold cross-validated estimator with unequal sample splitting

respectively. We consider sample size n = 250 ∗ s for s = 1, . . . , 10 and for each sample size we use

10, 000 simulated samples to investigate the finite sample properties of the ratios in (3.2) for the

three cross-validated quantile estimators.

Figure 1 reports the 0.95-quantiles of the ratios in (3.2) for the three cross-validated quantile

estimators and the two types of approximating functions. Our findings in Figure 1 are summarized

as follows. First, the distances of the cross-validated quantile estimators to the true parameter h0
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Figure 1: Finite Sample Properties of the Cross-validated Quantile Estimators
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Note: S∗∆,n(2), S∆,n(5) and S∗∆,n(5) denote the first ratio in (3.2) for the 2-fold cross-validated estimator with equal

sample splitting, the 5-fold cross-validated estimator with unequal sample splitting and the 5-fold cross-validated

estimator with equal sample splitting respectively. S∗L2,n(2), SL2,n(5) and S∗L2,n(5) denote the second ratio in (3.2)

for the 2-fold cross-validated estimator with equal sample splitting, the 5-fold cross-validated estimator with unequal

sample splitting and the 5-fold cross-validated estimator with equal sample splitting respectively.
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Figure 2: Finite Sample Properties of the Cross-validated Quantile Estimators
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Note: S∗∆,n(2), S∆,n(5) and S∗∆,n(5) denote the first ratio in (3.2) for the 2-fold cross-validated estimator with equal

sample splitting, the 5-fold cross-validated estimator with unequal sample splitting and the 5-fold cross-validated

estimator with equal sample splitting respectively. S∗L2,n(2), SL2,n(5) and S∗L2,n(5) denote the second ratio in (3.2)

for the 2-fold cross-validated estimator with equal sample splitting, the 5-fold cross-validated estimator with unequal

sample splitting and the 5-fold cross-validated estimator with equal sample splitting respectively.
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Figure 3: Comparison of the Cross-validated Quantile Estimators

Sample Size n

250 500 1000 1500 2000 2500
0.98

1

1.02

1.04

1.06

1.08
Integrated ∆-Distances (Legendre)

Sample Size n

250 500 1000 1500 2000 2500
0.995

1

1.005

1.01

1.015

1.02

1.025

1.03
Integrated L2-Distances (Legendre)

Sample Size n

250 500 1000 1500 2000 2500
0.99

1

1.01

1.02

1.03

1.04

1.05
Integrated ∆-Distances (Spline)

Sample Size n

250 500 1000 1500 2000 2500
0.995

1

1.005

1.01

1.015

1.02

1.025
Integrated L2-Distances (Spline)

2-fold equal 5-fold unequal 5-fold equal

are of the same order as that of the oracle estimator since the 0.95-quantile curves in all panels of

Figure 1 are bounded from above by some fixed constant and decrease with growth of the sample

size. Second, among the three cross-validated estimators, the 5-fold cross-validated estimator with

equal sample splitting scheme has the lowest 0.95 quantile curves for both ratios in (3.2) and both

approximating functions. This illustrates the advantages of using the equal sample splitting scheme

and a (slightly) large value for V in cross-validation. Similar phenomena are observed in Figure 2

where the medians of the ratios in (3.2) for the three cross-validated quantile estimators and the

two types of approximating functions are reported.

To compare the three cross-validated quantile estimators, we calculate their integrated/median

criterion-based distances and their integrated L2-distances and use the 5-fold cross-validated es-

timator with equal sample splitting as the benchmark. That is, we report ratios of the inte-

grated/median distances of the 2-fold cross-validation estimator with equal sample splitting and
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Figure 4: Comparison of the Cross-validated Quantile Estimators

Sample Size n

250 500 1000 1500 2000 2500
0.98

1

1.02

1.04

1.06

1.08

1.1

1.12
Median ∆-Distances (Legendre)

Sample Size n

250 500 1000 1500 2000 2500
0.98

1

1.02

1.04

1.06

1.08

1.1

1.12
Median L2-Distances (Legendre)

Sample Size n

250 500 1000 1500 2000 2500
0.98

1

1.02

1.04

1.06

1.08

1.1

1.12
Median ∆-Distances (Spline)

Sample Size n

250 500 1000 1500 2000 2500
0.98

1

1.02

1.04

1.06

1.08

1.1

1.12
Median L2-Distances (Spline)

2-fold equal 5-fold unequal 5-fold equal

14



the 5-fold cross-validated estimator with unequal sample splitting to those of the 5-fold cross-

validated estimator with equal sample splitting. The ratios of the integrated distances are provided

in Figure 3. Our findings in Figure 3 are summarized as follows. First, the integrated distance

of the 5-fold cross-validated estimator with unequal sample splitting is above that of the 5-fold

cross-validated estimator with equal sample splitting for both the approximating functions and all

sample sizes considered. The 2-fold cross-validation estimator has larger integrated distance all

sample sizes considered except n = 750. The gap between the 2-fold cross-validated estimator and

the 5-fold cross-validation estimator is clear when the sample size becomes large. Similar phe-

nomena are observed in Figure 4 where the medians of the distances of the three cross-validated

quantile estimators are considered.

4 Conclusion

Quantile regression is an important tool for empirical researches in economics. This paper stud-

ies quantile regression in nonparametric setting where the unknown conditional quantile function is

estimated by series estimation and the number of the approximating function is selected by V-fold

cross-validation. We show that the cross-validated quantile estimators enjoy the oracle inequality

under the criterion-based metric. That is, with probability approaching 1 their criterion-based

distances to the true unknown parameter are bounded from above by that of the oracle estimator

multiplied by some finite constant CV > 1. Among cross-validated estimators based on different

sample splitting schemes, we find that the cross-validated series quantile estimator based on equal

sample splitting has the smallest upper bound CV given V , and the upper bound CV shrinks to

1 when increasing V . Moreover, we show that the V-fold cross-validated quantile series estimator

has the optimal convergence rate under the L2-distance.

The simulation studies show that the criterion-based distance and the L2-distance of the V-fold

cross-validated estimators to the true unknown function h0 are of the same order of mink∈K∆(ĥk)

and mink∈K ||ĥk − h0||2 respectively. Moreover, the V-fold cross-validated estimator with equal

sample splitting and slightly larger number of subsamples performs better than the V-fold cross-

validated estimators with unequal sample splitting and/or small number of subsamples. These

findings in the simulation studies are consistent with the main theory derived in the paper.
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[15] Lecué, G. and Mitchell, C. (2012): ”Oracle Inequalities for Cross-validation Type Procedures,”

Electronic Journal of Statistics, 6, 1803-1837.

[16] Stone (1982): ”Optimal Global Rates of Convergence for Nonparametric Regression,” Annals

of Statistics, 10, 1040–1053.

[17] Tropp, J. A. (2012). User-Friendly Tools for Random Matrices: An Introduction. NIPS Tuto-

rials.

[18] van der Vaart and Wellner (2000). Weak Convergence and Empirical Processes. Springer-

Verlag, New York.

[19] Wang, S. D., Kuo, T. S., and Hsu, C. F. (1986): ”Trace Bounds on the Solution of the

Algebraic Matrix Riccati and Lyapunov Equation,” IEEE Transactions on Aufomafic Control,

31, 654-656.

[20] White, H. (1992): ”Nonparametric Estimation of Conditional Quantiles using Neural Net-

works,” Computing Science and Statistics, pp. 190-199. Springer, New York, NY.

[21] Whittle, P. (1960): ”Bounds for the Moments of Linear and Quadratic Forms in Independent

Variables,” Theory of Probability and Its Applications, 5, 302-305.

17


	Introduction
	The V-fold Cross-Validated Quantile Estimator 
	Simulation Studies 
	Conclusion

