Online Appendix

This Online Appendix contains supplementary theoretical, computational, and empirical ma-
terial for “Granular Instrumental Variables: Estimation and Inference.” Section A provides imple-
mentation details for the proposed GIV procedures. Sections B — E contain proofs of the theoretical
results and additional technical derivations. Section F reports supplementary Monte Carlo evi-
dence, and G presents additional empirical results. References cited only in the Online Appendix

are collected at the end of this document.

A Implementation Details

ALGORITHM 1 (GIV ESTIMATION WITH BALANCED DATA)
Step 0. If exogenous regressors x; are present, compute the LS estimator

b= (Xalw) (Xaln).

t<T t<T

and define g = 3y — xtB. Otherwise, set §; = y;. If 7 is unknown, estimate it using the BIC
criterion in (47)—(48) and replace 7 by the resulting estimator 7 throughout the algorithm.
Step 1. Compute ys; = StTyt and Y = e §;, where §, = (Git)i<n, St = (Sit)i<n, and e = n"11,.

N (T_1 > Qt@?)@—b

t<T

Compute

and obtain ordered eigenvalues {fi;};<n—1 such that fi; < fi;41. Define
~ ~ R ~ —1 ~
T =Q1401 (6301 — A1) Ag QL

where 62 = [, /A\L = diag((ftj)n—rt+1<j<n—1), and 1210 and AO,L collect the eigenvectors associated
with the smallest n — 7 and largest ¥ — 1 eigenvalues, respectively.
Step 2. Set A = Q_1 4 and compute the preliminary GIV estimator éo(fl) using (39) together
with the appropriate moment specification:
Without wy:  use (40) and Wo r(A) = | PY
With wy:  use (66) and Wy r(A) = Lo (n—7)+du '
Step 3. Construct residuals
b1 = Yeu — do(A)py,
and

¢0( )Z/Sh without wy,
—ho(A)ysy — wl A0(A), with wy.
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For b € {v,e}, define

b= 0 =T gy + (30 = T3 90 ) T(T7 D anby). (A1)
t<T t<T t<T
Step 4. Define
s (é;:t,é;t)T, without wy,
CE )T, with
Compute
PeT Y G - (1) (1) a2)
t<T t<T t<T
Use a HAC version if & is serially correlated.
Step 5. Compute the optimal GIV estimator 6* (/l) using (39) with weight matrix

(L ANV (I, 0 A4) without wy,

W*,T(/Al)z T X o .
(diag(A", AT, 14, )Vdiag(A, A,14,))" ", with w,.

Step 6. Report standard errors

- . L1\ 1/2
(diag ((TD1.r(A) Wer(A)Dir(4) ™))
and the p-value based on the J-statistic and the CDF of x*(2(n — 7 — 1)).

ALGORITHM 2 (GIV ESTIMATION WITH UNBALANCED DATA)
Step 1. If 7 is unknown, estimate it using the BIC criterion in (47)-(48); otherwise treat 7
as known. Compute ys; = STy and Yet = e/ yi, where y; = (Yit)i<nes St = (Sit)i<n, and
ey = nt_llnt.
Step 2. Let y? denote the ng x 1 subvector of y; observed for all t. Let Qo.—1 = (¢0,2,---,90,n0)
be defined analogously to (13) with n replaced by ng. Compute

Q0,1 (Tfl Z y?y?T>Qo,—1,

t<T

and obtain its ordered eigenvalues {fio j}j<n,—1. Obtain
A~ A~ R ~ —1 ~
To = Qo—140,1 (6217—1 — Ao,1) A(ILQ(IA,

where 62 = fuo.1, ./AX07L = diag((ﬂovj)no_fo_i_lgjgno_l), and Ay and AO,J_ collect the eigenvectors
associated with the smallest ng — 7y eigenvalues and the largest 7y — 1 eigenvalues, respectively.
Step 3. Set A = Q07,1A0 and WO,T(/Al) = Iy(ny—r,)- Compute the preliminary GIV estimator
0o(A) = (qgo(fl), ﬁo(A))T using (68) and (69). Construct the residuals

VU = Ye,t — ggo(x‘i)pu Et =Pt — @o(ﬁ)ysm
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and define, for b € {v,¢e},

&0 = by ‘1Zy?l3t+<y?y?T ‘lzy?y?T> ( lzy?bt)

t<T t<T t<T

Step 4. Let &0 = (fvt, 8t) Define

V=Tt ag - (1) (T )
t<T t<T t<T
Use a HAC version of VY if ¢ is serially correlated.
Step 5. Compute the optimal GIV estimator §*(A) using (68) and (69) with Wy r(A) replaced
by
W.r(A) = (I 0 ANHVO(I, © 4)) ™

Step 6. Report the standard errors

B Proof of the Main Results
PROOF OF LEMMA 1. Multiplying both sides of (11) by @ yields

E[Q " (y: — ¢piln) (e — dpiln) ' Q) = (E[7] + 205)Q " 101, Q + 021, (B.1)
Since @ is orthonormal, this can be written as

o [( n(Yet — ope)? n'/2(yes — ¢pt)ytTQ—1)] _ (n(]E[n?] +200u) + 05 Oy (n— 1)>

n'2QT i (yer — dpr) QL yy! Q1 0(n—1)x1 o211

(B.2)
Matching the upper-right block, the lower-right block, and the (1, 1) entry of the matrices on both
sides of (B.2) yields the moment conditions in (14)-(16). The moment conditions in (17)—(18) can
be obtained similarly by multiplying Q" on the left-hand side of both terms in (12). Q.E.D.

PROOF OF LEMMA 2. Multiplying (A, A1) " from the left and (X, A1) from the right on both sides
of (21) yields

EP\T(% - ¢pt1n)y:5\4 = 05 x(n—7)> (B.3)
EP\I,%%TM} — 05 I = 0y x (n—r)» (B.4)

B[ (g0 — opeLn) e — opi1a) A = XT(AB N+ AT L]+ 107, AT + 02,1 ) A (B.5)
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By the definition of A,

M (g — dpeln)yd AL Myl M

Therefore, (23) and (24) follow directly from (B.3). Likewise, (25) and (26) follow from (B.4) and
(B.5), respectively.
Next, multiplying (A, A1)T from the left on both sides of (22) yields

Ay — opela)yd A = ( n” Py (= o)y A ) — ( P e = Py AL ) .

E P\T(pt — ys.)(ye — (bptln)} = A AE[ene] + 0cuih 1y, (B.6)
E P‘I(Pt — Yyse)(yr — ¢pt1n)} = O (B.7)
Since
AL (P — Yysa) (ye — dpiln) = (P — Yys.) Ay,
(27) follows from (B.7), while (28) follows from (B.6). Q.E.D.

PROOF OF LEMMA 3. Let 7 = rank(\). Since rank((1,, My, \)) = rank((1,,A)) and AT My, 1,, =
0,, we have
7 =rank((1,,\)) —1=r—1. (B.8)

This together with the assumption that 77! ZthE[mntT | is nonsingular implies that the matrix
A (T‘l ZKTIE[nm;]) AT has rank 7 — 1. Hence, for eigenvectors in By, , it has 7 — 1 strictly
positive eigenvalues, denoted by fi; > 0 for j = 1,...,7 — 1, and n — ¥ zero eigenvalues. For any
x € By, we have z' My, x = 1, so restricting (32) to By, yields
r' S = xTS\(T_l ZE[an])S\T:ﬂ + 52" My, x = SCTS\<T_1 ZE[THU;—DS\TI + 2.
t<T t<T

Therefore, the restricted eigenvalues of 2_35, on By, are given by j; + T -1 D i<t aﬁyt, for j =
1,...,7—1, and 52 with multiplicity n — 7. Since n > 7, the minimum eigenvalue of £; on By, is
&2 with multiplicity n — 7. This establishes (33).

Finally, the minimizers of (33) are the unit eigenvectors associated with the eigenvalue &2

u?

which are precisely the vectors in By, orthogonal to the column space of A Equivalently, they are
orthogonal to both 1,, and col()). Since A = My, A, we have

col((1,,A)) = col((1,, \)).

Hence these eigenvectors are exactly the orthogonal complement of col((1,, A)), and therefore they
span Aj. Q.E.D.

PROOF OF LEMMA 4. Recall that Q = (n~'/21,,,Q_1) is an orthonormal matrix, so the columns

of )_1 form an orthonormal basis for the subspace orthogonal to 1,. Therefore, the mapping
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G — a = (_1a is a bijection from B,_; onto By,. In particular, a € By, if and only if a = Q_1a
for some a € B,,_.

Hence, the minimization problem in (33) is equivalent to

min 'S0 = min a' Q! ,T;Q_1a.
aeBln y acBn_1 1=y

Next, using §; = My, y; and the fact that My, Q1 = Q_; (equivalently, Q' M;, = QT,), we
obtain

QL E[H7, 1Q-1 = QL My, Elyy |M1,Q-1 = Q11 Ely, |Q—1

Substituting this into the objective function yields (34).
Therefore, a € By, is a minimizer of (33) if and only if a = Q_1a for some minimizer a € B,
of (34). This completes the proof. Q.E.D.

PROOF OF THEOREM 1. We first establish the claims of the theorem with A replaced by A where
A= AHJ and Hy is a rotation matrix defined in (C.35) of Lemma C.6. We then show that

0(A) = 0(A) (B.9)
and
(D17, Wor, AV (AT(Dy 1, Wor, A)T = T(Dy 7, Wor, AV (AT (D110, Wor, A)T  (B.10)

wpal, where V(A) = (I, ® AT)V (I, ® A). The claims of the theorem therefore follow.
By Assumption 3(ii), maxi<7 ||S¢]| < K. Therefore, from Assumptions 2(i, iv), (C.25) and
(C.26) in the proof of Lemma C.4, it follows that

max (| [Elyepd] | + [Elyeyy 1) < K. (B.11)
This along with Lemmas C.4 and C.5 implies that
HT_IZytptH - HT_IZytyS,tH <K, (B.12)
t<T t<T

wpal. From Lemmas C.4 and C.5, (B.12) and (C.71) in the proof of Lemma C.11, it follows that

Dyr(A) = (I o ATYT Z<ytpt b >:D1<A>+OP<T1/2>ZOP<1>. (B.13)
t<T n YtYst

Similarly, by Assumption 4(ii) and (C.71),

Wor(A) = (I, ® AT)Wor(LeA)) ™ = Wo(A) + 0,(1) = Op(1), (B.14)



where Wy(A) = ((Io @ AT)Wy(I2 @ A))~L. Combining (B.13) and (B.14) yields

Dy 7(A) " Wor(A)Dyr(A) = Di(A)TWo(A)D1(A) + 0p(1). (B.15)
Since ATA = AS—QIIQ,lAO = I,_7, by Assumption 4(ii),

prain (Wo(A4)) 2 (pmax(Wo)) ™" (pmax(Ia © ATA)) ™ > K1
This together with Assumption 4(iii) implies

puin (D1(A)TWo(A)D1(4)) = puin(Wo(4))pmin (D1(A) T D1 (4))

2 2
> K~ ' min HT_1 Z ATE[ytpt] 71 Z ATE[ytys,t] H
t<T t<T

> KL (B.16)

)

From (B.15) and (B.16), it follows that
punin (D10(A) Wo,r(A)Dyr(A)) = (2K) 7", wpal. (B.17)

By the definition of Dy 7(A), we can write

~ ~ _ dYipt + Yt (Yet — ODt)
Dop(A) = (Io 2 ANT™! ’
r(A) = s ) ( Vyryst + ye(pe — YYsit) >

_(12®AT>T—1Z< PYpt >+ ®AT Z( (yet—¢Pt) >
t<T

Yyryst t<T Yys,t)
- AT
=Dir(A)g+T7'Y ( _ > . (B.18)
t<T A YtEt
By Assumption 4(i) and Lemma C.11,
_ ATtht AT fvt _
77123 ( i 77123 +0,(T7%) = 0,(1). (B.19)
t<T Yt t<T &t
From the definition of 6(A), (B.17) and (B.18), it follows that
5 A T i -1 T el ATy
0(A) = 0 + (Dy.0(A) " Wor(A) Dy 0(A) ' D1 (A) Wor(ATY | 7 . (B.20)
t<T A YtEt
This along with (B.13), (B.14), (B.15) and (B.19), and (C.71) implies that

-
TYV2(0(A) — 0) = (D10 (A) Wo,r(A)Dyr(A)) ™ Dyp(A) Wor (AT 2y ( jﬁ; )
t<T tE¢
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=T(Dy, Wo, ATz @ AT 12> & + 0,(1). (B.21)
t<T

For any vector a € R? with a'a = 1, define
ar = VY21, @ A)T(Dy, Wo, A)T(T(Dy, Wy, A)V (AT (Dy, Wy, A)T)~2a.
Then by the definition of I'(Dy, Wy, A), we have aL.ar = 1. From (B.21) it follows that

a' (D(Dy, Wo, AV (A)L(Dy, Wo, A)T)TV2THV2(0(A) — 0) = apVT2T7V2Y "6 4 0,(1). (B.22)
t<T

Under Assumption 4(i),

VIRTTEN " g N(0, Ly, (B.23)
t<T

Since the set {a € R?" : aTa = 1} is compact, for any subsequence of {T'}, we can extract a further

subsequence {T}} such that
T, = oo € {a€R2":aTa:1}.
From (B.23), it is clear that V_l/QT,;l/2 > i<, & = Op(1). Therefore,

oV 1/2T—1/2 Z & =alV™ 1/2T—1/2 Z &+ (ar, — aso) V_l/QTk_l/2 Z & —a N(0,1),

t<Ty t<Ty t<T},

from which, we can conclude that

apVPTTI2N "8 g N(O, ). (B.24)
t<T

Combining (B.22) and (B.24), and applying Slutsky’s theorem and the Cramer-Wold device,

we deduce that
(T'(Dy1, Wo, A)V (A)T(Dy, Wo, A) 1) 7V2TV2(0(A) — 0) —4 N(0,1). (B.25)
This establishes (42) with A replaced by A. By (B.13), (B.14), (B.15) and (B.16)

I'(Dy 7, Wor, A) = (D11(A) T Wor(A)Dy 1 (A)) " Dy (A) T Wor(A)
= (D ( )T Wo(A)D1(A)) ™ D1 (A)TWo(A) + 0p(1)
— (D1, W, A) + 0,(1) = O,(1). (B.26)

By similar arguments for deriving (B.14), we can show that

V(A) = (1o ANV (1,0A) = V(A) + 0,(1) = O,(1), (B.27)
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which along with (B.26) establishes (43) with A replaced by A.
Using the definition of Jr(0;-,-) in (C.22), the GMM problem in (37) can be written as

A A

0(A) = argmin Jr(0; A, Wo r). (B.28)

The sufficient conditions of Lemma C.3 hold for 4; = fl, Wi = Wor and C7 = fl()T because:
(i) ATA = AJQLQ_lflo = 1,7 and thus A has full rank by construction; (ii) Wo,r is positive
definite wpal by Assumption 4(ii); and (iii) fIOT is nonsingular wpal by Lemma C.6. Therefore,
applying Lemma C.3 leads to

Jr(0; A, Wor) = Jp(0; AH] , Wor) = Jr(0; A, Wor) (B.29)

wpal, which together with (B.28) shows that 6(A) = A(A) wpal.
To verify the claim in (B.10), we first observe that

Di7(A) = Dy p(AH ) = (Iy ® Hy) Dy 7(A) (B.30)

and
Wor(A) = Wor(AHy ) = (I @ Hy )~ Wor(A) (T2 ® Ho) ™", (B.31)

where Hy is nonsingular wpal by Lemma C.6. Therefore,

D17(A)"Wo r(A) Dy 1(A)
=Dir(A)T (L e H) )12 ® HY )" 'Wor(A)(I ® Ho) ™ (1o ® Ho) D1 r(A)
= D1 7(A)"Wor(A) Dy 1(A), wpal. (B.32)

Next note that
V(A) =V(AH] ) = I ® Hy)V(A)(I2 © Hy ),
which along with (B.30) and (B.31) implies that

A ~

D1 7(A) T Wor(A)V (A Wy r(A) Dy 7(A)

= Dip(A) T (Ty @ Hy )Ty © Hy )" Wor(A) (T ® Hp) ™!
x (I ® Ho)V(A) (T ® Hy )

x (I ® Hy )™ 'Wor(A) (12 ® Ho) (I ® Ho) D1 7(A)

A~ A~

= D10(A) " Wor (A)V(A)Wor(A)Dyr(A), wpal. (B.33)

The claim in (B.10) now follows from (B.17), (B.32), (B.33) and the definitions of I'(D; 7, Wo 1, A),

(D17, Wor, A), V(A) and V(A). Q.E.D.



PrROOF OF THEOREM 2. By similar arguments in deriving (B.29), we can verify the sufficient
conditions of Lemma C.3 for 4, = A, Wi =V and C; = . Hence, we can apply Lemma C.3 to
show that

Jr(0; A, V) = Jp(0; AHJ V) = Jr(6; A, V)

wpal, from which the claim of the theorem follows if
(07 (A); A, V) —a 220 — 7 — 1)), (B.34)
Note that 0*(A)T = (¢*(A),4*(A)). To prove (B.34), we first observe that

TY26..(0* (A T7-1/2 yt Ye,t — ¢ (fi)pt) )
QT( ( ;( ATyt T,D*(A)

Y ( ATy > Dy (A)TV2(6*(A) — 0). (B.35)

t<T ATyeeq
By the same arguments for showing (B.21) but replacing Wy r(A) by Wi r(A), we obtain

TY2(0*(A) = 6) = (D1(A) TV (A) ' Di(4)) ' Dy(A) V(A T2 @ ANT V2 & +op(1)
t<T

=T(Dy, V, A)V (AT "¢ 4 0,(1), (B.36)
t<T

where & = V(A)~/2(I, ® AT)&,. This along with Assumptions 4(i, iii) shows that
TY2(6*(A) — 6) = 0,(1). (B.37)
From (B.13) and (B.37), it follows that

Dy (A)TY2(67(A) — 0) = Dy(A)T(Dy, V, A)V(A)V2T2N " g5 + 0, (). (B.38)
t<T
Combining (B.19), (B.35) and (B.38) yields
T'Pgr(0°(A); A) = (T @ ANT2Y "¢
t<T
— Di(AT(Dy, V, A)V(A)PT12Y "¢ +0,(1)

t<T
V(A)YPTY2N"¢r — Dy(A)D(Dy, V, A)V(A)PT V2D "¢ + 0,(1)
t<T t<T
= V(A)PPIA)TV2Y & +0,(1) = Op(1), (B.39)

t<T

where

[1(A) = Ly p) — V(A) "2 D1(A)(D1(A) "V (A) "' Di(A)) ' Dy(A) TV (A)V2,
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By the definition of W, 7(A) and (B.27),
(Wir(A)) ™ = V(A) = V(A) + 0,(1) (B.40)
which together with Assumption 4(i) implies that
pmax(We,r(4)) < 2K, (B.41)
wpal. Using (B.39), (B.40) and (B.41), we conclude that

Jr(0°(A); A, V) = Tgr(0*(A); A) "W r(A)gr(6°(A); A)

A A
= (T—1/2 Z 5:) ( -1/2 Z&) + 0,(1). (B.42)

t<T t<T

It is clear that II(A) is an idempotent matrix with
rank(I1(A)) =2(n —7) — 2. (B.43)

By Assumption 4(i) and similar arguments for showing (B.24), we have

T2y 6 —a N (0, Typ)- (B.44)
t<T
The claim in (B.34) follows from (B.42)-(B.44) and Slutsky’s Theorem. Q.E.D.

PROOF OF THEOREM 3. Under Assumptions 2(i, ii, iii) and 3, we can apply Lemma C.4 to obtain
Hgy - SyH = Op(Tfl/Q)v (B.45)

which implies that
max |ji; — | = Op(T~'/?). (B.46)
JjeJ

We first consider the case j > 7. For any j € {f+1,...,n— 1},

BICr(j) — BI T )’ P Vi
Cr(y) CT()—j—T‘—i— (n— 5) IZ (n—F)_l M
log(T) s=1 2“5 log = 25 loa(T)
n—r
. _ . T(,&s - ﬂl)Z
>j-r—(n—r)" Y
iy, 31og(T)

L Z (TV2(fis — ps) — TV2(jir — 52))?

=Jj-r=(n=r) (62 T fuu — 52)7 log(T)

s=n—j+1
=j—-r+ Op(log(T)fl),
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where the equality in the third line follows from the fact that u; = 52 for j € {1,...,n — 7}, and
the last equality follows from Assumption 2(iii) together with (B.46). Consequently,

BIC7(j) — BICp(7) - log(T)

i 1. B.47
P e 2 o P (47
Next, consider the case j < 7. For any j € {1,...,7 — 1},
BICr(j) ~BICr(7) _ (o~ (s i)® (i i (1s = n)* (5 =) log(T)
T a2 i T
TL*_] ~ ~ 2
N — (,U's - ﬂl)
=(n—j) ! Z P TT
s=n—74+1 2“‘9
(=7 N~ (s —m)® | (G —7)log(T)
= n—7) 2 22 T
From Assumption 2(iii) and (B.46), we have
G=7) K= (s — ) -
= O0,(T ). B.49
i pm-ne m-oT) (B49)
Similarly,
(n— )1 Tg (s = i) _ 7 =3 (fm—rir = in)® _ 7 =35 (pn-ri1 — ) +O,(T1/2).
s=n—7+1 2/13 n—J Qﬂ%_j n—j 2M72'L—j '

Combining this result with (B.48) and (B.49) yields

BICr(j) = BICr(r) _ 7 —J (pn—ri1 — o.)?
T T n—j 2#31—]'

+0,(T71?). (B.50)

By (B.11), M?%j < K, while Assumption 2(iii) implies that p, 711 — &2 > K~!. Therefore, (B.50)

implies that
BICT(j) — BICT(f)

min — > KT, wpal. (B.51)
Je{l,..,/—1} r=1J
The claim of the theorem now follows directly from (B.47) and (B.51). Q.E.D.

PROOF OF LEMMA 5. Since Mj, A_1 = A_1, the moment condition (59) is equivalent to
My, Elysyy 1My, A1 = A (A0 A 0) T )AL Elyey 1A, (B.52)

Since E[y;y, ] is nonsingular while My, has rank n — 1, My, E[y;y, | M1, has rank n — 1. Hence its

null space is spanned by 1,,, and its range is contained in
Hy, ={a€R":1,)a =0}
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Therefore, there exists an orthonormal basis Dy = (dy,...,d,—1) of H;, such that
My, Elyey 1My, Dy = Day diag(py, - - - pn—1), (B.53)

where p1,...,pn_1 are the nonzero eigenvalues of MlnE[ytytT]Mln.
Now fix any subset J C {1,...,n — 1} with |J| =r — 1, and let D collect the corresponding

columns of Djs. Then
1,D;=0, DJD;=1,_4, (B.54)

and
My, Elyy, |M1, Dy = Dy diag{(p;)jes}- (B.55)

Because My, Dy = Dy, we also have
T T _nT T o
D Elyy, |Dy = Dy My, Elyry, |M1, Dy = diag{(p;)je.}- (B.56)
Combining (B.55) and (B.56) yields
My, Elyy 1My, Dy = Dy(DjDy) "D Elyy, 1Dy

This is precisely (B.52) with A_; replaced by D;. Hence D satisfies (59).

Finally, since D}—DJ =1I,_1 and 1;|L—D] = 0, the scaled matrix n1/2DJ satisfies the normal-
ization in (49). The condition (59) is invariant to nonsingular right multiplication of D, and
therefore it is also satisfied by n'/2D ;. This proves the claim. Q.E.D.

Proor orF LEMMA 6. Since C7 and (9 are orthogonal, we have
1oAc, =10A101 =0/, and n '\ A, =n'Cy A A0 =1,

Moreover,
)‘gg(lnv )\Cl) = C;—)‘I(lnv A1Ch) = 0(n—r)><r~

This shows that Ac, and A¢, satisfy the same restrictions of A_; and A} .

We next verify the moment conditions. Since
Acy (O by) = A1C1C by = A1y, A&ye = CT ALy, and Aoy = G5 A,

we have

T T AE*Q.%
E (ye,t - (bpt — Y )\Cl Cl by) T
c, Yt
: T ~T T )‘Iyt
= dlag(CQ ,Ch )E (ye,t — Opr — Yy )‘—lby) \T y =0p_1.
1Yt
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Thus (57) continues to hold after the rotation.
Similarly, since Ac, (C} b,) = A_1by,, we obtain

T T )\gzyt
E | (pt — vysi — yr Aey Cy bp) T

c Yt

= diag(Cy , Gy )E

T Al ye
(Pt —Yyse — yy A-1bp) AT =0,_1.

Therefore, (58) also continues to hold.

Finally, since
Aoy Ao Ae) I = A (LA T,

the projection matrix appearing in (59) is unchanged when A_; is replaced by A¢,. Moreover,
vyl Aoy = vyl A1

Hence the left-hand side of (59) under A¢, equals the original left-hand side multiplied by C;, and
is therefore zero. Thus (59) holds for A¢, as well. Q.E.D.

C Auxiliary Lemmas

This subsection presents a set of lemmas that verify Assumptions 2(iii) and 4(iii) under primitive
conditions, as well as auxiliary results used in the proofs of the main results in Sections 2 and 3.

We begin with lemmas that establish Assumptions 2(iii) and 4(iii).

Lemma C.1. Suppose that pmin (T Zth[nmtT]) > K71, and either (i) pmin (1, )T (1, X)) >
K=Y or (i) 1, € col(\) and K~ < puin(ATA/n) < pmax(A\TA/n) < K. Then Assumption 2(iii)
holds.

ProOF OF LEMMA C.1. We begin by noting that since QLQ_l =1, and QIlln =0,_1,
Q1Q1, =Q.1(QL,Q-1) QL

is the projection matrix onto the subspace orthogonal to 1,. Therefore, I,, — Q,lQ—_rl is the

projection matrix onto col(1, ), which implies
I, - Q—lQl—l = n_lln]-?l—'

Hence,
Q1QL, = My,. (C.1)

Let £, = T1 ZtST]E[nmLT]. The decomposition in (32) can be written as
S5 = A\ #3520y, (C.2)
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where \ = Mx, A. Since ¥5 = My, Y, My, and Q' My, = Q, it follows that
QLY;Q-1=05,%,Q1, QI AN Q_1=Q ) \2,\TQ_.

Therefore, multiplying Q", and Q_; from the left and right of (C.2) yields

QLZ,Q 1 =QI AN Q 1 + 521, 1. (C.3)

Since 17TS\ = 0, we have X € col(Q_1), and hence
rank(Q ', \) = rank(\).
Noting that QLS\ = Q1 My, A= QT ], it follows that
rank(Q ", \) = rank(\) = 7 — 1. (C.4)

Because pmin(Sy) > K1, (C.4) implies that QT AX, AT Q_1 has n — 7 zero eigenvalues and 7 — 1
strictly positive eigenvalues. From (C.3), the (n — 7 + 1)th eigenvalue of Q',%,Q_1, denoted by
In—741, Satisfies

st = P (QLAZATQ1 ) + 2,
where pIﬁn(QL )\En)\TQ_l) denotes the smallest positive eigenvalue of QL/\E,])\TQ_L Therefore,
Assumption 2(iii) holds provided that

P (QTAZATQ ) = K. (C.5)
For any x € R"™!,
2T QI A ATQ 12 > prin(E) 2T QTN Q2.
Taking the minimum over all unit vectors z € col(Q';)) yields
P (QTAZATQ1) = puin(Zy) o (QTANT Q1) (C.6)

where p. (QT; AT Q_1) denotes the smallest positive eigenvalue of QT AT Q_1. Since puin () >
K1, it suffices to show that

Pt (QTANTQ1) = K. ©7)
We next verify (C.7) in two separate cases.
Case (i). Suppose pumin((1n, A) T (1,,A)) > K~1. By (C.1),
AMQ_1Q A= XTMy, N

By the block inverse formula, (AT My, A\)~! is the lower-right 7 x r block of ((1,,A) " (1,,)))~ "
Therefore,
pmin()\TMln)\) > pmin((lna )\)T(lnv A)) > K717
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which implies (C.7).

Case (ii). Suppose 1, € col(\) and puin(ATA) > K~ Define oy = (ATA\)"!AT1, and A; = {z €
R” : 1,/ Az = 0}. Since 1,, € col(\), we have A(ATA)~!AT1, =1, and

(1N =1 00T AT, =11, =n, (C.8)

which implies that I,I A # 0 and a1 ¢ A;. Therefore, A; is a linear subspace of dimension r — 1.
Let U € R™("=1) he a matrix whose columns form an orthonormal basis of A;. Then the matrix

Cy = (a1, U) is invertible and it satisfies
MOy = (1, A1), 1AL =0, (C.9)

where A\ = AU. Since the columns of U are orthonormal,

laal® o U T
cyCy = ,  where et =U ;. C.10
» O (UTOq L, 1 1 (C.10)

Using the block inverse formula, we obtain

<cIcA>1=< W hd )

—51_2(:1 I+ 51_20ch
where 61 = ([laq||? = ||e1]|?)'/2. Since UTU =1,_4,
ler|? = IU T aa|? = IUT T eur |

Here UU "oy = U(UTU)*lUTal is the projection of cr; onto A;, which is the subspace orthogonal
to A'1,. By the Pythagorean theorem,

6t = llaa || — lUT " |f?

is the squared length of the projection of o; onto the subspace spanned by A'1,,. Therefore,

1LIAATA)TIATL,)? n?

2 THyT T T —14T (

(C.11)

Here the last equality is by (C.8). Using (C.9) and (C.10), we have

QI MTQ_1 = \en(cicneiATQ
e —o7 %]

—51_201 L1+ 51_20ch

= (0,,Q1)1) < ) (0, QLA 1)T

= QAL Ty + 07 2c1c] )AL Q1.
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It then follows that

At (QTNTQ 1) = o (QTAALQ ) puin (L1 + 07216]) 2 i, (QT AN Q1)
(C.12)
Since the positive eigenvalues of QL)\J_)\IQ_l are the same as those of /\IQ_lQL)\l, and the
latter satisfies
ALQ1QT AL = AT My AL = AL

by (C.1), it follows that the (C.7) holds if
Pmin(A A1) > K7L (C.13)

We next verify (C.13).

From the first equation in (C.9), we have

0
CIATACY = AC) TGy = [ ,
N A= (ACy) (ACY) (0 ATAL

which implies that
pmin(AIAL) 2 Pmm(C)T)\T)\C/\) Z pmin(C)TC)\)pmin()\T)\) Z Kﬁlpmin<C)TC)\)- (C14)
Let x = (xl,x;—)—r € R", where z; € R and 25 € R"!. Then

T (CY C\) e = 22072 — 207 %2129 €1 + g Ty + 07 20 C16] T2
< 82 (|lza] + lzlllen])? + [|z2 [
< (1+072 A+ eal)?) lllf?,

which together with ||¢1]| < ||a1]| implies that

puin(Cy C) = (pmax((CICA)‘l))‘l > +512(11+ PSIER (C.15)
From (C.11) and oy [|? = 1] AATA)72AT1,,, it follows that
520+ ) < 2672(1 + flou J?) = 222 10)(1 TF(ATA)WM
B g
_ 2521?(;‘:;;) (1 + pminglATA)> <K, (C.16)

where the second inequality follows from
1L,UAT1, = 1V AT) 2T TN V20T, < pra AT AATA)TIATL,
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and

AT AL, = 10T 20T )T (A TA) 20T,
1LIAATN) "IN,
Pmin(ATA) ’
and the second equality follows from (C.8). The desired result in (C.13) then follows from (C.14),
(C.15) and (C.16). Q.E.D.

< Prax (AT HLIANTN) AT, =

Lemma C.2. Suppose that || > K~!, 0 < |1 — ¢2p| < K, Sy is independent of uy and n;, and
either (i) pmin((1n, A) T (10, X)) > 0 and S, My, x)Su > K='; or (ii) 1, € col(A), pmin(ATA) > 0
and S} MyS, > K=, where S, = T~ dot<T o2 E[S;]. Then Assumption 4 (iii) holds.

ProOF OF LEMMA C.2. Since A = Q_1Ap spans the same subspace as \ |, which is orthogonal
to (1,, ), we have
AT1, =0, and A"X=0(,_ 5 (C.17)

This, together with the reduced form expression of y; in (C.25), implies that
ATy = AT (uy + Any) = ATy (C.18)

Using (C.17), the reduced-form expression of p; in (C.26), the expression for ATy in (C.18), and

Assumption 1, we obtain

1 o,
E[AT yipy] = 1 _w¢¢ATE[Ut(Ut +Ane) 'Sy + T ¢¢ATE[Ut€t] =1 (];LATE[St]
Therefore,
HT”ZEW “HQz VAT, (C.19)
Next by the reduced form expression of y; in (C.25)
1
ysit =S/ yi = T ¢wStT(Ut +Am) + 5 ¢¢¢€t7
which, together with Assumption 1, (C.17) and (C.18), implies that
E[ATyiys,] = ! AT Elug(ug + Ane) T S)] + LATE[W&] = iATE[St]-
1 -9y 1—ov 1 -9y
Therefore, ) .
-1 T _ Tao |2
[r ATyl | = gl AT S (C.20)

t<T
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Since ATA =1,_7, we have |[ATS,| = ||[AATS,]||, so ||ATS,]| is the length of the projection of
Sy onto col(A). Because col(A) is orthogonal to col(1,, A), it follows that

AT S| = {
Combining (C.19), (C.20) and (C.21), as well as the maintained conditions of the lemma gives

HT‘IZE[ATytpt]H >K ! and HT—l ZE[ATytyS,t]H > KL
t<T t<T

Sy M1, 3)Su, if pin (1, A) T (1,,0)) >0

- ) - . (C.21)
S, My\Sy, if 1, € col(A) and pmin(A' A) >0

This verifies Assumption 4(iii). Q.E.D.

Lemma C.3. For anyn x (n—7) full rank matriz Ay, any 2n x 2n positive definite matriz Wy,

and any nonsingular (n — 7) x (n — 7) matriz Cy, we have
Jr(0; A1, Wh) = Jr(0; A1Cr, Wh),

where
Jr(0; AL, W) = gr(6; A) T (To @ A))Wi(T ® A1) "Lgr(6; Ay), (C.22)

and Jp(0; A1C1, W) is defined analogously to Jp(0; Ay, W1) with Ay replaced by A1C1.
ProoFr oF LEMMA C.3. By definition of the GMM criterion,
JT(H;AlCl, Wl) = gO,T(Q)T(IQ®A101)((12®C;—AI)W1(12 ®A101))_1(I2®C;AI)§O,T(9) (0.23)

where

Gor(0) = (Tl Dot Yt(Yet — ¢pt)> .

T3 ve(pe — Yysie)
Using the identity

(LoClA]) =T ® 0] ) (@A) and (I @ 4;C1) = (o ® A;)(Ix © Cy),
we obtain
(e CT AWy 4101) ™ = (Lo C) (T A)Wi(L® A1) I, C))'. (C.24)
Substituting (C.24) into (C.23), we get

J(0; ALCL, W) = gor(0) T (T ® Ar)(To @ C1)
x (I, ®C1) (T @ AN YW (Ia ® Ap)) (T C )
x (I, © Cy )(I2 ® A{ )gor(6)
= g0r(0)" (T2 ® A1) ((Ta © A )Wi(Ta ® A1)~ (T2 ® A{ )gor(6)
= Jr(0; A1, W),

which establishes the claim of the lemma. Q.E.D.
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Lemma C.4. Under Assumptions 2(i, ii) and 3, we have:

T2 (e —Elyey]) = 0p(1) and T2 (prye — Elprye]) = Op(1).

t<T t<T

PrOOF OF LEMMA C.4. From (2) and (19), we obtain

Y = (I + 1 ¢1’ff)7’[)1 St ) (Ut+)\nt)+1¢¢%ﬁ1n€t7
Y

1— ¢y

&t

1—¢y

P = S (ue + Amy) +

Therefore,

T_l Zytyt—r = Z < (ﬁwl ST) (’U,t + /\m)(ut + )\T]t)T ( 1 fli;w

t<T t<T

1 — gbw o Z < wlnStT> (us + /\771;)6151;Lr

t<T

¢ - ¢y
T 1t<§;st(ut+Ant)T (In+ 1_¢w8t12>

¢2 T 1
—1,1, T
Ty 2

and

! Zptyt -1 Z < dﬂ/’l nSy ) (e 4+ Ane) (ug + Aﬁt)TSt

t<T t<T

S ErTDY ( St ST) (et Ao

t<T
oo . 6 e
—1,T E A S+ ——=1,T E .
eyt sl S gt 2

From Assumptions 2(i, i), we have

T e+ 2 e+ Am) " = 703 (e + M) (e + ) 1)+ Op (T7172),

t<T <1
TS 4 e =TS Elfu 4 e + 0T
t<T t<T
T*l ZE? — T*l Z]E[g%] + Op(T71/2).
t<T t<T

Similarly, from Assumptions 2(i) and 3(i), it follows that

(C.25)

(C.26)

St1T>

(C.27)

(C.28)

(C.29)
(C.30)

(C.31)

T8 ST (w4 A) (g + M) TSy = T RIS, (e + M) (ur + M) TSy + Op(T71/2), (C.32)

t<T t<T
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T71D S (e ) (e + M) T = T ) ELS (e + Ame) (e + M) 1] 4+ Op(T172),

t<T =T
T3S (et Amer = T4 3B/ (e + e + Op(T712).
t<T <7

The claim of the lemma follows from Assumption 2(i), and (C.27)-(C.34).

Lemma C.5. Under Assumptions 2(i, ii) and 3, we have:

T_1/2 Z(ys,tyt - E[yS,tytD = Op(l)
t<T

Proor orF LEMMA C.5. Since 1, S; = 1, from (C.25) we have

1
Yyst = mst—r(ut + Am) + 1 —(bgbwgt'
Therefore,
YStyt = 1_%/} <In + %M&?) (ug + Ane) (ug + )\m)TSt
+ 1 _gbd)w (In + %lnbf) (Ut + )\’I’/t)z?t
+ LSI(W + An)ely, + Llnsf.
(1—oy)? (1—y)?

The claim of the lemma thus follows from (C.30)-(C.34).

(C.33)

(C.34)

Q.E.D.

Q.E.D.

The GIV estimator depends on A= Q_lAQ, which serves as an estimator of Q_1Ag. Since Ay

collects the eigenvectors associated with the smallest n — 7 eigenvalues of Sy, it is not uniquely

identified when n — 7 > 1. Therefore, it is generally unrealistic to expect that Ag (and hence /l)

converges to Ag as T — oo. Instead, the lemma below shows that a suitably rotated version of Ay

is a consistent estimator of Ag.
Lemma C.6. Define Ky = (AOTJ_AO)(AJAO)_l and
Ay = (Lo 4 KT Ko) (AT Ao+ K] AT o).
Under Assumptions 2 and 3, we have
AgHy — Ag = Ao 1 (6201 — M) 7T A L Ay Ao + O, (T,
where Ay = Sy — Sy . Moreover, fIO satisfies fl&rflo =1I,_7 wpal.

ProoOF OF LEMMA C.6. The proof follows directly from Lemmas C.7 - C.10.
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Lemma C.7. Under Assumptions 2 and 3, we have
|Ag Aollo > 1= Op(T7Y2)  and || Kol = O,(T~1/?), (C.37)
where ||-||, denotes the matriz operator norm.

Proor oF LEMMA C.7. By Lemma C.4,

~

Ay

S, — 8, = 0,(T~1/?). (C.38)

Recall that Ag collects the orthonormal eigenvectors associated with the smallest n — 7 eigenvalues
of S’y. We next apply the Davis—Kahan sin © theorem by verifying the conditions of Theorem 2 in
Yu, Wang, and Samworth (2015). Specifically, we aim to establish that

2min((n — f)1/2||Ay||oa ||Ay‘|)

Hn—41 — 02

|46, Aol < : (C.39)
Let ©(Ag, Ag) be the (n — 7) x (n — 7) diagonal matrix of principal angles between the true and
estimated eigenspaces, with j-th diagonal entry arccos(o;), where o1 > --- > 0,,_ are the singular
values of A Ag. Define sin(©(Ag, Ag)) componentwise. Set the parameters of Theorem 2 in Yu,
Wang, and Samworth (2015) as

p=n—1, r=7, s=n—1 and d=s—-r+1=n-—r.
Let fi; = pip—j for j=1,...,n — 1, and fi,, = —o0, such that fi; > fi;41. By Assumption 2(iii),

min{ﬂr—l - ,arvﬁs - ﬂs—&-l} = min{ﬂf—l - /1777 ﬂn—l - ﬂn} = MUn—7+1 — Un—F = Un—7+1 — 55 > Kﬁl‘
(C.40)
Since Ay and Ag consist of the eigenvectors corresponding to the smallest n — 7 eigenvalues of Sy,

and S'y, respectively, Theorem 2 of Yu, Wang, and Samworth (2015) yields

A 2min 4"/ Ay |lo, 1A, |
| sin(©(Ao, 4o))|| < { B }

C.41
Hn—r+1 — 51% ( )

Finally, because || sin(©(Ag, Ag))|| = \|AOT7J_A0\| (see the expression below (A4) in Yu, Wang, and
Samworth (2015)), the desired bound in (C.39) follows directly from (C.41).
Using (C.39) along with (C.38) and Assumption 2(iii), we obtain

| Ag.L Aol| = Op(T7/2). (C.42)
Let Py = (Ao, Ao, 1). Since Py and Ay are orthonormal by construction,
(Py Ag) " (P Ag) = T
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Expanding the left-hand side,
L—r = (Ao, Ao, 1) " Ao) T (Ao, Ao,1) " Ao = AJ AgAJ Ag + AJ Ao, L AJ | Ao. (C.43)

Taking operator norms and applying (C.42),
A ad>1-

|AJ Ao 1| > 1 |AJ Ao L ||P = 1 — Op(T7Y). (C.44)

This proves the first claim of (C.37).
From (C.43) and (C.44), A Ag is nonsingular wpal. Hence Ky = (A(L_AO)(AOTAO)’l is well
defined wpal. This, together with (C.42) and (C.44) shows

1Kol = Op(T717%),

which establishes the second claim. Q.E.D.

Lemma C.8. Under Assumptions 2 and 3, we have wpal,

Inff

AoﬁOT =F < ) (In_f + K(—)FK())il/z and ﬁ(—)rﬁo =1I,_r, (C45)
0

where Py = (Ao, Ao, 1)-

Proor or LEMMA C.8. Under Assumption 2, we can use (C.42) and (C.43) in the proof of
Lemma C.7 to show that

L, — AOTAOAJAOH = 0,(T7Y), (C.46)

which implies that AOTAO is invertible wpal. Conditioning on the event that Ag Ay is invertible,
we may decompose PJAO = (A, onL)Tflo as

T ~ A(—JFAO Inff T A~ In,f T ~
Ap, 1 Ao (Ag 1 A0)(Ag Ao) Ko
Because both Py and AO have orthonormal columns,
(Py Ag)T (P Ag) = Af PoP) Ag =1,,_7,

SO POT 1210 itself has orthonormal columns. Define

In—f —
Uy = < ) (I + Kq Ko) V2. (C.48)
Ky

Then UJ Uy =1,,_7, so Uy also has orthonormal columns.
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Since AJ Ag and I,,_; + K Ky are nonsingular, (C.47) and (C.48) imply that
col(Py Ag) = col(Up), wpal. (C.49)
Hence there exists a square matrix Ry such that
P Ay = UyRy. (C.50)
Because both PJ Ag and Uy have orthonormal columns, and Ry is a square matrix, we have
RJ Ry = RoR) =1,_;. (C.51)
It follows that:
(P Ag)(Py Ag)T = (UgRo)(UgRo) " = UgRoR{ Uy = UpUy . (C.52)
By definition of Hy (see Lemma C.6),
Ho = Uy (B Ao), (C.53)
based on which we obtain
AgH{ = AgAj PyUy = Po(Py Ag)(Py Ao) Uy = PyUoUy Uy = Pyly, (C.54)

where we use PyPy = I,,_1, (C.52) and Uy Uy = I,_. This proves the first claim of the lemma.

For the second claim,
HJ Hy = (P Ao) "UoUy (Py Ag) = (UoRo) "UoUy (UgRo) = Ry (U Up)*Ro = 1,5,

using Uy Uy = I,_7, (C.50), (C.51) and (C.53). Both statements in the lemma now follow.Q.E.D.

Lemma C.9. Under Assumptions 2 and 3, we have
Ag — Ag = Ag L Ko+ O0,(T7Y), (C.55)

where

e In—F _
A0;p0< " )(IMH{J Ko) ™'/, (C.56)
0

Proor or LEMMA C.9. The proof uses Ky = (A(ILAO)(AOTAO)_I, which holds wpal by (C.46)
in the proof of Lemma C.8. From the definition of [10,

Ay — Ay = (Ag + Ao 1 Ko)(T—r + Kq Ko) Y2 — Ag

N
= A(),J_Ko + (Ao + A(LJ_KO) <(Inr + KO Ko) — Inr> . (057)
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By the perturbation inequality for positive definite matrices (see, e.g., Lemma A.2 in Belloni,
Chernozhukov, Chetverikov, and Kato (2015), applied with A = I,,_7 + KOTKO and B =1,_7 in
that lemma),

|(Tor + K Ko)'? =T, < (1K Kollo- (C.58)

Since || Ky Kollo = Op(T~1) by Lemma C.7, we obtain
|(Toer + Ko Ko)*? — Lz, < ||Kq Kollo = Op(T7). (C.59)
Next, Lemma C.7 along with the triangle inequality and (C.59) implies

(Ao + Ao L Ko)(Tn—r + K¢ Ko) 2|6 < (pmax((Tn—r + Kg Ko) 1)) ?[| Ao + Ao 1 Kollo

< Aoll, + [l 4o, cll, [ Koll, = 1+ Op(T71/2) < 2, (C.60)
wpal. Combining (C.59) and (C.60) yields

(Ao + Ao, 1 Ko)(Tn—s + K¢ Ko) ™2 =L, _5)|.
< ||(Ao + Ao, L Ko) (Tn—r + Ko Ko) /2| ||(Tner + Kg Ko)"/* = L—s||, = Op(T7).  (C.61)

The statement of the lemma follows from (C.57) and (C.61). Q.E.D.

Lemma C.10. Under Assumptions 2 and 3, we have
Ko = (601 — A1) TP Ag L AyAg + O (T 7).

PROOF OF LEMMA C.10. The proof uses (A] Ag)~ = (A Ag)~!, which holds wpal by (C.46) in
the proof of Lemma C.8. Let A be the diagonal matrix of the n — 7 smallest eigenvalues of S’y. By
definition of 1210, gyflo = Aof\. Premultiplying by P(;r and using Sy =5, + Ay

Py AgA = P} S, Ay = P S,PyP) Ay = (Py SyPy + Py A, Py) Py Ay. (C.62)

Since

. AJA 62,7 0 . Ayn A
P Ag=( 070 ), RIS = T and Py APy = vt Tv2 ),
Aj 1 Ao 0 AL Ayor Ayao
where A%H = A[—)rAon, Ay712 = AE)FAyA()’J_, Ay,gz = A(IJ_AZ/AO,J_ and A;Ql = Ay712, equation

(C.62) can be written as
( Ag Aod ) _ ( (7iTnr + By)Ag Ao+ Ayrodg  Ag ) . (C.63)
Af L AoA Ay Ag Ao+ (AL + Ay a2) A | Ag
The top block of (C.63) implies that
Aj Ao = (5215 + Ay11)Ag Ao + Ay 12A] | A
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Premultiplying by (AOTAO)_I, we obtain
A= (AJ Ag) M (o2L—r + Ay11)Ag Ao + (Ag Ag) Ay 12A] | Ao (C.64)
The second block of (C.63) implies that
Ag 1 Agh = Ay o1 AJ Ao + (AL + Ay a2)Ag A
0,0 AoA = Ay 21 Ag Ao + (AL + Ay 22)Ag | Ao
Using (C.64) and Ko = (A(ILAO)(AJAO)_I, we obtain
Ko(32L, 7+ Ay11) + KoAy 12Ko = Ay o1 + (AL + Ay 20) K.

Rearranging,
(5,31;_1 — AJ_)K() = Ay721 — K()A%ll + AyggKo — KOAyJQKO. (065)

From (C.38) and Lemma C.7, we have

| oAy ]| = [ KoAT Ay Ao < 1Kol 40| A, | = Op(T). (C.66)
Similarly,
|Ay22Ko| = [|Ag L Ay Ao L Ko|| < [[Koll |40, I* | Ay ]| = Op(T ), (C.67)
and
| KoAy12Ko|| = || KoAJ Ay Ao, 1 Kol| < [ Koll* | 40,1l [ Aol [|Ay|| = Op(T73/2). (C.68)
Substituting (C.66)-(C.68) into (C.65),
(5'3[;_1 — AJ_)KO = Aygl + Op(Til),
which together with Assumption 2(iii) establishes the claim. Q.E.D.
Lemma C.11. Under Assumptions 1, 2 and 3, we have
TV2N ATyby = ATT7V2N "6 4+ 0,(T712), forb e {v,¢}, (C.69)

t<T t<T
where A = Q_1Ag and Ay = AgH, by (C.45) and (C.56).

ProOOF OF LEMMA C.11. Under Assumptions 2(i, ii) and 3, we can apply Lemmas C.4 and C.5

to obtain

Til Z(yt’(}t — E[ytl}t]) = Op(T71/2) and 1“’71 Z(yt&g — ]E[ytEt]) = Op(T71/2). (C?O)
t<T t<T
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From Lemma C.6, we have

A—A=Q_1(AgH — Ao)
= QflAOVL(EZIffl — Al)_lAS:LAyAQ + Op(T_l)

=Q 1401 (@21 — AT AG L QL [T “(wew — Elyey/]) | Q140+ Op(T71)
t<T

=TT ) (e —Elyey DA+ Op(T71) = Op(T71/), (C.71)
t<T

where the last equality follows from Assumption 2(i, iii, iv) and Lemma C.4. Combining (C.70)
and (C.71), we obtain

jﬂil/2 Z ATyt’l)t = T71/2 Z ATtht + Tl/Q(A — A)TTil Z YUt

t<T t<T t<T
=T712N " ATy, + TV2(A— A)TTY " Elywe] + Op(T7?)
t<T t<T
— ATT—1/2 Z vt
t<T
+ATTV2N "y — Elyy/ DYTD Elgevr] + Op(T712).  (C.72)
t<T t<T

Next, note that A = Q_1 Ay is orthogonal to (1,,\). Using (19), we can write
Alye = AJ QL (op1ln + Nt +u) = Ag QL ur.
Together with the definition of v, this implies
ATE[yeo] = A Q1 Elugvy] = Ag QT Elus(yer — ¢pr)]- (C.73)
Since ye 1 = eTyt and y; = ¢opily + A + ug, we have
Elut(Ye,r — épt)] = E[Ut(n:)\—r + UD]Q'

By Assumption 1, it follows that

QUE[(um AT + ww e =n'QT (1.1, AT + 0p X)L, = 0,1 (C.74)

Combining (C.73) and (C.74) yields
ATE[yvy] = 0. (C.75)

Substituting this into (C.72) and using the definition of &, ; establishes (C.69) for b = v. The proof

for b = ¢ follows by analogous arguments. Q.E.D.
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D Proof of Consistency of the Variance Estimator

In this section, we establish the consistency of the variance matrix estimator V proposed in the
algorithm under the assumption that & is uncorrelated across ¢. The following conditions are

useful for proving this result.

Assumption D.1. (i) For any two distinct eigenvalues pj, and pj, of Sy, |pj, — pj,| > K=1; (ii)

for any sequence {ct}1<7 C R with maxi<r |¢¢] < K, and a,b € {u,n,¢c},

71! Z ct(atth — E[atb:]) = op(1);
t<T

(iii) for every random variable of the form by = H?:1 Zjt,

T (b — Ebe]) = 0p(1),
t<T
where each zj; belongs to {u; s, k¢, €t, Sy, SitMer 2t <n,k <r}; () maxe<y E[(u, u)? + e} +
(i me)? < K.

Assumption D.1(i) imposes a uniform separation (gap) between distinct eigenvalues of S,
which is useful for establishing the consistency of Y used in constructing fb,t for b € {v,e}. Since
P1 = ... = fin_7 = G2 < fn_is1, it is clear that Assumption 2(iii) is implied by Assumption
D.1(i). Assumption D.1(ii) is analogous to Assumption 2(ii) and can be verified using a law of
large numbers. Assumption D.1(iii) imposes a law of large numbers for fourth-order products
formed from &; and components of u; and ;. Finally, Assumption D.1(iv) imposes uniform fourth-

moment bounds on the shocks in the demand and supply equations.

Theorem D.1. Suppose that & is uncorrelated across t. Under Assumptions 1, 2, 8, 4(i, i, i),

and D.1, we have

V=V +o0,(1),
where V is defined in (A.2).

PROOF OF THEOREM D.1. Let y = Y (T* ZthE[ytvt])- We then have

ot = yrvr — Elysve] + (v — E[ytytT])T<Tfl ZM%%])

t<T
_ T T
=y — Elyeve] + (yey, — Elwey, 1)y
= yrvr — Elyeve] + (Y419t — Ely4131)),
which implies that
&0 00 < K (0Bl yo + v v + B Lo + By il |12). (D-1)
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Under Assumption 2(i), we can apply (B.11) to show that
max [Elyevi] | < max|[Elyy, ]I] + |6 max [ Elyipd] | < K. (D-2)
This together with (D.19), the triangle inequality and Cauchy-Schwarz inequality implies
[yl < K (D.3)

Note that vy = yer — ¢p. By (C.25) and (C.26), both y; and p; are linear functions of us, 7, and
g¢. It then follows from Assumptions 2(i), 3(ii) and D.1(iv) that

max (E[o?y ] + Bl o wi]) < K. (D.4)

Combining (D.1) and (D.4) with Markov’s inequality yields

T &) s = Op(1). (D.5)
t<T
Similarly, we can show that 7! dot<T f;:tfg’t = Op(1). Together with (D.5), this implies
7Y & & =0,0). (D.6)
t<T
By the triangle inequality, the Cauchy—Schwarz inequality, Lemma D.8, and (D.6), we have
[l Z(ft —&)&—&)| <17 Z 1€ — &I1* = 0p(1),
t<T t<T

and

1T (& —eoe! | < T 1€ —&llll&l = op(1),

t<T t<T

which, along with Lemma D.7, implies

TN &8 — T EGg 1 =T (&8 —Bag N +T7) (G- -7

t<T t<T t<T t<T
+TY (G- +T Y G -7
t<T t<T
= 0,(1). (D.7)

Since &; is uncorrelated across t, we have V = T—1 dot<T E[&:£]. Thus, the result follows from
(D.7) once we show that

T3 6 = 0,(1). (D.3)

t<T

To verify (D.8), note that by the triangle inequality,

1T 2 el < 1771 2 =&l + 1771 &l

t<T t<T t<T
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TS - al?) 0T = 0,(1),

t<T
where the second inequality follows from the Cauchy—Schwarz inequality and Assumption 4(i), and
the last equality follows from Lemma D.8. This completes the proof. Q.E.D.
D.1 Useful Lemmas for consistency of variance estimator

Lemma D.1. Suppose that the eigenvalues {ji;}n—r+1<j<n—1 take m distinct values {N;}lgjgm;

ordered increasingly, with multiplicities {s;}1<j<m. That is,

Pn—rt5;_ 141 = " = fin—it5; = [, (D.9)

for j € {1,...,m}, where 5,1 = Zl 1 51 Let Aj collect the orthonormal eigenvectors of S,
associated with the eigenvalues {Hn_f_l’_gj_l_l'_l}l:.l, and let Aj collect the orthonormal eigenvectors

of S'y associated with {/ln,,:+§j71+l}lsi1. Then under Assumptions 2(i, i), 3, 4(i, #), and D.1(i),

there exists an orthogonal matrix Oj € R%*% such that for each j € {1,...,m},
|4;0; — Aj|| = O, (T1/2).
ProOOF OF LEMMA D.1. Fix j € {1,...,m}, and define

ri=n—7+5_1+1, s;=n—T+5;.
Then r; < s7, and by (D.9), the columns of A; and A; are the orthonormal eigenvectors of S, and

S'y, respectively, associated with the block of eigenvalues

II’LT’j:"':/’LS;:lL”;'

Since Theorem 2 of Yu, Wang, and Samworth (2015) is stated for eigenvalues ordered in
decreasing order, we apply it to —S, and —S’y. By construction, ji,, 1 = pn_7 = o2. Following
Yu, Wang, and Samworth (2015), we set u, = oo, which implies fhst41 = OO It then follows that

there exists an orthogonal matrix Oj € R%*% gsuch that

) 23/2 min {s;/Q

5 — 5, S }
v =S, o . (D.10)
mln {//L’I’J ,U/T]'—l') /’LS +1 = IU’S; }

We next show that the denominator in (D.10) is bounded away from zero uniformly in j. For

J €1{2,...,m}, the eigenvalues p,; 1 and p,, are distinct, and hence Assumption D.1(i) implies

,U,rj _:U’Tj—l > Kﬁl'

A-29



Similarly, for j € {1,...,m — 1}, the eigenvalues hs and [is:41 are distinct, so Assumption D.1(i)
implies
Hsr+1 — st > K~

For the boundary block j = 1, the left gap is

Hry — HUri—1 = HUn—7+1 — HUn—7,

2

where ji,,_» = &, is not contained in the collection {s;}n—rt1<j<n—1. By Assumption D.1(i), this

gap is bounded away from zero. Therefore,

min{,u,r]. — Hr;—1, /'LS;Jrl - MS;} > K~! (Dll)
for all j € {1,...,m}.

Finally, by (B.45), ||S, — S, = O,(T~'/?). Combining this with (D.10) and (D.11) establishes
the claim of the lemma. Q.E.D.
Lemma D.2. Under Assumptions 2(i, i, i, i), 3, 4(1, 11) and D.1(i), we have

T=7+0,(T"%) =0,(1), (D.12)
where Y = Q71A07L(5‘31571 — A/A\L)_lA(—{LQII and T = Q,lA(),J_(a‘%If,l — AL)_lA(—)l:J_QII.

ProoF OoF LEMMA D.2. Suppose that the eigenvalues {p;}n—ri1<j<n—1 take m distinct values
{17 hi<j<m, with multiplicities {s;}1<j<m. Then we can write

AO’J_:(A17...,Am) and AO,J_:(AA17...,Am),

where A; and flj collect the orthonormal eigenvectors of S, and S’y, respectively, associated with
the eigenvalue i of multiplicity s;. By Lemma D.1, there exists a block diagonal matrix fIJ .=
diag(@l, ..., Oy, where each Oj € R% *% is orthogonal, such that

Ao, i | = Ao 1 +Op(T71%) = 0,(1). (D.13)
From ||S, — S, || = Op(T~'/2), we have
F2= a2+ 0)(T7V2), AL = AL +0,(T7/?), (D.14)
where 52 and A are bounded by (B.11). Since
AL =diag(pils,, - - s i ds,),
and ﬁJ | is block diagonal with orthogonal blocks, we have

Ho A Hy, =AL. (D.15)
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Therefore,
(62l 1—Ho AL Hy ) —(00T1—AL) = (62—0) I 1—Ho L (AL —A L) Hy | = Op(T /7). (D.16)

By Assumption D.1(i), the eigenvalues of A — 52I-_1 are bounded below by K~!. Hence, by

(D.16),
pmin(ﬁO,J_AJ_ET(IJ_ - 6’3[7:_1) > (2K)71, wpal. (D.17)

Since ﬁOT’LI:IOA_ = I7_1, we have
(621 — A )M =H{ (620 — Ho Ay H )M Hy ).
Notice that
T-7= QflleO,Lﬁ(IL(a'glffl - I:IO,LALfAIS:L)_lfIO,LA(—{LQ—Il
— Q1401 (50171 — AL)_IA(—)F,LQL
= Qfl(AO,LIA{(IL — Ao, ) (62171 — ﬁfo,LALﬁ({L)_lﬁo,y‘i&LQL

+Q-140,1 [(5’3[?4 — ﬁo,LALﬂ(IL)_l —(oolr—1 — AL) FIO,LA(—)F,J_QII
+ Q1401 (6ol — ML) (Ho  Aj, — Ag)QL.

By (D.13)~(D.17), each term on the right-hand side is O,(T~'/2). Therefore,

T-7T=0,(T"?, (D.18)

which establishes the first equality in (D.12).
Since QT,Q_1 = 1,1, A(—)F,LAOA =TI and A = diag((¢j)n—r+1<j<n—1), from the Cauchy-

Schwarz inequality and Assumption 2(iii), it follows that

Q-1 140, |I* (7 — 1)

1T = [|Q-140,1 (75071 — A1) " Ag 1 Q14| < — <K, (D.19)
HPn—7+1 — Oy
which together with (D.18) shows the second equality in (D.12). Q.E.D.
Lemma D.3. Under Assumptions 1, 2, 3 and 4(i, iii), we have for b € {v,e}
T yby =T Elyibi] + Op(T~1?) = Op(1).
t<T t<T
Proor oF LEMMA D.3. Because v; = Yy — ¢p;, we can write
T Z yrvg =T Z Elyev] + T Z(ytvt — Elyve)
t<T t<T t<T
=T Elyod + T (s — Eltnyes]) — 6T (yepr — Elyepr])
t<T t<T t<T
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=T Elyew] + Op(T %) = 0,(1), (D.20)
t<T
where the third equality follows from Lemma C.4, and the final equality uses (D.2).
Since éo(/l) denotes the GIV estimator with weighting matrix Wy 1 = Iy, (see Step 2 of the
Implementation Algorithm 1 in Appendix A), Assumption 4(ii) holds with Wy = I,. Therefore,
under Assumptions 1, 2, 3, and 4(i, iii), we can apply (42) of Theorem 1 to obtain

Oo(A) — 6 = O,(T~/?). (D.21)
Combining this with (B.12) yields

! Z Yoy — T Z yor = —(do(A) - Z yipr = Op(T11?). (D.22)

t<T t<T t<T

The result for b = v follows from (D.20) and (D.22). The case b = € can be established analogously
and is therefore omitted. Q.E.D.

Lemma D.4. Under Assumptions 2(i), 3 and D.1(ii), we have for any ¢; € R with max;<7 |c¢| <
K

7

TN el —Elyw! ) =0p(1)  and T ci(piye — Elpey]) = 0p(1).
<1 =T

PROOF OF LEMMA D.4. Using the reduced-form representations of y; and p; in (C.25) and (C.26),
the stated results follow by the same argument as in the proof of Lemma C.4, with Assumption
2(ii) replaced by Assumption D.1(ii). Q.E.D.

Lemma D.5. Under Assumptions 2(i), 3(ii) and D.1(iii, iv), we have

T (Yar tYas 0¥ — Elyar t¥an, 909 1) = 0p(1),
t<T

for any a1,a2 € {a € R™: |ja]| < K}.

PRrROOF OF LEMMA D.5. From the reduced form expression of y; in (C.25), the triangle inequality,
and the Cauchy-Schwarz inequality,

r¢wrn1/2 [EAl
Hng( R

< K ([Juell + NIl + lee])

where the second inequality follows by Assumptions 2(i) and 3(ii). Therefore, by Assumption
D.1(iv),
Eflyell"] < K Elllue]* + [lnel* +e]) < K
yell”] < K (B[ mll” +e;]) < K.
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This together with the Cauchy-Schwarz inequality implies that

HE[yal,tyaz,tytytT]H <K,

for any aj,az € {a € R™ : |ja|| < K}. Since y; is a linear function of wuy, n, &, S u; and

(n] ® S, )vec(N), each entry of yy, is a finite linear combination of random variables of the form

2
b1y = H Zjts
Jj=1

where each z;+ belongs to {u; ¢, k., €¢, S ur, (] @S, )vec(A) 4 < n,k < r}, with coefficients that
do not depend on t. Since
Yar tYas,t = 01 Yy a2,
and ||ai|], [|az|| < K, the scalar yq, +Ya,+ is also a finite linear combination of terms of the form
wi ¢, with coefficients bounded uniformly over admissible a1, as. Therefore, for each (iy,i2), the
(i1,12)th entry of
yal,tyaz,tytytT

is a finite linear combination of random variables of the form

4

bt = H Zjt

j=1

with coefficients uniformly bounded over admissible a1, az, where each z;; belongs to the same set

above. Assumption D.1(iii) then yields

T (b — Elb]) = 0p(1)

t<T

for each such fourth-order polynomial. Since n is fixed, each entry of

T (Yar tVasavey! — Elyar tYasvevd )
t<T

is a finite linear combination of 0, (1) terms, and is therefore o,(1). This proves the claim.Q.E.D.

Lemma D.6. Under Assumptions 2(i), 3(ii) and D.1(ii, iv), we have for any a € R™ with
lall < K

T (Yarpewey — Elyaspey! 1) = 0p(1),
t<T

and

T (pivy) —Elpiu, 1) = op(1).
t<T
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PROOF OF LEMMA D.6. Under Assumption 2(i), it follows from (C.26) that p; is a linear function
of S"us, 7y ® Sy, and &;. The stated results then follow by the same argument as in the proof of
Lemma D.5. Q.E.D.

Lemma D.7. Under Assumptions 2(i), 3(ii) and D.1(i, i, iv), we have

Ty a8 =T RG]+ op(1).

t<T t<T

PrOOF OF LEMMA D.7. By the definition of &, it suffices to show that

T Gulpr =T Eléily,] + 0p(1), (D.23)
t<T t<T
for b € {v,e}, and
T &l =T Ele &l ]+ 0p(1). (D.24)
t<T t<T

We establish (D.23) for b = v; the remaining cases follow analogously.
Recall that v = Y (T ZthE[ytvtDa and

Eo. = yrvr — Blyeod] + (weyy — Elyy/ 1) T (T_l > E[ytvt])
t<T

= yvr — Elyeve] + (Y.t — Ely.eu])-

This implies that

7! qu,tf»j,t =T! Z veye — Elogi]) (vey) — Elvry,/ )

t<T t<T

+ T (vye — Blowi])) Wy — Blysm' )
t<T

+T71 Z(yw,tyt — Elyye]) (0! — Elory/ )
t<T

AT Wyt — Elyyv)) (v — Elyravi))- (D.25)
t<T

We next study the four terms on the right-hand side of (D.25) one by one.

Step 1: The first term. Expanding the first term yields

T (yeve — Elyeve]) (yeve — Elyevd]) |

t<T
=T Z viyy T Z E (v E[vey, | -1 Z weyevey, + veyeElogy' ). (D.26)
t<T t<T t<T
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Since vy = Yet — ¢pt, Lemmas D.5 and D.6 imply that

TS oy —Elofwey[ ) =T (2w — ElvZ ')
t<T t<T
+ "7 (piuw! — Elpfuey)'])
t<T
=207 (Weurvey; — Elyespeiyiy )
t<T
= op(1).

Moreover, since maxi<7 ||E[y:v¢]|| < K by (D.2), Lemma D.4 implies that

T ZE[ytvt] (ytTUt - E[yt w]) = ZE [yrvt] yt Ye,t — E[?JtTyetD
t<T t<T
=T Elyevd] (4 pe — Ely/ pi])
t<T
= op(1).

Combining (D.26)—(D.28) yields

T Z(ytvt—E[ytvt])(ytvt—E[ytvt])T =7 Z E[(yeve —Elyeve]) (grve—Elyevd]) 1+ 0p(1).

t<T t<T

Step 2: The cross terms. For the second term on the right-hand side of (D.25), we have

12 YtV — t'Ut )(?J%t?JtT - E[y%tytT])
t<T

=T! Z Yravey —T7" Z Yoy .y |
t<T t<T

-7 Z Elywiyy eyl + T Z Elyevi]Elyy,91 |-
t<T t<T

Using (D.3), Lemmas D.5 and D.6, we obtain

T (v = Elyyvowew! ) =T (W ivertetd — Elyy ivevey )
t<T t<T

— T} Z(y'y,tptyty;r — Elyypiyiyy 1) = op(1).
t<T

Moreover, from (B.11) and (D.3),
-
<
max [Elyyy, Il < K.
which, together with Lemma D.4, implies

T (e = Elyeo)Elysaw 1 =T (wer — Eltnye))Elyy v/ |
t<T t<T
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— T (yepr — Elyepd))Elyy ./ | = 0p(1). (D.33)
t<T

Similarly, we can show that

T "Elywd (yray — Elyrayy' ) = 0p(1). (D.34)
t<T

From (D.30)-(D.34), we conclude that

T (yevr — Elyeod]) (v — Elyyavl )
t<T

=71 Z]E [(tht - E[ytvt])(y%ty: - E[y%tyt—r])] + 0p(1). (D.35)
t<T

The third term in (D.25) can be handled analogously.

Step 3: The last term. Finally, for the fourth term in (D.25), we have

T Wrave — Elyratn)) (v — Elyyaw/])

t<T
=T"! Z vyl — T Z Elyy, 0]y,
t<T t<T
-7 Z Yy Blyy eyl | + T Z E[Yn, 19|y, 19 |
t<T t<T
=T B2 wew! 1 = T ElyranlElyy ey 1+ 0p(1) (D.36)
t<T t<T

where the second equality holds by (D.32), Lemma D.4 and Lemma D.5.
Combining (D.25), (D.29), (D.35), and (D.36) establishes (D.23) for b = v, completing the
proof. Q.E.D.

Lemma D.8. Under Assumptions 1, 2, 3, 4(i, #i) and D.1, we have

7! Z(ét —&) (& — &) = op(1).

t<T

Proor orF LEMMA D.8. Let 4 = 171 Zth y10;. Then, by Lemma D.2 and Lemma D.3,

F=y=0=-DT"> ybr + ”I“(T_1 > g - T ZE[W&]) = op(1). (D.-37)
t<T t<T t<T
Because

Cor =yl — T ey + (ytytT -7! Zytyf)Y(T_l > ytt%:)

t<T t<T t<T
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=y — T ) iy + (ytytT -7 ytytT)?

t<T t<T
and
vt = Yevr — Elyeve) + (v, — Ely,004)),
we have
ot — o = — ) + (v —Ely 1) (5 =) - A, (D-38)
where

Ap=T"" Z(yt@t — Elyv]) + T Z(ytytT — Elyey; )5
1<T 1<T

Therefore by the Cauchy-Schwarz inequality,

T (Go = &o) Gt — &or) <3THY (8 — ve)*y/ v + 3| | Azl

t<T t<T
2
+3(=NTTY (i~ Blww/]) G- (D.39)
t<T
Since 0, — vy = —(¢o(A) — ¢)ps, we have
T (0 — o)y v = (Go(A) — )T piywe. (D.40)
t<T t<T

Under Assumptions 2(i) and D.1(iv), together with the reduced-form expressions for y; and p; in
(C.25) and (C.26), we have

max (Elpfy) v + Bl v)?)) < K. (D.41)
Hence, by Markov’s inequality,
T iyl ye = Op(1), (D.42)
t<T

which, together with (D.21) and (D.40), implies

T (0 —ve)®y v = op(1). (D.43)
t<T

From Lemma C.4, Lemma D.3, (D.3), and (D.37), it follows that

A7 < |73 (et~ Elyeed) | + |77 Y e — Elyew D3| = 00(1). (D.44)
t<T t<T

Finally, by (D.41), the Cauchy-Schwarz inequality and Markov’s inequality,

1Y (vl Bl ) = 05(0),

t<T
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which, together with (D.37), implies

G-I (v~ Bl 1) (51— ) = 0,1 (D.45)
t<T

Combining (D.39), (D.43), (D.44), and (D.45) yields

12 g’ut {vt gvt gv,t) == 0p(1).

t<T

Similarly, we can show that

- Z gat éat gat éa,t) = Op(l).

t<T

Combining these results establishes the claim of the lemma. Q.E.D.

E Asymptotic Variance with Exogenous Regressors

This section studies the asymptotic variance of the GIV estimator proposed in Subsection 4.2,
where both the supply and demand equations include exogenous regressors. The key challenge is
to account for the role of the estimation error in 5 in the asymptotic variance of the GIV estimator.
As we show below, this estimation error is asymptotically negligible and can therefore be ignored.
Consequently, the standard errors of the GIV estimator, as well as the J-test, can be constructed
as if 8 were known. We begin by introducing a set of conditions that characterize the properties

of the additional regressors in the model.

Assumption E.1. (i) For anyt <T and i < n, we have E[z; (vl ,n)] = 04, x (n+r), Elzitet] =
04, and Elwie] = 0g,,x1; (it) let & = g + g, then

T1/2(5 B) = ( 1ZE )1<T_1/zzi’:€t)+0p(1),

t<T t<T
where pmin(T~! > <7 E [z %)) > K~' and T—1/? Dot &) & = O,(1); (iii) for a € {u,n, e},

71 Z (.Tt X ay — E[It & at]) = Op(T71/2);

t<T
(i) maxi<p Bl |2]]* + [Jwe][*] < K, [|B]] < K and ||| < K.

Assumption E.1(i) ensures that x; and w; are exogenous in the demand and supply equations,
respectively. Assumption E.1(ii) provides a linear representation of the estimation error in B,
implying that B is T1/2-consistent. Assumption E.1(iii) imposes a T1/2 law of large numbers for
products of z; and the demand and supply shocks. Assumption E.1(iv) places uniform bounds on

the second moments of the exogenous regressors, as well as on the magnitudes of their coefficients.
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Since the matrix A in the moment conditions gr(6; A, 5) in (62) plays the same role as in
gr(0; A) defined in (36), we can apply the same arguments as in the proof of Lemma C.3 to show
that both the GIV estimator §(A) in (63) and the J-statistic

T gr(0(A); A, B) T Wor(A)gr(0(A); A, B)

are invariant to nonsingular rotations of A of the form AC}, for any nonsingular (n — 7) x (n — 7)
matrix C1.

Moreover, Lemmas C.4 (with y; in that lemma corresponding to y; here) and E.2 imply that
Q——rl(iﬂ* - i:y*)Qfl = Op(T_l/Q)'
Therefore, we can use the same arguments as in the proof of Lemma C.6 to obtain
AoHy — Ag = Ao 1 (6201 — M) 7P AG 1 Q11 (B — Ey)Q_1Ag + O, (T 1), (E.1)

where Hy is nonsingular with ﬁOTﬁo = I, wpal. Here Ag, Ag 1, Aj, and Hy are defined by
replacing E_Jy and f]y in their original definitions with X_ly* and i]g*, respectively.

Since the contribution of the estimation error in g to the asymptotic variance of the GIV
estimator arises through gr(6; A, B), and given the invariance of both the GIV estimator é(A) in
(63) and the J-statistic, it suffices to study the asymptotic variance of gr(6; A, B) in order to assess
the effect of the estimation error in §. The asymptotic expansion of gr(; A, B) is given in the

following lemma.

Lemma E.1. Under Assumptions 1, 2, 8 and E.1, we have

gr(0; 4, B) = diag(AT, AT 1y, )T & + 0, (17!

t<T
where & = (&) ,&;,wl &))", and for b € {v,e},
&0 = it — Elyibr) + vl — Elyiy DT (T D Elyib). (E:2)

s<T

ProoFr OF LEMMA E.1. The result follows immediately from Lemmas E.2, E.3, and E.4, and is
therefore omitted. Q.E.D.

Lemma E.1 shows that the asymptotic variance of é(fl) is determined by that of 7—1/2 Sier e
Compared with & defined in Assumption 4(i), & contains the additional component th Et, v;hich
arises from the moment conditions used to identify and estimate the coefficients on w; in the supply
equation. More importantly, Eb,t in (E.2) has the same form as &, ; in (41), with the only difference
being that y there is replaced by y* here. Therefore, the estimation error in 8 does not affect the
asymptotic variance of gr(6; A, B), and hence does not affect that of the GIV estimator é(fl) in
(63). As a result, the standard errors of §(A), the optimal weight matrix, and the J-statistic can

be constructed as if 5 were known.
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Lemma E.2. Under Assumptions 1, 2, 3 and E.1, we have

QLS — Q1 = QLT (yiyr T —Elyiyi 1) Q-1 + Op(T71).

t<T

PROOF OF LEMMA E.2. By the definitions of g; and g; ,,

~ ~

9 —yi = —z(B—B), Jet = Yeu = —Tet(B — B), (E.3)

where z.; = e'z;. Tt follows that

S — TS g - T Elytyy T

t<T t<T
=T "y — 2B - B)y; —we(B—B)T =T Elyy; ']
t<T t<T
=T (y Elyiyi ) =T vi(B—8) T/
t<T t<T
—TY w(B-B)y + T w(B-B)B-8) " (E.4)
t<T t<T
From Assumption E.1(ii),
B—B=0,(T7?. (E.5)

By the triangle and Cauchy—Schwarz inequalities,

|71 >3- 8)(B - Bl || <18 - BIPT Y el = 0p(T ), (£.6)

t<T t<T

where the last equality follows from Assumption E.1(iv) and (E.5).
Let \; denote the ith row of A\. By Assumptions E.1(i, iii)

T Z yiwe=T"" Z(¢Pt + i+ i) T

t<T t<T
= ng_l Zpt.l‘t + 7! Z Aimexe + 71 Z Uj t Tt
t<T t<T t<T
= ¢T7 s+ Op(T712). (E.7)
t<T

Under Assumptions 2(i, iv) and E.1(iv), the demand and supply equations (60)-(61) admit the

following reduced form expressions

oY

Yy = (I + 1_(le Sy )(ut—%xtﬁ—&—/\nt)—k%(et%—wj’y), (E.8)
T
= _¢¢wStT(ut + 2B+ M) + w (E.9)
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From Assumptions 2(i, iv) and E.1(iv), it follows that
Elp;] < K.

Together with Assumption E.1(iv), the Cauchy-Schwarz inequality, and Markov’s inequality, this
implies that

T~ " pry = Op(1). (E.10)

t<T

Combining (E.5), (E.7) and (E.10),

TN w(B= By = o(T7 Y peae) (B = B)L] +Op(T 7). (E11)

t<T t<T

Since IIQ,l = 0,_1, it follows that

QL (T Y w8 =By ") Q-1 = 0,(T 7).

t<T

The same bound holds for its transpose. Combining these bounds with the quadratic term gives

the desired result. Q.E.D.

Lemma E.3. Under Assumptions 1, 2, 8 and E.1, we have

TN AT, — dp) = ATTV2Y (y7or — Elyfv)

t<T t<T
+ AT(T2Y (T — Elyroi ) T (T Y Elyd)
t<T t<T
+ 0,(T~Y?).

Proor orF LEMMA E.3. We begin with the decomposition

TN AT, — dp) = T2 ATyr(ys, — dpo) + T2 ATyr (95, — vty)

t<T t<T t<T

+ ATT V2N (G =y (e, — dp0) + (A= ATT2Y g0 (G2, — opr).-

t<T t<T
(E.12)
Since vy = y;; — épt, by (C.75) we have
TN ATy (gt — op) = T2 ATyio = ATTV2N (yiv, — Ely; vi)). (E.13)
t<T t<T t<T

We next control the last three terms on the right-hand side of (E.12).
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Step 1: Second term. Using  — f = O,(T~'/2) in (E.5) and the same arguments as in (E.7), we

have

T2 e, — i) = =T 2> yiawe (B - B)

t<T

t<T

= 1, (677N pre ) TV2(B = B) + O, (T72).

t<T

Since AT1, = AJQ',1,, = 0,_1, it follows that

T2 Z ATy (i t— Yer) = O, (T71/?).

t<T

Step 2: Third term. By Assumptions 2(i) and E.1(i, iii),

Combining this with 3 — 8 =

T2y alyss — épe) = Op(1).

t<T

0, (T~1/?) yields

TN (G =y Wy — ope) = = T2 " ay(B = B)(yi, — ¢pe) = Op(T71/2).

t<T

t<T

Moreover, by the same arguments as in (E.6),

T-1/2 Z x (B — 5)$e,t(3 - B) = O,,(T‘l/?)_

Therefore,

t<T

T2 G =y @ — épr) = =T 72> (B — B) (i, — dpr)

t<T

Hence,

t<T

+ T2 " wy(B = B)aes(B — B) = Op(T72).

t<T

ATT-1/2 Z 9 —yt) ye,t —op) = Op(T_1/2)-

t<T

Step 3: Fourth term. To study the last term, we first use (E.17) to obtain

T2 g (s, — opr)

t<T

=T s, — op) + T2 @7 — vi) (@2, — ope)

t<T t<T
=T7'2Y yfoe + T2 i, — viy) + Op(T712),
t<T t<T
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where vy = y2, — ¢p;. From (E.10), we have

T Zpt!re,t = Op(1)7 (EQO)
t<T
which, together with (E.5), implies
Lo (6773 pies ) T8 = 8) = Op(1). (E.21)
t<T

From Lemmas C.4 and C.6 (with y; in that lemma corresponding to y; here), and E.2, we have
T2 (A - A) ( 2N iy T - y?yZ‘T]))A +0,(T71?) = 0,(1), (E.22)
t<T

where the second equality follows from (D.19) and Lemma C.4.
Using Y1,, = 0, together with (E.14) and (E.21), we obtain

(A=A)TT2Y it —yin) = Op(T7112). (E.23)
t<T
By (D.2) and (C.70) (with y; there corresponding to y; here), we have
T71Y Elyju] = 0(1), T7' Y (yive — Elyjuil) = Op(1). (E.24)
t<T t<T
From (E.22) and (E.24), it follows that

(A= A)TT 123 oy = AT (T2 3 (i — Elyywi D) T(T71 S Elyiw])

t<T t<T t<T
+0,(T~1/?). (E.25)
Combining (E.19), (E.23) and (E.25), we obtain

(A= A)TT V2 g, — o) = AT (T2 3 (wiwi T — Elywi D) T(T71 S Elyiwi])

t<T t<T ¢t<T
+0,(T™1/?). (E.26)
The result then follows from (E.12), (E.13), (E.15), (E.18), and (E.26). Q.E.D.

Lemma E.4. Under Assumptions 1, 2, 3 and E.1, we have

TN ATgre, = ATT7V2Y (yrey — Ely;er))

t<T t<T

+AT(T2 Y iy T~ Byt )T (T Bl

t<T t<T
+0,(T71?).
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ProoF oF LEMMA E.4. We begin with the decomposition

T2 AT ey =T 2N ATyiey + (A-A)TT V2N yie+ T2 ST AT (57— yi)er. (E27)

t<T t<T t<T t<T

By arguments similar to those used to establish (C.75), we have
77123 " ATE[yfe] = Onr.
t<T

Therefore,

T7V2N " ATyree = ATT 2N (yier — Elyied]). (E.28)
t<T t<T

We next study the last term on the right-hand side of (E.27). By definition,

TS AT e = AT G- ) - (- )T (- ), (B29)

t<T t<T t<T

where we use §; — y; = —a:t(B — ). From Assumption E.1(iii), together with the condition
T-1 > i<7 Elzte] = 0, it follows that

T2 " mie = Op(1). (E.30)
t<T
This, combined with (E.5), (E.22), and (E.29), implies that
TN AT — yi)er = Op(T7112). (E.31)
t<T
Next, by arguments similar to those used in (E.24), we have
T Elyied =0(1), T (yie — Elyfed) = Op(1).
t<T t<T
Combining this with (E.22) yields
(A=A 172N yrey = AT(T72 Y (i T~ Bl D)X (T D Blyged) + 0p(T7412).

t<T t<T t<T
(E.32)

Substituting (E.28), (E.31) and (E.32) into (E.27) completes the proof. Q.E.D.

F Additional Simulation Results

This appendix reports two additional sets of simulation results related to Section 5: the power of
the feasible J-test in the extended design and the performance of the BIC criterion in estimating

the number of latent factors.
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Figure F.1: Empirical Power of the J-test: Extended Design (d, = 3)
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Notes. This figure plots the empirical rejection probabilities of the J-test at the 5% nominal significance level
in the extended design with d, = 3 exogenous regressors, based on 10,000 Monte Carlo replications. Each
panel corresponds to one of the six configurations (n,r) listed in (74), and within each panel the three curves
correspond to the sample sizes T € {150, 300,450}. The horizontal axis is p, while the vertical axis reports the
rejection rate. The horizontal dashed line indicates the nominal 5% level. Power is reported for the feasible GIV
estimator, which selects 7 using the BIC criterion in (47)—(48) and is implemented according to Algorithm 1

in Appendix A. In the extended design, the estimator additionally partials out x:8 using OLS.
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Table F.1: BIC Selection Diagnostics for 7.

Baseline (d, = 0) Extended (d, = 3)
(n,r) T mean(7) mode(7) P(r=r) mean(7) mode(7) P(r=r7)
150 2.008 2 0.994 2.008 2 0.994
(5,1) 300 2.010 2 0.992 2.010 2 0.992
450 2.009 2 0.993 2.010 2 0.991
150 3.020 3 0.980 3.022 3 0.978
(5,2) 300 3.021 3 0.979 3.021 3 0.979
450 3.021 3 0.979 3.017 3 0.983
150 4.000 4 1.000 4.000 4 1.000
(8,3) 300 4.002 4 0.999 4.001 4 0.999
450 4.002 4 0.998 4.002 4 0.998
150 6.025 6 0.975 6.025 6 0.975
(8,5) 300 6.022 6 0.978 6.022 6 0.978
450 6.020 6 0.980 6.020 6 0.980
150 6.001 6 0.999 6.001 6 1.000
(10,5) 300 6.002 6 0.999 6.001 6 0.999
450 6.003 6 0.998 6.002 6 0.998
150 8.026 8 0.974 8.027 8 0.974
(10,7) 300 8.024 8 0.976 8.022 8 0.978
450 8.022 8 0.978 8.023 8 0.977

Notes. This table reports BIC selection diagnostics for the rank estimator 7, based on 10,000 Monte Carlo replications

for each design configuration. Results are presented separately for the baseline design (d, = 0) and the extended
design with d, = 3 exogenous regressors. The columns mean(7), mode(7), and P(7 = 7) report the average value,
modal value, and probability of correct selection of the BIC estimator 7 defined in (47)—(48), where # = 7+ 1 denotes
the true rank of (1,, ).

F.1 Power of the J-test in the Extended Design

In the extended design with d, = 3 exogenous regressors, the feasible J-test exhibits behavior
similar to that in the baseline design shown in Figure 1: the power increases monotonically with
p, rises substantially as the sample size T increases, and approaches one by p = 0.4 across all
configurations (see Figure F.1 for details). Partialling out the exogenous regressors x; has only a
minor effect on power. Relative to the baseline design, the power curves in the extended design lie
only slightly below their baseline counterparts at intermediate values of p, reflecting the additional

estimation error from estimating (3.
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F.2 BIC Rank Selection

The feasible GIV estimation and inference procedures determine the rank 7 using the BIC esti-
mator proposed in (47)—(48). Table F.1 shows that the BIC criterion performs remarkably well
in estimating the true rank across all configurations of (n,r) in both the baseline and extended
designs. In particular, the modal value of 7 always coincides with the true rank # = r + 1, and the
average value of 7 is extremely close to 7 in every case.

The probability of correct selection is uniformly high across all configurations, typically exceed-
ing 97% and often above 99%. For example, in the baseline design with (n,r) = (5, 1), the correct
selection probabilities are 0.994, 0.992, and 0.993 at T' = 150, 300, and 450, respectively. Even in
configurations with a larger number of latent factors, such as (n,r) = (10, 7), the correct selection
probabilities remain close to 98% in both designs. Moreover, the performance of the BIC criterion
is nearly identical in the baseline and extended designs, indicating that the additional estimation
of B in the extended model has little effect on rank determination.

Overall, these results suggest that the proposed BIC procedure provides a highly reliable esti-
mator of the rank 7, supporting the practical implementation of the feasible GIV estimation and

inference procedures.

G Additional Empirical Results

G.1 Variable Construction

We construct the sector-level holding growth Ag;; and the aggregate price change Ap; following
Appendix C of Gabaix and Koijen (2023).

The Financial Accounts report the dollar value of each sector’s U.S. equity holdings, denoted
by w; ;. Changes in w;; reflect both capital appreciation of existing holdings and net purchases or
sales of equities. To isolate the latter component, let ¢; ; denote the number of shares held by sector
t and let P; denote the aggregate equity price. Since w;; = ¢; P, a sector that does not trade
between ¢ — 1 and ¢ would end the quarter holding w; ¢+—; R; dollars of equity, where Ry = P;/ P,

is the gross capital-appreciation return on the aggregate market. It follows that

it wit/ Py Wi t
Agg=—b —1=—020 g T
n qit—1 wi—1/P—1 wi 11
which is the empirical measure used in (78). Define Af;+ = (wit — wir—1R:)/wit—1. We can
equivalently write Ag;; = Af;;/R;, which corresponds to the flow-based measure reported in
Appendix C.1.2 of Gabaix and Koijen (2023). The gross capital-appreciation return R; is con-
structed from the CRSP value-weighted index excluding dividends and compounded from monthly

to quarterly frequency.
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The aggregate price change Ap; is measured by the quarterly simple return on the CRSP

value-weighted index including dividends, compounded from monthly returns.

G.2 Sector Construction and Weights

We construct the sector classification from the corporate-equity holdings reported in Financial

Accounts Table L.224, following the data construction in Appendix C of Gabaix and Koijen (2023).

The resulting cross-section consists of twelve equity-holding sectors, listed in Table G.1. These

sectors correspond closely to the investor categories used in Gabaix and Koijen (2023).
For each sector, we compute its time-t market share as

Wi t—1

Sit= ="
ngu Wij,t—1

(G.1)

Thus, S; + measures sector i’s share of the total equity holdings of the twelve modeled sectors and
satisfies leil Si+ = 1. Table G.1 reports the average market share, S; =771 Zth Si.+, computed
over the benchmark sample 1993Q1-2018Q4.

Table G.1: Institutional Investor Sectors Holding U.S. Equities

Rank  Sector Avg. share (%)  Cum. share (%)  Cross-section
1 Households 41.63 41.63 6, 12
2 Mutual funds and ETF's 23.42 65.05 6, 12
3 Foreign sector 13.00 78.05 6, 12
4 Private pension funds 9.92 87.97 6, 12
5 State and local pension funds 7.54 95.51 6, 12
6 Life insurance companies 1.89 97.40 6, 12
7 Property and casualty insurers 1.17 98.57 12
8 Federal government retirement funds 0.44 99.01 12
9 State and local governments 0.43 99.44 12
10 Closed-end funds 0.38 99.82 12
11 Banks 0.12 99.94 12
12 Broker-dealers 0.06 100.00 12

Notes. The table lists the twelve institutional investor sectors holding U.S. equities in the Financial Accounts
of the United States (Table L.224), ranked by average market share over 1993Q1-2018Q4. “Avg. share” denotes
the sector’s average share of aggregate equity holdings (in percent), and the shares sum to 100. “Cum. share”
denotes the cumulative share accounted for by the sector and all sectors ranked above it. “Cross-section”
identifies the estimation samples that include the sector: m = 6 corresponds to the granular core formed by

the six largest sectors, while n = 12 corresponds to the full twelve-sector panel.

We rank sectors according to their average market shares S;. The six largest sectors jointly

account for 97.4% of total equity holdings and constitute the granular core (n = 6): households,

A-48



mutual funds and ETFs, the foreign sector, private pension funds, state and local pension funds,
and life insurance companies. The remaining six sectors each account for less than 1.2% of total

equity holdings and, together with the granular core, form the full twelve-sector panel (n = 12).

G.3 Implementation of the Factor-residual IV Estimator

This subsection describes our implementation of the FIV estimator of Gabaix and Koijen (2023).
To facilitate comparison with their results, we follow the estimation procedure in Section 4.2 of

their paper as closely as possible.

ALGORITHM 3 (FIV ESTIMATION)
Step 0. For each sector i, let &gﬂ» denote the time-series sample variance of Ag;;. Construct the
precision weights

~2
/a3 2

-t — a -
Sty e

Step 1. Estimate the two-way fixed-effects regression by weighted least squares:

2

Ei = q,i0

: ~2
median;<y, Gq.j }

~ 2
(&7;}/7 B) = arg min E E Ez (AQi,t — Qo — Yt — 5;770,15) ;
@iyt Bi 4
t<T i<n

where o; and ; are sector and time fixed effects, respectively, and 7, denotes the vector of

observed factors with sector-specific loadings 5;. The residual is
Agit = Agiy — & — A — /BiTUo,t-

Step 2. Extract r latent factors, denoted by 7);;, as the principal components of the weighted
residuals EZ1 / QAQM. Given the estimated factors 7, estimate the corresponding factor loadings

5\2- and recover the idiosyncratic shock 1;; from the regression
Adiy = N g+ iy
Step 3. Construct the FIV as the size-weighted sum of the estimated idiosyncratic shocks

2 = E Sit Ui,

i<n

where S;; is defined in (G.1), and estimate the market multiplier from the time-series regression
App=a+kz+T g 4+e, n= (nj’t, ﬁth)T (G.2)

where Ap; denotes the aggregate market return and x is the aggregate market multiplier.
Step 4. Recompute the precision weights using the time-series sample variance of the estimated

idiosyncratic shocks ;; and repeat Steps 1-3 once. Report the coefficient estimates and their
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Newey—West standard errors from the time-series regression in (G.2), without adjusting for the

estimation error in z; and 7.

In our empirical implementation of the FIV estimator, the observed factors n,; consist of
GDP growth together with a set of asset-pricing factors. Specifically, following Gabaix and Koijen
(2023), we run monthly cross-sectional regressions of stock returns on log market capitalization,
the log book-to-market ratio, and a momentum signal. Individual stock returns, prices, and shares
outstanding are obtained from CRSP, while book equity used to construct the book-to-market
ratio is obtained from Compustat, matching the data inputs used by Gabaix and Koijen (2023).
GDP growth is computed from real gross domestic product (series GDPC1), produced by the U.S.
Bureau of Economic Analysis and retrieved from the Federal Reserve Economic Data (FRED)
database maintained by the Federal Reserve Bank of St. Louis. The resulting Fama—-MacBeth
slope estimates are aggregated to the quarterly frequency and used as the observed size, value,

and momentum factors.
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