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Abstract

This paper shows that the endogeneity test using the control function approach in linear instru-
mental variable models is a variant of the Hausman test. Moreover, we find that the test statistics used
in these tests can be numerically ordered, indicating their relative power properties in finite samples.
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1 Introduction

This paper investigates the endogeneity test for potentially endogenous regressors in linear instrumental
variable (IV) models that utilizes the control function (CF) approach. Specifically, we focus on the

following model:

w=y B+z{y+e=12"0+¢, (1)
y=zmtzmmto=2 7+, (2)
where x = (yir,zir )T, y1 represents potentially endogenous regressors, ¢ and v are unobserved error

terms in the structural and reduced-form equations respectively, and z = (le , ZZT )T represents exogenous

variables which satisfy:

Elze] =0 and E[zv']=0. (3)
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Since 23 is excluded from the structure equation (1) and satisfies the orthogonality conditions in (3), it
serves as instruments for y.

One widely used method for testing the endogeneity of y; is the Hausman test (Hausman, 1978). This
test compares the ordinary least squares (OLS) estimator Bols of 5 against the two-stage least squares
(2SLS) estimator Basis. The test rejects the null hypothesis that y; is exogenous if the difference between
Bols and Bgsls exceeds a certain threshold determined by the significance level of the test.

As an alternative to the Hausman test in the IV approach, we can also apply the CF approach
to obtain a consistent estimator of 8 and test for the endogeneity of y;. Specifically, we run an OLS
regression of the following model

ypo=2'0+v p+u, (4)

where we replace v by the estimated residual ¥ in the OLS regression of the reduced-form equation (2),
and obtain estimators écf and p.r. Then we test the endogeneity of y; using the Wald test for the null
hypothesis Hy : p = 0.

This paper makes several contributions to the existing literature. First, we demonstrate that p.r
is a linear transformation of 3015 — Bgsls, thereby elucidating the connection between the Wald test for
Hy : p = 0 in the CF approach and the Hausman test in the IV approach. Second, we show that the
Wald test differs from the Hausman test primarily in how the asymptotic variances of Bgsls and Bols
are estimated, thus representing a variant of the Hausman test. Third, our analysis reveals that the
Wald test statistic is numerically larger than the Hausman test statistics, which rely on Bols or Bgsls to
obtain estimators of the asymptotic variances of Bgls and Bgsls. Since the Wald test employs the same
critical value as the Hausman test, it exhibits larger statistical power in finite samples. These findings
are established without imposing restrictive assumptions on either the null or alternative hypotheses.

The remainder of the paper is structured as follows. Section 2 introduces the test statistics employed
in both the Hausman test and the Wald test. Section 3 establishes a numerical order among the test
statistics introduced in Section 2 and discusses its implications for relative power properties of the tests
in finite samples. Section 4 concludes the paper. The proofs are presented in the Appendix.

Notation. We use a = b to indicate that a is defined as b. For any real vector a, d, denotes the
dimension of a. For any positive integer k, I denotes the k x k identity matrix. For any ky X ks matrix
A, AT denotes the transpose of A, P4 = A(ATA)™'AT and My =1}, — A(ATA)71AT aslong as ATA

is non-singular. For any square matrix A, A > 0 means A is positive definite.



2 Testing for Endogeneity

We begin by formulating the Hausman test for assessing the endogeneity of y; in the model specified by

(1) and (2). Suppose we have a random sample {y1;, Y2, i}, Where z; = (zf—z, Zq z) fori=1,...,n.
Recall that x; = (yIi,in)T, i =1,...,n, denotes the regressors in (1). Let X = (z1,...,2,)", Y1 =

(Y115 >Y1n) > Yo = (Y2.1,---,y2n) ", and Z = (21,...,2,) . The OLS and 2SLS estimators of 6 in (1)
are given by

Oois = (X TX)'XTY, and Og5s = (X TPz X)X T PsY,

respectively. Let Bols and Bgsls denote the leading d,, x 1 subvectors of éols and é2sls respectively. The

Hausman test statistic can be characterized by
tHn(01702) (/Bols BQsls)T((}%(YlTMZlyl)il - &g(leMZlyl)il)il(Bols - 523!5)7 (5)

where V] = P;Yq, &% (fflTM Zlffl)*l and &%(YlTM 7, Y1)~ ! are estimators of the asymptotic variances of
Bols and Bgsls respectively, and 67 and 32 are (possibly different) estimates of the variance o2 of the error
term ¢ in the structural equation (1).

In practice, o2 can be estimated by the sample variance of the fitted residual in the OLS estimation:
52 i oN\T 5
Ools = =n (}/2 - Xeols) (Y2 - XHOZS)?
or through its counterpart in the 2SLS estimation:
a-gsls = nil(YQ - Xé2sls)T(Y2 - Xé2sls))

resulting in three popular versions of the Hausman test with test statistics ty, =1 Hn( 051505 S) tg, =
tHn (034 05,,), and tp, =ty n(62,,,67%,) respectively (Wooldridge, 2010, Section 6.3.1; Baum, Schaffer,
and Stillman, 2003).

Alternatively, we can apply the CF approach and obtain the estimators of 6 and p in (4) as

(ecf7pcf) = ((X7 V)T(Xa V))_l(Xv V)TY% (6)
where V = M zY1, and then test the endogeneity of y; using the Wald test with the test statistic
AT (7 /A -1
tor = ply (Asv(per))  bes (7)

where ﬂ)(ﬁcf) denotes an estimator of the asymptotic variance of p.r. Applying the partitioned re-

gression formula (which is also known as the Frisch-Waugh-Lovell Theorem, see, e.g., Davidson and



MacKinnon (1993, Section 1.4)) to (6) yields
pef = (VIMxV) MV T MxYs) = p+ (VI MxV) VI MxU - VI Mx(V - V)], (8)

where U = (ug,...,un)", V. = (v1,...,v,)", and the second equality follows by (4). Although the
regressor v is estimated and hence the estimation error V — V should be taken into account when
calculating @(ﬁcf), the expansion in (8) shows that this estimation error can be ignored under the

null that p = 0. Therefore, in the rest of the paper we use the estimator
Asv(per) = o4 (VI MxV) 7! (9)
where 62 is the sample variance of the fitted residual in the OLS regression of (4)
oo =0t (Yo — Xof = Vier) ' (Ya = XOep — Viey). (10)

As we shall see in the next section, choosing this estimator makes the Wald statistic tcp comparable to

tH7n(5-%7 a‘%)'

Throughout this paper, we assume that X' X, X' PzX, and (X, v')T(X7 V) are non-singular so
that the estimators éols, éws, écf and p.s are well defined. Under these primitive conditions, we have

Y, My, Y1 >0, Y," Mz, ¥, >0 and
Y, Mg, Y1 —Y," My Yy =Y, MzY; >0,

which further implies that
(YT Mz, V)™t — (V"M Y1)t > 0. (11)

In view of (11) and the definitions of ty; (j = 1,2,3) and tcr, we also assume that 62, 62, and 62 are
strictly positive so that these test statistics are well defined.

Under the null that y; is exogenous, along with other regularity conditions, one can establish that
the asymptotic distributions of ¢y, (j = 1,2,3) and tcr are Chi-square with ki degrees of freedom
(denoted as x?(k1)). Consequently, the Hausman tests and the Wald test reject the null hypothesis if
the corresponding test statistic exceeds the 1 — o quantile of x?(k1), where o denotes the significance
level. As we shall see in the next section, the test statistics tg; (j = 1,2,3) and top can be numerically

ordered, indicating their relative rejection properties in finite samples.



3 Main Results

Our first objective is to establish a numerical relationship between the OLS and 2SLS estimators and the
estimators in the CF approach. This result serves as a foundation for further investigating the numerical

order among ty; (j = 1,2,3) and tcp in finite samples.

Lemma 1 The estimators in the CF approach satisfy

ecf é2sls
= . . (12)
[)Cf (YlTszl)_l(leTleyl)(Bols - 625[5)
Moreover, the Wald test statistic tor satisfies
. N . . -1 .
tor = (ﬁols - /62815)T <65(Y1TMZ1Y1)71 - 6121(YlTMZY1)71) (/Bols - B2sls)7 (13)

where 62 is defined in (10).

The lemma above carries two important implications. First, écf is numerically equivalent to égsls,
implying that éc ¢ shares the same standard error as 92518. This finding has been well recognized in the
literature since at least Hausman (1978) (see also Davidson and MacKinnon (1993, Section 7.9) and
Wooldridge (2010, Problem 5.1)). Second, p.s is a linear transformation of Bols — Bgsls, establishing a
connection between the Wald test based on tcr and the Hausman tests based on tg,, (6%, 63). To the best
of our knowledge, this numerical relationship is a novel contribution to the literature. The expression of
tor in (13) further suggests that ¢ is a special case of th(&%, 62) with 63 = 63 = 62.

Since ty, (j = 1,2, 3) and tcr differ only in how the variance estimators 62 and 63 in (5) are calculated,
their relative performances are determined by the differences of these variance estimators. Intuitively, (75
should not be larger than é}gl . since, compared with the OLS estimation of (1), the CF approach includes
an extra regressor v in (4), and the resulting R? should not be smaller. Moreover, we have 6%, < 63,
by the definitions of OLS and 2SLS estimation. Therefore, we expect a weak order among these variance

2

estimators: 62 < 62, < 63515, which together with the definitions of ¢y, (j = 1,2,3) and tcp implies

a weak numerical order among the test statistics: tcp > tg, > tg, > tg,. Our next lemma establishes

2

- &gl s and 6§sl > enabling us to obtain a strong

the exact relationships among the variance estimators &

numerical order among them as well as among the test statistics ty; (j = 1,2,3) and tcF.
Lemma 2 Let Hn = (na—gsls)il(gols - BQsls)T<Y1TM21Y1)(Bols - B2sl5)- Then

N N ty . tH
60 =062, <1 - nl> = 654 <1 - 72 - Hn> : (14)



Since ty, (j = 1,2,3) and H,, are non-negative, from (14) we immediately obtain 62, > 6%, > 62,

which implies that tcp > tg, > tg, > tg,. Moreover, when /3’013 — Bgsls # 0, tH, and H, are strictly

2

~2
ols >0

positive. In this case, we can deduce from (14) that 62, > & o

and a strong numerical order

among ty; (j =1,2,3) and tcp, which is summarized in the lemma below.
Lemma 3 Suppose that /3’015 - /3’25[3 # 0. Then we have tcrp > tg, > th, > tH,.

Lemma 3 demonstrates that in finite samples, the endogeneity test based on tcp has the largest rejec-
tion probability compared with g, (j = 1,2,3), although these four tests are asymptotically equivalent

under the null hypothesis and local alternatives where Bols — 32815 = op(1).

4 Conclusion

This paper explores the endogeneity test using the CF approach in linear IV models. We find that
the OLS estimator of the coefficients of the generated CF is a linear transformation of the difference
between the OLS and 2SLS estimators of the coefficients of endogenous regressors. This finding allows
us to demonstrate that the commonly used endogeneity test using the CF approach is a variant of the
Hausman test. In addition, we establish a numerical order among the test statistics employed in the
Hausman tests and the endogeneity test using the CF approach. This numerical order highlights that

the endogeneity test using the CF approach exhibits the highest rejection probability in finite samples.
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Appendix

A  Proofs

Proof of Lemma 1. By partitioned regression/partialling out formula,

~

—1
Ocs (XTMeX)" XTMYs
fef (VTMxV)"'WT MxYs

Since X'V = XM7Yy = (Y{" MzY1,04,, xa.,)" and V'V = Y," MzY3, we have

T T T
Odz1 Xdy, Oclz1 Xdzq ZFYl ZIZl
and
Y," M,Y; Y," P;Y;
XTM‘A/YQZXT}/?_ ' o = ' TZ : :XTPZY27
Odzlxl Z1 }/2

which together with (15) implies that
écf = (XTPZX)_lXTPZYQ = éZSlS‘

By the definitions of éols and égsls, it is easy to show that

Bots = (V1 Mz, V1)V " Mz, Yo and  Bags = (i (Pz — Pz,)Y1) 'Y} (Pz — Pgz,)Ya.

Moreover,
VIMxV =Y, MzY1 — (Y, MzY1,04,, xa., ) (X" X) "1V, MzY1,04,, <a.,)
=Y," MYy — Y, MzY1(Y, My, Y1)~y MYy
=Y, (Py — Pz )Y1(Y," My, Y1)y, MYy,
and

VIMxY, =Y, MzYs — (Y, MzY1,04, <., )(X X)X TY,
=Y," MYy — Y, MzY1(Y, My Y1)~ 'Y, My, Ys
=Y, (Py — Pz,)Yi(Yy Mz, Y1) 'Y, Mz Ys — Y, (P — Pg,)Ya,

= Y," (Pz — P2,)Y1(Bois — Basts)

(15)

(17)

(19)



where the second equality is by the partitioned regression formula on (X'TX)7'XTYs, and the last

equality is by (17). Combining the expressions in (18) and (19) yields
pey = (VI MxV) W MxYs = (V)" MzY1) ™'Yy Mz, Yi(Bots — Basis)- (20)
The claim in (12) follows from (16) and (20).
By the definition of @)(ﬁcf) in (9) and the expression in (18),
Asv(pep) = 62V, Mz¥1) ™'Y, Mg, Vi (V) (Pz — Pz,)Y1) ", (21)

Using (12) and (21), we have

e q. =Y.' (P; — P;))Y1(Y, My Y1) LY,  MyY; .
per(Asv(pes)) ™ bes = Py 1 O Mz 1) Pef

52

O-’U,

Y, Mg V(Y] MzY1) Y] (P; — Pz )Ya (Bots — Posts) (22)
ols sts)-

= (Bols - BQsls)

7
Since My = Mz, — Pz + Pz, and Vi = PzYq, we derive
(Y, (Pg — Pz Y1) Y, My Yi (Y, My, vy) ™t
= (V) (Pz = Pz,)Y1) 'Y} (Mg, — Pz + Pz,)YA(Y,' Mz, Y1)~
= (Vi (Pz — Pz)V1) ' = (Y} Mz Y1) ™!
= () Mz, Y1)~ = (i Mg, Y1) ™

which together with (22) proves the second claim of the lemma. m

Proof of Lemma 2. By the definition of éols and égsls, we can write
éols - é?sls :(XTX)_lXTMZYZ + (XTX)_lXTPZYé - é25ls
=(XTX) X TMzYs + (X TX) X TPsX — X T X)0g45

(XTX)" N XMz, Yo — XT Mg, X0s45)

— (XTX)"YXT(Pg — Pz,)Ya — X" (Pg — Pz,)X6245)
=(XTX) (X Mz, Ys = X T Mz, Xbs4). (23)

Applying the formula for the inverse of block matrix to X ' X = (Y1, Z1)" (Y1, Z1) and elementary matrix
operations yields
(XTX)il(XTMZ1Y2 - XTMZlXé%ls)
(YITleyl)_l

= (YITM21}/1 - YlTMZIY].BQSlS)'
—(Z Z)) 21 (Y, Mz, Y1)



Note that
Yy My, Y1 — Yy My, Y1 fogs = YiT Mz, Yi(Bots — Basis)-

Therefore, we can further derive

7 Idy1

Oots — é2sls = (Bols - BQsls)- (24)
—(Z] 2))7' 2
To show the first equality in (14), we write
=Yy — Xécf - VpAcf =Ys — Xéols + X(éols - éQSlS) - V/A)cf (25)

Note that X7 (Yy — X éols) = 0 by the definition of éols. Some elementary matrix operations lead to

VT (Yo — X0,5) = Y, MyYs — Y, Mz X0,
=Y, MYy — Y, MzY1 B0,
=Y, My, Yy — Y, My, Y1Bos + Y, (P — Pz,)YiBors — Yy (Pz — Pz,)Ys

=Y, (Pz — Pz,)Y1(Bots — Pasts)-
Hence, by Lemma 1
PLVT(Ya = X0ois) = (Bots — Basis) 'Y Mz, Yi(Yy MzY1) ™'Y, (P — Py, )Y1(Bots — Bosts)- (26)
Moreover, observe that by (24) and Lemma 1

X(éols - é2sl5) - Vﬁcf - MZ1Y1 (Bols - 32518) - MZYVI (YlTMZYI)_l(YlTMZlyl)(Bols - BZSZS)

= (Mz, Y1 — MzY1(Yy" MzY1) 7Y, My, Y1) (Bots — Bosts)
and by elementary matrix operations

(Mz,Y1 — MzY1(Yy MzY1) 'Yy Mz, Y1) T (Mg, Yh — MzYi (Y, MzY1) ™'Yy My Yr)
=Y," My YVi(Y," MzY1) 7YY, My, Y — Y, Mg, Y,
=Y," My Y1(Y," MyY1) 7YY, (Py — Py)Yi.

Therefore, we have

(X(éols - é2sls) - Vﬁcf)T(X(éols - é2sls) - Vﬁcf)

= (Bots — Basis) Y1 Mz, Vi(Yy MyY1) ™YY, (Py — Pg)Yi(Bots — Basis)- (27)



Collecting the results in (25), (26), and (27), we obtain

—1,T

n i a =" (Ys — X00s)T (Ya — X0ois) — 20 pL VT (Yo — XO15)
+ n71<X(éol5 - é2sls) - Vﬁcf)T<X(éols - é2sls) - Vﬁcf)
=62 — 1" N Bots — Basts) Yy Mg, Yi(Yy MyY1) 7YY, (Py — Pgy)Yi(Bots — Pasis)

_&ols (/8013 /BZSZS) (( (PZ - le)Yl) (YlTMZlifl)il)il(Bols - BQsls)

~2 ~2
_ 1 tH,n (Uols’ Uols)
ols - n )

which together with the definition of ¢z, proves the first equality in (14).

To show the second equality in (14), note that by Lemma 1
i =Yy = X0of — Vey = Yo — Xbas — Vies. (28)
By the definitions of Bols and Bgsls, we have
VI(Yy = Xb45) =Y1" MzYs — Yy Mz X 0o
=Y, MzYs — Y, MzY1Bogs
=Y, Mz, Y = Y} Mz, Y1 fasis — Yi' (Pz — Pz,)Ya + Yi' (Pz — Pz,)Y1B2as
=Y, Mz, Y1(Bots — Basis)- (29)
Therefore,
PV (Ya — Xbags) = (Bots — Pasts) Vi Mz, Yi(Yy MzY1) ™Yy Mz, Y1(Bots — Bosts)- (30)
Moreover,
VIV bes = (Bots — Basis) ' Y1 Mz, Yi(Yy MzY1) ™'Yy Mz, Y1(Bots — Basts),
which combined with (28), (29) and (30) implies that
nta ="t (Y — Xlags) T (Y2 — XOza) + 17 VIV ey — 207 T VT (Ya — Xba4)
7023ls (/Bols BQsls)TleTle Y1 (YlTMZYI)_lleMZl}/I(Bols - 32513)

:&%sls - n71<Bols - B2SZS)TY1TMZ1 Yl(YlTMZyl)ilyvlT(PZ - le)Yl (Bols - 82515)

— Y (Bots — Pasis) Y1 Mz, Vi(Yy MyY1) ™YY MyYi(Bots — Basts)
Ly leyl

ty 62 .62 ~ A
~2 ~2 51 2sl 2sl
=02s1s — O24ls ( E— S) - (Bols - ﬁQsls)

(/6015 BZsls)~

10



This together with the definitions of ¢y, and H,, completes the proof. m
Proof of Lemma 3. Note that by By # Pasis and (11), we have
Ot = Ogsti, = Outar = (Bos — Pasis) (Vi Mz, Y1) ™ = (V)T Mz, Y1) ™) " (Bors — Basts) >0 (31)

and
&gslan = nil(/éols - BQsls)T(YlTMZ1 Yl)(Bols - /32515) > 0. (32)
Therefore, the equalities in (14) of Lemma 2 imply that

2
ols

Gags > G2 > G2 (33)
Combining (31) and (33) yields tor > tg, > tg,. By (33) and (Y;' Mz Y1)™! > 0, we can show that
&gsls(ffl—erl}}l)_l - OA-zls(YlTle}/i)_l > C?rgsls[(}Afl—l—]w'zlffl)_l - (YlTle}/i)_l]>

which together with Bols #* Bgsls and the definitions of tf, and tg, implies that tg, > tg,. ®

11
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