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ABSTRACT. We propose logit-based IV and augmented logit-based IV estimators
that serve as alternatives to the traditionally used 2SLS estimator in the model
where both the endogenous treatment variable and the corresponding instrument
are binary. Our novel estimators are as easy to compute as the 2SLS estimator
but have an advantage over the 2SLS estimator in terms of causal interpretability.
In particular, in certain cases where the probability limits of both our estimators
and the 2SLS estimator take the form of weighted-average treatment effects, our
estimators are guaranteed to yield non-negative weights whereas the 2SLS estimator
is not.

1. INTRODUCTION

We study the problem of instrumental variable estimation in the setting with a
binary treatment and a binary instrument in the presence of controls. Numerous
parametric and nonparametric instrumental variable estimators have been pro-
posed in the literature for this setting, and among all of them, perhaps the most
important one is the 2SLS estimator. It is simple to compute and has straightfor-
ward motivation in the case of constant treatment effects. However, it has been
recently demonstrated by Blandhol et al. (2022) that in the case of heterogeneous
treatment effects, the 2SLS estimator has multiple issues unless saturated controls’
are being used, which is rarely the case in practice. In this paper, we propose a new
instrumental variable estimator that alleviates some of the problems of the 2SLS
estimator and is as simple to compute as the 2SLS estimator itself.

Like the 2SLS estimator, our estimator consists of two steps. In the first step,
we run a logit regression of the instrument on the set of controls. In the second
step, we use a classic instrumental variable estimator for the linear regression of
the outcome on the treatment using residuals from the logit regression calculated
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on the first step as an instrument. We refer to this procedure as the logit-based
instrumental variable (IV) estimator.

Under the standard monotonicity (no defiers) and conditional independence
conditions, the probability limits of both 2SLS and logit-based IV estimators consist
of the sum of complier, always-taker, never-taker, and non-causal terms. Without
further conditions, complier, always-taker, and never-taker terms take the form
of weighted-average treatment effects with the weights not necessarily integrating
to one but the advantage of the logit-based IV estimator is that the corresponding
weights in the complier term are always non-negative, which is not necessarily
the case for the 2SLS estimator. This advantage is particularly important under
additional conditions guaranteeing that the always-taker, never-taker, and non-
causal terms vanish. Under these conditions, the probability limit of the logit-
based IV estimator is represented by a convex combination of treatment effects for
compliers and the probability limit of the 2SLS estimator is not. Thus, under these
conditions, the logit-based IV estimator has a causal interpretation and the 2SLS
estimator does not.

In addition, we develop an augmented logit-based IV estimator that has a causal
interpretation under conditions that are more plausible than those underlying
causal interpretability of the logit-based IV and 2SLS estimators. This estimator
is similar to the logit-based IV estimator itself but contains an extra term in the
logit regression used in the first step of the logit-based IV estimator. This term
in turn originates from the binary regression model of the treatment variable on
controls using a subsample of the data corresponding to an ex ante fixed value of
the instrument.

Moreover, we construct a Hausman specification test that can be used to check
whether the logit-based IV estimator has a causal interpretation. The test is based
on the comparison of the logit-based IV and augmented logit-based IV estimators
and is easy to perform.

Our paper contributes to the large literature discussing causal interpretability of
various parametric IV estimators in the case of heterogeneous treatment effects.
We therefore provide here only a few key references that are particularly relevant
for our work. The literature has been started by Imbens and Angrist (1994), who
gave the local average treatment effect interpretation of the instrumental variable
estimator in the case of a binary treatment and a binary instrument without controls
allowing for heterogeneous treatment effects under the monotonicity (no defiers)
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assumption. Angrist and Imbens (1995) showed that in a model with saturated
controls, the 2SLS estimator that includes all interactions between the instrument
and controls in the first step converges in probability to a weighted average of
control-specific local average treatment effects. Abadie (2003), Kolesar (2013), and
Sloczynski (2020) obtained a similar result for the same and other parametric instru-
mental variable estimators without saturated controls assuming that the conditional
mean function of the instrument given controls is linear. Blandhol et al. (2022)
demonstrated that parametric instrumental variable estimators generally lack a
causal interpretation if this conditional mean function is not linear.

The rest of the paper is organized as follows. In the next section, we introduce the
logit-based IV estimator and discuss its causal interpretation. In Section 3, we dis-
cuss the augmented logit-based IV estimator and compare its causal interpretability
with that of the logit-based IV estimator itself. In Section 4, we derive asymptotic
normality results for both estimators. In Section 5, we develop a Hausman test that
can be used to check causal interpretability of the logit-based IV estimator. In the
Appendix, we provide all the proofs.

2. LOGIT-BASED IV ESTIMATOR

In this section, we propose a logit-based IV estimator and explain its advantages
over the 2SLS estimator in the potential outcome model with a binary treatment
and a binary instrument in the presence of controls. In particular, we derive a set
of conditions under which our logit-based IV estimator has a causal interpretation
and the 2SLS estimator does not.

Consider the potential outcome model with a binary treatment T € {0,1} and a
binary instrument Z € {0, 1}:

Y=YQ)T+Y0)(1-T) and T=TQ)Z+T(0)(1-2), (1)

where Y(0), Y(1) € R are potential outcome values and T(0), T(1) € {0, 1} are potential
treatment values. In addition, let X € X < RP be a vector of controls. We will as-
sume that the instrument Z is independent of potential values (Y(0), Y (1), T(0), T(1))
conditional on X, which is a standard assumption in the program evaluation litera-
ture, e.g. see Chapter 4.5.2 in Angrist and Pischke (2009):

Assumption 2.1. Z 1 (Y(0), Y(1), T(0), T(1)) | X.



4 CHETVERIKOV, HAHN, LIAO, AND SHENG

In this model, the group variable G = (T(0), T(1)) can take four values, (0, 0), (0, 1),
(1,0), and (1, 1), that are typically thought to correspond to sub-populations of never-
takers (NT), compliers (CP), defiers (DF), and always-takers (AT), respectively, and it
is customary to use letter-based values instead of digit-based values. We will follow
this tradition and will write, for example, G = CP instead of G = (0, 1).

For each sub-population g € G = {NT, CP, AT, AT} and each x € X, define the
x-conditional average treatment effect

Ag(x) =E[Y(1) - Y(0)|G =g, X = x].

For any estimator B, we will say that it has a causal interpretation if its probability
limit takes the form of a weighted-average treatment effect

> E[Ag(X)wg(X)], (2)
geg
where the weights wg(x) are non-negative for all (g, x) € G X X and integrate to one:
Yge g E[wg(X)] = 1. In other words, the estimator has a causal interpretation if its
probability limit can be represented as a convex combination of treatment effects.
We will say that an estimator has a partially causal interpretation if takes the form
of a weighted-average treatment effect (2) with non-negative weights that do not
necessarily integrate to one.
In addition, we will impose the monotonicity condition as in Imbens and Angrist
(1994):

Assumption 2.2. P(T(1) > T(0)) = 1.

This assumption excludes the sub-population of defiers. In the model without
controls X, Imbens and Angrist (1994) used this assumption to identify the LATE,
the local average treatment effect for compliers:

LATE = E[Y(1) - Y(0)|G = CP],

which is often a quantity of interest. Frolich (2007) extended this result and showed
that the LATE is identified in the model with controls as well, as long as we impose
Assumption 2.1 in addition to Assumption 2.2. Frolich (2007), as well as following
papers, e.g. Belloni et al. (2017), developed nonparametric and machine learning
estimators of the LATE in the model with controls.

In practice, however, empirical researchers often prefer simple parametric alter-
natives, such as the 2SLS estimator. As argued in Blandhol et al. (2022), this could be
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problematic. Indeed, not only may the 2SLS estimator not converge in probability
to the LATE, it may not have a causal interpretation at all. In particular, it may not
take the form of a weighted-average treatment effect and even if it does, the weights
may take negative values and may not integrate to one.

To cope with some of these problems, we propose a simple alternative to the
2SLS estimator. Let (Y7, Ty, X1, Z1), - - -, (Yn, Tn, Xn, Zn) be a random sample from the
distribution of (Y, T, X, Z). Also, let

=———~>—  telR
1+exp(t)’ <

be the logit function. Our estimator, which we refer to as the logit-based IV estimator,
takes the following form.

Algorithm 2.1 (Logit-Based IV Estimator). Proceed in two steps:
(1) Run the logit estimator of Z on X,

~

n

_ T T .

0 =arg 52%’% . (ZiXi 0 - log(1 + exp(X; 6))),
l:

(2) Compute the logit-based IV estimator as the following ratio:
Ta
Yz - X A)) .
Y7, Ti(Z; - A(X] 0))

Ba=

Note that this estimator differs from the 2SLS estimator by using the logit re-
gression residuals Z; - /\(XiTé\) in the second step instead of the linear regression
residuals used by the 2SLS estimator. For clarity of presentation, and since this will
be helpful for our discussion below, we provide the formal algorithm for the 2SLS
estimator as well.

Algorithm 2.2 (2SLS Estimator). Proceed in two steps:
(1) Run the OLS estimator of Z on X,

n
/\: . Z-_X,T 2.
vy arggﬁ&;(l S )5
l:

(2) Compute the 2SLS estimator as the following ratio:
T/\

?:1 Yi(Zi - Xi ’Y)

Y TiZ - XY)

=171

(3)

Bosrs =
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Algorithm 2.2 may not be the usual way to define the 2SLS estimator but it is easy
to verify that it does define the 2SLS estimator by applying the Frisch-Waugh-Lovell
theorem.?

Without further assumptions, neither logit-based IV nor 2SLS estimators may
have a causal interpretation. To see why this is so, we first need to introduce some

additional notations. For all x € X, let
wepx) =P(G=CP|X =x), war(x) =P(G=AT|X =x), wnr(x)=P(G=NT|X =x)

denote the x-conditional fractions of compliers, always-takers, and never-takers in
the population, respectively. Also, let

0p = arg max E[ZX ' 0 - log(1+ exp(X ' 0))] (4)
0eRP
and
Yo = arg min E[(Z - X "y)?] (5)
YeRP

be the probability limits of the estimators 8 and ¥ appearing in Algorithms 2.1 and
2.2. Moreover, for all x € X, let

ha(x) = Alx'0g) and  hygrs(x) = x ' vo.
The following theorem derives the probability limits of both B A and BZSLS.

Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then under appropriate
regularity conditions,s forany s € [0,1] and a € {A,2SLS}, we have that ﬁa —p Ba
where
_ E[Acp(X)wep(X)(SE[Z|X] + (1= s)ha(X) - he(X)E[Z]X])]
) E[T(Z - ha(X))]
, SEAAT(X) @A (X) (EIZ|X] - ha(X)]
E[T(Z - ha(X))]

Ba (6)

(7)

ZNotably, our logit-based IV estimator is not related to the “forbidden regression” discussed in
Chapter 4.6.1 of Angrist and Pischke (2009), which refers to the use of the fitted value T; in the second
stage OLS regression of Y; on T; and X; obtained from a non-linear regression of T; on Z; and X;.
Instead, our approach replaces the linear predictor XiT? of Z; by a nonlinear predictor /\(X?@), o)
we are “partialling out” X; using a nonlinear model. Importantly, under the assumption of constant
treatment effects, so that Y(1) - Y(0) = p, our logit-based IV estimator is consistent for p under the
same conditions as those required for consistency of the 2SLS estimator, as opposed to the forbidden
regression, which requires extra conditions. In particular, it is easy to check that the logit-based
IV estimator is consistent for p under Assumption 2.1 as long as the function x — E[Y(0)|X = x] is
linear.

3To avoid distractions, we provide the list of regularity conditions for this theorem and all other
results in the Appendix.



LOGIT-BASED ALTERNATIVES TO TWO-STAGE LEAST SQUARES 7

. 8- DE[ANTX) wNT(X)(EIZ|X] = ha(X))]
E[T(Z - hqa(X))]

E[E[sY(0) + (1- s)Y(1)|XI(E[Z|X] - ha(X))]
E[T(Z - ha(X))]

+

The proof of this theorem, as well as of all other results in the main text, is
rather simple and is provided in the Appendix. In fact, the expression for the
probability limit of the 2SLS estimator By sts in this theorem is closely related to
that in Proposition 1 of Blandhol et al. (2022).

Theorem 2.1 shows that without further assumptions, the probability limits of
both logit-based IV and 2SLS estimators take the form of a sum of complier, always-
taker, never-taker, and non-causal terms, appearing in expressions (6), (7), (8), and
(9), respectively. The last term is referred to here as a non-causal term because it
does not take the form of a functional of the treatment effect Y(1)-Y(0). In particular,
this term depends non-trivially on the level of potential outcomes Y(0) and Y(1).
The representations for the probability limits given in Theorem 2.1 are not unique
as different values of the parameter s give different representations. For example,
it is always possible to get rid of the never-taker term by substituting s = 1 and it is
always possible to get rid of the always-taker term by substituting s = 0. However,
without further assumptions, it is not possible to get rid of both always-taker and
never-taker terms at the same time.

Theorem 2.1 identifies at least three problems with both logit-based IV and 2SLS
estimators. First, the presence of the non-causal term means that neither logit-
based IV nor 2SLS estimators in general converge in probability to a weighted-
average treatment effect. Second, the always-taker term in (7) shows that the
x-conditional average treatment effect for always-takers Asr(x) has the weight
wAT(X)(E[Z|X = x] - ha(x))]/E[T(Z - ha(x))], which may be negative for both logit-
based IV and 2SLS estimators, and the same applies to the never-taker term in
(8). Third, even if the non-causal term in (9) is zero, so that the corresponding
probability limits 3 5 and B,¢r¢ take the form of the weighted-average treatment
effects, the weights may not integrate to one. These are all the problems discussed
in Blandhol et al. (2022) in the case of the 2SLS estimator.

Theorem 2.1 also identifies the key advantage of the logit-based IV estimator in
comparison with the 2SLS estimator: for the former estimator, all the weights in
the complier term are non-negative and this is not necessarily the case for the latter
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estimator. To see this advantage more clearly, we now impose several additional
assumptions.

Assumption 2.3. For some vectorng € RP, we have E[(Y(1)-Y(0))T(0)+Y(0)|X] = X 1o
with probability one.

This assumption, although non-standard, seems rather attractive. Indeed, it
specifies a linear regression model for the conditional mean of (Y(1)-Y(0))T(0)+Y(0)
given X, and linear regression models have a long tradition in econometrics. In
empirical work, even if regression functions are not believed to be exactly linear,
they are believed to be approximately linear. In this sense, Assumption 2.3 is in
line with a traditional regression analysis in economics. Moreover, as long as the
conditional mean function x — E[(Y(1) - Y(0))T(0) + Y(0)|X = x] is continuous, it can
be well approximated by a linear combination of, say, polynomial transformations
of x. In such a case, Assumption 2.3 can be made more plausible if we replace X
by a set of polynomial, or other technical, transformations of X. In practice, this
amounts to replacing all X/’s by, say, q(X;)’s, where q(-) = (¢1(), - - ., qk(-))T is a vector
of corresponding transformations. Moreover, under Assumption 2.1,

E[(Y(1) - Y(0))T(0) + Y(0)|X] = E[(Y(1) - Y(0))T(0) + Y(0)|X, Z = 0]
= E[Y]X, Z = 0],
which implies that Assumption 2.3 is testable.

Assumption 2.4. For some vector g € RP, we have E[T(0)|X] = X "\ with probability
one.

This assumption specifies a linear regression model for the conditional mean
of T(0) given X. Given that T(0) is a binary random variable, the conditional mean
E[T(0)|X] takes values in the (0, 1) interval, and so this assumption may be less
plausible than Assumption 2.3. However, we will use this assumption mainly to
make the comparison between the logit-based IV and 2SLS estimators particularly
transparent. Without this assumption. our logit-based IV estimator will still have a
partially causal interpretation. Also, under Assumption 2.1,

E[T(0)|X] = E[T(0)|X, Z = 0] = E[T|X, Z = 0],

which implies that Assumption 2.4 is testable as well. In addition, like Assumption
2.3, it can be made more plausible if we replace X by a set of appropriate transfor-
mations of X. Finally, we will discuss in the next section how one can modify the
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logit-based IV estimator to accommodate more plausible versions of Assumption
24.

By combining Theorem 2.1 with Assumptions 2.3 and 2.4, we obtain the following
corollary.

Corollary 2.1. Suppose that Assumptions 2.1, 2.2, 2.3, and 2.4 are satisfied. Then under
appropriate regularity conditions, the probability limits 3 5 and [3osr.s appearing in
Theorem 2.1 take the following form:

BA =E[Acp(XIWAX)] and Posrs = E[Acp(X)wosrs(X)],

where
W (x) = wep(MELZ]X = x](1- Alx' 89))
AT Elwep(MEIZIXI(L - AXT6g)]
and
Wosr o(x) = wep(E[Z|X = x](1-x"yo)
BT Elwep(X)EZIX](1- X Tyo)]
forallx e X.

This corollary provides a clean comparison between logit-based IV and 2SLS
estimators. It shows that under our assumptions, both estimators converge in
probability to weighted-average treatment effects for compliers, and the weights do
integrate to one:

E[wa(X)] = E[wogsrs(X)] = 1.

However, in the case of the 2SLS estimator, some of the weights may take negative
values, which happens whenever x ' y( exceeds one. At the same time, the weights
of the logit-based IV estimator are always non-negative, as the logit function A(-)
takes values in the (0, 1) interval. Thus, under our assumptions, the logit-based IV
estimator has a causal interpretation and the 2SLS estimator does not. This explains
the main advantage of the logit-based IV estimator relative to the traditionally used
2SLS estimator.

We emphasize here that using other binary choice models instead of logit in
Algorithm 2.1 may not necessarily work. For example, if we were to replace the logit
model by the probit model, under our assumptions, we would obtain an IV estimator
whose probability limit does not necessarily take the form of the weighted-average
treatment effect.

We now discuss two extensions of Corollary 2.1. First, without imposing Assump-
tion 2.4, we obtain somewhat more convoluted expressions for the probability limits
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of the logit-based IV and 2SLS estimators, which are nonetheless useful to make
comparisons between these two estimators.

Corollary 2.2. Suppose that Assumptions 2.1, 2.2, and 2.3 are satisfied. Then under
appropriate regularity conditions, the probability limits B 5 and Bogrs appearing in
Theorem 2.1 take the following form:

BA =E[Acp(X)WAX)] and Basrs = E[Acp(X)wosrs(X)],

where
WA () = wep(E[Z|X = x](1- Alx " 6p)) (10)
Elwep(X)E[Z|X]1(1 - AXT6p))] + Elwar(X)(E[Z|X] - A(X T 6p))]
and
_ wep(DE[ZIX = x](1- x " vy)
W2 = e e CORIZXI(L - XTvo)] * Blaar O EZXT - Xy
forallx e X.

This corollary shows that without imposing Assumption 2.4, both logit-based IV
and 2SLS estimators still converge in probability to weighted-average treatment
effects for compliers but the weights now do not integrate to one. On the other
hand, as long as the fraction of always-takers is not too large relative to the fraction
of compliers, so that the denominators in (10) and (11) remain non-negative for
all x e X, the main advantage of the logit-based IV estimator remains valid: its
corresponding weights are still non-negative and the estimator has a partially causal
interpretation, whereas the weights of the 2SLS estimator may be negative and the
estimator does not have a partially causal interpretation.

Second, we can relax Assumptions 2.3 and 2.4 without losing causal interpretabil-
ity of the logit-based IV estimator. Indeed, consider the following assumption.

Assumption 2.5. For some constant s € [0, 1] and some vectors ng and g in RP, we

have
E[(Y(1) - YO)(T(O) + (1- 9TM) + YO)}X| =X "o (12)
and
E[sT(0) + (1- s)T(1)|X] = X "y (13)
with probability one.

This assumption relaxes Assumptions 2.3 and 2.4 as it reduces to Assumptions
2.3 and 2.4 if we plugin s = 1. It requires that there exists a linear combination
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of the conditional mean functions x — E[(Y(1) - Y(0))T(1) + Y(0)|X = x] and x —
E[(Y(1) - Y(0))T(0) + Y(0)|X = x] that is linear and that the linear combination of the
conditional mean functions x — E[T(1)|X = x] and x — E[T(0)|X = x] with the same
weights is linear as well. All the comments we made about Assumptions 2.3 and
2.4 apply to this assumption as well. In particular, one can show that equations (12)
and (13) can be equivalently rewritten as

SE[Y|X,Z=0]+(1-$)E[Y]X,Z=1]=Xn,
and
SE[T|X, Z = 0] + (1 - $)E[T|X, Z = 1] = X "y,
respectively. Thus, Assumption 2.5 is testable.
Corollary 2.3. Suppose that Assumptions 2.1, 2.2, and 2.5 are satisfied. Then under

appropriate regularity conditions, the probability limit 3 A appearing in Theorem 2.1 take
the following form:

BA = E[Acp(X)wp s(X)]

where

wcep(x) <5E[Z|X =x]+(1-s)Alx"0g) - /\(xTGO)E[Z|X = x])

= |wep(X) (SEIZIX] + (1= HAGXT 0) - A(X T 00)ELZX])|

forallx e X.

This corollary shows that under Assumptions 2.1 and 2.2, Assumption 2.5 is
sufficient for causal interpretability of the logit-based IV estimator. The weights,
however, take a more complicated form than those in Corollary 2.1. Note that a
version of this corollary for the 2SLS estimator can be provided as well but, like in
Corollary 2.1, the weights for the 2SLS estimator may take negative values.

To conclude this section, we demonstrate that the logit-based IV estimator has a
causal interpretation even if Assumption 2.5 is not satisfied as long as it consistently
estimates the conditional mean function x — E[Z|X = x]. Indeed, consider the
following assumption.

Assumption 2.6. The conditional mean function x — E[Z|X = x] takes the logit form,
i.e. E[Z|X] = A(X " 8g) with probability one.

Note that in general, the assumption that the conditional mean function x —
E[Z|X = x] takes the logit form means that there exists some 6 € RP? such that
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E[Z]X] = A(X"0) with probability one. However, given the definition of 8, in (4),
this 8 should be equal to 6, and so we simply assume that E[Z|X] = A(X " 8y).

Corollary 2.4. Suppose that Assumptions 2.1, 2.2, and 2.6 are satisfied. Then under
appropriate regularity conditions, the probability limit (3 5 appearing in Theorem 2.1
takes the following form:

BA =E[Acp(X)wo(X)],

where
_ wep()ELZIX = x](1- E[Z|X = x])

Elwcp(XE[Z|X](1 - E[Z]X])]

wo(%) (14)

forallx e X.

Together with Corollary 2.3, this corollary shows that our logit-based IV estimator
has a double robustness property, meaning that it has a causal interpretation if
at least one of two conditions holds: either Assumption 2.5 or Assumption 2.6 is
satisfied. Interestingly, however, the weights wx _(-) and wy(-) appearing in Corol-
laries 2.3 and 2.4 may be different, which means that even though we have a causal
interpretation in both cases, the parameter we are estimating depends on which
condition is being satisfied.

Remark 2.1. When studying the 2SLS estimator, researchers often assume that the
conditional mean function x — E[Z|X = x] takes the linear form, e.g. see Abadie
(2003), Kolesar (2013), and Sloczynski (2020). In particular, with Assumptions 2.1
and 2.2 being maintained, as discussed in the Introduction, under this linear form
condition, the 2SLS estimator has a causal interpretation. It is therefore useful to
compare this linear form condition with our logit form condition in Assumption
2.6. With saturated controls, the linear form condition and the logit form condition
are both satisfied, and so both logit-based IV and 2SLS estimators have a causal
interpretation. Without saturated controls, however, it is unlikely that both con-
ditions are satisfied simultaneously. In this case, given that Z is a binary random
variable, so that the conditional mean function x — E[Z]|X = x] takes values in
the (0, 1) interval, the logit form condition seems more reasonable that the linear
form condition, and so our logit-based IV estimator is more likely to have a causal
interpretation than the 2SLS estimator. O
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3. AUGMENTED LOGIT-BASED IV ESTIMATOR

In this section, we replace Assumption 2.4 by a more plausible assumption and
show how one can modify the logit-based IV estimator in order to obtain an esti-
mator that still has a causal interpretation. Our modified estimator is similar to
the original logit-based IV estimator but includes an extra covariate in the logit
regression of Z on X.

Let @(-) be a function mapping R to [0, 1] and consider the following alternative
to Assumption 2.4.

Assumption 3.1. For some vector {g € RP, we have E[T(0)|X] = O (X ") with proba-
bility one.

If we set O(t) = min(max(0, t),1) for all t € R, then Assumption 3.1 relaxes
Assumption 2.4. Indeed, in this case, two assumptions are the same if the support
of X T is contained in the [0, 1] interval but Assumption 3.1 does not actually
require the support of X " s to be contained in the [0, 1] interval. We are, however,
primarily interested in the cases where the function @(-) is nonlinear and smooth,
e.g. O(-) takes the logit or the probit form. In these cases, Assumption 3.1 seems
more plausible than Assumption 2.4, as the function x — @ (x "Pg) is smooth and
automatically satisfies the constraint that the conditional mean of T(0) given X takes
values in the (0, 1) interval, without restricting the support of X. Like Assumptions
2.3 and 2.4, Assumption 3.1 is testable and can be made more plausible if we replace
X by a set of appropriate transformations of X.

As it turns out, we can modify our logit-based IV estimator in a way so that it has
a causal interpretation even if we replace Assumption 2.4 by Assumption 3.1. The
modification, which yields the augmented logit-based IV estimator, is explained in the
algorithm below.

Algorithm 3.1 (Augmented Logit-Based IV Estimator). Proceed in three steps:

(1) Run the following maximum likelihood estimator using the data with Z = 0 only,
n
~ _ T T .
P =arg ﬂr)l;%)% Zl 1{z; = 0}(Ti log(O(X; V) + (1-T;) log(1- O(X; 1|)))),
l:

(2) Run the logit estimator of Z on X and ®(X ),
n
(@, K) =arg max Z (Zi(XiTG + EiK) -log(1+ exp(XiTe + EiK))>,

feRP,keR £
1=1
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where we denoted E’i = (D(XiTtAI)) foralli=1,...,n;
(3) Compute the augmented logit-based IV estimator as the following ratio:
e Y Yi(Z - AKX 0+ CR)
AN T ~ = .\
Y1 TiZ; - AXT0 +Ci)))

This estimator requires that we know the link function @ in the single-index
structure ®(X ") used to model the conditional mean of T(0) given X. However,
from a practical point of view, different link functions, such as logit or probit, often
lead to similar results, and the researcher can always check whether it is indeed
the case by trying several link functions. Also, as pointed out above, the researcher
can test whether a particular link function is consistent with the data. Finally, the
researcher can estimate the link function @, as described in Chapter 2 of Horowitz
(2009), for example.

To derive the probability limit of this estimator, define

Py = argdr)rel?R)%E []I{Z = O}(Tlog(CD(XTxp)) +(1-T)log(1- CD(Xle)))}.

Note that 1y equals g if Assumption 3.1 is satisfied, but may be different from
otherwise. Also, define

(B0, Ro) =arg _max  EIZ(X'0+®(X ' ho)x) - log(exp(X ' 0+ O(X ' bo)x))]. (15)

Moreover, define

han () = Alx 8o+ D(x " Pg)Ko)
for allx € X. The following theorem provides the probability limit of the estimator
B AA imposing only Assumptions 2.1 and 2.2.

Theorem 3.1. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then under appropriate
regularity conditions, we have that B AA —p Ban, where

_ E[Acp(X)wcp(X)E[Z|X](1 - hyp (X))]
E[T(Z - hap (X))]
4 BlAATX)war(X) (E[Z|X] - hap (X))]
E[T(Z - hyp(X))]
, BIEY (Q)|X](E[Z]X] - hyp (X))]
E[T(Z - hyp(X))] '

Ban

This theorem shows that the probability limit of the augmented logit-based IV
estimator has the same structure as those of the logit-based IV and 2SLS estimators.
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In particular, it shows that imposing only a minimal set of conditions used in the
program evaluation literature is not sufficient to give the augmented logit-based IV
estimator a causal interpretation, which is similar to conclusions in the previous
section and in Blandhol et al. (2022) for the logit-based IV and 2SLS estimators,
respectively. To obtain a causal interpretation, we need to impose additional condi-
tions. The following corollary provides the probability limit of the estimator Ban
under the condition that either Assumption 2.4 or Assumption 3.1 is satisfied, along
with Assumptions 2.1, 2.2, and 2.3 used in the previous section.

Corollary 3.1. Suppose that Assumptions 2.1, 2.2 and 2.3 are satisfied. In addition,
suppose that either Assumption 2.4 or Assumption 3.1 is satisfied. Then under appropriate
regularity conditions, B AN —p Ban, where

Ban = E[Acp(X)wan (X)]
and B -
_ wep®)EIZIX = x](1- Alx "8 + ©(x " ¥g)Ko))

antx) Elwep(X)E[Z]IX](1- AXT0g + O (X T1hg)Kp))]

forallx e X.

This corollary demonstrates that the augmented logit-based IV estimator has
a causal interpretation in a wider set of cases than the logit-based IV estimator
itself. In particular, both have a causal interpretation if Assumption 2.4 is satisfied,
along with other conditions, but the former has a causal interpretation even if
Assumption 2.4 is not satisfied, as long as the correct link function @ is being used.
Interestingly, however, the weights w4 (-) appearing in this theorem are generally
different from the weights wx (-) appearing in Corollary 2.1, which means that even
when both estimators have a causal interpretation, they generally estimate different
quantities.

In principle, we could extend Corollary 3.1 by relaxing Assumptions 2.3 and 3.1 in
the same way Corollary 2.3 extends Corollary 2.1. However, this would make Step 1
of Algorithm 3.1 much more complicated. In particular, we would have to estimate
the vector of parameters 1\ € R? in the model asserting that

SE[T|X, Z = 1] + (1- )E[T|X, Z = 0] = (X ")

for some s € R and )y € RP. We therefore refrain from carrying out this extension.
On the other hand, we could also consider an estimator that is similar to the one
described in Algorithm 3.1 but using the data with Z = 1 on the first step. For such
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an estimator, it is clearly possible to derive a result like that In Theorem 3.1 as long
as we replace T(0) in Assumption 3.1 by T(1).

To conclude this section, we note that as in the previous section, Assumptions 2.3,
2.4, and 3.1 are not needed for a causal interpretation of the augment logit-based IV
estimator if the conditional mean function x — E[Z|X = x] takes the logit form, i.e.
Assumption 2.6 is satisfied. Indeed, we have the following result.

Corollary 3.2. Suppose that Assumptions 2.1, 2.2 and 2.6 are satisfied. Then under
appropriate regularity conditions, Ban — p Ban, with the probability limit 3 oz taking

the following form:
Ban = E[Acp(X)wp(X)],
where (EIZ|X = x](1 - E[Z)X = x]
_ weplx = x](1- =x
00 = o )EZIXI (- ELZ|XD)] (16)
forallx e X.

Together with Corollary 3.1, this corollary shows that the augmented logit-based
IV estimator has a triple robustness property, meaning that it has a causal interpre-
tation if at least one of three conditions holds: either Assumptions 2.3 and 2.4 are
satisfied, Assumptions 2.3 and 3.1 are satisfied, or Assumption 2.6 is satisfied. In the
latter case, the logit-based IV and the augmented logit-based IV estimators have
the same probability limits as the weights wy(-) in (14) coincide with the weights
wy () in (16), i.e. E/\ and EA/\ estimate the same quantity.

4. ASYMPTOTIC DISTRIBUTION THEORY

In this section, we describe the asymptotic distribution of the logit-based IV
estimator A and of the augmented logit-based IV estimator Ba A- We do so without
imposing Assumptions 2.3, 2.4, 2.5, and 3.1 and without assuming that the condi-
tional mean function x — E[Z|X = x] takes the logit form (Assumption 2.6). We thus
allow for general misspecification, with the probability limits 3 5 and 4 of the
estimators being given by formulas in Theorems 2.1 and 3.1, respectively. For the
sake of notational simplicity, we assume that ®(-) = A(-) throughout the rest of this
paper.

To describe the asymptotic distribution of B, let

@o = (EIN (X" 09)XX ') EIA (X T 00)X(Y - TR )],
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which is a vector of coefficients in the weighted projection of Y - T3 A on X. Also, let
' = (V; - Tpa - X 00)(Z; - A(X; 60))
for alli = 1,...,n and let {* be defined analogously with (Y, T, X, Z) replacing

(Y;, T;, X;, Z;). The following theorem derives the asymptotic distribution of .

Theorem 4.1. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then under appropriate

regularity conditions,
-1/2yvn pA
T En Y 2
+0p(1) =4 N(O, s
BT - Aoy P AN O

where 03 = E[(()2]/(E[T(Z - A(X T 0))])2.

VaBa-BA) =

To describe the asymptotic distribution of Ban, let C = A(X "p) and C; =
/\(XiTEO) foralli=1,...,n. Also,let W = (X',C)" and W; = (XI.T, C;) " for all
i=1,...,n. In addition, let e be the vector in RP*! such that its last component is
one and all other components are zero. Moreover, let

_ -1 _
g = (EIN' (X8 + CR)WW 1) (BN (X8 + CR)W(Y - TB4A)1),
which is the vector of coefficients in the weighted projection of Y - T34 on W,

Ay =E[{(Z - AX 8 + CRo))e - R\ (X Bg + CROWIN (X o)X ',

Ag = £ A+ RoE [N (X T8 + CRA'(X o) (¥ - TBan) |-
Finally, let
U = (¥; - TP an - W, £0)(Z; - AX] 8o + Cixo)),
i -1 o
¢4 = 45 (BIHZ = N (X T$o)XX 1) 14Z; = OK(T; - ACY $o))X;

foralli = 1,...,n and let E{V\ and Eém be defined analogously with (Y, T, X, Z)
replacing (Y}, T;, X;, Z;). The following theorem derives the asymptotic distribution

Y
of BA/\-

Theorem 4.2. Suppose that Assumptions 2.1 and 2.2 are satisfied. Then under appropri-
ate regularity conditions,

172 AN _ pAA
n Z?zl(ei,l -65)

E[T(Z - A(X T8¢ + CKy))] '
where 0‘31/\ = ]E[((%f{m - BQA)Z]/(E[T(Z - A(XT8y + Ckp))])2.

ViBan - Ban) = 0p(1) >4 N(0, 05 0),
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In this theorem, the terms 212{\ are analogous to the terms (’,l{\ in Theorem 4.1 and
the terms Ei‘é\ capture the extra noise appearing in Step 1 of Algorithm 3.1.

The asymptotic variances 0'3\ and 0'31 A appearing in these theorems can clearly
be estimated by a plugin method, and it is standard to provide conditions under
which such estimators will be consistent. We omit more detailed discussion for the
sake of paper brevity.

5. HAUSMAN SPECIFICATION TEST

In Sections 2 and 3, we showed that one of the cases where the logit-based IV
and augmented logit-based IV estimators B A and Ba A have a causal interpretation
is the case where the conditional mean function x — E[Z|X = x] takes the logit
form, i.e. Assumption 2.6 is satisfied. In this section, we develop a Hausman test to
check whether Assumption 2.6 is indeed satisfied, following the original work in
Hausman (1978). Throughout this section, we will implicitly maintain Assumptions
2.1and 2.2.

To describe the Hausman test, observe that under Assumption 2.6, it follows
from Corollaries 2.4 and 3.2 that $ 5 = 4. Therefore, to test whether Assumption
2.6 is satisfied, it makes sense to check whether the estimators 8 A and Ba A are
sufficiently close to each other. In turn, the asymptotic distribution of the difference
B A- B AA can be obtained from the asymptotic expansions in Theorems 4.1 and 4.2.
Indeed, under Assumption 2.6, we have 0y = 0 and K = 0, and so, by Theorems 4.1
and 4.2,

-1/2 A _ pAA 4 pAA
n Y -6 65

2
BTE-AX oy P 7 NOom)

ViBA - Bap) =

where
o _ BN -+ 697
Ofy - 5
(E[T(Z - A(X " 60))])
The Hausman test therefore rejects the null hypothesis that Assumption 2.6 is
satisfied if the test statistic

[Vn(Ba - Ban)l
oH
exceeds the critical value 2;_,,, where oy is the plugin estimator of op, ot is the

(17)

nominal level of the test and z;_,/, is the number such that a standard normal
random variable exceeds this number with probability o/2.
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Being parametric, the test we have just described may not have power against
some alternatives. However, as long as Assumption 2.6 is not satisfied, we will
generically have (0g, Kg) 7 (09, 0), in which case the function hy A (-) is different
from the function h(-) and, as follows from Theorems 2.1 and 4.2, 3 5 is different
from 3 4. Thus, the Hausman test will have power against most alternatives.

In addition, we can consider a split-sample version of the Hausman test. To
describe it, randomly split the whole sample Z = {1, . . ., n} into two subsamples 7;
and 7, of equal size* and calculate the logit-based IV estimator using the subsample
7; and the augmented logit-based IV estimator using the subsample Z,. Call these
estimators p A1 and B AA,2, respectively. Then, under Assumption 2.6, these two
estimators have the same probability limits and, by Theorems 4.1 and 4.2,

2n—1/2 (ZIE Il 1 Zle o) (Q?A €A/\))
E[T(Z - A(XT6p))]

VB - Ban2) = =4 N(0, 03 5),

where

o 2B+ ELEN + 6

2T TTEITE - AT 0))?
The split-sample Hausman test therefore rejects the null hypothesis that Assumption
2.6 is satisfied if the test statistic

IVABAL - Ban2)l

0H,2

exceeds the critical value 2;_,/», where 0 » is the plugin estimator of oy » and the
rest is the same as before.

Being split-sample, this version of the Hausman test may be somewhat less
powerful than the one described above. However, it is more robust in terms of
size control if it incidentally happens that cr%{ is close to zero, in which case the
distribution of the test statistic in (17) may not be well approximated by the standard
normal distribution.

Remark 5.1. The main advantage of the Hausman tests we described in this section
is their simplicity. We note, however, that there exist numerous nonparametric
tests in the literature that are more complicated to implement but might have better
power against some alternatives, e.g. see Bierens (1982), Hardle and Mammen
(1993), Horowitz and Spokoiny (2001) for classical tests and Sorensen (2022) for

Hfnis odd, split Z so that the number of observations in 7; is equal to that in Z, plus one.
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recent developments. On the other hand, it does not seem to be the case that the
power of any of these tests uniformly dominates that of the Hausman tests. O

APPENDIX A. REGULARITY CONDITIONS

In this section, we provide regularity conditions for all the theorems and corol-
laries in the paper, which were omitted in the main text.

Theorem 2.1 and Corollaries 2.1, 2.2, 2.3, and 2.4 use the following regularity
conditions:

Assumption A.1. We have (i) E[Y?] < oo, (ii) E[||X||?] < co and (iii) E[A/(X T8)XX ']
is non-singular. In addition, (iv) E[T(Z - A(X T00))] = 0 when we analyze the logit-based
IV estimator; and E[T(Z - X Tyo)] 7 0 when we analyze the 2SLS estimator.

Theorems 3.1 and 4.1 and Corollaries 3.1 and 3.2, uses the following regularity
conditions:

Assumption A.2. We have (i) E[Y?] < oo, (ii) E[||X||?] < o0, (iii) P(Z = 0) > 0, (iv) ®(-)
is Lipschitz-continuous, (v) E[A/(X o) XX " |Z = 0] is non-singular, (vi) E[A/(X "8 +
CRo)WW '] is non-singular for W = (XT,C) " whereC = (D(XTI_I)O), and (vit) E[T(Z -
A(X T8y + CK))] 0.

Theorem 4.2 uses the following regularity conditions:
Assumption A.3. We have (i) E[Y?] < oo, (ii) E[||X||*] < oo, (iii) P(Z = 0) > 0, (iv)

E[A (X ") XX T |Z = 0] is non-singular, (v) E[A'(X "8 + CRo)WW '] is non-singular
forw=(X",C)" where C=A(X"1y), and (vi) E[T(Z - A(X "8y + C&p))] 7O0.

APPENDIX B. PROOFS FOR SECTION 2

Proof of Theorem 2.1. Observe that under Assumption A.1, we have 6 - p 0o and
Y —p Yo, for example, by Theorem 2.7 in Newey and McFadden (1994). Thus, by
standard arguments, again under Assumption A.l,

YL Y(Z-AXT0)  E[Y(EZ- AXT )]

Z; - A(X] 0)) TP ET(Z - AXT0g))] (18)

111(

and
):{1 Yi(Z-X[Y)  E[Y(Z-XTy)]

T;(Z; - X/ ) TPETZ-X o)l

1 171
We thus only need to show that the probability limits appearing here coincide with

those in the statement of Theorem 2.1, which is what we do below.

(19)
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Fixa € {A,2SLS}and s € [0,1]. Let AY = Y(1) - Y(0) and AT = T(1) - T(0). Then Y
can be decomposed as

Y=AYT+Y(0) = AY(ATZ + T(0)) + Y(0) = AYATZ + AYT(0) + Y(0). (20)
Here,
E[AYATZ(Z - he(X))] = E[AYATZ] - E[AYATZh,(X)]
= E[E[AYAT|X]E[Z|X]] - E[E[AYAT|X]E[Z|X]hq(X)]
= El[Acp(X)wep(X)(EIZ|X] - E[Z|X]ha(X))], (21)
where the first equality follows from the fact that Z € {0, 1}, the second from the

law of iterated expectations and Assumption 2.1, and the third from Lemma E.1. In
addition,

E[AYT(0)(Z - ha(X))] = E[E[AYT(0)|X]E[Z - hqe(X)[X]]
= E[Aar(X)war(X)(E[Z]X] - ha(X))], (22)

where the first equality follows from the law of iterated expectations and Assump-
tion 2.1 and the second from Lemma E.1. Moreover,

E[Y(0)(Z - ha(X))] = E[E[Y (0)[ X](E[Z|X] - ha(X))] (23)
by the law of iterated expectations and Assumption 2.1. Combining (20), (21), (22),
and (23) gives
E[Y(Z - ha(X))] = E[Acp(X) wcp(X)(E[Z]X] - E[Z]X]ha(X))]

+ E[A7(X) w AT (X)(E[Z]X] - ha(X))]

+ E[E[Y(0)| X]1(E[Z]X] - ha(X))]. (24)
Further, Y can also be decomposed as

Y=YQ1)-AY(Q-T)=Y(1)-AY(Q-T(Q)+AT(1-Z))
= _AYAT(1-2Z) - AY(1- T(1)) + Y(1).
Here,
E[-AYAT(1 - Z)(Z - ha(X))] = E[AYATh(X)] - E[AYATZhg(X)]
= E[E[AYAT|X]ha(X)] - E[E[AYAT|X]E[Z|X]he(X)]
= E[Acp(X)wcp(X) (ha(X) - E[Z|X]ha(X))], (25)
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where the first equality follows from the fact that Z € {0, 1}, the second from the
law of iterated expectations and Assumption 2.1, and the third from Lemma E.1. In
addition,
E[-AY(1-T())(Z - ha(X))] = E[E[-AY(1- T(1))|X]E[Z - ha(X)|X]]
= E[0ANT(X)wNT(X)(E[Z|X] - ha(X))],  (26)

where the first equality follows from the law of iterated expectations and Assump-
tion 2.1 and the second from Lemma E.1. Moreover,

E[Y(1)(Z - ha(X))] = E[E[Y (D) XI(E[Z|X] - he(X))] (27)
by the law of iterated expectations and Assumption 2.1. Combining (24), (25), (26),
and (27) gives
E[Y(Z - ha(X))] = E[Acp(X)wcp(X) (ha(X) - E[Z|X]ha(X))]
- E[ANT(X) wNT(X)(E[Z]|X] - ha(X))]
+E[E[Y(D)[X](E[Z|X] - ha(X))]. (28)

Writing Y = sY +(1-5)Y, using (24) and (28), and substituting the resulting expression
into (18) and (19) gives the asserted claim. O

Proof of Corollary 2.1. By the law of iterated expectations and first-order conditions
corresponding to the optimization problems (4) and (5), we have

E[X(E[Z|X] - A(X " 60))] = E[X(Z - A(X 80))] =0 (29)
and
E[X(E[Z|X] - X Tvo)] = E[X(Z - X "yg)] = 0, (30)

respectively.
Now, fix a € {A, 2SLS} and apply Theorem 2.1 with s = 1 to obtain

E[Acp(X)wep(X)(E[Z|X] - ha(X)E[Z]X])]

Pa= E[T(Z - ha(X)] G
E[A x7(X)w 47 (X) (EIZ|X] - ha(X))] )

ET(Z - ha(X))]
E[E[Y(0)|X](ELZ|X] - ha(X))] -

E[T(Z - ha(X))]
Also, by Lemma E.1,

Apr(X)war(X) = E[(Y(D) - Y(0))T(0)|X].
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Hence, the sum of terms in (32) and (33) is equal to
E[E[(Y(1) - Y(0))T(0) + Y(0)|X](E[Z|X] - ha(X))] = E[ng X(E[Z|X] - ha(X))] = 0

by Assumption 2.3. Therefore, it remains to derive an appropriate expression for
the denominator in (31). To do so, note that

T = ATZ + T(0), (34)
where AT = T(1) - T(0). Also,
E[ATZ(Z - ha(X))] = E[ATZ] - E[ATZh4(X)]
= E[E[AT|XIE[Z|X]] - E[E[ATIX]E[Z|X]ha(X)]
= Elwcp(X)(E[Z|X] - ha(X)E[Z|X])], (35)

where the first equality follows from the fact that Z € {0, 1}, the second from the
law of iterated expectations and Assumption 2.1, and the third from Assumption
2.2. Also,

E[T(0)(Z - ha(X))] = E[E[T(0)|X](E[Z|X] - ha(X))]
= E[pg X(E[Z|X] - ha(X))] = 0, (36)

where the first equality follows from the law of iterated expectations and Assump-
tion 2.1, the second from Assumption 2.4, and the third from (29) and (30). Combin-
ing (34), (35), and (36) gives

E[T(Z - ha(X))] = E[wcp(X)(E[Z]|X] - ha(X)E[Z|X])],
and completes the proof of the corollary. O
Proof of Corollary 2.2. The proof is the same as that of Corollary 2.1 but instead of
the simplification in (36), we use
E[T(0)(Z - ha(X))] = E[E[T(0)|XI(E[Z|X] - ha(X))] = E[war(X)(E[Z]|X] - ha(X))],

where the second equality follows from Assumption 2.2. O

Proof of Corollary 2.3. By Lemma E.1,
Apr(X)war(X) = E[(Y (1) - Y(0))T(0)|X] (37)

and
ANT(X)wnr(X) = E[(Y(1) - Y(0))(1 - T(1))|X]. (38)
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Also, for any s € [0, 1],
(s = 1)(¥Y (1) - Y(0)) +sY(0) + (1 - 5)Y (1) = Y(0). (39)

Now, let s be the number in [0, 1] appearing in Assumption 2.5. Applying Theorem
2.1 with this s and using (37), (38), (39) gives
_ E[Acp(X)wep(X)(SEIZIX] + (1- )A(X T 8g) - A(X T 89)ELZ|X])]
E[T(Z - A(XT09))]
, E[E[(Y(D) - Y(0))(sT(0) + (1 - ) TAW)IXI(E[Z|X] - AX ' 69))]
E[T(Z - A(XT60))] '

BA (40)

However,

E[E[(Y(1) - Y(0))(sT(0) + (1 - 5)T(1))|X](E[Z|X] - A(X " 80))]
= Elng X(E[Z|X] - A(X " 09))] =0,

where the first equality follows from Assumption 2.5 and the second from (29) in
the proof of Corollary 2.1. Therefore, it remains to derive an appropriate expression
for the denominator in (40). To do so, denote AT = T(1) - T(0) and observe that

E[ATZ(Z - A(X " 80))] = Elwcp(X)(EIZ|X] - A(X ' 80)E[Z|X])] (41)
by (35) in the proof of Corollary 2.1. Also,
E[-AT(1- Z)(Z - A(X " 00))] = E[ATA(X | 0)] - E[ATZA(X "6,)]
= E[E[AT|X]A(X " 6g)] - E[E[AT|X]E[Z|X]A(X | 6g)]
= Elwcp(X)(AX ' 8g) - A(X " 00)E[Z|X])], (42)

where the first equation follows from the fact that Z € {0, 1}, the second from the
law of iterated expectations and Assumption 2.1, and the third from Assumption
2.2. Further, notethat T= ATZ+ T(0) and T = T(1) - AT(1- Z), and so T = s(ATZ +
T(0)) + (1-5)(T(1) - AT(1 - Z)). Thus, given that E[sT(0) + (1- s)T(1)|X] = X Ty by
Assumption 2.5, we have

E[T(Z - A(X0))] = E [(sATz +(s - 1)AT(1 - Z)) - /\(XTeO))}
= E|wep(X)(EIZIX] + (1= YACX T 8) - AKX 00)ELZIX]|, (43)

where the first equality follows from the law of iterated expectations, Assumption
2.1, and (29) in the proof of Corollary 2.1, and the second from (41) and (42). The
asserted claim follows. O
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Proof of Corollary 2.4. Applying Theorem 2.1 with any s € [0, 1] and using Assump-

tion 2.6 gives
_ ElAcp(X)wcp(XOEIZ|X](1 - E[Z|X])]

PA E[T(Z - EIZIX))]
Also, T = ATZ + T(0), where we denoted AT = T(1) - T(0). Moreover,

E[ATZ(Z - E[Z|X])] = E[wcp(X)E[Z|X](1 - E[Z]|X])]
by (35) in the proof of Corollary 2.1 and Assumption 2.6. In addition,
E[T(0)(Z - E[Z|X])] = E[E[T(0)|X](E[Z|X] - E[Z|X])] = 0
by the law of iterated expectations and Assumption 2.1. Combining these equalities

gives the asserted claim. O

APPENDIX C. PROOFS FOR SECTION 3

Proof of Theorem 3.1. Observe that under Assumption A.2, we have v > p o by
Theorem 2.7 in Newey and McFadden (1994). Thus, the function

. 1 . .
©,K) ~> Q0,0 = - >~ (zi(xiT 0+ C;) - log(1 + exp(X; 0 + cl-K)))
=1
converges in probability point-wise for all (9, k) € R? xR to the function

(8, ) = Qo(6, k) = E[Z(X T 0 + ®(X ")k) - log(exp(X "6 + O(X " g)K))].

Hence, given that both functions are concave, under Assumption A.2, again by
Theorem 2.7 in Newey and McFadden (1994), (@, K) =p (09, Ko). Therefore, by the
standard arguments,

E[Y(Z - AX 8o + O(X "1h)Ko))]
PEITZ - AXT8p+ DX Tho)Ro))]”

Ban —

The rest of the proof coincides with that in Theorem 2.1. O

Proof of Corollary 3.1. By the first-order conditions corresponding to the optimiza-
tion problem (15), we have

E[X(E[Z|X] - A(X "8) + ©(X " Pg)Ro))] = E[X(Z - A(X 09 + O(X Pg)Ro)) = 0 (44)
and
B[O (X (o) (EIZ|X] - A(X g + ©(X " Pg)Ko))]
= E[O(X ' Po)(Z - AX ' 8g+ (X hg)Ko))] = 0.  (45)
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The proof therefore follows along the lines in the proof of Corollary 2.1 using the
probability limit in Theorem 3.1 instead of the probability limit in Theorem 2.1
and relying on the first-order condition (44) if Assumption 2.4 holds and on (45) if
Assumption 3.1 holds. O

Proof of Corollary 3.2. Under Assumption 2.6, it follows from the optimization prob-
lem in (15) that g = 0 and 6y = 0, so that hys(X) = AX 8 = E[Z|X] with
probability one. Hence, the asserted claim follows from Theorem 3.1. O

APPENDIX D. PROOFS FOR SECTION 4

Proof of Theorem 4.1. By the standard asymptotic normality result for the logit esti-
mator, under Assumption A.1,

S

-1

/(@ - 0) = (E[A’(XTGO)XXT]) (Z; - AX] 00))X; + 0 p(1).

\/ﬁ i=1
Also,

1 & T o AXTE = Ly T
ﬁig(Yl T;BA)Z; - A(X; 9)) anI(Y T;BA)(Z; - A(X; O))

(V; - TiB AN (X 00)X, v/n(6 - 0) + 0p(1)

™=

=1

L V- Tipa - X 00)(Z: - AKX 80)) + 0,(1) =

n;

M=z :»‘I'—'

E +0p(1).

fl_

-
1
—

In addition,
1 & ~
- > T2 - AX;'0)) = p EBIT(Z - A(X T 69))].
i=1
Thus,
nY2Y (Y - T;BA)(Z; - AKX )
nlyl T (z - A(X;' 69))
—1/2 Zn . )
= l 1 N(0
BT - AKX ogy] PP TN R,
yielding the asserted claim. O

VB -pa) =
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Proof of Theorem 4.2. By the standard asymptotic normality result for the logit esti-
mator, under Assumption A.3,

Vo) = (EM1{z = 0N (¢ Go)xx 1) nZH{Zi=O}(Ti—/\(XiT Bo) X;+o,(1).

Similarly, denoting Ag = E[A/(X " 8¢ + CRo) WW ' ], we have

\/ﬁ((i\)_(iﬁ)) —1 1 Z(Z - A(X; 90+CK0)><)§ >+op(1)

Here,
1 n T . & — X;
=L (Zl - A(X[ 8o + ClK0)> ( o )
n T B X; ~
_ 7 y (zi - AX[] B + CiK())) )+ AR - o) + 0p().
=1 1
Thus,
1 & =
NG (Y; - T;Ban)(Z; - AX[ 0+ CiR)) = Z (@ - ) + 0p(0).
i=1
Also,
1 <& PO _
= > T2 - AX; 0+ CR) — p B[T(Z - A(X 8 + CRo))].
i=1
Hence,
. n V2 YR (Vi - TiBan)(Z; - AKX 0+ CR))
Vi(Ban - Ban) = 1
nlyt TiZ; - /\(XTe +CR))
L) (1) =4 N(0, 054)
= + —
E[T(Z - /\(XTeO Y Crg)] PV TR %A
yielding the asserted claim. O

APPENDIX E. AUXILIARY LEMMA
Lemma E.1. Suppose that Assumption 2.2 is satisfied and that E[|Y|] < oc. Then

E[(Y(@) - Y(0))(T(1) - T(0)|X] = Acp(X)wcp(X),
E[(Y(1) - Y(0))T(0)|X] = Aur(X)war(X),
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E[(Y(D) - Y(0)(1 - T(1))|X] = ANT(X)wNr(X).

Proof. Let AY = Y(1) - Y(0) and AT = T(1) - T(0). Then by the law of iterated
expectations and Assumption 2.2,

E[AYAT|X] = E[AYlX, AT = ].]]P’(AT = 1|X) = ACP(X)CUCP(X);

E[AYT(0)|X] = E[AY]X, T(0) = 1]P(T(0) = 1|X) = Aar(X)war(X),
E[AY(1- T(1))|X] = E[AY|X, T(1) = 0]P(T(1) = 0|X) = ANT(X)wNT(X).

The asserted claims follow. O
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