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Abstract

This supplement consists of four appendices. Appendix 1 collects the proofs of the auxiliary
lemmas used to establish the main results in Section 2 of Hahn, Liao, Menzel, and Vuong
(2026). Appendix 2 contains the proofs of the auxiliary lemmas used in deriving the main
results in Section 3 of Hahn, Liao, Menzel, and Vuong (2026). Appendix 3 provides the proofs
of the main results presented in Section C of Hahn, Liao, Menzel, and Vuong (2026). Finally,

Appendix 4 presents several illustrative examples based on the linear panel model.

1 Proofs for Lemmas in Appendix A.1 of Hahn, Liao, Menzel,
and Vuong (2026)

PRrROOF OF LEMMA 1. (a) First, by Assumptions 1 and 8(iii), we can write
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where the second inequality follows from the covariance inequality for strong mixing processes (see,

e.g., Corollary 14.3 in Davidson (1994)), and the last inequality uses Assumption 1(iv). Therefore,
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TN BV =2 nt YOE | [T72Y wi(znel) | | < KG.

i<n 9€G; i€l t<T
It follows that
TV2N BV = [TV (E[Va,] — E[Va])| < K(Gr + Ga). (S2)
i<n i<n

Moreover, by Assumptions 8(iii) and 9, and (55) (which follows from Lemma 2 under Assumptions

1 and 2 without imposing Assumption 3), we obtain
Rina(9)) = D _ iy D i+ Op(1) = Op(Gy). (83)
9€g; zel] g

Combining (S2) and (S3) with Theorem 1, we obtain

MQLR,r = QLR,7+ (MQLR;, 7 —QLR, 1)
~(Rinr(d) — Romr(ey)) + T2 E[V;]

i<n

= QLR, 1+ Op(wnr +G1+G2) = QLR 7 + Op(G1 + G), (S4)
where the last equality follows from Lemma 5(ii). From the definition of dthT and Lemma S20,
w?L,T < max {5%,T + 52U,n,Tv 6%],n,T} <K, (S5)
with probability approaching 1. It follows from (S4) and (S5) that
Elp25%(p)] = P (IMQLRy 1| > &nrz1-pj2) = P(IQLR, 7| > Kz1_p2 + Op(G1 + G2)) — o(1).

Since |QLR,, 7| = G1 + Ga, the right-hand side converges to 1. This establishes E[p2 Si},de(p)] — 1,
asn, T — oo.

(b) The proof for the one-sided test follows by analogous arguments and is therefore omitted.
Q.E.D.

PROOF OF LEMMA 2. The result in (73) follows from Assumption 1(i) together with Lemma S2,
Lemma S4 and Lemma S6. The claim in (74) is obtained by applying Assumption 1(i), Lemma
S3, Lemma S5 and Lemma S6. The assertion in (75) is established in Lemma S7. Finally, the last

claim of the lemma follows from Lemma S14. Q.E.D.



PROOF OF LEMMA 3. To prove the claim in (77), we first note that, by Lemma S12,

n S (Er[Av(zig, ¢:)%] — Er[Av(zie)?)

i<n
= 2(nT)_1 Z Z AY(2i.1) Ay (2i 45 Qﬁ)(&z —¢7)
i<n t<T
(D) ST S (@ — 65 T A (i 67) T Az 65) (S5 — 7)
1<n t<T
FOL(T™? 4w T + w2 p(nT)~Y2). (56)

Together with Lemma S8, Lemma S17 and Assumption 1(i), this implies

n S (Er[Av(zig, 65)%] — Er[Av(2i0)?)

i<n
= (nT) 122 TAW)(ZM,(Z) )T Aw¢(zzt7¢z)(¢ ¢;)
i<n t<T
+0,(T73/% + w, 7(nT)~1/?). (S7)

Under Assumption 3, we have
2

E |11 Z {#;7 (zi1) =7 Z E[&;ﬁ (2i.0)) = 032}%1'

t<T t<T

and

T By, (i)W (2ig)] = TS B (200) 91 (230)] = 012,75

£t/ <T t<T
where ’(’L;'Y(ZZt) = ]7(,2*1,5)/(—\11]-,,Y,y,g)1/2 (j =1,2), for any i € Iy 4 and any g € Go. Combining
these results with Assumption 1(i), (S7) and Lemma S11 yields

n~! Z(IET[AU)(Zi,ta 0:)%] — Ep[Ath(2i4)?])

i<n
= (nD)7 Z Z ai,“—anZ Z Sji Z U 2n_1 Z ‘712,71
g€Ga \i€lzy i€l g i€l g i€la g
+0,(T73% + w, r(nT)~1/?). (S8)

Combining (S8) with the definition of Ué,n,T establishes the claim in (77). The result in (78) is
proved in Lemma S16. Q.E.D.

PROOF OF LEMMA 4. The claims in (79), (80), (81) and (82) follow from Lemmas S13, S15, S18
and S19, respectively. Q.E.D.

PrROOF OF LEMMA 5. The claims in part (i) and part (ii) follow directly from Lemma S1(ii) and
Lemma S17, respectively. Q.E.D.



1.1 Auxiliary Lemmas

This section provides the lemmas used in the proof of Lemmas 2-4. We begin by recalling notation

introduced in the main text and then introduce additional notation. For j = 1,2, and any g € Gj,

~

\i]jaW“f((bj}g) = nj_; Z Er [{pjn/v (Zi’tﬂ ’

i€lj g
_ -1
Vg = Mg Z Er [$jyy (2i)]
i€lj g
A - 1 ~
i€lj g

where {bj,w (2it) = Vjyy(2ig; &5%9), Vi (2it) = iy (2it) = E 4 (2i0)], Yjy (2it) = Vjan(2ies 65 5)
and ¥ (2i¢) = V(24 qb;,g)‘

Lemma S1. Suppose Assumptions 1 and 2 hold. For model j (j =1,2), we have:
(i) maxgeg; |75, — Vi 4l = 0p(1);
(ii) mingegj(_‘i’jrw(&j,g)) > K~ wpal;
(iii) 05 = 0% + Op((nT)~1/?);
(10) Sy, MgV — Vig)I* = Op (Gy) for s € {1, 4};
(v) degj ”jvg(\i’jvw(‘%j,g) ~ Ujyy,g)? = Op(GT);
(vi) geq, MialVig = Vg + WinmgYicnal = Op(nT~H)M2);
(vit) deg]' 59(Vj.g = Vg T \Ilj_,iwq\iljv%g)2 = 0p(T™);
= 0,(T72).

(viii) mMaXgeg,; n?,gE[\P?,%g]

PrOOF OF LEMMA S1. We begin the proof by noting that Assumptions 7, 8, 9 hold for both
models 1 and 2 under Assumption 2(i). Additionally, Assumption 10 has been verified for both
models under Assumption 1(i) in the proof of Theorem 1. Under these assumptions, the claims
in parts (i), (ii), (iii), and (iv) of the lemma are established using Lemma S58, Lemma S60(ii),
Lemma S62, and Lemma S65 from Section C, respectively.

To establish the claim in part (v) of the lemma, we begin by applying the Cauchy-Schwarz
inequality to get

i P 2 i P b 2 b 2
Z g (Wi (D) — Wjyr,g)” <2 Z 1,9 (Wi (D9) = Vjnyg)” +2 Z 5,g(Yirv.9 = Yiamg) s
9€g; 9€G; 9€9;

(S9)
where i’j,w,g =0, ( %) and \ilj,w( % ) is defined analogously to \ilj,w(g?)j,g) with &w replaced
by ¢ ;. Under Assumptions 1 and 8(iii), we obtain:

2

E Z ”j,g(@j,w,g - \I’jﬁ%g)Z = Z ”;gl Z E T Z(wj»’Y’Y(Zi»t) - E[%,w(«zi,t)] < KG]-T_I.

g€y, g€y, i€lj g t<T



By Markov’s inequality, it follows that:
D g (Vg = Wjrg)? = Op (GT71). (S10)
3,9\ ¥ 3,77.9 3.9 p &
9€G;
Next, using Assumption 8(i) and the Cauchy-Schwarz inequality, we have:

1/2

Z Mjg( i’mv(@g) Jw(éf)gg)) < Z n?,g”&j,g_gb;,ngl X Z e Z ZM th

9€G; 9€G; 9€G; i€l 4 t<T

(S11)

The second term in the product satisfies:

Z (g T Z ZM (zi0)! = Op(Gy) (512)

9€g; i€l g t<T

by Assumption 8(ii) and Markov’s inequality. From parts (i) and (iii) of the lemma, we know:

Z ”?,g 9" ‘75;,9”4 =K Z nigwfhm - Vz,m|4 + 0?10 — 9;|‘4 = 0,(G;T ), (S13)
9€g; 9€g;

which, together with (S11)-(S13), implies that
Z ”jag(\i’jyv%g(‘?j,g) - ‘i’jﬁ%g)2 =0p (GjT*l) . (S14)
9€G;

The claim in part (v) of the lemma follows from (S9), (S10) and (S14).
To establish the claim in part (vi) of the lemma, observe that from (S623) of Lemma S61:

~

N U, U, 0, (5, —¢*‘7 )T\Ij] VPP, g(¢ )
(Rig = Vig) + \i]mg _ \jjﬂ 9(0 —67) — 3,9 g . ig ~ Pig (S15)
3.9 3.9 3.9
where
A 8¢] Zzta ) 81/}]7 Zzta¢ )
Ujne,g = (njgT ZZ 0, aerjg andq/yw‘w‘)g— oy ZZ 961 8¢Tjg .
i€l 4 t<T 79 i€l t<T 197759

Here, éﬁj7g lies between gAbLg and ¢3 . By Assumption 8(ii), the triangle inequality, and Markov’s

inequality, we have

0? 7/)] Zi t7 )
Y il iaell ST D0 Y |l 80#9 = 0p(1), (816)
9€G; 9€G; i€l ¢ t<T Vi
This, combined with parts (ii) and (iii) of the lemma, shows:
Ui0g o ool 05 =051 peg, migl Wm0l -
D g0 - 0))| < —— == =Op((n T 1)), (817)

9€g; 3.9 mingeg, |¥;,

1/2



By the triangle inequality and the Cauchy-Schwarz inequality:

(B — D0)  Winoog(djg — 05,) | maxgeq, |60l . .
Z nj,g 2,9 1,9 _ 7Y g 2,9 1,9 < g j 1Y g Z nj7g||¢jg _ ¢ H2 (S].S)

- : 7 ]79
gegj \IIjV’Y’ng mlngegj |\II "

9€G;

In (S628) of the Supplementary Appendix, we have shown that under Assumptions 1 and 7-10:

néang\I/J 'y¢>¢>,gH p(l)- (S19)

Using parts (iii, iv) of the lemma, we have

D niglldjg = G5gllP < K [ D niglvig = vigl” +nllf — 05117 | = Op(T7). (520)
9€g; 9€G;

From part (ii) of the lemma and (S18)-(S20), it follows that:

Z Mg ¢jg_¢jg) A 'Y¢>¢>g<¢jg ¢jvg) ZOp(T_l)- (S21)

9€G; Vinr.g

Combining this result with (S15) and (S17) establishes the claim in this part.

To establish the claim in part (vii), similar arguments as in (S16) yield:

2
_ 8 w] Zi t7 )
! ZnJQH\I’ 799H2 Z Z Z B 891—]9 = Op(1).
9€9; 9€G; i€l 4 (<T Vi

Combining this with parts (ii) and (iii) of the lemma, we obtain:
2 ~ A

165 — 0511 X geq, Mgl Wm0l

S g [t gy < 10 ZOT Zco lllintall oty s

9€G; 39 mingeg; U5,

The Cauchy-Schwarz inequality, part (ii) of the lemma, and earlier bounds in (S13) and (S19)
further imply:

(&)j,g B ¢;,9)T‘I’J Y9, g(¢yg ¢] 9) i

E , Njg

~ 2 o
4
ma'Xgegj \Ilj77¢¢7g H degj nth‘ |¢jvg B ;)g ‘ -2
< — 2 = O0,(G;T7%). (S23)
9€9; Fjvg

The claim in part (vii) of the lemma now follows from (S15), (S22) and (S23).
To establish the claim in part (viii), observe that:
4

nig@;{v,g =T72 | (nj4T) ~1/2 Z Z%ﬁ zig) | - (S24)

i€l g t<T



Using Rosenthal’s inequality (see, e.g., (S553) in Lemma S47) and Assumptions 2(iii), we have

4
E || (njgT)™"/? Z Zwﬂ Zit) < K. (S25)
i€l t<T
The claim follows from (S24) and (S25). Q.E.D.
Lemma S2. Under Assumptz’ons 1 and 2, we have
Zl ]/E Zi
Z Z t)] [d), ( ,t)] _ Op <(TLT_1)1/2 +G]T_1) . (826)

9€G; i€lj nj.qg¥ ( 9)
PrROOF OF LEMMA S2. Define:

OV~ (2it; Djg) Vi (2it; Pig) .

Vi (2it; Bjg) = and  Yj (2t dhg) = (527)
Jye\~its Pj.g D g Jee\~its Pj.g 3¢j793¢;79
Using the Taylor expansion, we obtain:
A2
Z Z(¢j,’y(zi,t) - ¢j2',’y(zi7t))
i€l t<T
=2 Z Zd}j’y Z’Ltagbjg)zzz)]’yqb(zlt,qug)(qb]g ¢]g)
i€l 4 t<T
+ (&)j,g - QZ);‘:g)T Z ij,')«j)(zi,t; g)j,g)qzb]—;y¢(zi,t; &j,g)(&)j,g - (b;f,g)
i€l 4 t<T
(D= 50T DD i 21t 6.0 Vines (Zids Di.) (D10 — Dg)s (S28)
ielj,g t<T

where g~bj7g lies between %79 and ¢7  for any g € G;. From this expression, it is evident that (S26)

follows if the following conditions are satisfied:

Z Z Z Vi (Zig; @ g ¢j 7¢(Z”’¢J g)(¢j,g - ;,g) _ Op((nT_1)1/2 _|_GjT_1)’ (S29)

g€G; i€l ¢ t<T (n] QT)‘I'J w(éf)j,g)
5~ (o = 95" Bieryy usr inolCi GiaWinoleut 010 i = 950) _ 5 oy (s
9€9; (g T)W¥jny(2)g)
Z (gbﬁg — ;’g)—r ZZGIJG Zt<T ¢]7(22t’¢1 g)w] 7¢¢(z’t’¢1 9)(¢39 ]g) = Op(GjT_l). (S31)
9€9; (nJ»QT)\I’J»VV(¢j,g)

We now proceed to verify (S29), (S30) and (S31).
Let C1jg(2it) = Yjn (2i)0] 14 (2i, @5 ) and CF ;  (2i0) = Chjg(2ie) — E[C1jg(2i0)]. Applying
Assumptions 1, 8, and the covariance inequality for strong mixing processes, we obtain:
2

E||T72Y Crq(z0)| | <K (S32)
t<T



Using the triangle inequality and the Cauchy-Schwarz inequality, it follows that

Z (njng)_l ZiEIJ’,g ZtST Cij,g(zi7t) ~
9eG; Uy (0)9)
_ Toeo, (0T Tiery, Ticr Clg i) By — 85,

B mingegj (|\i’j7’w(¢j,g)|)

2\ /2 . 1/2
(Socs, 00507 Srcr, Secr i) (Soes, 160 - 63,17)
<

- ¢;,g)

< - - = (S33)
mmgegj(|‘l’jrw(¢j,g)|)
Under Assumption 1 and (S32), we have
2 2
E > ||igD ™ D0 D> Clyglzal|| | = D (migD)™ D B |3 Cljglzi)
9€g; i€l 4 t<T 9€3; i€lj g t<T
<> (1) Y KT < KGT™,
gegj iEijg
which, combined with Markov’s inequality, implies that
2
> (g™ YD O zia)|| = O0p(GTH). (S34)

gegj Z’Gijg t<T
Thus, by collecting the results in Lemma S1(ii), (S20), (S33) and (S34), we conclude:
Z'e]- 2t C1jg(Zit) ) - " _
Z < T 9 (8.9 = @jg) = Op (G,T 1)' (835)
9€G; (15.gT)V vy (D 4)
By the triangle inequality and the Cauchy-Schwarz inequality, we obtain

Z Jw\(i, 9) = Vi Z ZE[Cl,j,g(Zz‘,t”(&j,g — ¢jg)

9€G; (nj,gT) W5, w(% g) JN9 icl; o  t<T

R X 1/2
g (deg]( v (D59) = Yinrg) >
N Tmlngegj(“i’jﬁ“/((bj,g)q/? al)

2 1/2

X Z (nj T ZZECIMZM H(Abj,g_¢;,gH2 . (S36)

S i€l 4 t<T

Since ||E[C1 j¢(2it)]|| < K under Assumption 8(iii), by (S20) and the Cauchy-Schwarz inequality,

we have
2
Do D) Y0 D ElCig(zin)l|| [16,4=05ll7 < K D 1165405 l1” = Op(G5T ™). (S37)
9€G; i€l 4 t<T 9€G;



Combining this with Assumption 9, which is upheld in Assumption 2(i), Lemma S1(ii, v) and
(S36), it follows that

\\/
Z Jw\(i] ) JV9 ZZECLJQ'Z” ¢]g ¢M) (GjT—l). (938)

9€G; (njgT)V, ’Y’Y((rbj 0 Virrg i€1,g t<T

By the triangle inequality, we have

Z Zz‘elj,g 217 BlC1jg(2it)]

(659 — Plg)
perc (59T ¥y he
< Z Yicr;, i<t ElY5n (2t 70)05,0(2i5 85 )] @ —07)
B 9€G; (75,9T) 57,9 T
Yoict; o 2or<t BlYiy (2ia5 95 g )i aq (2i0 87 )]
7,9 = ’ L 79,9 ekt L 79,9 2. _ >|< 839
i gggj. (75.9T)¥jy.9 Gia = 7a)| (839)
J

where ¥ va(2it; Pj.g) = 0Vj4(2it; 0jg)/0a for a € {0,7;4}. The first term in the inequality above

can be bounded as follows:

Z Zielj,g i<t B[4 (zis ¢;,g)¢;,r'y€(zi,t; ¢;,g)]
g€g; (15,6T) Yy,
N mingeg; (=Wjrmg)

— 0,(nT 1)), (340)

(6; — 07)

185 = 651

< KG; Héj —6;

where the first inequality follows from the triangle and Cauchy-Schwarz inequalities, the second
inequality follows from Assumptions 8(iii) and 9, and the equality holds due to Lemma S1(iii). For

the second term after the inequality in (S39), we have:

Z Zzeljg Zt<T [+, ’Y(th7¢] gW’J vy (%, t,éf)] g)]

(Vi — Vi)
prere) (59T Vv, ra e
< Z Zielj’g Zth E[T/)J',W(Zi,t;¢;,g)¢j,w(zi,t; ¢;,g)]\p,1 W
 geg, (75,9T) ¥} 7,9 Jng I
Yier, ) <t By (2it; 87 ) )0jan (Zits 95 4)] .
79 > ’ ’ J:.9 ’ ) 7.9 N * ~1 )
+ Z (g TV g (Vi = Vig T YirmygVing) |- (541)

9€g;



Using Assumptions 8(iii) and 9, and Lemma S1(vi), we get
Zieljﬁg Zth E[T/)j,v(zi,t? ‘b}k',g)%,w(zi:t; ¢;,g)] N

2 Ajg = Vg + Vi g ¥ing)

9€G; (15,6T)¥j 77,9 79109 Fg g

< K Z Vg = g +¥ ,~1w g\Ijjv%H’ = Op<(”T71)1/2)~ (S42)
9€§;

By Assumptions 1, 8 and 9, and Lemma S1(viii), it follows that

E Z Zz‘ejj,g ZthE[i/}jq(Zi,t;¢;f,g)¢j,w(2i,t;¢;,g)]m_1

. P
(15.gT) W g Frg T Ig

2

-1
<KDY E[W? < KnT™

9€g; 9€G;
This, together with Markov’s inequality, (S39)-(S42) shows that
>ier, . 2a<T ElC1j4(2it)] . N _
> T = 834) = Opl(nT ™)), (543)

=l (15.gT)Vj 7y g 9

Collecting the results in (S35), (S38) and (S43), we obtain

1 Z Z Z %w Zits ]g) j7¢(zzt7¢]g)(¢j,g - ;f,g) _ Op ((nT_1)1/2 +GjT_1),

g€G; i€l 4 t<T nj, Q\I’J w(% g)
which establishes (S29).
We now proceed to verify (S30). Using the triangle inequality and the Cauchy-Schwarz in-

equality, we obtain:
g T . T . g
Z (¢j,g - ;,g) Zie[m Zth wj,vfb(zl}tv ¢j,g)¢m¢(zi¢’ ¢j,g)(¢j,g o ;g)
9€G; (g T) Wy ()
_ >geq; 109 — &5 gl P(nsgT) ™ ety Srer 10(2ie 85,012

< _ - 2 (S44)
MiNgeg; (|‘I’jﬁ%g (%‘,g) |)
By Assumption 8 and the Cauchy-Schwarz inequality, we have:
> Y ez 2 < K 30 S0 (M (201855 — 656l + o (2103 67, -
i€l ¢ t<T 1€l ¢ t<T
This implies that
Z||¢]g jg n,]g ZZH@%’Y(? th7¢]g)||
9€G; i€l 4 t<T
<KZH¢JQ ¢J9H njgT ZZMZ”
9€9; i€l ¢ t<T
+KZH¢J9 ¢39H e Z ZH%W zZt’¢39)‘|2
9€G; i€l g t<T
< (1 max 6 - wﬁ) S by~ 03l Pl S0 SN (849)
9€G; icl; 4 t<T

10



where Mj(zi4) = M(2i4) + |[¥j~0(2i; 7 o)l|- By the Cauchy-Schwarz inequality,

D Mbjg = G5l PrygD) ™ D0 D Mizie)

9€9Y; i€l 4 t<T
1/2 1/2
< D M1dig— 5l D (D) Y Y M) (546)
9€G; 9€G; 1€l 4 t<T

D (nigT) Y Y E[Mi(2i0)") < 0p(Gy),

(547)
9€G; i€l g t<T
which together with (S13) and (S46) establishes that

Z”%g gl *(njoT ZZMI zit)® = 0p(G;T7H).
9€G;

i€lj 4 t<T
This along with Lemma S1(i, ii) and (S45) shows that

Z H¢jg ¢]g” n]g Z ZHw]'Y(b th7¢jg)”2 ( _1)‘
9€G;

i€15g t<T

(548)
Combining Lemma S1(ii), and results (S44) and (S48), we verify that:
Z (gijg B ;g)T Zielj,g ZtST bjne(Zit Pjg W’J w(z”’ ¢J g)(¢39 j,g) -0 (G,T—l)
= > = Upll; ’
9€G; (1,gT)V (¢ )
which shows that (S30) holds.

To verify (S31), we first note that, by the triangle inequality and the Cauchy-Schwarz inequality

Z (¢] g 7, g)—r ZzEIJ g Zt<T djj ’Y(Zl ts ¢j g)¢] ’Y¢¢(ZZ t’ qu g)(¢] g

i.g)
9€G; (nj,QT)\I]ja’Y’Y(QSj,g)
degj H¢j,g - ¢;,9H2(”j,gT)71 Zieljyg Zth H%ﬂd)(zi,t; ¢j,g)H ”¢j77¢¢<zi,t; ¢j,g)H
< - 5 = . (S49)
mlngegj(‘\pjﬂ%g(d)j,g”)
Using Assumption 8 and the Cauchy-Schwarz inequality, it follows that
> Hw]’,wﬁ('zi,ﬁ <Z>j,g)H H%,ww(zé,t; %zﬂ”
i€l ¢ t<T
<659 = Ggl® D2 D M)+ D0 D [ino(aie 650 [5a06 (2105 05,)|
’iEIj’g t<T ’L'Eljyg t<T
Hldgg = D5l Do D M) ([Ys00 (it 95 ) + 95700 (210 65, |
iEijg t<T

< K(1+max(|[¢;4 — &5 l1° + 11054 —
9€G;

) D> My(zig)?,

i€l 4 t<T

11



where Ma(2;1) = Mi(zi4) + |[0j 60 (Zit; ¢ ,)I|. Therefore,

Z (¢]g ]g)T Zzequ Zt<T V5, ’Y(th’qu )i, 7¢¢(Z”’¢J g)(¢39 Jg)
ot (”jng)\I/jvw(‘ﬁjvg)

_ K(1+ maxgegj(\]%’g - ;f’gH%—i- H&jgg —¢5,0)

- mingeg; (|W;,77,9(¢5.4))

X D N85 = 05l P (g D)7 D D Ma(zig)”. (S50)

9€gG; i€l 4 t<T

Following similar arguments to those used to establish (S48), we can show that

D iy = 5P (g™ 3 D Ma(24)* = Op(GT ),

9€G; i€l,4 t<T

which, combined with (S50) and Lemma S1(i, ii, iii), verifies (S31). Q.E.D.

Lemma S3. Under Assumptions 1 and 2, we have

5y Erlon ) = ErlvesGol® o perie gy, (s

g€G2 i€z 4 n2,g\y2,w(¢2,g)

PRrROOF OF LEMMA S3. First, we notice that the left-hand side (LHS) of (S51) can be written as

Et<T 7/’2,'y Zi t))2 - (ZKT wzw(zi,t))Q
> 2

g€Gai€la gy N T2y W(% )

vy Crerlano ba (i) P

g€Gaicl 4 ”Q,QT \IJQWW((bQ g)
z z
+9 Z Z Zt<T wQ;y Zt ¢2,'y lt Z'(ﬂQ,y zzt (852)
geGa i€l2 4 na QT ‘1’2 77(¢2 g) t<T

By Assumption 8(i) and the Cauchy-Schwarz inequality, the first term on the right-hand side
(RHS) of the above equation can be bounded as:

Z Z Zt<T 1/’2,7 Zi t) ¢2,7(2i,t)))2
9€G2 i€z g ng,o T "Ijlw((lsz o)
- Loeoa Mg Lietny (T Leer M(zia) 10 — 65,11)°

B Mingeg, [V, (d24)|

g a2 —1 £\ 2
_ (Soean 192 = 63511")  (Soeqn(2aT) ™ Sicry, Tier M)

. (2ol (S53)
mingeg, Vo, (d2 4)

12



From Assumption 8 and Markov’s inequality, it follows that
D (2 D) Y 0D M(zig)t = 0,(Ga), (S54)
geGa i€ls g t<T

which along with (S13) and (S53) implies that

Z Z (2 i<r( ¢2,7 zit) — V24(5i0))’ = Op(G2T71). (S55)

g€Ga i€lz 4 n2 QT \112,77(5252 g)

To investigate the second term in the RHS of (S52), we first apply the Taylor expansion to

obtain:

Z Z IZt<T 711)2,7( lt) ¢2,'y zt 71 Zl/}gﬁ Zzt

g€G2 i€z 4 n279‘112,w(¢2,g) t<T
-y ¥ T3 V206 (Zits Po.g) (Do — ¢§,9)T_1 S o (210) ($56)
- Y U/

gGQ’g 7:6]2,9 n2 g\Ij2 '77((252,‘9) tST

where <23j7g lies between qAbj,g and qb;’g. By Assumption 8 and the Cauchy-Schwarz inequality, it
follows that

Z Z T Zt<T(w2,fy¢(zz ty ¢2,g) w2,'y¢>(zi t) ¢§,g))((}2,g - ¢§,g) T_l Z ¢2 (2

geG2 i€ls g n279W2777(¢2,g) t<T

S o bge — 6522y T) g Sy M(2i4)
< max T712¢2,7(Zi,t) 9€Ga 1172,9 2,9 Y i€la,g £at<T i '

=n t<T mingeg, ‘1’2,77@2,9)

(S57)

Note that by a maximal inequality under the L,-norm,

max [T (1o (2i0) — Elhony(zi)])||| < Kn'/Pmax |77 Z(lh,y(zi,t) — E[tp2,4(2it)])

i<n i<n

t<T » = t<T »
(S58)
By Assumption 8, we have
El[¢2,4(zi0)["] < K, (S59)

which implies that [|125(zit) — E[th2,5(zi4)]l|, < K. Thus, applying Rosenthal’s inequality, we get

p

E Zw?ﬂ('zi,t) — E[tbo,(2i0)])| | < KTP?

t<T

which along with (S58) shows that

max [T " (¢24(2i0) — Eltron(2i0)])||| < Kn'/PT712,

i<n
t<T
p

13



Combining this result with Markov’s inequality and Assumption 1(i), we establish that

max |77 (o (2i0) — Eltbay (2i0)]) | = Op(T7H/2H1/P), (S60)

i<n
- t<T

Therefore, from (S59) and (S60), it follows that

max |1 21#277 th < maX T Z(?/)Q,'y(zi,t) - EWQ,'y(Zi,t)])

i<n

t<T t<T
o 7713 Bl (sl = Oyl (S61)

By the Cauchy-Schwarz inequality, Assumption 8(ii) and (S13), we have
deg2 ||¢2,g - ¢§,g||2(n2,gT)_l Zielg,g Zth M(Zzt)

mingeg, Va4, (¢ 4)

g o a2 -1 2\ /2
_ (Sacau 125 = 05l1") ™ (Ceea(m207) ™ Sicry, Trr Mzia)?)

mingeg, [V, (d24)|

= 0,(GoT™1). (S62)

From (S56), (S57), (S61) and (S62), we establish:

353 TN (b (2i) — W2y (2i) _121”2’7 2i)

g€g2 i€l g n27glll27'77(¢2 g) t<T

-y 3 TR0, )

= (i
gegQ iGIQ,g n2:9\112:’7’7(¢2,g) t<T

+ > Gag =) D SL TN N (2i4) + Op(G2TH). (S63)
9€G2 i€l g4 n279\II27’7’Y(¢2,g) t<T

The first term on the RHS of (S63) can be bounded as

-1
3 Z Y e Pa40(2i) (B ,12%7 )

g€G2 i€l 4 ”2,g‘1’2,w(¢2 g) <7

b2 — 03 || maxti<y |T7" ) ycr Y2,4(2ig
_ 1182 3] T Srer v ))Z<n2,gT>—1ZZwa(zi,t)H. (864)

mlngegz |\1127’Y’Y(¢2,g)| g€Ga 1€y 4 t<T

By Assumption 8 and Markov’s inequality, it follows that

D 2TV DY lWone(zie)ll = Op(Go),

9€G2 i€lp 4 t<T

14



>y Dbl 2 s, oy, (569

9g€Ga i€lz 4 n27g\1’2,w(¢2 g) t<T

To study the second term on the RHS of (S63), we first write it as

T—
Z(%ﬂ —a5) Z U er P2y (2it) _12%’7 )

9€G2 i€l g ”279‘1’2 w(¢2 g) t<T
T3 (2, (2i) — Eltha o (2
N * t<T\F2yy\~i,t 277“/ Zt
= 2(7279 - 72,g) Z ~ n \if <¢ ) -1 Z@bQ,y Zzt
9€G2 i€la g 2,9 %297\ ¥P2,9 t<T
~ * 1/)2, <i t
+ > (ag =) D [\p” T3 (2 (2i) — Bl (7i)))
9€G2 i€la g n2.g 2,77(% g) t<T
. ] B2y (2i)[E[V24(zit)] 5 5
- Z(Vz,g - 72,9) Z E— = (\112777(¢27g) = VUs5y,9)
g€Ga i€la g ”2’9‘112,“/7((152,9)\1/2’“/%9
. " Z'e[ EWZW(zi,t)]EWQ,v(Zi,t)]
+ Z (7279 o 7279) =2 no U . (866)
9€Go 2,9% 2,779
By the Cauchy-Schwarz inequality, we can bound the first term on the RHS of (S66) as
. " > <T(¢2,'y'y(zi,t) [7/’2 vy Zzt _
Z (7%9 - 7]',9) Z = ™G ! 21/}277 Zit)
9€G2 i€la g (nQ:g ) 2777(¢j,g) t<T
_ 1/2
maxi<n |71 Y <p wj,y(zi7t)‘ N i
- : T 9 ’}/]79 - ’ijg
MiNgeg, ‘\PQWW((ﬁ]‘,g)’ g€Go
2\ 1/2
x| Do mag 2o | T71 D _(arn(ein) — Eltapn(2in)]) : (S67)
9€G2 i€lag t<T

Under Assumptions 1 and 8, we can apply the covariance inequality for mixing processes to obtain

2

Z ’I’L27g Z T Z(d’l’y’y(zi,t) - E[d’?,'y'y(zi,t)]) < KGQT_I,

9€G2 i€la g t<T

which together with Markov’s inequality, Lemma S1(ii, iv), (S61) and (S67) implies that we can
bound the first term on the RHS of (S66) by

Y (rag—7g) D iz (Ve ie) — Bl (5ie) T71N o (210) = Op(GaT 1), (S68)

9€G2 i€la g (n219T)\I/2777(¢2,g) t<T
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As for the second term on the RHS of (S66), we have by the Cauchy-Schwarz inequality and

Assumption 8

> (Bag =) > ElWan (@] 7 T3 " (o (2i) — Eltray (2i0)])

9€Go i€l ”2,g\I’2,W(¢2g t<T
1/2 2y 1/2
K (Zye0, (20 = 5,))
g€g2 279 27g _
< = — dongg > (T (Wena(zi0) — Bl (2i)])
MiNgegG,y |\I]2»77(¢2,g)’ 9€Ga zelg g t<T
(569)

Under Assumptions 3 and 8, it follows that

2

E[S ngh S0 (7703 (o (i) = Eltban (zi)]) | | < KGoT ™,

9€G2 i€la g t<T

which together with Markov’s inequality, Lemma S1(ii, iv) and (S69) implies that we can bound
the second term on the RHS of (S66) by

S Y oy -ty 3 2l o, ) Bl (z0) = 0,(GT ). (8T0)

9€G2 g€G2 i€z g ,g‘I'Z,W(% g) t<T

As for the third term on the RHS of (S66), we have by the Cauchy-Schwarz inequality

E EWn (zid)] = s
Z(’?z,g—’)’ig) Z WM:Y(Z t)J 21 (71 (Va3 (d2g) = Vo,0y.9)

9g€G2 i€[27g nzvg\I’Q,V’Y((z)Q,g)\I’Z,'y'y,g

. . \2) 172 A ~ 2\ 1/2
< K (ZgEQQ (72,9 - 72,9) ) (ZgEQQ(‘I’ZW(%,g) - ‘I’Zv%g) )

< , - - = 0,(GT™h) (S71)
mingeg, |‘I’2,w(¢2,g)‘1’2n%g)’ '

where the equality follows from Assumption 9 and Lemma S1(iv, v).
Combining the results from (S63), (S65), (566), (S68), (S70) and (S71), we obtain

Z Z 1Zt<T (V5 A(zig) = P24(2i)) _121/12,7 o)

g€Ga i€y g n279\:[]2777(¢2 g) t<T
o Z (’AY )Zz‘eb,g WZW(Zi,t)]EWzv(Zi,t)]
= 24

9€0s 12,gW2 vy.,g

+0p(GoT ™). (S72)

In view of the results established in (S52), (S55) and (S72), it is evident that the claim of the

lemma follows if

Y (Gag—75g)

g€G2

Sie , El2 (20 [Eln, (2i0)

n2,gW2 yy.,g

= 0,(GY*T1/?). (S73)
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We next turn to verify (S73). Using the expression in (S15), we can write

Z (3 " )Zielg,g EWQ:W(Zi,t)]EWZ,'y(Zi,t)]
2,9

Y2,
9€0s g 12,02 vy,
-y Uo g Doicly, BlV247(2i0)[E[Y2y(2i1)]
9€0s W2 7,9 12,92 4v,9

— Z (\112_1 . gl ) I 9 Ziefz,g E[th2.4~(2i,t)E[th2,4 (23 t)]

b b 2? 9.
9€Go " i 12,092,779
. Z ‘@2,79,;;(92 —63) Zieb,g EWZW(Zi,t)]EWZv(Zi,t)}
9€0s U2 yy.g 12,9¥2,4v.,9

Y (Bag = 85.9) Vanog(da g — 05.) Dicr, , B2y (2i0)|E[t2 (2i4)]

_ (S74)
760s 2W9 yvg 12,9¥2,57.9
By Assumptions 1, 2(iii) and 8, and Lemma S1(viii)
. 2
o Z V9.9 Ziefg,g E[42,5 (2i0)[E[t2,4(2i,0)]
9€0s Y2979 12,9¥25y.4
2
. Yicly , EBlth2,y (2i0) B[,y (2it)] -
. 2 ’LEIQY SYY ) Y ) 2 —1
- Z E[W3,,] ( ) o W2 =K Z B[V, 4] < KG2T,
9€G2 2952779 9€G>
where the second inequality follows from (S25). Thus, by Markov’s inequality,
Uog Duichny B2 (1) [E[2, (zia)] 0,(GY217-172). (S75)
9€0s V2,979 12,9V25y.9
By the Cauchy-Schwarz inequality, Assumptions 8 and 9, we have
Pl ol Diely y Blth2,0y (2i) (2,5 (2it)]
Z( 2019~ V2a7,9) V29 2005
9€0s 29X 2979
. 2\ 1/2 . 1/2
< K (ZQGQQ(‘I’MW - ‘1’2,vw,g) ) (degg \1'27%9)
- mingeg, [¥2,+(2,)|
which along with Lemma S1(ii, v), (S25) and Markov’s inequality shows that
. L1 e 2uiel, BlY2an(zi)[Elthay (2i0)] _
Z (\112»'1}/779 B \1127’17779)\112’7"9 e n \II - Op(GQT 1) (S76)
gE€G2 2,9 %2779
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By the Cauchy-Schwarz inequality and Assumption 9, we have

3 Wy 0.4(02 — 05) ich, , BlY24y(2i0)[E[Y2(2i4)]

9€0s V27,9 n2,9V2.47,9

K 9 0 A A .
< K62 =8l S~ (1, 0y — Bl 0 )l + B[ 0]l (s77)
mingeg, |\1127’Y’Y(¢2,g)’ 9€Gs

Under Assumptions 1 and 8, we can apply the covariance inequality for mixing processes to obtain

E [||@2,ye,g - E[\ifz,»ye,gm?] < K(no, 7)™,

Z f[fg’,ygig(ég —03%) Zie[lg E[t2,4+ (21 4)[E[th2,4(2i1)] _ Op(GQT_l)- (S78)

o W9 g n2,gV2,7v,9

By the Cauchy-Schwarz inequality, Assumptions 8 and 9, we have

3 (o — $3.9) Worno0g(P2g — 65 4) Sict, , B2, (2i0)[Elth2y (2i0)]

9€G2 2W25y,9 n2,gV25y,g

K U .
< Kmaxeees [Wanovall 5~ y5 s 12— 0,y (579)
mingeg, [Va,yv(¢;,)| 9€Go

where the equality follows from Lemma S1(ii), (S19) and (S20). The claim in (S73) follows directly
from (S74), (S75), (S76), (S78) and (S79). Q.E.D.

Lemma S4. Under Assumptions 1 and 2, we have

Zzt)] IET[T/’JZN(Zi,t)] . —1\1/2 -1

geG; i€l (¢] g) 5.9V jry.9

PrOOF OF LEMMA S4. Let CQ,j,g(ZLt) = w?ﬁ(zi,t) and C2Jg(zi7t) = 0271'79(21'715) — E[ngj,g(zi,t)].

Using these notations, the following expression is obtained:

Zzt) 7/}2 (Zi,t)
T E (e - )

g€G; i€l 4 t<T JW(% g) 5.9V jny.g

1 1
:Z<\if 3 —\I/' ) n]g ZZECZ,jg Zzt
7Y

v (@59) Vi i€l g t<T

+Z 5y 1A‘ - ,1 (19T ZZCQJQZM (S80)
Wiy :

i€l ¢ t<T




Applying the triangle inequality and the Cauchy-Schwarz inequality, we can bound the second
term on the right-hand side of (S80) as follows:

Z(A T 7 )nw DD IHEN

9€G; U (9sg) Vi i€l g t<T

< degj

(\IJj7’Y’Y(¢j,g) - ‘Ijj,w,g)(nj,gT)_l Zielj,g Zth Cg,j,g(zi»t)
mingegj("i’j,w(&j,g)‘l’jﬁ%ﬂ)
. n 1/2 _ ”
_ (Soeg (Wi (B19) = ¥irns?) " (Soeg,(3aT) ™ Sier,, Trer G210

- Tmingegj(|‘I’j,w(¢j,g)‘1’jﬂ%g|)

1/2

(S81)

Using similar arguments to those leading up to (S34), we have

2

Z nJQ Z 202,39 th = OP(GjTil)v

9€G; i€l g t<T

which together with Assumption 9, Lemma S1(ii, v) and (S81) implies that

Z<A S )(nj,g:m1Zch,j,g<zi,t>=op<GjT1>. (582)

g€g; ‘I’jm(¢j,g> Vi i€l 4 t<T

Next, observe that the first term on the right-hand side of (S80) can be rewritten as

1 1
Z(A A T w. ) n]Q ZZECQ,]Q Z’Lt

Wy, 7”/((253' 0 Yinrg

9€g; 1€1j,4 t<T
(66) = Wjyyg)? _
_ Z ] IY\YJ, g 2] V.9 (nj,gT) 1 Z Z E[CZ,j,g(Zi,t)]
gegj \I/J w(% 9) J9 i€l g t<T
_ 5o BanlOig) = Vima) 1yt S S iy e (583)
gegj ] YY-9 ie]j’g t<T

Under Assumption 9, the first term on the RHS of (S83) can be bounded as follows:

Kzgeg( va(¢3g) \I'J',w,g)2
s \Ijj,'yfy(¢j7g)>

V. (. ) — W, 2
Z (\I’]\;v(ﬁf)]g) Vjrr.g) (nj,T)"" Z ZE[CQ,j,g(Zi,t)] <

9€g; 3.9 ]77(¢] g) iE€L; g t<T mlngegj(‘lll 1

Thus, by Lemma S1(ii, v), it follows that

Z Wion (9 g) ~Yyirng)” (njgT) ™" Z ZE[CM,Q(Z@J] = 0,(G;T 7). (S84)

9€G; \I’]}W’Y g =3, 77(¢J 9) 1€l g t<T
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Combining this result with (S80), (S82) and (S83), we obtain:

71 Z Z Z( 3y (2105 Jg) 1/}32"/('%“ ;f,g)>

gegg i€l; g t<T \"%, g‘I’J w(ﬁbj g) 15,9% 7.9
icl; Zt<T [C2,5,9(2it)] - _
Yy NCIATT (Wjrrg = Uiy (B19)) + Opl(GT ), (S85)
9€G; 39 39

We now take care of the first term on the RHS of (S85). Under Assumptions 1, 8 and 9, we

have the following:

2
Ziefj,g Zt<T [Ca,j.9(2i)] A X
E Z T2 Jg ‘I’jm(%,g))
9€G; (54T) Ig
2
T Cy. ;i Z5 N
_ Z Zzelm Zt<T [C2,.g(%it)] E [, (6 ))2
T2 JIg 3\ Pig
g€g; (54T) 9
<K Z E [ JY9 JW(% g))2j| < KGjT*l-
gEg]
Thus, by Markov’s inequality, it follows that:
Yl Zt<T [Ca,j,g(2it)] A N _
D AT (Wng = () = 00T 72). (s86)
9€g; 7.9 I9

Applying a Taylor expansion, we obtain:

ST E C ig\Zi " N R
5 ety Tt B N G)— b(65,)
(nj T)¥2 I9\Pj.g 319\ Pj.g
9€G; 7.9 J.9
zeI Zt<T [02,3 g(Zz )] . ~ N .
- Z - qn T)\IJQ \I]j777¢79(¢j,g)(¢j,g - qu,g)’ (887)
9€G; 3.9 -9

where ¢; , lies between ¢; , and qb; > and

. 0 it
Vjye(dhg) = (njgT Z ij v19(Zit; Gig) and jy10(2it; Gig) = ’Wa((;; > g)

i€l,q t<T
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Using Assumptions 8 and 9, along with the triangle and Cauchy-Schwarz inequalities, we have

doier, 2a<r BlO25(2i0)] . . . L .
Z Eijg(nj :STT)\IIZ. e (Yjyre(Psg) — ‘I'jm¢(¢j,g))(¢j7g - ¢j,g)
; 39
zelj B Zt<T [C2,5.9(2i0)]
= Z nJ’gT)\If2

9€g;

A

‘Ijjﬁw(d’j,g) - ‘I’jﬂw(@b;g)H ||¢j,g o

9€g; 379
< Z zeIJ g > t<r ElC2,5,9(%it)] Zielj,g > i<y M(zit) 1, — 6% |2
9€g; n] g9 )\I]? Y59 (njagT) 9 9
1/2 1/2
K| D (gD Y0 Y M) Do lldig = dllt | = 0p(GiTTH, (S88)
g€y, i€lj,4 t<T 9€G;

where the last equality uses (S13) and Markov’s inequality.

Let Wjngg = E[\ifjﬁw( 7 o)l By Assumptions 8 and 9, along with the triangle inequality and

the Cauchy-Schwarz inequality:

Dty y 2ot<r ElC254(Zi0)] . - .
Z j’g(n T)W2 (‘I’mw(%g) - ‘I/j,vv¢,g)(¢j,g o (bj,g)
g€g; 3,9 9
<K 0, ) -0 b — b
> Z ( 37’7’7¢(¢j,g) mw,g)@j,g ‘z’jyg)

9€G;

1/2 1/2
. 2 R
s K Z “\I’j777¢(¢;,g) - \Ijjﬁwﬁ,gH Z |bj9 — ¢;‘:g||2 : (S89)
9€G; 9€G;

Under Assumptions 1 and 8, the covariance inequality for mixing processes implies:

2

T * —1

E : “\Ilj7’77¢(¢j,g) - \I’jﬁwﬁ,gH < KGJ'T >
9€G;

which, combined with Markov’s inequality, (S20) and (S89), establishes

Cier,, Teer ElCaq(zi0)] :
S e Winsl05) ~ Wias) By = 05,) = O(GT. (890)

9€G;

Combining the results in (S87), (S88) and (S90), we have

77,9

Yict;, 2ot<r BlCojg(zid)] o . .
Z €lj,g £4t<T 2,5,9\Zit (s (35) — Fy (6,)

9€9; (159T) %5 19
zEI Zt<T [02,] g(zz t)] R . B
B Z ; gn T)W2 Vjrvr,g(@jg — 0j.g) + Op(G5T . (S91)
9€G; 79 I9

21



Using the triangle inequality, we can write:

Zielm Zth E[C,j.9(zit)] - .
Z (n; T)\IIQ. mw,g(fﬁj,g - ¢j,g)
9€G; 7,9 J,9
< Z Zz’elj,g ZthE[Clj,g(Zi,t)]\I]‘ (é _6)
= (n;  T)W2 319:.9\Y5,9 — Yj,g
9€g; 2.9 39
Yier,, 2ut<1 ElC2,j9(2i)] . N 1 s
* Z M(nj gT)\IJQ. 39 (Vj,g ~ Vgt \I’qu,g‘yjmg)
g€g; ; 3.9
Dty 2or<r ElC2,5,9(%it)] 4 o=
" Z ]yg(nng)\Ifz 37779 Y g Yivea | (592)
fger ’ 3.9

where 1 yya(2it; Gjg) = OV (Zit; @jg)/0a for a € {6,~}. By Assumptions 8 and 9, and Lemma
S1(iii),

Zie[m Zth E[C,j.9(it)] P .
j,’y’y@,g(gj,g - aj,g)

>

€9, (nj:gT)\Iji'y’y,g

< K degj (nj 7)™ Zielj,g > i< BlCo,j9(2it)] 18, — 60|

a mingeg, %3, v

< Knll6j4 — 0,11 = Op((nT~1)'/?). (593)

By Assumptions 8 and 9, and Lemma S1(vi),

Z Zielm > i< E[Co,59(zit)]

. 2
9€G; (nMT)\I/J',W,g

Moreover, under Assumptions 1, 8 and 9, and Lemma S1(viii), it follows that

2
Zie[m ZthE[CZj,g(Zi,t)] 1 s
£ Z T2 J%'W%Q‘I’m%g‘l’jmg
geg; (nﬂvg ) 3779
2
Zie[- Zt<T E[Clj,g(zi,t)] 1 <o 5o .
- Z ( M(n. T)\l!z j:’Y’YW\I’jn%g E[\I'j,%g] <K Z E[\I’jmg] < GIT,
gég]- 7,9 1YY-9 gegj
which together with Markov’s inequality implies that
Zie[- Zt<TE[C2,j,g(Zi,t)] -1 =2 _
Z J’g(n, _T)‘IJQ j,vv%gll’j,w,g\l’jmg = Op((nT 1)1/2)' (895)
9€g; 2.9 J.9
From (S92)-(S95), it follows that
dict, 2u<t ElC2,j,9(zi)] A N _
2 = WiormalByg = ) = Op(T D). (396)
7,9 j"Y’Y’g

9€G;
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Finally, combining (S91) and (S96), we obtain

3 >ict,, 2i<r BlC2jg(zid)] o . .

<njng)\I/?ﬁ%g

9€g;

which, along with (S85) and (S86), establishes the lemma’s claim.

Lemma S5. Under Assumptions 1 and 2, we have

Zit 2 A ~ -
Z Z (n IET [in(zig)]) (‘Ijj,vv(gbj,g)\l’j’VV’g)) = 0,((G;T 11/2),

\I}J 'Y’Y(¢] g) 3.9

PrROOF OF LEMMA S5. The term on the LHS of (S98) can be written as

-1
Z Z <n EKTwJW( Zt)) (\il (&)Jg) ﬁ’yg)>

g€G;ic€lj 4 \II v’Y’Y(d)j g) INY9

Zit 2 7 g
=2 (n U, St (‘I’jvvv(ﬁf’j,g)q’j’vw’g))

geG;iel; 4 Js ’Y’Y((b] g) JYY-9

gegG;iel; 4

T_l Zt<T d’jm(zi,t))z - (E[@Z’m(zi,t)])2
+ = =
Z Z < ”j,gq’j,w(%,g)q’jm%g

The first term on the RHS of (S99) can be expressed as

Zit 2 A 2
Z Z ( wﬂ( )D (‘I’jrw(ﬁbj,g) - q’jﬂ%y))

(‘iljy’Y’Y((}j,g) - \I'jﬂ%g)> :

9€Gj i€l g

9€G; i€lj (¢ )\I]J“/"/g

i) o -
=ZZ( sl 4, 6wy
9E€G; i€l 4 L

B Z Z %v Zzt Q(ijv(&)] g) - ‘I’j,w,g)Q'

2
g€G; icl; ona W<¢J DV

By Assumption 9, Lemma S1(ii, v), we have

Z Z E[Y)(ziz)] )2(@1'777( ig) — \I/j,w7g)2
2
9€G; i€l , on w(gby 2V g
K S N _
< — = ~ 2 Z (\IIJWW( j,g) - ‘I/j,w,g)2 = Op(GjT 1)~

mingeg; |‘I’jm(¢j,g)\1]jm,9| 9€G;

By the similar arguments for deriving (S97), we can also show that

M V. (. )— . _ —1y1/2
22 | i (Hin(Big) = o) | = Ou((GTTH2),

9€G; i€l 4 1.9

23

(wj777(¢j,g) -, W(% g)) O ((”T )1/2 + Gijl),

(S97)

Q.E.D.

(S98)

(S99)

(S100)

(S101)



which along with (S100) and (S101) implies that

¢JW(ZZt)])2 2 g ) . —1y1/2
Z Z (\IIJW(%Q) ‘I/mmg) —Op((GJT ) )

g€ i€lj 4 (¢J g) J9

The second term on the RHS of (S99) can be expressed as

IZK 1/’],7(2'%75)) —(E [@bj,’y(ztt)])Q
>y (e

1y, g‘I’J w(% g) g

(0 (jg) — wag)>

geG; i€l; 4

-1 th N ~
Z Z ( Zt<T¢J7( )) (Wj777(¢j,g)_q]j77779)>

9€G; i€l g njgl¥;, w(@ )l
[t (2i)] T Zt<T¢ (2it) - A
S E ) GG )
9E€G; i€l g n]9|\I}]7"/(¢j ¥
with probability approaching 1. By the Cauchy-Schwarz inequality,

T3, ~;7 zig))? - y
Z E <( ziTw 1( ) (‘I’j,w(gbjyg)_\l[jﬁ%g))

geG;iel; 75,9V 7y (¢j,g)

) . . 12
_ (degj s Sier;,(T 12@%,7(%3)4)

1/2

D (Wi (dy9) = Wjirrg)?

mingeg, ’\I'J'vw(gbj,g)‘y?,w,ﬂ 9€6;
Under Assumptions 1, 2(iii), 8 and 9, we can apply Rosenthal’s inequality to obtain
1D mig 2T vy, (ma)! | S KGT™,
9€3G; zelj g t<T
which together with Markov’s inequality, and Lemma S1(ii, v) shows that
(T Y er Vi (zi0)? - _
Z Z ( \i; L (\Ijj777(¢j,g) - ‘I’jﬂ%g) = Op(GjT 1)-
9€G; i€l; 4 5.9 Vi (d5g)
Similarly, we can show that

z, T <7 Vi %
Z Z ( t)] Z Tw ’;(/ t)( (qug) J'Y%g)>

1/2
9€G; i€l 4 (¢] o) (=79

N 1/2
maxgeq, B[ (zi0)]l (geq, (¥ <<z>gg> m..»2)
= -

mingeg; |‘I’J 7Y d’y o) (=g
1/2
-1 -1 -1
X an Z Z¢]72m ),
9€G; 1€lj g t<T
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(S103)

(S104)
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which along with (S103) and (S106) implies that

Z Z ((T—l Zth ¢{77(zi,t?)2 — (E[wj,v(zi,t)])Q (\ilj w(fﬁj g) B \I/j,w,g)> _ Op(Gijl)- (S107)

g€g;icl; 4 ”J',g‘I'j,w(fbj,g)‘I’jﬁ%g

The claim of the lemma now follows from (S99), (S102) and (S107). Q.E.D.

Lemma S6. Under Assumptions 1 and 2, we have

S 9
Z Z ET[¢j77(Z;;)jmj]fj£¢] 'y(Zz 0] _ Op((GjT_1)1/2) (S108)
9€G; i€l 4 ’ U
and 9
> Z (s e tn]])g‘ljj(fz[wm el Op((G;T~1)?). (S109)
9€G; i€l 4 o

PROOF OF LEMMA S6. Recall that 97 (zit) = ¥+ (2it) — E[)),(2i¢)]. Using this expression, we

have
ij,'y(zzt ijy Zzt +2Z¢J’Y Zzt ¢]’y Zzt +Z ¢J’Y Zzt
t<T t<T t<T t<T
and
Y By (2i0)?] =D B, (i) + D (Elthin(2i0)]
t<T t<T t<T
Therefore,

Z Z - Zt<T Vi (2i0)? = Bl (2i0)?])

ni oW
g€g;icl; 4 3,9 = JY7-9

_ Z Z T Zt<T _]’y(ZZt) —E[ M(Zzt) 22 Z T Zt<T¢M(Zzt) Wm(zzt)]

n; oW, n; oW,
€T, icl g 3,9 3,77:9 €T, icl; g 3,9 3,779

(S110)

By Assumptions 1, 2, 8(iii) and 9, it follows that

(Z > A S wﬂ<z@t>2E[wﬂ<z”)2J))

ni v
geg;icl; g 1,9 = 2:77,9

B Var <Zz’elj,g Zt<T(¢;‘<7(2’i,t)2 —E| x W(Z”L t)2])>

o 2 2
9€g; *n 3, Q\IIJ 7,9

B |[(0307) 7 S, Secr (010 = B0 1D

< KG,T! S111
Tnj,g — J 9 ( )

<KY)

9€G;
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where the second inequality follows by (S553) in Lemma S47. Similarly,

Ty ¥ (2itJE[)4 (2i)]
2. 2. =

9€G; icl; g 3,9 3779

Var (Zidj’g dot<T ¢;7(Zi,t)E[¢m(2i,t)]>

2.2 02
9€G; T*n JQ\IJJ’Y’YSJ

2
B |[0007) 7 ey, Secr 05, Bl o] |

Tnjg

< KG;T™* (S112)

<KY,

9€G;
which, combined with (S110), (S111) and Markov’s inequality, shows the claim in (S108).
To show the claim in (S109), we first express the term on its LHS as

(T~ Zt< w]v('zzt)) -1 12t< (E [wj"/(zzt)])
Z Z T = T

9€G; i€l; .9 %3779
71 0 . . )
_y v ZKT ﬂ’ﬂ )l o5 5 T B UGB ol g
N (—\I/- ) /2
g€g;icl; 4 geg;iel; 7,9 1779

Under Assumptions 1, 2, 8 and 9, we can apply Markov’s inequality to obtain:

2
Sy Y AT W (zia) | = 0p(GTTY, (S114)
9€G; i€l t<T
and : .
T - (zi) Eli~ (2
>y Rl oG, ($115)
gegj iEIj’g nj»g(_\ljjv’yf}'vg)
The claim in (S109) now follows from (S113), (S114) and (S115). Q.E.D.

Lemma S7. Under Assumptions 1 and 2, we have

(MQLR,1)* — (QLR, 1)
(nT)1/2w7217T

= Op(l)-

PROOF OF LEMMA S7. First, observe that by the definitions of MQLR,, r and QLR,, 1, and the

triangle inequality,
|MQLRwz ~ QTR z| _ [MQLEwz - MQLR, ;| [MQLE; ; ~ QLR

Wn,T o wn7T anT
’Ry’,n,T({ﬁj) — T2y BVl

- (nT) 2wy 7

+0,(1) = 0,(1), (S116)
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where the first equality follows from Theorem 1, and the second equality follows from Theorem
2. By the definition of wy, 7, Assumption 2(ii), the triangle inequality and Hélder’s inequality, we

have

‘QLRn,T‘ 122 \Aw Zit)] <K ($117)

1/2 —
(TLT) / wn,T i<n t<T

Combining the results in (S116) and (S117), we conclude that

(MQLR1)* = QLR 1) (MQLR,r — QLE, 1)?
(nT)/22 . - (nT)!/2w? 7
2QLR, r|MQLR,r — QLR, 1|
(nT)Y/ QWTZL T

= 0,(1), (S118)

which shows the claim of the lemma. Q.E.D.

Lemma S8. Under Assumptions 1 and 2, we have

(nT) ™3 S Az (i) (655 — 67) = Oplwn r(nT)~H2),
i<n t<T

where ¥; ¢(zit) = Vjo(2it, &5) and ¥ ¢(zit, 5i) = 0V;(2it, ¢5.i)/0Bji-

PROOF OF LEMMA S8. By the definition of ;4 (i), we have

wj@('zz‘,t)((%j,i - ¢jz) = wjﬂ(zi,t)(éj - 9;) + wj,v(zi,t)(:yj,z‘ - ’Y}:i)v (S119)

which leads to the expression:

(D)) Y A (zia)jo(zia) (855 — &5a) = (W)Y 0D~ A(zia)ibjo(zi0) (05 — 05)

i<n t<T i<n t<T

(nT ZZA@Z) Zi,t w]'y(zzt)(PY]z 3, z)

1<n t<T

(S120)

where 9 (2it) = Vja(zit, 95 ;) and Vja(zit, ¢5i) = 0P;(zit, ¢5:)/0a for a € {0,~}.
By the triangle inequality and the Cauchy-Schwarz inequality, the first term after the equality
n (S120) can be bounded as:

0TS Avzna(z0 @, — 0] < 1S IS e (el ($12)
nT

i<n t<T i<n t<T

Under Assumptions 2(ii) and 8,

1/2
ZZ ‘Ad} Zit |”¢J9 Zi,t ” ZZ ( Aw ZZ t) ]Ii[;wj’e(zi’t)’ﬂ) < meT,

1<n t<T 1<n t<T
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which, along with Markov’s inequality, Lemma S1(iii) and (S121), establishes

(nT) 'Y Y AY(zia) iz (05 — 0F) = Op(wn,r(nT)71/3). (S5122)

i<n t<T

Next, we rewrite the second term after the equality in (S120) as

(nT)! Z Z AY(zi )i (2it) (i — Vi)

i<n t<T
Z Z Z A”Lﬁ Zzt wjv(zzt)]\l/
—W j7’y7g
€T, i€, g t<T 39
AY(2i1) Vi~ (2i) — E[AY(2i0)054(2it)] 2
(nT)~ Z Z Z 27 0. - Vg
9€G; i€l 4 t<T 39
- Z Z Z Alﬁ(zi,t)@bjn(zii)(%,g - ’ng + ‘11]_7%9\11777 9)- (5123)

g€G; i€l 4 t<T

Using Assumptions 2(ii), 8 and 9, we bound the second moment of the first term:

2
A@Z) Zzt T;Z)] 'y(Zz t)]
E EDIDID Vg
g€G; i€l ¢ t<T Ig
2
Aw (zi)Vj~(2i1)]
DI DIDY o
9€G; €154 t<T Yirgwnt
< KWZ,T(nT)_2 Z (nj,gT) ]E[‘lji'yg] < Kw?z,T(nT)_lv
9€G;

where the second inequality follows from Lemma S1(viii). Hence by Markov’s inequality and As-
sumption 1(i), the first term on the right of (S123) satisfies:

Ay Y Y E [A(2i) 04 (zit)] - B, = Op(wnr(nT)"V2), (S124)

-V,
g€G; i€L;,4 t<T 39

For the second term in the RHS of (S123), we can apply the triangle inequality and Holder’s

inequality to obtain:

WY Y AP(2i)Yj4(2it) — — [Aw(zz-,twm(zi,t)J@m’g

g€G; i€l 4 t<T Jg
2
K(nT)~ Z \/ Wy, %g’ Z AY(zi) V) (2i8) — E[A(2i) 054 (i)
9€G; i€l g t<T
(S125)
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o-
E Z Z AY(2i )~ (2it) — — T[A¢(Zi,t)¢j,7(zi,t)]
1€l 4 t<T _
92
_ Z B Z Aw Zz t)l/]] 'y(Zz t) o T[Aw(zi,t)¢j7’7(zi,t)]
i€l g4 t<T ’ |
Av(z 2445/2
< KT Y E ‘ V(i) Vi (2it) ]
1€l 4
A(z ) [0 1/2
< KT )Y < ‘ L4 th) E [I%,v(zz',t)“ﬂ) < K(n;qT),
1€l

where 0 > 0 is defined in Assumption 2(ii). The first inequality follows from Assumption 1 together
with a covariance inequality for strongly mixing processes, and the second inequality follows from
Holder’s inequality. This together with Assumption 1(i), Lemma S1(viii) and (S125), and Markov’s
inequality implies that the first term on the right of (S123) satisfies

(nT)- Z Z Z AP (zi 1)V~ (2it) — — E [AY(zi)Yj 4 (2it)] ¢ \Ilng = Op(wn.r(nT)~ 1/2). (S126)

g€G; i€l 4 t<T I9

By the Cauchy-Schwarz inequality, the third term after the equality in (S123) can be bounded as

YD D AUEA(zi) Big — Vg + ¥ Vi)

9€G; i€l ¢ t<T
1/2 1/2

Z Nj,g ’Y] g 7] g + \Ij] YY,s g\i]ja%g)Z Z Til Z Z(Aw<zi,t)wj,'y<zi,t))2

9€g; 9€G; i€l 4 t<T

(S127)

By Assumptions 2(iii) and 8, and Markov’s inequality,
STT ST S (A (200)? = Oplwdrn). (8128
9€G; i€l 4 t<T

Combining this with Assumption 1(i), (S127) and Lemma S1(vii), we establish a bound of the
third term on the right of (S123):

Y0 D0 D AU E) Tig — g+ g Ying) = Oplwnr(nT)7H2). (8129

g€gG;i€lj 4 t<T

Collecting results from (S123), (S124), (S126) and (S129), we obtain:

(nT) YD AU(zi)vin (i) Bjs — Vi) = Oplwnr(nT) ). (S130)

i<n t<T
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The lemma follows from (S5120), (S122) and (S130). Q.E.D.

Lemma S9. Under Assumptions 1 and 2, we have

(”T)il Z Z(l/’j,v (Zi,t)(’AYj,i - 7;1))2

i<n t<T
2
_ - - ~ * 1/2 _
= D)7 Y nig | Do S | DB T b () | |+ OP(Gj/ (nT)~).
S i€lj 4 i€lj g t<T
PrROOF OF LEMMA S9. We start with the following characterization:
(nT)~! Z Z(%‘n(zi,t)(%,i — ;)
i<n t<T

= (7)Y (A — 157 D5 (i) — Bl (zin)]) + 07" D Br[d (2i0)] (B0 — v0)*

i<n t<T i<n

(S131)

By the Cauchy-Schwarz inequality, the first term after the equality in (S131) can be bounded as:

Y Gji =) (W3 (zig) = B, (i)

i<n t<T
= Z (FAYj,g - 7;7_(])2 Z Z(w]%'y(zi,t) - E[¢?7’y(zl7t)])
9€G; 1€1,4 t<T
1/2 2\ 1/2
< Z n?,g(:yj,g - 7;'679)4 Z ny_gl Z Z (wjzﬁ(zii) - E[wjzﬂ(zivt)]) - (S132)
9€G; 9eG; i€l ¢ t<T

Using Assumptions 1, 2(iii) and the covariance inequality for strongly mixing processes, we can

derive:
2_
B D | mig 2 2 (W) — Bl i)
gegj ’iEIj7g tST i
2_
= 2 g 2 B | 20,z — Bl ()
9€G; icl;, t<T |
< KT ni2 3 B [t (01"] < KG,T.
gegj ’L'Gljyg
Applying Markov’s inequality, we obtain:
2
D | i 20 2 W) — BT, i) | = 0p(GT).

gGg]' iEIj’g t<T
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Combining this result with (S132) and Lemma S1(iv), we establish the bound for the first term on
the right of (S131)

()Y Gya = 7a)? D (W3 (zie) — B34 (2i)]) = Op(G(nT*?)7H). (S133)

i<n t<T

Collecting the results from (S131) and (S133), we obtain:

- Z Z(@Z’j,v(zz’,t)(%,i - %*1))2 =n! Z ET[7/’]2‘,7(2i,t)](%,i - 7;,02 + Op(Gj(”T3/2)_1)a

i<n t<T i<n

which we rewrite as:

(nT)! Z Z(%’,v('zi,t)@j,i - 7;1))2

1<n t<T
_1 ] 1 th ] ~ 1 3
Z Z ng —2n Z Z \I’J%!J(Vj,g =Yg+ Vg Yime)
geg] ZEIJ g ] Y9 gng ’lGI] g .7 Y9
nil Z Z ]ET[w]z,'y(zii)](:Yj,g - 7]9 + g’] ’1’7 g\Il 7 9) + OP(Gj(nT3/2)71)‘ (8134)
9€9; i€l g

Recall that S?mi = IET[{#i,Y(zi,t)] and ij,w(zi,t) = (2it) (=¥} )" /2 The first term after the

second equality in (S134) can be written as

\112 2
n1 39 1 J 7.9
D D0 Erlvf, Gaolga ™t =0Tt Y D T B
geg;icl; JY9 geG; i€l J Y9
32 32
-1 ] 7.9 37,9
Z Z Sjovi —B ., . (5135)
9€G; icl; g Vg 39
Under Assumption 1, we know that
P8 2 2
v -
ig | _ (2 -1 —-1/2 *
E || =B || (D)7 D0 > 05, (i) | | = 3107 3B (T2 45, (i)
JNg i€l 4 t<T i€l g t<T

Thus, we have:

. 2
W2 -
-1 2 31,9 -1 -2 2 ~1/2 *
Y D Sl | = Domig | Do Saa | BT 45, ()| |
ge€G; icl;, RRL 9€g; = = t<T
(S136)
where )
E (T2 4, (z0) | | <K (S137)
t<T
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by arguments analogous to those used to establish (S1). Using Assumptions 1, 8 and 9, and Lemma

S1(viii), we also derive:

2 i2 ;
n1 ] 7.9 37,9
Z Z Sy —E P
9€G; icl, Va9 39
2 jd
-2 2 7.9 -2 2 74 -2
S ) | Dl e | Bgrtt | SEnT? ) ni EIY, ) < KG(nT) 7
9€G; \i€lj4 1YY-9 9€G;
which along with Markov’s inequality implies that
2 72
n1 Z Z mg _ \I/j,%g -0 (G1/2(nT) ) (8138)
Jyt . p
9€G; icl, Vg 39

Combining the results from (S135), (S136) and (S138), we establish a bound for the first term on
the right of (S134):

R 2
\1:2 .
n” Z Z Er| wm Zit) ”g = (nT)7" Z n;92 Z 832}%2' Z E |77 Z%’ﬁ (i)
9€G;i€lj 4 J -9 9€G; i€l 4 i€l 4 t<T
+0,(G2(nT)™Y) = O (G(nT) ™), (139)

where the second equality follows from Assumption 8 and (S137).
By Assumption 8 and Lemma S1(vii), we obtain a bound for the third term on the right of
(S134):

_1 T 2
Z ZET HZ” 1374 — 739+\I'gwg‘ljmg)
gegG;iel; 4

7D o (g = Vg + Vi g Wing)? = Opl(nT) 7). (5140)
gEg]
From (S139) and (S140), and the Cauchy-Schwarz inequality, we establish a bound for the second
term on the right of (8134):

Zzt ] . — 1/2 -
Y Ty Gy e g bina) = 05CY0T) ),
oG e, Vi
which along with (S134), (S139) and (S140), completes the proof of the lemma.. Q.E.D.

Lemma S10. Under Assumptions 1 and 2 we have

nT IZ /le 721 72@ Zwlv th)wzﬂ(zlt)

i<n t<T

(TZT Z n2g Z 012,7,i T Z 1/)17 Zit Q;Z)Z y(zz t’)] + OP(G;/2(nT)_1) (8141)

9€G2 i€lz,4 L' <T
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PROOF OF LEMMA S10. First, we observe that the term on the LHS of (S141) can be written as:

(nT)! Z(’Ah,z' 7.4V — 72.0) Z V14 (2it) 2,5 (2it)

1<n t<T
=n"! Z(%,z‘ - ’Yfz’)(%,z‘ - ’Y;,i)ETWl,v(zi,t)%,v(zi,t)]
i<n
+ ()Y B = ) o — 5.0 D (W1 (i) 2 (2in) — By (20024 (2i0)]).  (S142)
i<n t<T

By the Cauchy-Schwarz inequality, we can bound the second term after the equality in (S142) as:

(D)) G = ) i = 730 D Wi (200082 (i) = El1 4 (200082, (i)

i<n t<T
1/4 1/4
< (nT)! Z(’%,z’ - sz‘)4 X Z(’?Q,z’ - 75,04
i<n i<n
2\ 1/2
<A D S Wra (i) on (2i0) = Bl (200024 (2i)) : (5143)
i<n \4<T

By Assumptions 1, 2(iii), the covariance inequality for strongly mixing processes and Hoélder’s
inequality,

2

E Z(%,ﬂzut)%,%%,t) — E[Y1 4 (2i6)24(2i0)])

t<T

< KTmax 1, (2i,6) 2 (2i0) 5 4572 < KT max 11 (i) 35 o2 (i)l 345 < KT
Hence by Markov’s inequality,
DD Wy i) as(zi) — Elpry (2o (z:0)]) | = Op(nT),
i<n \t<T

which together with (S143) and Lemma S1(iv) leads to:

(nT)~! Z(%,i =74 V2 — 72.0) Z(@Z}l,w(zi,thn(zi,t) — E[th14(2i) 12, (2i4)]) = Op(T73/2).

i<n t<T

(S144)
The first order condition for +7 ; implies that Er[i1 (zi+)] = 0 for any i. Consequently,

Er[14(2i)24(2it)] = Er[¥14(2i0) V24 (i) | =Er b1 4 (2i0) |E[v2.4 (2i4)] = B[], (2i6)15  (2it)]
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for any ¢. Using this expression, we can rewrite the first term after the equality in (S142) as:

Y (Gag = g) D (i = WIETIL (200005 (i)

9€G2 i€la g

_ 1 Z 27,9 Z Ly ET[%,W(Zi,tW?ﬁ(Z“)]

g€Go ‘I’M%g iclag ‘1’1,7%2'

+n7 Z (’72,9 - 75,9 + \112_,11%9@27%9) Z (1,5 = ﬁ,i + \Ill_rlw,i\yl’%i)ET Wiv(zi’tﬁp;ﬁ(zii)]
g€Ga i€l g4

- @27 il 2 T, — T
—n! Z ﬁ Z (F1 — "+ \Ijl,}w,i\l’lmi)ETny(zi,tw;,y(zi,tﬂ
geGa ~ 29 iels,

A

— 2 * T — T \Plv )4 * *
-n! Z (’72,9 —Vo,g T ‘1I2,}/7,g\lj27%9) Z #ET[wl,”/(z’i,t),(vbQ,'y(Zi,t)]a (S145)
9€92 icly, LYY

where

. B o i}

Vjiyy,g = (ngT) Z Z%}w(zz’,t; ¢j7g)7
i€l 4 t<T

for j = 1,2, and any g € G;. By the Cauchy-Schwarz inequality,

A A 2
Z n% }1’27%9 . ‘1127%9
? \PQ,w?g E[\PQW%Q]

g€G2

2

2

n54Y3,, :

= Z 79 e 2 (V2,79 — E[‘I'Zw,g])z
e ‘IJQ,'\/'y,g(E[\I’Q,’Y%gD

. 1/2 . . 1/2
< (degz ng,gq}g,“/,g) (degz ng,g(qj?,w,g - E[‘l’27w7g])4) (S146)
- ming€g2 W%,fy’y,g (E[\IJQ»’Y%Q])Z ’
By Lemma S1(viii) and Markov’s inequality, we have
Z ng,g\i’%mg = 0p(G2T7?). (5147)
9€G2
Similarly, we can show that
Z n%,g(\i'?ﬁ%g —E[¥2,,])" = 0p(G2T 7). (S148)

9€G2

Combining the results from Assumption 9 and Lemma S1(ii), (S146), (S147) and (S148), we
establish:

R . 2
v L4
Z Mg ( A e ]> = 0p(G2T™?). (S149)
9

9€Ga Uorrg  E[W2yy,

34



Similarly, we can show that

2

- ¢17 7' \1,17 a‘ * *
Z n2,; ( T — e ) Er[¥7 4 (2i4)15 (2 t)]
i€la g E[‘I'lry%i]

geGa \Ijly'Y'Yvi

N N 2
<N b ST [ - ) (Bl (i) 4 (2i)])?
i E[‘I’sz‘]

g€g2 1612’9 1y7v,i

—1 = - -
< K degg N9 g Zielgyg ‘I’iw(‘yl,w,i - E[‘I’Lwiw

< : - - = 0,(GoT72). (S150)
mini<, U3 (E[U1,,])2 '
By Assumptions 1, 2(iii), 9, and Markov’s inequality, we have
> e
2,7,9 -1
n27g = O0p(nT™7) (S151)
9€Go (E [‘I’Z,W ql)?
and )
B[y} (2i0)15 , (2i0)] W14 _
Z Nag Z S = = 0,(GT ). (S152)

gEgz 1‘61279 E[\I’L'Y'Yﬂ]

Collecting the results in (S149), (S150), (S151) and (S152), and applying the Cauchy-Schwarz

inequality, we obtain an approximation to the first term on the right of (S145):

1 Z \112,79 Z \Ijl G ET[wl ’Y(ZZ t>w2 'y(zz t)]

g€Go \I’ 2979 iela,, \Ill YL

-1 Z 279 Z Al,"/, ET[wiv(Zi,t)ws,v(z”ivt)]

9cG, El¥2.7.4] i€l E[W1 5v,i]

1 Z 2:79 Z <A Lyi Aly’yﬂ/ )ET['@blﬁ(Zi’t)wgﬁ(zi,t)]

g€Ga [\112:’777 ] 1612 ‘1}17"/772' E[\IILVV?Z:I

Y (\P g, ) 5~ Bl Caia (ol s
9€G2

¥277.9 E[‘I’Z,w,g] i€l [ ,w,i]

_ Wy b Uy Uy .
1 Z ( 79 Y2 ) Z ( Lyi Wi )ET[z/)i,y(zijt)d)Qﬁ(Zﬁt)]
iEIzg

9€G2 ‘1’2777 g E[\I]27’Y'Y»g] \Ijl,'y'y,i E[‘ll17’y’y7i]

-1 Z \1’27% Z ET[wik;y(zi,t)f/g,»y(Zi,t)]\ill,'y,i
E[‘I’l,w,i}

BS + 0, (GY*(nT) ™). (S153)
9EGa 2179 i€l

Since E[@Q,W,g] =Wy 4,4 and ]E[\illﬁw-] = W9 4,4, by the definition of 012, we have

Er [} (21,005 - (2i0)]
(E[‘I'Zv%g]E[‘I’l,w,i])1/2

012,y =
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Let \I’;‘w = 7-1/2 DT {pjv(zm) Then the leading term on the far RHS of (S153) can be

expressed as

/ Er {5 - (2i0)05 - (2i0)] W14
_1 Z 27,9 Z 1,9\~ 2,7\, )Y

o5, El¥2nl &7, E[W1,y,]

_ 0 E[Ws., ] Uy —E[U ]
12 279 27,9 Z 1,79 1,78

012,7,i
1/2 1/2 e
9€Go ‘1’2,779]) / i€l (E[- ‘1’1 il) /
—1 T, T ok
E: nag D Wopi D Wi iot2q0
g€Ga i€la g4 i/EIQ g
I+ I *
oy oyttt yr sy Seiatior g
n
g€Gaicls g 2,9 g€Ga i€la 4 i/ Ela 4,0 #i 2,9

By Assumption 1, Holder’s inequality and Lemma S1(viii), it follows that

2
127 T, * T
E Z Z —=1 Z ,7 z‘lj2 st E[\Ijl,'y,i\IIQ,%i])
geGai€la 4 2.9
- 0127 7' T, * T, * —
SOT)? Y D g Bl 85,,)%) < KGy(nD)
g€Gai€lay 29
where we write \113 o ‘ij;m g forany i € I 4 and any g € Go. This along with Markov’s inequality
implies that
12, s Tk Tk 1/2 —
YD DD TR W5, - BI85 ) = 0,(Gy (nD) 7). (S155)
g€Ga i€z g4 M2.,9
Since E[¥} oy *ﬁ J=T"1 Zt,t’gTE[rlzji,’y(zivt)lz};,'y(zi,t’)]7 from (S155) it follows that the first term

on the far RHS of (S154) can be alternatively written as:

TLT Z Z 0-12’71\11171\1] 27,8

n
geGai€ls g 29

= ()Y gy Y o | D Bl (i) ns (2] | + Op(Gy ¥ (nT) 7). (S156)

9€G2 i€la g tt'<T

For the second term on the RHS of the second equality in (S154), we can write it as

Ty *

r*
_1 Z Z Z 0'12,%1@1,771'\1;2,%2"

n
9E€Ga i€ly 4 i€y g il i 2,9

. LTI LN SRR ST O -
>y v ; S

n n
gEQZ 74'612,{] i/e[2,g7il<i 279 2,9
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By Assumption 1, Lemma S1(viii) and Hélder’s inequality, we have

2

E (nT)—l Z Z Z 012,7,1"1;{27%1-(1!;7%1.,

g€Ga Z'Elz’g i’EIz,g,i’<i ’
2 * *
012 v lE[(\II ‘;[j

2y Y 5 Pl <6y

n
9EG2 i€l ¢ '€l 4,i' <i 2,9

which together with Markov’s inequality implies that

-1 Z Z Z 012,y,i ‘Ijlm
n2

9€G2i€l2 g i'Ela g, <i ’

\P*
207 — 0,(GY*(nT) ™). (S158)

Similarly, we can show that

Ty

- 012, z’\iﬁ{ AL 1/2 -
' Z Z Z - : ! :Op(Gz/ (nT') 1)- (S159)

n
g€Go 1€l 4 7;’6[2‘971‘/<i 2.9

)

Collecting the results from (S154), and (S156)-(S159) yields an approximation to the first term on
the right of (S145):

¥ Uy
n! Z 209 Z L, Er (Y7 (2it)¥3 (2 t)]

g€Go W25y, i€ls, ‘I’l,w (

= )Y 05l ST oran [ D Bl (i) (zi)] | + Op(GY P (nT)7Y).(S160)

g€G2 i€l g t,t'<T

We now consider the second term on the right of (S145). By the Cauchy-Schwarz inequality,

Assumption 8 and Lemma S1(vii), we have

n_l Z (:)/2 g ’72 g + \IIZ Yy g\IIZ%Q) Z (fA)/l,i - ’.)/ik,l + ‘Ill_,fly'y,iqlla"/ai)ET[wik,'y(zi,t)w;,’y(zi,t”

g€Ga i€z 4
1/2
< Kn_l Z n279(:}/2,g - f)/;,g + @2_7}/%5]@27%9)2
g€Go
1/2
X Z(:Yl 7 71 K + \II ,'y'y, \I/L%i)z - OP((nT)_l> (SlGl)
i<n

As for the third term on the right of (S145), we have by Assumption 8, Lemma S1(ii, vi, viii),
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and Markov’s inequality:

\I’M g

nty . o G =i+, Vs )0
g€Ga ~ 2079 iely,
- 1/2 1/2
< n1 % 2 O By )262
=n Z 72 2(71 i it ¥ w Y1n,0) 012,4,i
9€G2 2,779 i<n
= 0,(G,/*(n1) 7). (S162)

Finally, the last term on the right of (S145) can be bounded by

A

\Ij .
nL 1,78
Z Y2 g /72 9 + \Ij2 s g\IJZ%Q) Z = '0'12,%1'

96g2 iEIQ’g 1’7’7»1
1/2 1/2
2 777
sn Z n2,9(Y2,9 = 12,9 T 12 75 g\IJQv%g) Z Z ot i
geg2 g€g2 1€l g 17777
= Op(n~tT1/2%). (S163)

The claim of the lemma now follows from the results in (S145), (S160), (S161), (S162) and (S163).
Q.E.D.

Lemma S11. Under Assumptions 1 and 2, we have

(nT)! Z Zwl,qb(zi,t)(@,i —¢1;) — ¢2,¢(zi,t)(ﬁ?’2,i - ¢§,i))2

i<n t<T

- 2
Dichy, O » ,7 it o Zz‘elj g 5?7 i Zielj LB [(T_I/Q > o<t Vi (Zi,t)) }

= D)™y +0,(T73/?).
9€92 2”2 : Zzelg 9 T12,7 (T > H<T [1/’1 ’y(zl t)% ’y(zl t’)])
Proor oF LEMMA S11. From the expression of @Z)j@(z,-’t)({bj,i — ¢3;) in (S119), we have
! Z Z(wl,qﬁ(zi,t)(&h,i - ¢>{z) - 1/12,¢(2i,t)(<?52,i - ¢§,z’))2
i<n t<T
(D)7 (M) (0 = 67)* + (nT) 7' D0 D (A (z10) (5 — 7))
i<n t<T 1<n t<T
2nT) ™ Y D (0 — 0T Ag(zi0) T A, (200) (B — 37, (S164)
i<n t<T

where

Aty (2i2)(0 — 0%) = 1h19(2i0) (01 — 07) — ho,9(2i4) (02 — 03),
Atpa (2i0) (Y — i) = ¢1,7(zi,t)(’71,i - ”ffz) - ¢2m(zz‘,t)(’72,i - ’751)
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By the Cauchy-Schwarz inequality,

(D)7 (Wj0(zia) (8 — 67))° < 116; — 6517 (nD) ™ Y0 > llvjo(zia) I (S165)
i<n t<T i<n t<T
Since (nT) ™1 Di<n 2ut<T H1/Jj79(zi7t)\|2 = Op(1) by Assumption 8 and Markov’s inequality, it follows
from Lemma S1(iii) and (S165) that for both j = 1,2:
(D)7 D (Wia(zin) (0 = 0))* = Op((nT) ™),

i<n t<T

which establishes:
(nT) ™" (Athy(zi0) (0 — 6%))* = Op((nT) ™). (5166)

t<T

For j,j' = 1,2, we can apply the triangle inequality and Cauchy-Schwarz inequality to get

(nT)_l Z Z wjﬂ(zi,t)(éj - 9;“)%/,“/(22',0(%/,@' - 7;/,1‘)

i<n t<T
< Héj - 9;'KH<”T)71 Z Wj’,i - 7;’,i‘ Z ij,e(zi,t)wm(zi,t)H
i<n t<T
1/2 1/2
<16, =511 | "> Ay — il D) IS ey )| (S167)
i<n 1<n t<T

Since by Assumption 8 and Markov’s inequality (n7)~* Di<n 2ut<T [5.0(zi0) 05 ~(zid)]]? = Op(1),
it follows from (S167), Lemma S1(iii, iv) that

()™)Y o) 05— )00 (2i) By = 7 i) = Op((nT?) 2. (S168)
i<n t<T
Combining the results in (5164), (S166) and (S168), we obtain
(”T)_l Z Z(¢L¢(zi,t)(gbl,i - Qﬁz) - ¢2,¢(Zi,t)(gb2,i - ¢§,z‘))2

i<n t<T

= (”T)_l Z(’AYM - ’Yik,i)Q Z ¢%77(Zi,t) + Z(’AYQ,Z‘ - ’Yik,i)Q Z ¢%,7(Zz‘,t)

i<n t<T i<n t<T
—2(nT)™* Z(%,i =) V2 — 72.4) Z V14 (2it) V2,4 (2i0) + Op((”T2)71/2) (5169)
i<n t<T

which together with Lemma S9 and Lemma S10, and Assumption 1(i) establishes the claim of the
lemma. Q.E.D.
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Lemma S12. Under Assumptions 1 and 2, we have

()TN AY(zig d)? = (01) 7YY E[AY(zi)7]

i<n t<T i<n t<T

+2(nT)~ ZZA@ZJ 2i) Ay (2101 97) (05 — 67)

1<n t<T
+(T) Y 0 (i — 0F) T APy (zis 6F) T Ay (s 67) (B — )
i<n t<T
+Op (T + wo T + Wl 1 (nT)~H/?)
= (1) Z ZE[AW%JF] + 0T + wop T+ w2 1 (nT)72).
i<n t<T

(S170)

PrROOF OF LEMMA S12. Recall that Aw(zi’t;@-) = wl(zi,tQ(bl,i) — ’lﬁg(Z@t;(bQ,i) where ¢z =
(qb“,gbli)—r. Define

e i 2 e
8Aw¢(zz,ta¢z) and Ad}d)d)(zi,t;ﬁbi) 0 Aw¢(zz,t7¢z).

At (245 61) 90, 06:0;

Applying the Taylor expansion, we obtain

! Z Z(%(%‘,t; b1,0) — Va(2it; bay))’

i<n t<T

= (D) D AW(zi)® +2nT) Y 0D AP(zie) Ay (zigs 07) (5 — )

i<n t<T i<n t<T
+ ()Y (B — 67) T AV (2is b)) T A (zigs 0, (65 — 0F)
i<n t<T
+ (”T)il Z Z A(2it, g’z)@z - (f’f)TAi/’M(Zi,t; &52)(&)7, — &), (S171)
i<n t<T

where g?)z is a mean value in between ¢; and qAbZ By Assumptions 1 and 2(ii), it follows that

5 !(( S Sen (B E[szi,tm))?]

nT

= (nI)*>> E

2
A ZitZ—EA Zit2

i<n t<T n,T
< K@) Y e [[(AY(zi) fon )|y 50 < K(nT) 7
i<n

which together with Markov’s inequality implies that

(D) Y Y AY(zie)® = ()Y Y E[AP(zi0)?] + Ol p(nT) /). (S172)

i<n t<T i<n t<T
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In view of (S171) and (S172), the first equality in (S170) follows if

ZZ ¢z TA¢¢(Z“‘A¢1) A¢¢(zlta¢1)(¢ QS:)

1<n t<T

(nT) VS0 (s — 60) T Aligs 1) T Ay (205 61) (s — 0F) + O,(T4/%),  (S173)

i<n t<T

and

IO Az ) (6 — 67) T At (zia; 6:) (& — 67) = Op(T™2 +wnrT71).  (S174)

i<n t<T

By the definition of Aty (2, ¢i), we can write:
A¢¢(Zi,t; &z)(ﬁ?’l —¢;) = %Z)l,aﬁ(zz‘,t; &11)(&)11 - ¢){z) - 7vZ’2,<¢>(Zi,t; a’zz)(gbzz - ¢§z)
Therefore, (S173) follows if for j, 7' = 1,2 the following hold:
bjo(zigs &50) " Uirs(zin djri) \ 4 . _
ZZ ¢j'L - ]z ( 7 ) 70 ACE (¢j’,i - ¢j’,i) = OP(T 3/2)' (8175)
i<n i<T —j.0(2i0)05 (i)
We next verify (S175). By Lemma S1(iii, iv),
Y g — el < K (93' =0t Y Y A V}‘,g4) =0y(T7%).  (S176)
i<n gng i€l

By the triangle inequality and Assumption 8(i), we have

~ i i;N‘iT i’ i;~"i g *
(nT)f1 ZZ(¢]Z - ¢;,1)T ( Vialae %i ) Violaid & ) ) (¢j/7i - ¢j/,i)

i<n t<T —V5,6(2it) V5 0 (2it)
< (nT)_l Z Z M3(zi,t)”¢j,i - ¢;,i||2||¢j’,z‘ - ¢;/,i ?
i<n t<T
+ (nT)~* Z Z M3(zi7t)|‘¢j’,i - ¢;’,i”2‘|¢j,z‘ — 95
i<n t<T

+ (”T)_l Z Z M?)(Zi,t)Hgbj,i - ¢;z||2||é§]’z - ¢;/,i ) (S177)

i<n t<T
where M3 (2;4) = M (2i,4) (M (2i.0) + |56 (2i0) || 5 6(2i4)|]). By Assumption 2(iii) and Markov’s
inequality

(nT)"' Y 0> Ms(zih)* = Op(1). (S178)

i<n t<T
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From the Cauchy-Schwarz inequality, (S176) and (S178), we have

(nT)_l Z Z M3(Zi,t)||&)j’,i - ¢;/’LH2||$‘7’L - ¢;z”

i<n t<T
1/2 1/4
< DT N —opallt | x [ D)TIY DY Ma(zie)!
i<n t<T i<n t<T
1/4
x| ()Y N Mg —@iallt | = 0p(T ). (S5179)
i<n t<T
Similarly,
(7)Y D My(zi0) g — &5l Pl by — &5l = Op(T /). (S180)

i<n t<T

Moreover, by Lemma S1(i, iii) and (S180),

(nT)_l Z Z M3(zlt)||gbjz - ¢;<1”2H(2)3’z - ¢;’,i||2

i<n t<T
< r?<a5‘:||§%j’,i — & ll(nT) YN My (zi0) 16y — 65l Pl ds — 65411 = Op(T~/2)S181)
= i<n t<T
which, together with (S177), (S179) and (S180) shows (S175).
We next turn to verify (S174). For j,j" = 1,2, by the triangle inequality and the Cauchy-

Schwarz inequality,

(nT)_l Z Z(%’(zz’,t; %gz) - ¢j(zi,t§ d);(z))((z)_]’z - ¢§',i)T¢j/,¢¢(zi,t5 (}j’,i)(gbj’,i - ¢;’,i)
i<n t<T

< ()0 ST M)y i 30|11 — 67,

i<n t<T

< K(nT)_l Z Z MQ(Zi,t)H(ESj’,i - ¢;/’LH3H¢3‘]Z - Cf’;z”

i<n t<T

+ K(”T)fl Z Z M(Zi,t)‘Wj’,M(Zi,tS ¢;'Z)H X H(%j’z - ¢;'ZHZH<}5J@ - (b;sz

1i<n t<T

< & (1 ma s = 65l ) 0T XS M — 05l ol (S182)

i<n t<T

Pllé;: — ¢34l

where My(zi) = M(zi)(M(2i4) + ¥, 00 (2i6: 95 ;)|])- By the similar arguments for deriving
(S179), we can show that

(D)™ YD Ma(zia)16yri — 851l P10 — 6541l = Op(T~/2)

i<n t<T
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which along with (S182) and Lemma S1(i, iii) establishes

(”T)fl Z Z(T/’j(zz‘,t; ;ﬁj,i) - %‘(Zz‘,t; (25;,1))((%]",1' - ¢;',i)TT/fj’,¢¢(Zi7té &j’,i)(‘%j’,z’ - ¢5§',z‘) = Op(ng/Q)‘
i<n t<T

(S183)
By the triangle inequality and the Cauchy-Schwarz inequality,

(”T)_l Z Z Aw(zi,t)(@,i - ¢;,i)T¢j,¢¢(Zz‘,t; &]z)(a}]z - ¢;z)
i<n t<T

< K(T) 0S| A¢(zia) 00 (210 50| 1655 — &L

i<n t<T

+ KI?Saf ||€Ab]z - ¢;f7i||(nT)_1 E Z |A(zie) M (2i4)

i<n t<T

| 2

1670 — &5l (S184)

By Assumption 2(ii) and 8, and Markov’s inequality,

(nT)™" D 0 Az, 67 s 00 (2t &5 )" = Op(w2 1) (S185)
i<n t<T
and
(nT)"" D 0 IAP(zi0: ¢7) M (2i0)° = Op(wi 1), (S186)

i<n t<T
which together with Lemma S1(i, iii), (S176) and (S184) shows that

(nT)71 YD A(i) (5 — 650) Wie(zie 0;0) (65 — 65.4) = Oplwn T ™). (S187)

i<n t<T

The desired result in (S174) follows from (S183) and (S187).
The second equality in (S170) holds if

()"0 57 A(zi0) Ay (i 67) (6 — 67) = O,(T12), (S188)
i<n t<T
and
D)3 S (g — 65) (i) ozi) (B — B3 ) = Op(T 7). (S189)
i<n t<T

To show (S188), we first observe that by the Cauchy-Schwarz inequality,

2
(nT) ™Y 0 Ap(zi0) Apg (2005 07) (95 — ¢7)
i<n t<T
< K(nT) ') ) Ad(zig)?
i<n t<T
1/2 1/2
x> (nl > ey — ¢;*,2-4) ((nT)1 > ¢j,¢(2i,t)4) . (5190
j=1,2 i<n i<n t<T
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By Assumptions 2(ii) and 8(iii), and Markov’s inequality,

()™)Y Ad(zie)® = 0p(1) and (nT)7' ) Y llye(zia)ll* = Op(1), (S191)

i<n t<T i<n t<T
which together with (S176) and (S190) establishes (S188).
Finally, we verify (S189). From Assumption 2(iii) and Markov’s inequality, it follows that

(D)3 e zi) s (20| = Op(1). (S192)

i<n t<T

Therefore, by the triangle inequality and Cauchy-Schwarz inequality,

(”T)il Z Z(&)jz - ¢;,¢)T¢j,¢(Zi,t)l/’j’ﬁ(zi,t)(Q%j',i - ¢;’,i)

i<n t<T
< ("T)fl Z Z H%gz - ¢;1H X H(%j’z - ¢;'ZH X ‘Wj,¢(zi,t>¢j’,¢(zi,t)H
i<n t<T
1/2
< ”_12"&5;‘@‘ _(b;f,inHéj’,i _¢;’,iH2
i<n
1/2
_ 2 _
< [ ()TN ez oz = 0p(T7), (S193)
i<n t<T
which establishes (S189). Q.E.D.

, -1 ) 2 )2 _
Lemma S13. Under Assumptions 1 and 2, we have degj n;, z'elj,g(sj,v,i —85.,:)° = Op(1).

2 and s2

i %> and Lemma S1(ii), we obtain the

PrOOF OF LEMMA S13. By the definitions of §
following expression:
S = e Vi) BVl
I\ Pjg g
T Zth(wiy(Zz‘,t; éﬁj,g) - 17/}]2,7('2@15; ¢j’g))
_‘i’mw(gbj,g)
T3 cr V3, (2igs 63 ) (G (D ) — s )
\i]j:’Y’Y(gbj,g)\I,jﬁ%g T e
N T 3 (W7 (zigs &5 ) — E[U7 (210)])

b
- ‘Ijjrw,g
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wpal. From the expression above, it is evident that the claim of the lemma follows if the following

results hold:

Z Z 1Zt<T w§7(22t7¢]9) Tb?y(zzt)))z
gegjicljq nj’gqj]ﬂ’y(gb]’:g)

I I U

g€G; i€l , "W, Jw(¢y A 39

Z Z -1 Zt<T (Z'i’t) gE[wJZ,»y(Zi,ﬁ ;}g)]))2 _ Op(l)- (5196)

n
geG; i€l 4 29 = 3,97,9

—0,(1), (S194)

We now proceed to verify (S194), (S195) and (S196).
By the Cauchy-Schwarz inequality, the term before the equality in (S194) can be bounded as

follows:

TS 1@7(%%) 03, i)
IPIE -

geG;i€l; 4 Nj.g 7y 'yfy(d)] g)

~ 2
B TN (i (2is 0j.9) — Vi (2i)?
ety 3 A Bty o)
7,9

g€Gjicl; g4 Mg %Y

A 2
FETTY Y (T_l Zth(T/fm(Zit;cf)j )~ wjﬁ(zi,t))lpj,w(zi,t)) | s197)
g€g;icl; 4 n] g =3, 'y'y((b] g)

By Assumption 8 and the Cauchy-Schwarz inequality, we have

. 2
Z Z (T_l Yot Win(2it; @j4) — wj,'y(zi,t))2)
geG; i€l; 4 Nj.g ]yry((b]g)

~ 2
_1 _
_ Toeo, Mg Siey (T Srcr Mia 1935 = 65, IP)

mingeg,; \I'?,w(qu,g)

ST ST T (M (2i0)? - BIM (2:0)7)

milgeg; \II] 77(¢J 9) 9€G; ZGIJ 9 t<T

~ 2
< Zoeo, 1935 = 65,1175, ietyy (T7 Sicr (BIM (zm?n)

mingeg; \I/i'w(gbj,g)

g 4
Kmaxgegj | W)j g | |

(S198)

Applying Assumptions 1, 8, and the covariance inequality for strong mixing processes, we obtain:

2

E | (772 (M(zi)* — E[M (1)) <K. (S199)
t<T
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Combining this with Lemma S1(i, ii, iii) and Markov’s inequality, we establish

2

o [0 = ”42 DY T S ) B () | = 0p(GT . (S200)

milgeg; \IJJ 77(¢J 9/ geg; zeIJ p t<T

Since T ! Zth(E[M(Zi,t)Q]) < K, from Lemma S1(ii) and (S13) it follows that

e, 1650~ O3alln5d Sicr,, (T oar BIM(z30)7))

mingeg; W3 . (¢;,)

= 0,(G;T™?), (S201)

which along with (S198) and (S200) verifies (S194).
To verify (S195), we first observe that by Lemma S1(ii), the term on its LHS satisfies:

-1
>y TR g w7

g€ i€l 4 ", 9\1’1 W(¢J g) J-9

deg-(‘i’jﬁ'y(&’j,g) - ‘I’jﬁ%g)Q _1
< i - max Z% Lzig) | (S202)

- 72
MMgeg; \I’jﬁvwﬁg) 3.9 t<T

By the similar arguments for showing (S61), we can establish

max T~* Z 71112‘,7(21',1‘/) = Op(1).

i<n
- t<T

Combining this with (S202), Assumption 9 and Lemma S1(ii, v), we obtain:

_1 2 it 2 R R
Z Z (r ZKT Vialzie)) (W) ()g) — Ujorg)® = Op(GHT 7). (5203)

9€G; icl;, 9T, w(% g) J.g

To verify (S196), we observe that by Assumptions 1, 8 and 9, we have

E (T Y ier (V3 (zid) — B[Y7 . (2i0)]))?
Z Z [ T ]

2

n; W
g€G, i€l 4 D9 = 5,9

9 2

max;<r ijv(zi t)H

< kY Y T 202 < gy (S204)
9€G; i€l 4 3.9t g

The condition in (S196) now follows from Assumptions 1(i), (S204) and Markov’s inequality.Q.E.D.

Lemma S14. Under Assumptions 1 and 2, we have

> Mg D < Erfd,(z0)* (ETWJ‘N(Zi’t)])2>2 = 0p(1). (S205)

9€G; zelj B ‘I’J *x'y(% g) Vg
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PrOOF OF LEMMA S14. Since we can write

(T Yer Yin(716:959))°  (Elya(zi0)))’
‘i/j 77(&7‘ g) \IIJ','Y’Y,Q
( 1Zt<T¢J ’Y(th’¢] g)) —(T T! Zth ¢j:’y(zi,t>)2
‘I’J W(% g)

(T_l Eth wj,’y(zi,t)) (\i/ ' (&) ) 0. )
- z 4 17 ', - 1979
qjj:VW(¢j,g)qu77%9 e

(T Yicr ¥in(zi)? = (Elihjn(2i)])?

‘I’m%g

_.I_

)

the claim in (S205) follows if the following conditions hold:

Z Z T Et<T wj 'y(zz ts ¢] g)) ( T zth wj,'y(zz‘,t))2)2 _ Op(l), (8206)
gegG;iel; g ", Q\IIJ ’77(¢J g)
71 (2 X R
Z Z ( zt<T wj ’Y(Zz t)) (\I’j,wv(¢j,g) . ‘I'j,'y'y,g)Q _ Op(l), (8207)
geG;icl;, 7, W<¢J y) INY9
(( B Ztg Vi (2i2))? = (B[ (20 65))%)?
gezgj ;M T = 0,(1). (S208)

We now proceed to verify (5206), (S207) and (S208).

By the Cauchy-Schwarz inequality, the term before the equality in (S206) can be bounded as
follows:

Z Z ((7171 Zth wjm(zi,t? qgj,g))2 B (Til ZtST wj,v(zz‘,t))z)Q

W2 (4
9€G; i€l; 4 5,950 (D5g)

<K> Z T Y cr(in (23 89) = $in(2i0)))*

geg;i€lg "3, g\Ij] 'Y’Y(¢J g)

K -1 Zt<T Vi (it (233 g) ij(zi,t)))Q(T_l Zth T/Jjﬁ(ziﬂf))Q
9€G;i€lj 4 19 = 3y \T 2.9
_ K maxic (T 8y M) Syeg, 1919 — 631"

N mingeg,; V3 . (¢j,)

N K maxicn (T 3 cr i (200) (T ey M(200))* X yeg, 1655 — 65112 (5209)
mingeg, \IJJ w<¢a g)
By the similar arguments for showing (S61), we can show that
max T M(zih) = Op(1), (S210)

t<T
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which together with Markov’s inequality, Assumption 8 and Lemma S1(i, ii, iii) implies that
maxi<n (T Yper M(2i0))' Eyeg, 1105, — 054l1*
mlngeg]_ \Ijj,'y'y(¢j,g)
From Assumption 8, Lemma S1(ii), (S61) and (S210), we also have

max;<n (T DT Vi (2i0))* (T doi<T M (ziy))? Egegj ¢ — g
mingeg; \I'?,w(gi)j,g)

which together with Assumption 1(i), (S209) and (S211) verifies (S206).
To verify (S207), we first observe that the term on its LHS satisfies:

(r! dot<T Vi (zia))?t - 9
Z Z ' \@2 (qAb )‘112 (\I]jv’Y’Y(d)j,g) - \I’jﬁ%g)
9€G;icl;y "59% iy \Pig) ¥ jamg

_ maxign(T_l ZtST ¢j7’7(zi,t))4 Z (\If . ((2) ) Y )2
< ' _ S % i, — Fiv.9)
MiNgeg, ‘I’jz,w(ﬂsj,g)\p? "

‘ 2

OP(GjT_l)7

JY.9  g€G;

This combined with Assumption 9, Lemma S1(ii, v) and (S61) implies that

Z Z (r! Zthwm(Zi7t))4 -

e 2 (& )\1]2 (Wj777(¢j7g) - \I/j,w,g)z = Op(GjTil)- (S212)
9€G; i€l g "HI T jyvNTI97 T .9
The claim in (S207) follows from Assumption 1(i) and (S212).
To verify (S208), we first observe that by Assumption 9, the term on its LHS satisfies:
Z Z ((Til Zth wj,’Y(Zi,t))Z - (E[wjﬁ(zii)])Q)Q
w2
g€eG; i€l g nJ’g\Pjﬁ%g
4
SKDY > T (W4 (zin) — Elihia(2i)])
9€G; i€ljy t<T
2
+ Ky ny > [T (Wi (zia) = Ela(zi)]) | (Ela(zi0))* (5213)
9€G; i€lj g t<T
Applying Rosenthal’s inequality and Assumption 8, we get
4
E {77 (in(zie) = Ela(z)) | | < KT72,
t<T
which together with Markov’s inequality implies that
4
Doy > | T Wiz = Elya(zi0]) | = O0p(T7). (5214)
gegj 7:6]]',9 tST
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Similarly, we can show that

2
Dongg > | T Y Wi lzie) — Bl io)) | (Bl (zo)))* = Op(1),
9€g; zGI] g t<T
which together with (S213) and (S214) verifies (S208). Q.E.D.
Lemma S15. Under Assumptions 1 and 2, we have
D nag D (1200 — 012,4,0)* = Op(1). (S215)

9€G2 i€la 4

Proor orF LEMMA S15. By the definitions of 6’%21%1» and J%Zmi, we can write

I@T[T/Jl,v(zi,t; <}51,i)¢2,v(2’z‘,t; &52,1’)] B[y, (zi0) v, (i)
‘\TJL’Y’Y((%I,i)\ij?KY’Y((E)Q,i) (\1!1,,%2-‘1!177%1-)1/2
T (1 (2its D1) W2 (2t B2.) — Bl1 4 (210) 020 (2i0)])
N |¢11,77(&1,i)@2,77(&52,i)|1/2
Erlth o (zi) W (zi)] (1910610 P (B2,) 12 = (V10,0020 /2)
“i’l,'y'y(ﬁg1,1)‘i’2,w($2,1)|1/2

From the expression above, the claim of the lemma follows if

O012,y,8 = 012y, =

+

. (S216)

X:E: 1§quhM%n%0Wm@”¢@J‘EWW@“WQ““M»Q=0An (S217)

geGaicla 4 ”279\111,77(¢1,¢)qj2,vv(¢2,i)

and

Z Z 1/’1 A \Zit ¢2 'y(zl t)](|@1,77(&1,i)@2,77(&2¢)|1/2 - (\111,7%1"1’2,7%1')1/2))2

geGa i€ls 4 n279\1117’77(¢1,i)@2777(¢2,i)
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To verify (S217), we first observe that by Assumption 8 and the triangle inequality:

T Z(¢1,W(Zi,t; G1. )2 (2its Bag) — U1y (2i0) W2, (20))

t<T

> 7! Z(wl,v(zi,t; élz) - ¢1,V(Zi,t))(w2ﬁ(%,t§ &21) - ¢2,7(Zi,t))

t<T

F T (W1 420 61,) — 14 (2i0))h2y (2in)

t<T

+ |77 Z(¢2,7(Zi,t; QAbzl) — oy (2it)) 14 (2i)

t<T

< K(1+ max||¢; —
i<n ’

TilD oL = 81 gll + [ day — D55 NT ™Y Ms(2i0)?, (5219)

t<T

where M5 (2 1) = M (zit) + 1,4(2it) + 24(2i¢). Thus, by the Cauchy-Schwarz inequality,

> Z Y (1 (zis D1 )2y (2003 B0) — ©14(2i0) b2 4 (200)))
9€Ga il 4 ”279‘1’1,77((?1,1')‘I’2m(¢2,i)

< K(1+ HiaXiS’nAH(Abl,z‘ - ﬁsz)

— ming<p [W144(014) Y2y, (62,

2
x> mag D0 (ldrs = 01l + 1 — 63,107 | 7703 Mi(210)?
g€Ga i€la g4 t<T
- 2
K (14 maxic |91 — 67,/ maxicn (T cp Mi(210)°)
B min;<p, “I’l,vv(¢1,i)‘l’27w(¢2,i)|
x| S ngh 3 Ul — 6112 + l1dns — 65,0 | - (5220)

9€G2 i€l g

By the similar arguments for showing (S61), we can show that

maxT! Z Ml(Zz‘,t)2 = 0p(1),

i<n
t<T

which, along with Assumptions 1(i) and 8, Lemma S1(ii, iii, iv) and (S220) implies that

Z Z ! Zt<T 1/)17"/(21 t ¢1 1)1/}2,7(21 t ¢2 z) w17"/(zi7t)¢277(zi,t)))2

= 0,(1).  (S221)
g€Gai€ls 4 ”2,9\1'1,77(¢1,i)‘1’2,w(¢2,i)
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Next, by Assumptions 1 and 8,

9n
DO AT D S (Whra(zi)tan(zie) — Blibry(2i0) s (2i0)])
g€Ga i€z gy t<T J
2-.
= Z Z E||7T7! Z(%ﬁ(zi,t)w,«,(zi,t) — Elp1 4 (2i,0)102.(2it)])
g€Ga i€z g4 t<T _
< KT ! Z Z max||1/11 Zzt)¢2,'y(zi,t)”§+5/2 < K,
geGai€la g4

which along with Markov’s inequality, Assumptions 1(i) and Lemma S1(ii) shows that

> Z (T3 e (V14200027 (2i) — Elo1 4 (2i6)02.4(2i0)]))?

= = Op(l). (5222)
geGa i€ls 4 "2751‘1’1,77((%51,@')‘1’2,77(%,1')

The desired result in (S217) follows from (S221) and (S222).
To verify (S218), we first notice that the term on its LHS satisfies:

Z Z % o \Fist % (%, t)](\‘i’l,v?(ﬁ%l,z‘)A‘iIZ,wY(éz,i)J1/2 - (‘Ill,wv,z“I’2,w,z‘)1/2))2
g€Gai€la g n27g|\I/1,’Y’Y(¢1,i)\112,’7’7(¢2,i)|
< K3 e, ”5; Eie]z,g(|¢11,W’Y(Eb1,i)¢l?,7’y(fb2,i)|1{2 — (U179, U2 y,0)12))?
- ming<p, (W14~ (01,;)Warr(02,)]
< KD geg, n;é ZiEIQ,g(‘illAﬂ’Y(gblA,i)‘iJ?;’Y’Y(&jS) = U1y, 0244.0))
- min;<p |‘I’1,w(¢1,z‘)‘1’2,w(¢2¢)|2
2 ZQEQQ(@Z’Y’Y((%ZJ) - ‘I/2,w,i)2
mini<n |\i’1ﬁ’y(€b1,i)\i’2,w(<;52,i)’2
+ Kzgegz n2—; z}ielz,gf‘ijlﬁj(a)l,i? - ‘I’L'w,i)z n Kzgeng‘iz,wf% i) — W2 i )
Minj<p [W1,4~ (01 ;) Va0 (d2) |7 min;<y, (V1,54 (¢1,;) V¥ 2,77(%,1‘)\

< K max(W1 4 (d9,;) — U1r,0)
i<n

which together with Lemma S1(ii, v) shows (S218). Q.E.D.

Lemma S16. Under Assumptions 1, 2 and 3, we have:

2 § : § : 4 E : -1 _2 -1
wn,T - n T + QnT Jl,'y A + n2 902 v, J2 Y,¢ 2n 0—12,’)/ 7 + O(meT )
geGai€la g i'€la,y

PrROOF OF LEMMA S16. To prove the claim in the lemma, we first observe that by Assumption
1(iii),
Cov(\ili, Ul) =0 and COV(VZ', Uz) =

o1



Therefore,
Var(U; 4+ Vi + U;) = Var(¥; 4+ V;) 4 Var(0;).

Together with the definition of w% 7, this yields

n! Z (Var(¥ ) + Var(U;))
i<n
=n! Z(Var(\i/i) + Var(V;) + 2Cov(¥;, V;) + Var(T5))
i<n
= Un r+nt Z (Var(V;) + Var(T;)) + 2n~! Z Cov (0, Vi). (S223)
i<n i<n

We next study the second and the third terms in the far RHS of (S223).
For model 1, Ul,i =0 and

2
‘71,1' _ (2T1/2)*1\i1%7 . (2T1/2 7-1/2 Z¢1 NED
t<T
3 T ot-1 )
(273/2)~1 Z 0 (2i0)2 + T3 Z Z U1 (2ig) U1~ (2ig) (5224)
t<T t=2 t'=1
while for model 2, we have
2
Voi = (2n2, T2 7103 5 = (2ng, T2 7 [ T7V2 Y " ady (2i0)
t<T
) T t-1 . .
= T%*)71Y “ng it (i) + T2 0N ng i (i) Yoy (i) (5225)
t<T t=2 /=1
and
Ui = (na T3~ ) > o (zia) | | D oy (ziw) |- (S226)
(i€l g:i'<i} \t<T t<T
Subtracting (5225) from (5224) yields
Vii—Va; = (21271 Z({ﬁ;y (2i4)” — niéizig,y (2i0)?)
t<T
T =1 . . .
+T73/2 Z Z(wm (zit) ¢177 (Zi,t/) - n£;¢2,7 (zit) wz,w (th’)) (5227)
t=2 t'=1

For any h > 1 with t — h > 1 and j,5’ € {1,2},

t—1 t—1

Cov (z,z);iv (zi0-1)" 05y (200) D Doy (zz-,t/)) = SB[, Gien) By (260) By (2i0)| =0,
t'=1 t'=1

(S228)
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where the second equality is by Assumption 3. For any h > 0 with t + h < T and j, j' € {1, 2}, we

have

t—1
Cov (7/);7 (Zi,t+h)2 7¢j’,’y (Zi,t) Z %Z);/,y (Zi,t’)> |

t'=1

t—1
4 " b
< Kol |5 Giaen)?| |95 (i) 22050 ()
t'=1 2
< Ko Hwﬂ (2i01h) H ij - (i) qup o ()| < Kal/' ()2, (5229)

4

where we use the covariance inequality for strong mixing processes, Holder’s inequality, Assumption
2(iii), and a Rosenthal-type inequality || 3251 ¢] A (zig) lla < Kt'/2 (cf. (S556) in the proof of
Lemma S47). Combining (S228) and (S229) yields

T t-1
Cov Z({Div (Zi,t)2 n2g1/127 Zit) ,ZZ#@W Zit ¢1,Y(z”/) —niéﬂ);ﬂ (zi,t)qz);7 (zi)
¢t<T =2 ¢/—1
=59 35 VD DI AR yENEAE )
j<2 j/<20<h<T—1t<T—h =1
< KZZ Z Z 1/4 751/2 <KZZ Z 1/4 T—h)3/2 < KT3/2. (S230)

§<2 /<2 0<h<T—1t<T—h §<2 /<2 0<h<T

The last inequality follows since

ST oM@ -n)P2 =12 3" oM h)A-h/T)? < T2 N o/t (h) < KT%?, (S231)

0<h<T 0<h<T 0<h<T

where the final inequality is implied by Assumption 1(iv). Using (S227) and (S230),

1ZVar _12Var ‘/Iz V2z)

i<n i<n
T -1 i i i
=n! Z Var <T_3/2 Z 2(1/11,7 (2i) V14 (2igr) — ni;¢2,'y (2it) Vo (Zi,t’))>
i<n =2 t/—1

n=t Y Var | (T%2)70Y (4, (20) = ng gt (200)°) | + Op(T75/%).
isn t<T
(S232)

From Assumptions 1 and 2(iii) and the covariance inequality of strong mixing process, it follows
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that

w3 Var (27927 S04 (200)% — nghis 4 (200)°)

i<n t<T
< KT Var [ Y 0], (zi) | < KT (S233)
152 1<n t<T

Let 0~ = (E[vl);w (2i4)*])"/? and 12,0t = E[Q);ﬂ/ (zit) @Z;V (zit)]. A direct calculation using

Assumption 3 yields

T t—1
(T_3/2 Z Z @Dl,w Zit ¢1 R (Zz t/) - nié{ﬁ;,v (Zi,t) {Z);W («%,ﬂ)))

t=2 /=1
» T t-—1 N - . .
= T3 N Var(dy, (200) Y1 (2i0r) = ng gty (2i4) Yoy (i)
t=2 t/=1
» T t-—1 - . » . -,
= T30 Y (Var(i, (zi0) U1y (zi0)) + mp g Var(iy., (zi0) iy (207)))
t=2 t/=1
T t—1
_ ~ % ~ % 1~ ~ %
—27? Z Z Cov(¥y 4 (2i0) U1 (2i4r) s gWa oy (200) Yoy (2ipr))
t=2t'=1
T t—1
— 73 (02 2 -2 2 2 _op-1 , ,
= Z Z 01 7,itO1 yyitr T 12,9027,i,t02 it/ “2,g‘712mz,t‘712,%z,t’)
t=2 t'=1
2 2 2
= (2T3)_1 Z Ui%i,t + nifl Z USv'Yvizt o 2”;; Z JlQ’V’i’t
t<T t<T t<T
T D Ol t M0y Y 05— 2050 0Ty s (5234)
t<T t<T t<T

Under Assumption 2(iii),
-3 4 —2 4 —1 2 —2
Z Ol T Nog Z 02yt — 2Ma g Z Ol2it| < KT,
t<T t<T t<T
which along with (S234) and the definitions of 0] i and o012, implies that

T t—1
nt Z Var <T_3/2 Z Z({ﬁ;y (i) J{y (Zi,t/) - n;;@;y (zit) 721;7 (Zi,t’))>

i<n t=2 ¢/=1

- (QHT)_l Z(O—i’y,i + nQ_,gQ;Oé,’y 7 2n_1012 s z) + O( ) <8235)
i<n
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Using (S232), (S233) and (S235), we obtain

-1 Z Var(V;) = (2nT) ™! Z ol L) 902 iy —2ny ! 9012 vi) T o(T=3/%). (5236)

i<n i<n

Similarly, by Assumption 3 we have

-1 Z Var -1 Z Var U2 i) = Z Ny Z 2yi Z a%mi,

i<n i<n 9€Go2 2612 .9 {i'€lz, 411/ <i}
2
(2nT)~ Ny o2 .| — o5 (S237)
2;9 2,751 2,7, |
g€Ga i€la g4 i€l g

which, along with (S236) shows that

n~t Z (Var(V;) + Var(U;))

i<n

4 -2 2 § 2 -1 _2 —2
2nT Z Z 0'1’,\/71‘ + n2’90‘27%i 0'2’,%@'/ — 2n2’g0‘127%i + O(T ) (8238)
g€Gai€la 4 i'ela g

and the covariance inequality of strong mixing process,

Cov Z A (ziy), Z TZJ;’»Y(ZZ‘J)Q

t<T t<T
< 33 ([ov (A0 Gigen) D (10| + |Cov (A0 (i) 9 ian)?)|)
h<T t<T—h
< 33 a0 (w Gidrm)llpes |95 ia)?),, + 1A <zi,t>uz+gH&;@WPHM)
h<T t<T—h
< Kwnr Y (T —h)al!®*(h) < Kw, s T,
h<T

where the final inequality follows by arguments analogous to those used to establish (S231). This

implies
n! ZCOV (U, V)] < nt Z Cov | ¥y, (273/%) 7! Z(ﬁ,y(%,t)z - nz_,;lzj;y(zi,t)z)
i<n i<n t<T
= (2T Y 7| Cov | DAY (z14) . D (P14 (5i0)” = iy giba (210)°)
i<n t<T t<T
< Kw,7T7 % (S239)
The claim of the lemma follows from Assumption 2(v), (5223), (S238) and (5S239). Q.E.D.
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Lemma S17. Under Assumptions 1 and 2, we have w < K.

Proor oF LEMMA S17. From the definition of wg’T, we have

=n"') Var(¥; + V; + U;) < Kn™" Y (Var(¥;) + Var(V;) + Var(T;)). (S240)
i<n i<n
Under Assumptions 1 and 8(iii), we can use covariance inequality for strong mixing processes to

obtain

n—l ZV&I’(@Z) :n_l ZV&I’ T_l/QZAw (ng) S Kn_lz%%z(”Aw (zivt)Hg—&-é S K,
i<n i<n t<T i<n T

(S241)
where the first inequality follows from arguments analogous to those used in establishing (S1).

From the definition of V;, we have

i<n i<n
4

(27~ maxn_le TN " (zia) | | S KT, (S242)
i<n t<T

IN

where the last inequality is by Assumptions 1 and 8(iii), and Rosenthal’s inequality. Similarly,

Var(U;) = ng Tt Y Var [ [ T7Y2Y 0y (zi0) | [ T2 i, (20)
{i' €l g1 <i} t<T t'<T
21 2

IN

{i' €Iy, gui! <i} t<T v<T

which implies that

'y Var(Uy) <n 'Y D) Eny TN < KT (S243)

i<n ge€Gai€ly

The claim of the lemma follows from (5240)-(S243). Q.E.D.

Lemma S18. Under Assumptions 1 and 2, we have:

2 2
_ 1 52 1
(2nT)~! degg <<n2 > el 0927, z) - <n2 g Dicl 9 2,% ) )

wn,T

= Op(n_l/Q).
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ProOOF OF LEMMA S18. Next note that

2 2
_ —1 ~2 -1
’(2"T) Y gedn ((”2,9 Sictny 53i) — (n2g Siens, 031) ) ‘

2

me
_ -1 ~2 —1 ~2
|CnT) 7 S eq, (724 Tiens, 03i = 0300)) (724 Liery, (6300 + 030 |
- 2
wn,T
2
- 1 A2
B w’rZL,T
- -1 ~2 2 —1 2
)(nT) 1 2geg, (1 ( 2,9 2uicls (020 — Ugmi)> ( Mg D ichy, O2y.i )
+ : (S244)
wn,T

From Lemma S13 and (S205) in Lemma S14, we have

S S @m0k ) < 2Y Z(ET%Zw>]>2_<ET[wm<zi,t>]>2>2
J% 37%

9€9; €l 9€g; zGI] 9 Uj 1y (95 g) Yirvg
2 32
+2 Z Mg Z 8mi = Sjyi)” = Op(1)- (5245)
9€G; i€lj g

Therefore,

2
_ -1 A9
(21’LT) ! degz < 2,9 Ziefg,g (02,7,i - J%,'y,i))

2
wn,T

(2nT)-1 - (62 . — o2 )2
< 29692 2,9 22:1612 g\ 275 27,8 = Op(n_1)~ (8246)

n,T

By the Cauchy-Schwarz inequality,

_ -1 &2 -1
‘(nT) ' degz ( 2,9 Zzelz g( 2751 037772‘)) ( N2g Zzelzg 27% )

2
n,T
o\ 1/2 1/2
_ —1 ~2 —1
(’I’LT) 1 <deg2 ( 2,9 Zie]z’g (0-2,7,1' - U%,%i)) > (degg ( 2,9 ZzEIQQ 27’\{7 ) )
<
B "J%,T
-1 —1 52 5 2\ /2 —1 4 1/2
- (nT) (degz 2.9 2uicls,y (0270 = 2,,0) ) <deg2 Moy Xiel, Uz,w‘)
B W?@,T
1/2 3 R 1/2
< KG2/ (degz n2,511 zielg,g (G%,%i B U%mi)2>
N (nT)w? 1
= 0p(n~V2(Gan) V*(Twh 7)) = Op(n~'/?), (5247)

o7



where the third inequality follows by Assumption 8(iii), and the equality follows from (S245) and
Assumptions 1(i) and 2(v). Combining the results in (S244), (S246) and (S247), we get the desired
conclusion. Q.E.D.

Lemma S19. Under Assumptions 1 and 2, we have:

_ —92 ~92 ~
(nT) ! degz Mg g Zz‘elg,g (UZ,W' Zi/EIZ,g S%,%i’ o U%mi Zi’elz,g S%w”) 0, ,1/2)
= Op(n .
W%,T

PrOOF OF LEMMA S19. We apply the triangle inequality along with the Cauchy-Schwarz inequal-
ity, and obtain

1 —2 -2 2 2
D mag | D G DL Show = DL 05ai D S

9€G2 i€la 4 '€l g 1€l 4 i€l g
) 2 2 2
= Y nay D (63,003,030 — 3,0
g€G2 IRUSI O
) 2 2 2 2 2
+ Y ey Y (63,03, )shaw| (0T Y ngh Y 03,4(85 0 — 53,0
g€Ga '€l g 9€G2 1, €1z 4
1/2 1/2
-1 -9 2 2 2 2
S ( Z n2’g Z (UQ’W’Z' o UQ,'y,i) Z n2vg Z 7’7 i 527771'/)
geGo i€l g g€Ga '€l g
1/2 1/2
+ (nT)~1 Ny (62 . —03 ) ny
2 9 2,758 2,78 2,g ,'y !
9€G2 1€la 4 9€G2 i'Ela g
1/2 1/2
-1 -1 4 2 2
+ ()7 Y oy D 0B D oy D, (Bae =30
9g€G2 i€la g g€Go i'els g

which along with Assumptions 8 and 9, (S245) and Lemma S13 implies that

N2 Y6 S B> a3 S s | =0T Y. (S248)

9€G2 i€l2,4 i'€lz,g i€lz,4 i'€l2,q

The claim of the lemma follows from (S248) and Assumption 2(v). Q.E.D.

Lemma S20. Under Assumptions 1 and 2, we have: (i) (7%]7an < K and 6,217T < K wpal; and
(ii) 6,1 > 0.
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PROOF OF LEMMA S20. (i) Since 612,y < 67, ;63 ,; for all 4, from (31), it follows that

2

~4
OUn,T < 27’LT § E 01 Y5t + 2n2 ggl v, 102 Y5t + n2 gO—Q,'y, )
g€Gai€la 4
~2 A2
+(2nT)” § : § : § : 02,i02,,1
g€Ga Zelgyg ’L'IEIQ,Q,Z'/#Z
-1 2 : § : ~4 § :
< 0171+n2g02,'yz U2'yz
g€Ga i€la g4 i'€la g
2
-1 —1 A2
< (nT) g 5] i g Nyg E 8540 - (S249)
i<n 9€G2 i€la g

By Assumptions 8 and 9, s? vi < K. Together with Lemma 513, this implies

Js

(nT)_IZS%ﬁi < 2| (nT) IZ Lyi 77i)2+(”T)_125411,%i

i<n i<n i<n
= 2nD) ") st +0p((nD) ) < K, (S250)
i<n
wpal. Similarly,
2
- —1 2 —1 4
(nT)7' Y |y D 8| < YD g D st
9€G2 i€la g g€Go i€la g
2 2
Zan Z 327% 827%2')
g€Ga i€lz 4
< 2T) MY ngp > sh i+ O0p((nT) ) < K, (S251)
g€Ga i€l g

with probability approaching 1. Combining (S249), (S250) and (S251) yields &IZJ%T < K with
probability approaching 1.
Next, by Lemma S12 and Lemma S17,
Grp < (D)) D T AP(zig 6)® = (nT) 7Y D E[AG(zi0)%] + Op(T72). (S252)
i<n t<T i<n t<T
Since E[At)(z;¢)?] < K by Assumption 8(iii), from (5252), we obtain (372171 < K wpal.

Finally, since 32 i 2 63 ~,i = 0 for all © < n, the definition of & F: S, implies

52 — E : } : —2.2 A2 —142
US nT 27’LT 01,7 it n2,g02,v,i8277 7 2n 012 s 7,)
g€Gai€la 4
} : } : —242 2 : 52
QnT n2 902 i 27771'/
geGai€la 4 i€l g,1/ #i
—244 —142
> (2nT)” E E (61 i T2 405 5 — 2N (01 5 5)- (S253)
g€Ga i€z g4
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Next, note that

4 1.2

—1x ~2 2 2
,'yz +n2 90272 2”2 g012'yz - (Ul,'yz Us) g0271> + 2”2 9(01710271 01271) <8254)

Moreover, since Ep [&177(,2@-70} = 0 by the first-order condition of (¥;;)i<n, we may write

2 B (ET[(@lw(zlt) — IET[{bm(AZi,t)])(@2,7(Azz‘,t) - ET[@Qv(Zzt)])]ﬁ
T12,v,i W1 nr (01,9) Y207 (02,0)]

Together with the definitions of 6 aj +,i and the Cauchy-Schwarz inequality, this yields

%2,7 i < %,’y i0 0 %,'y IS <8255)
Combining (S253), (S254) and (S255) therefore establishes that 6%}n7T > 0. Q.E.D.

2 Proofs for Lemmas in Appendix B of Hahn, Liao, Menzel, and
Vuong (2026)

Throughout the proof, we let x;;, Z;;, Z;; and Z; denote the jth entries of z;4, Z;, ¥; and T for

7 =1,...,d, respectively.

Lemma S21. Under the conditions of Theorem 6, we have Zign &nri —a N(0,1), where &7 is
defined in (85) in the proof of Theorem 6.

ProOOF OF LEMMA S21. The claim of the lemma follows by arguments analogous to those used in
the proof of Theorem A4, provided that Lemma S69, Lemma S70 and Lemma S71 still hold. We
next sketch the verification of these lemmas.

First, we observe that %(Zi,t; GFit) = 5]2-” and %7(2”; qb;fit) = ¢j4 for j = 1,2. This shows

Assumption 12(ii) holds due to Lemma S34(ii) and Lemma S40(111). Additionally, Assumptions
10(ii) and 12(iii) hold for model 1. The only hindering factors for the direct application of Theorem
A4 are Assumptions 10(ii) and 12(iii) for model 2. This is because the two-way fixed effect model
involves n and T' groups across ¢ and T' separately.

However as there is only one group across ¢ in the definition of Ug,i, Assumptions 10(ii) and
12(iii) hold for model 2 with G = {1} and My = {1...,T}. Consequently, we can apply Lemma
S70 and Lemma S71 to obtain

(nwp ) ' (E[IYfU—'nT,i_ﬂ - E[ﬁf}) =0, <T‘1/2 + maxn, 1/2) , (S256)

< 9€G1

and

max max max E [‘n;/QUj,i

4
: ] <K, (S257)
Jj=1,2 geG; icl,
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respectively. Applying similar reasoning as presented in the proof of Lemma S69,

IR [ i+ VUil Furi 1} =0p <T1/2 + gggf”gl) : (5258)
i<n

This expression serves as the counterpart of (S711). The detailed proof for (S258) is provided at
the end of this proof. In view of (S256), (S257) and (S258), we can verify (105) and (106) using
the same arguments in the proof of Theorem A4.

We proceed to verify (S258). Applying Lemma S69 with G; = {1,...,G1}, M; = {1...,T},
Go ={1,...,n} and My = {1} obtains

ZE[ i+ VOO | Forie 1} =0, (T 1/2 +maxngl> : (S259)
1<n 9€G1

By the independence of {z;}i<7 across ¢ we have

>i<nE [(‘f’i + %*)Uz,ilfnT,z‘—l} ey
~ 2 - Z ST17E, (5260)
nw,, — n°T 12wy

where Cgﬂ' = Z;:i—&-l Cjity Cjit = E[(\IIZ/ + ‘/;-T)GQJ//W”’T} and €2, = (52,i,t)t§T' Moreover,
T 2 T T

£y Cy €2 o Kmaxicn Amax(Cov(ezi)) > i<, Cg;C2i K > i<n C2,iC2i

n2TY 2w, 7 - niTw? . - n3T ’

(S261)

i<n

where the second inequality is by Assumption 5(ii) and (S441). By the definition of f/i*,

E {((ZtST e2i1)” —E[(Ci<r 52,i,t)2])2] E [(T‘l/2 Miereaie)t
- <

(k|27
E[|Vi*[] = (2T3/2)2 - 4T

< KT™', (S262)

where the second inequality is by Assumption 1(ii, iv) and Rosenthal’s inequality of strong mixing

processes. In view of Assumptions 5(ii, iii) and (S262), we can use the same arguments for proving
(S720) to show that

max ]cﬂ| <K <1 + My maxn, > <K. (5263)
9g€G2
This, along with the definition of Cy;, implies that
Cq 0y e\
maxz%m < max <w> <K. (S5264)
i<n n i<n n
Therefore by Assumption 5(ii), (S261) and (5264),
. 2
CQ €21
E o < KT
; T 2020,



which, together with the Markov inequality and (S260), implies that

Yi<n E [(‘i’i + V)0 Furio1

2

— 0, (T2 S265
i 7 »( ) (5265)

The claim in (S258) now follows from (S259) and the above result. Q.E.D.

PROOF OF LEMMA 6. (a) We first observe that

IMQLR,,

Wn,T

Blii o) = P > 1)
> P(|QLR,z| > @nrz1ppo + |QLEwr — [E[Sur] — QLR z|) . (5266)

From Lemma 10, it follows that

On,r21-pj2 + [E[Sn,1] — E[Sn7]| = Op(G1). (5267)
By Theorem 6 and Lemma 10,
QLR 1 —E[Sy 1] — QLR, 7 = Op(wn,1) = Op(1). (5268)

Therefore, by the triangle inequality
G121 pps + QLR — [ESu 1] = QLE, 1| = Op(1).
This along with |QLR,, | = G1 and (S266) implies that
Elp;7(p)] 2 P (|QLRy 7| > Op(G1)) — 1

as n, T — oo. This establishes the claim in this part of the lemma.

(b) The proof for the one-sided test follows by analogous arguments and is therefore omitted.
Q.E.D.

PROOF OF LEMMA 7. From the definitions of f/], and ffjﬂv, we have

T t—1

y 1/2y—1 —1 2 -1 - —3/2

V%:V *‘/22—(T/ E e1ie— (T +T )52zt o E E €3iE2: ¢, (5269)

t<T t=2 /=1
and
i—1

~ ~ o —1/2 —1_x* * 1/2 x

Ui=Uii— U = E , T E (”g €1l — N 5217&52 z’t E T E n- 82,i,t€2,i’t‘
P'=Ng+1 t<T t<T

(S270)
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Recall that ¥; = (271/2)~1 ZtST(E%,i,t - aim). From Assumption 6(i), it follows that

Cov(¥, Vi) = (4T)7'Cov [ Y (34 —elin)s Y (ng'eihy — (0" + T7H)ed% )

<7 t<T
T -1
2\—1 2 2 * *
—(27%)" Cov E (52,z',t_51,i,t)>§ E €23 1€,
<7 =2 t/=1

= (4”9T)_1COV Z€2zt 51zt Zgl,z,t

t<T t<T

—(@T) M+ TN Cov | Y (5 —eTin) D ehns | - (S271)

t<T t<T

Using Assumptions 1 and 5(ii), Lemma S34(ii), Lemma S40(iii), and the covariance inequality of

strong mixing process,

Cov E 627,75 11t E glzt + Cov E 821t glzt § 62275 <Kwn7TT7

t<T t<T t<T t<T

which together with Assumption 1(i) and (S271) implies that

nt Z Cov(V;,V})| < Kuw,rn ! Z Z(ng_1 +n 417 h
i<n g€eG1 i€y
= Kuw,rn ' Z (1 +ny(n ' +T7Y) < KGrw, ™t (S272)
9€G1

Here the last inequality holds by n,(n~! + T71) < K. Under Assumption 6(i) and some direct

calculation, we can show that
Cov(¥;,U;) =0 and Cov(V;,U;) = 0. (S273)
Since 0-721,T =n! >i<n Var(¥;), combining (S272) and (S273) yields

= n! ZVar(\i/i +Vi+Uy)

i<n
= n! Z (Var(¥;) + Var(V;) 4+ Var(U;) + 2Cov(¥;, Vi)
i<n
= afLT +nt Z Var(V; -1 Z Var(U;) + O(Grwn n -, (S274)

i<n i<n

To finish the proof, it remains to derive the approximations for n=1 ", <n Var(V;) and n~=? D i<n Var(T;).
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Using Assumption 6(i), we have

7 . —1 —1_x* * —1_* * 1 *
Var(U;) = E T~ Var E (ng €141t — 1 5272-775527“ —I—E T~ Var E n- 52’i7t52ﬂ-/t
i'=Ng+1 t<T t<T

i—1
_ -1 —1 1
= E E Var 51”51“ n 52”52“ + E T E Var n ehteh/t)
P'=Ng+1 t<T t<T
i—1

-1 1
= g E ng JIZU“,—H”L 021021 2n n~ 01210121 +E T E n- 0210'2Z

i’:Ng+1 t<T t<T
E 2 E 2
= 01Z01Z1+n 021021 2 nng 0'172710'121/
7 —Nq-i-l % 7Ng+1

This implies that

n_lear(Ui) = _12 _22 Z 01101114—72_3220%02@

i<n geG1 i€lg i!=Ng+1 i<ni'=1
i—1
-2 -1
n E Ng E E 01,2,i01,2,i -
9€G1 i€lg i'=Ng+1
2 2

= (2n)7! Z n;l Z O'ii +(@2n)7t | a7t Z oy | — n2 Z n;l Z 01,2,

g€G1 i€l i<n g€G1 i€l
-1 -2 4 3\ —1 4 -2 —1 2
—(2n) E ng E oy = (2n”) E oy, 1 E ng E 019,
9€G i€l, i<n 9€G1 i€l,

Since afi + O’%’i + Gili < K by Lemma S34(ii), Lemma S40(iii), it follows that

(2n)_1 Z ng_2 Z Uii + (2n3)_1 20371- +n2 Z ng_l Z 0%7271- =0 |n! Z ngl . (S276)

9€G1 iely i<n 9€G1 iely 9€G1
Similarly,
. T t—1
Var(V;) = (2T'?) 22Var lsﬁt (n 417t )52” )+ T~ 3ZZVar €202 ¢)
t<T t=2 t/'=1
T t—1
= TY % o5+ TVA Y Var(ng el — (' + T7)es%)),
t=2 t'=1 t<T
= (2T)og,+ (2TY?) 72 Y Var(ng'el%, — (0" + T 1)es%,) — (2T%) 103 45277)
t<T

Since
Var(n, 1&?{% (nt+1771 )527”) < Kn and ag,i <K,
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from (S277) and Assumption 1(i), it follows that

nt ZVar (2nT) ™1 Z 09, + 0O n~t Z ng_l . (S278)

i<n i<n geG1

Collecting the results in (S274), (S275), (S276) and (S278), we have

2 2
%QL,T = 0'721,T + (2nT)! Zag,i +(2n) " [ Zag,i +(2n)7! Z ”g_l Z U%,i
i<n i<n g€G1 i€ly
2
n=2 Z n;l Z o12:]| +0O lean*l +nt Z n;l . (S279)
9€G1 i€l 9€G1

The claim of the lemma follows from (S279), the definition of ol%’n,T and Assumption 6(ii).Q.E.D.

PROOF OF THEOREM 8. From the definition of &%]%T, we can write

2
A2 _ —1 } : —1 } : -2 2 : 2
JUTLT = 2nT O-Q’L n) ng 0'171
i<n 9€G1 i€ly
2 2
Z Z A2 -2 Z —1 Z N
0'271' —n ng 01,2,i
gegr i€l 9€g1 i€ly
Gl g— 1
= (2nT)~ 65 +n3 o2 &2~
2, 2,1 2,
i<n g=2g'=1 \i€ly
2 2
1 —1 A
> > 61| +n (D63, o) [ D61
9€G1 i€ly i€ly i€ly
(5280)
Thus it suffices to show that, for each g € Gy,
2 2 2
E 52 i g 02 il - 2n_1n;1 E G124 | =>0. (S281)

icl, icly, iel,

By the triangle inequality and the Cauchy-Schwarz inequality,

2 2

E 12| < E 01,02, E 012 E Uzz

i€ly i€ly i€ly i€l
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Therefore for any g € G;

2 2 2
-2 ) -2 ) —1, —1 -
Mg Z Oii| +n 02| —2nny, Z 01,2,
icl, i€l i€l
2 2
-2 A2 -2 A2 —1, -1 A2 A2
> ny E oi;| +n 05; | —2n "n, E 01, 05
1€l i€l i€l 1€l
2
_ -1 ) -1 A2
= |1y E 01, — 1 E o3:] =20,
= =
which establishes (S281) and hence the lemma. Q.E.D.

PrROOF OF LEMMA 9. The first claim of the lemma follows directly from Lemma S28. We now

establish the second claim. By the definition of d’i,T, we have the deterministic bounds

2 2 2 2 2 2 2
6o — Oty <Wnp <max {6, — 00,1 00nr + 00T}

Therefore,
2 2 A2 A2 2 2 2 2
Wy, — Wn,T‘ OnT — OUnT — wn,T‘ )UU,n,T to,r— wn,T‘
< + . (5282)
w? w? w?
n,T n, T n, T

For the first term, by the triangle inequality,

) A2 2 - ) 2 2 2 2 2
OnT ~ OUnT — wn,T) 6nt = 0Umr — (Onr+ UU,n,T)’ el e UU,n,T)’
D) < 2 + 2
Wy Wn,T “n,T
) 2 2 A2 2
Jn,T — O T 20U,n,T - (O'U,n,T - GU,n,T)‘ (1)
2 P
w
n, T
2 ~2 2
OnT ~ OnT 20U,n,T‘ ‘UU,n,T - UU,n,T‘
< . + ; +op(l),  (S283)
wn,T wn,T

where the equality is by Lemma 7. Under Assumption 6, we have U?Jn = SQUn 7> Where s%n 7 is

defined in Lemma S32. It therefore follows from Lemma S32 that
1/2 1/2

) 2 _ -1 -1 _ 2 -1 _ 2
Un1 — Otmr =0p | 1 E : Ng =0p |wpr E ng = Op(wn,T)' (5284)
g€G1 g€G1

Here, the second equality follows from Assumption 5(i), while the third equality is implied by
Assumption 6(ii). Combining (S283), (5284) and Lemma S30 yields:

&%,T - &(Zf,n,T - wZ,T} = op(wi,ﬂ- (5285)
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For the second term in (S282), Lemma 7 and (S284) imply

2 2 2 2 2
OUnT vt 001 — wn,T’ OUn,T — aU,n,T) , n,
— < — + 2 = op(1).
n,T n, T n, T

Substituting these bounds into (S282) gives

~

WnT — w?L,T‘ = OP(W%,T)7

which is equivalent to the second claim in (87). Q.E.D.

PrOOF OF LEMMA 10. By Lemma S22,

A2 § :E :
nT < 2,4t El,z,t

i<n t<T

= Z Z 8t 617” 2+ Op(wnrn™t + G}/Zn_3/2)

i<n t<T

= (nT)_l Z Z(egzt - é%,i,t)Q + Op(n_l)

i<n t<T

< 2(nT)7! Z Z(egzt + éil,i,t) +0p(1),

i<n t<T

where the third line uses the facts that w,, 7 < K (established below), and G}/Qn_?’/2 = (Gin H2p7 1 <
Kn~!. By Lemma S34(ii) and Lemma S40(iii), (S310), and Markov’s inequality,

TINNE el = 0p(1)

i<n t<T
and thus,
650 = O0p(1). (S286)

Next by Assumptions 1(i) and 5(iii), and Lemma S32,

OA’2U,n,T - 52U,n,T = Op(l)' (8287)

Moreover, by Assumption 1(i), Lemma S34(ii) and Lemma S40(iii),

82U,n,T < (2TLT)_1 Z O-%,z32 7 Z n Z 51,

i<n 9€G1 i€ly
2 2
+(2n%) 7! Z s3; | +n? Z ng ' Z s12i | <K,
i<n 9€G1 icly
and hence, by (S287),
S = O,(0). (5285)



Combining (5286) and (S288) gives
a’%,T < 631,T + &%],n,T = 0p(1)

which proves the first claim of the lemma.
Next note that

ElSur] = @) V2SN Tny'e3, -+ )Y S 63

geGy i€l g€egi i€l

= (2nT)"/? EZTn 14 Tn™t ZZS%Z
g€G1 i€y g€eG1 i€ly

L) V2 S T 62, - ) — (1T ) S 3063 - 53)
geG1i€ly geG1 i€ly

— )2 (St - e ) SN | o, [ Songt ]

geG1i€ly geG1 i€l 9€G1

(S289)

where the last step follows from Lemma S38 and Lemma S44. By Assumption 1(i) and Lemma
S34(ii),
@nT) P14+ Tn ") Y > s, <K, (S290)
g€ i€ly

and by Assumption 1(i) and Lemma S40(iii),
2nT)'2 Y "> " Tnglst; < KGh. (S291)
geG1i€ly

Combining (S289), (S290) and (S291) yields

‘E[/S,TT]) <SKG +0, [0+ | =0,(Gh), (5292)
g€G1

where the final equality uses Assumptions 1(i) and 5(iii). This proves the second claim of the
lemma. In addition, since 03; < s5; and of; < s}, for any i, the bound |E[S, r]| < KG follows
from the definition of E[S,, 7], (S290), (S291) and the triangle inequality.

Finally, to show wiT < K, note that

=n! Z Var(U; + V; + U;) < Kn™! Z(Var(\i'i) + Var(V;) + Var(U;)). (5293)

i<n i<n

By Assumption 1, Lemma S34(ii) and Lemma S40(iii),

- N 2
Var(¥;) = Var | (27727 1Y (3, — <2, | <K max €30 — eliellnys < K- (5294)
t<T
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Similarly,

Var(‘?) < 2(Var(‘~/17i)+Var(f/2,i))

2

< K n;QVar 7172 Z €14+ | + Var T73/2 Z €301 +n " 2Var [ T71/2 Z 32 it

t<T t<T t<T
4

< K|n?+E T3> e, < Kmn,2+T71), (S295)

t<T
and
Var(U;) < 2(Var(Uy;) + Var(Usa))

i—1
o2 g Var 1/25 €141 | T 17 22 Var T_1/2§ €3,i1E2.irt

i'=Ngy+1 t<T t<T
< K(ng'+n™h. (S296)

Substituting (5294), (5295) and (S296) into (S293) yields w%T <K(A+nt+nt+T7) <K,
which proves the final claim. Q.E.D.

2.1 Auxiliary Lemmas

Lemma S22. Suppose Assumptions 1, 4 and 5 hold. Then

CORDIPIICIEL o ()™ Y (B30 — €144)" + Oplwnrn” Ly Gi2n3/2),

i<n t<T i<n t<T

PROOF OF LEMMA S22. By definition éQ,z’,t = 52,i,t_i};’|:t(92_9§) where €9t = €2,¢—E2;—Eot+E2,

which implies

A2 22 oz =T h _ px 0y — 0\ T T (B — 07 9997
820t = &34 — 28248, (02 — 03) + (02 — 03)  Ei4%; (02 — 03). (5297)
Similarly, from the definition of &1,

L ia =iy — 26100801 — 07) + (01 — 07) Ty 0a] (01 — 0F). (5298)
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Subtracting the population quantity and using (S297) and (S298), we obtain:

(nT)~ Z Z 2,1t — & i)~ (nT)~! Z Z(egzt - é%,i,t)2

i<n t<T 1 <n t<T
= 4(nT) -1 ZZ Etal’” —03) — él,i,tizt(él - HT))Q
i<n t<T
ZZ 92 —92 $zt$lt(92 —92) (91 01 ) fczt%Tt(‘g HT))Q
i<n t<T

—A(nT) Y N (#8, — E1 ) (Brad] (B2 — 03) — £ (01 — 67))

i<n t<T
2nT) ™ Y D (B350 — &1 i0) (B2 — 63) Tiigity (92 — 63) — (01 — 67) Ty (61 — 61))
i<n t<T
it (02 — 03 Oy — 03) i v ] (02 — 03

iTnicT El,z,t%twl —07) —(01 —07) iy, (61 — 07)

Under Assumptions 1 and 4(ii), Lemma S34(ii) and Lemma S40(iii), and Markov’s inequality,
()Y D (E i+ Eag + ldiell* + [Eael') = Op(1). (5300)
i<n t<T

Combining this with Lemmas S36 and S42, and applying the Cauchy—Schwarz inequality yields

ZZ 522t$zt 02 _02) Elltxzt(e 0;)>2 = OP(1)7 (S?)Ol)
1<n t<T
DD (B2 —65) it (2 — 03) — (01 — 07) Tkieirly (61— 67))* = Op((nT)7"), (S302)

i<n t<T

ZZ(@%,w—é%,i,t>< (2= 03) ity (62 = 63) ) _ o), ($309)

i<n t<T —(6h — 9*)Txit$iTt(01 —07)

Eta%t (02 — 05) (62— 63)" xztht(% —03) —  O.((nT)~Y2).(S304
ZZ( o7) ) ( — (01— 07) i ey (61— 67) ) L) 5300

i<n t<T Elﬂztmzt(al

Therefore, using Assumption 1(i) and (S299), (S301)-(S304), we obtain

1 1
(nT) ZZ 2,i,t Elzt (nT) ZZE2M 61,z,t

i<n t<T i<n t<T
! Z Z(ggzt - 5%10(52”1’%(@2 —05) — &1, t(9 —07) + Op(n_Z)(S?’%)
i<n t<T

It therefore suffices to show that

(D) NS (@B — 2 (Bl (B2 — 05) — 214407, (01 — 07)) = Oplwnrn ™' + G0 3/2),
i<n t<T
(S306)
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which together with (S305) completes the proof.

From the definitions of &5 ;; and &1 ;+, we have
2 = = = \2 2 =% =% =% =% =% —=%\2
€201 = (62t — 824 — B2t +82)” =3, — 262i1(8; + &5 — &3) + (83, + &5, — &5) (S307)

and
= (e1ie —Brgt)” = (1t — &1 g2)? = €154 — 2610057 g1 + ET g (S308)

Substituting these expansions yields

(RT) D D (55 — €100 (ol (02 — 05) — £10d, (61 — 67))

i<n t<T

= (nT)_l Z Z(ngt - 5%,1,0(52,@@;(@2 —03) — éLmﬁjﬁzt(él —07))
i<n t<T

=2(nT)"" > N (e0.ua(85; + 85y — 85) — €10 g0 (Brinitly (B2 — 05) — £10d] (61 — 67))

9€G1 i€y t<T

)TN DY (B3 85y — E5)7 — E1% ) (i (02 — 03) — Eved (B — 67)). (S309)

g€G i€ly t<T

By Assumption 1, Lemma S34(ii) and Lemma S40(iii),

Eless +&54] < Kn™?, E[g'| < Kn™* and E[}},] < Kn,>. (S310)

Combining this with Assumption 1(i), (S301), the Cauchy—Schwarz inequality, and Markov’s in-
equality leads to

()Y S (B + 8y — 85)7 — &1 ) (Boad (02 — 03) — 1] (01 — 67))

g€G1iely t<T

< (D)7 D ((E e, —8) —E )

9€G1 i€y t<T
x(nT)™M Y 0N (Bt (Ba — 03) — e1iait (01 — 67))* = Op [ 07D ! (S311)
1<n t<T geg

and

(T) ™Y DD (e0it(E5, + 85y —E5) — 1048t o) (Bainiisy (B2 — 03) — €140 (61 — 67))
g€ i€, t<T

< K(nT)_l Z Z 2(5%”(5;1 + 5’2} - 53)2 + 5%,i,t51<,2g,t)

g€Gy i€ly t<T

) ()Y 0 (Baaii (02 — 03) — E144d] (01 — 07))? = Op (Gin™?). (S312)

i<n t<T
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Moreover, by Assumption 5(ii), (S301), and Markov’s inequality,

2
(nT) Y0 (5, — €1 0) (Baiii (B2 — 05) — 144, (61 — 67))
1<n t<T
2 -1 (5 At 51 i)’
< wpp x (nT) Z Z —
i<n t<T n,T
) ()TN O (Bgiii (02 — 03) — E140d] (01 — 07))? = Op(win™?).  (S313)
1<n t<T

Combining (S309), (S311), (S312) and (S313), we conclude that

! Z Z(Egzt - éii,t)(éli,t‘j};(é? - 95) - élﬂ,ti“iT,t(él - 9?))

i<n t<T
1/2
P A D R A
9€G1
which, together with deg 1 < Gymaxgeg, ny !, establishes the claim in (S306). Q.E.D.

Lemma S23. Suppose Assumptions 1, 4 and 5 hold. Then

(nT)_IZZ(é%,i,t _é%,zt nT IZZ 52zt 6lzt

i<n t<T i<n t<T

—1 —x —% —x —x 2 -1 -1 —1/2
Z Z 2(52,i,t(52,i +Ey; — g3) — El,i,tgl,g,t) + Op | wnrGin™" +n Z g /
9EGr i€y t<T 9€GH

PrROOF OF LEMMA S23. Using the decompositions in (S307) and (S308), we obtain

(nT)! Z Z(%zt - é%,i,t)2 — (nT)™* Z 2(5%” - 5%,7;,02

1<n t<T 1<n t<T

= AT)™ Y DD (e2elEh; 85y —ED) —eriefi g)

g€Gy i€ly t<T

-1 — — —%\2 %2 \2
YD D (@ e, ) —E)

g€G i€ly t<T

Z Z Z €2,i4(E2, + &2 — €3) — €1,itE1 g, ) (€3 + &2 — &)° — g{?g,t)

g€Gy 1€y t<T

Z ZZ 52zt 51zt )(E2,i,t(E5; + 54 — E3) — €1,itE1 1)

gEGy i€y t<T

YD D (B a(E, +E, - E3)° —ER ). (S314)

g€G1 i€ly t<T
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y (S310), together with the Cauchy—Schwarz and Markov’s inequalities,

YYD (G rE ) —ER ) =0 (0 Y gt (S315)

g€G i€ly t<T g€G1

Next, note that

YD) (e2inlE3 H 8 —Eh) —eniefi ) ((Bh + 85y — E3)° — ETY)

gEGy i€y t<T

—1 —% —% —*
E E E :62,i,t(52,i+52,t_ E E E €2,i,t 521+52t 52)51gt

g€Gy i€ly t<T g€G1 i€ly t<T

—1 —% —%* —x% —%\2 —1 —*3
E E E :517i,t€1,g,t(527i + &5, —85)° + (nT) E E E €1,i,t€1,g,t- (S316)
g€G1i€ly t<T g€eGriely t<T

From Assumption 1(i), Lemma S34(ii), Lemma S40(iii), and (S310),
Elle2,it(83, + 850 —23)° ) < llezielly [|(E55 + 254 — 8%, 5 < K™
Hence, by Markov’s inequality,
YD D eninlEs 85— E5)° = Op(n ). (S317)
9€G1 i€y t<T
Similarly, the remaining three terms in (S316) satisfy:

Z Z ZEQ i@, T8, —8)Es, = Op <G1n*3/2> , (S318)

g€Gy i€ly t<T

- Z Z 251,i,t5T,g,t(5§,¢ + & — ) = Op|n7? Z n;/z , (S319)

g€G1 i€ly t<T 9€G1
—1 =*3 -1 —1/2
g g g €11 gt = Op|n g ny, 2. (S320)
g€G1 i€y t<T g€

Combining (S316)-(S320) yields

- —1/2
ZZZ €2,i,t(E2,i 1821 —E3) —€1,1481,9,0) (€382, — &)’ 51gt 12” /

g€G1 i€ly t<T geG1
(8321)

Let w1, = T7' Y, cp(ed,;, — €1, )2t and @}, = @1y — Elu1,]. By Assumption 5(ii), Lemma
S34(ii) and Holder’s inequality
Bl < T E[[(e3,, — 1,2l
t<T

wn T (€5, — €1 4) fwnrll2lle2iill2 < K. (S322)
t<T

IN
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Together with Assumption 1 and (S310), this implies

2
_1ZE iE5 ; _QZ [t1,i]) 2E ] < Kcuz’Tn_g.
i<n i<n
Therefore, by Markov’s inequality,
n~ ' Elules; = Oplwnan ™). (S323)
i<n

Next, by Assumptions 1 and 5(ii), together with the covariance inequality for strong mixing pro-

cesses,

E[aiy] = Var TﬁlZ(Eg,z‘,t_Ef,i,t)@,i,t
t<T

272 Z Z ‘COV«E%,M - 8%,1',15)52,@‘,& (gg,i,t+h - 5%,i,t+h)52,i,t+h}
0<h<T t<T—h

IN

- 2 5/(6+6
S 2T 2 I}L&%{ H (gg,i,t - 5%7i7t)€27i,t H2+5/3 Z Z Oéz/( )(h)
N 0<h<T t<T—h

< KT 'max||(e3,, —

s (S324)

5%,i,t)52,z‘,tHz+5/3 :

Here the last inequality follows since, by Assumption 1(iv),

S W K Y (1 T <
0<h<T t<T—h 0<h<T
By Holder’s inequality
2 2 2+46/3 2 2 2+6/3
H(52,i,t —gl,i,t)52,i,t“2+6/3 = EH(52it €1t )€2,it] o/ ]
|3+5/2])2/3( H 2it|6+5])1/3

IN

( [‘52 gt E1,7,,15

2+6/3 2+46/3
< Kwn,T/ (E[‘(ggzt - 51,i,t)/wn,T|3+§/2])2/3 < Kwn?T/ ,(S325)

where the second inequality follows from Lemma S34(ii) and the last from Assumption 5(ii).
Combining (S323) and (S324) yields

E[ua} z] < Kwn 7T (S326)

Finally, together with (S310), the triangle inequality, and Holder’s inequality

nTt Y aEs,| | <n T Y Elar sl <0t Yl llel[ES e < Konr(n) T,

i<n i<n i<n
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Therefore, by Assumption 1(i) and Markov’s inequality,

Z u ;85 ; = Op(wn,Tn -, (S327)
i<n
Combining (S323) and (S327), we obtain
- Z Z(ggzt — &% 1)E2i085, =n"! Z Elay)e3,; +n” Z 855 = Op(wnrn ™). (S328)
1<n t<T i<n i<n

Similarly,

(nT)~" Z Z(E%zt - 5%,1’,1&)52,1}15(5;,75 — &)= Op<wn7Tn_1)

i<n t<T

which, along with (S328), yields:

- Z Z Z(E%zt - Eii,t)gli,t(g;,i +&5,— &) = Op(wn,Tn_1)~ (S329)

9€G1 i€y t<T
Next, define 24 = ny Zlelg( 5it — E€1i4)E1ie and @3, = Uy — Elug,g]. By arguments
analogous to those used to establish (5322),

|Eltg,g¢]| < Kwnr  and E[U2gt] < KW%,T”;1~

Hence by (S310), Holder’s inequality and Markov’s inequality,

-1 2 2 _x
E E E(52,i,t_gl,i,t)elyi,tgl,g,t

g€G1 i€ly t<T

Z an [tU2,gt]E] g1 + (PT)” Z ansl gtsgr =0 o(wn,7G1n 1) (S330)

9€G1 t<T 9€G1 t<T

By (S329) and (S330), the fourth term in (S314) satisfies

! Z Z Z(E%zt - 5%,i,t)(527i,t(5§,i + E‘Z,t —&5) — 51,i7t5>{,g,t) = Op(wn,TGl"fl)- (S331)

9g€G1 i€ly t<T
Moreover, by Assumption 5(i), (S310), and Holder’s inequality

YD D EN(R iy —etin) (65 85, — D))

gegy 1€ly t<T

< O.)nT TLT Z ZZH 82,2,t 8171725 /wnTHQH 822+62t 62 H2<KwnTn 1
g€G 1€ly t<T

Together with Markov’s inequality, this implies

YYD (Bt (Eh 8y —E3)7 = Oplwnan ). (S332)

g€Gy i€y t<T
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Similarly,

(D)™ (Bin — eia)Eys = OplwnrGin ™). (S333)

g€Gy i€ly t<T
Combining (S332) and (S333) yields

(D) YD Y (B — et i) ((Es + 85y — 83)° — &%) = Op(wnrGin ). (S334)

g€G i€ly t<T

The claim of the lemma follows immediately from (S314), (S315), (S321), (S331) and (S334).
Q.E.D.

Lemma S24. Suppose Assumptions 1, 4 and 5 hold. Then

(T) Y DT (e0in(Es, + 85y — E5) — 1048t g0)”

g€Gy i€y t<T

-1 2 =2 -3 1 2 2
= n E s3,E[E55] +n E E T E 824024 t

i<n i<n i'<n t<T
—1 —1 2 —1 2
)Y > gt Y st | | gt Do ot
t<T geb1 i€l iely
27 —1 -1 —1/2
—2(n°T)"' Y "N ngs10g401090+0p (0" Y 07
t<T geGi 9€g1
where
2 — 2 2 _ -1 2 — -1 . . — -1 * *
St = E[gj,i,t]f s, =T E Sjitr S1,2,g;t = Ny E :E[gl,z,t@,ut] and 01,29t = g E E[gl,i,tEQ,i,t]'
t<T i€l iel,

PROOF OF LEMMA S24. By Lemma S34(ii) and Lemma S40(iii), (S310) and Holder’s inequality,

2 S Kn;1/2.

Ell(e2,t(85,; + 854) — €101 g p)e2itl] < ||€5, 4], 1850 + 854l + lerieaiclly [1E7 4
Therefore, by Markov’s inequality,

(nT)fl Z Z Z(a2,i,t(§§,i + ?5,5) — El,i,téqlt,g,t){':?,i,t =0, nt Z n;/Z . (S335)

g€G1 i€y t<T 9€g1

By Assumption 1(i), (S310) and Markov’s inequality,
g5 = 0,(n""), (5336)

which together with Assumptions 5(i) and (S335) implies that

(nT)_l Z Z 2(82’”(5;”' + E;,t) - 5171'7,55){’!]’1;)6271'7755; =0 n~2 Z n;/Q . (S337)

g€Gy i€ly t<T g€G1

76



Therefore,

YD (e24(85 + 85, —E3) —e1aiET )

geGr i€l t<T

= ()70 D D (erin(Ei+ E) il )+ Op (070 D

g€Gy t€ly t<T g€G1
SR IDIPIEC TR LR (NI DY L
g€Gy 1€ly t<T i<n t<T
NN eriaenin(Bi 85 )8+ Op [ nTE Y ni? (S338)
g€G i€ly t<T LISt
The claim of the lemma follows from (S338), Lemmas S25-S27 below. Q.E.D.

Lemma S25. Suppose Assumptions 1, 4 and & hold. Then

_ —1
E E 52m 521+52t = E 32z 521

i<n t<T i<n
-3 -1 2 2 —-3/2
+n g E T g 851021 | +Op (n / ) .
i<n i/<n t<T

PrOOF OF LEMMA S25. We begin by decomposing

(”T)il Z Z 5%,1‘,1&(5;,1‘ + 53,92 = (”T)il Z Z 5%,1 t%% Z Z €2, t7*2

i<n t<T i<n t<T i<n t<T

EDIPIE AN (S339)

i<n t<T

We analyze the three terms on the right-hand side in turn.
Using Assumption 1, Lemma S34(ii), (S310), the Cauchy-Schwarz inequality and Markov’s

inequality, we obtain

_1ZE T IZ g5 — Ele3 1)) | 855

i<n t<T
2 1/2
n Y VBT (65, —Eles, ) | | B &S] < Kn™3/2. (S340)
i<n t<T
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This, together with Markov’s inequality, implies that

_IZZC‘%,M?;,% = (”T)_IZZE[C”%,M 5%+ ZZ €5+ — Ele3; 1))e55

i<n t<T i<n t<T i<n t<T

= nT 122821t52z 3/2)

i<n t<T

= 'Y B+ 0, (s341)

i<n

where 55, =T~ 3,1 s3,,. Using Assumption 1, Lemma S34(ii), and (S310), we further have

2
E nilzs%i(é;i— E;QZ]) *QZE 521 [52Z | < Kn~ QZE 521 ] < Kn™3,

i<n i<n i<n

which implies

- Z 52 15322 =nt Z 52 K 62 K (n_3/2)' (8342)

i<n 1<n

Combining (S341) and (S342) yields

(nT)_l Z Z 5%,1 tégzz =n! Z 52 i 52 K (n_3/2)' (8343)

i<n t<T i<n

Using Assumption 1, (S310) and Lemma S34(ii), we have

- ZE n - Z 82115 52,z,t]> 53215

t<T i<n
2 1/2
Til Z E 71 Z 52 gt €2 J t]) E [55415] < Kn73/2'
t<T i<n

Together with Markov’s inequality, this implies that

-1 2 =x2 —1 —1 —%2
E E €242t = T E E 52,z,t 52“]) €at

i<n t<T t<T i<n
-1 2 12x2
E E E[52,z‘,t]52t
i<n t<T
_ -1 _x2 —3/2
= E 52 €2t t+ / )s (S344)
t<T

where 55, =n"' Y, s3,,. By the definition of &5 ,, we can write

n i—1
—%2 —2 -2 * *
Ep=n E 52 Gt 2n E g €315 1 (S345)
i<n 1=23'=1
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Using this expression, we may write

n i—1
-1 _*2_ 27 —1 2 _x2 2 —1 2 & _x
T E 32t52t— n“T) E E 854855 + 2(n°T) E E E 59.4€2,i t€2 i’ ¢+
t<T t<T i<n t<T i=2 §/=1
Under Assumption 1 and Lemma S34(ii), we have
2_
n2T) !
E T) E E 82t527,t Uta)
i<n t<T
2_
_ 27 —2 2 [ %2 2
= (n°T) E E E 32,t(52,i,t_02,i,t)
i<n t<T
4 —1 2 %2 2 2 —4
< K(n'T) § r&%{(HsQ,t(‘EQ,i,t_UQ,i,t)H2+5SK”
i<n =
and
. 27
n i—1
2m\—1 2 % *
E (n°T) E E E 52.4€2.it€2,i/ t
i=2 i/=1t<T
. 27
n i—1
— 2\ —2 2 % *
= (n°T) E E E E 82t€2,i,t€2.i" ¢
i=2 i'=1 t<T
n i—1
4 —1 * * 2
< K(»'T) E E max|‘52,i,t€2,i’,t”2+6
: t<T
i=24'=1
n i—1
4 — * 2 -3
< K(n'T) itllages < Kn

i=2i=1 -
Therefore, by (S346)-(S348), and Markov’s inequality,
- Z s34855 = (n*T)~" Z Z 53105 i1 + Op(n=3/?%).
t<T t<T i<n

Combining (S344), (S345) and (S349) yields
Y D SaEn =Y Y | T shiaoh | +0p(n ).
i<n t<T i<ni'<n t<T

The third term in (S339) can be written as

-1 2 =% =% _ —1
(nT) E E €2it€2if2t — (nT) E 52t§ E52zt621

i<n t<T t<T i<n

2 _
252 t Z 52 it — Eleg; ,85,]).

t<T i<n
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By the Cauchy-Schwarz inequality,

2
(nT)~! Z €2t Z €345 — Ele3;,85,))
t<T i<n
2
< 771 Za x 71 Z Z 82“521 - 53”531]) . (S352)
t<T t<T i<n

From Assumption 1, Lemma S34(ii) and (S310), it follows that

2
T B 07D (e — Eled e < (°T)7) 0D E[es, 857
=T isn t<T i<n
< (n?T) IZZ 52” 521)1/2<Kn*2.
t<T i<n
Hence by Markov’s inequality,
2
YD o(EaE Bl e | = 0p(n). (S353)

t<T i<n

Since T~ ZKT £5% = Op(n™1) by (S310), from (S352) and (S353) it follows that

T)7' Y &80 (30485 — Ele31483,]) = Op(n ™). (S354)

t<T i<n

Let voy = >, ., E[e3,,&5,]. Then we may write:

(D)"Y &5, ) Eledi 8l = (nT) 71 Y waees, = (0°T) 7 ) Y waschiy

t<T i<n t<T i<n t<T

Note that ’ZKn €3 +55,]| < K by Assumption 1(i), (S310) and Lemma S34(ii). Therefore,

2 2
-1 27\ —2 *
E (nT) E Ezt § E€2zt€22 = (n"T)"E E E V2,t€24t
t<T i<n i<n t<T
2
2 -2 *
= (n°T) E E E UV2,t€2 4.t
i<n t<T
4 —1 * 2 —4
< K(n'T E max ||v : < Kn
= ( ) i<t H 27t52,1,t}|2+6 = ’
i<n

which together with Markov’s inequality implies that

(nT)™" ) &5, ) Eled ;485 = Op(n?). (S355)

t<T i<n
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From (S351), (S354) and (S355), we obtain

(nT)' Y Y 3148585, = Op(n ™).

t<T i<n

The claim of the lemma now follows from (S339), (S343), (S350) and (S355).

Lemma S26. Suppose Assumptions 1, 4 and 5. Then

-1 2 2 _ -1 —1 2 —1 2
D22 Sty = DT D | ngt Y st | (g Dol

9€G1 icly t<T t<T geGi il il
-1 Z ~1/2
n ng
9€G1

PrOOF OF LEMMA S26. We begin the proof by writing

IYSIN A = D) Y S S EE, e

g€Gy i€ly t<T gEGy i€l t<T

NSNS (R B DER

9€G1 i€ly t<T

By Hélder’s inequality, the second term in (S357) satisfies

Z ZZ 1t — Elzt]) T?g,t = Z Z _*?gt 61“5 E[‘g%zt])

g€G1 i€ly t<T t<T geG1 i€ly

< Z Z E 817th Elzt El,z,t])

t<T geGi i€ly
< DD EE D (i — Elet i)
t<T geG1 i€l
< KT ) ng'”
9€G1

where the last inequality holds by Assumption 1, Lemma S34(ii) and (S310). Therefore,

ZZZ eli0 — Elet 14)E1%e = Op n_1zn9—1/z

g€Gy i€ly t<T g€

81

(S356)

Q.E.D.

(S357)

(9358)

(S359)



The first term in (S357) satisfies

2 2
*2 _ =%2
E Z ZZEglzt 1gt E[ 1,9,t ]) = E Z Z(El,g,t 7g7 ZE‘gl,z,t
g€G1i€ly t<T geG1 t<T i€y |
2_
_ =2
- Z E Z(gl,g 81 gt Z E El,z,t
9€G1 t<T iely ]
2
< TK )y max|\(E%, —EE7]) D El,)]
geG1 1€ly 245
—%x2
< KT Z ny [|ET g,t| 215 < KGT,
9€G1

which, together with Assumption 1(i) and Markov’s inequality, implies

YOS SRR ER . BERLD) = 0,(Gy 7). (S360)

g€Gy 1€ly t<T

It is clear that E[g}? ;] = n 2 g Dicl, o7 ;- Hence
(”T)il Z ZE[E%,i,t]E[ET?g,t] = (nT)il Z Z E[ 51 g5t Z E[ 51,z,t
i<n t<T t<T geGy i€l
Y [t ) [ ot ) s
t<T geba i€l i€l
The claim of the lemma follows from (S357), (S359), (S360) and (S361). Q.E.D.

Lemma S27. Suppose Assumptions 1, 4 and 5 hold. Then

= Z Z Z €1,i,1€2,i,t(E2; T E24)81 g = (”QT)_l Z Z NgS1,2,9,:t01,2,9t + Op(Gln_g/Q)-

g€G1 i€ly t<T t<T geGy

PROOF OF LEMMA S27. Let Vgt = n;l Zielq 51,i,t52,i,t§§7i and ﬁf,g,t = Vgt — E[ﬁl,g,t]- Then

—*% =% 5 =%
E g E €1,i,t€2,it€2i€1 gt = E E:”gvlvg,tgl,g,t

g€G1 t<Ticl, ge€G1 t<T
_ — —% —% —x
= E : E :ngE[Ul,g,t]El,g,t‘*‘ E E :ngvl,g,tgl,g,t' (S362)
geG t<T geGL t<T

From Assumption 1, Lemma S34(ii) and Lemma S40(iii),

Eo72,] <ng? Y Ele?,,e3,,852 < Kny? > ||e52|, < Kng Tt (S363)

i€ly i€ly
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This, together with (S310) and Holder’s inequality, implies that

Z Z”QEH@T,g,tET,g,t” < Z Z”g vaig,t|

9€G1 t<T 9€G1 t<T

2 Hg{,g,t| 5 S KG1T1/2'

Therefore, by Assumption 1(i) and Markov’s inequality,

()N gt g8 s = Op(Gin ). (S364)

g€G1 t<T

From Assumption 1, Lemma S34(ii) and Lemma S40(iii),

E[D1g4]l <ng" Y Ellerie2ii8l] <ng > lleviseaidll, |85, < KT772,

i€l icly

which, together with Assumption 1 and (S310), implies that

2 2
E|[ D> nEogdeiye | | = D mE || D Eliglei,.
g€G1 t<T 9€G1 t<T
r 2
= > N E|[D Eprget,,
geGriely, | \t<T
< KT Z Z Itnga%( HE[@LQvt]gii,tHz_w < Kn.
gegl ZEIg

Therefore, by Assumption 1(i) and Markov’s inequality,

(D)"Y ngEDgalE . = Op(n??), (S365)

g€eGy t<T

From (S362), (S364) and (S365), it follows that

(D) DTNT Ceriig2,485 8 g0 = Op(GinT32). (S366)

g€G1 t<T i€l

— _ —1 . . — % — _ —
Let v27!]7t = ng EZEIQ 61’Z7t€2)7”t and U27g,t - ’U27!]7t E[v2a97t:|' Then

—% =% o —% — % —
E E , E :817i7t€27i,t€2,t€1,g,t = E €at E :”ggl,g,t’ulg,t

t<T geGy i€ly t<T 9€g1
—% —x — —% —% —x
= €at Ng&q, ,tE[ngﬂf] + Eat ngEl,g,tv2,9,£S367)
g
t<T g€G1 t<T geG1

Using Assumption 1, Lemma S34(ii) and Lemma S40(iii),

E[m3% ] <ng? Y Elleriezidl®] < Kny'. (S368)
iel,
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This, together with (S310) and Holder’s inequality, implies that

Z Z ngE[|€§,tg{,g,t@§y,tH < Z Z Ng H@ig,tHQ H§;t|

t<T geb1 t<T geb

= KGiTn Y2,

4 HET,Q,A

Therefore, by Assumption 1(i) and Markov’s inequality, the second term in (S367) satisfies
(nT)" Y 85, > ngEr g U5 = Op(Gain~3/?). (S369)
t<T g€G1

Note that E[v2g¢] = 5124 Let &7, = s1244€7 ;- Then the first term in (S367) can be written

as

—% —% — -1 ~ % *
E 52,t§ ngE1,g,tE[U2,g,t] n E E €1t E €2,i,t

t<T 9€G1 t<T \i<n i<n

_ —1 ~% *
= n E E €142, t
i<n t<T

n 1—1

+n”! Z Z Z(gii’,té—;,i,t + 59{,i,t5§,i',t)- (S370)
=2 i=1 t<T
Under Assumption 1, Lemma S34(ii) and Lemma S40(iii), we have

2 2

E Z Z(g{,i,ﬁ;,i,t - E[gii,ﬁ;,i,t]) Z E Z(giz‘,tfg,i,t - E[gf,i,tfg,i,t])

i<n t<T i<n t<T

KT max &2, I, < KnT,

IN

<n
which together with Assumption 1(i) and Markov’s inequality implies that

(n*T)~" Z Z sy = (°T)7! Z Z E[&] ;46504 + Op(n™?)

i<n t<T i<n t<T

= (n?7)"! Z Z 98129101291+ Op(n72). (S371)

t<T geb1

Under Assumption 1, Lemma S34(ii) and Lemma S40(iii), we have

. 2 . 2
n t—1 n 1—1
E E E E gii’,tE;,’i,t = E E E E gii’,tgz,i,t SK?’LQT <S372)
i/=2i=1t<T i'=2 =1 t<T
Similarly,
2
n 1—1
E|(Y D> &b, < Kn’T
/=2 i=1t<T
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which together with Assumption 1(i), (S372) and Markov’s inequality implies that

n 1—1

Y Ehiathie t Eiasha) = 0. (5373)

i'=2 i=1t<T

From (S370), (S371) and (S373), it follows that

—3/2
Z‘S%Z”g"flgt [V2,9.] = 22”9512,gt01,2,gt+0( /).

t<T g€G1 t<T geGi

This, along with (S369), establishes the claim of the lemma. Q.E.D.

Lemma S28. Suppose Assumptions 1, 4, 5 and 6 hold. Then

E[Sn.1] — E[S,.1]

Wn, T

= op(1). (S374)
PrROOF OF LEMMA 9. Under Assumption 6(i),

E[Sur] = @nT)7Y2) Y E Y (ngleih, —n7lel) ~ T Db

gegy i€ly t<T t<T

= (2nT) I/QZZ an 0'11_” 10%1) Ug,i

geGyicl, |[t<T

= D)2 0N (Tngtel, - (14 Tn o3 ).

geGri€ly
Therefore,
E[Snr] ~ ElSnr) = @nT) "2 DY Tngt6t, —of) — (L4 Tnh) Y D (63
g€eg i€ly g€eg1 i€ly

(S375)
Under Assumption 6(i) and (S425), we have E[es ;¢ = 0. This implies that 0'%2 = s%l Similarly,
under Assumption 6(i) and (S492), 07, = s7 ;. Therefore, by Assumption 1(i), Lemmas S38 and
S44,

E[Sur] — E[Sur] = Op [+ Y nt | . (S376)
g€
The claim of the lemma follows from Assumptions 5(i) and 6(ii), and (S376). Q.E.D.

Lemma S29. Suppose Assumptions 1, 4, 5 and 6 hold. Then under the null hypothesis,

(nT) -1 Z Z 82,1,15 ,z, B (nT)_1/2Eﬁn,\T] -0, (n_l) .

1<n t<T
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Proor oF LEMMA S29. From Theorem 6 and Lemma S28, we have

22

é2i — & i —_—
(nT) 730y S — () B[S ]
i<n t<T
E[Sh1] — E[Sh 1] + QLR,r QLR,1— E[S, 1] — QLR,, 1
(nT)1/2 (nT)1/2

E[Snr] — B[Sy 1] + QLR, 1 1
— (nT)1/2 + Op(wp,1(nT) )

= (nT)Y?QLR,, 1 + Op(wnr(nT)~/?) (S377)

where

2 2
R S5., — 87
QLR,r = (nT)"'2>"> 72’”2 Lot

i<n t<T

Since QLR,, 7 = 0 under the null hypothesis, from (S377) it follows that
&3 —
nT -1 ZZ 2,0t 1,z,t . (nT)_l/QE[Sn,T] _ Op(wn’T(nT)_l/Q). (8378)
i<n t<T

Moreover, from Lemma 10(iii), we have w, 7 = O(1). This along with Assumption 1(i) and (S378)
establishes the claim of the lemma. Q.E.D.

Lemma S30. Suppose Assumptions 1, 4, 5 and 6 hold. Then

~2
2 = 0pd)s
n, T

under the null hypothesis.

PrRoOOF OF LEMMA S30. Applying Assumptions 5(i) and 6(ii), Lemmas S22-S24, we obtain:

D) N @ - 8307 = )Y S (B, )’

i<n t<T i<n t<T
dn~! E 3%71' 527, ] +4n~? E E ! E 3%7i,t‘7§,z”,t
i<n i<n i'<n t<T
-1 1 2 —1 2
ATy D gt Y st | (gt Dot
t<T geb1 i€l i€l
27 —1 2
—8(n*T) "D Y ngs12.012,00 +0p (Wi r) - (S379)
t<T geGy
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Under Assumption 6(i) and the null hypothesis, we have s2
and E[g5%] = T~ '03 ;. Hence,

(nT)! Z Z & i) = (nT)! Z Z(ggzt - 5%,2‘,02

Gt = ”tforj—12 512,9,t = 01,2,g,t

1 <n t<T 1<n t<T
2 2
)Y o Yok | s X (g o,
i<n i<n 9€G icl,
2
8n 2 Z ng_1 Z 01,2, +0op (w?%T)
9€G1 i€l
= (1) DD (Bip—elin)’ 80T +0p (Wir) - (S380)
i<n t<T

By Assumptions 1, 5(ii) and 6(i),
_IZZ(Eg,i,t_S%,zt = ZZE E?zt €lzt)]+0( nTn 1)7
i<n t<T i<n t<T
which, together with (S380), yields
(4nT)! Z Z — &} i) = (4n)~! ZE[(E%zt - E%,i,t)Q] + 202U,n,T +op (WZ,T) . (S381)

i<n t<T i<n

Under the null hypothesis o2 nr = (4n)” ZignE[(E%,i,t - 5%,1',1&)2]» so (S381) implies
(4nT)~1 Z Z 5t & i) = UE’T + 2U2U’n’T + 0 (wfl’T) . (S382)
i<n t<T
Moreover, Lemma S29 implies

é2i — &1, —
(nT)_l/QMQLRn,T = (nT)~* Z Z % _ (nT)_l/QIE[SmT] =0, (nY),

i<n t<T

which, together with (S382), yields:

2
E
Gty = ()Y it TLat) “’t) — (nT)"" (MQLR,, 1)

1 <n t<T
= Uqu,T + 20(2],n,T +0p (n_Q) +op (W%,T) = 0721,T + 20(21,n,T +op (Wi,T) (5383)

where the second equality follows from Assumption 5(i). The claim of the lemma follows immedi-
ately from (S383). Q.E.D.

Lemma S31. Suppose Assumptions 1, 4 and 5 hold. Then

2

nt Z ”g_l 2(5’1,2,1' —s124) | =0, (Gin71).

g€G1 i€ly
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PRrOOF OF LEMMA S31. By the definition of 51 2,

. R P —1
0124 — 812, = T g E1,i €24 — T g Ele1,t€2,i,t]
t<T t<T

= 7! Z(élﬂj,tégﬂ‘i — E[gl,i,t€2,i7t])

t<T

TN Euad (00— 07) = TN £y (02 — 05)

t<T t<T

Oy —035)" [T i, | (01— 07) (S384)
t<T

It follows that

2 2
nt Z n;1 Z(?Tl,u — 51.24) < K(nT?)~ Z nfl Z Z (E1,i482,it — Ele,ii€2,i4])
geGr i€ly g€G1 1€ly t<T
2
K(nT?)~ Z n_l Z Z é2,i,t~j7;‘|:t(él —07)
9€G 1€ly t<T
2
K(nT?)~ Z rf1 Z Z él,i,tiz—',rt(éQ —03)
9€G1 i€ly t<T
2
nT2 Z n_1 (92 —63) Z sz tﬂ?zt 01 07)
g€G1 i€ly t<T
(9385)

By Assumptions 1(i) and 4(ii), Lemma S36 and Lemma 542, the Cauchy-Schwarz inequality and

Markov’s inequality,

2
nT2 Zn 92—02 szzt%t —07)
9€G1 1€y t<T
< K00 = 651121102 — 651 (nT) D D " [Ead P = Op(n?). (S386)
i<n t<T

Similarly,

2
- 161 — 6312 .y _
(nT)7 Y gt [ DD Eaindis(Br —01) | < T Y D [[Enisdil* = Op(n7?)

g€G1 iely t<T i<n t<T
(S387)
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and

2
h |2 2
: g < el 4T »
(T gt | D0 il (02— 65) | < v d O lenisil || = 0p(n7?)
g€gy 1€y t<T i<n t<T
(S388)
Next, using the definitions of &1 ;; and €9,
E E1,itE2it = E (€2,it —E24 — €24 +E2)(€1,it — E1,g,t)
t<T t<T
-1 _ _ _
= E €1,4¢€2,46 — 1 E €1,i,t(E2i + €24 — E2)
t<T t<T
_ 1 _ _ _ _
- Z €219t + T Z E1,g.t(E2i + B2t — E2), (S389)
t<T t<T
and hence
2
2 -1
nT g ng § g 51,z,t<€2,z,t - [El,z,t52,z,t])
geGr i€l, t<T
2
< T2 —1 _
=~ ’)’L TL 511t52zt [511t52ztD
g€G1 i€ly t<T
2
(nT?) -1 (E 4 E . _E
K(n ng €1,it(E2i + 24 — E2)
g€G i€l t<T
2
2 —1 -
nT E ng g g €2,it€1,9,t
9€G1 1€ly t<T
2
2 -1 ~ - ~ ~
TLT E ng E E Elg,t (62’1‘ + €2t — 62) . (8390)
g€G i€l t<T

By the Cauchy-Schwarz inequality,

2 1
(nT*) E ng g E 61,z,t€2z+62t62)

g€G1 i€lg t<T

= nT2 Zn_l ZZelzt&tQZ—i-azt 52)

9€G1 1€y t<T

Zzzglzt521+52t g5) :Op(n (S391)

g€Gy i€ly t<T

IN

where the first equality follows from (S425), and the last from Lemma S40(iii), (S310), Holder’s
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inequality and Markov’s inequality. Similarly,

2
nT2 Z n_l Z Z €2,it€1,g,t
g€eG1 i€lg t<T
2
_ 2 —%
= ()7 3 gt (DD enidEig
9€G1 1€ly t<T

IA

YD D B = 0p(Gin T (S392)

g€G1i€ly t<T

and
2
2 = = — —
(nT") Z ng Z Z E1,9,(82,i +Ea — E2)
9€G1 i€ly t<T
2
_ 2 s . .
= (nT?) Z ng Z ZELQJ(%J + 254 —&3)
9€01 i€ly t<T

< YN Y ERE +E, —85) < 0p(Gin ). (S393)

g€Gyi€ly t<T

Finally, by Assumption 1, Lemma S34(ii) and Lemma S40(iii),

2
(TN gt D0 (enivezin — Elevigeaid) | = Op(Gin™?). (S394)
9€G1 1€y t<T
Combining (S390)-(S394) yields
2
(T gt | Y0 Cridrie — Elevige2id) | = 0p (Gin7t). (5395)
IS 1€lg t<T
The claim of the lemma follows from (S385)-(S388), and (S395). Q.E.D.

Lemma S32. Suppose Assumptions 1, 4 and 5 hold. Then &%f,n,T_SQU,n,T = OJT,(Tfl(X:gEg1 n*1)1/2)

where

2
2 -1 -2 2
SU,n,T— (2nT)™ E 321 2n) E Ng E S1,i
i<n g€G1 i€ly
2 2
2 -2 —1
Dosha | —n Y mgt Do sa
i<n 9€G1 icl,
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PROOF OF LEMMA S32. From the definitions of 63, 7 and o2, ;, we can write

2 2
~2 2 _ —1 71 —1 2
OUnT — SUnT — (2nT) E (2”) E 022 —|n E S92
i<n i<n i<n
2 2
—1 —1 ~2 -1 2
+(2n) Z Mg Zal,i " Zsl,i
9€G1 i€l iely
2 2
—i—niZ E n;l E 5’17271' - E 81,2, . (8396)
e iel, iel,

From Lemma S34(ii), S%J« < K. Hence, by Lemma S39 and the Cauchy-Schwarz inequality,

1/2 1/2
(nT)™ > (03 < 2 ()33 - 307 | ()T Y sl
isn i<n i<n
+(nT)™ Y (65, — 53,)* = Op((nT?) /). (S397)
i<n
Similarly,
2 2
n! n! Z &%,i o Z 3%,1‘
i<n i<n
= 07 (63— 53:) x Y (63, + s3,)
i<n i<n
2

(VAN
N
L
3
L
>
OO
|
[V2)
N

i<n
203> (65, — s5,) x > s5,] = Op(n?). (S398)
i<n i<n

Next, by the triangle inequality, the Cauchy-Schwarz inequality, and Lemma S39,

2 2
-1 —1 -1 2
) Dot = et st
9€G1 i€ly i€ly
2y 1/2 2y 1/2
-1 —1 —1 2
S DI EAD PG PRSI F
9€G1 icly 9€G1 i€ly
2 1/2
1 E : —1§ : ~2 2 _ -1 E : -1
ng (0'1,1‘ — Sl,i) = Op n ng (8399)
9€G1 i€ly 9€G1
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Finally, by Lemma S31,

2 2
UNDDEE | DBLEY Bl DUEEY
9€G1 i€ly iely
2\ 1/2 2y 1/2
< 7Ty omgt | D (e — s LN DL DBLES
9€b1 i€ly 9€G1 i€l

2

+n72 3 gt (6120 — s1240) | = 0p(GYPn7). (8400)

g€G1 i€y
Since /e, ng_1 > Gin~!, the claim of the lemma follows from (S396)-(S400). Q.E.D.

2.2 Properties of Estimators in the Two Way Linear Model

Throughout this section, we let x;;:, j;, Z;; and Z; denote the jth entries of x;¢, Z;, T; and T

for j =1,...,d, respectively.

Lemma S33. Under Assumptions 1 and 4(ii), we have:
() (07) Sy Ser (wialy — Blagall]) = Op((n1) ),
(ii) n= ' Y, (@] — B[] E[Z]]) = Oy((nT)~/?);

(iii) T=' Y cp (@] — B[z E[z]]) = Op((nT)~1/?);
(iv) zz" = E[Z)|E[Z] ] + Op((nT)~/?).

PROOF OF LEMMA S33. (i) Given Assumptions 1(ii, iii, iv), 4(ii) and Corollary A.2. in Hall and
Heyde (1980), we obtain

2
B |(nT) 230N " (wgipwyrie — Elwgiewy i)
i<n t<T
2
=0 'Y BTV (wji0myin — Blegiawy i)
i<n t<T

< max T Y E[(@jinayin —El@jintyin])(@intiin — Blejinty )]
- t1,t2<T

oo
2 6/(4+90 2 2
sk max 53075 3413162 hz;) Joui ()[40 < K max gl 345l |16 < K, (S401)

for any 7,7’ =1,...,d;, which along with Markov’s inequality, establishes the given claim.

92



(ii) We begin by observing that

n 'y (@] —E[@EE ) =n"'Y (@ - Ez) @ —EEF)

i<n i<n
oty (E (@] @] —Elz]) + (@ - E[m)Ez]]) . (5402)
i<n
Relying on Assumptions 1(ii, iv), 4(ii) and Rosenthal’s inequality of strong mixing processes (e.g.,
(S556) in the proof of Lemma S47), we can proceed:

r{1<a5( E[(z;; — E[J_fj,i])4]

2

_ 4
T i — Elagalllies

t<T t<T

< Kmaxmax{ [ 772 [l — Bl

i<n

< -2 4 -3 4 < -2
<K <T igIg,%}g(T ||$]717t‘|2+5 +T igrle,%;(T [, ‘4+5 < KT (5403)

Hence by the triangle inequality and Holder’s inequality,

- Z Zji — E[Z;:]) (T — Elzj1])

! Z E [|(#5: — E[&5:]) (%5 — Elzyn])]
= max(;E [(Ew —E [531])2] E[(jj’i - E[i'j’i])Z])l/z < KT‘I,

i<n

which together with Markov’s inequality implies that the first term in the RHS of (S402) satisfies

n~ty (@ —El@)(@ —EE]) = 0p(T 7). (S404)

i<n
We next analyze the term in the second line of (S402). Since by Assumption 4(ii) and the Cauchy-

Schwarz inequality,

E[z:]||? + ||E[z]]|? + ||E <3 E K S405
iggggT(H [2]||” + |[E[z]|* + |[E[z]||?) (max [2iel?] < K, (S405)

we can employ Assumption 1(iii) and (S403) to show that

2
Z E[z;,i] —E[zy,])| | =n"? Z(E[@,i])QE (%) — ElZj14])]
<n! max ((E[2;,:])°E [(z7,; — El254])%])
< Kn~! m<axE [(:fj/ﬂ' — E[fj/,i])Q] < K(nT)il
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Hence by Markov’s inequality,

'y (IE 1] (2, —E[z]]) + (z; — E [z:)E[z;] ]) = 0,((nT)~1/2). (S406)
<n
Combining the results in (S402), (S404) and (S406), and applying Assumption 1(i) establishes the
lemma claim in this part.
(iii) Let i, =zt — E [z;¢] and 7, denote the jth entry of z7,. By the definition of z;, we

can express

n ’Ll 1
(jj,t —E [Ejyt])(a_jjlyt - x]' t Z m] i tx]’ it +n - Z Z Ly, z1t$]’ it T x]’ irtLs, zgt) (8407)
i<n i1=212=1
Therefore
T Z IL'J t — w]t (‘rj’,t —-E [‘i’j’,t])
t<T
n 11—1
- * | vk - * T vk * T *
=MT) Y XX+ (PT) TN DD (X X, + X X, (S408)
i<n 11=212=1

where X7, = (w;,i,t)tST forj =1,...,d,. By Assumption 4(ii), the triangle inequality and Holder’s

inequality,

*T) Y XTI X5 | < (n°T) 1ZE{1X*TX* }

i<n i<n

-1 2 2 1/2 -1
<n igrg,%}S(T(E [a:j7i7t] E[:L‘j%t]) < Kn .

Hence by Markov’s inequality,

(n°T)" ) X5 X5, = Op(n ). (S409)

i<n

We next turn to the second term in the RHS of (S408). By Assumption 1(iii),

n 41—1 n 11—1
> D XK | = D0 D BN Cov(X],) X ]
11=212=1 11=2140=1

< Kn? <max Amax(Cov(X 7 Z))) (maXE [H o D (S410)

i<n i<n
where

max max E M Sl } <maxmax » Elz ”t] < KT (S411)
j<dy i<n 1<ds i<n o
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by Assumption 4(ii). By Assumptions 1(ii), (iv), and 4(ii), and Corollary A.2. in Hall and Heyde
(1980),

(s 4 5/ 4+9)
e r%a%; |E [2)i4(j00 — Elzj0])]| < e {{?XH%J i t||2+5/2 Z i (h < K.
Hence by Gersgorin’s disc theorem
max max Amax(Cov(X;;)) < K, (S412)

7<ds i<n

which along with (S410) and (S411), and Markov’s inequality shows that for any j,j' = 1,...,d,

n 11—1
NN XL X, = 0p(RPT)1?). (S413)
11=212=1
Combining the results in (S408), (S409) and (S413) yields
-1 Z xj t— l'jt (.’L‘j/ﬂg —E [i'j’,t]) = Op(nfl). <S414)

t<T

Next note that

T Z E (2] (24 — ElZjr4]) = (nT) 7! Z Z E (2] 2} ;4 (S415)

t<T i<n t<T
By Assumptions 1(ii, iii, iv) and 4(ii), (S405) and Corollary A.2. in Hall and Heyde (1980),
2 2
i<n t<T i<n t<T
T
< nr2n<ax E[Zj4,] E[Z;4,] E[@";',z’,tlw;',i,tg]
ty1,to=1
T
< = 1)2 P
< noense(E L) 2 Bl sl

)[8/(4+)
< KnT gIZLl)I(Kn;aX ||z N,t||2+5/2 Z lai(h < KnT, (S416)

which together with (S415) and Markov’s inequality implies that

T3 Bl (@~ Eleyd) = Op(nT)1/2). (3417)
Since -
TS (el ~Blp B =T 3 B (o] ~ Bl + T Y (e~ E (m]Ele])
_ +T_1t<z_;@ BRG] - EE),
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the claim of the lemma in this part follows from Assumption 1(i), (S414) and (S417).
(iv) By the similar arguments as in the proofs of (S401) and (S406), we obtain

Var(z;) = O((nT)~"/?) and  E[z)] (z; - E[z;]) = Op((nT)~"/?) (5418)
for any j =1,...,d,. Therefore, using (S418), Holder’s inequality and Markov’s inequality,

7' —E[Z|E[z"] = (z -E[z))(z - Ez])" +E[z] (z — E[z]) "
+ (@ —E[z)E[z"] = Op((nT)"1/?),

which establishes the claim of the lemma in this part. Q.E.D.

Lemma S34. Under Assumptions 1 and 4(ii), we have:
(i) [103]] + maxi<p [75 ;| + maxe<r [73,] < K;
(ii) maxi<n <7 E[e3; ] < K.

PRrROOF OF LEMMA S34. (i) By the definition of §* and Assumption 4,

16317 = | D° D Elyiedie] | | DD Elit,it] > D ElEwid

i<n t<T i<n t<T i<n t<T
-1

< A (| (1)) 0D Bl ] (D)~ > Elyid

i<n t<T i<n t<T

< <
K 1<T?)<(TE[9Z i) < K. (5419)

By Assumption 4(ii) and the triangle inequality, we have

112 112 <
Jmax (B + Bl 2 + [El7)*) <3 max Ef?] < K. (5420)

Combining the results in (S405), (S419), (S420) yields

max |73 ;| < max|E[g;]| + [|65 || max |E[z;]|| < K (5421)
i<n ’ i<n i<n
and
max "72t‘ < max |E[g: — y]| + ||05]| max ||E[z; — z]|| < K. (5422)
t<T i<n

This completes the proof of part (1) of the lemma.
(ii) By Assumption 4(ii), (S419), (S421), (S422), the triangle inequality, the ¢,-inequality and
the Cauchy-Schwarz inequality

< 8 ] K.
(max B[] <K max Elly; [ (5423)
This completes the proof of part (ii) of the lemma. Q.E.D.
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Lemma S35. Under Assumptions 1 and 4, we have

(nT) V20N digenas = (nT) V2 0 (i i — BI(Ti + Tu)e2,a]) + 0p(1) = Op(1), (S424)

i<n t<T i<n t<T

where €251 = Yip — 2,05 — 15, — 154

PrROOF OF LEMMA S35. We begin by providing some axillary results which are useful for the

proof. First by the first-order conditions of 6, 77 ; and 73, we obtain
> ) Elif 24 =0 and  E[ey,] = Egas] = 0. (S425)
i<n t<T

Moreover in view of Lemma S34(i), Assumptions 1(ii), (iii), (iv) apply to ( Ty €2, t)

We next prove (5424). By the definition of &;; and (S425), we can express:

-1 Z Z ii,tEQ,i,t = (TLT)_l Z Z Ti €24t — nt Z Ti€24 — 7! Z Ti€o 4 + XE2. <S426)

i<n t<T i<n t<T i<n t<T
Starting with the first term in the RHS of the equality in (S426), we can use similar arguments as
n (S401) to show that

2

(nT) 2NN (wierie — Blajaeaid)| | <K (max ||zt

i<n t<T

|4+6H522t|’4+5 < K, (5427)

where the last inequality follows from Assumption 4(ii) and Lemma S34(ii). Therefore, by (S425)

and Markov’s inequality,

() 3D wigenig = (0T) D0 (wienis — Elwigzaid) = Op(nT) V2. (5428)
i<n t<T i<n t<T
To analyze the second term in the RHS of the equality in (S426), we first express:
n~! ZjiEZ,i =n! Z ((ST?Z — E[I]—L’i])égyi - E[fig‘g i -1 ZE 331 €gi+Mn -1 ZE 8429)
i<n i<n i<n i<n

We next study the three terms in the RHS of the equation in (S429). Since E[(Z;,; — E[Z;])g2,:] =
E[z;E2,] in view of (S425), by Assumption 1(i) we obtain

2
n Y (@ — ElZj4)e0 — ElZja804))| | <n”! max E[((2;,; — E[z])&2,i)?)
i<n =
< " max (E{(25 — Bley]) JEED) . (3430)
Using similar arguments as in deriving (S403), we can show that
rln<a5<E [62 i = m<axIE (B2 — E[Eg’i])ﬂ < KT72 (S431)
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which together with (S403), (S430) and Markov’s inequality implies that

> (30 — BlEa))Ee — Bl2ji82,]) = Op((nT?)72). (S432)

i<n

For the second and the third terms in the RHS of equation in (S429), we can use Assumption
1(iii), (S405), (S425) and (S431) to show that

2

n~ 'Y E[Z;)E. n~?Y (Elz;)’Ele3,] < K(nT)™! (5433)

i<n i<n

and use Holder’s inequality, (S403), (S425) and (S431) to obtain

max [E[# 22| = max B2 — B[#;)2]| < max (E[(@;: — Elz;)[E[E,]) " < K(nT)™
(S434)
Combining the results in (S429), (S432)-(S434), and applying Markov’s inequality yields
Y EEyi =0 EEE +nt Y E[TiEy] + Op(nT?)71?) = Op(nT)71?).  (S435)

i<n i<n i<n

We next turn to the third term in the RHS of the equality in (S426). By (S425), and the

definitions of Z; and 9, we can express:

n i1—1
- = = (= -2

T8y = Ty(Ea, — E[E24]) E Tit€3,4 + M E E (Ti11€3,4, ¢ T €5414Tin 1)

i<n i1=212=1

* J—
where €7, =&, — Ele;¢]. Therefore,
n i1—1
* * *
n? g (T4E2, — E[Z4E2,]) § E (i3 at T xi,t€2,i,t]) + § § E (Ti1,t€2,i5¢ + €254 Tin,t)-
t<T i<n t<T i1=2i9=1t<T

(S436)

By employing analogous arguments as demonstrated in the proof of (S401), we can establish that

(2T) "3 (@jiees iy — Elwjises ;4]) = Op(n*T) 2. (S437)

i<n t<T
Let e; = (5 )t<r and Xj; = (25, +)t<7. Then

n 41—1 n t1—1 n i1—1

Z Z Z:UJ Z11562 dg2,t T Z Z j7,1 - ]zl 612 + Z Z E ]7,1 612' (8438)

11=212=1t<T 11=212=1 11=212=1
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By Assumption 1(iii), (S412) and Lemma S34(ii),

n i1—1 2
Z Z ]1,1 - jzl])eiQ
11=210=1
n i1—1
Z Z E[ TCOV (X1 )€is)
11=212=1
< (nT)2 max max A(Cov ( ]Z))I&ag(E[Hei]Hﬂ < K(n?T)™ % (S439)

Consider the expression for the second term on the RHS of the equation in (S438):

n i1—1 n—1 n
DO EX e =) ( > E[XM) e;. (S440)
11=212=1 =1 \i'=i+1

Using arguments similar to those employed in deriving (S412) we deduce

max A(Cov(e;)) < K. (S441)

i<n

Therefore by Assumptions 1(iii) and 4(ii), (S440) and (S441),

n i1—1 2 n—1 n n
E YD EBXJen| | =) < > E[XjTi,]) Cov(e;) ( > E[Xj,i,}>
i1=212=1 i=1 \i'=i+1 i =i+1
<KZ > L] JEX
i=1 ¢} if=i+1
n—1 n 2
<K ( > HE[XJ»J,]H) < Kn’T, (S442)
=1 \i/=i+1

where the last inequality is by ||E[X;]||* < ZtSTE[x?,i',t] < KT. Combining the results from

(S438), (S439) and (S442), and applying Markov’s inequality yields:

n i1—1 n—1 n
RO I IERENEEIE o B RS vl

i1=2i2=1t<T i=1 \&’=i+1
+0p((n°T) %) = Op((nT)/?) (5443)
Next consider the following expression:
n i1—1 n 11—1 n i1—1
Z Z Z€§,i1,t9€i2,t = Z Z eiTl(Xj,iz - E[Xja]) + Z Z e“E jiia) (S444)
i1=2i2=1t<T i1=2is=1 i1=2iz=1

Using the same arguments as in the proof of (S439), we can establish:

n i1—1 2

Z Z Xjin — E[Xji])| | < K0*T)~" (S445)

11=212=1
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By employing arguments similar to the proof of (5442),

n ii—1 2 n o fi—1 i1
23S | | = 0SS (S cote S0
11=212=1 =2 = =
n i—1
<Kn’T) %> E[X ] E[X; ]
i=2 b =1
n o fi-1 2
<K (Z ||E[vai,]|y> < K(nT)™!, (S446)
i=2 \i'=1
which along with (S444), (S445) and (S446), and Markov’s inequality implies that
n t1—1 n i—1
T2 2 D SBamne = (D)) Y BIX e+ Op(nT) 1) = Op((nT) ).
11=212=1t<T 1=2 /=1
(5447)
By Assumptions 1(iii) and 4(ii), and (S441),
2
(*T)"' > E[X [ es| | = (0°T)7* ) E[X[,)Cov(e)E[X.]
i<n i<n
< (n*T)~* max A(Cov(e;)) DIEXG? < KT
= i<n
which together with Markov’s inequality implies that
(n*T)"' > E[X e = Op(n*T)~1/2). (S448)

i<n

Combining (S436), (S437), (S443), (S447) and (S448) yields

n—1
T Zx]tagt—E[xﬂ@t (n?T) 12(2 ])ei

t<T =1 \#/=i+1
n i—1

+(@*T)71 Y Y EX e + Op(n*T)1?)
=2 3'=1

= 1)) S TEX e + Op(nT)712) = 0p(nT)712).
1<n =1

(S449)
By Assumptions 1(i, iii) and 4(ii), (S425) and Holder’s inequality,
R _ e _ _ 9 n1/2
s 230]| = o B30 — Bl )eadl < mave (E1(50 — Elesa)JEIE3 )
<n~! max (E[%Q‘,z‘,t])ln max_ (E[e? t])1/2 < K(nT) /2. (S450)

i<n,t<T i<n,t<T
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Collecting the results in (S448), (S449) and (S450) yields

T 25480 =T ElXjiE2s] + (0PT) 1) 0D EIXilei + Op(*T)1/?)

= t<T i<n i'=1
=T ZE[jj,tEQ,t] + 7! Z]E[‘i‘j,t]glt + Op((n2T)_1/2) — Op((?’LT)_l/2),
t<T t<T

(S451)

We next turn to the last term in the RHS of the equality in (S426). Since E[g2] = 0 by (S425),

we can express

(@ — E[z])g2 = (z — E[z])(E2 — - Z (@i, — E[24,]) (E2,ip — E[E2,i2])
i1,i9=1
n 11—1
n—? Z )(82,i — E[e2,]) + n 2 Z Z (Tiy — E[T4]) (82, — E[E2,3,])

i<n 11=2149=1

n i1—1
n2Y Y (Eai — Elea)) (@, — E[5)). (5452)

1=2i5=1

By the triangle inequality and Hoélder’s inequality, we can show that

i<n i<n

[ Y (@50 — Blzja)) (o — Eleg,)) ] <n ) E([(25: — EZ;4)(E2s — Ele))]]
<n”! max(E [(Z; - E[z;4))] E [(2.: — Elg24])%])"/?

< K(nT)™ ', (S453)

where the last inequality is by (S403) and (S431). Similarly, we can show that

n i1—1 2
E |2 > (%4 — El7)4,]) (E2i, — Ele2,))
11=212=1
n i1—1
=0 > S B (@0 - Elzi]) @i - Ela))l?]
11=212=1
<07 (max(Blays - Byl max(Bllegs - BE2I'D?) < KGT)? (5150
and
n i1—1 2
E[|n72Y > (E2i — ElE2i) (@0 — ElZj0))| | < K(nT)™2 (S455)
11=212=1
From (S452)-(S455) and Markov’s inequality, we deduce that
(z — E[z])g2 = Op((nT) ™). (S456)
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Since £y = n~! > i<n(E2i — E[g2,]) by (S425), using Assumption 1(iii) we get
Elleal’] = 072 Y E [J22 — Eleoll’| < 07! maxE [[ea; — Eleo,?| < K@) ™, (8457)
1SN
1<n -

where the second inequality is by (S431) and Holder’s inequality. Therefore, by (S405), (S457) and
Markov’s inequality, we get
E[z]gy = O,((nT)~Y/?).

This, combined with (S456) shows that

72y =n"" Y Elzleai + Op((nT)™") = Op((nT)~"/?). (S458)

1<n

The claim of the lemma now follows from Assumption 1(i), (S426), (S428), (S435), (S451) and
(S458). Q.E.D.

Lemma S36. Under Assumptions 1 and 4, we have:

0y — 03 = (27 22,0 — E[(Zi + Ze)en,i4]) + 0p(nT)7H2) = Op(nT)™H?),  (8459)

i<n t<T
h R OF — ~X . A
Where €2t = Yit — L3 V2 — Vo1 — Yo

PrOOF OF LEMMA S36. By the definitions of 92, 05 and €24, we can express:

0y — 05 =S (nT) ™t Z sz Wit — 0" = E YnT)t Z Z Z4,1€2,4 ¢

i<n t<T i<n t<T
")™Y D Eerie + (S5 = Sp (D) T Y Y diea (5460)
i<n t<T i<n t<T

By the definition of f)x and Lemma S33,

Yi— N = (1)) Y (@i, — EBlzigal)) -0 (zE i) E[z]])

i<n t<T i<n
—T7'Y 1z —E@]Ez]]) + (@2 —E[Z]E[z"]) = Op((nT)"/?).  (S461)
t<T

This, combined with Assumption 4(i), further implies that
Amin(22) > K%, wpal. (S462)

Summing up the results in Lemma S35, (S461) and (S462) yields

2 2

1 ; 2
, |55 — | —1 . )
ggazisi < = nT ggazzsz = O, ((nT .
AV RN )\min(zs‘é))\min(zg’é) ( ) NASPRA p(( ) )

i<n t<T i<n t<T

S—1
X —
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This together with (S460) shows that

0—0" =71 (1)) Fenin + Op(nT) 7). (S463)
i<n t<T
The claim of the lemma now follows from Assumption 4(i), Lemma S35 and (S463). Q.E.D.

Lemma S37. Under Assumptions 1 and 4, we have:

(nT)~" Z Z Eg,i,t — (Wit —;«"Zt‘% —Agi1)? _ n! > i<n (83, )P +T > i< (83, )7 +0,((nT)™Y)

, 2
i<n t<T

— T p* * * =k —1 * =% — o —1 * *
where €21 = Yit — xi,t02 — Vi~ Yoy E2; =T Zth €oitr €2¢ =T Zz‘gn €24t and €24t =

€2, — Eleaiy].

PROOF OF LEMMA S37. First note that y;; — :cztég — Aoip = Jig — & t02 =891 — % (02 —03),

where Eoit = €244 — €24 — E2t + E2. Therefore

(nT) - Z Z [ (Yit — ; t92 ’A72,i,t)2 - 5%,7;,15}

i<n t<T
—@nT)IY D (B — i) + (0TI Y e i (62— 63)
1<n t<T i<n t<T
—2nT) (02— 05)T Y ) ] (62 — 03). (S464)

i<n t<T

By Lemma S35 and Lemma S36,

(D)) gpiii (0 — 03) = (nT)7HY 0 e 4] (02 — 05) = Op(nT) 7). (S465)

i<n t<T i<n t<T

By Assumption 4(ii) and (S405), ||X;|| < K which together with (S461) implies that

Si = 0p(1). (S466)
This along with Lemma S36 implies that
2nT) (B2 — 05)T D 0> i (02 — 05) = Op(nT) 7). (S467)
1<n t<T

By the definition of &;, we can express

-1
Z Z 82 it = nT Z Z 52,1,t£2,7,,t

i<n t<T i<n t<T
=)' > e, -nt Y &, -T > & +E. (S468)
i<n t<T i<n t<T
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Therefore by (S457) and Markov’s inequality

—(2nT)~ ZZEQH 62” (2n) 12622 (2T 1252t+0(nT) (S469)

i<n t<T i<n t<T

The claim and the lemma now follows from (S425), (S464), (S465), (S467) and (S469). Q.E.D.

Lemma S38. Under Assumptions 1 and 4, n~* ZKn((}g’i — 82.) = Op(n™1), where s%}i =

! Zt<T [62,2,15]

Proor oF LEMMA S38. Using Lemma S37 and the definition of & 06 4i» we have
T G ) ok = ()T YD (i~ &)
i<n t<T i<n i<n t<T
= 071 Y (@2 HTTY (85)° + Op((nT) 7). (S470)
i<n t<T
By Assumption 1 and Lemma S34(ii)
Efes} + 855 < Kn™? and E[g3'] < Kn ™. (S471)

Hence by Assumption 1(i) and Markov’s inequality,
'y @)+ T (5, L(n7h). (S472)
i<n t<T
From (S470) and (S472), it follows that
nTtY 65, = ()T Y Y e+ Op(nh). (5473)
i<n i<n t<T
Similarly, Assumption 1, Lemma S34(ii), and Markov’s inequality imply
)Y (i —ElE3 i) = Op(n 7). (5474)
i<n t<T

Combining (S473), and (S471) with the definition of ng,i establishes the claim of the lemma.
Q.E.D.
Lemma S39. Under Assumptions 1 and 4, n~* Zign((}gﬂ- —55,)° = Op(n1).

PrROOF OF LEMMA S39. By the definition of 6’%72-,

~92 —1 —1
02 = E g =T E €2zt—l’ (B2 — 63))>

t<T t<T

= T, 2T Eaad) (02— 05) + (B2 — 05)T [ TN diadf, | (62— 65).

t<T t<T t<T
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Therefore, by the Cauchy-Schwarz inequality,

2
nt Z(&%,i —s5,)° = 0! Z Z &3t — 55y
i<n i<n t<T
2
< K\ e | K0TS lescedl|[ 182 — 6512
i<n t<T i<n t<
2
K@)y 3" xT\ 16> — 031" (5475)
i<n t<T
From Assumptions 1 and 4(ii), and Lemma S34(ii), it follows that
E[[l&:]"] + Elll22,4]1"] < K. (5476)
This together with Markov’s inequality implies
2 2
(7)Y ( Fiad, ‘ + )Yy Hégvi,tizt ( = 0,(1). (S477)
i<n t<T i<n t<T
Combining this with Assumption 1(i), Lemma S36, and (S475) yields
2
n > (63 P<KnT Y Ty 8 sk | +0(n77). (5478)

1,<n Z<n t<T

Using (S425) and the definition of &3 ;;, we may write

. —% —% —%
€2,it = €2,it —Eg; — gy +E.

Hence
-1 _ -1 2 2 1 _x _x
E & it~ 52 i, = T E (62,4 — Eleg;4)) +T E (83 +85, —
t<T t<T t<T
-1 =% —* —*
—2T E €2,i4(85,; + 83, — ).
t<T
Therefore,
2
-1 Z -1 Z -1 Z —1 Z
n 5221& 852, < Kn 82115 5211&])
i<n t<T i<n t<T

Kn '3 (770 3@+ 250 - 2

i<n t<T

£)°

2

En 'Y [T e85, +85,—85) | . (S479)

i<n t<T

105



From (S471) and Markov’s inequality,

(nT)~! Z Z iy s §§4t O,(n™?) and &' =0,(n™?). (S480)

1<n t<T

Together with Assumption 1(i) and the Cauchy—Schwarz inequality, this implies

2
nIDY T G tE, —E)? | <KDY ) (@5 +ash+ 85 =0,(n7?). (S481)
i<n t<T i<n t<T
Similarly,
2
Y T enia(Eh 83, —ED)
i<n t<T
< (nD)7! Z Z*’g%,i,t(é;,i +85, — £3)°
i<n t<T
< O e, [T (6 +E, —E) = 0p(nTY). (S482)
i<n t<T i<n t<T

Finally, by Assumption 1 and Lemma S34(ii),

2

n~! Z - Z e300 — Ele3i4) < K(nT)™ Z e H52,z,tH2+6 <KT™

i<n t<T i<n —

Thus, by Assumption 1(i) and Markov’s inequality

2

Tty TN (i —EBlBl) | = 0p(nh). (5483)

i<n t<T

The claim of the lemma follows from Assumption 1(i), (S478), (S479), (S481)-(S483). Q.E.D.

2.3 Properties of Estimators from the Heterogeneous Time Effects Model

Lemma S40. Suppose that Assumptions 1, 4(ii) and 5(i) hold. Then we have
(i) (nT)~ Zt<T degl ng(Zg, tx;t E[a‘cg,t]E[a_c;t]) = Op((nTVl/?);
(i) |07 || + maxgeg, <7 177 0| < K
(iii) maxi<p <7 Ele}; ] < K.

PRrROOF OF LEMMA S40. (i) By Assumptions 1(iii) and 4(ii), we can establish

T 7] <
(Bl + [Elfel) < K. (s484)
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and

_ - 2 -1 2
e e T DL LS (5485)
g

Consider the expression:

jg,tf’«";t - E[Q_fg,t]E[ﬂ_C;t] = (fg,t - E[jg,t])(@;t - Eﬁ;t])

+ E[jg,t] (j;t - E[j;t]) + (i"g,t - E[fg,t])E[j;t]' (5486)

By the triangle inequality, Holder’s inequality and (S485),

E (”T)_l Z Z ”g(fj,g,t - H“-'j[fj',f],t])(jj’,gﬂf - E[fj’,g,t])

t<T geb1

<)Y 0N ngE [[(#),00 — BlZ)0.) (T g0 — BT 0.4])]]

t<T gcGy

< (nT)7 Y0 Y maxBlng (250 — Eftgel)’]

t<T geG1 "~ — ’

- - - 2 -1
< Gin? max max Blng(Z;ge — ElZj4])7] < Kn™". (S487)

By the definition of Z,;, we can write

(”T)_l Z Z ngE[Zg,] (i‘;—,t - E[i‘;—,t]) = (nT)_l Z Z ZE[jg,t](:Ez—‘l,—t - E[$;rt])

t<T geGy g€Gy i€y t<T

Hence by Assumption 1(iii) and the Cauchy-Schwarz inequality,

2
E[|(nT)" Y 0> ngBIT0.4)(Zj g0 — ElTjr g.4))
t<T geGa
2
=(nT) > Y B D E@igul(wris — Elwjrigl)
geGri€ly t<T
2
< (HZT)_l Z Z ng_l Z E||T1/2 ZE[l'j,i’t](xj’,i,t — E[-%'j’,i,t])
geG1i€ly iely t<T
2
< (1) ' max E | |77 Blay o) (0,00 — Bl )| | - (S488)
Li'sn t<T

By Assumptions 1(ii, iv) and 4(ii), and Corollary A.2. in Hall and Heyde (1980), we obtain
2

max B T2 " Elaj (w0 — Elzyad)| | <K
= t<T
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which along with (S488) shows that

2

E | |nT) S 3 ngBl 00300 — Elzyg))| | < K(nT)! (3489)
t<T geb1

for any j, 7/ = 1,...,d;. The claim of the lemma in this part now follows from (S486), (S487),
(S489), Assumption 1(i) and Markov’s inequality.

(ii) By Assumptions 4(ii) and 5(i), we can use similar arguments in (S419) to show that |67 <
K. This together with (S484) further implies that maxgeg, 1<7 |77 54| < K.

(iii) This part can be proved using similar arguments in the proof of Lemma S34, and its proof
is hence omitted. Q.E.D.

Lemma S41. Suppose that Assumptions 1, 4(ii) and 5(i) hold. Then we have
(D)2 YD i = D)) > > (#erie — Elfgeerid) + Op(n 1), (3490)
i<n t<T t<T geGy i€y

where

(nT) e Z Z Z t51,1,t - [%,ﬂl,i,t]) = Op(1). (S491)

t<T gegi i€l

PROOF OF LEMMA S41. By the first-order conditions of 67 and 77 ,;, we have

> S Eliferied =0  and  E[eyg] =0 (S492)

i<n t<T

where g1 4 = ng_1 >ic1, €1t Moreover in view of Lemma S40(ii), Assumptions 1(ii, iii, iv) apply

T
to (mi,v 51“) .

Let 27, = w;r — Elz; 4], X = (27,)i<r and e1; = (e1,it)t<r. Then

Ng—i—ng i
(Zgt — E|T44])E Ti 1t + Ny (@] €1, + Tjry€1,it)
g,t gt l,g,t = g i,tC L.t 1,t< 1,3’ itcl,t)-
i€ly i=Ng+2i'=Ng+1

Since E[(Zgt — E[Zg.¢])81,9,t] = E[Tg181,44] by (5492), and E[z] 1] = 0 and E[xj,e1,¢] = 0 for

any 7 # i/, we can use the above expression to obtain

Z Z Ng [(jj,g,t - E[jjﬂg,t])él,g,t - E[fg,t‘gl,g,t”

t<T geGy

Ng+n 7 * 1
—E[X 61 g X i €1 /%X ,611
- J z 1,9 i Ji
=22 Y YN (8493)
geG1 i€ly g€G1 i=Ng+2i'=Ny+1
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By Assumptions 1(ii, iii, iv) and 4(ii), and Lemma S40(iii), we can establish

2
X*T . E[X*Tel 7,]

EDIDDE

g€gy 1€ly

2
X;:T ; E[X;IGLZ‘]

ZZZEU |

g€egi i€ly
T T 2 27 —1 1
< Gq(nT) ™2 maxng ' maxE UX* e1i — E[X; e1] } < K(n°T)” maxng (S494)
g€G1 i<n g€G1
where the last inequality is by
T T 2

max E [ ‘X* i —E[X T er] } <K (S495)
i<n

which can be verified using Assumptions 1(ii, iv) and 4(ii), and Lemma S40(iii) and similar argu-
ments in (S401). Therefore by (S494) and Markov’s inequality, the first term in the second line of
(5493) satisfies
— E[XY ] e1
Ay e B ) o ey e 1), (san

geG1i€ly

We next study the second term in the second line of (S493). By Assumption 1(iii), Lemma S40(iii)
and (S412),

Ng+ng 7 2

Yy oy e

g€G1 i=Ng+2i'=Ng+1

; T T
Ng+ng 7 [ e, X*X*,Z el,i’:|

EDED DD e
2
Ny

g€G1 i=Ng+2i'=Ng+1

Ng‘F’ﬂg 7 Hell ” ]
< max max Amax (Cov(X Z Z Z
Jsda i=n gE€G1 i=Ng+2i'=Ny+1 g
< KGy(nT)™? m<aXIE [||€17i|’2] < K(n?T)~ % (5497)
i<n

Therefore by Markov inequality, we have

Ng+ng % X*T y

YN Y o (), (S498)

g€G1 i=Ng+2i'=Ny+1

Combining (S493), (S496) and (S498) yields

()72 > " ng [(Fjg0 — ElZjg.0)E100 — ElZgiE1,04]] = Op(n~/?). (5499)
t<T geGy
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Since

DD duerie =) Y @eric— ), Y ng(Zes — ElTg])Ergn,

i<n t<T i<n t<T t<T geGi
the claim in (S490) follows from (S499).
To show (S491), we note that the combination of (S495) and Markov’s inequality leads to

(nT)V2Y 0D "t erie = Op(1). (S500)

1<n t<T

Next, by Assumptions 1(iii), 4(ii) and Lemma S40(iii),
max max |ngE|Z; ,+& = maxmax [nyE[(Z;,: — E|Z; E
ot 969)1(| gE[Z).g,481,9.]] o geg’f’ gBl(Zj,,¢ [Z5,9,t])E1,,¢]]

Qi _ =2 1/2
< maxmax (ngE((Z;.0. — E[2)04]) JEEY 4.4))

< max max (E[:c?’w]E[aii’t])l/z <K,

t<T geG1

which together with Assumption 1(i) implies that

()20 ngR[EgE144]| < KGh. (S501)
t<T geGi
Since G is fixed, the claim in (S491) follows from (S500) and (S501). Q.E.D.

Lemma S42. Suppose that Assumptions 1, 4(ii) and 5(i) hold. Then we have

-1
(0 —07) = 25" 50 3 (@erae — Elfgaenid) + opl((n) ™) = O,((n7) 7).

t<T geG i€l

PrRooF OF LEMMA S42. By the definition of @;;, we obtain

(nT)~* Z Z x'iii'zt = (nT)! Z Z 37i,txiT,t — (nT)7! Z Z ’ng.f'g,t.th.

i<n t<T 1<n t<T t<T geGy

Hence by Assumption 5(i), Lemma S33(i) and Lemma S40(i),
Si — i = O0p((nT)™Y2) = 0,(1) (S502)
which together with Assumption 5(i) implies that
Amin(3:) > K1, wpal. (S503)

The rest of the proof follows similar arguments in the proof of Lemma S36 and hence is omitted.
Q.E.D.
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Lemma S43. Suppose that Assumptions 1, 4(ii) and 5(i) hold. Then we have

A~

—*2

. (it — 2,01 = F104)° -1 gl,gt -1
(nT) ZZ 5 =)y > Op((nT)™7)

i<n t<T t<T geGy

*

—x% — 1
where & g = ny Zielg €1t

Proor or LEMMA S43. First, observe that y;; — %T,tél — Y14t = €1t — szt(él — 07), where

€14t = €14t — E1,9,t- Lherefore,

(nT) -1 Z Z [ Yit — T 91 - ’71,z’,t)2 - 5%,1‘,4

1<n t<T
2nT ZZ gllt Ellt Zzglltxzt QT)
i<n t<T i<n t<T
—@2nT) (01— 01) ") 0 diad (61 — 67). (S504)
1<n t<T

Using Lemma S41 and Lemma S42, and similar arguments as those used to derive (S465) and
(S467), we can show that

(T D el (00— 07) = (0T) Y D e (01— 07) = Op((nT) ) (S505)
i<n t<T i<n t<T

and

@nT) M0y — 07) T 0D " dii (61 — 07) = Op(nT) 7). (S506)

1<n t<T

Combining (S504)-(S506) yields

(nT)~! Z Z [ Yit — Ty t91 ;Yl,i,t)Q - 5%,1‘71:}

1i<n t<T
ZZ Elztélzt 5%1,1&) +Op((”T)71)
i<n t<T
-1 NgEt gt -1
>N — T Op((nT)™"),
t<T gcGy
which together with (S492) shows the claim of the lemma. Q.E.D.

Lemma S44. Under Assumptions 1, 4(it) and 5(i), 3~ ¢, n;l Zidg(ﬁii—sii) =O0p(DXyeg, 1 _1),

where s3; = T~ 3 Elel ;4.
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Proor oF LEMMA S44. Using the definition of 6 051 ;» we have
) —1 2 _ —1 ~2
o1, —T Zel,i,t =T Z(slzt
t<T t<T
_ -1 _op-1
= gllt gllt glltxzt
t<T t<T

(01— 00T | TN i, | (61— 67).
t<T

From this expression, we may write

-1 ~2 -1 2 _ -1 -1
dong D T e | = T ) mgt ) > (i — el

geG i€y t<T g€G1 i€ly t<T
_ -1 § —1 E §
- gl Jit 81,1,15
9€G1 i€ly t<T

—61)

—o7 1 Z n,! Z Zél,i,ti';,rt<él - 67)

9€G1 i€lg t<T

(S507)

O -0 D ngt YOS dgd] (61 — 01R508)

geG1 i€ly t<T

By Assumptions 1 and 4(ii) and Lemma S40(iii)

E||2iell") < K and Ellle1aell'] < K.

(S509)

Together with Lemma S42, the triangle inequality, the Cauchy-Schwarz inequality and Markov’s

inequality, this implies that the quadratic term in (S508) satisfies

Gr=00)" [T 0t 0N dadl, | (61— 67)

g€G1 i€ly t<T
< 00 =051 x T 0yt N Claiall? = O0p(Ga(nT) ).
g€q1 i€ly t<T

Similarly,

T Z n;l Z Zél,z‘,ti’zt(él —07)| < |16 —67]|xT" Z n;l Z Z H@,i,tﬁcztll =

9€G1 i€y t<T 9€G1 i€lg t<T

Next, since €1, = €1,i,t — £1,9,t, we can decompose

T g DD Ea =T ) ng' D D iy =T ) > &y

9eG1 i€l t<T 9eG1 i€l  t<T g€Gy t<T
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By Assumptions 1, Lemma S40(iii), and (S492),

E[gt ] = E[ETY ] < Kny?. (S513)

Hence by (S512) and Markov’s inequality,

T 'Y Y@l =T' D Y d =0, [ > n,' |- (S514)

g€G1 1€ly t<T geG t<T g€Gi

Combining (S508), (S510), (S511) and (S514), we obtain

Dongty | T Y R | =0, | Doyt G (S515)

g€G1 i€ly t<T 9€G1
Finally, by Assumption 1, Lemma S40(iii), and Markov’s inequality,

1/2

71 Z n;l Z 2(5%” - E[E%,i,t]) =0p n~t/? Z n;l

g€G1 i€ly t<T g€G1

Together with (S515), this implies

1/2
5ot S (ot -1 5] =0, | S at Gt [
g€G1 i€ly t<T g€G1 g€G1
(S516)
Since degl n;l > Gin~! > n7!, the claim of the lemma follows from (S516) and the definition
of sghi. Q.E.D.
Lemma S45. Under Assumptions 1, 4(it) and 5(i), 3 g, (n;l Zielg(‘}%,i_sii))Q = 0p(Xyeq, n;l).
ProoF oF LEMMA S45. Using 1 and the Cauchy-Schwarz inequality, we have
2
Do |met D ity | < K (D)) Y (R el
g€G1 i€l 9€g1 i€lg t<T
. 2
+K]101 = 65112 3 (g D) Y0 Y ||enacit |
9€G1 i€ly t<T
R0 =611 Y (ngT) YD M2 (S517)
9€G1 i€ly t<T
By the similar arguments for showing (S510) and (S511), we have
101 = 011" D~ (ngT) ™Y 0D Mlisiisl|* = Op(Gan™), (S518)

9€G1 i€lg t<T
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and

‘ = 0,(Gin72). (S519)

18— 6512 3 ) S vt |

9€G 1€l t<T

Next, since €1, = €1,i,t — €1,9,t, W€ Obtain

Z (”gT)_1 Z Z(%m - 5%,2‘,15)2 < 2 Z (”gT)_l Z Zg%,i,tgig,t

9€G1 i€y t<T 9€G1 i€ly t<T
Pt S =0, [ St s
g€G1 1€ly t<T g€G1

where the last equality holds by Lemma S40(iii), (S513) and Markov’s inequality. The claim of
the lemma now follows from (S517)-(S520). Q.E.D.

3 Proofs for Appendix C of Hahn, Liao, Menzel, and Vuong

(2026)

PROOF OF THEOREM Al. By (S612) in Lemma S57, Assumptions 8 and 10(i), and Lemma S58,

max |(ngTn) Y0 30 0z dgm) [ (067087 = 0,(1) (8521

g€G,meM i€ly tely,
for |v| < 3. Applying the Taylor expansion to the second equation (S622) obtains

Od9><1 = Z Z (nng) |:f[10,g,m + q’&@,g,m(é - 6*) + \@Gv,g,m(’?gym - 7;,m)]

geG meM
YN (T — &5 m)  Wo,60,9.m(Pgm — Bhm)
g€G meM j=1,...,dg
o | D2 22 Tl dgm — dgmll® | (8522)
geG meM

where the last term is by (S521) and the Cauchy-Schwarz inequality. By Lemma S62 and (S537)

in Lemma S1

Z Z TLg h/gm ’Ygﬁan Eg;%)éMH:Yg,m_Py;,mHZ Z H:Yg,m_’)/;,mHQ

g€G meM geG meM
=0, (@ _mx (0T)72) 0, (G + (D)0~ 07])
— M 1+1/p Tm —1/2 2
0, (M1 e, (ngT,) ), (5523)
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which together with Lemma S62 implies that
SN gT)l1bgm — o> S KD (ngTedllWgm — Vomll* + K (D)0 — 07|
geg meM geG meM

_ 1+1/p ~1/2
O, <(GM) geg}%}éM(nng) > . (S524)

By (S621) in Lemma S60 and Lemma S62,
(D)0 Vg gm(B—67) = (D) > Tapgm(B —6%) + 0, ((nT)—1/2) . (S525)
g€G meM g€G meM
Combining the results in Lemma S63, Lemma S64, (S522), (S524) and (S525), and applying

Assumption 10(ii) we get

Odyx1 = (”T)_l Z Z (”ng)(‘i’G,gm — Yoy, m‘I’wlg m‘i’%g,m)

geG meM
nT - Z Z \1’09,5] m ‘IIG'Y g,m ‘I/w g, m\I"yG,g,M)(e - 9*)
ge€G meM
S ST [0 )
geg i€ly
-1 T 1 -1 T
\IJG’Y g,m \II’Y%gym (E [\I/’Y g,m\Ij’y’y g, m\Ij"/jV%%W\Ij'y'y,g,m\Il%%m] )j<d
geg meM =%y
1 1 : —1/2
m) (E [ Y9, mwvwgmqjejv%gy \Ilv'ygm\lj%g,m]> <d + Op ((TLT) / ) .
geG meM =46
The assertion of the lemma follows from Assumption 9 and the above equation. Q.E.D.

PROOF OF THEOREM A2. First note that by Lemma S67 and Lemma S68

(’I?,T)_l/2 Z (nng)(<2>g,m - ¢;,m)—r\ij¢¢,g,m(a}g,m - ¢Z,m)

meM

= (nT)~'/? Z Z (g T) g ¥ g.m Urvgm + 0p(GM) 2 (nT)71/2).
geG meM

which together with Lemma S66 implies that

()20 (1T [ Fgum(Dgm) = Vyam(61m)

g€G meM
= (TLT)_l/2 Z Z (nng)\ij(b,g,m((Abg,m - (bz,m)
g€G meM
1/2 1 T 1/2 1/2
> (gTn) V] U g Py + 0p((GM)Y2(nT)71/2), (S526)
g€G meM
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By Lemma S62 and (S553) in Lemma S47,

(nT) 23" 3" (0 Ton) W g, (6 — 60°) Ha 0

geG meM geG meM

which together with (S526) implies that

()23 (1T [Fgm(Dgm) = Fgm ()]

geG meM
- (TLT)_l/2 Z Z (nng)\iJ%g,m(ﬁ/g,m - '7;,m)
g€G meM
e 1 I 1/2 1/2
Z Z 1gTm ngqjv"/g m¥ry,gm + 0p((GM) / (nT)~ / )- (S527)
geG meM

The assertion of the lemma follows from (S706) in the proof of Lemma S67 and (S527). Q.E.D.

PROOF OF THEOREM A4. By the martingale CLT (e.g., Corollary 3.1 of Hall and Heyde (1980)),
to verify Assumption 11(ii) it is sufficient to show that (105) and (106) hold.
To show (105), we first notice that
E[(¥; + V)’ | ElU7|Fari-1] | 2B[(¥] + Vi) Uil Furi-i]

Bl \For ] — i : . 5528
[é‘nT,Z’ ’I’LT,Z 1] nw%vT + nwth + nw’?l,T ( )

By Assumptions 11(i) and 12(iii), and Lemma S70,

Zign]E[ﬁz?’fTLT,ifl] _ ZzSnE[Uz2]
nw%,T nw%,T

+o0,(1). (S529)

By the independence of {z;;},, across i, \I’j + f/;* and U; are uncorrelated which implies that

nwp =Y Var(U; + Vi +T;) = Y _(Var(¥; + Vi) + Var(Th)) = Y E[(T] + V;*)* + T7] (S530)

i<n i<n i<n
where the third equality is by E[U;] = 0 for all i. By (S528), (S529) and (S530) we deduce that

Sicn BI(W] + V)2 + U7
ZE[ngﬂfnT,i—l] = = 2

i<n nwn,T

23 e B(UF + VA Ui| Forie
N > i<n El( : YUi| Fur 1]+0p(1>
nwy, o
_ 2iza Bl y ) ]+op(1):1+op(1), (S531)
nwy,

where the second equality follows by Lemma S69 and Assumption 12(iii). The first sufficient
condition of the martingale CLT, i.e., (105) now follows from (S531).
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To verify (106), we notice that for any ¢ > 0,

> B[y I{|€nral > €} <

i<n i<n

K€72 Zign E[(‘i’f)ﬂ + Zign E[(‘Z*)ﬂ + Zign ]E[ﬁ;i] .

(nng,T)z

(S532)

y (S718) in the proof of Lemma S69,

_ E[(F)* _ B[, — By P AN
Ezgn [( z) ] _ZZSn H 1,0 2,'L| ] <n_1maXE ( 1,0 2,2) §K7’L_1. (8533)

(nwp 7?2 (nw;, )2 B isn

By Assumption 11(i) and (S719) in the proof of Lemma S69
Sicn B3] _ Ygeg, Liier, B [(V55)]

=Pl kY Y
2 \2 2 )2
(nme) (nw 1T) gegG;icly
SKMT?Y ng® < KMIG;T *maxn,® < KG; ' maxn,® (S534)
gegg gGgg
9€G;
where the last inequality is by
M?G;T™2 = (M;G,;(nT)" /> (nT")G; ' < KG;, (S535)

where the inequality follows since n7~! < K by Assumption 1(i) and M;G;(nT)~"/2 < K by
Assumption 10(ii). By Assumption 11(i) and Lemma S71,

_ E[|U;;|* S E U -
Zlgn H 75 ‘ ] - degj Z €ly H s ‘ ] S K Z ZszT_Qn;Q

2 2 - 2 2
(nme) (nme) g9€G; i€ly
< KM?G;T*maxn,' < KG;'maxn, "', (S536)
9€g; g J 9€g; g

where the last equality is by (S535). Collecting the results in (S532)-(S536), we deduce that

ZE[gsz,iI{|§nT7i| >e}] < Ke? (n_l +G;1 Igré%}]-(n;l) —0,asn,T — oo
i<n

which shows (106). Q.E.D.

Theorem S1. Under Assumptions 1, 7, 8, 9 and 10, we have

max H%m _ 7;,?71“
9€G;meM (GM)V/P(n,T,y,)~1/2

= 0,(1), (S537)

and
H;yg,m ~ Yo + ¥y gm \I’%g,mH
max
geG,meM (GM)2/p(ng m)_l

where Wy gm = (ngTi) ™ Zzelg > ter, Yy (Zig)-

= Op(l)a
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ProOOF OF THEOREM S1. By the triangle inequality,

H'Aygm B 7;, + \I"wl g,m \IJ%g,mH
max
9€g,meM (GM)Q/p(nng)_l + Hgbg,m - (b;mHQ

1/2 H\II’Y’ng,m(ﬁ/g,m - ’7;,771) + \Ilfy'y,g, \P;q, g, m\I’%g’mH
(GM)Z/p(nng)il + H&)g,m - ¢g,m”2

- ) . ~ 5 R
< max ()\ ((\IJ 1 ) ))1/2 H\II’Y%97m(797m Vg,m) + \I/'ye,gim(e 0 ) + \I/%g’mH
= geGmem’ M Ey.gm (GM)2/P(ngT,,) 1 + |bgm — &% mll?

< Amax (W21 )2
_geg}%}é/\/{( ma. (( 'y’y,g,m) ))

m ‘1’7%9, )‘I’wlg m\i’%g,mH
(GM)2/P(ng Ty, )1

-1 1/2 1/2 ||\ fo *
x| Qnas(85) 1)) 20 [ 230,00 — 0°)

A ‘II’Y’YyQy
Ao (U 1/2 H
*géﬁﬁM(ma“ Aam)?))

(S538)

The first term on the far RHS of (S538) can be analyzed using (S626) of Lemma S62 and Lemma
S60(ii) to yield

()\maX((ql;’ig,m)2))1/2 H\ily'y,g,m(;yg,m B ’quk:m) + i”y@,g,m(é o 9*) + \jjl,%g’mH O (1)
max ~ - '
g€GmeM (GM)2/P(ngTn) =t + || by m — O mll? g

(S539)
In order to analyze the second term on the far RHS of (S538), we note

(Woyy,g,m — ‘I’w,g,m)\p% g;m Yr.g,m H

max = (Amax((¥3) 5m) ))1/2‘

9€G,mEM 9 (GM)2/P(nyT,,)~1
A \iI'Y'ngvm -V \iJ'ng:mH
< A (F71 2N (W] 1/2
=~ gEér,l?;a’L}e(M( ma. (( 'y'y,g,m) ) ma. (( Y9, m) )) gég}%}é/\/l (GM)z/p(nng)_l 9
(S540)

where maxgyeg mem ()\max((\il;ryl797m)2))\max((quyyl gm) 2)1/2 = 0,(1) by Lemma S60(ii) and Assump-

tion 9;

Hlll'y’y,g,m - \II'Y’ng’mH
.
9€GmeM (GM)VP(1nyTy) /2

= 0,(1) (S541)

by Lemma S59; and

o]
geGmeM (GM)\/P(ngTpy) 172
by (S563) in Lemma S49. By (S540), (S541) and (S542), we have

= 0,(1) (S542)

A

(\I”y'y,g, 7\Il’Y’ng ) 'y'ygmA’ngH
(GM)?/P(nyT;,)

max  (Amax((¥5; )))1/2‘

9€G,meM g (8543)
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In order to analyze the third term on the far RHS of (S538), we use the Cauchy-Schwarz
inequality, Lemma S62, Lemma S60(ii), and (S620) of Lemma S60, and conclude

T—1 2\\1/2 1/2 ) *
o O (052207 [0,(0 — 67)

= 0,(1). (S544)
From (S538), (S539), (S543) and (S544), we have

[Foum = Vo + 953 g Frm
max om o e = 0,(1). (S545)

9EGmEM (GM )2/ (ng Ty )~ + [|Gg 1 — &I
By the triangle inequality,
~ % A A% -1 T
R R DRSO
X
9€GmeM (GM)YP(nyT,,)~ Y2 ~ geGmem (GM)V/P(ngT,,)~1/2
H‘I’fﬁ,g,m‘l’w’mu

) S546
* geg}z}éM (GM)l/p(nng)—1/2 ( )
where

H Y9, Y9 H _ Op(l) (8547)

geGmeM (GM) /P (ngT) 112
by Assumption 9 and (S542). Since Ha)gm — ¢ P =116 —0*| > + A gm — pmll? and ngTy < nT,

g7m

max (GM)Q/p(nng)il + Hég,m - ¢;7m”2

9€G,mEM (GM)YP(nyT,,)~1/2
T)Y2(16 — 6*||? A gm — Vol
< (GMYP T )-1/2 (n g,m g,m
< (GM)TE e (aT) = T T e B o (G (g Ty) 172
Fgm — Ygmll
N * g,m g,m
- - 1
gy Fgm = gmll x max | o o,z o)
H’?g,m - ’Yz;,m”

= 0p(1) x + 0p(1) (S548)

9€GmeM (GM)VP(nyT) 172

where the first equality is by Assumption 10(i) and Lemma S62, the second equality is by Lemma
S58. By (S545) and (S548)

H’z)\/gvm - 7;77’”/ + \Il’;’}797mqj%gumH
max
9eG,meM (GM)V/P(nyT,,)~1/2

2 * —1 T, ~
R Bom = Vom + Ok gmBrgm| (@MY 20y T 1 118y — Sl ?
9€G,meM (GM)2/P(nygTy) ! + H[%m _ ¢;7m”2 (GM)V/P(ngT,,)—1/2

max H;}/g,m - 7;,m||
gegmeM (GM)YP(ngT,,)~1/2

= 0,(1) x +0p(1). (S549)
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Collecting the results in (S546), (S547) and (S549), we get

) ) 1 7 M
S L (G (g )12 = D) X X (GM)l/p(ng ) 172
which implies that (S537) holds. Therefore, by Lemma S62 and (S537),
(GM)*P(ngTn) ™ + ||$gm — Dl
max
9€G,meM (GM)2/P(nyT,,)~1

ma; 1+ (nT)_l
= X
9EG,mEM (GM)?/P(ngT,,) !

+0p(1),

. . 112
(nT)[10 — 0% + (CUX;’)’;/Z)(;Z;:J)_J —0,(1).  (8530)

The assertion of the lemma now follows from (S545) and (S550). Q.E.D.

3.1 Auxiliary Lemmas

Lemma S46. Suppose X1 and X are zero mean random vectors with max;—i 2 )\max(}E[XjX;r]) <
o0. Then
Amax (E[X1X5 JE[X2X{]) < Amax (B[X1X] D) Amax (B[ X2 X5 ]). (S551)

PROOF OF LEMMA S46. Let Yy, = E[XijT] and k; denote the dimension of X; (j = 1,2). For

any ki x 1 real vectors a;, we shall show
af (B[X1X5 JE[XoX{ ))a1 < Amax(Ex,) Amax(x, )a] a1, (5552)

which directly shows (S551). Since (S552) holds trivially if a{ $x, a1 = 0, we only need to consider
the case that af Yx,a; > 0. Let (21/2)+ denote Moore-Penrose inverse of EX/2 and 21/2 is the

unique symmetric matrix square root of Xx,. Then by Lemma E.1.(b, ¢) in Liao and Shi (2020),
af (E[X1X; JE[XoX ])ar = (Cov(ay X1, X2)) " (Cov(a] X1, X2))
T
( £Y2)* Cov(a Xl,XQ)) Sy, ((zﬁgfﬁcmz(afxl, XQ))
< Amax(Ex,) Var(a] X1) < Amax(Ex, ) Amax(Sx,)a] a1,

which proves (S552). Q.E.D.

Lemma S47. Suppose that: (i) ¢(zit; @) is a function indexed by the parameter ¢ € ® where
® is a compact, conver subset of R*¥ and k = dim (¢); (ii) there exists a function D (z;4) such
that | (zig, d1) — @ (zig, 02)| < D (2zig) |01 — @2 for all ¢1,¢2 € ®; (iii) the function D(z¢)

satisfies sup; ; B [[D(zi,t)|p+5} < K for some integer p > max{2,k + 0} and for some 6 > 0; (iv)

Sup; ¢ SUPyeq E [\gp (zit d>)|p+5} < K. Then under Assumption 1, we have
P
E Tpn)~1/2 ; <K S553
jmax B | (ng YN etz | < (8553)

ZEIg tEIm
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for any ¢ € ®, where p* (zi4;¢) = ¢ (2ig; @) — Elp (2ir; ¢)]. Moreover for any ¢1,p2 € ®
p

max E ||(n,T) 230 S (07 (1) — ¢ ()| | < Kllér—nlP.  (S554)

eg,meM
g i€lgt€lm

PROOF OF LEMMA S47. Since {z;¢+,t = 1,2,...} are independent across ¢, we can use Rosenthal’s
inequality of independent random variables (see, e.g., Theorem 2.12 in Hall and Heyde (1980)) to
obtain

p

S o) | <k (X

i€lyt€lm icly

2 p/2

>

2 i€ly

p

> 0" (214 9)

tely,

> 0 (245 0)

tely,

’ (S555)

For any p > 2, applying Rosenthal’s inequality of strong mixing processes (see, e.g., Theorem 2 in
Section 1.4 of Doukhan (1994)), we get a moment bound on » ;¢ (zi4; ¢):

p/2
> ¢ (2i419)| | < K max (Znso*(zi,t;wni(;) c Y et (i d)E,s p (S556)

tely, telm telm

P

as long as E[|p (zi4, ¢ )|ﬁ+6] < o00. In the rest of the proof, we shall consider p = 2 or p. Since

6" (zit; @)l 545 < K by condition (iv) of the lemma, (S556) further implies that

DB 0 (20 0)

icly t€lm

P
< K(ngTE/?). (S557)

Combining the results in (S555) and (S557), we obtain
P

E ||y Tn) 23 3 6" (0| | < K (140h72) < K ($558)

i€lgt€lm

where the second inequality is due to p > 2. The assertion in (S553) now follows from (S558).
For ease of notation, let u (z;+; ¢1,02) = ¢* (zit;$1) — ¢* (2it; ¢2). By the triangle inequality

and condition (ii) of the lemma,

u (25 01, 92)| < (D (2i1) + E[D (2i0)]) [[¢1 — 2],

which together with condition (iii) of the lemma implies that for p = 2 or p,
Sup [u (zi,6; 01, 92) |55 < b1 — D21 - (5559)
Z?

By the same arguments for deriving (S555) and (S556), we can show that

p

ZZ tha¢17¢2 <K Z

iclgtelm, i€l

2 p/2

>

2 i€lq

p

D u(zigi 1, ¢2)

telm

Z tha(bl)(bQ)

t€lm

p
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and
P
E | ulzis e é2)

telm

t€lm telm

respectively, which combined with (S559) yields

p

B[S utnoné)| | <K (140 /2) (ngTn)?’2 161 — 6

i€lytelm
The claim in (S554) follows directly from (S560).
Lemma S48. Under Assumptions 1, 8, 9 and 10, we have
. 4
geg?géME [H(nng)l/2(‘1’w,g,m - ‘I’w,g,m)H ] <K
and

N 2
E " T,V ¥ “ <K
geg,lr%)e(/vt [ (ngTm) ¥,9,m >

PROOF OF LEMMA S48 . Follows from Assumption 8(ii) and (S553) in Lemma S47.

Lemma S49. Under the conditions of Lemma S47, we have

max SUP e Z Z (,0 Zz t7 - Op((GM)l/p)v

9eGmeM ped i€y t€lm
and for any ¢’ € int ®

(ngirm)_l/2 Zielg Zte]m (90 (Zi,t; ¢) —-E [()0 (Zi,t; (b*)]) —0.(1
geglv?m}éj\/l Zlelg (GM)l/p+ ||¢_ d)/H - p( )

PROOF OF LEMMA S49. To prove the claim in (S563), we first show that

max ||sup(ngTi,) /2 Z Z oz 0)| < K.
geGmeEM || pcd i€ly t€l,

p

p/2
S K max (Z Hu(zi,t; ¢17¢2)||§+5> ) Z ||u(zi,t;¢17¢2)Hg+5 )

(S560)

Q.E.D.

(S561)

(S562)

Q.E.D.

(S563)

(S564)

(S565)

Note that by a maximal inequality under the Ly-norm (see, e.g., Lemma 2.2.2 of van der Vaart

and Wellner (1996)) and (S565),

max  sup(ngTm, 1/22 Z ©* (zig; ¢

geg:meM g i€lyt€lm »

K(GM)l/p max |lsup(n ~1/2 O (zis; 0)|| < K(GM)l/p
gegG.meM || pcd ot zezlgtezlm ’
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which together with Markov’s inequality implies that

-1/2 1/p

max sup(n E g 0" (zig;0) = O,((GM ) S567
9€G,mEM pc g1 e it p(( ) ) ( )
The result in (S567) is then used to show (S563).

For ease of notation, we set for each g € G and m € M,

Tgm(¢) = (nng)_1/2 Z Z " (zipd), @€
i€lyteln
Construct nested sets &g C @1 --- C ® such that &g = {¢o} for any given ¢y € @, and for each
Jj = 1, ®; is a maximal set of points such that each pair of distinct elements in ® has distance
greater than 277. Since ® is compact, the number of points in ®; is less than K (2j)k. Link every
point ¢j11 € ;11 to a unique ¢; € ®; such that [|¢j+1 — @5 < 277. Then for any J > 0 and

¢j11 € ¢yi1, We can construct a chain ¢ i1, .., ¢, and hence, by the triangle inequality

J J
Tgm(@+1) — Tg,m (o) Z Tgm(Bj+1) — Tgm(P;)] Z max |Tg,m(dj+1) — Tgm(d;)]
j=0 J=0
(S568)
where, for each j, the maximum is taken over all links (¢;41,¢;) from ®;41 to ®; (with the total

number less than K (2/+1)%). We then observe

max |mg m(

Z [max |mg m (dj41) — Wgym(%’)mp + Hﬂg,m(qﬁo)Hp

PEL 11 p 7=0
J .
< Ky (2P max||mg m(d541) = mom(d)]l, + K
7=0
J . .
<KDY (2727 4 |Imgm(d0)], < K,

I
o

J

where the first inequality is by (S568); the second inequality is by the maximal inequality under
the Ly-norm and (S553); the third inequality follows from (S554) in Lemma S47; and the last
inequality holds because Zj(Qj Vk/P2=J < oo as implied by p > k. Since the stochastic process
mg.m(¢) indexed by ¢ is separable, by letting J — oo, we further have

<K

sup |7Tg,m(¢)|
ped

p

for any g € G and m € M, which shows (S565). Using the same arguments, we can show that

—1/2 E E = 0,((GM)'/? S569
max Sup n Z’L , .
9EGMEM 4c g iel, tel b p(( ) ) ( )
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Since

YN et (zind)| <max{ > D0t (mind), DD ¢ (zine) (S570)

iclyt€ly, i€l tely, iclgtelm,

the claim in (S563) follows from (S567), (S569) and (S570).
To show (S564), we note that

|1 To0) ™ Sier, L, (0 10 6) — Bl (2443 6)|

max sup

9€G;mEM e (ngTon) ~V2(GM)YP + |6 — ¢/
|9 T) V2 s, Yoer,, " (i 0)|
< max sup
9EGMEM pcp (GM)l/P
|9 T) ™ Yier, Ler,, Bl (5 8) = ¢ (i )|

_l’_
sebimim e (1 Tn) (GM) T 1 [l6 = |

< max sup sup; ; [E [[D(zi,e)]] l|¢ — ¢/l
geGmeM ped (ng ) 1/2(GM)1/10 + ||¢ ¢/||

+ 0p(1) = 0p(1),

where the first inequality is by the triangle inequality, the second inequality is by condition (ii) of
Lemma S47 and (S563), the equality is by condition (iii) of Lemma S47. Q.E.D.

For the sake of simplicity in notation, we assume that the observations across ¢ are arranged
in a manner where the group assignment function g(-) is non-decreasing. This arrangement is

inconsequential because of the independence assumption stated in Assumption 1.(iii).

Lemma S50. Let ¢;(-): Z — R be functions on the support Z of ziy for j = 1,2. Suppose
that for j = 1,2: (i) Ep; (zi1)] = 0; (ii) sup; ; E[|; (Zi,t)|4+6] < K for some § > 0. Then under

Assumption 1, we have

Var | M7V2 3" 10 Y N g1z )pa(zin) | < K, (S571)

meM t1€lm t2€1lm
and
Il'lax 2
i1—1
=S X5 (T (Taeo) (Tat))| | <xen
geg i =iPin41 jo=imin \meM teln, tel,
(S572)

where iy** = max(I;) and me = min(/y) for any g € G.

PROOF OF LEMMA S50. For ease of notation, let Yy, = T,,)' >, > toer,, Pzt )p2(zit,) for
any m € M and ¢ = §/3. For any 1, let ]:ﬁt denote the sigma field generated by {z}! and

S§=—00
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]:ti % denote the sigma field generated by {zw}jzof . Consider any mi,mg € M with mgo > m7. It

; pmax

. . A2 . 1,400
is clear that Y,,, is F_ ' measurable and Y,,, is ftl’:fn measurable where 2 = max(/[,,) and
m2

M0 = min(7,,) for any m € M. By Corollary A.2. in Hall and Heyde (1980),

min maxy\0'/(2+4")
|Cov (Yo, Yy )| < K (ai(tiy! — ) |

< gt —tma) /(2+")

Yoy logs 1Yo llogs
2
max 1Yonll5 s

< Kq(m2=m1)8"/(2+8) o 1Y 112, S,
< a3
where the second inequality is by Assumption 1(iv), and the last inequality is by t;nl;n — >

mg —my and a € (0,1). Therefore

M—-1 M-I
Var <M1/2 > Ym> =M~ Var (V) +2M 1Y > Cov (Y;,Y)4)

meM meM =1 j=1

M-—1
<K (1 +23 (1 lM—l)a”’/@*‘”) Vi[5 45
=1

max
meM

M-1
16" /(2+6 2 2

By Holder’s inequality,

B 2+’ ﬁ
Youll3ye = | E <Tm1/2 > <P1(%‘,t)> <Tm1/2 > 902(Zi,t)>
L t€lm te€lm,
4428’ 4426’ ﬁ
<|E||T,2 D e1(zin) E |1, ealzir) (S574)
t€lm, t€lm,

By the same arguments for deriving (S556), we can show that

E

> wilzie)

tely,

4426’ 244"

4+26' 2 &

<max ¢ > lei(zie) 55 (Z |!90j(zz',t)“2+5/> < KTyt
telm, t€lm

(S575)
where the second inequality is by condition (ii) of the lemma. Combining the results in (S574) and
(S575), we have max,em ||YmH§+5, < K, which together with (S573) shows (S571).

To show (S572), we first use Assumption 1(iii) and conditions (i, ii) of the lemma to observe
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that

Sty S (z(z<>)(z<>))

9g€eg i1 =iMin 41 dp=yin \meM telm, telm,
II]&X 2
i1—1
Ss|| ¥ (T (T at) (T ee))
Y i1= 'L"‘erlzz 'L"‘m meM tely, teln,
vy S|y (¥ ae0) (X ) 570
9€g i1 =N 4] jo=¢nin meM tely, teln,
For any mq1, ms € M,
E (Tm1Tm2)71 Z Qpl(zil,t) Z 902(21'2,75) Z 901(22'1,?5) 302 Z127
telm, telm, teIm, telm,
= Tl Cov | Y @1(zin)s D 01(zinn) || |TmaCov [ D @2(2ini), Y pa(2in)
t€lm, t€lm, t€lm, 1€l
2
—mals’ s _ _
< Kq?memmilo/ e )nrqfle% T, o1z 1) nax T2 a(2i)
tel, 246! tel, 245"
< K g2lm2—malo'/(2+6) (S577)

where the first inequality is by Corollary A.2. in Hall and Heyde (1980) and Assumption 1(iv),
the second inequality is by (S575) and Holder’s inequality. Using (S577), we can show that

2
> 1,! (Z cpl(zil,t)> (Z wg(zi27t)> < KM. (S578)
mEM tGIm te[m
The assertion in (S572) follows from (S576) and (S578). Q.E.D.

Lemma S51. Let ¢; ., = (ngTm)” Zzel > oier,, Pi (#it), where @;(-): Z — R are functions
on the support Z of ziy for j =1,2. Then under the conditions of Lemma S50, we have

Z Z ng 901 ,g, mSOQ ,g,m Z Z (nng)E [Cpl,g,m@lg,m] + Op(<GM)1/2) = OP<GM)
g€G meM geG meM
(S579)
PrROOF OF LEMMA S51. First note that by Assumption 1(iii),

Z Z (nng)E [¢l,g,m§02,g,m} = n;IE TrEI Z 901(21',?51)902(21'7752)

g€G meM ti,ta€lm
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where Ztl toc1,, denotes the double summation over ¢1,t € I,. Therefore, for any g € G and

m € M, we can express the equations

Z Z g Tin)P1,g.mP2.g.m — Z Z ngTm ‘Pl,g,m%,g,m]

geG meM geG meM
=> 0" D T Y (er(zin)ea(zie)”
9€g i€ly meM t1,t2€Im
max Zl 1
et Yy (z (z<>) (Z<>))
9g€eg i1 =ipin 41 jo=gIin \meM teln, telm
ﬂ]aX Zl 1
et Yy (z (z<>) (z<>)) (5580
g€eg i1 =iPin 41 jo=gIin \meM teln, teln

Y= 01(2in)e2(2it,) — Ele1(2ig)e2(2i,)]. For any m € M, we can

where (1(zi,)e2(%it,))
in Hall and Heyde (1980) and

use the triangle inequality, Holder’s inequality, Corollary A.2.
Assumption 1(iv) to deduce that

E|T," > e1(zin)p2(zis)
t1,t261m
Trn—1 ™=l

<T' Y B pi)eazall + Tt Y > B ei(zi)ea(zia)]]

t€lm, I=1 t=¢min

Tp—1 tmaxil

+T," D ) Elpa(zin)er(zies)]]

[=1 t=¢min

Tm—1
2
<1 + 2 (=i @*‘5)) maxsup 5 (z10)ll3,5 < K, ($581)

2,t
where t%8% = max(l,,) and ™ = min(I,,), and the last inequality is by condition (ii) of Lemma
S50. This implies that
Z Z (nng)IE [le,g,m@lg,m] < K(GM) (8582)
geG meM
By Assumption 1(iii) and (S571) in Lemma S50,

Yo > T Y ez )ealzin)

geG icI; meM t1,ta€ln

= Z n;Q Z Var Z T’n_v,l Z gpl(zi’tl)cpg(zi,w) < K(GM) I;lggx ngl

g€eg i€ly memM t1,t2€1Ln
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which together with Markov’s inequality and (S581) implies that
Sont 3 X Tt Y (ilmn)ea(zen))” = Op(GM) P maxng ). (S583)
geg i€lg meM t1,t2€Ln g

By Markov’s inequality and (S572) in Lemma S50, we have

tn ax

11—1
GEY e Y Y (zm(gjmzil,a)(zmh,t))):opm (s584)

9€EG  ii=imingliy=imin \meM teln teln,
and
qma
@Sy ¥ 5 (8 5 (F e) (T aeo) ) <o,
9€EG  ip=imingliy=imin \meM telm teln

(S585)

which together with (S580) and (S583) shows the first equality in (S579). The second equality in

(S579) holds by (S582). Q.E.D.

Lemma S52. Let ¢;(-): Z — R be functions on the support Z of z4 for j = 1,2,3. Suppose
that for j = 1,2,3: (i) E[p; (2i¢)] = 0; (ii) sup; , E[|; (Zi7t)|6+§} < K for some 6 > 0. Then under

Assumption 1, we have

(GM) 1/22 Z ngTm cplgmg@gmcp&g’ —Op< max ((nng)_1/2+(GM)l/Q(nng)_1)>

492G meM geG,meM

where @; o, = (ngTm)~ Zlelg Zte[m ©;j (#it) for j=1,2,3.

PRrROOF OF LEMMA S52. To prove the lemma, it is sufficient to show that

N N - —1
jemax | [(gTn)E [210m®2gmPagm]| <K max (ngTn) (8586)
and
Z Z ng Spl,g m302,g m903,g m < K(GM) Eénrg)é/\/l (nng)_l' (8587)
g€G meM 9=

Because by the triangle inequality,

—1/2
(GM) / Z Z ngTm (pl,g,m‘)OngQDS,gm
geG meM

< (GM)_1/2 Z Z (nng) (@1,g,m¢2,g,m§03,g,m —E [@17g,m¢2,g,m¢3,g,m])

g€G meM
+(GM) VYN (g Tn)E [1,9mP2,6.mP3..m) |
geG meM
op<ﬁgg§M(0@Th) + (GM )= (ngTh) )), (S588)
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where equality follows by (S586), (S587) and Markov’s inequality. The assertion of the lemma
follows directly from (S588).
We first show (S586). By the independence assumption in Assumption 1 and condition (i) in

the lemma, we have

E [(nng)2¢1,g,m§02,g,m§03,g,m] = (nng)_l Z E Z ¥$1 (Zi,tl) ¥2 (Zi,t2) P2 (Zi,t:‘s) ) (8589)
i€l, | titats€lm

where >, , o7 denotes the triple summation >, oy > ;> o . Next, we write

D w1 (zin) e (i) 02 (7)) = Y #1 (2i0) 02 (i) 93 (2i0)

t1,to,t3€Im tely,

T Z Z @a (Zit) @b (Zity) Pe (Zits)

(a,b,c)€S1,m t1<t2<t3

T 27! Z Z Pa (Ziatl) 147 (Zi,h) Pe (Zi,tg) s (8590)

(a,b,c)€S1,m t17t2

where S1,, = {(a,b,¢) 1 a,b,c € {1,2,3} and a # b # c}, >, 4,4, denotes the summation over
t1,to,t3 € I, with t1 < to < t3, and similar definition applies to Ztﬁ%. By condition (ii) of the

lemma, the triangle inequality and Hoélder’s inequality

E

Y ez w2 (zig) @3 (20)

telm

<D B [p1 (zi4) @2 (2i4) @3 (2i0)]| < KT, (S591)
telm

Consider any (a,b,c) € Si,m,, we next study the moment of ¢, (zit,) @b (Zity) Pc (2ity) for any
t1 < ta < t3. For this purpose, let | = max{ty — t1,t3 — t2}. By Corollary A.2. in Hall and Heyde
(1980) and Assumption 1(iv), we have

IE [9a (2i01) 00 (2i2) Pe (2is)]] < Kal/4F0) ||g, (2it1 ) lags /2 1100 (Zita) Pe (Zits) a5 0 < K a'/(4+0)

when | = ¢, —t;. The same upper bound Ka'/(4+%) applies to |E [pq (2it,) b (Zits) P (2i45)]| when
[ = t3 — to. Therefore for any t; < to < t3 with [ = max{ty — t1,t3 — t2}, we have

IE [0 (2it0) 5 (2is) e (2i05)]] < Ka'®/(440), (5592)
Since t1 < ty < t3, it is clear that 1 <1 < T, — 1. Let

S2,m,l = {(tl,tQ,tg) Doty to,t3 € Iy, t <ty <tz and = maX{t2 — 11,83 — tg}} .
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Then #5852 1 < 21(Ty, —1). Therefore,

E| Y ¢al(zin)es (2ie) e (Zz‘,tg)] > Ellga (zin) @b (i) Pe (zits)l]
t1<ta<ts t1<ta<ts
Tm—1

= Z Z E [|a (zz‘,h) b (Zit2) Pe (zi,t3)H

I=1 (t1,t2,t3)€S2 m,1

<K Z UTy, — 1)a/+9) < KT, (S593)

where the second inequality is by (S592), and the last inequality is by a € (0,1). By the same
arguments for deriving (S592),

B [pa (2ia0) 06 (zi1) @e (i )]| < K alt71210/850)

which implies that

D @a (zin) 5 (i) e (2ia) || < Y Ell@a (2in) @6 (i) e (2i15)]

t1#£t2 t1#to
<K Z alt1—216/(4+4)
t1#t2
Tm—1
<K Z )ald/ 440 < KT (S594)

Since the size of #5 ,, = 6, combining the results in (S590), (S591), (S593) and (S594) we get

- <Z ©1 (%t)) (Z ©2 (Zi,t)) (Z P3 (Zi,t))]
telm teln, telm

which together with (S589) and the triangle inequality shows that

<K,

2 N o N
jemax | |(ngTn) B [$1,9.mPogmPsgm]| < K- (8595)

The desired result in (S586) follows by (S595).
We next prove (S587). By the same arguments for showing (S573),

( 12 Z ng 901 g,m@Z,g,m@S,g m)

meM

< K geg}%}é H ng )@1 )95 m902,g,m(:03,g,m H2+6’

<K T ) H T, )3/2 H $596
< geg}%M(ng m) jeax (ngTin)” “ 1.9 mP2.9.mP3.g.m pis (S596)
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where ¢’ = 0/3. Using similar arguments for deriving (S558), we can show that

E ’( T,,)Y2¢ ‘6+6 <K
m .
gcOmenm  [[\totm) T Pigm| | S

which together with (S596) and Hélder’s inequality implies that

s Var ( ~1/2 ;/l g Tin)1,9.mP2,9.mP3,9.m ) < nggﬁ}éM(”ng)_l' (S597)
m

By Assumption 1(iii) and (S597)

Z Z ng @1 ,9, mng,g m903,g m Z Var ( Z ng )wl,g m902,g m903,g m)

geG meM geg meM
< K(GM Tm) ™,
< K@M gox (o Tm)
which shows (S587). Q.E.D.

Lemma S53. Under Assumptions 1, 8, 9 and 10, we have

(”T)_l Z Z (9T ) (Wory,g,m — \I'vag,m)‘l’wlg m¥y,9,m
geg meM

— ()Y Y (g Ta)E (00 = Crgum) ¥ g ¥ gn| = Op(GM) (D)),
geg meM

(S598)

where Wy g m = (ngTi) ™ Elelg > et Yy (2it) for any g € G and m € M.

The proof of (S598) of Lemma S53 is omitted since it directly follows from (S579) of Lemma
S51.

Lemma S54. Under Assumptions 1, 8, 9 and 10, we have

nT - Z Z ng 11197 g,m (\Ilwlgm \Ij;%g m)qj%gvm

g€G meM
Z Z (ngTim)Wory,g,m \I’wlg mlE [(\i’“/%g,m - \II’Y%g,m)\I/'y'ylg m‘ijv g, m}
geG meM
:04@+@Mw2mw(WMWE@MW%m*) (S599)
geG,meM

ProoOF OF LEMMA S54. Since

1 1 > 1 < -1 : 1
w g,m \II’Y’Y g,m lI}’Y’Y g, m(\:[]"/'y,g,m_lp'y'y,g,m)\pfyfy g,m (\Dw g,m \Ilw,g,m)(\I/“Y%g»m_\p“/%gvm)ww g,m>
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we can derive the following equations:

" 1 ~
E : § : ng \119’757, (\Ilfy'y,g,m_\l}'y'y,g,m)\lj%gym

geG meM

_ 1 o —1 &
= E : § : ng L) Von,g, m¥r., m(Yoyy,g,m — \II’Y'Y,%m)\II'y%g,m\I]%g,m
g€G meM

geg me./\/l
where

1 T -1 T
E : E : ngTm ‘1’97 g, mll'w g, m(‘l’w,g,m - ‘ljw,g,m)q’w,g,m‘l'%g,m
geG meM

- Z Z ngTm ‘I'Gv g,m ‘I’wlg mE (\I’w,g,m - ‘I’w,g,m)‘l’%{g,m‘l’%g,m = Op((GM)1/2)
g€G meM
(S601)
by Lemma S51. Next, we will examine the second term on the right-hand side (RHS) of equation
(S600). By the triangle inequality and the Cauchy-Schwarz inequality,

. . R . .
Z Z gL ) Yory,g.m (‘ij g,m ‘I’w g,m m) (Woy,gm — \I/W,g,m)‘ljw,g,mq’%gvm
geG meM

1 1 7
< Z Z Yor,g.m (\I’W g,m \I"w g,m )(‘I’W,%m o \1’7%97 'y’y g,m Z Z 1/’7 Zi t
geG meM i€lg t€ly,

A A

_ 1 1
- Z Z \Ij9%9 m‘ljw'yg m(\IJ’Y%gym - \IJ’Y%gym)\I"yv g, m(\I"Y’Y»va - \II’Y%Q m ’w g,m Z Z ¢’Y th

g€G meM i€lg te€ly,
- 2\y1/2 1 2
= geén%)éM(/\max(\Ifefy,g,m\I/w’g,m)/\ ((\I}W g,m m)”)) / /\max((\I/W g,m m)”)
X Z Z 1gTm H\IJ’Y’Y gm \1’7%97771” Vs g,m (S602)
geG meM

where max eg mem (Amax(Poy.g.mPro.gm))" 2 Amax (Y57 . m)?) < K because Assumption 9, (S620)
of Lemma S60, and )\max((\llw}g m)?) = Op(1) implied by Lemma S60(ii).

Equations (S561) and (S562) in Lemma S48 together with Markov’s inequality and Hélder’s
inequality imply that
2
Z Z ngTm H‘ngm_q"y%g,mu
geG meM
Collecting the results in (S602) and (S603) obtains
. L . IR
Z Z 19 Tm) Worg, m(\yw gm = Yo gm) W gm = Yoy gm) W g i Ve gm
g€G meM
= 0,((GM) max (ngTp) Y?). (S604)

geG,meM

g = 0(GM) max (ngTo)™/2). (S603)
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The assertion of the lemma now follows from (S600), (S601) and (S604). Q.E.D.

Lemma S55. Under Assumptions 1, 8, 9 and 10, we have

Z Z (”ng)E [(@9%977% - \1'9%9, )‘I’wlg m‘i’%g,m} = O(GM) (8605)
g€G meM
and
> (L) W00 ¥ B | (B = U gm) W5t g e | = O(GM). (S606)

geg meM

The proofs of (S605) and (S606) of Lemma S55 are omitted since they directly follow from (S582)
in the proof of Lemma S51.

Lemma S56. Under Assumptions 1, 8, 9 and 10, we have

~ N 1 ~
geG meM

= Z Z(”ng)E [(\I’Gv,g,m — Yoy gm — Yoy, m\IJ'y’ylg m(‘l’w,gm - ‘l’w?g,m))‘l’wlg m¥q.g, m}
gegGiel,

+0, <(1 +(GM)'?  max (nng)_l/Q)(GM)1/2> =0, (GM).
geG,meM

PROOF OF LEMMA S56. By the triangle inequality, the Cauchy-Schwarz inequality, and (S620) of

Lemma S60, we have

Z Z (ngTm \11979 m lI'Q'y,gm)(\];"y,yl g,m \Il'y'yl g,m m)¥gm
geG meM

< Z Z H(nng)(\P@%g,m - ‘I’vagvm)qj;},g,m(w'mgm - \I'w,g,m)‘l’%l,g,m‘l’%g,mH
geG meM

<K Ao g1 1/2
< gegﬁgM( (U1 5m)%))

X Z Z H@H%g,m - ‘I’M,g,mH “@7779,m - ‘I’W,g,mH H(”ng)‘i’%g,mH : (5607)
g€g meM

By Assumption 8(ii), and (S553) in Lemma S47, we have

~ 4
max | B {H(nQTm)l/Q(\yQ%g’m ~ Birgm)| } <K (S608)

which together with Lemma S48, Markov’s inequality and Holder’s inequality implies that

Z Z H\i’@%gm - ‘I’9v,g,mH H\i/"/%gvm - \Ilwyg,mH H(”ng)‘Pvagva
eM

= M Tm)~12).
Op((G )geg}ggM(ng )~%) (S609)
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Therefore by Lemma S60(ii), (S607) and (S609)

Z Z (nng)(\IIQ%%m - \Ile%gym)(qlvwlg m \ijwlg m)\Ij'Y,g,m
g€G meM

= O0,((GM) max (n,T,,)"'?). (S610)

gegG,meM

The claim of the lemma follows from Lemma S53, Lemma S54, Lemma S55 and (S610). Q.E.D.

3.2 Intermediate Results

Lemma S57. Under Assumptions 1, 8 and 10, we have

< —1/2 v . — 1/
(2 2 5T ) 30 57 (D s00) < B s 0| = OG0, (5511
and
( ) ZZEI Ztelm( (th>¢) [DU¢ (Zi,t7¢*)]) .
sebmen e (@ (ngT) 2+ 6= o] =0l (561
for any v = (v1,...,v)" with |v| = Z 1V < 3.

The proofs of (S611) and (S612) of Lemma S57 are omitted since they directly follow from Lemma
S49.

Lemma S58. Under Assumptions 1, 7, 8 and 10(i), ||0—0*||-+max, g mem |5g.m — 7;7m“ = op(1).

PROOF OF LEMMA S58. Let ¥ (zi4;0,7) = ¢ (2i4;6,7) — E[¢ (2i4;6,7)]. Without loss of gen-
erality, let & = &y x &, where &y and ®, include §* and vy ,,, respectively. By the triangle

inequality,

sup MT)™ YD W (20430, v9.m)

07{797m}g€g,m€/\/1 geg meM Z‘e[g telm,

(nT) 122 (ngTm 1/2511p ngTm) 1/2ZZ¢ Zit; @

g€G meM i€lg tely,

—1/2 —1 1/2
<ge8ﬁ}émi‘£ (ngTr) 2 0 "0 (2 )| (D)D) (ngT)2, (S613)

i€l te€ly, geG meM

where SUDG, {7y m}ocomert is taken over 0 € ®p and vy, € ®, for g € G and m € M. Under
Assumptions 1 and 8, we can apply (S611) of Lemma S57 to obtain

max  sup |(ngDm 1/2221/1 (2i4;0)| = Op((GM)V/P). (S614)

9eGmeM ged i€y t€lm
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Since Y cg D mem Nglm = nT', we have

(nT) 12 Z ngTm )2 < max (nng)_1/2,

920 me ~ geG,meM

which together with (S613) and (S614), and Assumption 10(i) implies that

sup (nT) ! Z Z Z Z V" (2i450,79.m)| = op(1). (S615)

0.{79.m}geg,mem geEG meEM i€y tEly,

Recall that ¥, ,,(6,7) = (ngTh)~ Zzelg >ver, E[¥ (2i4;0,7)]. For any n >0,

B (119 —0%1| =)
<SPID Y D D v(antingm) S s Yy (a0 vem)
geG meMicly tely, 10=0*12n{7v9.m}9.m geG meM icl, telm
<P |o,(1) < sup D)) (ngTon) (Ym0, Ygm) = gum (07,75 )]
”9_9* ”ZW,{’Yg,m}g,m geg meM
<P oM <@n) Y Y ) | wp W0 - wg,mww]
920 me {g€@: [|lp—0*||>n}

<P <0p(1) < max [ sup Uy m(P) — \I!g,m((;ﬁ*)]> — 0, asn,T — oo,

9EGmEM | f4cd: ||p—¢*||>n}

where sup)g_g- is taken over 0 € ®y with || — 0*|| > n and over ~,,, € ®, for any
[[0—0 9, v

||2777{’Yg,m}g,m
g € G and any m € M, the second inequality is by (S615), and the convergence is by Assumption
7. This shows the consistency of 6.

To show the consistency of 7, ,,, we first note that by the definition of 7, ,

Ygm = arg Max ZZ%/JZzn » Yg,m)

€d
VoY e T, tel

for any g € G and any m € M. Therefore for any n > 0, we have

P (o, [fam =2l > 1)

gegG.meM
P ey, sup .2 [@Z’ 2it3 9, Yg,m) —¢(Zi,t;9,'7§,m)} >0]| (S616)

{"/g mEP~: H'Yg m 'Yg mH>77} i€lgte€lm,
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By Assumption 8(i) and the triangle inequality,

max sup |(ngThm, Z Z { Zzt;@,’yg,m) - ¢(2’z‘,t;9*779,m)}

gegGmeM e,

Zelgtelm
< 0 p* -1 .
S0 =07Il _max (ngTm) ™" > 3 M (210
ZEIgtEI'm
<16 -6 i T -1 M* (2 . 1
<11 =0°I] | sup M ()] + _max | (ngTrn) SN M (2) (S617)

iclytelm

where M* (z;1) = M (zit) — E[M(z4)]. Applying (S611) of Lemma S57 yields

lmxomm42§:wgm:q(@mw mxmwgﬂﬂ:Mu (S618)

€G,meM €G,meM
geg,m i€1y t€Ly g

where the second equality is by Assumption 10(i). Since sup,,E[M(z;;)] < K by Assumption
8(ii), we can deduce from (S617), (S618) and the consistency of § that

max  sup |(ngDm Z Z { zzt;é,’ygm) — (240", Yg.m) || = 0p(1). (S619)

€G,meM
9EGmEM g mED, i€l tEln

Invoking (S611) of Lemma S57 and Assumption 10(i) obtains

max sup [(ngThm —1/2 Z Z V" (20,8507, Yg,m) | = 0p(1)

€g,meM
g Vg,mERy i€ly t€ln,

which together with (S616), (S619) and Assumption 7 implies that

P (s, o =25l = 1)

geG,meM

<P| mex sup )Y D (207, vgum) — (206 0%, 75 )] = 0p(1)
ges,me {79,mEPy: ||797m—’7§,m||277} i€ly t€lm,

<P max sup [\I’g,m(G*a y) — \I’g,m(e*a ’ng)] > Op(l)
9eg,meM {’Yg,meq)'y: H'Yg,m_’yg,mHZ"]}

<P| min |¥yn(0")— sup Uym(@)| <op(l) | =0, asn,T — oo,
9€g,meM {p€®: [|6—¢*||>n}

which shows maxgeg,mem Hﬁg,m - 'y;mH = o0p(1). Q.E.D.

Lemma S59. Under Assumptions 1, 8, 9 and 10, we have

,gsm \I’GG,Q,mH + Hlpﬁ’%g,m - WGw,g,mH + H‘I’wy,m - \Ilvmg,mH
max

= 1).
gEG,mEM (GM)l/p(nng)fl/Q Op (1)
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PrOOF OF LEMMA S59. Follows from (S611) in Lemma S57. Q.E.D.

Lemma S60. Under Assumptions 1, 8, 9 and 10, we have

v v v <K. 620
geél}%)éM(H 99,g7m” + | 9%97mH + |l wgm”) = ( )

We also have with probability approaching 1 (wpal),
(i) maxgegment (|1¥00.g.ml + 1oy gl |+ 1y gumll) < K
(i) mingeg mem )\min(_\i,’y'y,gmq,) > KL
(i) mingeg mer Amin(Yoy,m U7 g Pro.g.m — Yoo,gm) > K1

PrROOF OF LEMMA S60. (i) Equation (S620) follows from Assumption 8(iii). Lemma S59 and
Assumption 10(i) imply that

max

’@GB,Q,m - \I’GG,Q,mH + H\i/(?%g,m - \119%97”1” + H\i’vmg,m - \I/w,g,mH = 019(1)‘ (8621)
geG,meM

The assertion in part (i) of the lemma now follows from (S621) and (S620).

(ii) Since mingegmem Amin(—¥ryy,g,m) > K~! by Assumption 9, the assertion in this part of
the lemma follows from (S621).

(iii) By the assertions in parts (i) and (ii) of the lemma, (S621) and (S620), we can conclude
that

A

T 2 -1 N -1 _
gég}i}éM ‘ (\IIQ'ngvm\IJV'Y,g,m\I]'YGagvm - \1’90797771) - (\IIG’Y,g,m\IJ777g7m\II’yG,g7m - \1]69797771)” == Op(].).
This, combined with Assumption 9, shows the assertion in part (iii) of the lemma. Q.E.D.

Lemma S61. Let g(z;; ¢) = W and (2 @) = %ﬁyt’@ The M-estimator (6, 7_011, e ,V_CIM)T

satisfies the first-order condition

DD DD belziaidgm) = Ougxas (S622)

gEG meM i€l teT,

and hence,

Od~/><1 = \il%%m—|-\il,y¢’g7m((25g7m_¢;m)+2*l ((&g,m - ¢;,m)—r\il7j¢¢,g7m((%g,m - ¢;,m)) . ) (8623)

T — — 2 8¢( 1, 7(’2) m) . P .
where Wy g6 9m = (ngTn)™! Dicl, 2tel, a¢%¢T ( za;j = > forj =1,...,dy and ¢, lies
between <}§g7m and ¢y . Under Assumptions 1, 7, 8, 9 and 10, we also have

\II’Y]¢¢,97m - \I/'Y]¢)¢797m
(GM)l/p(nng)fl/Q + ”¢g,m -

= 0,(1). (S624)

max max
j<dy g€G,meM

gl
g,m
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PrROOF OF LEMMA S62. The M-estimator also satisfies

Z Z ¢’Y(zi,t; &g,m) = 0d-y><1 (8625)

i€lgt€lm

for any g € G and m € M. Applying the Taylor expansion to (S625), we obtain (S623). By (S612)
in Lemma S57, we obtain (5624). Q.E.D.

Lemma S62. Under Assumptions 1, 7, 8, 9 and 10, we have

H\P%mm + Voggm (0 —0%) + Vo gm(Ygm — ’Y;,m) H

max - = 0p(1), (S626)

9 mEM (nT) 71 + (|09 m — &5.mll?

(1) Y0 L) gm = vl = Oy ((GM)T) ™ + 16— 67]2) (S627)
g€G meM

and

0 — 0" = 0,((nT)~Y/?).
PROOF OF LEMMA S62. By (S624) of Lemma S61, Assumptions 8(iii) and 10(i), and Lemma S58,

A B [ Ersssan]| = Ol (3629

which together with (S623) of Lemma S61 and the Cauchy-Schwarz inequality implies that (S626)
holds.

Applying the Taylor expansion to (S622) obtains

Odgx1 = Z Z ngTm [‘119@ m + Wog 9 m(9 %) + \I’Gv g,m (79,m - ’Y;;ﬁ}
g€G meM

YT DT 9 Tn) By = ) Wos00.9m(Dgam — )

geG meM J—
- Z Z (nng) [\ijevgam + \1190797”1(@ - 9*) + @0%97 P)/g m ’Yg m :|
ge€G meM
o | 2 S g To)l16gm — Bl | (S629)
geG meM

~ ~ ~ 2 o it . ~ .
where Vg 44(2it) = Vo;00(2it; Pgm), Vo,00(2it; d) = 3¢%¢T ( 1“;9; ¢’)) for j < dg and ¢,,,, lies
between gAbg?m and ¢ .., the second equality is by the Cauchy-Schwarz inequality and

¥, H —0,(1), 630
%{;geg}ggMH 9;6¢,9.m p(1) (5630)

which can be established using the same arguments for showing (5628).
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By (5626) of Lemma S62 and Lemma S60(i, ii),

Z Z (ngTm lI’Mwn(’)’gm ’Y;m = Z Z (ngTim \I’Gvgm‘y%gmm’%gm"“i’we,g,m(‘g_m))

ge€G meM geG meM
+0p (14D Y (0TI B — byl | - (S631)
geG meM

Applying the above representation in (S629), we obtain

. s 4 .
Odgx1 = (nT)~ E , E , (ngTm ‘I'G,Q,m - \I’Bv,g,m‘l’w,g,m\l’%g,m)

geG meM
+(nT)™! Z Z (nng)(\i’H@,g,m - \ij9%gvm‘i’w_71,g,m‘p797g,m)(é —07)
g€G meM
+ 0, [ (D) 10 = 0%1P + (nT) D Y (g Tl Agum — vgmll® |+ (9632)

g€G meM

where by Lemma S56, Assumptions 1 and 8(iii),

(nT)_l Z Z (nng)(\iIG,g,m \IJ9W gvm\ijvq}g m\il'Y g,m ) O ((nT) 1/2 + (GM) (nT)_1> :

g€G meM
(S633)
By (S626) of Lemma S62, Lemma S60(ii) and the Cauchy-Schwarz inequality
. 2
Z Z g T)|[gm — ’Yg,m‘|2 S KZ Z H\I’wym Tin) /Z\Il%%mH
geG meM geG meM
. 2
FEID =01 D () [ 8 g Eopm |
geg meM
WY D (gTn) ()2 4 1y — Gl - (5634)
g€G meM
Note that
. 2
Z Z ngTm H\I}wg,m\p”/gmH < Eén,%’éM)‘maX Trgm) Z Z nglm gva '
g€G meM 9= geG meM
(S635)
By (S562) in Lemma S48,
1/2G 2
Z Z H(”ng) / \I’%g,mH < K(GM)
geG meM
which together with Markov’s inequality implies that
126 2
S5 | g 20 || = 0p(G01). (S636)

g€G meM
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Hence by Lemma S60(ii), (S635) and (S636),

T—1 1/23 2
SN | F g ) 2 g | = O4(G). (S637)
geG meM
By Lemma S60(i, ii),
~ 2
>3 T) ¥ g apgm| | = OpnT). (S638)
geG meM

Combining the results in Lemma S58, (S634), (S637) and (S638), we get (S627).
Lemma S60(iii) implies that wpal,

Amin )Y > (0gT) (Woo,9m — orgm U5y g Wrtgm) | > K7 (S639)
geG meM

which together with (S632), (S633) and (S627) shows that
110 — 6*|| = O,((nT)™Y/2 + (GM)(nT)™H). (S640)

The claim of the lemma follows from (S640) and Assumption 10(ii). Q.E.D.

Lemma S63. Under Assumptions 1, 7, 8, 9 and 10, we have

geg me./\/l

—1/2 — 1 T
= (’I’LT) / Z Z (nng)E [ Y59, m‘llww,g mqleﬂf’%g m\p'w g, m‘lj%g,m} + Op (1) )
g€G meM

92 (2 1505 m) .
where \Ilg bbgm = (ngTm)™ Zlelg > el 90087 < 3t9j . ) for any j < dp.

PROOF OF LEMMA S63. By (S611) in Lemma S57,

1/2 1/
s max |0 T0) (8000 — Uo000m)|| = Op((GM)'7). (S641)
Since
max |E (00, 00(zit NI < K (S642)

by Assumption 8(iii), from (S641) and Assumption 10(i), we have

b, H <K 643
max o [|Fo,005m| < (8643)

wpal. By the definition of \i’@jd,d,’%m, we obtain the following expression:

(Sg.m = Do) " V0,66, (Dgm — Gpm) = (0 = 07) Wo,00,4,m (0 —67)
+ ( gm ,‘y‘g m) \iﬁjej"f’ngvm(’?gvm B P)/)gkvm)
+ 2(é 9*) \Ij9j0'y,g,m (;Yg,m - ’Y;,m)' <8644)
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Applying Lemma S62 and (S643) yields

D (ngTon) (0 = 6°) Wy 05.g.m (0 — 67) = Op(1). (S645)

geG meM

By the similar arguments for deriving (S631), we can show that

Z Z ng \116‘ eygm(’ng f}/;,m)

geG meM
- Z Z (ngTm ‘1’0 07,9, mll'wlg, (‘i’%g,m + ‘i’w,g,m(é - 9*)>
geG meM
]‘+Z Z ’I’Lg H(ﬁgm ¢;,m‘|2
geG meM
== D g T) 0,0 0m ¥ g Trgm + Op((nT)'12), (S646)
g€G meM

where the second equality is by Assumption 10(ii), Lemma S62, Lemma S60(i), (S627) of Lemma
S62 and (S643). By the similar arguments for showing Lemma S56, we have

Z Z ng \119 07,9, m\I/'y'ylg m qj@ﬂ%g mq};'y,g m)\I/"/vgvm - OP (GM) )
geG meM

which together with 37 .o >, c vt Y6,0v.9m Yo g Wy.9m = Op ((nT)/?) and Assumption 10(ii)

implies that
Z Z (”ng)@Gﬂvgmi'wygm@%g,m = Op((nT)l/Q)- (5647)
geG meM

Therefore by Lemma S62, (S646) and (S647),

> D (0gTw) (B = 6") " Wo,00m(Ygm — Vom) = Opl(1). (S648)

geG meM

Next note that

A T A
D (gT) Agm = Vo) Vo,v79m Fgm — Voum)
geG meM

~ * T ~ *
< Z Z (nng)(’Yg,m - 'Yg,m) \Ilej’y’%g,m(/yg,m - PYg,m)
geG meM

T * 2
+j:r?axd9 geGmeM H%ﬂ'w’g’ %JwgmH Z Z g Ty )[Vgm — Vgmll

g€G meM
- Z Z (n6Tm) Yg,m = Vo) Por1.0mFgm = Vg.m)
geG meM
0, [ (GM)H1/p Tpn)~Y/2 S649
+0, (G s (1) (5649
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where the equality is by Lemma S62, (S627) of Lemma S62 and

T, _ 1 —-1/2
J= Ly gEG.mEM H%jw’g’m - %ﬂ%g:mH =0 <(GM) " geg}%)e(M(nng) / ) (5650)

which holds by the similar arguments for showing Lemma S59. By the Cauchy-Schwarz inequality,
(S642) and Lemma S1

~ 1 s T ~ 1 A
Z Z (nng)wgm o 7;,771 + \IIWW g,m \IJ%g:m) gj@ﬂ%gvmwgm B 7;,771 + \I’w g, m\Ij%gvm)
g€G meM

~ 2
<K S T [y = i+ OB | =0 (G20 e (0,7,
g€G meM ’

(S651)

Similarly by the triangle inequality, Markov’s inequality, Assumption 9, Lemma S1, Lemma S48
and (S642)

“ % A T _
Z Z (nng>(’Yg,m — Ygm T ‘I/wlg m¥Yry.g,m) \IIOjvv,g,m\Ilwl,mm“Ij%g,m

g€G meM
<KZ Z (T H’ng Vo + ¥ gm g, ‘i’%gmH
geG meM

< O0,((GM)Y/? ‘ﬁ H:O GM)™*2/P max  (ngT,,)" "/ $652

< Op(( ) )gezgmg/l ¥,9,m b | ( ) geg,m)é/\/(< gTm) ( )
By the similar arguments for showing Lemma S53, we have

Z Z (nng) 7,95 m\Ilwlg mY0;97.9, mqulg,m\ij%gam

geG meM

- Z Z (ngTm)E [ 7.9, mlll'wlg m¥0;77.9, m\IJ“/’} g,m @v,g,m] + Op((GM)1/2)~ (5653)

geG meM

Combining the results in (S651), (S652) and (S653), and applying Assumption 10, we deduce that

(nT)_l/Q Z Z (nngx’?g,m - 7;,m)T\I/9ﬂ%g7m@g,m - 7;,m>

g€G meM
— (nT)71/2Z Z (ngTm)E { 3 9m ¥ g mo,0ygm Y gm Awm} + 0, ((GM)l/z(nT)ﬂm)
geG meM
M 4/p Tm -1 M 2/p Tm -1/2 M T —1/2
+0, (@M max (0T + (GMPP s (0 T,) (G0
= (nT)_l/QZ Z (ngTm)E { ’ygmqj;'ygm@@’m’gm\y’y'ylg mﬁlvgm} + op(1) (S654)

g€G meM

where the second equality is by Assumption 10. The assertion of the lemma now follows from
(S644), (S645), (S648) and (S654). Q.E.D.
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Lemma S64. Under Assumptions 1, 7, 8, 9 and 10, we have

()23 (ngTon) Yoy gm(Fgm — Vo)
geG meM

~

= _(”T)ilﬂ Z Z (ngTm) [\I’Gv,g,mll';yl,g,m\l’%g,m + qJ@v,g,m\I’;&g,m\Ijvﬂg,m(e - 9*)}
geG meM

(nT) 712 > S (ngTm [Vgnﬂﬁimmwmgm}

geGicly

-1/2
_ T _ _ 2
Z Z ng \1197 9, mqj'y'y g,m (E [\I/'y g, m\II,W g, m\II’YjW%Q» \I]'y'y g,mqj%g m]) <d + 0P<1)
geG meM JSdy

. . P
where Uy gm = Yoy gm — Yoy,g.m Y55 g.m Yry.gm

PROOF OF LEMMA S64. By the definition of W, 44 4 m and the triangle inequality, we obtain:

max ‘ (¢g,m - ¢;,m)—r\1}’}’j¢¢7gvm(¢g,m - ¢;,m) - (’A}/g,m - 7;,m)T\I”Yj’Y%Qym(’3/g,m B fy;,m)

9€G,meM (nT)=1 + (D)2 g — Vam]
‘(9 - 9*)—'—\1’%99,9%(@ —0%)| +2 ‘(é - ‘9*)T\I'Vj9%g,m(’7g,m - ’Y;,m)‘
<  max — IR . = 0p(1) (S655)
9€g,meM (nT) + (nT) "79,171 - ng,mH

where the last equality is by Assumption 8(iii), the Cauchy-Schwarz inequality and Lemma S62.
By (S623) and (S624) of Lemma S61, we have

R . “ . ((&{g,m*¢2,m)T\I’Vjaﬁdngﬁm(‘}gnn*d);m))
\Ij%gﬂﬂ + \P7¢797m(¢g,m - ¢g,m) + P}

j<dy

max - - = 0p(1).
geGmeM  (nT) = + (GM) /P (ngTn) /2| 0g m = & ml1* + 6g,m — & mll?

Applying the triangle inequality, Assumption 10(i), Lemma S1 obtains

(nQT )1/2\117'\}9 m\II'Y g,m ’

max ||(ngTin) "> (Ygm — Ygm)ll < _max

geGmEM geG,meM
1/2 * _ ~
* geg,lr%)e(/vl H (ngTm) / (Ygm = Vgm + \I/w,g m¥ry,g,m) H
_ 1/2q,-1 &
N geg}%)é/\/; ‘(ngT ) / U gmYry.gm ‘ + 0p(1). (S657)

By the maximum inequality under L,-norm, Markov’s inequality, Assumption 8(iii) and (S553) in
Lemma, S47,

1/2 1 T 1
max (g 1) 205 | = O,((GAD'Y) (S658)

which together with (S657) implies that

1/2(4 A — 1/p
om0 7o) 2 (3 =350 = OGP, (3659)
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By Lemma S62 and (S659),
/205 1/2
e 0T Dy~ 63, < max [ling )20 - 0]

T \1/2
4—g€gﬁg§A4H(ng m) (4

= O,((GM)"/7)

Ygm = Ygm)ll

which implies that
(nT) ™! + (GM)P(ngTn) 2| Bg.0m = G aul|* + | Dgm — B

max — — = O,(1).
geGmeM (nT) =+ (GM) /P (ngTn) 2|y m = Vg ml I + (0T) 2 g = Vol "
(S660)
Collecting the results in (S655), (S656) and (S660), we deduce that
A N ~ % ((’A}/g,mf'Y;,m)T\I/’Y "Y"/yg-,m(’AYg,mff}';,m)) .
e gm + ‘y7¢,g7m(¢g,m - ¢g,m) + : 2 =
max - - = Op(1).
geG,meM (nT)_l + (GM)l/p(nng)_1/2H7g7m - f)/;,mHQ + (nT)_1/2|’797m - ’Y;,mH ?
(S661)

Next note that by Lemma S62
(nT) 230 3 (0gT) Fgan = Yl = Op (GM)(T)~12)

geG meM
which together with Assumption 10 and (S659) implies that

()23 S (gTo) () + (G2 (1 To) ™2 g = gl P+ (0T 20 1 = 75

g€G meM
< D)7+ max g — Vol
+(GM)1/pgegHﬁ>éM( )" 1/2 (nT) UQQGZQM;A ng Ty ||ng ’Y;,m||2
:(z,<UﬂU_U2%—G:+(GAJXnT)_U%(Gﬂlﬂﬁlﬁgﬁéﬂxnfﬂny4m> = 0,(1). (S662)

Therefore, by (S661) and (S662), we have

—1/2 £ 13
(nT) / Z Z ngTm ‘1’9“/ 9:m Y. g.m Y79, m(Vg m ’Y;,m)
geG meM

~1/2 1 g
~(n1)~ Z Z ngTm \Ije’ygm\I/rW gmYr.g.m
geG meM

nT e Z Z ng \IIG‘/ 9 mqj'y'yl g,m\IJW’@»g m(9 - 0*)
geG meM

Z Z ngTm qj@vgmqj%g, ((’AYg,m—’Y;,m)T‘I’wwng 'Yg, ))j + op(1).

(S663)

144



Since

A 21 1 = -1 1 1
Voy,9,mYengm = Yov.gm¥en gm = = (Yoy,g,m — qj@%ﬂﬂ")qu gm T Yoyg, m(qu gm — Yorgm m)

+ (\Ije%g,m - ‘;[19%97771)(\117719 m \Ijvvlg m)

and
1 1 - > -1
\Il'mg m~ Yoy gm = \Pw g,m <‘I/7%g,m - ‘Ifw,g,m> o gms

by the triangle inequality and the Cauchy-Schwarz inequality,

(nT)il Z Z (nng)(\ig%g mg’;’y g,m \11977g7m\1l;'y1,g,m)

ge€G meM
<K max (Amax((‘l’wlg m 1/2 (nT)~ Z Z g T H‘IJGW gm — Yoy, gva H‘I’Wg m LI’W,g,mH
gegG,meM 5eG m
+K TLT 12 Z ng H‘Ile’ygm_\Ile’ygmH
g€G meM
+ K max ()‘max((ql'y’ylgm )!/2(nT) 12 Z ngTm H‘I’w g:m \I’W,g,mH : (5664)
9€G:meM geEG meM

By (S553) in Lemma S47,

E [H(nng)w(q,mm - %%g,m)m <K and E [H(nng)m(@Wg,m - \pw,g,m)m <K,
(S665)
which together with Markov’s inequality, Assumption 10(i), Lemma S60(ii) and (S664) implies
that
D)0 (0gTon) Wy 9m W5 gm — Yorgm s gm) = 0p (1) (S666)
g€G meM
Therefore by Lemma S62 and (S666), we have

(nT) 12 Z Z ngTm ‘1]97 g mll’wl g,m\II"/9797m(9 —07)
g€G meM

(nT) ~1/2 Z Z 1gTn)Vor,g, m\pwl g,rnq’“yéﬂg,m(‘9 —0%) + op(1). (5667)
geG meM

By Lemma S56,

(072D (06Tn) ¥orgm ¥ g n Wrgom

geG meM
(nT) e Z Z (ngTm) Wor g, m\p% gm¥y.gm
geG meM
nT 1/2 Z Z ng |: 7.9, m\Il;’y g, m\Il%g,m + Op (1) . (8668)
geGiely
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By Lemma S60(i, ii), Lemma S62, Lemma S59 and (S627) of Lemma S62,

T r 1 ~ * T3 ~ *
Z Z (”ng)(‘PH%g,m\I’v%g,m — Yoy, m‘I’w g, m)((’Yg,m - Wg,m) ‘I’m%g,m(’yg,m - Wg,m))jﬁdy
geG meM

N . . .
= ngén%}e(/vt < g Wy, g.m = \Ijg%gvm\pw,gmH pEre ‘I’ww,g,mH)
XZ Z ng H'ygm ngHQ
geG meM
= 0,((GM)*2/?  max  (n,T,,)~Y) = o,(nT)'?). (S669)
geG,meM

Similarly, we can show that

(TLT)_l/2 Z Z \IIH'y,g,m\II—\_/’yl,%m((ﬁ/g,m - Fy;,m)T\Ij:J’y%g m(f)/g,m - ’Y;,m))jﬁdq = Op(l) (SG?O)
g€G meM

. .
where \I/AY v, = \Il”/jV%ELW

show that

— W, vgm- By the similar arguments for deriving (5654), we can

~ * T ~ *
TLT 1/ Z Z ng \Ij9’7 g, m‘Il’y’yl g,m ((79,m - ﬁYg,m) \Ij’Yj’Y%gvm(’Yg,m - Vg,m))jﬁdw

geG meM
(nT) ~1/2 Z Z (ngTn)Yory,g,m \I’wlg m(E[\IIIg m‘I’wl 9:m ¥r77,9, m\Ilwlg m\il’Y g, m])jﬁdw +op(1).
geG meM
(S671)
The assertion of the lemma follows from (S663), (S667) and (S668)-(S671). Q.E.D.
Lemma S65. Under Assumptions 1, 7, 8, 9 and 10, we have
(7)Y S g Tn) (g = v)lIF = Op ((GM)(nT) 71?)
geG meM
for any s < p.
PROOF OF LEMMA S65. By the triangle inequality and the ¢.-inequality,
> 2 g Tm) 2 Gy = Vo) I = K3 3 19 Ton) " (Fgm = Vom + Vg Urgum) I
geG meM geG meM
+KZ Z H(ngT 1/2\11'yfy1g,m\ij%g,m||s‘ (8672)
geG meM

146



By Lemma S1,

D)2 g To) Gy = Vigm + Ut g Vg
g€eG meM
S

*
Ygm — Vgm + \II’W 9, m\Ij%g’m

< max (nT) /2 g E (GM)?/P(n,T,,) =/
2s g
9€G,mEM (GM)?s/P(n,Ty,) 5 prer iy
_ 1+2s/p -1/2 -s/2 ) _ -1/2
O, ((GM) (nT) gegmﬁ)e(/\/l(nng) ) Op ((GM)(nT) ) (S673)

where the second equality is by Assumption 10(ii). By Assumption 9 and (S553) in Lemma S47,

1/2 1 T S < 1/2A S <
Jomax | E [[ngTo) 20y gl ] < B max ) B {||0g )28 gll?] < K (S674)

which together with Markov’s inequality implies that

()72 > g D) VP g Vo gamlI° = Op((GM) (nT)~/2). (S675)
geG meM
The assertion of the lemma now follows from (S673) and (S675). Q.E.D.

Lemma S66. Under Assumptions 1, 7, 8, 9 and 10, we have

(nT)fl/Q Z Z (ngTm) [\i’g,m(&)g,m) - \i’gm((f);,m)

geG meM
TLT —1/2 Z Z ng \Il(ﬁ g, m(¢g m ¢2,m)

geG meM

~1/2 . .
Z Z ng ¢gm ¢;,m) qj¢¢,97m(¢g,m B ¢;,m)
g€G meM

1/2 ~1/2 1/242/p ~1 —1/2
+0, ((GM) )2 (G20 e (ngT) 4 (g T) ) ).

PROOF OF LEMMA S66. Applying the Taylor expansion obtains

(”T)71/2 Z Z (ngTm) [@g,m(&g,m) - \i/g,m(sz,m)}

geG meM

nT 1/22 Z ng \I’dugm(d)gm d);,m)

geg meM
~1/2

Z Z ng ¢g m ¢;:m)—r\ij¢¢agvm($g,m - ¢Z,m)

geG meM

-1/2 ~ R ~
Z Z ng ¢g m ¢;,m)T\IJ¢¢¢jag,m(¢g,m - ¢;,m));‘r§d¢ (¢g,m - d)z,m)’ (8676)

geG meM
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where

0°Y(z o) m)
San = 5 52 (Pt

i€lg t€l,

for any j < k, and g~[>g’m is between éﬁgm and ¢p .. By (S564) in Lemma S49, we can show that

s Voos;,0m — Yoo, ,gm
9egmeM || (GM)VP(ngTn) Y2 + ||y —

= 0,(1), (S677)

gl
here W — [0 (F¥Eidm)] By Assumptions 8(iii), 10(i) and L S58
where W0, 9m = E | 55 50057 . By Assumptions 8(iii), 10(i) and Lemma

max max
i<k gegG,meM

m’ < r;lgaé( gegﬁ)éM H‘I’¢¢¢j,g,mH

+0, (@M 40— 71 ypx (0T )
— 0,(1). (S678)

By the triangle inequality and the Cauchy-Schwarz inequality,

(nT)il/Q Z Z (ngT’m)(((?)g,m - ¢Z,m)—ri’¢¢9j,g,m((%g,m - (ﬁ;,m))jTSde (é — 9*)

geG meM

< B0, qm| ) 10 = 61| ()~ 2 (8679
< (o B, m]) 100710 S 3 (Tl = il (5679

From Lemma S62 and Lemma S66,

D)2 S (Tl — B ll?

geG meM

= (D)210 = 6%|P + (nT) 2> N (g Tl — Vol
geG meM

= Op((nT) ™2 + (GM)(nT) /%) = O, ((GM)(nT)~/?),
which together with (S679) and Lemma S62 implies that

D T By — Bgon) " Vo0, 9m (Bg.m — Bgon)) <y (0 —07) = Op((GM)(nT)~1/2). (S680)
geG meM
Similarly, we can show that
DD T (0= 6) g, gm0 = 07)) j<a, Fgm — Vo)
g€G meM
= 0, ((GM)(nT)—l max (nng)1/2> (S681)

geG,meM
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and

S gTo) (0 = 6°) Vo, gm(Fgm — Vi) j<i, Fgim — Vo)
geG meM

= O,((GM)(nT)~Y/?). (S682)

By the triangle inequality, Cauchy-Schwarz inequality, Lemma S58 and (S677),

(”T)_1/2 Z Z (”ng)(('AYg,m - '7;,m)T(‘i’W'vjvg,m — Wy, ,g,m)(%,m - 7;,m))jT§d7 (’A}/g,m - ’7;,m)

geEG meM
(nT) ~1/2 Z Z ngTm HWg m — Vg, mH H‘I’W%g m \IJ’Y’Y“/J'»Q’WH
g€G meM
<0, 2" S 1y T) 1y — VG 4 1 — 1l 4116 — 7]
geG meM
= O, ((GM)YP)(nT) 2> (ngTon) V2 g — Vil I®
geG meM
= Oy ((GM ) VP ()12 jlnax M(nng)1> 7 (S683)

where the last equality is by Lemma S65. By Assumption 8(iii), Lemma S1 and Lemma S48

~ ~ T ~
| deg ZmGM (nng) ((7g m ’7;, )T\I]’Y’Y’Y;wg, (79, - 7;,m))3<d (’Yg m ’Y;,m)

T 1 1 T, 1 T
- deg Zme/\/t (nng)(‘Pw g, m\IJ'y'y g, m\I]’Y’Y’ng m\p'y’y g, m\IJ’Y 9, m)J<d \Ilwfy g, m\II'Y g,m

A

. 2
R N _
< Hiax max H‘I’w%,gmH E : § : ngTm quwgm\I’%QMH H“Yg,m ~ Tgm +\ij%9 m\I"ng:mH
j<d~ g€G,mEM G e

5 el 00 b 5
jédwgeg,me/\/t Yy gom] 9 rrgm ¥, gm — Ygm T ¥y .0.m g,

nT 1/22 Z (GM 4/p n T H\Ifwgm 797mH+ GM 2/pH\ijgm 7gmH )
geG meM

_ 1+2/p ~1/2 -1
0, ((GM) (D) e (T ). (S684)

where the last equality is by Assumption 10(i). Applying Lemma S52, we get

—1/2 1 1 T T -1 T
(nT) / Z Z (nng) 7 g, m\IJ'y'y g, m\IJ"/’Y’Yj g, \117%97 ‘11'7797m)j§d.y \I"y'y,g,mlll%gym
geG meM

_ 1/2 ~1/2 ~1/2 1/2 -1
O, ((GM) (nT) (geg’lgéM(nng) + (GM) geér}%éM(nng) >> : (S685)

Collecting the results in (S680)-(S685), we deduce that

A ~ A T A
(D)7 D2 S 1T (Bgam = Spon) P, g B = G5m)) _, @gan = B5m)

geG meM

=0, (@) 2m) 2 (G20 e (0T 4 x| (0, o) 2)) (5650
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which together with (S676) shows the assertion of the lemma. Q.E.D.

Lemma S67. Under Assumptions 1, 7, 8, 9 and 10, we have

~

(nT)"2Y 0 > (0 Tm) Ggm = Vo) Crvgm gm = Vom)
geG meM

= ()37 D7 9 T) ¥ g U+ 0 (G (nT) 7172
geG meM

PROOF OF LEMMA S67. By Lemma S62 and (S659),

)+ (G P00y To) By~ Syl 1B — Gl
sebmin (T) 1+ (GM) (g Ton) 1y e — gl
(nT)_l + (GM)I/p(nQTm)_1/2|”AYg7m - 7;,m”2 + H:Yg,m - 7;,771”3

< max -
= gebmem (7)1 + (GM) (g Ton) 2]y

(GM)MP(nyT) 7210 — 6%|* + 110 — 07|

max

9B mEr (WT) =+ (GM) V(g To) 2 g

- 7;,m||2

+

- Wg,mHQ

(maX €gG,meM |ﬁ/gm - /7;777“) ||§/gm - 7;m||2
<14+ max 9= : . — : 4+ 0,(1) = O,(1).
S M D)+ GM) Py Ton) P g = gl T P T O

Therefore, we can use (S656) to obtain

<(é§g,m_¢;,m)-r\Ijﬁj¢¢7g,m(ég,m_¢;,m))

\I’%gﬂn + \IJ’Y¢797m(¢g,m - ;m) + 2

Jj<dy

= 0,(1).
geg,lr%)e{/vl (nT)=1 4 (GM)l/P(nng)—l/QHﬁg’m — ’Yg,m||2 b(1)

(S687)

To employ the above expansion, we write

(nT)il/z Z Z (nQTm)(:Yg,m - '7;,m)T\i17%97m(:yg,m - ’Y;,m)
geG meM

= —(nT)_1/2 Z Z (nng)('AYg,m - '7;,m)—r(‘i"y,g,m + i’v@,g,m(é —6%)
g€G meM

- 2_1(7’LT)_1/2 Z Z (nQTm)(ﬁ/g,m - Vg,m)—r((ébg,m - gb;,m)—r\p’yﬂs@gvm(&sg,m - qb;,m))jﬁd—y + Rl,n,T
g€G meM
(S688)

where

\i’%g’m + \i’w,g,m(&sg m ¢2 m)
Rinr = (nT>71/2 (nng)('AY , -, )T —1{(/4 T N ’ N
! gezg mg\/l pm e +2 ((¢9,m - (b;,m) \P7j¢¢7g,m(¢g,m - )
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We can apply the Cauchy-Schwarz inequality, Lemma S65, (S687) and (S659) to bound R, 7

[Rinrl < )72 N (ngTn) g m — Vmll(RT) ™+ (GM)VP (g To) ™24y 1 = Yo aml )
geg meM

< (D) max ||y — Vel + (GM)YP(T) 2N (0 T) V2 g o — Vil
9€g:meM g€G meM

_ 1/p ~1/2 ~1/2 1+1/p ~1/2 ~1
0, ((GMMP(T) 2 g (g To) 2 @)D (T ).
(S689)

Next, we bound the second term in the RHS of (S688). For this purpose, we write

(nT)_l/Q Z Z (nng)(:Yg,m - 7;,m) ((¢g m gbg m)T\IJWj¢¢,Q,m(€%g,m - ¢;,m))j§d’v

g€G meM

- (nT)_1/2 Z Z (nng)(ﬁg,m - 7;7m)—r((@ - 9*)T\Il’7j99797m(é - 9*))j§d'y
g€G meM

+20T) Y TS T (g Ton) Bgm — Vam) (0 = 0°) " 0y 0m (Fgm — Vim))i<ds
geG meM

+ (nT)_1/2 Z Z (nQTm)(ﬁ/g,m - ’Y;,m)—r((ﬁ/g,m - Vg,m)T‘lj’Yj’Y%g:m(’?g,m - ’Y;,m))jﬁd'y‘ (8690)
geG meM

By the Cauchy-Schwarz inequality, Assumption 8(iii), Lemma S62 and (S659),

~

(TLT)_l/2 Z Z (nng)(:Yg,m - f)/;,m)—r«é - 0*)T\I]’Yj90797m(9 - 9*>)j§dv

g€G meM
< <max max H\Il’yg'90797mH> nT 1/22 Z gL )|V gm — Vg,ml
g€G meM

*

~0, ((nT>‘1/2 max ||ag,m—w;,mr|)

geG,meM

_ 1/p —1/2 ~1/2
O, <(GM) (nT) gegﬁ,}éM(nng) ) . (S691)

Similarly,

D)2 S 0 To) (0= ) oG — Vo)) g = i)

1<d
geG meM I=G

T ~ *
= (0 0* nT —-1/2 E E ng ( ’Yg,m — 7;7m) \Ilej'y'y,g,m(f)/g,m - ’Yg m))j<d
9€G meM -

<:1(H9 o

(D)7 23 TS (0T [Fgm — Vol > = Op ((GM)(nT)71) (S692)
geG meM
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where the equality is by Lemma S62 and Lemma S65. Applying (S684) and (S685), we obtain

_ N T//~ T N
(nT) 1/2 Z Z (nng)(’Yg,m - Vg,m) ((’Yg,m - ’Y;,m) \I”Yj’Y’M,m (’Yg,m - Vz,m))jﬁdw
gegG meM

_ 1/2 ~1/2 ~1/2 1/2+2/p -1
O, ((GM) (nT) (geg}g}é/\/l(nng) + (GM) gegn%)e(M(nng) >) . (S693)

Collecting the results in (S690), (S691), (S692) and (S693) and applying Assumption 10 yield

~

(TLT)_l/2 Z Z (nng)(:Yg,m - 7;,m)—r((&g,m - (b;,m)T\Il’Yj¢¢7g,m(¢g,m - ¢;,m)>j§d'y
g€G meM
= 0,((GM)Y2(nT)~Y/?). (S694)
Next, by Lemma S1, Lemma S51 and Lemma S62

(nT)_1/2 Z Z (nng)(’AYg,m - ’Y;,m)—r\il’y@,g,m(é - ‘9*)

gegG meM
= (nT)~'/? Z Z (”9Tm)@;g,mq’ﬁg,mq’v&gam(é —07)
g€G meM
+ )2 0T W] g V5 g (Fatgm = W gm) (0 0°) + Oy ((GM) /7 (nT) )
g€G meM

= 0y (D)2 4 (GM) ()7 = 0, ((GM)2(nT)712)
which together with (S689) and (S694) implies that

(nT)il/Q Z Z (nng)(;Yg,m - Vg,m)T\II’Y’Y,g,m<§/g,m - 7;,m>
geG meM

= =) N T Gigm = Ygn) rgam +0p (GM)(T)7V2) L (3695)
geG meM

We shall apply (S687) to the first term in the RHS of (S695) to show the claim of the lemma.

For this purpose, we write

(TLT)_I/Q Z Z (nng)(ﬁ/g,m - ’7;7777,)1—@77977”

g€G meM
= Ropnr — (nT)_1/2 Z Z (”ng)@’%g,m + ®79,g,m(é - ‘9*))T\i’;vl,g,m@%9’m
g€G meM
- (4”T)71/2 Z Z (”ng)((%,m - ¢Z,m)Tq’vj¢¢7gym(¢g,m - ¢;,m))jTde \i’;vl,g,m‘i’%gmv (S696)
geG meM

where

N N ‘i’%g,m + ‘i’v¢7g7m($g,m - *, )
Ropr = (nT) 23° Y (ngT) 0], 005 o

VG T YY5G, M -1 ((; _ 4% T 4 ok
gegG meM +2 <(¢g7m ¢g,m) \I'vjw,g,m(%,m <f’g,m)>j§d7
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By the Cauchy-Schwarz inequality

’R27",T| < Ggla}éMH\I]'y'ygmH

()23 3 (g T |9l ((0T) ™+ (G (g T) ™ g0 = Vg P)-
g€G meM
(S697)

Since maxgegmem E [\|(n9Tm)1/2\i’%g7m\|p} < K by (S553) in Lemma S553, we can use Holder’s

inequality Markov’s inequality to obtain

Z Z H(nng)l/Q@%g,mHs =0, (GM) (S698)

geG meM

for any positive s less than or equal to p, which together with Lemma S60(ii) implies that

—3/2 —1/2 —1/2
e 2 10022 S S Tl = Oy (7)) 2)).
geG meM

(S699)
By the Cauchy-Schwarz inequality

> 2 g T) 28 gl X (g m — g mll”

g€G meM
1/2 1/2

Z Z ||(nng)1/2\i/%g,m”2 Z Z ’|’3/g,m7’y;,m||4

g€G meM g€G meM

=0, <(GM) max  (nyTp) " (S700)

geG.meM > ’

where the equality is by (S698) and Lemma S65. Using Lemma S60(ii), (S697), (S699) and (S700),
we get
Ranr = Op (g (1T 4 @O0 e (0T ) 7))

= o ((GM)l/Q(nT)_W) : (S701)

where the second equality is by Assumption 10. By the similar arguments for showing (S694),

("T)im Z Z ("9Tm)((¢g,m - ¢;,m)T‘Pw¢¢,g»m(¢g,m - ‘Z’Z,m))J‘Tde \i’;vl,g,m‘l’wvm

geG meM
= 0,((GM)Y2(nT)~1/?). (S702)
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By the triangle inequality,

~1/2 -1
(nT)~" Z Z (g Ton) oy.9.m ¥ g Vrg.m
geG meM

-1/2 1
(n1)" Z Z (g Tn) Wory,9.m Yoy, g,m Wy,g.m
geG meM

IN

+ (’I’LT)_I/2 Z Z (nng)(\ije%gam B \119%97 )\ilw'y g, m\iJ’Y g,m
g€G meM

~1/2 ! - y
+ {|(nT) / Z Z ngTm \Ile'ygm(qj'y'ygm_qj’wgm)\y%g,m

geEG meM
<00+ (1052l ) )2 52 S (0T i m = Wl % 195
9= geG meM
+ < egl’r?”;}é/\/l ||\Ijvvgm||||qjvvgm > TLT 1/22 Z ng ||\I]’Y’ng - \IJ’Y%g:mH X ”\IJ’Y»vaH
9= geG meM
= 0,(1 4 (GM)(nT)~Y?) = 0,(1), (S703)

where the second inequality is by the Cauchy-Schwarz inequality and
—-1/2 - 7
g€eg mEM

which holds by S553 in Lemma S47; the first equality is by Lemma S60(ii), (S698), (S665) and
Markov’s inequality; and the second equality is by Assumption 10. By the Cauchy-Schwarz in-
equality, Lemma S62 and (S703)

(D)2 T (ngTon) (0 = 0%) T Wy gm W g Usgm = Op((nT)~1?). (S704)
g€G meM
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Next note that

(nT)71/2 Z Z (nng) Y59, m(\I”y'yl g,m \I"y'yl g,m )‘11’7797771
geg meM

IN

(nT)_1/2 Z Z (nng> v,9, m‘lj'm}g m(\I]’Y’Yu‘Lm - \IJ’Y’ng:m)\II'y'\} g,m\IJ’Y g,m
geg meM

+ (nT)_l/z Z Z (nng) V595 m(\Pwl gm \Ilwl g,m )(\Il‘f%gvm B \Ilw’gvm)\l/;v{gm\p%g’m

g€G meM
= <ng 15 g ml 1123 m |||¢’Wg,m—‘1’w,g,m||2> (1) 23" S (0T [ g
" 9€G meM
+0, <(GM)1/2(TLT)_1/2 max ((nng)—1/2 + (GM)l/Q(nng)_1)>
geG,meM

=0, ((GM>1/2<nT>1/2 Jomax | ((ngT) 2 <GM>1/2+2/p<nng>1)) = 0,((GM)"(n1) /%)

(S705)

where the second inequality is by Lemma S52 and the Cauchy-Schwarz inequality, the first equality
is by Lemma S60(ii), Lemma S59 and (S698) and the second equality is by Assumption 10.
Collecting the results in (S696), (S697), (S702), (S704) and (S705), we have

(nT)_l/Q Z Z (nng)(;yg,m - F)/;,m)—l—\ij'y’gvm

g€G meM
—(I)TVEY TN (g T) W U W g + 0p(GM)V2 (D) 71/?)
geG meM
= (D)"Y Y (L) g Vo g Wrgam + 0p((GM)'/2(nT) /%) (S706)
geG meM
which together with (S695) shows the claim of the lemma. Q.E.D.

Lemma S68. Under Assumptions 1, 7, 8, 9 and 10, we have

7)™ Y23" N (nyTon) (0 — 0%) Wy g, (0 — 6%) = O, ((nT)—1/2> (S707)
geg meM
and
(nT) 123" 3 ()0~ 09 W gy — Vym) = Op (0T)2 4 (@) (0T) ).

geg meM
(S708)
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ProoF OoF LEMMA S68. By the triangle inequality and the Cauchy-Schwarz inequality

(D)2 " (ngTon) (0 — 0%) T W g (6 — 6%)

gegmeM
Ha o*||” (n1) 23757 (0T [ W0,
geg meM
N 2 N
<6 — o T)4/2 Uoo.0mll = O, ((nT) /2 S709
< (nT) geé?%’éM” 00,9,m|| = Op((nT)~7/%) (S709)

where the equality is by Lemma S62 and Lemma S60(i). This shows the assertion in (S707). To
show (S708), we note that by the triangle inequality

(nT)il/z Z Z (nng\i}G’v,g,mﬁg,m ~ Vgm)
geG meM

~1/2 - a
(nT) / Z Z (ngTm WGng\I'wvg,m\IIWHW
geG meM

IN

N

+ (”T)_l/z Z Z (ngTn) (Woy,g.m — ‘1’9%9,771)\1/7“} gmYy.gm
ge€G meM

+ nT 1/2 Z Z ng \IJQ’Y 9, m('}/g m 7;,771 =+ \Ijv'ylg m\Il%gm”L)

geG meM
< (nT) 1/22 Z ngTm H\I’(?vgmH H')’gm Yom +\P77197m@%9:mH
geG meM
+Op(1+ (GM)(nT)~/?)
= 0,(1 4 (GM)'+2/P(nT)=1/2) (S710)

where the second inequality is by (S553) in Lemma S47 and Lemma S51, the equality is by Lemma
S60(i) and Lemma S1. The assertion in (S708) now follows from Lemma S62, (S710) and the
Cauchy-Schwarz inequality. Q.E.D.

Lemma S69. Under the conditions of Theorem A4, we have

121&?[ VUi | Forie 1} ZOp< 1/2+G 1/2néagxngl> (S711)
i<n gey;
PROOF OF LEMMA S69. For any ¢ = 1,...,n, by the independence of {z;+}+<7 across i we have

”gj(i)Tl/QE [( +V) ]l‘]:nTl 1}

V. L UVVAT
(U, + Vz)Aj,i

Wn, T

Z Ajy = Z ¢} iAj,

{i’elgj(i): i'<i} {i’elgjm: i <i}

Wn, T

)
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where ¢;; = E[(¥; + Vi)Aji/wnr]. Let Cji = Z{i’élq.(-)' i#>iy Cjv- Then the above expression
g5(2)"
implies that

ZignE ( +V) jz‘fnTz 1} CTA
5 => T (S712)
nwy, = Mgy )T NWn, T
Since E [A;;] = 0 and A;; are independent across i,
2
T T T
E Z Cj,iAj,i _ Z Cj,iE[Aj,iAj,i]Cj,i
2 2
i<n ”gj(i)”"J"vTTl/2 i<n ngj(i)n2wn,TT
K maxi;<n )\maX(E[Aj7iA;ri]) _2 T

< o | T ; 19C7:Cii- (S713)

Applying Assumptions 1, 9 and 12(ii), and Rosenthal’s inequality of strong mixing processes (e.g.,
(S556) with p =4 + 6 in the proof of Lemma S47), we obtain

440
max max E[|¥;, "] = max max E (Tn_ll/z Z @jw(zz’,t;@’%m)) < K. (S714)

i<n meM; i<n meM; el
By Corollary A.2. in Hall and Heyde (1980),

max max E ’E[‘l’]v im\I’j'y im’]
i<n m/eM; ’ ’
meM;

< K 244) 5/(2+5 <K 1
= I?Sarf‘;w?é%(( | me‘ Z|a ) (S715)
where the second inequality is by Assumption 1(iv) and (S714). In view of the upper bound in
(S715), we can use Gersgorin’s disc theorem (see, e.g., Theorem 6.1.1 in Horn and Johnson (2012))
to show that

max max Amax(E[4;,A];]) < K. (S716)
71=1,2 i<n ’

Using Lemma S46 (with X1 = (U} 4+ V;*)/w,r and X3 = A;;) and the inequality above obtains

(W, =5, + V' — Vz*,i)2
2

max [[eji|* < max(Amax(E[47:A4];])) maxE
i<n 1<n ’

isn wn,T
U* . — Px )2 max;_j o max; <y, E[|V* |2
< Km<axE [( 1,3 - 2,1) ] + K Jj=1,2 21§n H j,z‘ ] <S717)
=n wn,T wn,T

Applying Assumptions 1 and 12(i), and Rosenthal’s inequality of strong mixing processes, we can

show that
4

~ ~ 4
\II* . \Ij* : Zq 9 ’L % ’ A
max E (M) — maxE 1/2z¢1 591 t) ¥5( b ¢2 t) <K, (ST18)

i<n w i<n w
> n, T > t<T n, T
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where V7 (zi4; 07, ) = V(2145 05,,) — E[Yj(2i4; 67, ,)]. Similarly for any ¢’ € 0,2 + 6/2],

2 9 2+6
E (ZmEM (\Ilj'y,zm - E[\I/],%Zm])) KM~1+§//2
J
(Qngj(i)Tl/Q)zHl B (”gj(i)Tl/Z)QMI.

E[| V[>T = (S719)

Therefore by (S717), (S718) and (S719) with ¢’ = 0, and Assumptions 1(i) and 11(i), we can
deduce that
2 _
max lejal” < K <1 + M; ?é%i;ng 2) . (S720)

Using the Cauchy-Schwarz inequality and (S720) yields

C]—‘FZ‘Cj,i 221,126{1 EIg (&)1 '>i} ’ g zchuw’
max 2 = max 5
i<n n< . i<n n< .
g5 (%) g5 ()
Z{z‘/elg_(,-): i'>i} e Ly
< max : < K (1+ Mjmaxn, (S721)
i<n Mg, (i) 969

Collecting the results in (S713), (S716) and (S721), and applying Assumption 11(i) obtains

2

E Z Ji4tast » < — Z ],21 J5t gKT‘1< + M; maxn92> (S722)
< ngj(i)nwnﬁTT Tn Wt 2 M) 9€g

The desired result in (S711) now follows from (S712), (S722), Assumption 10(ii) and Markov’s
inequality. Q.E.D.

Lemma S70. Under the conditions of Theorem A4, we have

(nwEL,T)_l Z (E[UZ‘QU:nT,i—l] — IE[UE]) =0, <T_1/2 + max max(Gjng)~ 1/2> . (S723)

= Jj=1,2 geg;
PrOOF OF LEMMA S70. Since
E [UiQ’fnT,i—l] =E {012,¢’FnT,z‘—lj| +E [@%J-ﬂm-@ —2E [01,1'[72,@'\]:711@‘—1} ;

the claim of the lemma follows if

. (E[ﬁjzﬂfnm—l] - E[UJZJ]) =0p <T1/2 + HéagX(Gj”g)l/2> , and (S724)
i<n 9eY;
Z (E[Ul,iUQ,i|fnT,i—1] — ]E[ULiUQ,i]) = O <T_1/2 + max maX(G ng) 1/2> . (8725)

i<n

We next verify (S724) and (S725).
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We first show (S724) for j = 1. The proof for j = 2 follows the same arguments. For simplicity
of notations, we suppose that for any g € G, Iy = {Ny+1,..., Ny + ng} where N, = Eg,<gn

Following these notations, for any i € I, and any g € G; we can write

U1 g = ngT1/2 Z A Al,i"
=Ng+1

Since Z —N,+1 A i is non-random given F,7;—1 and A;; is independent of Z =N, +1 Ay v, for

any ¢ € I, and any g € Gy
2

nyTE[UL 4| Foria] = E Z Al Avg | | Fariaa
/:Ng+1

= Z Al (B[ALAL ) A,
i1,ia= Ng+1

11—1

= Z Al (B[A1:A]) Alz'+2 Z Z Al (B[ALA] ) A,

=Ny+1 =Ny+2is=Ny+1
i1—1
=Tr | E[A1;A] ] Z Ay g Al +2 Z S AnAl ]
7 =Ny+1 =Ny+2ig=Ny+1
which implies that
Ng+ng—1 ATD Ng+ng—1 -1 AT D
) A 11 1,4 1,2 11 1,4
ZE[Ul,i’}-nT,z 1 Z Z Z Z Z n2T ,  (S726)
i<n g€G1 i=Ng+1 g€G1 i=Ng+2 /=Ny+1
where
Ng+ng
Dii= Y E[AsA],]
i'=i+1

for any i € I,. Since E[A[;D; ;A ] = 0 for any i,7 € I, with i # ', by (S726) and the law of
iterated expectation,
Ng+ng—1
T T R[A], DAy

S ECEI=) > — (S727)

i<n 9€G1 i=Ng+1
By (S726) and (S727),

N,
gtng—l AT D1 iAli — E[AIiDl,iAl,i]

Z(E[Uﬁﬂfn:ﬁ,i—l] ) Z Z 7 7n§T

i<n g€G1 i=Ng+1

N, -1
Sy ! Al ,LDl 2Alz

+2y 0 > > —ar (S728)

g€G1 i=Ng+2 i/=Ng+1
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In view of the decomposition in (S728), it is clear that (S724) holds for j = 1 by Markov’s inequality
if
Natng1 AT Dl zAl K

Var Z Z 2T < KGy maxng1 (S729)
g€g1 i=Ng+1 " 9&G1

and
Ng4+ng—1 -1
gtng A“D“

va [ Y % e “N < kT (S730)

g€G1 i=Nyg+2 i!=Ng+1
We next prove (S729) and (S730).
First note that the upper bound on the eigenvalues of E[Aj,Z-AjT’i] established in (S716) implies
that

maxIE[A A ] = max Tr(E [AN-A]-TJ]) < M; max )\max(E[Aj,z‘AjT,i]) < KMj, (S731)

i<n i<n
where the first inequality is because Tr(IE[AJzAJTZ]) is equal to the sum of the eigenvalues of
IE[AMAL], which is bounded by Mj)\maX(E[Aj,iAL]). Also in (S719), we have shown that
2

maxE | [ M2 N (92, ~E@2 D | | <K (S732)

i<n J -
meM;

By (S731) and (S732), and the Cauchy-Schwarz inequality,
2

maxE[(A];4;,)% =maxE | | Y 92

i<n i<n
- meM;
2 2
S 2%135( E Z (\IIE’Y im E[\Iﬁwm]) + Z E J’Y im]
- meM; meM;
< KM; + rln<a5<(E[AjTiAM])2 < KM?. (S733)
By (S716), we also have
Ng+n T
Amax(D1i VI Amax (E[A1w AT,
maxmaxM = max max 2oitit Amax(El ALy Ay 1) <K. (S734)
9€G1 i€ly Ng g€eG1 i€ly Ng
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Getting back to (S729), we note that since A ; are independent across 1,

Z Nq_'_znq_l AT D1 ’LAl J Z N(J% ! Var Al le zAl ,L)
n2T (n T)
g€G1 i=Ny+1 g€G1 i=Ng+1

Nt L B(A] Dy AL

<2 2

g€G1 i=Ngy+1 (ngT)
N (Amax (D1,))*E[(A] Ar2)?)

IS

9€G =Ny +1 (n3T)
Ng+ng—1
SKY Y (ngD)PMP<KMIT?Y n'
g€G1 i=Ng+1 9€G1
< KM}G T2 maxng < KG max n, —1 (S735)
9€G1 9€G1

where the third inequality is by (S733) and (S734), and the last inequality is by (S535). This
establishes the desired result in (S729).
Similarly,

Ng+ng—1 1—1
I = AllDlelz

DD D

g9€G1 i=Ng+2 /=Ng+1

. Ng+ng—1 i1 Var Al le 1A1 ! . Ng—l-ng—l it Al le zAl ! ) ]
=2 2 X CD VD IRDD 2Ty
g€G1 i=Ny+2 i!=Ng+1 g€G1 i=Ny+2 i!=Ng+1

< Z Ng§_1 S max D1 z)) AmaX(E[Al Z'AT ])E[AIZALZ]
(ngT)?

g€G1 i=Ny+2 i!=Ng+1
Ng+ng—1

<KDY >

geG) i= Nq+2

(S736)

where the second inequality is by (S716) and (S734), and the fourth inequality is by Assumptions
1(i) and 10(ii). This shows (S730).

To derive (S725), we use the same notation for the structure in G; employed in verifying (S724)
for j = 1 above. That is for any g € G1, Iy = {Ng + 1,..., Ny + ng} where Ny = 3, ng.
Moreover, for each g € Gi, we order I, according to the group identity g»(i) such that go(i) is
non-decreasing. Based on the values of g2(i), we can divide I; to My subsets (1 < M, < G>):
Igr = {igg—1 +1,...igg} (I = 1,...,My) with igo = Ny, igm, = Ny + ng and ig; € I, for
j=1,..., M, such that g2(i) = go(3 ) for any 4,7 € I,;. For each i, let

Ql,i = {il € Igg(i): i’ < Ng1(i)} and QQJ' = {i/ S Igg(i): Ngl(i) + 1< i <i— 1}.
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By definition, Q1 includes the individuals who share the same group identity with individual 4
under model 2 but are in groups Iy with ¢’ < g1(i) under model 1. On the other hand, Q2
includes the individuals who share the same group identity with individual ¢ under model 2, and
are in the same group ¢;(¢) of individual 7 under model 1 but have their index strictly less than
i. Since Ny ;) < @ — 1, it is clear that Q1; and Q2; are mutually exclusive, and {i" € Iy, iy
i <i}=Q1;UQa.

Using the above notations, for any ¢ € I, and any g € G; we can write

Uljiﬁgﬂ' = (ngngz(i)T)_l Z AI@'ALZ" Z A;—,iAZ,i’
i/:Nq+1 {’iIGIQQ(i): ’i/<i}
ApALLA ! Ag Al A
111 1 2,4 222 212 2,1 12 1,21
- . (S737)
Z > T T2 X roT

i1=Ng+1i2€Q1; 11=Ng+11i2€Q2;

Let di2; = E[Al,iA;i] and da1,; = d1T2,z‘- Then by the independence of A;; across ¢, we obtain

7140 da1,:A1
ZE[ULiUQ,”FnT,i 1 Z Z Z Z 212 ;1411044
= 9€G1 i€lg 2€Qn,i 1= Ng+1 ngng, (i) T
2 7,2 d21 ’LAl ’Ll
iryy § ety
g€G1 i€l i2€Q2 ; i1=Ng+1 Mgy (i)

To study the two terms in the RHS of (S738), we first investigate di2;. Applying Lemma S46
(With X1 = Al,i and X2 = Agﬂ') yields
max Amax (d12,id217) < max Amax(E[A1;A] ;) Amax (E[A2,43,]) < K, (S739)

i<n
where the second inequality is by (S716).

Consider any g € G1. Since Iy = Ui<pr, gy, and for any @ € Iy, Q1 = Q1,i,, and ng,;) =

we can write

n92(ig,l)’
i—1 i—1
>0 > < ’2d21 Chaly Y Y Y A2 atot iy
N T
1€lgi2€Q1,; 11=Ng+1 92( I<My 74€Igl742€Q17, 1 11=Ng+1 gz(lg,z)
i—1
2 12
E E E E d21,iA1,i1 . (8740)
I<Mj i2€Q i, 9Mgs(ig1) T i€, i1=Ng+1
By the definition of I,
i—1 lgl ig,l—l ig,lfl
l l
E E do1i A1 = g do1 i E Ay, =Dy, E Aviy + E D5 gi Aviy s
’L'Efgyl 11=Ng+1 1= lgl 1+1 11=Ng+1 11=Ng+1 ’51:7;9,[714’1
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where D} | = Zzg:llg a1 a1 and Db = Zzg 11 d21,#. Hence the summation in the RHS of the

second equality of (S740) can be further decomposed into two terms which leads to

Zgl 1
>0 > Z Q”dmAl“ =22 > > AdsDig
g !]2(Z )T
g€G1 i€l i2€Q1,; i1=Ng+1 9€G1 ISMy i2€Qu i, 1=Ng+1 g;l
lgylfl AT

FYY Y S Beladn gy,

n T
g€G1 I<My iQEQl’ig , 1=tg—1+1 9 92(19’1)

For any T x 1 real vector a, (S739) and the Cauchy-Schwarz inequality,

ig,1 ig,l 2
a' (D}y)' Djga= Z a'dys g dyy a < Z HaTdn,i'
i/lvilgzig,l—1+1 i,:ig,l—l'i‘l
. 2
Zg,l
< max Amax(d12,id21,i) Y (@'a)'?| <K a)(igi—igi1),
= i=ig1_1+1
which implies that
A Dl TDl
max max max ma.x(( 1fg) ;’g) < K. (S742)
9€G1 I<Mg i€ly, (Zg,l — Zg’lfl)
Similarly, we can show that
A Dl ) TDl
max max max max,(( Q’f”) 2’92) <K. (S743)
9€G1 I<My i€l (g1 —igi—1)
By the independence of A;; and Ag; across ¢,
7
(ry ¥ 3 el
gy (ig) T
g9€G1 I<Mgi2€Q, ig i1=Ng+1
7
_ Z Z Z il 111 D )TE[A2 12A2ng] ll,gAl,h]
, 2
9€G1 I<SMy i2€Qu,i, ; 1=Ng+1 (ngngz(lg,l)T)
lg,l—1 A )TDl )Ml
< I&a?i(()\max( E[A;, AT Z Z Z Z ma T)
= 9€G1 ISMy i2€Qu i, i1=Ng+1 92(ig,1)
(i i igl—1— ;
< KM,T2 Z Z gl — lgl— 12 (ig,1-1 )29)(#621,@%1)
g€G1 I<My "9"g2(ig.1)
Qg1 — 1
<KMT2Y Y el el g’l L < KGiM T2 < KT} (S744)
g€gy l<Mg

where the #Q1;,, denotes the cardinality of Q1;,,, the second inequality is by (S716) and (S742),
and the third inequality is by ng > i4;-1 — Ny and Mgy (ig.1) > #Ql,igyl +ig; — igy—1 such that
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(1g1 — ig1—1)(#Q1 qu) _2 o) < 1, and the fourth inequality is due to ZKM (igq — igi1—1) = Ng,
and the last inequality is by GiM, T~ = G1 My (nT)~'/?(n/T)"/? < K where the inequality holds
by Assumptions 1(i) and 10(ii). Similarly,

! A;rm Dl2 gzlAl,il
D Y

g€G1 <My izEQLigJ 11=g1—1+1

Ty y oy g

( 2gzl)TE[A2 742‘/4T

212] 2gz1A1 11]

. 2
g€g1 <My izte,ig,l i1=ig,l,1+1 (ngn!ﬂ(lg,l)T)
7 Amax((DY . )TDY )M
< T max 2,901 2,901 1
SETNC I 0) Dl DD R
gegll<M912€Q1l l“ igi—1+1 9'%g2(1g,1

’L 7 ) — .
< KMIT—Q Z Z g,l — Yg,l— 1) ( g,l—1 29)(#@1,%1) < KGlMlT_2 < 71 (3745)
g€g1 <M, (Tlg 92(ig z))

. E[A] . doy ;A1
Since Ygeq, Yoier, Sineor, Yoy 1 oz qtal o by (8741), (S744), (3745) and Markov’s

inequality, we have

g2(4)

i—1
A ,2d21 iAti,

Sy oy y el

g€gy 1€ly ’LQEQl i11=Ng+1

= 0,(T~Y?). (S746)

We next study the second term in the RHS of (S738). For any i € I ;, by the arrangement in
Iy, it is clear that Qo4 = {ig;—1+1,...,7— 1} and hence

i1 igi-1 T i—1 T
Z Z AJ 22d21 At Z QZ: Ay iy d21,iAri, N Z Ay iy d21,iAr,
- NgNgo(i N NeNgo(; AT
12€Q2,; 11=Ng+1 92(1) ig=ig _1+1i1=Ng+1 9 92(ig.1) iryig=ig _1+1 Y 92(1g.1)
(S747)
Since
i—1 ig1—1 T ] ) igi—1 T ig,l i—1
A1,7;1d12,zA2712 Al Ji1
> D= D s Y dus ) A,
A o A NgMNgy(iy )T A NgNgy(i, NI .. o
i€lyia=tg;_1+141=Ny+1 9.t i1=Ng+1 9 i=ig 142 io=ig  1+1

ig,1—1 ig1—1 AT

Ag i
- Yy M gy
ngn A

11=Ng+1li2=ig; 1+1 92(ig,1
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by the similar arguments for showing (S744), we get

igi—1
< A1 Ay iy drzidzin

(s ¥ % 7

geG1 <My, ’LEIgl’LQ Zgl 1+1i1=Ng+1 92(1/9[)

— -1
ng ' lg’l [Airll ( 2 g’Lg)TE[A2 Z2 AT

Yy Y X bl D

NNy (i T2
9€G1 I<Mgi1=Ng+1is=ig;_1+1 ( 9"g2(ig,1) )

i i 1
&« — Amax((Dggm) DQQZQ)M

Sflllgaf()\max( A AT Z Z Z Z

A1 11]

2
g€y l<Mg 1= Ng+122 lgl 1+1 (ng gZ(Zg,l)T)
3 .
2 (ig — Zgl 1)°(igi—1 — Nyg)
<sanr Y 3 Lt e
gEGL I<My 9"g2(ig,1)
tgl — Lgl—
< .[{,.]\411q’72 Z Z M < KGlMlT*Q < KT*I' (8749)
g€G1 I<M, Ng
Next note that
Z i Ag i, do1 A1,
i€lyy ivio=igy 1+l Y Mga(i)T

I DD D
ie[g,lilzig,lfl‘i’l Tlg 92(2 L ZEI Q=g 1 +2i0=iy_1+1 ngn!h(ig,l)T
Tt ALLDL A hadl Al D A
_ Z 2,i72,91 1,Z+2 Z Z 2,i2 2,911 1,21. (8750)
NgNgo(i NI n A
i=igg_1+1 9 92(ig,1) 1=ty _1+2d2=ig,_1+1 9"92(ig,)
By the independence of Ay, ; and Ay, ; across 4,
it AT DL A
> > = Dhoifhs
0cG 150y imigga+1 "92lig) T
jg1—1 1
- Z Z Zgi Var(A2 zD2 ngll Z Z Zi [(A;DQ ngl i)?]
- 2
9EGy I<My i=ig1_1+1 (g7, (i) T')? 9EG) I<My i=ig1_1+1 (ngngy iy nT)
b E[(A] (DL, )TDY Ay ) (AL A
1,i\2,gi 2,gi 17«)( 2,4 21)]
<
SIS CEAE
9€G1 I<Mgi=ig;_1+1 9"g> g,l
—1
< Z Z Zgi: AmaX((D2gz) Dng)(EH 4]EH|A2,Z'||4])1/2
- .. (ng (z )T)2
g€eG1 I<M, z*zgl 1+1 92(2g,1
(igy — igi—1)3 M1 My
<K 9L 9 < KMM,T* ) ny' < KGy'maxn, ', S751
Z Z (ngngy (i, T)? e Z 2 gea Y ( )
g€G1 I<My, g€Gi
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where the second inequality is by the Cauchy-Schwarz inequality, the third inequality is by Holder’s
inequality, the fourth inequality is by (S733) and (S743), and the last inequality is by Assumptions
1(i) and 10(ii). By the similar arguments for showing (S744), we also have

tg1—1 ip—1 T
D IS DD Sl
Ngn
9€G1 ISMy in=ig  1+2ia=ig;1+1 9 920
l .
Var(A2 Jio D2 gzlAl,Zl)
2
(ngn T)

Al i1
)T

ig1—1

533

geG1 <My, i1=igyl,1+2 i2=igyl,1+1

g2 (lg,l)

ig.1—1 41—
. Z Z gi: 12:1 E[Airzl( 2911)TE[A2 ZQA;’LQ] 2g11A1 11]
= : .
9E€G1 IS My iv=ig _1+2i2=ig _1+1 (g3 i) T)
-|— tga—1 i1—1 Amax((Dlz gzl)TDl2 g“)Ml
<maxOna(B[ALALD D >0 > X o T2
gEG1 ISMg i1=tg_1+212=ig;_1+1 9"g2(ig,1)
<kMT2Y Y (ig) —igi-1)* KGiM T2 < KT\, (S752)
geG1 I<M, ( g 92(Z l))
Collecting the results in (S747)-(S752), we deduce that
i 7 1
Sy S Ml sty 5 H
9€G1 i€lg i2€Q2,; 11=Ng+1 9€G1 I<Myi=ig 141 g 92(19,Z)T
O(T~1/2 L q71/2 —1/2 7
+ Op( + Gy gggf g )
which together with (S738) and (S746) implies
Z(E[Ul,i02,i|fnT,i—l] — E[U1,0s;]) = Op(T" 2 + Gy 12 maxn, /?). (S753)

€
i<n 9€G1

We can switch the role of G; and Gs, and use the same argument above to show that

Z(E[Ul,iﬁzﬂfnﬂifl] —E[01,02,]) = Op(T V2 + G2 96 9 ). (S754)
i<n
Since
min{G maxng , Gy maxngl} < (G11/2 maxn;1/2) (G21/2 maxn;1/2>
9€Go2 9geG1 9€G2 9€G1
-1 — -1
o G maxges ng " Gy mxoeos My (G e (S755)
2 =12\ 7 geg; 79 )’
the desired result in (S725) follows from (S753), (S754) and (S755). Q.E.D.
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Lemma S71. Under the conditions of Theorem A4, we have for j = 1,2

-1/2 1/277
e | 0,0

4
] <K. (S756)

PROOF OF LEMMA S71. We only prove (S756) for j7 = 1, since the proof for j = 2 follows the
same arguments. We shall use the structure of G; employed in verifying (S724) for j = 1 in the
proof of Lemma S70. That is for any g € Gi, Iy = {Ny+1,..., Ny + ng} where NN, Zg rcgT

Following these notations, we can write

U1 g = ngT1/2 Z A Al,i’
!=Ng+1

for any ¢ € I, and any g € G;. Since {A] Aj } 1 are independent conditioning on A;;, we can

use Rosenthal’s inequality of independent random variables to obtain

4

i—1
E[(ngT"/2U1;)*| A1) = E > Al AL | | Ar
i!=Ng+1
i1 i1
<k ¥ E[(AIiAlyilﬁ‘ALi} +K Y E[(AL.AM)‘*’AM}. (S757)
i/=Ng+1 i/=Ng+1

By the independence of A;; and A;; for any i # ¢,

i—1 i1
Z E [(AIiAl,i’)zl Al,i] = A, Z E[A1#A{ 4] | Avg
i'=Ng+1 ":Ng+1

LiAL) Z Amax(E[A17A{ 4]) < Kng(A{; A1),  (ST58)
i!=Ng+1

where the second inequality is by (S716). Therefore,

2
i—1
-1 T 2 T 2 2
Ig%ag)flirg};{E Mg , %:HE [(Al,iALi’) ’ALZ‘] < KI}???E[(AL@'ALQ ] < KM, (S759)
v=INg

where the second inequality is by (S733).
For any 4, = 1,...,n with ¢ # i, by the independence between A;; and A; ;/, and the triangle
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inequality
4

E [(AIiAl,i’)él} =K Z U1 imP1qirm
meM;y

< Z ‘E[‘illfy,iml te \ill'y,im4¢/1'y,i’m1 T \ill'y,i’m4”

mi1,m2,Mm3,myq

< 1 s IE[¥1y,5rm, ...\I!m,z'/m”m mz;l . B[ 1nimy - Ui i, |
1,MM2,1M3,M4

< H,1<aX m?&{ E[|\ijl'y,im|4] Z ‘E[\ijlfy,iml ‘ijl’y,img \i’lfy,img \i}l'y,im4”
= mei m1,m2,m3,mq

<K ) EWim Yigime Vigims Wiy ima) (S760)
mi1,m2,m3,maq
where the third inequality is by Holder’s inequality and the last inequality is by (S714). Consider
any mi,mg, ms, my from M; with m; < ... < my. Let r = maxj—123{m;+1 —m;} and j, =
min{j = 1,2,3 : mj;1 —m; = r}. It is clear that  ranges from 0 to M; — 1. When r = 0, we have
my =...=my4 =m for some m € Mj and in this case

B[ 1 imy U1mims U1sims Vimima | = B[EL 5] < K, (S761)

where the inequality is by (S714). We next consider the case that r = 1,..., M; — 1. By Holder’s
inequality and Corollary A.2. in Hall and Heyde (1980),

E[W1y,imy Y1v,ims Y1y ims Yiy,ima) = E[Y1yimy -+ Yinimg, [E[W1y,img, 40 0 Yiv,ima]

Wiy imy, 41 Wiyima

< (ai(r) N iy - Py i,

(4+6)/35r (446)/(4=jr)

- 4
< (as(r)P/ 4+ max \IJleH(H(S) < K(ag(r))?/+9), ($762)

meM;y

where the last inequality is by (S714). Since E[¥y., ;] = 0, by (S762) we have

B0 1m0 O Ui Wi | < K ()P40 (S763)

if j, =1 or 3. On the other hand if j, = 2, then
B[00 imy - Ui ma] | < K (aq(r))?/ 0+ 4 ‘E[iq%imlxi/WmQ]E[ifmmg@Wm] . (ST64)
Since for each g = 1,..., My — 1, there are at most 3(M; — ) (1 + r)? of indices m1, ma, m3, my

satisfying 1 < m; < ... <my < M such that max;—;23{mj+1 —m;} = 9. From (S761), (S762)
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and (S763) we deduce that

> ‘E[‘i’lv,iml‘i’lw,imz‘i’lw,ims‘i’mmA

m1<...<my

M;—1
< Y B K Y (i) (M —ro) (14 o)
meM;y ro=1
+ Y ‘E[‘i’lw‘ml‘i’lv,imz]E[@m,ima‘i’lw,m]
mi<...<my
Myi—1 2
< KM+ KM > (0i(ro))/ g + > ‘E[\Ill%iml\:[jl%imz]
ro=1 mi1,ma€M;
< KM, + KM? < KMZ, (S765)

where the third inequality is by Assumption 1(iv) and (S715). Since for any mq,ma, mg, my € My
there are at most 24 ways to order them from the smallest to the largest, by (S760) and (S765),
we deduce that IE[(AIZAALZ'/)ZL] < KM} for any i # 4’, which implies that

i—1
_ —1/2
maxn,’ Y E [(M1 / ALAW)“] < K. (S766)
= i'=Ng+1

Collecting the results in (S757), (S759), (S766), we obtain

max E[| M7 2 (nyT)/20, ;"] = maxmaxE[n;QE[(M Y2y T2, ) yAM]}

i€l g€G1 i€ly
. 2
- /2 4T 2
<K E||n! E[M_IAAA ; ‘A}
<Moo (' 2 B{OL AL A
'=Ng+1
i—1 y
s ~1/2 4T 4 4
+ K e ( > IE[(M1 ALZ.AW)] <K,
t!=Ng+1
which shows (S756) for j = 1. Q.E.D.

4 Further Examples of Linear Models

In this section, we provide several examples from the linear panel model

T
Yit = T B+ uit +€i,

where y;; is the dependent variable, z;; are the observed regressors, u;; is a unobservable term
which may include individual and /or time fixed effects, and €;; is i.i.d. across ¢ and ¢ and normally

2

- . . B T
distributed with mean zero and variance 0. The data are {z;¢}i<nt<r, Where zix = (yir, ;) -

As illustrated in the examples below, u;; takes different forms under various model specifications.
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Example 1. (Time Invariant Fixed Effect) In this model, u;; includes a time invariant
fixed effect, i.e., u;; = ;. Since there is a group structure in ¢ and no group structure in i, we
have G ={1,...,n}, I, = {g} forany g € G, M = {1} and I,,, = {1,...,T} for m € M. Therefore
Yg,1 = Vg for any g € G, and the log-likelihood function for any ¢ = g and any ¢ = m is

log(c? 1 2
log 1 (Zz't; 9»'79,m) = - ; ) - T‘Q (yz’,t - xz—l:tﬁ - 'Yg) s

which leads to the joint-likelihood function

2
ST ¢ (zuibvgm) = —nTl(;g(U) - %ZZ (yi,t — 0 —%)2,

geG icly meMtely, t<T i<n

where § = (7,02 7.

Example 2. (Time Varying Fixed Effect) Consider the time variate fixed effect model where
u;p = v for t = 1,...,Ty and w;y = ;2 for t = To + 1,...,T. In this case, there is no group
structure along ¢ but a group structure on t. Hence we have G = {1,...,n}, I, = {g} for any
g€ G, M=1{1,2} and
[m:{ {1,....,Ty}, ifm=1
{(Ty+1,...,T}, ifm=2
Therefore the log-likelihood function for any ¢ = g and any ¢ € I, is

log(o? 1 2
; ) ) <yi,t - iUiT,tB - ’Yg,m)

log f (2it; 0, vg,m) = —

which leads to the joint-likelihood function

ZZ Z Zw(ziﬁe,')/g,m): M Z Z Z <yzt ZtB_Vim)2a

geGiely meMtely, i<n me{l,2} t€lm

where 6 = (8",02)7.

Example 3. (Time Fixed Effect) In this example, only the time fixed effect shows up in u;¢,
i.e., u;y = ¢ for any ¢ and any ¢. Since there is no grouping structure in ¢ and a group structure
in i, we have G = {1}, I, = {1,...,n} forany g € G, M ={1,...,T} and I,,, = {m} for m € M.
Therefore v 1, = G, for any m € M, and the log-likelihood function for any i = g and any ¢t = m

is

log (o 1 2
log (230, 7m) = — 22— L (i Gn)

which leads to the joint-likelihood function

nT log(
SN0 W (i 0,7gm) = — 7‘% QUQZZ(Z/M )0 — Ct),

geGiely meMitel, t<T i<n

where 6 = (87,02)7.
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Example 4. (Grouped Time Fixed Effects) In this example, there is a group structure in 4
but no group structure in ¢, i.e., uit = v4(;),+, where g (-) is a known function with range {1, ..., G}.
Hence in this case, G ={1,...,G}, [, ={g9(i) =g:i=1,...,n} forany g € G, M ={1,...,T}
and I, = {m} for m € M. Bonhomme and Manresa (2015) investigated this model where the
function g (-) was considered unknown, and one of their goals was to estimate the latent group

structure that is implied by g (). The log-likelihood function for any i € I, and any ¢t = m is

log(o? 1 2
(2 ) ) (yi,t - Hfztﬁ - ’Yg,t)

10g1/1 (zit; 97'79,771) = —

which leads to the joint-likelihood function

ST Y i) — ) 202222(% o1~ pe)

where 6 = (87,02)7.
Below, we present an expansion of the likelihood function and discuss Assumption 10.

Example 1. (Time Invariant Fixed Effect ctd.). In this example, the expansion of the
likelihood function can be written as

> Wil = Y Wi(o7) — 27 Y W2/ + 0 (02T

i<n i<n 1<n
where ¢; = (07, %), Ui(¢s) = TV ¥(zig; 6i), Ui = T715 00 0 (2045 67) /Oy and Uy =
T-! dot<T E[0%¢(zi 45 ¢7)/07?]. Moreover we have G =n, M =1, ny = 1, T,,, = T so Assumption
10 boils down to n?/?/T = o (1) and n/ (nT)? = (n/T)"? = 0 (1).

Example 2. (Time Varying Fixed Effect ctd.). In this example, the expansion of the
likelihood function can be written as

SN DT bin) =D Y TnWim(d)

i<n meM i<n meM
—27 Y O T U Ui+ 0 ((nM)m) 7

1<n meM
where ¢im = (9T77im)Ta \i/im = Til Zte[m 1/1(21‘,7:; ¢zm> \I/'y im = T Zte[m aw(zz t )/87 and
Uy im = Tt Yoier BlO20 (24 0F,) /077 Since G =ny M =2, ng =1, T1 = Tj and T2 =T-Tp,
Assumption 10 holds in this example if n?/P(T, T2 + (T — Tp)"Y?) = o(1) and n/ (nT)l/2 =
(n/T)? =0 (1).

Example 3. (Time Fixed Effect ctd.). In this example, the expansion of the likelihood function

can be written as

Z Uy(¢y) = Z Uy(g7)—27" Z U2 /Wy + 0p <T1/2n_1> ,

t<T t<T t<T

171



where ¢y = (07, %), We(g) = n™' Y, ¥(zias ¢1), Uy =071 Yo, 00(2i4: ¢7) /0y and oy y =
n~t ZiSnE[aZw(zi,t; #7)/0~*]. In this case, G =1, M =T, ng = n, T,, = 1. Hence Assumption
10 becomes T4?/n = 0(1) and T/ (nT)"/? = (T/n)"? = O (1).

Example 4. (Grouped Time Fixed Effects ctd.). In this example, the expansion of the

likelihood function can be written as

PIPILA FICNED SR MOHEEID PP LI AP g SR (IR

t<T geg t<T geg t<T geg
where (Z)gt = (GT/Yg(i)t)T) \ijgt = n;l Zie[g w(zi,t;(b;t)? ‘i/’y,gt = n;1 Zielg 6¢(Zl,t7¢;t)/87 and
U im = ng_l Dicl, E[0% (2 4 gzﬁ;t)/afy2]. Since M =T, ng = #1, where #1I, denotes the cardi-
nality of set I, and T}, = 1, Assumption 10 holds in this example if (GT)?/» max,<q n;1/2 =o0(1)
and (GT)(nT)~Y/2 = GT/*n~1/2 = 0(1).

4.1 Time Invariant vs. Time Varying Individual Effects

Suppose that model 1 specifies a time invariant individual fixed effect with joint likelihood function
> i<n 2t<r ¥1 (234301, 71,4), and model 2 specifies a time varying individual fixed effect with joint
likelihood function ZKH Z Ztelm 2 (zit; 02, 72,im) where My > 1 is a fixed integer. In this
example, we have G; = {1,...,n} and M; = {1} for model 1, and Gy = {1,...,n} and My =
{1,..., My} for model 2.}

We first provide the specific forms of f/ﬂ and U ;s in this example. It is clear that

T2 Doi<r Y1y (%t 07 ;)
1/2
(T_l Zth E [—1#177(2@,5 ¢L)} )

Wiy =

and

T ? Yrer,, oy (205 85 1)
1 . 1/2’
(Tm Ztelm E [_¢277(Zi,t5 ¢2,im)D

and we suppress the dependence of ‘i/m,im on m since My = {1}. Therefore,

q’2’y,im =

Vig=IY2)71 0%, Vo= (20?7 > 03, and Uj; =0 for j=1,2.
meMa

The expansion of the QLR statistic in (101) thus implies that

AT T —-1/2 T T i’%’yl B ZmEMz i’%’y im —-1/2
QLR r = Do Ui oy + —2 5T1/3 =2+ op(nH?). (S767)
i<n

!Since G2 = n in this example, we let M> be a fixed integer such that Assumption 10(ii) is satisfied.
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Applying Theorem A3 obtains the asymptotic normality for CjL\Rn,T with variance

02

. sy
wiT =n1 ZVar <\Ijl,i _ \1127i + 1v,3 2;16//;/12 2’y,zm> ‘
1<n

In the case that ¢ (-) and 2 () take the same function form (say v (-)), model 2 nests model
1 under the null, since ¢, = ¢5,,, by the definitions of ¢7; and ¢3;,, and their identification
conditions. Therefore, the expansion of the QLR statistic in (S767) is reduced to

QLR, 1 = (4nT) RN - D B | Hop(n). (S768)

i<n meMa

Therefore in this scenario

wip=(4nT)"' Y Var [ 0] - > U5 ., (S769)

i<n meMa

and Assumption 11(i) holds as long as n™' Y7, Var(02_ . — Y omeMs \ilg,”m) is bounded away

1v,:
from zero. We next provides the formula of w? ;. in the simplified case that E[0%(z; ; Y 0y?] is

constant for any ¢ and any ¢, and 99(z;¢; ¢;t) /0 is independent with constant variance across t.

Lemma S72. Consider two models with G = {1,...,n} and My = {1} for model 1, and
Go={1,...,n} and My ={1,..., Ma} for model 2 where M is a fized positive integer. Suppose
that: (i) 1 (-) and 2 () take the same form ¢ (-); (i0) 1y = OY(zi; ¢7,) /07 is independent
across t with E[w,y i) < K (idi) B[0%Y (25 ¢F,)/07°] = oy where Wy is a nonzero constant; and
(iv) mingepm, (Trn/T) > KL, Then

— — M:
wg _n ! Zign oi,i + Zmil(l - me) ! Zz<n v,zm
T 2TV2,

+0 <T_ max T, > , (S770)

meMa

- -1 = -1 2 = -1 2 2 ,
where wy =TT, G4, = \/T Zth 0y itr Ovim = \/Tm Zte[m 05t and 0% ; , = Var(¢i¢).

When 1, ; ; has constant variance across t, i.e. 03 it = O' ; for some finite constant U7 i We
have
-1 54 — -1 4 _ 4
n Ty =1 Tyim = O,
i<n i<n
and the approximated expression of wiT in (S770) becomes
-1 4
My—1n""3 5,00, _
w? = =L O (T max T ) (S771)
’ 2 T‘I/,y,y mGMz

where the second term in the RHS of (S771) is asymptotically negligible if max,,em, To, " = o(1).
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4.2 Homogeneous vs. Heterogeneous Time Effects

Suppose that model 1 specifies a group heterogeneous time effect with joint likelihood function
Zlel Eielg Zth Y1 (2i;601,71,9¢) where G1 > 1 s a fixed integer, and model 2 specifies a homoge-
neous time fixed effect with joint likelihood function ), >, 7 %2 (2i¢;62,72,). In this example,
we have G = {1,...,G1} and My = {1...,T} for model 1, and Go = {1} and My ={1,...,T}
for model 2.2

Under the specifications of model 1 and model 2,

1y (Zz',tS d)ii,t)

\Ijl%i,t = . . 1/2
(”g Eielg E [_wlw('zi,t? ¢1,i,t)D
and *
. Vo (Zit; 05 4)
(”_1 Zign E [_¢277(Zi,t; ¢§,t)D
where we write \i/j%,;m as \Ifj%i,t since M; = {1...,T}. Without loss of generality, we suppose
that for any g € G1, Iy = {Ny+1,..., Ny + ng} where Ny =3, ny. Then for any i € I; and
any g € Gy
- -
o Al Ay - Yien,n A
1,7, - 2ngT1/2’ 1,7, - ’]’Lng/2 Y
¥ A;iAZ,i -~ 227:11 A; Z'A2,i’
Vai= 57 and Ugj = ——75—,
’ onT1/2 ’ nT1/2

where A;; = (\i’j%i7t)t§T for j = 1,2.3 Applying Theorem A3, we obtain the asymptotic normality

for @H’T with variance

Wn, T = n=1 Z Var <‘I~/1,z’ — ‘ilz,z' + ‘71@ — Vz,i + [71,1' — [72,z’)-
i<n
Moreover, the lemma below shows that f/ﬂ (j = 1,2) are asymptotically negligible, and hence
the asymptotic normality of Q/ﬂ%mT is driven by n~! Zz‘<n(‘i’1,i — @271' + UM — UQZ) Moreover,

the variance of @%an is given by

w;’T = \/n—l Z (Var(li/m — \ifg,i) + Var(ﬁu - ﬁgJ)).

<n

Hence Assumption 11(i) holds as long as >, Var(Uy ; — Uy,;) is bounded away from zero.

2Since M; = T in this example, we let G be a fixed integer such that Assumption 10(ii) is satisfied.
3Following the trandition that the summaion over an empty set is zero, we have Ul,NgH =0 and 02,1 = 0 in the

above display.
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Lemma S73. Consider two models with Gi = {1,...,G1} and My = {1...,T} for model 1
where G is a fized positive integer, and Go = {1} and My = {1,...,T} for model 2. Suppose that
Assumptions 1, 7, 8, 9, 10(i) and 12 hold for models 1 and 2, and 3, Var(Uy; — Ugy) > K1

Then -
QLR, r — E[S, 1] — QLR} 1

*
wn,T

where E[Sy.r] = (2nT) Y2 Y g, Sie, (g EIAL Ari] = n~'EIA] As,]), and

—a N(0,1), (S772)

(whr)? =n"") Var(¥y; — Uy,)

i<n

degl (HEl'y,g
_|_

2
2 2
— 2w, [z g?) + || Syeq oS
2nT

+0 (n_l max ng_1> . (S773)
9€G1

_ -1 B | AT
where wg = ngn™", Yjy g =ng > cp ElAj5:A

jyil and E124,9 = "El Zielg E[Al,iA;i]'

2 we consider the scenario that the conditions of Lemma

To get a more explicit form for (w}, 1)
S72 hold. In this case, model 1 nests model 1 under the null hypothesis and Var(\ifl,i — @271) =0.

Moreover, Yj, 4 = Y12,9 With

2

2 2 C2N 24 9N 4
[Z1y,0 01" = [Z129,61" = T35 ng,gt and Z WyXioy gl = Vo, ng,t
t<T 9€G1 t<T

5 = -1 2 =2 -1 2 ..
where 0 gt = 4 /1g Eielg ofpand ol = /n~t37, o2, Hence the expression in (S773) leads

to
N T-! DT 5f1m + 29691(1 — 2wy)T! 2t<r 5%’5”5 -1 .
(wnr)” = 5 o)
| Zn\I/,Y,Y g€G1

4.3 Individual vs. Time Fixed Effect Models

Suppose that model 1 specifies individual fixed effects with joint likelihood ), <n Zth 1 (Zig; 01,714),
while model 2 specifies time fixed effects with joint likelihood Zign Zth 2 (2it;01,72,+). In this
case, we have G; = {1,...,n} and M; = {1} for model 1, and Go = {1} and Mo = {1,...,T} for
model 2.

In this example, it is clear that

T_1/2 ZtST ¢1'y(zi,t§ ¢I,z)
(T‘l Zth E | =1y (2ig; d’iz)})

Yoy (233 qb’it)
(01 S [ sz )])

Wiy, = and  Woy ¢ =
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where we suppress the dependence of \illw-m on m since M; = {1}, and write \ilgw-m as @2%1'775
since Mgy = {1,...,T}. Therefore,

5 92 AT Ay 3 AT Ay
VIZ':il’y,Z, Ul?, O ‘/QZ: 2,1 24 and U2izw,
tooT1/2 onT1/2 ) nT1/2

where Ay ; = (\ilg%i,t)th.‘L Applying Theorem A3, we obtain the asymptotic normality for @n,T

Wn, T = \/n1 ZVar (‘i’l,i — Wy 4+ Vi — Vo — U2,i>~

i<n

with variance

Since f/gl is the same as the one in the Example 2, we can show that it is asymptotically negligible
and the asymptotic normality of Q/\LRmT is driven by n™' 3", (U1, — Wo; + Vi — Uay). As we

shall prove in the lemma below, the variance of Q/Ij%nj in this example is given by

i<n

whp = \/n—l Z (Var(\ifl,i — U + Vi) + Var(02,¢)>.

Hence Assumption 11(i) holds as long as 3, Var(Us;) is bounded away from zero.

<n

Lemma S74. Consider two models with G; = {1,...,n} and My = {1} for model 1, and Gy = {1}
and My = {1,...,T} for model 2. Suppose that Assumptions 1, 7, 8, 9, 10(i) and 12 hold for
models 1 and 2, and ), Var(Us;) > K~'. Then

QLR, s —E[S,7] - QLR;

. L i N(0,1), (S774)
wn,T

where B[S, 7] = (2nT)~1/2 Zign(E[‘I’Q

17, z] - n_lE[A;—,iAZJ])’ and

2
H 7122<n [AQZ 22]
2nT

(wip)?=n"" Zvar(‘i’l,i — Uy + Vi) + +0(n™?). (ST75)

i<n
4.4 Proofs for Lemmas S72, S73 and S74

PrROOF OF LEMMA S72. Recall that in the two models investigated in this lemma, we have
Gi ={1,...,n} and M; = {1} for model 1, and Go = {1,...,n} and My = {1,..., Ms} for model

2 where Mj is a fixed positive integer. Under Conditions (i, iii) of the Lemma, we can write

2
1/2\ . M-
. (Smerts T/ T2 i) ST T, 82, +2Z S TP i T
i _\II'Y'Y m=1 _T\IIV'Y m=2 _T\I/'Y'Y

4Following the trandition that the summaion over an empty set is zero, we have ﬁ2,1 = 0 in the above display.
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and \Ilgv im = \IJ% im/ (=) for any m € My and any i = 1,...,n. Therefore,
Mo Mo m—1 1/2 T 1/2 ‘11
“m im/
T SIS IIBRE Y b oA
meMs m=1 m=2m’=1 ’Y’Y

Under Condition (ii) of the lemma, \ilw-m are independent across m for any ¢, which together with

the expression in (S776) implies that

S  Var(¥3;,.)
Var l'yz_ Z \112'yzm :Z(l_Tm/T) U2
meMa m=1 vy
My m—1 P25, Var(TY2§. .,
1a Y Y Yorld Wam)Var(Toy Woim) gy

20,

m=2m’=1
By Condition (ii) of the lemma, Var (7, 1/2\117 im) = D el Uii?t for any m, and hence

Mo m—1

AT23" N7 Var(TY 20 i) Var (Tol Vi)

m=2m’=1

m=2m'=1 \t&l , tel

2
Mo 2
=27 Zgii,t -2 Z w?, (T,;l Z Ug,i,t) . (S778)
m=1

t<T telm

Without loss of generality for any m € Mo, let I, = {tm 1,...,tm 1, }- Then

Tm j—1

_ 1 § 1§ § :
'yzm T w'yzt—i_QT T/Jmtmﬂ/fvztmj

telm j=27'=1

Let H it = Var(@/J7 ;). By Condition (ii) of the lemma

Tm J
Var(V2 ;) = T2 Y Var(2 ;) + 47,2 > Var(yy i, )Var(vy s, )

telm ]:2 j’:1
2
_ 2 4 ) 2 4
=Ty § : Kyt + 2T, <§ : U%M) - § : Ot |
tely, tely, tel,

which implies that

Mo Mo
> (1= Tn/T)Var(¥2,,) = > (1 — wn)?T;,” (Z;@W 22%”)

m=1 m=1 te€lm te€lm

Mo 2
+2) (1 —wm)’ (Tml > agw-,t) . (S779)
m=1

telm
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Combining the results in (S777), (S778) and (S779), we have

2 2
_ M. _
2 [(T " er U'Qy,i,t> + 22 (1 = 2wp) (Tm1 > iel, O-'Qy,i,t> ]

Var l'y, E \1127 im = P2
meMs 7Y

M. _
N Zmil(l - wm)QTm2 <Zte]m Kyt -2 Ztelm 'y,z,t)

(S780)

Since My is fixed, by E[y2. ] < K,

v,2,t

M
S wn) T, (Zfﬁ’yzt+22071t><KM2n?61%(Tl 0<£%2T )

m=1 telm telm

which together with (S780) and the definitions of ¢, ; and 7. i, yields

2 (Licn 0+ b2 (1= 20) Ty 0 1)
ZVar \I!%w— Z \IIZ’yzm = ikl 02 SR —|—O(maxT )
i<n meMs gl meM

The claim in (S770) now follows from (S769) and the above equation. Q.E.D.

PrROOF OF LEMMA S73. Recall that in the two models investigated in this lemma, we have
G ={1,...,G1} and M; = {1...,T} for model 1 where G is a fixed positive integer, and

= {1} and My = {1,...,T} for model 2. First notice that by G; < K, G = 1 and M; =
M2 T, Assumption 10(11) holds. By the independence of {z;+} across ¢ for all ¢, we U, i \11272-

is uncorrelated with U 14— UQJ; for any i. Therefore,
Var(Uy; — Wa; + Uy — Uni) = Var(Wy,; — Ua;) + Var(Uy; — Uay). (S781)
The condition Zz‘gn Var(Ul,i — UQZ) > K~! maintained in the lemma thus implies that
n(whp)? > K. (S782)

We first show (S772). Since Vj; are independent across i,

Var | n=1/2 Z (VM — f/gl> =n! ZVar <f/“ — ‘721>
i<n

1<n
<0730 ngVar (T72AT A1) + 0t Y Var (T71245 42,
geG1i€ly i<n
<K|n?24nt Z ng_l < Kn™! ;Iéag}f n;l (S783)
9€G1
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where the second inequality is by (S733) (where we show that Var(M 1/ 2ATA i) < K with
M; =T here). Next note that

wap=n""> Var(Wy; — Ug,+ U1y — Ug) + 07" Y Var(Vi; — Vo)
i<n i<n
2n~! Z Cov(Wy; — Uoy + Uy — Usy, Vi — Vo)
i<n
= (w nT) +2n~ 1ZCOV (U1 — Vo +Upy —Usy,Vii— Vai) + O <n maxngl> , (S784)
i<n 9€a
where the second equality is by (S783). By Hoélder’s inequality,
n! Z Cov(Wy; — Vo, + Uiy — Usy, Vi — Vay)
i<n
<np! Z(Var(\ill,i — @2,2' + Ul,z‘ — f]g,i)Var(f/M — ‘72,2'))1/2
i<n
1/2 1/2
<|nt Z\/ar(\ifl,i — Wy + Uy, — Usy) n~! ZVar(f/Li — Va,) ,
i<n i<n
which together with the definition of wy, 7, (S781) and (S783) implies that

n_l Z COV(\T/LZ' — \I}Q’Z‘ + Ul,i — UQJ', ‘7172' — ‘72’1) = O <w:7TTL_1/2 max n;1/2> . <S785)

i<n 9€G1
y (S782), (S784) and (S785), we can deduce that
w2 —1/2 max nyt
nTo—po 20y ) Lo 9 ) 140 (maxn, V). (S786)
(w;, 1) nl/QwZ,T n(w;, r) g6 7

The claim in (S772) thus follows from Theorem A3 and Theorem A4, Assumption 12(iii) and

Slutsky’s theorem.
We next turn to the proof of (S773). Since E[A;;] = 0 and A;; are independent across 4, for

any i € I, and any g € Gy

Notno -1 var(A],A Notng i1 E[A1; A JE[A # AT ,))
~ 1 1 1z 1,47 441 47
D Var(Ui) = > ) ng} oy - "7 :
iel, i=Ng+2i'=N,+1 i=Ng+2i'=Ny+1
2
= (20)7'Tr | [ ng' Y E[A1A]] ng? > (E[AA];
i€ly i€ly

= @) 1S, = g2 > |[BlAr 44T,

i€ly
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which together with (S716) in the proof of Lemma S69 implies that

Var(Uy ;) = (27) 7 Siagl? + 0 ~1). S787
5 3 Var(Gi) = 1) 3 2101 +0 (e (5787
geG i€l 9€G1
Similarly,
2
> Var(Ua,) = 2n°T) ' Tr | | D _Eld2iAs,] | — > (E[A2:4,,])
i<n i<n i<n
2
= 27) 7| weSarg| +0(n71), (S788)
geG1
and
~ _ i—1 i—1
23 Cov(Ur,Uns) =2(nT)"' > gty Cov | D Al ALY A Ay
i<n 9€G1 iely i/=Ng+1 =1
Ng+ng i—1
=2(nT)"' > ngt Y ) Tr(B[ArpAg #|E[A2:A]])
9€G1 i=Ng+2i'=Ny+1

=T)" Y ng T | Y E[A1AyJE[Ay g Al = Y E[A1iAg JE[Ag A ]

9€G1 ii'€ly iely
2
=T Y wy B = 0T) 7Y gt S ||ELALAT]
9€G1 9€G1 i€ly
=T wy[Siargl> +0 (071, (S789)

g€G1

where the last equality is by (S739) in the proof of Lemma S70. Collecting the results in (S787),
(S788) and (S789), we obtain

2
2 2
S0, (IZ1017 = 2 [r20,62) + | Syeq, woSan

ZVar(Ul*W» — ﬁQ*w) = 5T +0 (né%xng_1>
i<n gey1l
which establishes (S773). Q.E.D.

PrROOF OF LEMMA S74. Recall that in the two models investigated in this lemma, we have
G ={1,...,n} and M; = {1} for model 1, and Gy = {1} and Ms = {1,..., T} for model 2. First
notice that Assumption 10(ii) holds with Gy =n, My =1, Go = 1 and My = T'. In the proof of

Lemma S73, we have shown that

Var | n=1/2 Z Voi | =n73 ZVar (T_1/2A;—71»A2,i) < Kn™2 (S790)

i<n i<n
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Therefore, using the same arguments for deriving (S786) obtains
2 _—=140(nY,
(W' )2 (n™)

and the claim in (S774) thus follows from Theorem A3 and Theorem A4 and Slutsky’s theorem.

By the independence of z; ; across ¢ for all ¢

2
wn,T
*
n,

Var n_1/2 Z((Ijl’i — \i/g,i + Vl,i — UQ’Z') = n_l ZV&T(@Li — \112,1' + ‘7171) + n_l ZV&T(UQJ).

i<n i<n i<n
(S791)
The expression in (S775) is can be derived directly from (S791) and (S788) in the proof of Lemma
S73. Q.E.D.
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