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Abstract

We show that the OLS variance formula simplifies when values of the regressor of interest

are assigned randomly and independently of other regressors. When the regressor of interest is

independent not only of other regressors but also of the error term, the homoskedastic variance

formula is valid even if regression errors are correlated. When the error term is heteroscedastic

with respect to the regressor of interest, the variance formula has to be adjusted not only for

heteroscedasticity but also for correlation structure of the error term. However, even in the

latter case, some simplifications are possible.
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1 Introduction

Textbook discussion of linear regression usually begins with a standard model of the form Y =

Xθ+ ε, where it is assumed that X is a nonstochastic matrix (with full column rank) of regressors

and the error vector ε has mean zero and variance matrix proportional to an identity matrix. As is

well known, such an assumption justifies the formula s2
(
X>X

)−1
as an estimator of the variance

of the OLS estimator, where s2 is equal to the sum of squares of the estimated residuals divided

either by the sample size or the degrees of freedom. This formula is easy to use but, as is typically

taught, may not be valid if the variance matrix Ω of the error vector ε is not proportional to an

identity matrix. In such cases, the variance of the OLS estimator should be based on the formula(
X>X

)−1
X>ΩX

(
X>X

)−1
to reflect the heteroscedasticity and dependence structure of the error
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vector. An important practical challenge in implementing such an approach is that the matrix Ω

may be hard to estimate if the dependence structure of the error vector ε is unknown. In this

paper, we study the implications for the variance of OLS estimators of having a regressor of interest

whose values are i.i.d. across units/time periods and are independent of values of other regressors.

Our motivating applications include certain completely randomized controlled trials and related

quasi-experimental designs such as shift-share regressions. The main finding of the paper is that

variance estimation in this case is often simplified, sometimes substantially.

Let D be the column of X corresponding to the regressor of interest and let W be the remain-

ing columns of X; i.e. columns corresponding to controls. Our first main result shows that when

the vector D has i.i.d. components and is strongly exogenous in the sense of being independent

not only of W but also of ε, the OLS estimator is asymptotically normally distributed and the

formula s2
(
X>X

)−1
actually yields a valid variance estimator for the coefficient of D even if Ω is

not proportional to the identity matrix. This result, which superficially contradicts the lessons of

elementary linear regression analysis, is due to the randomness of the X matrix in our analysis.

While the textbook analysis assumes away the randomness by conditioning on X, we instead obtain

our result by recognizing that the randomness of the X matrix delivers a suitable martingale struc-

ture.1 We recognize that a version of this result in some simple contexts is well understood in the

profession in the sense that many can anticipate such a result when the entire matrix of regressors

is strongly exogenous; see references below. We go one step further, however, and establish our

result for the case when (i) only one regressor is strongly exogenous (e.g., treatment in a random-

ized controlled trial); and/or (ii) the error vector is subject to some generalized dependence more

complicated than what is commonly understood to be the cluster structure, e.g. temporal/spatial

autocorrelation or a network structure. This result is important because it facilitates inference

on the coefficient of the regressor of interest even if the researcher does not know the dependence

structure of the error vector ε, which is useful from the pragmatic point of view. We emphasize,

however, that while our conclusions hold for the coefficient corresponding to a strongly exogenous

regressor, they need not hold for other coefficients in the regression.

Our second main result shows that when the vector D has i.i.d. components and is independent

of W but ε is conditionally heteroscedastic with respect to D, the formula s2(X>X)−1 is actually

not valid and has to be adjusted not only for heteroscedasticity but also, rather surprisingly, for

the dependence structure of the vector ε. Nevertheless, a simplified variance formula can often be

used in this case as well. For example, conditional heteroscedasticity arises when the regression

model Y = Xθ+ ε is taken from the potential outcomes framework with heterogeneous treatment

effects. If the researcher is concerned about clustering in this case, our results imply that it is

1The validity of the formula s2
(
X>X

)−1
does not mean that the variance estimators based on the formula(

X>X
)−1

X>ΩX
(
X>X

)−1
are invalid; see Lemma 1 in the Appendix for the asymptotic equivalence of these

estimators in our setting.
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sufficient to adjust the variance formula for clustering of the treatment effects only.2 In contrast,

for example, there is no need to adjust the variance formula for clustering of the potential outcomes

in any given treatment arm. We also note that neither of our results restrict or exclude conditional

heteroscedasticity of ε with respect to W.

In addition, we extend both results to the case when the values of the regressor of interest are

independent only across groups of units/time periods, such as is the case in randomized controlled

trials in which treatment assignment is determined at a group (e.g., school/village) level. We

show that in the strongly exogenous case, it suffices to take into account only the within-group

correlation of the error vector ε. In other words, it suffices to use variance estimators that are

clustered at the level at which treatment is assigned. In the conditional heteroscedasticity case, the

variance formula still requires some adjustments for both heteroscedasticity and dependence but

often allows for some simplifications relative to the standard textbook formula mentioned above.

Our first main result and its extension to the group-level assignment are related to but different

from those in Barrios, Diamond, Imbens, and Kolesar (2012), who came to the same conclusions for

regressions without controls and in which a fixed fraction of units/clusters is randomly assigned to

be treated. In a related but independent study, Zhang, Ding, Zhou, and Wang (2025) demonstrate

a similar robustness of the classical standard error formula s2
(
X>X

)−1
, assuming that the rows

of X are independent and independent of ε. Our setting differs in that we focus on inference for

the coefficient on the key regressor D, and we allow for general dependence in both the error term

ε and the controls W. To the best of our knowledge, however, there are no results in the literature

related to our second main result.

Our analysis is also related to Abadie, Athey, Imbens, and Wooldridge (2023), who presented

a new clustering framework that emphasizes a finite population perspective as well as interactions

between the sampling and assignment parts of the data-generating process. They established in

particular that there is no need to cluster when estimating the variance if the randomization is

conducted at the individual level and there is no heterogeneity in the treatment effects. Our first

main result echoes and complements their findings in the following aspects. First, unlike them, we

do not impose a particular structure on the sampling process, which allows us to cover general forms

of time series or even network dependence in addition to the cluster-type dependence. Second,

our analysis goes beyond the binary treatment framework and accommodates a general strongly

exogenous regressor as well as the inclusion of additional controls in the regression. In particular,

we allow for general dependence structures in the control variables, which makes it ex-ante unclear

at what level one should cluster. Third, we rely on a traditional asymptotic framework, which may

make our analysis more familiar to the reader. We recognize, however, that the third aspect may be

2When the regression model Y = Xθ + ε is taken from the potential outcomes framework with heterogeneous

treatment effects, the case of strongly exogenous regressor corresponds to the assumption of constant treatment

effects.
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a weakness in the sense that our framework is unable to address the finite population adjustment

that plays an important role in Abadie, Athey, Imbens, and Wooldridge (2023). Finally, we note

Bloom (2005) who considered a random effects type cluster structure and produced a variance

estimator for the simple difference of means estimator that is quoted in Duflo, Glennerster, and

Kremer (2007). His equation (4.3), which is presented without proof, is in fact a special case of

the s2
(
X>X

)−1
formula. The cluster structure that he analyzed has a built-in correlation among

observations, and as such, it would be tempting to think that variance estimation would require

Moulton (1986)’s clustering formula – a conclusion that can be motivated if inference is to be

conditioned on the X matrix. Hence, in our view, his equation (4.3) can only be motivated by

explicitly recognizing the randomness of the X matrix.

Our results are not particularly difficult to derive. On the other hand, we are unaware of any

systematic discussion of results along this line in the literature besides Barrios, Diamond, Imbens,

and Kolesar (2012), Abadie, Athey, Imbens, and Wooldridge (2023) and Zhang, Ding, Zhou, and

Wang (2025), especially in models where the control variables and treatment variables are both

present. Our results have convenient pragmatic implications, which we hope are helpful to some

empirical researchers.

Finally, we establish a connection between our analysis and a recent literature on shift-share

regressions that attributes identification to the random assignment of shocks (Adao, Kolesár, and

Morales, 2019; Borusyak, Hull, and Jaravel, 2022). In particular, our analysis suggests a novel two

step estimator for these models. In the first step, we run OLS regressions of both the outcome of

interest and the explanatory variables on the shares. In the second step, we estimate the shift-

share regression coefficients by running an OLS regression of the first stage estimated coefficients

for the outcome variable on the estimated first stage coefficients for the explanatory variable. The

motivation for this procedure is that the regressor of interest in the second stage regression consists

of the shocks in the shift-share design, which are often assumed to be i.i.d. and independent of

other variables. As a result, the second stage regression has the structure that is the focus of

our analysis and our results deliver a simple formula for the asymptotic variance of the proposed

estimator.

Outline. We present the basic intuition underlying our results in Section 2. The intuitive

discussion there suggests that asymptotic normality and the formula s2
(
X>X

)−1
are valid under

fairly general dependence structure in ε provided that the randomness of X generates a suitable

martingale structure in X>ε. We also explain how conditional heteroscedasticity breaks down this

martingale structure. We formalize our discussion in Section 3, where our main restriction on the

dependence of ε is that it be weak enough for its sample average to converge in probability to zero

– a condition that further emphasizes that our analysis is driven by the randomness in X and not

ε. We provide an extension to the case of group-level random assignment in Section 4. We discuss

shift-share regressions in Section 6.
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Notation. We use K to denote a generic strictly positive constant that may change from place

to place but is independent of the sample size n. For any positive integer k, let Ik, 1k×1, and 0k×1

denote the k × k identity matrix, k × 1 vector of ones, and k × 1 vector of zeros. For any real

square matrix A, λmin(A) and λmax(A) denote its smallest and largest eigenvalues. We use A ≡ B
to denote that A is defined as B, and (Aj)j≤J to denote the matrix composed by sequentially

stacking matrices A1, . . . , AJ with equal number of columns.

2 Intuition

In this section, we provide intuition for the validity of the formula s2
(
X>X

)−1
in the case of

strongly exogenous regressors. We first consider the case of a simple univariate regression model

and then extend the result to the case of a multivariate regression model. At the end of this

section, we explain complications arising from conditional heteroscedasticity and how they break

the validity of the formula s2
(
X>X

)−1
.

2.1 Case of Strong Exogeneity

We start by considering a simple univariate linear regression time series model in which we have

yi = diβ + εi, i = 1, . . . , n, (1)

where di is assumed to have zero mean for simplicity in this subsection, and (εi)i≤n is a second-

order, possibly autocorrelated, stationary time series – we employ the index i, rather than t,

to emphasize that our analysis is not confined to the time series context. We depart from the

textbook time series model by assuming that the regressors (di)i≤n are: (i) Independent and

identically distributed (i.i.d.), and (ii) Strongly exogenous in the sense that (di)i≤n is independent

of the time series process (εi)i≤n.

As is well-known, the least squares estimator β̂ of β in model (1) satisfies

√
n(β̂ − β) =

n−1/2
∑n

i=1 diεi
n−1

∑n
i=1 d

2
i

. (2)

In many standard time series textbooks, the asymptotic distribution of β̂ is thus derived by impos-

ing sufficiently strong conditions to ensure that the score n−1/2
∑n

i=1 diεi is asymptotically normal

and the Hessian n−1
∑n

i=1 d
2
i converges in probability to a non-stochastic matrix. In order to derive

the standard error for β̂, we therefore only need a consistent estimator of the long-run variance of

the score; i.e., a heteroscedasticity and autocorrelation consistent (HAC) variance estimator, such

as those proposed by Newey and West (1987) and Andrews (1991).

On the other hand, if the regressors (di)i≤n are i.i.d. and strongly exogenous with mean zero,

the independence of (di)i≤n and (εi)i≤n implies that for any 1 ≤ i1, i2 ≤ n with i1 6= i2, we must
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have

E [di1εi1di2εi2 ] = E [di1 ]E [di2 ]E [εi1εi2 ] = 0,

and also E[(diεi)
2] = E[d2i ]E[ε2i ] for all 1 ≤ i ≤ n. Hence, as long as some version of the central

limit theorem is applicable to the score n−1/2
∑n

i=1 diεi and a law of large numbers is applicable

to the Hessian n−1
∑n

i=1 d
2
i , we can conclude that the asymptotic distribution of β̂ is given by

√
n(β̂ − β)→d N

(
0,

E
[
ε2i
]

E
[
d2i
]) .

In particular, statistical inference on β can be conducted as if it were not a time series model, i.e.

using the formula s2
(
X>X

)−1
, where X ≡ (di)i≤n in this case.

The main takeaway of the preceding example is that the strong exogeneity and i.i.d. nature

of the regressors (di)i≤n imply that the sequence (diεi)i≤n is homoscedastic even if the errors

(εi)i≤n are arbitrarily autocorrelated. Is this simplification confined to the time series model? Our

preceding discussion suggests that this is not the case. Indeed, provided the regressors (di)i≤n

are i.i.d., mean zero, and strongly exogenous, the score n−1/2
∑n

i=1 diεi has a built-in martingale

structure vis-à-vis the filtration Fi generated by {dj , εj}j≤i because:

E [diεi| Fi−1] = E [E [di| Fi−1, εi] εi| Fi−1] = E[di]E[εi|Fi−1] = 0. (3)

Therefore, assuming that the random pairs (di, εi) satisfy certain moment conditions, the mar-

tingale central limit theorem will be applicable regardless of the dependence structure of (εi)i≤n

and the long run variance of the score will reduce to E[d2i ]E[ε2i ]. In particular, the variance for-

mula s2
(
X>X

)−1
will remain valid despite the dependence present in the variables (εi)i≤n. Thus,

spatial correlation, network dependence, and/or a cluster structure in the variables (εi)i≤n are all

accommodated by the standard homoscedastic standard errors. Moreover, we note that a quick

inspection at the preceding argument reveals that the assumptions we have imposed so far are

stronger than necessary for the desired conclusion to hold.

We next build on our preceding discussion by considering the multivariate linear regression

model

yi = diβ + w>i γ + εi, i = 1, . . . , n, (4)

where di is a scalar regressor of interest, wi is a dw-vector of controls, and {(w>i , εi)}i≤n is a second-

order, possibly autocorrelated, stationary time series satisfying E[wiεi] = 0dw×1 for all 1 ≤ i ≤ n.

We continue to assume that the regressors (di)i≤n are i.i.d. with mean zero, and strongly exogenous

in the sense that (di)i≤n is independent of the time series process (εi, w
>
i )i≤n. The parameter of

interest continues to be β.

For this model, the Frisch-Waugh-Lovell theorem implies the least squares estimator β̂ satisfies

√
n
(
β̂ − β

)
=
n−1/2

∑n
i=1

(
di − w>i α̂

)
εi

n−1
∑n

i=1

(
di − w>i α̂

)2 , α̂ ≡

(
n∑
i=1

wiw
>
i

)−1 n∑
i=1

widi. (5)
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Hence, under appropriate regularity conditions the estimator β̂ admits the asymptotic expansion

√
n
(
β̂ − β

)
=
n−1/2

∑n
i=1

(
di − w>i α

)
εi

n−1
∑n

i=1

(
di − w>i α

)2 + op(1), α ≡ (E[wiw
>
i ])−1E[widi]. (6)

In particular, if (di)i≤n is mean zero and independent of (w>i )i≤n, then α = 0 and the asymptotic

expansion reduces to the univariate setting – i.e. the right-hand side of (6) is (asymptotically)

equivalent to the right-hand side of (2). It therefore follows that the end result is the same as

in the univariate case: The variance formula s2
(
X>X

)−1
, where X ≡ (di, w

>
i )i≤n in this case,

remains valid for β̂. We emphasize, however, that this formula is not necessarily justified for

conducting inference on the coefficient γ.

As a preview of results in the next section, we again note that the conditions we have imposed so

far are stronger than required. For instance, suppose that instead of demanding that the regressors

(di)i≤n and (w>i )i≤n be fully independent, we assume that they are related according to the model

di = w>i α+ ηi,

for (ηi)i≤n i.i.d. and independent of (εi, w
>
i )i≤n. The asymptotic expansion in (6), combined with

the same arguments employed in the univariate case, then continue to imply that

√
n(β̂ − β)→d N

(
0,

E
[
ε2i
]

E
[
η2i
])

under mild moment conditions – i.e. when computing standard errors for β̂ we can continue to

pretend that the time series process fits the textbook homoscedastic model. Setting wi to be a

constant, for instance, reveals that the mean zero assumption on (di)i≤n is superfluous.

2.2 Case of Conditional Heteroscedasticity

The preceding martingale argument relies crucially on two key assumptions: (i) The regressors

(di)i≤n are independent of each other, and (ii) The regressors (di)i≤n are independent of the errors

(εi)i≤n. A challenge to our martingale argument arises when (di)i≤n and (εi)i≤n are not indepen-

dent. Within the potential outcome framework, for instance, this full independence requirement is

violated in the presence of heterogenous treatment effects. More precisely, heterogenous treatment

effects render εi conditionally heteroscedastic with respect to the treatment status di. Motivated

by this observation, we also study a model in which εi =
∑L

l=1 σl(di)ε
∗
l,i with ei ≡ (ε∗l,i)l≤L pos-

sibly correlated across i and l, but (ei)i≤n fully independent of (di)i≤n. In the potential outcome

framework, with di ∈ {0, 1} indicating treatment status, we would have

εi = (yi(0)− E[yi(0)]) + di((yi(1)− yi(0))− E[yi(1)− yi(0)]), (7)
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where yi(d) denotes the potential outcome for unit i under treatment status d ∈ {0, 1}.3

To see the problem for the martingale structure in this model, observe that for any 1 ≤ i1, i2 ≤
n, we now have

E[di1εi1di2εi2 ] = E

di1 L∑
l1=1

σl1(di1)ε∗l1,i1di2

L∑
l2=1

σl2(di2)ε∗l2,i2


=

L∑
l1=1

L∑
l2=1

E [di1σl1(di1)]E [di2σl2(di2)]E[ε∗l1,i1ε
∗
l2,i2 ],

which is not necessarily zero even if di’s are mean zero. The variance formula for the sum
∑

i≤n diεi

therefore must include interactions terms as long as the random vectors (ε∗l,i1)l≤L and (ε∗l,i2)l≤L are

correlated.

We will present a detailed analysis of the conditional heteroscedasticity case in Section 3 but the

main takeaways from our results are: (i) The independence of (di)i≤n from controls (w>i )i≤n still

simplifies the asymptotic variance for β̂; and (ii) Conditional heteroscedasticity yields a break in

the martingale structure that requires us to adjust standard errors not only for heteroscedasticity,

but also for correlation of the errors across units. For example, in the context of (7), our analysis

implies the asymptotic variance of
√
n(β̂ − β) equals (the probability limit of)

1

nσ4d

n∑
i=1

E[(di − E[di])
2ε2i ]

+ Var

(
n−1/2

n∑
i=1

(yi(1)− yi(0))

)
− n−1

n∑
i=1

Var (yi(1)− yi(0)) . (8)

In particular, we note that standard errors may need to be adjusted for correlation if we are

concerned the treatment effects are correlated. On the other hand, the correlation between com-

ponents of the vector (yi(0))i≤n plays no role for the standard errors, and neither does correlation

between components of the vector (yi(1))i≤n.

The validity or invalidity of the formula s2
(
X>X

)−1
, which is discussed intuitively in this

section, is formally established in the next section under suitable regularity conditions. Specifically,

when the regressors (di)i≤n are i.i.d. and independent of the errors (εi)i≤n, the formula s2
(
X>X

)−1
provides a valid standard error for β̂. Combined with asymptotic normal approximation, this yields

valid inference for β. The validity of s2
(
X>X

)−1
continues to hold in the presence of additional

control variables, provided that the regressors (di)i≤n are independent of these controls.

By contrast, when di s not independent of εi, as in the case of conditional heteroscedasticity,

the formula s2
(
X>X

)−1
is no longer valid. In such settings, the underlying dependence structure

3The error term εi in (7) can be written as εi = di(yi(0)−E[yi(0)]) + (1− di)(yi(1)−E[yi(1)]), which is a special

case of our general specification εi =
∑L
l=1 σl(di)ε

∗
l,i with L = 2, ε∗l,i = yi(l)− E[yi(l)] and σl(di) = (−1)l(di − l) for

l = 0, 1.
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of (εi)i≤n must be explicitly accounted for in order to construct consistent standard errors and

valid inference for β̂.

These observations motivate the formal analysis that follows. In the next section, we introduce

the precise assumptions governing the assignment mechanism and present the main theoretical

results. Theorem 1, together with Corollary 1, rigorously establish the conditions under which

the conventional variance formula is valid, while Theorem 2 characterize the appropriate variance

correction when it is not.

3 Main Theory

We now present a rigorous theory showing that the variance formula s2
(
X>X

)−1
for the OLS

estimator is valid in the strongly exogenous case even if the errors in the regression model are

correlated. We also derive the variance formula in the case of conditional heteroscedasticity. In

what follows, we suppose an outcome yi satisfies

yi = x>i θ + εi, i = 1, . . . , n, (9)

where xi = (di, w
>
i )> is a vector of regressors, with di being a key regressor and wi being a vector

of controls (including a constant), θ = (β, γ>)> is a vector of parameters, with β being a parameter

of interest and γ being a vector of nuisance parameters, and εi is an error term with mean zero.

More explicitly, the regression model (9) can be rewritten as

yi = diβ + w>i γ + εi, i = 1, . . . , n. (10)

We assume that the first component of the vector wi is a (non-zero) constant, meaning that the

regression model (10) contains the intercept term. For notational simplicity, we set Y ≡ (yi)i≤n,

D ≡ (di)i≤n, W ≡ (w>i )i≤n, X ≡ (x>i )i≤n, and ε ≡ (εi)i≤n.

Under a suitable exogeneity assumption on (di, w
>
i )>, the unknown parameter θ ≡ (β, γ>)>

can be estimated by OLS:

θ̂ ≡ (β̂, γ̂>)> ≡ (X>X)−1(X>Y).

Standard estimators of the asymptotic variance of θ̂ rely on the asymptotic variance of the “score”

n−1/2
∑n

i=1(di, w
>
i )>εi, which may take a complicated form due to possible dependence between

observations. This relationship makes standard error estimation and statistical inference challeng-

ing in practice. For instance, cluster-robust standard errors, such as those proposed by Moulton

(1986), Liang and Zeger (1986), and Arellano (1987), are predicated on knowledge of the relevant

group structure at which to cluster; see Hansen (2007), Ibragimov and Müller (2010) and Ibrag-

imov and Müller (2016) for related discussion. Similarly, spatial standard errors, such as those

proposed by Conley (1999), often require knowledge of a measure of “economic distance” that is

9



relates to the degree of dependence across observations. However, we next show that when D is

independent of W, such as in randomized control trials, the asymptotic variance for β̂ simplifies

significantly. As a result, estimation of standard errors and asymptotically valid inference simplify

as well.

3.1 Case of Strong Exogeneity

We first study the case that D is independent of ε, and hence ε is conditionally homoscedastic with

respect to D. Together with independence of D from W, this means that D is strongly exogenous.

The conditional heteroscedasticity case is discussed later in this section. In the assumptions that

follow, recall that K should be interpreted to denote a sufficiently large constant that can change

from place to place but is independent of the sample size n.

Assumption 1. (i) The random variables di, 1 ≤ i ≤ n, are i.i.d. with finite mean µd and

variance σ2d; (ii) (di)i≤n is independent of (w>i )i≤n; (iii) there exists a constant δ1 > 0 such that

maxi≤n E[|di|2+δ1 ] ≤ K; (iv) σ2d ≥ K−1; (v) (di)i≤n is independent of (εi)i≤n.

Assumption 2. (i) λmin(n−1
∑n

i=1wiw
>
i ) ≥ K−1 + op(1); (ii) maxi≤n E[||wi||2] ≤ K; (iii) the

first component of the vectors wi, 1 ≤ i ≤ n, is a non-zero constant.

Assumption 3. (i) n−1
∑n

i=1wiεi = op(1); (ii) n−1
∑n

i=1 ε
2
i = n−1

∑n
i=1 E[ε2i ] + op(1); (iii) there

exists a constant δ2 > 0 such that maxi≤n E[|εi|2+δ2 ] ≤ K; (iv) n−1
∑n

i=1 E[ε2i ] ≥ K−1.

Assumption 1 contains our main requirements for the regressor of interest. In particular,

Assumption 1(i) holds when (di)i≤n are independently generated from a common distribution.

This condition is satisfied in randomized controlled trials (RCTs) that employ i.i.d. assignment.

It fails, however, under designs based on individual randomization with fixed treatment arm sizes,

as well as under randomized group or cluster assignment, both of which mechanically induce

correlation among the dis. Assumption 1(ii), which imposes independence between (di)i≤n and

(w>i )i≤n, simplifies the development of the main results in this section. This condition holds in

many RCTs when (di)i≤n are drawn independently of (w>i )i≤n, but it may fail when treatment

assignments are randomized conditional on (a subset of) (w>i )i≤n, as in stratified or covariate-

adaptive designs. On the other hand, Assumption 1(ii) can be relaxed; see the remark following

Corollary 1 below. Assumptions 1(iii) and 1(iv) are mild moment conditions, where the 2 + δ1

moment requirement in Assumption 1(iii) is mainly used to derive the asymptotic normality of β̂

via a martingale central limit theorem. Assumption 1(v) means that (di)i≤n is strongly exogenous.

Assumption 2 contains our main requirements for the controls. In particular, Assumption

2(i) means that there is no multicollinearity among controls. Assumption 2(ii) is a mild moment

condition. Assumption 2(iii) means that we study regressions with an intercept. Assumption 3

contains our main requirements for the regression error.
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Assumption 3(i) holds if εi’s are uncorrelated with wi’s and a law of large numbers applies to

the product wiεi. Assumption 3(ii) is essentially a law of large numbers for ε2i ’s. Assumptions 3(iii)

and 3(iv) are mild moment conditions. We highlight that our assumptions allow for a wide array of

dependence structures in the matrix (εi, w
>
i )i≤n, with the main condition in this regard intuitively

being that dependence be “weak” enough for the law of large numbers imposed in Assumptions

3(i) and 3(ii) to apply.

For all 1 ≤ i ≤ n, denote d∗i ≡ di − µd. The following theorem derives the asymptotic

distribution of the OLS estimator β̂ in the strongly exogenous case.

Theorem 1. Let Assumptions 1, 2 and 3 hold. Then
√
n(β̂ − β)

σε/σd
=
n−1/2

∑n
i=1 d

∗
i εi

σdσε
+ oP (1)→d N(0, 1),

where σ2ε ≡ n−1
∑n

i=1 Var(εi).

This theorem establishes two key facts. First, it shows that, given the strong exogeneity of

(di)i≤n, our mild requirements on the dependence structure of (εi, w
>
i )i≤n suffice for establishing

asymptotic normality of β̂. To establish such a conclusion, we rely on a martingale construction

that generalizes our discussion in Section 2. Second, Theorem 1 establishes that the asymptotic

variance of β̂ is not affected by the possible correlation across vectors wiεi since it only depends on

the variance of di and the averaged variance of the error terms (εi)i≤n. We emphasize that neither

of these conclusions need hold for the estimator γ̂ of the coefficient γ corresponding to the vectors

of controls wi.

In addition, Theorem 1 suggests that we can estimate the variance of β̂ by s2(D̆>D̆)−1, where

s2 ≡ n−1(Y −Dβ̂ −Wγ̂)>(Y −Dβ̂ −Wγ̂), (11)

D̆ ≡MWD and MW ≡ In −W(W>W)−1W>. The following corollary confirms this conjecture.

Corollary 1. Let Assumptions 1, 2 and 3 hold. Then

s2(n−1D̆>D̆)−1 = σ2ε/σ
2
d + op(1) and

β̂ − β√
s2(D̆>D̆)−1

→d N(0, 1). (12)

Together with Theorem 1, this corollary is our first main result. Indeed, it is well-known that

the top left element of the matrix (X>X)−1 coincides with (D̆>D̆)−1. Therefore, this corollary

justifies using the classic standard error formula s2
(
X>X

)−1
for inference on β, even under general

dependence structures in the errors (εi)i≤n and controls (w>i )i≤n.

Remark. Theorem 1 and Corollary 1 can be extended to allow for dependence between di and

wi. Indeed, suppose that di depends linearly on wi:

di = w>i α+ ηi,

11



where ηi’s satisfy the conditions of Assumption 1 imposed on di. By arguments that are similar

to those in the proof of Theorem 1 and Corollary 1, it is then straightforward to show that

√
n(β̂ − β)

σε/ση
→d N(0, 1),

where σ2η denotes the variance of ηi’s, and that the convergence results (12) still hold. Moreover,

σ2ε can be estimated by the same estimator s2 in (11), and σ2η can be estimated by n−1
∑n

i=1 η̂
2
i

for η̂i residual from regressing (xi)i≤n on (w>i )i≤n.

Remark. Theorem 1 and Corollary 1 can also be extended to instrumental variable (IV) estima-

tors. Indeed, suppose that

di = viρ+ w>i α+ ηi, (13)

where vi is an instrumental variable satisfying the conditions of Assumption 1 imposed on di and

ηi is a (first-stage) estimation error satisfying the conditions of Assumption 3 imposed on εi. The

two-stage least squares (2SLS) estimator of β then satisfies

β̂2sls =
V>MWY

V>MWD
.

where V ≡ (vi)i≤n. Using Assumptions 2 and 3, it is then possible to show that

√
n(β̂2sls − β) =

n−1/2
∑n

i=1(vi − µv)εi
ρσ2v

+ op(1),

where µv is the mean of vi’s and σ2v is the variance of vi’s. Therefore,

√
n(β̂2sls − β)

σε/(ρσv)
→d N(0, 1).

It is clear that σ2ε can be estimated by the same s2 as that in (11) with β̂ replaced by β̂2sls, ρ can

be estimated by OLS on the (first-stage) regression (13), and σ2v can be estimated by n−1Ṽ>Ṽ,

where Ṽ = V − 1n,1(n
−1V>1n×1).

3.2 Case of Conditional Heteroscedasticity

Next, we derive the asymptotic variance for β̂ in the case of conditional heteroscedasticity, i.e. when

(εi)i≤n is conditionally heteroscedastic with respect to (di)i≤n. Following the notation introduced

in Section 2, we focus on the case in which εi ≡
∑

l≤L σl(di)ε
∗
l,i, where ei ≡ (ε∗l,i)l≤L is a vector

with mean zero, for all 1 ≤ i ≤ n.

Let Ai ≡ (di − µd)(σl(di))l≤L for all 1 ≤ i ≤ n and observe that under Assumption 1(i),

the random vectors Ai are i.i.d. Denote their common mean vector by µA. In addition, denote

σ2e,1 ≡ n−1
∑n

i=1 E[((Ai − µA)>ei)
2] and σ2e,2 ≡ E[(n−1/2

∑n
i=1 µ

>
Aei)

2]. Within this context, we

impose the following assumptions.
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Assumption 4. (i) (di)i≤n is independent of (ei)i≤n; (ii) the functions σl, 1 ≤ l ≤ L, are bounded;

(iii) σ2e,1 ≥ K−1.

Assumption 5. (i) ‖n−1
∑n

i=1 eie
>
i − n−1

∑n
i=1 E[eie

>
i ]‖ = op(1); (ii) there exists a constant

δ3 > 0 such that n−1
∑n

i=1 ‖ei‖2+δ3 = Op(1); (iii) σ−1e,2n
−1/2∑n

i=1 µ
>
Aei →d N(0, 1).

Assumption 4 is mainly used to replace Assumption 1(v) and accounts for the conditional

heteroscedasticity of (εi)i≤n with respect to (di)i≤n. Assumption 4(i) requires that (di)i≤n are

strongly exogenous with respect to the“scaled” error vector (ei)i≤n – a requirement that, as dis-

cussed in Section 2 maps well into a potential outcome framework with heterogeneous treatment

effects. This condition may fail, for example, when di and εi exhibit higher-order dependence.

Assumption 4(ii) imposes upper bounds on the functions σ2l (·), which we view as a mild regu-

larity condition. Assumption 4(iii) is a mild moment condition. Assumption 5 contains further

restrictions on the vectors ei. Assumption 5(i) is essentially a law of large numbers for eie
>
i ’s.

Assumption 5(ii) is essentially a moment condition for the random variables ‖ei‖. Assumption

5(iii) limits the amount of dependence among the vectors ei to ensure convergence in distribution.

The following theorem, which is our second main result, derives the asymptotic distribution of

the OLS estimator β̂ in the case of conditional heteroscedasticity.

Theorem 2. Let Assumptions 1(i)-(iv), 2, 3, 4, and 5 hold. Then

√
n(β̂ − β)

σdε/σ
2
d

=
n−1/2

∑n
i=1 d

∗
i εi

σdε
+ op(1)→d N(0, 1), (14)

where σ2dε ≡ σ2e,1 + σ2e,2.

To establish this theorem, we decompose the score n−1/2
∑n

i=1 d
∗
i εi into the sum of two uncor-

related terms,

n−1/2
n∑
i=1

d∗i εi = n−1/2
n∑
i=1

(Ai − µA)> ei + n−1/2
n∑
i=1

µ>Aei, (15)

and observe that the first term on the right-hand side here forms a martingale difference sequence

while the second term is asymptotically normal by assumption. Combining these facts, we are able

to obtain asymptotic normality of the sum; see the detailed proof in the Appendix.

Like Theorem 1, this theorem establishes two key facts as well. To see both of them, observe

that the term σ2dε appearing in the convergence result (14) can be more explicitly rewritten as

σ2dε = n−1
n∑
i=1

E
[
(d∗i )

2ε2i
]

+ µ>A

[
Var

(
n−1/2

n∑
i=1

ei

)
− n−1

n∑
i=1

Var (ei)

]
µA. (16)

This expression in turn implies that the asymptotic variance of the OLS estimator now depends

on the correlation across the vectors ei, which means that heteroscedasticity of the regression
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errors forces OLS variance estimators to be adjusted for correlation across the errors. On the

other hand, the expression (16) also demonstrates that it suffices to adjust the variance estimators

only for correlation across the random variables µ>Aei, instead of correlation across the full vectors

ei. The latter point might seem like a minor technicality but it in fact plays an interesting

role in models with heterogeneous treatment effects. Indeed, when di ∈ {0, 1} represents the

treatment assignment status, (yi(1), yi(0)) represents the pair of potential outcomes with and

without treatment, so that yi = yi(0) + di(yi(1) − yi(0)), and wi consists of a non-zero constant

only, it follows that εi takes the form (7), which matches the setting here with ei = (yi(0) −
E[yi(0)], yi(1) − yi(0) − E[yi(1) − yi(0)])> and σ(di) = (1, di)

>. Hence, µA = (0, σ2d)
>, and so the

expression for the asymptotic variance of
√
n(β̂ − β) reduces to the probability limit of

1

nσ4d

n∑
i=1

E[(di − µd)2ε2i ] + Var

(
n−1/2

n∑
i=1

(yi(1)− yi(0))

)
− n−1

n∑
i=1

Var (yi(1)− yi(0)) ,

as previewed in the previous section; see expression (8) there.4 In turn, this expression means

that it suffices to adjust OLS variance estimation for correlation across treatment effect, and there

is no need to worry about correlation of potential outcomes within any given treatment arm.

For example, whenever treatment effects yi(1) − yi(0) are independent across i, it suffices to use

the usual heteroscedasticity-robust variance formulas, even if regression errors εi are correlated.

Note, however, that it is necessary to use heteroscedasticity-robust variance formulas even if the

treatment effects are i.i.d. (and not just independent), as the formula s2
(
X>X

)−1
is not valid in

this case. Moreover, the same results apply even if wi’s include non-constant controls as well, as

the second component of ei’s remains the same in this case.

Finally, we note that if the dependence structure of {ei}i≤n is known so that the variance of∑n
i=1 xiεi, denoted by Vε, has an explicit form, then a standard error for β̂ based on Theorem 2

can, in principle, be constructed as(
`>1

(
X>X

)−1
V̂ε

(
X>X

)−1
`1

)1/2

, (17)

where `1 ≡ (1, 01×dγ )> and V̂ε denotes a consistent estimator of Vε. However, as is evident from

the expression of σ2dε in (1), the explicit form of Vε depends on the specific dependence structure

of {ei}i≤n.

As an illustration, suppose that {ei}i≤n follows a covariance-stationary time series with weak

4Equation (8) simplifies to the asymptotic variance formula of the design-based unadjusted average treatment

effect estimator derived in Lin (2013) for the binary treatment case, once we adopt a change of notation to reflect

the assumption that all randomness in the model arises solely from random assignment. The key simplification is

that the second term in (8)—namely, Var(n−1/2∑n
i=1(yi(1)− yi(0))), which stems from the term n−1/2∑n

i=1 µ
>
Aei

in (15), reduces to zero. This is because n−1/2∑n
i=1 µ

>
Aei is non-random under the design-based framework.
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dependence, and let ε̂i ≡ yi − x>i θ̂. In this case, Vε can be estimated using a HAC estimator,

V̂ε,HAC ≡
n−1∑

h=−n+1

K(h/M)Γ̂n(h), (18)

where

Γ̂n(h) ≡
n∑

i=h+1

xix
>
i−hε̂iε̂i−h for h ≥ 0, and Γ̂n(h) = Γ̂n(−h)> for h < 0.

Here K(·) denotes a kernel function and M is a bandwidth. The standard error of β̂ can then

be estimated using (17) with V̂ε replaced by V̂ε,HAC . As another example, suppose that{ei}i≤n
exhibits clustered dependence such that ei and ej are correlated if and only if i and j belong to the

same cluster Ig, where {Ig}g≤G is a collection of mutually exclusive clusters whose union equals

{1, · · · , n}. In this case,

Var

(
n∑
i=1

ei

)
=
∑
g≤G

Var

∑
i∈Ig

ei

 .

Accordingly, Vε can be estimated by

V̂ε,CR ≡
∑
g≤G

∑
i∈Ig

xiε̂i

∑
i∈Ig

x>i ε̂i

 . (19)

Therefore, the standard error of β̂ can be estimated using (17) with V̂ε replaced by V̂ε,CR. Consis-

tency of these standard error estimators follows from standard arguments establishing the consis-

tency of HAC estimators (see, e.g., Andrews (1991)) and cluster-robust variance estimators (see,

e.g., Hansen (2007)).5

4 Group-Level Randomization

A key assumption behind the results of Section 3 is that the regressor of interest is independent

and identically distributed across units. In randomized controlled trials, such an assumption is

satisfied for completely randomized assignments but can fail under other randomization protocols.

For instance, in randomized controlled trials the i.i.d. assumption on the treatment fails when

treatment is assigned at a group level. Motivated by this challenge, we suppose in this section that

yi,j = djβ + w>i,jγ + εi,j , (20)

where the index j = 1, . . . ng denotes the group membership, the index i = 1, . . . , nj denotes units

within group j, ng is the number of groups, nj is the number of units within group j, dj denotes

5The finite-sample performance of these standard error estimators is examined through simulation studies in

Section 5.
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the regressor of interest which is invariant within group j, wi,j denotes the vector of controls,

and εi,j is a mean-zero regression error. We continue to assume that the first component of each

wi,j is a non-zero constant and also continue to employ n as the total number of observations,

n =
∑

j≤ng nj .

We emphasize at this point that the index j distinguishes the level at which the regressor dj

varies, but has no special significance for other variables. In particular, we do not insist that any

(potential) clustering structure of the errors ((εi,j)i≤nj )j≤ng be the same as the group structure

specified by the regressor dj . In other words, ((εi,j)i≤nj )j≤ng may have a dependence structure

completely different from group structure determined by j – e.g., εi1,j1 may be correlated with εi2,j2

when j1 6= j2. This discussion will be formalized in the nature of the regularity conditions below,

which do not include, for example, the random effects type specification as in Moulton (1986).

Instead, as in the previous section, we will rely on a martingale structure based on (dj)j≤ng that

will be crucial for understanding the asymptotic distribution of β̂.

Following our discussion in the previous section, we consider cases of strong exogeneity and

conditional heteroscedasticity separately. We first consider the case of strong exogeneity. In order

to study the asymptotic properties of β̂, we first need to revise Assumptions 1 and 3 to account for

the group structure and a possible within-group correlation. To this end, we let κn ≡ (
∑

j≤ng n
2
j )

1/2

and S2
ε ≡ n−1

∑
j≤ng E[(

∑
i≤nj εi,j)

2] and impose the following assumptions.

Assumption 6. (i) The random variables dj, 1 ≤ j ≤ ng, are i.i.d. with mean µd and variance

σ2d; (ii) (dj)j≤ng is independent of ((w>i,j)i≤nj )j≤ng ; (iii) maxj≤ng E[|dj |4] ≤ K; (iv) σ2d ≥ K−1; (v)

(dj)i≤ng is independent of ((εi,j)i≤nj )j≤ng .

Assumption 7. (i) n−1
∑ng

j=1

∑nj
i=1wi,jεi,j = op(Sεn

1/2/κn); (ii) S−2ε n−1
∑ng

j=1(
∑nj

i=1 εi,j)
2 →p 1;

(iii) there exists a constant δ4 ∈ (0, 2] such that n−1−δ4/2
∑ng

j=1(|
∑nj

i=1 εi,j |)2+δ4 = op(S
2+δ4
ε ); (iv)

κn/n = o(1).

Assumption 6 requires mild moment restrictions and that the regressor of interest dj be strongly

exogenous in the sense that it be independent of the errors and other regressors. In particular,

Assumptions 6(i)–(ii) are satisfied in randomized controlled trials when group assignments are

independently drawn from a common distribution. However, these conditions may fail, for example,

if (dj)j≤ng are randomized conditional on (a subset of) ((w>i,j)i≤nj )j≤ng , as such designs generally

induce dependence between treatment assignment and observed covariates.

To make sense of Assumption 7, assume that each group j has the same size nj that is in-

dependent of n. In this case, κn is of order
√
n and S2

ε is typically of order one. In turn, the

latter implies that Assumption 7(i) reduces to n−1
∑

j≤ng
∑

i≤nj wi,jεi,j = op(1), which is similar

to Assumption 3(i), and Assumption 7(iii) reduces to n−1−δ4/2
∑ng

j=1

∑nj
i=1 |εi,j |2+δ4 = op(1), which

is satisfied as long as max1≤j≤ng max1≤i≤nj |εi,j |2+δ4 ≤ K. In addition, Assumption 7(iv) reduces

n−1/2 = o(1) and is satisfied automatically and Assumption 7(ii) can be regarded as a law of large
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numbers. Thus, Assumption 7 in general requires that the size of groups does not increase too

fast. Note also that, as previously claimed, this assumption does not require ((w>i,j , εi,j)i≤nj )j≤ng

to be independent across j.

We are now ready to derive the asymptotic distribution of the OLS estimator β̂ in the strongly

exogenous case with a group-level assignment. In the statement of the result, we impose Assump-

tion 2, which should be interpreted to hold with
∑ng

j=1

∑nj
i=1 in place of

∑n
i=1 in Assumption 2(i)

and maxj≤ng maxi≤nj in place of maxi≤n in Assumption 2(ii). Also, we denote d∗j ≡ dj −µd for all

1 ≤ j ≤ ng.

Theorem 3. Let Assumptions 2, 6 and 7 hold. Then

√
n(β̂ − β)

Sε/σd
=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

σdSε
+ op(1)→d N(0, 1). (21)

The implications of this theorem are following. First, the OLS estimator β̂ is asymptotically

normally distributed under mild moment conditions and under fairly general assumptions on the

dependence structure of ((w>i,j , εi,j)i≤nj )j≤ng . Second, the asymptotic variance of β̂ is given by

S2
ε/σ

2
d. In particular, since S2

ε = n−1
∑

j≤ng Var(
∑

i≤nj εi,j), when computing standard errors for

β̂ we need only account for possibly within-group j correlation even if ((εi,j)i≤nj )j≤ng is dependent

across j. Importantly, the group structure is determined solely by the variables (dj)j≤ng and

hence is known, considerably simplifying estimation. For instance, in a randomized controlled

trial with constant effects, Theorem 3 implies we may, for example, employ Moulton (1986)’s or

Liang and Zeger (1986) formulas clustered at the level at which treatment was assigned. We

again emphasize, however, that similar conclusions do not apply for γ̂ whose standard errors and

asymptotic normality may depend on the dependence structure of ((w>i,j , εi,j)i≤nj )j≤ng across j.

Next, we consider the case of conditional heteroscedasticity. To cover this case, denote S2
e,1 ≡

n−1
∑ng

j=1 E[((Aj − µA)>
∑nj

i=1 ei,j)
2] and S2

e,2 ≡ E[(n−1/2
∑n

i=1 µ
>
Aei)

2]. Note that Se,2 here ac-

tually coincides with σe,2 in the previous section. Within this context, we impose the following

assumptions.

Assumption 8. (i) (dj)j≤ng is independent of ((e>i,j)i≤nj )j≤ng ; (ii) the functions σl, 1 ≤ l ≤ L,

are bounded; (iii) Se,1/Sε ≥ K−1.

Assumption 9. (i) ‖n−1
∑ng

j=1(
∑nj

i=1 ei,j)(
∑nj

i=1 ei,j)
> − n−1

∑ng
j=1 E[(

∑nj
i=1 ei,j)(

∑nj
i=1 ei,j)

>]‖ =

op(S
2
e,1); (ii) n−2

∑ng
j=1 ‖

∑nj
i=1 ei,j‖4 = op(S

4
e,1); (iii) S−1e,2n

−1/2∑n
i=1 µ

>
Aei →d N(0, 1).

These assumptions naturally extend Assumptions 4 and 5 in the previous section to allow

for group-level assignments. The next theorem derives the asymptotic distribution of the OLS

estimator β̂ in the case of conditional heteroscedasticity with a group-level assignment.
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Theorem 4. Let Assumptions 2, 6(i)-(iv), 7, 8, and 9 hold. Then

√
n(β̂ − β)

Sdε/σ
2
d

=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

Sdε
+ op(1)→d N(0, 1), (22)

where Sdε ≡ S2
e,1 + S2

e,2.

This theorem relates to Theorem 3 in the same way as Theorem 2 relates to Theorem 1. In

particular, noting that the term S2
dε appearing in this theorem can be more explicitly rewritten as

S2
dε ≡ n−1

ng∑
j=1

E

(d∗j nj∑
i=1

εi,j

)2


+ µ>A

Var

n−1/2 ng∑
j=1

nj∑
i=1

ei,j

− n−1 ng∑
j=1

Var

( nj∑
i=1

ei,j

)µA,
we conclude that because of conditional heteroscedasticity, variance estimators that are clustered

at the group level at which the regressor dj is assigned may not be valid if the errors ei,j are

correlated across groups j. On the other hand, in the context of estimation with heterogeneous

treatment effects, such estimators are valid if the treatment effects are uncorrelated across these

groups.

5 Simulation Studies

In this section, we conduct simulation studies using data from Karlan and List (2007), which

examines the effectiveness of matching grants on charitable giving in a large-scale natural field

experiment. The experiment was implemented through direct-mail solicitations to 50,083 prior

donors of a U.S. nonprofit organization. Individuals were randomly assigned at the individual

level to either a control group or a treatment group that received a matching grant offer, with

additional randomization over three match ratios, the maximum size of the match, and suggested

donation amounts. Embedded in an actual fund raising campaign, the study measured outcomes

both as a binary indicator of giving and as the dollar amount donated. The authors find that

announcing a matching grant significantly increases both the probability of giving and the average

revenue per solicitation.

In our simulations, we abstract from the additional layers of randomization in the original ex-

periment, such as variation in match ratios, maximum match amounts, and suggested contribution

levels, and focus exclusively on the primary treatment–control assignment. We further concentrate

on the linear regression specification in which the dollar amount donated serves as the dependent

variable. This approach isolates the core randomized treatment effect and allows us to use the em-

pirical distribution of outcomes and regression residuals from the original data set to calibrate the
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data-generating process, thereby evaluating the finite-sample properties of alternative estimators

and inference procedures.6

Specifically, we consider the linear regression model specified in (10), where yi in this simulation

study denotes the dollar amount donated by donor i, di indicates whether donor i receives a

matching offer (with di = 1 if a matching grant is offered and di = 0 otherwise), and wi is a vector

that includes a constant term and observed characteristics of donor i. We examine specifications

both with and without additional observed characteristics. Accordingly, the regressor vector wi

may consist solely of a constant term or of a constant together with observed donor characteristics.7

To simulate the data, we first use the full sample to run a linear regression of yi on xi to obtain

yi = x>i θ̃∗ + ε̃i, (23)

where θ̃∗ ≡ (β̃∗, γ̃
>
∗ )> denotes the OLS estimator of the unknown coefficient vector θ = (β, γ>)>.

The regression residuals ε̃i are saved together with the control variables wi for each donor i, yielding

the collection {(ε̃i, w>i )}i≤n which serves as the empirical basis for generating simulated samples.8

For each simulation replication s with simulation sample size nsim, we first generate nsim i.i.d.

random variables ds,i ∼ Bernoulli(p), where p = 0.67 is chosen to match the randomization proba-

bility in Karlan and List (2007). The simulated data set {(ys,i, ds,i, w>s,i)}i≤nsim is then constructed

using {ds,i}i≤nsim together with a sampled collection {(ε̃s,i, w>s,i)}i≤nsim drawn from {(ε̃i, w>i )}i≤n,

according to

ys,i = x>s,iθ̃∗ + σ(ds,i)ε̃s,i, for i = 1, . . . , nsim, (24)

where σ(ds,i) = 1 corresponds to the conditionally homoscedastic case, while σ(ds,i) = 1 + ds,i

induces conditional heteroscedasticity,

For both the homoscedastic and heteroscedastic designs, we consider three alternative methods

for generating {(ε̃s,i, w>s,i)}i≤nsim .

1. Block sampling. Draw a contiguous block of size nsim from {(ε̃i, w>i )}i≤n, thereby preserv-

ing the original joint dependence structure.

6The data used in the simulation studies are obtained from the Harvard Dataverse repository; see, Karlan and

List (2014).
7There are 15 observed characteristics included as additional controls in the linear regression, covering donors’ past

activities (e.g., highest previous contribution and number of prior donations), census demographics (e.g., proportion

white and average household size), and several state- and county-level variables. Detailed descriptions of these

variables are provided in Table 1 of Karlan and List (2007).
8To understand the standard error formula used in Karlan and List (2007), we replicated Table 4, Panel A of

that paper; the replication results are reported in Table 3 of Appendix C. We find that they use the homoskedastic

standard error presented in (29), which allows us to reproduce all the reported standard errors in Panel A of their

Table 4. The only noticeable exception is the standard error of the intercept in column (8), which appears to be a

typographical error.

19



2. Serial correlation sampling. Draw (ε̃∗s,i, w
∗>
s,i ) i.i.d. with replacement from {(ε̃i, w>i )}i≤n

for i = 1, . . . , nsim+200. Generate

ε̃s,i = 0.5ε̃s,i−1 + ε̃∗s,i, for i ≥ 2 (25)

with ε̃s,1 = 0. After discarding the first 200 observations to reduce initialization effects, use

{(ε̃s,i, w>s,i)}201≤i≤nsim+200 in (24), where ws,i = w∗s,i.

3. Cluster dependence sampling. Draw (ε̃∗s,i, w
∗>
s,i ) i.i.d. with replacement from {(ε̃i, w>i )}i≤n

for i = 1, . . . , nsim+200, and partition the first nsim observations sequentially into G∗ equal-

sized clusters {I∗g}g≤G∗ , where I∗g denotes the index set of cluster g. Independently draw

cluster shocks
{
ε̃∗s,g
}
g≤G∗ with replacement from {ε̃∗s,i}nsim+1≤i≤nsim+200, and set

ε̃s,i = ε̃∗s,i + 0.2ε̃∗s,g, for any i ∈ I∗g . (26)

The simulated sample is then constructed via (24), with ws,i = w∗s,i.

For each simulated sample {(ys,i, x>s,i)}i≤nsim , we estimate (10) and obtain

ys,i = x>s,iθ̂s + ε̂s,i, for i = 1, . . . , nsim. (27)

where θ̂s denotes the OLS estimator and ε̂s,i the regression residuals. We conduct a two-sided

t-test of

H0 : β = β̃∗, v.s. H1 : β 6= β̃∗. (28)

We consider three standard error estimators for the coefficient of interest.

The first is the homoscedastic/textbook standard error,

SE1 ≡ (σ̂2εs`
>
1 (X>s Xs)

−1`1)
1/2, (29)

where `1 ≡ (1, 01×dγ )>, Xs ≡ (xs,1, . . . , xs,nsim)> and σ̂2εs ≡ (nsim − dx)−1
∑

i≤nsim
ε̂2s,i. The second

estimator is a HAC standard error obtained from (17) with V̂ε replaced by V̂ε,HAC in (18). Using

the Bartlett kernel, it is given by

SE2 ≡

`>1 (X>s Xs

)−1 ∑
|h|≤M

(
1− |h|

M + 1

)
Γ̂s,n(h)

(X>s Xs

)−1
`1

1/2

, (30)

where

Γ̂s,n(h) ≡
nsim∑
i=h+1

xs,ix
>
s,i−hε̂s,iε̂s,i−h for h ≥ 0, and Γ̂s,n(h) = Γ̂s,n(−h)> for h < 0.
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The third estimator is the cluster-robust standard error, obtained from (17) with V̂ε replaced by

V̂ε,RC in (19). Specifically,

SE3(G) ≡

`>1 (X>s Xs

)−1 ∑
g≤G

∑
i∈Ig

xs,iε̂s,i

∑
i∈Ig

x>s,iε̂s,i

(X>s Xs

)−1
`1

1/2

, (31)

where the observations are partitioned sequentially into G equal-sized clusters {Ig}g≤G.

In the simulation, we set G∗ = nsim/100 and consider nsim ∈ {1000, 2500, 5000} corresponding

to approximately 2%, 5%, and 10% of the full sample size in Karlan and List (2007). For the HAC

estimator and the cluster-robust standard error, the tuning parameters are specified as

M = c

(
6ρ2

(1− ρ2)2
nsim

)1/3

, for c ∈ {0, 1, 2}, (32)

where ρ = 0.5, and

G ∈ {10, 25, 50}, (33)

respectively.9 The constant c in (32) is introduced to assess the sensitivity of inference based on

HAC standard errors to the bandwidth choice. When c = 0, we have M = 0, and the HAC estima-

tor reduces to the heteroscedasticity-consistent (HC) standard error. For the cluster-robust stan-

dard error, the true cluster dependence structure under the cluster-dependence sampling scheme is

assumed to be unknown. We therefore consider cluster sizes of 10, 25, and 50 to examine the sen-

sitivity of inference to the clustering specification. By construction of the data-generating process,

the clusters are correctly specified for

(nsim, G) ∈ {(1000, 10), (2500, 25), (5000, 50)}. (34)

We denote by SE2(c) the HAC standard error obtained when M is determined according to (32)

for a given c ∈ {0, 1, 2}. Empirical rejection probabilities of the corresponding t-tests, based on

100,000 Monte Carlo replications, are reported in Tables 1 and 2 for the conditional homoscedastic

and heteroscedastic cases, respectively.

From Table 1, it is clear that under conditional homoscedasticity, inference based on the ho-

moscedastic (textbook) standard error, SE1, exhibits very good size control across all sampling

schemes and sample sizes considered, regardless of whether additional control variables are in-

cluded in the regression. By contrast, the HAC-based standard error displays mild over-rejection

when the sample size is relatively small and/or the bandwidth parameter is relatively large—for

example, when nsim = 1000 and/or c = 2. The cluster-robust standard error shows nontrivial

over-rejection, particularly when the number of clusters is small. Including additional controls

9The formula in (32) follows equations (6.2) and (6.4) in Andrews (1991) for the Bartlett kernel, assuming ρ is

known.
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Table 1: Inference under Conditional Homoskedasticity

Extra Controls Excluded Extra Controls Included

Block Serial Cluster Block Serial Cluster

Panel A: n = 1000

SE1 0.0424 0.0461 0.0423 0.0423 0.0465 0.0430

SE2(0) 0.0644 0.0562 0.0629 0.0633 0.0577 0.0619

SE2(1) 0.0682 0.0469 0.0659 0.0673 0.0483 0.0657

SE2(2) 0.0728 0.0519 0.0705 0.0712 0.0529 0.0696

SE3(10) 0.0919 0.0853 0.0905 0.0887 0.0847 0.0872

SE3(25) 0.0743 0.0664 0.0721 0.0714 0.0664 0.0692

SE3(50) 0.0687 0.0605 0.0663 0.0668 0.0608 0.0642

Panel B: n = 2500

SE1 0.0462 0.0492 0.0467 0.0471 0.0490 0.0473

SE2(0) 0.0560 0.0533 0.0554 0.0570 0.0537 0.0554

SE2(1) 0.0586 0.0507 0.0577 0.0596 0.0505 0.0573

SE2(2) 0.0604 0.0532 0.0597 0.0611 0.0533 0.0598

SE3(10) 0.0848 0.0825 0.0825 0.0837 0.0827 0.0845

SE3(25) 0.0666 0.0647 0.0663 0.0668 0.0641 0.0660

SE3(50) 0.0619 0.0582 0.0606 0.0610 0.0585 0.0592

Panel C: n = 5000

SE1 0.0474 0.0482 0.0485 0.0495 0.0485 0.0482

SE2(0) 0.0530 0.0514 0.0534 0.0548 0.0528 0.0528

SE2(1) 0.0539 0.0498 0.0546 0.0564 0.0510 0.0539

SE2(2) 0.0551 0.0513 0.0562 0.0569 0.0530 0.0550

SE3(10) 0.0830 0.0819 0.0838 0.0848 0.0834 0.0824

SE3(25) 0.0643 0.0621 0.0638 0.0654 0.0638 0.0634

SE3(50) 0.0585 0.0561 0.0590 0.0595 0.0578 0.0572

Note: This table reports the empirical rejection probabilities of two-sided tests of the hypotheses in (28), using

the homoskedastic standard error (SE1), HAC-based standard errors (SE2(c), with c = 0, 1, 2), and cluster-robust

standard errors (SE3(G), with G = 10, 25, 50), as defined in (29)–(31). Here SE2(c) denotes the HAC standard

error obtained when M is determined according to (32) for a given c ∈ {0, 1, 2}. The labels “Block,” “Serial,” and

“Cluster” in the table header correspond to the block sampling, serial correlation, and cluster dependence schemes,

respectively. The nominal significance level is 0.05, and critical values are taken from the 0.975 quantile of the

standard normal distribution. All results are based on 100,000 Monte Carlo replications.
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Table 2: Inference under Conditional Heteroskedasticity

Extra Controls Excluded Extra Controls Included

Block Serial Cluster Block Serial Cluster

Panel A: n = 1000

SE1 0.0445 0.0577 0.0749 0.0437 0.0561 0.0732

SE2(0) 0.0529 0.0927 0.0975 0.0536 0.0944 0.0997

SE2(1) 0.0563 0.0906 0.0921 0.0568 0.0915 0.0941

SE2(2) 0.0600 0.0949 0.0890 0.0611 0.0956 0.0909

SE3(10) 0.0813 0.1244 0.0906 0.0794 0.1221 0.0908

SE3(25) 0.0632 0.1037 0.1068 0.0619 0.1036 0.1068

SE3(50) 0.0579 0.0979 0.1017 0.0561 0.0967 0.1017

Panel B: n = 2500

SE1 0.0263 0.0400 0.0588 0.0265 0.0403 0.0589

SE2(0) 0.0470 0.0811 0.0975 0.0486 0.0828 0.0999

SE2(1) 0.0491 0.0677 0.0859 0.0508 0.0682 0.0882

SE2(2) 0.0511 0.0695 0.0793 0.0527 0.0698 0.0814

SE3(10) 0.0775 0.1145 0.1273 0.0771 0.1145 0.1289

SE3(25) 0.0569 0.0940 0.0697 0.0582 0.0931 0.0702

SE3(50) 0.0519 0.0869 0.1028 0.0529 0.0878 0.1029

Panel C: n = 5000

SE1 0.0207 0.0352 0.0549 0.0207 0.0341 0.0561

SE2(0) 0.0441 0.0786 0.1029 0.0454 0.0791 0.1037

SE2(1) 0.0454 0.0603 0.0876 0.0465 0.0592 0.0896

SE2(2) 0.0466 0.0611 0.0799 0.0476 0.0598 0.0814

SE3(10) 0.0751 0.1106 0.1342 0.0747 0.1100 0.1358

SE3(25) 0.0555 0.0902 0.1142 0.0563 0.0909 0.1145

SE3(50) 0.0497 0.0849 0.0656 0.0499 0.0837 0.0664

Note: This table reports the empirical rejection probabilities of two-sided tests of the hypotheses in (28), using

the homoskedastic standard error (SE1), HAC-based standard errors (SE2(c), with c = 0, 1, 2), and cluster-robust

standard errors (SE3(G), with G = 10, 25, 50), as defined in (29)–(31). Here SE2(c) denotes the HAC standard

error obtained when M is determined according to (32) for a given c ∈ {0, 1, 2}. The labels “Block,” “Serial,” and

“Cluster” in the table header correspond to the block sampling, serial correlation, and cluster dependence schemes,

respectively. The nominal significance level is 0.05, and critical values are taken from the 0.975 quantile of the

standard normal distribution. All results are based on 100,000 Monte Carlo replications.
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does not materially affect the size properties of SE1, and it neither meaningfully improves nor

worsens the size distortions of the HAC or cluster-robust standard errors. These results are consis-

tent with our theoretical findings: when di is randomly assigned so that Assumptions 1(i, ii) hold,

inference based on the homoscedastic standard error remains valid even under arbitrary residual

dependence.

In the conditional heteroscedastic case, however, the homoscedastic standard error SE1 loses

size control. As shown in Table 2, it tends to under-reject under block and serial-correlation

sampling, and to over-reject under cluster dependence. The HAC standard error performs reason-

ably well in the serial-correlation setting when the sample size is sufficiently large—for example,

when nsim = 5000 and c is set to 1, as recommended by Andrews (1991). The cluster-robust

standard error generally over-rejects, although its size is closer to the nominal level under correct

cluster specification and improves as the sample size increases. These results echo the theoretical

conclusions in Subsection 3.2: the homoscedastic standard error is invalid under conditional het-

eroscedasticity, and valid inference requires explicitly accounting for the dependence structure of

the error term. The simulations also provide finite-sample support for the large-sample validity of

the variance estimators in (17), which take the forms (30) and (31) under serial correlation and

cluster dependence, respectively.

6 Concluding Remarks

This paper shows that when treatment is randomly assigned and independent of other variables, the

conventional homoscedastic variance formula delivers valid inference even under arbitrary residual

dependence. We characterize the conditions under which this result holds and provide the appro-

priate variance correction when it does not. We conclude by highlighting a potential application

of our findings to shift-share (“Bartik”) designs and by noting a limitation of our main results in

nonlinear models.

First, consider the regression

y∗k =
n∑
i=1

ωk,idiβ + uk, (35)

where
∑n

i=1 ωk,idi is the shift-share regressor, ωk,i represents the share of sector i in region k, and di

denotes a shock or shift in sector i. As emphasized by Adao, Kolesár, and Morales (2019), inference

on β is challenging because the residuals uk may exhibit cross-regional correlation induced by a

similar shift-share structure. However, under suitable independence assumptions on the shocks,

Adao, Kolesár, and Morales (2019) show that the distribution of the OLS estimator conditional

on the residuals does not depend on their correlation structure.

Our results clarify this insight. Writing (35) in matrix form as

Y∗ = ΨDβ + U,
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where Y∗ ≡ (y∗k)k≤K , Ψ ≡ (ωk,i)k≤K,i≤n and U ≡ (uk)k≤K , and premultiplying by
(
Ψ>Ψ

)−1
Ψ>,

we obtain

Y = Dβ + e (36)

where Y ≡
(
Ψ>Ψ

)−1
Ψ>Y∗ and e ≡

(
Ψ>Ψ

)−1
Ψ>U. The regressors in (36) are the shocks D,

which are assumed independent of the shares and the original residuals U, and hence also of e. By

Theorem 1, if the shocks are i.i.d. with zero mean, the OLS estimator in the transformed model is

consistent and asymptotically normal (under regularity conditions), regardless of the dependence

structure in U. Notably, this estimator differs from the OLS estimator in (35) studied by Adao,

Kolesár, and Morales (2019) and Borusyak, Hull, and Jaravel (2022).

A fully rigorous extension would require addressing technical issues such as the triangular-

array structure induced by the transformation. Nevertheless, the analysis in Sections 3-4 suggests

that extensions to settings with additional controls, instrumental-variable interpretations of the

shift-share regressor, or clustered assignment of shocks are conceptually straightforward.

Second, our main results are established for linear models and the OLS estimator of the coef-

ficient on the randomly assigned regressor di. In practice, RCT studies may use nonlinear models

such as Probit or Logit (see, e.g., Karlan and List (2007) and Falk (2007)). In such models,

the martingale structure of the score function that underlies our linear results generally no longer

holds. As a result, even when di is randomly assigned and independent of other variables, the latent

dependence structure of the data may need to be explicitly accounted for in variance estimation.

Overall, our findings provide a simple and transparent benchmark for inference with randomly

assigned regressors and point to several promising directions for future research.
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Appendix

A Proof of the Main Results

Proof of Theorem 1. Define D̃ ≡ D− 1n×1(n
−1D>1n×1) and MW ≡ In −W(W>W)−1W>.

Then, given that the matrix W includes a non-zero constant column by Assumption 2(iii), it

follows that 1>n×1MW = 0. Therefore, by the Frisch-Waugh-Lovell theorem,

β̂ − β = (D>MWD)−1(D>MW ε) = (D̃>MW D̃)−1(D̃>MW ε). (37)

Also, denoting dn ≡ n−1
∑n

i=1 di, we have

E[|dn − µd|2] = σ2d/n ≤ K/n = o(1) (38)

by Assumption 1(i), and so dn − µd = op(1) by Markov’s inequality. Hence,

d
2
n − µ2d = (dn − µd)(dn + µd) = op(1)

by Assumption 1(i) again. In addition, by Assumption 1(i) and Khinchin’s law of large numbers,

n−1
n∑
i=1

d2i = E[d2i ] + op(1), (39)

and so

n−1D̃>D̃ = E[d2i ]− µ2d + op(1) = σ2d + op(1). (40)

Further,

n−1D̃>W = n−1
n∑
i=1

d∗iw
>
i −

(
n−1

n∑
i=1

d∗i

)(
n−1

n∑
i=1

w>i

)
. (41)

By Assumptions 1(i, ii) and 2(ii), we further obtain

E

∥∥∥∥∥n−1/2
n∑
i=1

d∗iwi

∥∥∥∥∥
2
 = n−1

n∑
i=1

E
[
||d∗iwi||2

]
≤ n−1

n∑
i=1

E[d2i ]E
[
||wi||2

]
≤ K.

Hence, by Markov’s inequality,

n−1
n∑
i=1

d∗iwi = Op(n
−1/2). (42)

27



Similarly, we can use Assumption 1(i) and 2(ii) to show(
n−1

n∑
i=1

d∗i

)(
n−1

n∑
i=1

wi

)
= Op(n

−1/2), (43)

which together with (41) and (42) implies that

n−1D̃>W = Op(n
−1/2). (44)

Combining this result with (40) and using Assumptions 2(i), we then have

n−1D̃>MW D̃ = n−1D̃>D̃− n−1D̃>W(n−1W>W)−1n−1W>D̃ = σ2d + op(1). (45)

For the term D̃>MW ε in the numerator of β̂ − β in (37), we have

n−1/2D̃>MW ε = n−1/2D̃>ε− n−1/2D̃>W(W>W)−1W>ε

= n−1/2
n∑
i=1

d∗i εi −

(
n−1/2

n∑
i=1

d∗i

)(
n−1

n∑
i=1

εi

)
+ op(1)

= n−1/2
n∑
i=1

d∗i εi + op(1), (46)

where the second equality follows by the definition of D̃, (44), and Assumptions 2(i) and 3(i), and

the third equality follows by Assumptions 1(i) and 3(i) and Markov’s inequality. Therefore,

√
n(β̂ − β) =

n−1/2
∑n

i=1 d
∗
i εi

σ2d
+ op(1) (47)

by Assumption 1(iv), and so

√
n(β̂ − β)

σε/σd
=
n−1/2

∑n
i=1 d

∗
i εi

σdσε
+ op(1) (48)

by Assumptions 1(i) and 3(iv).

We next derive the asymptotic distribution of n−1/2
∑n

i=1 d
∗
i εi/(σdσε). Let Fi,n denote the fil-

tration generated by (ε>, ((dj)j≤i)
>). Then by Assumptions 1(i, iv) and 3(iii, iv), n−1/2d∗i εi/(σdσε)

has finite second moment and

E

[
n−1/2d∗i εi
σdσε

|Fi−1,n

]
=
n−1/2εi
σdσε

E [d∗i | Fi−1,n] =
n−1/2εi
σdσε

E [d∗i ] = 0 (49)

almost surely, which implies that n−1/2d∗i εi/(σdσε) is a martingale difference array with respect to

Fi,n. Next, observe that Assumptions 1(i, v) and 3(ii, iv) yield

n∑
i=1

E

(n−1/2d∗i εi
σdσε

)2

|Fi−1,n

 = σ−2ε n−1
n∑
i=1

ε2i →p 1. (50)
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Moreover for any η > 0, Assumptions 1(iii, iv, v) and 3(iii, iv) allow us to conclude that for

δ ≡ min(δ1, δ2),

n∑
i=1

E

(n−1/2d∗i εi
σdσε

)2

1

{∣∣∣∣∣n−1/2d∗i εiσdσε

∣∣∣∣∣ > η

}∣∣∣∣∣∣Fi−1,n


≤ 1

ηδ

n∑
i=1

E

∣∣∣∣∣n−1/2d∗i εiσdσε

∣∣∣∣∣
2+δ
∣∣∣∣∣∣Fi−1,n


=

1

ηδ(σdσε)2+δn1+δ/2

n∑
i=1

E
[
|d∗i |2+δ

]
|εi|2+δ ≤

K

ηδnδ/2
n−1

n∑
i=1

|εi|2+δ = op(1). (51)

In view of (50) and (51), we can invoke the martingale central limit theorem (see, e.g., Corollary

3.1 in Hall and Heyde (1980)) to conclude that

n−1/2
∑n

i=1 d
∗
i εi

σdσε
→d N(0, 1). (52)

The claim of the theorem follows from combining this result with (48). Q.E.D.

Proof of Corollary 1. We first prove that λmin(n−1X>X) ≥ K−1 + op(1). To do so, observe

that

n−1D>D = µ2d + σ2d + op(1),

by (39). Also, recalling that d∗i = di − µd for all 1 ≤ i ≤ n, we have

n−1D>W = n−1
n∑
i=1

diw
>
i = µdn

−1
n∑
i=1

w>i + n−1
n∑
i=1

d∗iw
>
i = µdn

−1
n∑
i=1

w>i + op(1),

where the last equality follows from (42) in the proof of Theorem 1. Hence,

n−1X>X = n−1(D,W)>(D,W)

= n−1
n∑
i=1

(µd, w
>
i )>(µd, w

>
i ) + (σd,0

>
dw×1)

>(σd,0
>
dw×1) + op(1),

where dw is the dimension of the vectors wi. Now, denote

Rn ≡ min


√

3λmin(n−1
∑n

i=1wiw
>
i )

8|µd|
,
1

2


and fix any a1 ∈ R and a2 ∈ Rdw such that a21 + ‖a2‖2 = 1. If |a1| > Rn, then

(a1, a
>
2 )

(
n−1

n∑
i=1

(µd, w
>
i )>(µd, w

>
i ) + (σd,0

>
dw×1)

>(σd,0
>
dw×1)

)
(a1, a

>
2 )>
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≥ a21σ2d ≥ R2
nσ

2
d ≥ K−1

by Assumptions 1(i, iv) and 2(i). If, on the other hand, |a1| ≤ Rn, then ‖a2‖2 = 1−a21 ≥ 1−1/4 =

3/4, and so

|a1| ≤
‖a2‖

√
λmin(n−1

∑n
i=1wiw

>
i )

4|µd|
.

The latter in turn implies via Jensen’s inequality that

(a1, a
>
2 )

(
n−1

n∑
i=1

(µd, w
>
i )>(µd, w

>
i ) + (σd,0

>
dw×1)

>(σd,0
>
dw×1)

)
(a1, a

>
2 )>

≥ n−1
n∑
i=1

(a1µd + a>2 wi)
2 ≥ n−1

n∑
i=1

(a>2 wi)
2 − 2|a1µd|n−1

n∑
i=1

|a>2 wi|

≥ n−1
n∑
i=1

(a>2 wi)
2 − 2|a1µd|

√√√√n−1
n∑
i=1

(a>2 wi)
2

=

√√√√n−1
n∑
i=1

(a>2 wi)
2

√√√√n−1
n∑
i=1

(a>2 wi)
2 − 2|a1µd|


≥ ‖a2‖

√√√√λmin

(
n−1

n∑
i=1

wiw>i

)‖a2‖
√√√√λmin

(
n−1

n∑
i=1

wiw>i

)
− 2|a1µd|


≥ 2−1‖a2‖2λmin

(
n−1

n∑
i=1

wiw
>
i

)
≥ (3/8)λmin

(
n−1

n∑
i=1

wiw
>
i

)
≥ K−1

by Assumption 2(i). Hence, it follows that

λmin

(
n−1

n∑
i=1

(µd, w
>
i )>(µd, w

>
i ) + (σd,0

>
dw×1)

>(σd,0
>
dw×1)

)
≥ K−1,

and so

λmin(n−1X>X) ≥ K−1 + op(1), (53)

as required.

Next, we prove that s2 is consistent for σ2ε . To this end, note that by Assumptions 1(i, v) and

3(iii),

E

(n−1 n∑
i=1

d∗i εi

)2
 = n−2

n∑
i=1

E
[
d∗2i ε

2
i

]
≤ Kn−1. (54)

Hence, by Assumptions 2(iii) and 3(i) and Markov’s inequality

n−1D>ε = n−1
n∑
i=1

d∗i εi + E[di]n
−1
∑
i

εi = op(1),
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which combined with Assumption 3(i) further implies that

n−1X>ε = n−1(D,W)>ε = op(1). (55)

Combining this bound with (53) gives

θ̂ − θ = (n−1X>X)−1(n−1X>ε) = op(1). (56)

In addition, Y −Xθ̂ = ε−X(θ̂ − θ). Therefore,

s2 = n−1(Y −Xθ̂)>(Y −Xθ̂) = n−1(ε−X(θ̂ − θ))>(ε−X(θ̂ − θ))

= n−1ε>ε− 2n−1(θ̂ − θ)>X>ε + n−1(θ̂ − θ)>X>X(θ̂ − θ)

= σ2ε + op(1), (57)

where the last equality follows from (55) and (56) and Assumptions 1(i), 2(ii) and 3(ii). This

finishes the proof of consistency of s2.

Now, defining D̃ ≡ D−1n×1(n
−1D>1n×1) to match the proof of Theorem 1 and recalling that

D̆ = MWD, we have

n−1D̆>D̆ = n−1D̃>MW D̃ = n−1D̃>D̃− n−1(D̃>W)(W>W)−1(W>D̃)

= n−1D̃>D̃ + op(1) = σ2d + op(1),

where the third equality follows from (44) and Assumption 2(i), and the fourth from (40). Together

with (57), this gives the first convergence result in (12) since σ2d ≥ K−1 by Assumption 1(iv). The

second convergence result follows from the first one, Theorem 1, and Slutsky’s theorem. Q.E.D.

Proof of Theorem 2. As in the proof of Theorem 1, we have

√
n(β̂ − β) =

n−1/2
∑n

i=1 d
∗
i εi

σ2d
+ op(1); (58)

see Equation (47) there and note that the derivation of (47) did not rely on Assumption 1(v),

which we are not imposing here. Since σ2dε ≥ σ2e,1 ≥ K−1 by Assumption 4(iii) and σ2d ≤ K by

Assumption 1(i), (58) implies that

√
n(β̂ − β)

σdε/σ
2
d

=
n−1/2

∑n
i=1 d

∗
i εi

σdε
+ op(1),

which yields the equality in (14).

We next derive the convergence result in (14), i.e. σ−1dε n
−1/2∑n

i=1 d
∗
i εi →d N(0, 1). To do so,

we write

n−1/2
n∑
i=1

d∗i εi = n−1/2
n∑
i=1

A>i ei = n−1/2
n∑
i=1

(Ai − µA)>ei + n−1/2
n∑
i=1

µ>Aei
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and denote the first and the second terms on the right-hand side by M1 and M2, respectively. Also,

we denote Ãi ≡ Ai − µA for all 1 ≤ i ≤ n. In addition, denote σ̂2e,1 ≡ n−1
∑n

i=1 E[(Ã>i ei)
2 | Fe],

where Fe is the filtration generated by (e>i )i≤n. Then

σ̂2e,1 = n−1
n∑
i=1

e>i E[ÃiÃ
>
i ]ei = n−1

n∑
i=1

tr(E[ÃiÃ
>
i ]eie

>
i ) = tr

(
n−1

n∑
i=1

E[ÃiÃ
>
i ]eie

>
i

)

= tr

(
n−1

n∑
i=1

E[ÃiÃ
>
i ]E[eie

>
i ]

)
+ op(1)

= n−1
n∑
i=1

E[e>i ÃiÃ
>
i ei] + op(1) = σ2e,1 + op(1), (59)

where the first equality follows from Assumption 4(i), the second and the third from properties

of the trace operator tr(·), the fourth from Assumptions 1(i, iii), 4(ii), and 5(i), the fifth from

Assumption 4(i) and properties of the trace operator tr(·), and the sixth from the definition of

σ2e,1.

Next, let (Z1, Z2) be a pair of independent standard normal random variables that is indepen-

dent of everything else. Then for δ = min(δ1, δ3),

sup
t∈R

∣∣∣∣∣P
(
σ̂−1e,1n

−1/2
n∑
i=1

Ã>i ei ≤ t | Fe

)
− P(Z1 ≤ t)

∣∣∣∣∣
≤
n−1−δ/2

∑n
i=1 E[|Ã>i ei|2+δ | Fe]
σ̂2+δe,1

≤
Kn−1−δ/2

∑n
i=1 ‖ei‖2+δ

σ̂2+δe,1

= op(1), (60)

where the first inequality follows from a version of the Berry-Esseen theorem (see Section 35.1.9

in DasGupta (2008)), the second inequality from the Cauchy-Schwarz inequality and Assumptions

1(iii) and 4(ii), and the last bound from (59) and Assumptions 4(iii) and 5(ii). Therefore, for any

t ∈ R,

P(σ−1dε (M1 +M2) ≤ t)

= E[P(σ̂−1e,1M1 ≤ σ̂−1e,1(σdεt−M2) | Fe)] = E[P(Z1 ≤ σ̂−1e,1(σdεt−M2) | Fe)] + o(1)

= P(σ̂e,1Z1 +M2 ≤ σdεt) + o(1) = P(σe,1Z1 +M2 ≤ σdεt) + o(1)

= E[P(σ−1e,2M2 ≤ σ−1e,2(σdεt− σe,1Z1) | Z1)] + o(1)

= E[P(Z2 ≤ σ−1e,2(σdεt− σe,1Z1) | Z1)] + o(1)

= P(σ−1dε (σe,1Z1 + σe,2Z2) ≤ t) + o(1) = P(Z1 ≤ t) + o(1), (61)

where the first equality follows from the law of iterated expectations (LIE), the second from (60)

by noting that the difference of two probabilities is always a number between zero and one to

conclude that op(1) in (60) satisfies E[op(1)] = o(1), the third from the LIE, the fourth from (59)

and Assumption 4(iii), the fifth from the LIE, the sixth from Assumption 5(iii), the seventh from
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the LIE, and the eighth from noting that σe,1Z1 + σe,2Z2 is a normal random variable with mean

zero and variance σ2dε = σ2e,1 + σ2e,2. This gives σ−1dε n
−1/2∑n

i=1 d
∗
i εi →d N(0, 1) and completes the

proof of the theorem. Q.E.D.

Proof of Theorem 3. For this proof, it will be convenient to denote W ≡ ((w>i,j)i≤nj )j≤ng ,

Y ≡ ((yi,j)i≤nj )j≤ng , and ε ≡ ((εi,j)i≤nj )j≤ng . In addition, denote D ≡ (dj1nj×1)j≤ng and D̃ ≡
D− (n−1D>1n×1). Moreover, denote dn ≡ n−1

∑ng
j=1 njdj .

As in the proof of Theorem 1, given that the matrix W includes a non-zero constant column by

Assumption 2(iii), it follows that 1>n×1MW = 0. Therefore, by the Frisch-Waugh-Lovell theorem,

β̂ − β = (D>MWD)−1(D>MW ε) = (D̃>MW D̃)−1(D̃>MW ε). (62)

We first consider the denominator D̃>MW D̃. Since n =
∑

j≤ng nj , under Assumptions 6(i,iii) we

have

E
[
|dn − µd|2

]
= n−2

ng∑
j=1

n2jE
[
(d∗j )

2
]
≤ Kn−2

ng∑
j=1

n2j = Kκ2n/n
2. (63)

We therefore obtain from Markov’s inequality that

dn − µd = Op(κn/n), (64)

and so

d
2
n − µ2d = (dn − µd)(dn + µd) = Op(κn/n). (65)

by Assumption 6(iii). In addition, again under Assumptions 6(i, iii) we have

E

∣∣∣∣∣∣n−1
ng∑
j=1

nj(d
2
j − E[d2j ])

∣∣∣∣∣∣
2 = n−2

ng∑
j=1

n2jE
[
|d2j − E[d2j ]|2

]
≤ Kn−2

ng∑
j=1

n2j = Kκ2n/n
2,

and so

n−1
ng∑
j=1

nj(d
2
j − E[d2j ]) = Op(κn/n) (66)

by Markov’s inequality. Combining results (65) and (66) then yields

n−1D̃>D̃ = n−1
ng∑
j=1

nj(dj − dn)2 = n−1
ng∑
j=1

njd
2
j − (dn)2 = σ2d +Op(κn/n). (67)

Further, since dj does not depend on i, we have

n−1D̃>W = n−1
ng∑
j=1

d∗j

nj∑
i=1

w>i,j −

n−1 ng∑
j=1

njd
∗
j

n−1 ng∑
j=1

nj∑
i=1

w>i,j


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= n−1
ng∑
j=1

d∗j

nj∑
i=1

w>i,j +Op(κn/n), (68)

where the second equality is by Assumption 2(ii) and (64). Moreover, by Assumptions 2(ii) and

6(i, ii, iii),

E

∥∥∥∥∥∥n−1
ng∑
j=1

d∗j

nj∑
i=1

w>i,j

∥∥∥∥∥∥
2 = σ2dn

−2
ng∑
j=1

E

∥∥∥∥∥
nj∑
i=1

wi,j

∥∥∥∥∥
2
 ≤ Kn−2 ng∑

j=1

n2j = Kκ2n/n
2.

Therefore, by Markov’s inequality we obtain

n−1
ng∑
j=1

d∗j

nj∑
i=1

w>i,j = Op(κn/n),

which together with (68) further shows that

n−1D̃>W = Op(κn/n). (69)

Collecting the results (67), and (69) and using Assumptions 2(i) and 7(iv), we get

n−1D̃>MW D̃ = n−1D̃>D̃− n−1D̃>W(n−1W>W)−1n−1W>D̃ = σ2d + op(1). (70)

Next, we consider the numerator D̃>MW ε in (62). By (64) and Assumptions 7(i) and 2(iii),

dn − µd
Sε

n−1/2
ng∑
j=1

nj∑
i=1

εi,j =
Op(κn/n)

Sε
n−1/2

ng∑
j=1

nj∑
i=1

εi,j = op(1).

Therefore,

n−1/2D̃>ε

Sε
=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

Sε
− (dn − µd)

Sε
n−1/2

ng∑
j=1

nj∑
i=1

εi,j

=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

Sε
+ op(1). (71)

In addition,
n−3/2κnW

>ε

Sε
= op(1)

by Assumption 7(i), which together with (69) and (71) and Assumption 2(i) shows

n−1/2D̃>MW ε

Sε
=
n−1/2D̃>ε

Sε
− n−1/2D̃>W(W>W)−1W>ε

Sε

=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

Sε
+ op(1). (72)
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Given that S−1ε n−1/2
∑ng

j=1(dj − µd)
∑nj

i=1 εi,j = Op(1) by Assumptions 6(i, iii) and 7(ii) and

Markov’s inequality and that σ2d ≥ K−1 by Assumption 6(iv), we obtain from (62), (70), and (72)

that √
n(β̂ − β)

Sε
=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

σ2dSε
+ op(1)

and so √
n(β̂ − β)

Sε/σd
=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

σdSε
+ op(1) (73)

by Assumption 6(iii).

We next derive the asymptotic distribution of n−1/2
∑ng

j=1 d
∗
j

∑nj
i=1 εi,j/(σdSε). Let Fj,n denote

the filtration generated by (ε>, ((dm)m≤j)
>). Then by Assumptions 6(i, v),

E

[
n−1/2d∗j

∑nj
i=1 εi,j

σdSε
|Fj−1,n

]
=
n−1/2

∑nj
i=1 εi,j

σdSε
E
[
d∗j
∣∣Fj−1,n]

=
n−1/2

∑nj
i=1 εi,j

σdSε
E
[
d∗j
]

= 0

almost surely, which implies that n−1/2d∗j
∑nj

i=1 εi,j/(σdSε) is a martingale difference array with

respect to Fj,n. Next, observe that Assumptions 6(i, v) and 7(ii) yield

ng∑
j=1

E

(n−1/2d∗j∑nj
i=1 εi,j

σdSε

)2

|Fj−1,n

 = S−2ε n−1
ng∑
j=1

( nj∑
i=1

εi,j

)2

→p 1. (74)

Moreover for any η > 0, Assumptions 6(iii, iv, v) and 7(iii) allow us to conclude that

ng∑
j=1

E

(n−1/2d∗j∑nj
i=1 εi,j

σdSε

)2

1

{∣∣∣∣∣n−1/2d∗j
∑nj

i=1 εi,j

σdSε

∣∣∣∣∣ > η

}∣∣∣∣∣∣Fj−1,n


≤ 1

ηδ4

ng∑
j=1

E

∣∣∣∣∣n−1/2d∗j
∑nj

i=1 εi,j

σdSε

∣∣∣∣∣
2+δ4

∣∣∣∣∣∣Fj−1,n


=
1

ηδ4(σdSε)2+δ4n1+δ4/2

ng∑
j=1

E
[
|d∗i |2+δ4

] ∣∣∣∣∣
nj∑
i=1

εi,j

∣∣∣∣∣
2+δ4

≤ K

ηδ4S2+δ4
ε n1+δ4/2

ng∑
j=1

∣∣∣∣∣
nj∑
i=1

εi

∣∣∣∣∣
2+δ4

= op(1).

Combining this bound with (74), we can invoke the martingale central limit theorem (see, e.g.,

Corollary 3.1 in Hall and Heyde (1980)) to conclude that

n−1/2
∑ng

j=1 d
∗
j

∑nj
i=1 εi,j

σdSε
→d N(0, 1). (75)
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The claim of the theorem follows from combining this result with (73). Q.E.D.

Proof of Theorem 4. As in the proof of Theorem 3, we have

√
n(β̂ − β)

Sε/σd
=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

σdSε
+ op(1); (76)

see Equation (73) there and note that the derivation of (73) did not rely on Assumption 6(v),

which we are not imposing here. Since Sdε ≥ Se,1 and Se,1 ≥ SεK
−1 by Assumption 8(iii) and

σd ≤ K by Assumption 6(iii), (76) implies that

√
n(β̂ − β)

Sdε/σ
2
d

=
n−1/2

∑ng
j=1 d

∗
j

∑nj
i=1 εi,j

Sdε
+ op(1),

which yields the equality in (22).

We next derive the convergence result in (22), i.e. S−1dε n
−1/2∑ng

j=1 d
∗
j

∑nj
i=1 εi,j →d N(0, 1). To

do so, we write

n−1/2
ng∑
j=1

d∗j

nj∑
i=1

εi,j = n−1/2
ng∑
j=1

A>j

nj∑
i=1

ei,j

=

ng∑
j=1

(Aj − µA)>
nj∑
i=1

ei,j + n−1/2
ng∑
j=1

µ>A

nj∑
i=1

ei,j

and denote the first and the second terms on the right-hand side by M1 and M2, respectively. Also,

we denote Ãj ≡ Aj − µA for all 1 ≤ j ≤ ng. In addition, denote §̂2e,1 ≡ n−1
∑n

i=1 E[(Ã>j ei,j)
2 | Fe],

where Fe is the filtration generated by ((e>i,j)i≤nj )j≤ng .

Then Ŝ2
e,1 − S2

e,1 = op(S
2
e,1) by the same argument as that to used to derive (59) in the proof

of Theorem 2 with Assumption 9(i) replacing Assumption 5. In addition, letting Z be a standard

normal random variable that is independent of everything else, we have

sup
t∈R

∣∣∣∣∣∣P
§̂−1e,1n−1/2 ng∑

j=1

Ã>j

nj∑
i=1

ei,j ≤ t | Fe

− P(Z ≤ t)

∣∣∣∣∣∣ = op(1)

by the same argument as that used to derive (60) in the proof of Theorem 2 with δ = 2 and

Assumption 9(ii) replacing Assumption 5(ii). Finally,

P(S−1dε (M1 +M2) ≤ t) = P(Z ≤ t) + o(1)

for all t ∈ R by the same argument as that used to derive (61) in the proof of Theorem 2 with

Assumption 9(iii) replacing Assumption 5(iii). This gives the convergence result

S−1dε n
−1/2

ng∑
j=1

d∗j

nj∑
i=1

εi,j →d N(0, 1)

and completes the proof of the theorem. Q.E.D.
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B Asymptotic Equivalence of Two Variance Formulae

Lemma 1. Consider the linear regression model in (1). Suppose: (i) (di)i≤n are i.i.d. with zero

mean, finite and nonzero variance σ2d; (ii) (εi)i≤n is covariance stationary with auto-covariance

function Γε(·) satisfying Γε(0) > 0 and
∑∞

j=1 Γε(j)
2 <∞. For D ≡ (di)i≤n, we then have

D>ΩD

Γε(0)D>D
→ 1 almost surely as n→∞, (77)

where Ω is the covariance matrix of (εi)i≤n.

Proof of Lemma 1. Note that

n−1D>ΩD = n−1
n∑

i1=1

n∑
i2=1

di1di2Γε(i1 − i2) = Γε(0)n−1D>D + 2n−1
n∑
i=2

Ui (78)

where Ui ≡
∑i−1

i′=1 xixi′Γε(i− i′). Let F̃i denote the natural filtration generated by (dj)j≤i. Then,

under the assumption that (di)i≤n is i.i.d., it follows that {Ui, F̃i} is a martingale difference se-

quence with variance E[U2
i ] = σ4d

∑i−1
j=1 Γε(j)

2. Therefore we obtain that

n∑
i=2

i−2E
[
U2
i

]
= σ4d

n∑
i=2

i−2
i−1∑
j=1

Γε(j)
2

= σ4d

n−1∑
j=1

Γε(j)
2

n∑
m=j+1

m−2 ≤ Kσ4d
∞∑
j=1

Γε(j)
2 <∞ (79)

where the first inequality follows from
∑∞

m=1m
−2 < K and the last inequality is due to σ2d < ∞

and
∑∞

j=1 Γε(j)
2 < ∞ by assumption. Hence, (79) establishes that

∑∞
i=2 i

−2E
[
U2
i

]
< ∞. By the

martingale strong law of large numbers (see, e.g., Theorem 3.76 in White (2014)) we can therefore

deduce that n−1
∑n

i=2 Ui → 0 almost surely as n→∞, which together with (78) yields

n−1D>ΩD− Γε(0)n−1D>D→ 0 almost surely as n→∞. (80)

Moreover, by condition (i) of the lemma and Kolmogorov’s strong law of large numbers (see, e.g.,

Theorem 3.1 in White (2014)), n−1D>D → σ2d almost surely as n → ∞. Since σ2d > 0 and

Γε(0) > 0, the claim of the lemma then follows from (80). Q.E.D.
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Table 3: Replication of Table 4, Panel A, in Karlan and List (2007)

Dependent variable: Amount given Change in amount given

All Already gave in 2005 Did not give in 2005 All

(1) (2) (3) (4) (5) (6) (7) (8)

d 0.154 0.118 0.152 0.102 0.157 0.142 6.331 -18.650

(0.083) (0.151) (0.093) (0.170) (0.140) (0.255) (12.014) (21.925)

d ∗ ratio2 0.089 -0.027 0.216 17.945

(0.117) (0.132) (0.198) (16.985)

d ∗ ratio3 0.001 -0.114 0.121 18.583

(0.117) (0.132) (0.197) (16.987)

d ∗ 25,000 maximum 0.045 0.024 0.068 25.256

(0.135) (0.152) (0.228) (19.612)

d ∗ 50,000 maximum -0.126 0.066 -0.337 25.191

(0.135) (0.152) (0.228) (19.615)

d ∗ 100,000 maximum -0.111 0.046 -0.289 24.637

(0.135) (0.152) (0.228) (19.612)

d ∗ medium gift 0.090 0.220 -0.053 0.315

(0.117) (0.132) (0.197) (16.985)

d ∗ high gift 0.069 -0.032 0.179 -18.214

(0.117) (0.132) (0.197) (16.987)

Constant 0.813 0.813 0.423 0.423 1.241 1.241 -56.893 -56.893

(0.067) (0.067) (0.076) (0.076) (0.114) (0.114) (9.810) (9.810)

R-squared 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Observations 50,083 50,083 26,217 26,217 23,866 23,866 50,083 50,083

Note: OLS coefficients are reported. Parentheses contain homoskedastic standard errors
√

diag{σ̂2
εs(X>s Xs)−1}.
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