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Abstract

We introduce methods for estimating nonparametric, nonadditive models with simul-
taneity. The methods are developed by directly connecting the elements of the structural
system to be estimated with features of the density of the observable variables, such as the
values of derivatives and of average derivatives of this density. The estimators are easily
computed functionals of nonparametric estimators of these features. We consider in detail
a model where to each structural equation there corresponds an exclusive regressor and a
model with one equation of interest and one instrument. For the first model, our estimator
for the matrix of derivatives of the structural function has a form analogous to the one of a
standard Least Squares estimator, (X'X) ™" (X'Y), except that the elements of the matrices
X and Y are constructed from average derivative estimators of the conditional density of
the observed endogenous variables given the observed exogenous variables. For the second
model, with one equation of interest and one instrument, we provide several identification
and estimation results. The estimators that we develop are based on using the estimated
density of the observable variables to find particular values of the instrument where one can
read off the derivative of the function of interest. We show that our estimators are consistent
and asymptotically normal. We also indicate several ways in which our new identification
results can be used to develop new estimation methods.
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1. Introduction

Estimation of structural models has been one of the main objectives of econometrics since
its early times. The analysis of counterfactuals, the evaluation of welfare, and the prediction
of the evolution of markets, among others, require knowledge of primitive functions and
distributions in the economy, such as technologies and distributions of preferences, which
often can only be estimated using structural models.

Estimation of parametric structural models dates back to the early works of Haavelmo
(1943, 1944), Hurwicz (1950), Koopmans (1949), Koopmans and Reiersol (1950), Koop-
mans, Rubin, and Leipnik (1950), (1950), Fisher (1959, 1961, 1966), Wegge (1965), Rothen-
berg (1971), and Bowden (1973). (See Hausman (1983) and Hsiao (1983) for early review
articles.)

In more recent years, estimation of semiparametric and nonparametric models has re-
ceived increasing interest and significant development. Several estimators have been de-
veloped based on conditional moment restrictions. These include Newey and Powell (1989,
2003), Darolles, Florens, and Renault (2002), Ai and Chen (2003), Hall and Horowitz (2003),
and specifically for models with nonadditive random terms, Chernozhukov and Hansen (2005)
and Chernozhukov, Imbens, and Newey (2007). Identification in these models has been
mostly analyzed in terms of restrictions leading to completeness type conditions. Estima-
tion has often required dealing with ill-posed inverse problems.

In this paper, we make assumptions and construct nonparametric estimators in ways
that are different from those nonparametric methods for models with simultaneity. In
particular, our estimators are closely tied to conditions on the structural model, which allow
us to directly read off the density of the observable variables the particular elements of
the structural model that we are interested in estimating. In this vein, estimators for
conditional expectations can be easily constructed by integrating nonparametric estimators
for conditional probability densities, such as the kernel estimators of Nadaraya (1964) and
Watson (1964). Conditional quantiles estimators can be easily constructed by inverting
nonparametric estimators for conditional distribution functions, such as in Bhattacharya
(1963) and Stone (1977).! For structural functions with nonadditive unobservable random
terms, several methods exist to estimate the nonparametric function directly from estimators
for the distribution of the observable variables. These include Matzkin (1999, 2003), Altonji
and Matzkin (2001, 2005), Chesher (2003), and Imbens and Newey (2003, 2009). These
methods cannot handle simultaneous equation models that do not satisfy control function
separability (Blundell and Matzkin (2010)). The goal of this paper is to fill this important
gap.

ISee Koenker (2005) for other quantile methods.




Our simultaneous equations models are nonparametric and with nonadditive unobserv-
able random terms. Unlike linear models with additive errors, each reduced form function in
the nonadditive model depends separately on the value of each of the unobservable variables
in the system. We show that our estimators are consistent and asymptotically normal.

Alternative estimators for nonparametric simultaneous equations can be formulated using
a nonparametric version of Manski (1983) Minimum Distance from Independence, as in
Brown and Matzkin (1998). Those estimators are defined as the minimizers of a distance
between the joint and the multiplication of the marginal distributions of the exogenous
variables, and typically do not have a closed form. To our knowledge, no asymptotic
distribution is known for estimators of nonparametric functions defined in this way:.

To describe the estimation approach, we focus on two particular models. Our first model
is a system where to each equation there corresponds an exclusive regressor. Consider for
example a model where the vector of observable endogenous variables consists of the Nash
equilibrium actions of a set of players. Each player chooses his or her action as a function
of his or her individual observable and unobservable costs, taking the other players’ actions
as given. In this model, each individual player’s observable cost would be the exclusive
observable variable corresponding to the reaction function of that player. Our method al-
lows to estimate nonparametrically the reaction functions of each of the players, from the
distribution of observable equilibrium actions and players’ costs. The calculation of our
estimator for the reaction functions requires only a simple matrix inversion and a multipli-
cation, analogous to the solution of Linear Least Squares estimators. The difference is that
the elements in our matrices are calculated using nonparametric average derivative methods.
In this sense, our estimators can be seen as the extension to models with simultaneity of
the average derivative methods of Stoker (1986) and Powell, Stock and Stoker (1989). As
in those papers, we extract the structural parameters using averages of nonparametrically
estimated derivatives of the densities of the observable variables.?

The second model for which we develop estimators is one such as a demand function,
where the object of interest is the derivative of the demand with respect to price. Price is
determined by another function, the supply function, which depends on quantity produced,
an unobservable shock, and at least one observable cost. We provide conditions under which
the derivative of the demand function with respect to price can be easily read off the joint
density of the equilibrium price, the equilibrium quantity and the observable cost, and we
develop consistent and asymptotically normal estimators for this derivative. We also present

new results that can be used to develop new identification results and related estimators.

2Existent extensions of the average derivative methods of Stoker (1986) and Powell, Stock, and Stoker
(1989) for models with endogeneity, such as Altonji and Ichimura (2000), Altonji and Matzkin (2001, 2005),
Blundell and Powell (2003a), and Imbens and Newey (2003, 2009), require conditions that are generally not
satisfied by models with simultaneity.



We focus in this paper on the most simple models we can deal with, which exhibit si-
multaneity. However, our proposed techniques can be used in models where simultaneity is
only one of many other possible features of the model. For example, our results can be used
in models with simultaneity in latent dependent variables, models with unobserved hetero-
geneity, and models where the unobservable variables are only conditionally independent of
the explanatory variables. (See Matzkin (2010a) for identification of some such models and
Matzkin (2010b) for applications of the estimation methods in this paper to such models.)

The structure of the paper is as follows. In the next section we present a basic model
and discuss some of its features. In Section 3 we present an estimator for a simultaneous
model with exclusive regressors. Section 4 deals with the model of one equation of interest
and one excluded instrument. It presents identification and estimation results. Section 5
presents results for this latter model that can be used to develop additional identification

results and estimators. The Appendix contains some of the proofs

2. Nonadditive simultaneous equations

Our basic model can be described as
(2.1) sV, X,e)=0

where Y denotes a G-dimensional vector of observable endogenous variables, X denotes a
K-dimensional vector of observable exogenous variables, ¢ denotes a GG-dimensional vector
of unobserved variables, and s : RETE+¢ — RY is an unknown function.

We assume that the function s is such that for any value (x,¢) of (X, ¢), there exists a
unique value y of Y such that s (y,z,e) = 0 and for any value (y,z) there exists a unique
value € such that s (y,z,e) = 0. We will denote the function that assigns the values of y that
satisfies (2.1) for (z,¢e) by h (z,e) and we will denote the function that assigns the value of €
satisfying (2.1) for (y,x) by r (y,x) . The function h corresponds to the reduced form model
of (2.1) while the function r corresponds to the structural form model of (2.1).

We will assume that the functions h and r are each twice continuously differentiable and
that, for each fixed value x of X, both functions are onto R“. The vector of unobservable
variables £ will be assumed to be distributed independently of X and to possess an everywhere
positive and continuously differentiable density €. These assumptions were also made in
Matzkin (2008) to analyze identification of nonparametric simultaneous equation models.

To describe the complications that arise in model (2.1) due to the nonlinearity of the

structural system of equations, consider the textbook example of a system of demand and



supply,

(22) Q - D(P>[7€D)
P = S(Q7W55')

where () is observed quantity, P is observed price, [ is observed income of the consumers, W is
observed production costs, ep and g are the unobservable random terms in, respectively, the
demand and supply functions, and D and S are the unknown demand and supply functions.

Suppose that the functions D and S were linear in the endogenous variables and additive

in, respectively, ep and eg,

Q = Bo+ B8P+ Pl +ep
P = ozo+0z1Q—|—oz2W—l—65

Under conditions on the parameters guaranteeing the existence of unique solutions for (P, Q) ,

this system generates reduced form functions for P and () of the form

P = v+l +7W+op
Q = o+ 011+ W +uvg

each with one additive unobservable variable. The linearity and additivity of the structural
equations guarantees that the effect of the two unobservable variables, ep and g, in each
reduced form equation collapses into one unobservable additive variable for each equation.
This allows one to estimate the reduced form equations by standard linear least squares
methods. Estimation of the structural parameters can then be obtained, for example, from
that of the reduced form parameters.

When the structural model is nonlinear in the endogenous variables or nonadditive in the
unobservable variables, the effect of the unobservable variables e and g will not in general
collapse into one unobserved variable for each reduced form equation. The reduced form
function will then depend separately on both unobservable variables, ep and €g. In other

words, we will only be able to establish that for some nonparametric functions hp and hg,

Q = hp(I,W,ep,es)
P = hS([,VV,gD,%:S)

Nonparametric identification of the reduced form functions, hp and hg, the structural func-
tions D and S, and the distribution of (¢p, eg) , or of particular features of them, was studied
in Matzkin (2008), following results by Brown (1983), Roehrig (1988), and Benkard and Berry



(2006). In the next section, we apply those results to show identification of the derivatives
of the function r and we develop estimators that are calculated by an expression analogous
to that of the standard Least Squares form, (X'X)™" X'Y, except that the elements of the
matrices are formed from estimated average derivative estimators. In Section 4, we consider

the estimation of the function D in the model

(2.3) Q@ = D(Pep)
P = 5(Q,W,es)

where [ is not an argument of D. We provide conditions under which the derivative of D
with respect to price can be read off directly from the density of (P,Q,W), and it can be

estimated by an easily computable, consistent and asymptotically normal estimator.

3. A model with exclusive regressors

We consider the model

Vi = m*(Ya,Ys, ... Ye, Z, X1, €1)

Y, = m*(Y,Ys, ... Ye, Z, X, )
(3.1)

Yo = mC .Y, ... Yo 1,72, Xa,eq)

where (Y7, ...,Ys) is a vector of observable endogenous variables, (7, X, ..., X¢) is a vec-
tor of observable exogenous variables, and (&1, ...,£5) is a vector of unobservable variables.
Inclusion in each of the functions m? of the observable vector Z does not create any ma-
jor complications. For simplicity of exposition, we will not include such a vector Z. If Z
were included, all our assumptions and conclusions would hold conditionally on Z. We will

G

assume that the functions m!,...,m® are invertible in, respectively, €1, ...,e¢. This can be

guaranteed if for each g, m? is strictly increasing in €,. We will denote the corresponding
inverse functions by r',...,7“. Hence, our system of indirect structural equations, denoting
the mapping from the vectors of observable variables to the vector of unobservable variables,

is expressed as
e = (V... Ye, X1)
gg = 1 (Y1,...,Ya, Xo)
o = 9, Y, Xe)
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In addition to the existence of this system of indirect structural equations, we will also
assume that there exists a reduced form system. That is, we assume that for any values of
(X1,..., Xg, €1, -.-,€G) , the system in (3.1) has a unique solution. We will let the values of

functions h', ..., h¢ denote the solution to these equations,

Vi = B (Xy,.., Xae1, .0 60)
Y, = h*(Xy,..,Xg €1, 60)

Yo = h9(Xy,...,Xg e1,..,60)

Our first assumption specifies the sense in which the explanatory observable regressors,
X4, ..., X, are exclusive. It states that, for any g, the g — th structural function does not
depend on X, for all k # g.

Assumption 3.1: For any g and any values y_, of (Y1,...,Yy—1,Yy41,....Ye), €4, T4 Of
Xy, and x_y of (Xi,...,Xg-1, Xgt1, ..., Xa), the value of the function m? at (y_g,x4,€,) 1S

constant over r_,.

Our second assumption can be interpreted as specifying units of measurement for each €.
Since €, is unobservable, its value can be determined only up to a monotone transformation.
We tie the values of ¢, to that of x, by requiring that the derivative of m? with respect to
€4 1s equal in absolute value to the derivative of m? with respect to z,. The assumption
also imposes a strict monotonicity of m? on €4, by bounding from below the derivative of m?

with respect to €,. Alternative conditions can be derived using results in Matzkin (2008).

Assumption 3.2: For all g

_OmI (y—g, 24, €g) _ Om? (y—g, 4, €4)

0z, Oey

>0

The following set of assumptions imposes conditions guaranteeing that the mapping be-
tween the structural elements r and f. and the conditional densities of the observable vari-
ables, fy|x—, is given by the transformation of variables equation

or (y,x)

fY|X:z(y) = fs (T (y,x)) ay

These assumptions also guarantee that both sides of these equation can be differentiated with

respect to y and x. Some weakening of these assumptions is possible. One such direction is



highlighted by Assumptions 3.4” and 3.4”.

Assumption 3.3: (1, ...,e¢) is distributed independently of (X, ..., Xg) with an every-

where positive and continuously differentiable density, f..

Assumption 3.4: (Xi, ..., X¢g) possesses a differentiable density whose support is such

that for any t € RS and any y € RC, there exists x in this support such that t = r (y, z).

Assumption 3.5: Conditional on (Xi,...,Xg), the functions r = (Tl,...,TG) and
h = (hl, ...,hG) are twice continuously differentiable, 1 — 1, onto RY, and their Jacobian

determinants are strictly positive.

The next assumption imposes a restriction at GG 4+ 1, not necessarily known, points on

the support of . It states that at one point, ¢*(©

), the derivative of f. with respect to all its
coordinates is zero, and at G points ¢*1), ... e*(@) the derivative of f. with respect to all
its coordinates except one equals zero. For each g, the coordinate for which the derivative
of f. is different from zero at £*¥ is the g—th coordinate. For some of our results, this

assumption can be replaced by alternative invertibility conditions on the matrix of values of
Olog f. (*@) [0z (9 =1,...,G;k=1,...,G).

Assumption 3.6: The density, f., of (e1,...,€c) is such that

(i) for some, not necessarily known, value £*© = (&%, ..., €%),
Olog f. (7, ....e5) /0, =0 forg=1,..,G,
(ii) for each g, there exists a, not necessarily known, value £*9) such that

dlog f. (")) J9ey #0 and for all k # g, Olog f. (@) /9ex = 0,

Assumption 3.6 together with 3.4 implies that, given any value y, we will be able
to find values 2@ 2*M . 2*(@of X such that the value of r (y,z) equals the values of
e*0) () (@) Identification requires only these values of X to recover the derivative of
r with respect to y. Hence, when we are interested in identifying the derivative of r with
respect to y, at only one particular value y, Assumption 3.4 is too strong. It suffices to
guarantee that the values 2@ 2*(M _ 2*(@of X are in the support of X. Moreover, if the
interest is only on the identification of the derivatives of only one coordinate function, say

', of 7 we need to guarantee that only z*(*) and 2*(!) are in the support of X. We state



these weaker assumptions in Assumptions 3.4" and 3.4”. For both assumptions, y* denotes

a given specific value of Y.

Assumption 3.4’: X possesses a twice continuously differentiable density with G + 1

points 0 M) 2*(G) 0)

wn the interior of the support of X, such that r (y*, x*(o)) = g*(
and r (y*,x*(g)) =9 for g=1,...,G, where €O and V), ... e*S) qre as in Assumption

3.6.

Assumption 3.4”: X possesses a twice continuously differentiable density with 2 points,
2O and 2*W | in the interior of the support of X, such that r (y*,x*(o)) = O gnd

r(y*, o) =W where e and £*V) are as in Assumption 3.6.

3.1. Identification

Denote the matrices of derivatives of r with respect to y and x by r, and r,. The following
result follows from Section 4.2 in Matzkin (2008), once we prove that Assumption 3.2 implies
that for all (y,z), r, (y,z) = 1.2

Theorem 3.1: Suppose that the model satisfies Assumptions 3.1-3.6. Then, r, and 7,
are identified. If, in addition, it is specified that at some values § of Y and T of X, and
for some v € RY, r (§,T) = 7, then the function r and the density f. are identified. Let
y* denote a specific value of Y. If Assumption 3.4 is substituted with Assumption 3.4, then
Ty (Y, x) is still identified. If Assumption 3.4 is substituted with Assumption 3.4”, then
ry (y*, x) is still identified.

Proof of Theorem 3.1: Let r denote a function satisfying the same assumptions
that r is assumed to satisfy. Let A, denote the G x 1 vector whose j — th element is
dlog|ry| /0y; — Olog|r,| /Oy; and let A, denote the G x 1 vector whose j — th element is
dlog|r,| /0x; — Olog|ry| /Ox;, both evaluated at (y,z). We first note that our assumptions
imply that for all (y,x)

dA?J —

Tl Nl.zmz_[, Ax:7 d —_— =
(T.3.1) Ty =T 0, an o 0

To see this, note that by the definition of r9,

3See also Matzkin (2005), Matzkin (2007b, Example 4), Berry and Haile (2009), and Chiappori and
Komunjer (2009) for identification results in similar models.



Yg = m? (y—g7 Ty, 9 (ya xg)) .

Differentiating with respect to x, gives

om?d  Im?9 or9

R R S

Assumption 3.2 then implies that 0r9/0x, = 1. Similarly, 07%/0x, = 1. By Assumption
3.1, = ng = 0 for j # g. Hence,

T =1 =1

Since r§ =79 =1landrf =77 =0 holds for all (y,z), it follows that for all g, k,j ,

g — =g _
Tyk@j o Tyk@j = 0.

Hence, for all g, j

dlog|ry|] _ Olog(lryl] _ dlog[lry|] _ dlog(r,|]

= =0
0w, 0x; Ox, 0w
By the same arguments, for all g and j,
O log ] _ Plogllry] _ @log[7l) _ 0logliRll

O0x;0y, O0x,0y, 0z ;0y, Ox40y,

Hence, for all g, the values of dlog [|r,|] /0y, and 0log [|7,|] /Oy, are not functions of (x1, ..., z¢) .
We have then shown that A, =0, and 0A,/dz =0.

(T.3.1) implies that the properties of r and 7 are as those of the additive functions in
Section 4.2 in Matzkin (2008). Repeating the arguments in that section, it follows that if 7

is observationally equivalent to r, then for any arbitrary argument (y, z) of 7 and r.

where s. denotes the G x 1 vector whose j — th element is dlog f. (7 (y, x)) /0¢;.

Since for all g, j, k, 0°r9/0x;0y, = 0°79/02;0yx = 0, each of the elements of 7, and of r,
are constant over z. This together with our Assumptions 3.4 and 3.6 imply, as in Matzkin
(2008, Section 4.2) that

/

~ _
Ty—ry

Hence, 1, and r, = I are identified. Assume that r (y,7) = . Then, since r, and r, are
identified, r is identified also. And since r is identified, f. is identified also. (To see this,



note that by the transformation of variables equation

fa (€> = fY|X:x(e) (g) |7”y (g7 $(€))|71

where x(e) be the value of = at which r (7, z(e)) = e.)
We remark that, as shown in Matzkin (2008, Section 4.2) for any specific value y*, we

only require the existence of 2*() to guarantee that for all values z, 2’
(7 (v, 2) =7y, (v, @) s (r(y",2') =0

This together with the existence of 2*(9) as in Assumption 3.4 implies that the derivatives of
the g—th coordinate of 7 (y*, z) must equal those of r (y*, z) . Hence, when Assumption 3.4’
is satisfied, the derivatives of r (y*, x) are identified, and when Assumption 3.4” is satisfied,

the derivatives of r! (y*, x) are identified. This completes the proof.

3.2. Estimation

Our estimation methods make use of the transformation of variables relationship

or (y, )
oy ‘

(32)  frix= () = [ (r (y,2))

Let 7i(y, z) denote a positive function satisfying [ fi(y,x) dydz = 1. Let f/\y| x=z (y) denote
a nonparametric estimator for fy|x—, (y). And let © denote the set of functions (7, 7,) for
which there exists a pair of a structural function and a density (7, fz) satisfying Assumptions
3.1-3.6. In the proof of Theorem 3.1, we showed that if (r, f.) and (7, fz) is a pair such that
(r, f-) and (7, fz) satisfy Assumptions 3.1-3.6 and for all (y, x)

or (y,)
dy

or (y,x)

f€ (7" (y,ZL‘)) 8y

= fg (?(97 ZL‘))

then

ry ="y, and r, =7,

This implies that if fy|y—, were known, (r,,7,) would be the unique minimizer over © of

_ e~ 12~
33) [ [rixes ) = o 02)37072) [l]° Tl o) dyde
In such minimization, 7 and f: (-;7,,7,) are any function and density that (i) are consistent

with the model and with (7,,7,), and (ii) are such that for all (y,z) with u(y,z) > 0,
yix==(y) = fz(7(y,x);7,,7%) |07 (y,x) /Oy|. A natural estimator for (r,,r,) could then be

10



defined as (7,,7,) that minimizes over © the distance
~ _ 12
(3-4)/ [fY\X=r (y> — f (7 (y, ) Ty rw) ’Ty| w(y,x) dyd

where fy‘ X—z IS a nonparametric estimator of fy|x—,. In principle, one could impose sufficient
regularity conditions to guarantee that (3.4) converges uniformly in probability to (3.3) and
use this to show that (7,,7,) converges in probability to (r,,7,). A normalization on the
value of r at some point would also allow one to obtain consistent nonparametric estimators
for r and f. over some domain.

Our estimator can be interpreted in a similar way, except that instead of minimizing
(3.4), our estimator minimizes over (r,,7,) the distance between the derivatives with respect

to the observable variables of the logarithms of each side of (3.2):

(3.5) /

We will develop below an estimator for (r,(y,x),7.(y,z)) at one arbitrary value for y.

~ 2
Olog fy|x=x (y) Olog f- (r(y,x);ry,r2) Olog |ry(y,z)||| ~

— — ,x) dydx

3y, 2) 3y, ) oy | D W

Hence, the weight function 1 will be defined only over . We will denote it as pi(z). As we have
shown in the proof of Theorem 3.1, under our assumptions, for all y and z, r,(y,z) = I.
Hence, the values of r, (y,z) are constant over x, and identification of r,(y, x) requires a
condition, described in Assumption 3.4’, on G + 1 points in the support of X. We will
assume that our weight function, u(x), is strictly positive at those G + 1 points, but not
necessarily strictly positive everywhere. We denote

_ 0log fy|x=2(y)  Olog fy|x=2(y)
Qy(y,ﬂf) - 8y 3 Q:c(y,l') - am y and

L (y.x) = 2108 fagz (y.2))

Taking first logarithms and next derivatives of (3.2) with respect to y, x,we get that

) , Iy (),
4 () =71, (y,2) 1 (r(y, z)) + T

oV L oty 1 T
@y, ) = raly ) I (r(y,0) + s

Our assumptions imply that |r,(y,z)| = 0 and r,(y,z) = I. Hence, our equations become

11



’Ty(% x>|y

ay (y,2) =7y (y,2)" 1 (r(y,2)) + o)
G (y,7) = L (r(y, )

Note that this means that if r is identified, one can obtain an estimator of dlog f./de directly
from an estimator of ¢,. Combining these we obtain an expression between the "known"

qy (v, ) and ¢, (y, ) and the unknown ry (y,z) and |ry(y,z)], :

ry(y, )],

0 () =7y (r2) 4 (9,0) + 20—

Since, as noted above, r, is constant over x, we will denote 7,(y, z) by r,(y). Equation (3.5)

(3.6) /

where [ p(z)dz = 1, and our identification result implies that (3.6) is uniquely minimized

becomes )

p(z) de

|7"y(y)|y

qy (y,x)— Ty (y> 4z (y,ZL’)— ’Ty(y)|

at r,(y). For each g, denote

[0 = [ a00) ) o = [ 225 J;Yy'j—x@) ue) de

[0 = [[anr) ute) dn = [ FELEZ ) a

Hence, from

we get

y (y,x)—/qy(y) =1, (y) (qx (y, ) —/qx(y))

Multiplying each row by (g, (¥, ) — [ ¢.,(y)) and integrating with respect to , we get the

system of equations, which is the solution to the minimization of (3.6) :

) (%52) =T, whero

dy
Txl,xl (y) T$27$1 (y) e TIG,Il (y)
(y) =
Torac(Y) Tosac(y) Towa(y)



Tylwl(y) Tyz,ffl(y) e Tvaxl(y)

Ty17aic(y) Tyz,xc(y) o Tyc;@c(y)

Tyyus(y) = / (qyg(y,x)— / qyg(y)> (qws(y,x)— / qzs(y)) p(x)dz, and
Tr 2. (y) = / (qxj(y,x) - / qzj(y)) (qzs(y,x) — / qxs(y)> pu(x)da.

Each of the elements, T}, . (y) and T, ;. (y), in the matrices Il and I, can be estimated from
the distribution of the observable variables using average derivative methods, by extending
the methods in Stoker (1985) and Powell, Stock, and Stocker (1989). Denote such estima-
tors by fy ... (y) and fmj,ms (y), and let ﬁ(y\) and F@) denote the matrices whose elements

A~

are, respectively, T, .. (y) and f,rjm(y) Then, the estimator for the matrix of derivatives
(Or(y)/0y) is defined as

—

87~(y) _ -1 —
(8—y) = [H(?J)] I'(y)
3.3. Asymptotic properties

We develop the asymptotic properties of our estimators for the case when the estimator
]/C\y| x=2(y) for the conditional density of Y given X is estimated by kernel methods. Let

{v?, X"}Y | denote N iid observations generated from fy.x. The estimator is

N i ifm
~ Zi:l K (Yo'Ny7 XO'N )
fyix=2(y) = o N i

o i K (W)

where K is a kernel function and oy is a bandwidth. The element in the j-th row, i-th

column of our estimator for Txx is

[ (@0~ [2.00) (2000~ [2,0)) )i

where for k =1,...,G

~ alogj? =z\Y N alogf —(y
o) = ) g [, () = [HERR) gy
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Similarly, the element in the j-th row, i-th column of our estimator for fy x is

/ (qz,xy,:c) -/ ayi<y>) (a - [a, <y>) pla)ds

where for g =1,...,G

~ dlog [y — R dlog fy —
i .0) = TR g [, ) < [ZEDED ) 0
g g

We will specify the weight function p(z) to be bounded, twice continuously differentiable on
RE, strictly positive in the interior of a compact and convex subset, M, of RS, and zero
outside M. We will let 7" denote a compact set such that the value y at which we estimate

ry is an interior point of M’ Our results use the following assumptions.

Assumption 3.7:  The density fy,x generated by f. and r, is bounded, everywhere
positive, and continuously differentiable of order d > s + 2, where s denotes the order of

the kernel function. Moreover, there exists 6 > 0 such that for all z € M, fx(z) > 6
and frx(y.x) > 6.

Assumption 3.8: The G + 1 values satisfying Assumption 3.4’ are interior points of
M, where M" is the compact and convez subset of RS such that for every x in the interior
of M*, u(z) > 0.

Assumption 3.9: The kernel function K is of order s, where s+ 2 < d. It attains
the value zero outside a compact set, integrates to 1, is differentiable of order A, and its
derivatives of order A are Lipschitz, where A > 2.

Assumption 3.10: The sequence of bandwidths, oy, is such that on — 0, N 0%’?“2 — 00,

2

\/Nag\?/2)+l+s 0, [NU?VGJrQ/ln(N)] — 00, and \/Nag\?/2)+l [\/ln(N)/NJ?VG” +o%| —
0.

To describe the asymptotic behavior of our estimator, we will denote by 7r,(y) the
vector in RS formed by stacking the columns of 7,(y), so that rr,(y) = vec(r,(y)) =
(o, (W) o S W); Ty W) oo 7S ()5 s T (), 75 (y))' . Let 7y (y) denote the estimator
for rry(y). Accordingly, we will denote the matrix T7,,(y) by I ® T,,(y) and its esti-

mator ﬁ’m(y) =Ic® T z2(y). The vector TT,,(y) will be the vector formed by stack-
ing the columns of T, (v) : TT(v) = (Tyror W)y Tpiae (V); Tyoar (Y)s ooy Tynwe (V)5 o

14



Tyowr (), s Tyowe (y))', with its estimator defined by substituting each coordinate by its

o dygra

estimator. For each s, denote

B 8logfy‘X:x(y) B / 310g fY|X=:c(y)u(l.)dl.

A0, 1 —.(y) =
0 s 108 fY|X (y) axs axs
and for each j, k, denote
- K@)\ ][ [ (OKGD ] -
KK, , = —=)d ———= | dz|d
{1 (55) ][ (552) ]
In the proof of Theorem 3.2, which we present in the Appendix, we show that under our

\ NoGH (TATyx(y) — T, yz(y)) — N (0,V(y))

where the element in the diagonal of V(y) corresponding to T, ., is

{ [ 0o 108 sto)? (72505 o { [[f (20) dgrdg}

and the element in V'(y) corresponding to the covariance between T), .., and T, ., is

assumptions

{ [ (@20, 108 rixma ) (80,108 ) (%) i K

fY,X (y7 x

Theorem 3.2: Suppose that the model satisfies Assumptions 3.1-3.10. Then,

VN oK (7 (y) = rr() = N (0, (T (1) V() (TTaa(y) )

4. A system with two equations and one instrument

In this section, we consider the model

41) Y = ml(Yg,El)
}/2 = m2(}/17X782)

where the object of interest is the derivative dm! (yo, 1) /Oy, and where we can estimate
the joint density fy, v, x of the observable variables. We concentrate on conditions that are

closely related to those used in Section 3. In Section 5, we present additional results that can

15



be used for the identification and estimation of dm! (y2,€1) /Oys under other assumptions
in the model. We make the following assumptions, which are analogous to the assumptions
made in Section 3. We note in particular that the support of X does not need to be the real

line.

Assumption 4.1:  For all (y;,x,¢€2)

. am2 <y17x7€2) _ am2 (917%52)
ox n 852

>0

Assumption 4.2: (¢, e5) is distributed independently of X with an everywhere positive

and continuously differentiable density, f-..
Assumption 4.3: X possesses a twice continuously differentiable density.

Assumption 4.4: The functions r = (r',r?) and h = (h',h?) exist and are twice

continuously differentiable, 1 — 1, and onto R?.
We will show identification first under Assumption 4.5 and next under Assumption 4.5’.

Assumption 4.5: The density, f., .,, of (€1,€2) is such that for all e, there exists at

least one value €35(e1) of 2 such that

d*log [ (e1,€5(e1))

=0.
0e2

At any such value 02 log f. (1,¢3(c1)) /022021 # 0

Assumption 4.5°: The density, f.,.,, of (€1,€2) is such that for all e, there exist

distinct values €5(g1) and £3*(e1) of €9 such that

Olog fe (e1,€3(c1)) _ Olog f- (e1,€5"(e1))

=0
Oeo Ocqy

For any such two values, 0log f. (1,£5(e1)) /01 # Olog f- (e1,e5*(e1)) /Oer.

Assumption 4.6: For any y;,y2 and 1 = r'(y1,vs), there exvists a value x* in the

interior of the support of X such that for €3(e1) as in Assumption 4.5, &5 =1 (y1,ya, 7*).

16



Assumption 4.6’: For any y1,vys and €1 = 7' (y1, y2) , there exists distinct values x* and

x** in the interior of the support of X such that for €3(e1) and €5*(e1) as in Assumption

4'5’7 5; - T2 (yla y27x*) and 63* - T2 (y17y2,13**> :

Assumptions 4.5-4.6 and 4.5-4.6’ play a role similar to Assumptions 3.6 and 3.4” in
Section 3. Assumption 4.5 is satisfied, for example, when there exists a function a (&)
with Oa (1) /01 # 0 and the value and derivatives of the conditional density of €2 given
€1 when €5 = 0 coincide with the values and derivatives of a conditional density of the
form f.,., (€2) = c exp(—a(e1) €3), for some ¢ which could depend on &;. The conditional
density f.,., (¢2) is not restricted to possess this form for values of €, other than e, = 0.
An example that satisfies Assumption 4.5’ is where the conditional density of 5 given £ has
the form f.,., (€2) = ¢ exp(—a(e1) €5 —be3 ) locally at e5 = 0 and €5 = (—2b)/(3a(e1)).
Again, the conditional density f.,c, (€2) is not restricted to possess this form for other
values of €. These conditional densities also satisfy a local invertibility condition at e; =
0 in the first example, and at e; = 0 and 9 = (—2b)/(3a(e1)) in the second, which is
required in Assumptions 4.8 and 4.8 below, to guarantee desired asymptotic properties for
our estimators of Im! (ya,e1) /Oya. Assumptions 4.6 and 4.6’ guarantee that the values of
g9 satisfying, respectively, Assumptions 4.5 and 4.5’ possess corresponding values of = in the

support of X.

4.1. Identification

The following theorem establishes an identification result for dm!(ys, 1)/0y, when Assump-
tions 4.1-4.6 are satisfied. It uses arelationship between log f. and log fy|x in terms of second
order derivatives. Theorem 4.2 establishes identification of dm'(ya,1)/0y, when Assump-
tions 4.1-4.4 and 4.5-4.6” are satisfied, using a relationship between log f. and log fy|x in
terms of first order derivatives, as in Section 3. In each case, our proof proceeds by first
showing how to identify the value(s) of z satisfying Assumption 4.6 (4.6’), and then using

Assumption 4.5 (4.5°) to find the appropriate functional of fy x from which one can calculate
8m1(y2, €1)/0ya.

Theorem 4.1: Suppose that Assumptions 4.1-4.6 are satisfied. Then,

aml (y27 81)

is identified
Y2

4The closest work that uses the relationship between second order derivatives of observed and unobserved
densities is, we believe, the generic identification result for multiple choice models in Chiappori and Komunjer
(2009).
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Proof: The proof is constructive. Differentiating the identity y; = m?! (y2, 7! (y1,92))
with respect to y; and with respect to y,, we get that

om' (yz, €1) o _Tzllz

s T

where r) = Or'(y1,42)/0y1 and 7, = Or'(y1,y2)/0ys. Hence, we only need to show identi-
fication of the ratio, 7”52 / 7“; .- As in the proof of Theorem 3.1, Assumption 4.1 implies that

r2 = Or*(y1, y2, ) /0x = 1. We use the transformation of variables equation

8r(y17 Y2, Z’)

Syix=aW1,¥2) = ferco (' (W1, 92) 77 (1,392, 7)) Dy

to show that under our assumptions, for any (y1,y2), the ratio 7”;2 / 7";1 can be read off the
density of the observable variables, fy|x(y1,%2). Taking logarithms, differentiating both sides
with respect to x, and noting that 72 = 1 implies that 0 |0r(y1, y2,x)/dy| /O0x = 0, we get
that for all yq,ys,

alog fY\X:m(ylv y2) _ 810g f€1,82 (rl (yb 3/2) ’ T2 (yla Yo, l’))
ox 862

Differentiating with respect to vy, 72 and x, we get

82 log fY\X:x(y) _ 82 log f€1,€2 <T17T2>T1 + 82 1Og f61,€2 (T17T2)r2

8x8y1 o 862861 v 852852 v
0? log fY\sz(?J) _ 0? log fsl,sz (7,17 TZ) ’l“l + 0? log f€1,52 (7,1’ 712) 742
0xdysy Oex0eq Y2 Oey0e9 b2
0? log fY\X:x(y) - 0? log fahaz (7,1’ r2)
0rox N 862862

By Assumption 4.5 there exists €5 such that 9%f., ., (e1,¢3) /03 = 0, and by Assumptions
4.3 and 4.6, there exists a value x* such that &5 = r? (y;, y2, 2*) . Conditioning on such value

of x, we get that

82 log fY|X:x* (yla y2) o 82 1Og fal,sz 1
= —=—="=2 7 and
0x0y, Oe20¢1 v
0? log fY|X:ac* (ylu y2) _ 0? log f€1,€2 -l
8x8y2 882881 Y2

Since by our assumptions 9% log f., , (r* (y1,92) , 72 (y1, Yo, %)) /O20e1 = 0*log fe, o, (€1,€5) JOe2021
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= 0, it follows from these equations that

i _ 9*log Sy x=a (?Jl,yﬂ] - [32 log fy|x=e* (Y1, Y2)

7’1}1 N 0x0y, 0x0ys

Hence, dm'(yz,e1)/0y2 = — [0*10g fy|x=o~ (1, yg)/axayl}‘l (02108 fyx=ar (Y1, Y2)/02ys] .
This completes the proof.

Our next theorem establishes identification when assumptions 4.1-4.4 and 4.5-4.6’ are

satisfied.

Theorem 4.2: Suppose that Assumptions 4.1-4.4 and 4.5-4.6° are satisfied. Then,
Om*(y2,€1)/0ys s identified

Proof: Let (yi,y2) be given and €; = 7! (y1,2). By the same arguments in the proof
of Theorem 4.1, we need to show that we can recover the ratio 7"52 / 7’; .- Taking logarithms
and differentiating the transformation of variables equation used in the proof of Theorem

4.1, we get that for all y1,ys,

610g fY\X:x(y) _ alog f51,52(T17T2)T1 + alog f€1,€2(rl7r2)r2 + alog "l"y|

T4.1
( ) 83/1 881 y1 882 v1 8@/1
0log fy|x=2(y) 0Olog foy o, (rt,r?) | 0log foy o (rt,r?) 5 Olog|r|
T.4.2 = i 2
( ) 83/2 881 Tyz + 882 Tyz + 8@/2
0 log fY|X=x (y) 0 log fal € (rl’ 7”2>
TA4. = -
( 3) ox 852

By Assumption 4.6’ there exist 2* and x** such that for e} and €5* as in Assumption 4.5,
ey = 1% (y1,y2,7*) and €3* = 2 (y1,y2,7**). Let r?* and r?** denote the value of r? at,

respectively, (y1, y2, 2*) and (y1,y2, 2**) . By (T.4.1) — (T4.3),

d lOg fY|X:;c* (y) _ 0 log fY\X:a}** (y)

=0.
ox ox
When z = z*
alog fY\X:x*(y) _ 810g f€1,52(r1>r2*)rl + 010g"l"y|
Oy deq . oy
Olog frix—a(y) _ Ologfo(r'yr™) , | Ologlr|
Y2 Oeq - ya
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while when x = z**,

Olog frix—a-(y) _ 0108 forey(ryr™™) ,  Ologry|
oy Oeq ot oy

Olog fyix—o(y) _ Ologfoyey(rlr™™) ,  Ologlr|
Oyo Oeq b2 Oya

Taking differences, we get

010 frix—e-(y) _ D108 fyixmsa(y) _ (lomfoeyrr®) _ Dlon fo ()
ayl 3y1 851 851

01og frix—e () _ D108 fyixose(y) _ (Dlomfoeyrer®)  Dlog fo ()
ayZ 3?42 851 881

By Assumption 4.5, dlog f., -, (1, r%*)/0e1 # Olog f., -,(r',r?**)/Oe;. Hence,

8 1 ( e ) 7‘1 810ng\X:1‘**(y) 810ng\X:a:*(y)
m Y2, &1 - 0 B F) .. )
% =2 = - Y2 is identified.
Oy rl Olog fy|x=ox(y)  Ologfy|x—uxx(y)
v 3y1 8y1

4.2. Estimation and asymptotic properties

Our estimation methods for Om?! (ys, £1)/dys, under either Assumption 4.5 or 4.5’ are closely
related to our proofs of identification. When Assumptions 4.1-4.4 and 4.5-4.6 are made, the
estimator for dm*(y,,€1)/0ys is obtained by first estimating nonparametrically the deriv-
atives 021og fy|x=z(y)/0x0y1, 0*10g fy|x=s(y)/0x0ys, and 0*log fy|x=(y)/0xdx at the
particular value of (yi,ys2) for which we want to estimate dm'(ys,e;1)/0ys. The next step

consists of finding a value z* of x satisfying

Ox0x
The estimator for dm' (y2,€1)/dy, is then defined by
— 210 -
(4.2) Om'(yp,e1) _ — %5;@)
8y2 w
0zoy1

When 9?log fy|x=:(y)/0x0y1, 0°10g fy|x=x(y)/ 00y, and 9*log fy|x=x(y)/0rdx are esti-
mated using kernel methods, the asymptotic distribution of the estimator for dm! (s, €1)/0ya

defined in this way can be shown to be consistent and asymptotically normal.
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When instead of Assumptions 4.5-4.6, we make Assumption 4.5-4.6’, our estimator
for Om'(y2,€1)/0ys, is obtained by first estimating nonparametrically dlog fy|x—.(y)/0z ,
0log fy|x=«(y)/Oy1, and 0Olog fy|x=.(y)/0y. at the particular value of (yi,y2) for which
we want to estimate Om?'(y2, €1)/0y2. The next step consists of finding values x* and z** of

x satisfying

0 log fY|X:m* (y) _ 0 log fY|X::c** (y)

=0
ox Ox
Our estimator for dm?(ys, 1) /0y, is then defined by
— dlog ﬁ:**(y) alogf/\:* (v)
Y2 Olog fy|x=z*(y)  Olog fy|x=y*=(y)
oY1 9y1

Again, when 0log fy|x=:(y)/0y1 , 0log fy|x=:(y)/0y2, and dlog fy|x=¢(y)/Ox are estimated
using kernels, the estimator for Om!(ys,e1)/dy> defined in this way will be consistent and
asymptotically normal, under standard conditions. We present below the asymptotic prop-

erties for both estimators, without exploiting possible averaging, as in Section 3.

Asymptotic properties

To derive the asymptotic properties of the estimator defined in (4.2), we make the following

assumptions

Assumption 4.7:  The density f. and the density fyx generated by f. and r, are
bounded, everywhere positive, and continuously differentiable of order d, where d > 5 + s

and s denotes the order of the kernel function K (-), specified below in Assumption 4.10.

Assumption 4.8: For any x’ such that 5*log f. (r* (y1,y2) , 72 (y1, y2, 7)) /02 = 0, there
exist a neighborhood B;’m of (y1,y2,2") and B! of x' such that the density fx(x) and the

density fvx (y,x) = f (r (y1,42) .72 (Y192, %)) |ry (y1, 92, 2)| fx (@) are uniformly bounded
away from zero on, respectively, B, and B, , and 8*log f. (r* (y1,32) .72 (y1, 42, x)) /O€} is

bounded away from zero on those neighborhoods.

Assumption 4.9: For any 2’ such that 9*log f. (r* (y1,y2),7% (y1,y2, 7)) /O3 = 0,
9 log f (r* (y1,y2) ;7% (y1, Y2, @) /01024 is uniformly bounded away from 0 on the neigh-
borhood Bz;’z defined in Assumption 4.8.

Assumption 4.10: The kernel function K attains the value zero outside a compact set,
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integrates to 1, is of order s where s+5 < d, is differentiable of order A, and its derivatives
of order A are Lipschitz, where A > 5.

Assumption 4.11: The sequence of bandwidths, oy, is such that oy — 0, \/Na?\,ﬁs

2
— 0, \/No§ — oo, [No¥/In(N)] — oo, and /No¥ [\/In )/Nokl +O’N] — 0.

Assumptions 4.7, 4.10 and 4.11 are standard for derivations of asymptotic results of ker-
nel estimators. Assumptions 4.8 are 4.9 are made to guarantee appropriate asymptotic

behavior of the estimator for the value z* at which dm! (ys,€1) /Oys is calculated. Define
= (v~ 02K (1,7, ~ 02K (7,7, = (e~ 92K (7,

Kyl,x_(ylay%x) = W> Kyz I(ybylaj) = #ﬁfi? and Kx,x(yliy%x) = %
Let K (Y1, Yo, z) denote the 3 x 1 vector (K y, .(¥1, Y2, ), K yy o (U1, U2, ), Koo (U1, Yo, © )) . De-

fine the vector w(y, r*) = (w1, ws,ws) where

9% log fy | x—o* (y)
Wy — Oy20T o — -1
1 12 0?2 log fy | x—o* (Y)

0?log f o (T*) 2 o7 08 Jy|x=a*\Y)
[5;—%] frx(y,x¥) por——Jvx(y, %)

I

a(a 1ngY\X x* y)/8y28x> /a

0210g fy|x=a* (y)/Oy10z
o\ (03108 fy | x—s
fY,X(wa ) <—Og 5;? (y)>

w3 =

Let
‘7 |:/K ylayQa (yl Ya2,T ) d(glag27$>:| W(y,ll‘*) fY,X(yax*)

In the Appendix we prove

Theorem 4.3: Suppose that the model satisfies Assumptions 4.1-4.11. Let the estimator
for Om! (ya,€1) /Oys be as defined in (4.2). Then,

JN o, (3”” (2. 21) /Oy — O’ (s, 1) /8212) 7N (0’ ‘7>

To derive the asymptotic properties of the estimator defined in (4.3), we make the fol-

lowing assumptions
Assumption 4.7: The density f. and the density fyx generated by f. and r, are

bounded, everywhere positive, and continuously differentiable of order d, where d > 4 + s

and s is the order of the kernel function K (-) in Assumption 4.10".
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Assumption 4.8’ For any ' such that 0log f. (r* (y1,y2) , 7% (y1, y2, @) /Oea = 0, there
exist a neighborhood B;’m of (Y1,y2,2") and B! of x' such that the density fx(x) and the
density fyx (y,x) = f- (r' (y1,92) .7 (Y1, 92, 2)) |1y (1. 92, 2)| fx(2) are uniformly bounded
away from zero on, respectively, B, and B, , and 8*log f. (r* (y1,32) .72 (y1, 42, x)) /O€3 is

bounded away from zero on those neighborhoods.

Assumption 4.9’: For any two values x', " such that dlog f. (r' (y1,v2) , 7% (Y1, Y2, 7)) /Oy =
Oa and 610g fE (Tl (y17 y2> ’7,2 (y1> Y2, I'//)) /352 = 07 (a log fEl €2 (Tl TZ/)/agl - 810g f€1782(rlﬁ 7”2”)/861)

is uniformly bounded away from 0 on the neighborhoods B, ., B, B and B! defined on

Yo Py,z
Assumption 4.8’

Assumption 4.10’: The kernel function K attains the value zero outside a compact set,
integrates to 1, is of order s, where s+4 < d, is differentiable of order A, and its derivatives
of order A are Lipschitz, where A > 4.

Assumption 4.11°: The sequence of bandwidths, o, is such that \/No3 — 00, \/Noo°

[m—l—ajv] — 0, and /No¥ [\/In /NO'N—{—ON:|2 — 0.

DeﬁneK ( 17y2a ) - %ﬂ Fyz(ﬂl;%»@ - %y’yzw) andK (y17§2aaj) - %

Let [?(gl,yg, ) denote the 3 x 1 vector (Ky, (01, ¥2, %), Ky, (U1, Yo, T), Kx@l,%,x)),. Define

_ (2 2 2
the vectors w! = (w1, wi, wi) and w? = (w?, w3, w?) by

- [%fxx (y,a7) — 2rxlori) <y,x2>] Frx (y.13)
1
wy = 2 )
Ofy,x (y.x] " Ofy,x (y,3 "
[%fy,x (y, @3) — %JCK—X (v, $1)]
Ll — frx (y, 73)
2 — )
Ofy,x (y,x] % Ofy,x (y,3 "
250 ) - P50 e (3,00
o [ 2108 fyx=a3(y)/0y2—-010g fy|x—s, (¥)/Oy2
1 ~ Owy \ Olog fy|x— xl(y)/ayl 9log fy|x=a3(y)/0y1 |I1 1
Wi = 92108 fy | x—t (4) ’
(+) frx (y, x7)
ofy.x (v:a3 o Ofvx(vat i} i
250 ) ~ L5 e (,09) | o 0,
2

2
Ofy,x (yx] " Ofy,x (y,x5 N
[—ng(l 1)fY,X (y,@)——”g; 2)fy,x (y,xl)}
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W2 Toeetes frx (y,a:;l) =  and
’ y7x* * ’ y’x* *
[%J[Y,X <y7x2) - %JEY,X (yv $1)1

N  Ox2 9log fy | x=at (¥)/0y1—010g fy|x =z, (4)/Oy1

o [ 9108 fyv|x=a,(y)/0y2—010g fy|x =01 (y)/Oy2
|:r2::v’2‘
(.Ug -

92log fy|x=az (¥) .
(—2!55 ? >fy,x(y,x2)

Define
V - wl/ |Q/k(@lvg%x)‘[?(ghgQJI)/d(glug%x)] wl fY,X (ywjﬁ)

+w? [/ k(ﬁlug%l’)f{'(ghg%I)/d(glag27x>] w? fyvx (y,23)

In the Appendix we prove

Theorem 4.4: Suppose that Assumptions 4.1-4.4, and 4.5-4.11" are satisfied. Define
om(y1,€1)/0ys as in (4.3). Then,

VNG (01 (gs,20) /0 — Om (s, 22) 0 ) — N (0,7)

5. Further identification and estimation results

The conditions in Section 4 under which we showed the identification of dm!(y,, e1)/0ys are
by no means unique. Several other sets of conditions could be used, and estimators based
on them could be developed. We provide here results that can guide one to those other sets

of conditions. We consider again the model

(5.1) y = m'(y2,61)

Yo = m? (yh z, 52)

where m!, m? and f., ., are unknown. We will assume the existence of the functions
h = (h',h?) and r = (r',r?) and Assumption 4.2-4.4. Our objective is to estimate

om* (y2,€1)
3y2

)
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the partial effect of exogenously changing the value of the observable explanatory variable,

1o, leaving the value of the unobservable €; unchanged.

5.1. Imposing additional structure
One possibility to obtain additional estimators is to impose more structure on the functions

m' and m?. Suppose that the model is

y1 = m(y2)+e
Yo = Buyi+yr+e

The derivative of m at ys is identified when (g1, £2) has an everywhere positive, differentiable

density f., -, such that for two, not necessarily known a-priori, values (g1,%2) and (£, %),

Olog f-, c, (€1,%2)
881

Olog fsl,sz (5,1/7 5,2/)
681

=+

and
8log f€1,€2 (51752) _ alog f€1,€2 (5,1/78,2/)

862 a52
(See Matzkin (2007a).) Fix the value of y,. Taking logarithms and derivatives of the trans-

=0

formation of variables equation as in Section 3.2, but integrating this time with respect to a

measure of both x and y;, we obtain the relationship

_ om(y2)
Ty Ty Oy2 Tyo
B om(yg) 1
Tylyx Tu’ﬂﬂf Byj Tymﬂﬁ

Substituting the elements in the first and third matrices by nonparametric estimators, we

obtain an estimator of the derivative of m with respect to ys.

5.2. Estimating derivatives of the reduced form

In many situations it is easier to consider estimation of the derivatives of the reduced form
functions, h, instead of estimation of the derivatives of the structural functions r. The
following theorem establishes the relationship between the derivatives of h and the derivative
of m!. It states that to identify the derivative of m! with respect to ¥, it suffices to identify,
at only one value of z, the ratio of the derivatives with respect to x of the reduced form

functions A' and h2.
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Theorem 5.1: Suppose that model (5.1) satisfies Assumption 4.2-4.4. Then, for any
(y2,€1) and all z,

1 8h1(1,€1,€2)
om’* (ya,€1) T o

(5.] .1) ay = O (re1.0) ’az:rQ(ml(y2781)7yz,x)
2 ox

Proof of Theorem 5.1: Differentiating with respect to = the identity

e=r(h(z,e),x)

(3)--() (%)

we get

which in our model becomes

1 2 1 2
plolmleang o opzoTwle
|yl |yl

Hence, for all x,
Ohl(x,e1,62)

omy (12, €1) . or | .
8y2 N 8h2(ﬂgjl,€2) e2=r?(m!(y2,€1),y2,7)

This completes the proof.

To estimate the derivative Om? (ya,&1) /Oy, through estimation of the derivatives of h,

we can use the following transformation of variables

Oh(x,¢)
Oe

1) = Frixs(h(z,€) \

Taking logarithms and differentiating with respect to =, we get

dlog fyv, va)x=z (Y1, 12)
Y2

_alonghYz\X:a:(ylvyZ) . alogfyl,yz\xzx(ybyz)

2
317 - ayl h’:c

hl +

0log ‘ —ahéﬁ’s)

ox

_|_
To get an expression for the last term, we can differentiate & (x,r (y,z)) = y with respect
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to y, to get that

which implies that

Olog [24e2) LUCEE
Oz - dx
_(Oh(z.0)) Olog |24, yr. c’ﬂog\ yhae)
ox 6y 8x

It can be verified that this last term equals 0 ((ry, r2) /|r,]) /Oy1+0 ((=ry, 72) [ |ry]) /Oys,
which we denote loosely as 9 (kL) /Oy, + 0 (h2) /Oy2. Hence, we can state that

(52) = 9108 fv, va|x== (Y1, 2) _ d1og fvi va|x=c (yl’yQ)h;nL 0log fyi,vs|x=c (yl’yQ)hi
ox Oy s
0 0
+— (h}) + =— (B2
o () o ()
where L L
hl _ rZJQ rﬂ? and h2 _T?Jl Tﬂf
! |ry| ’ |ry|

Equation (5.2) expresses a linear relationship between the "observable" derivatives of log
fyi valx=z (41, y2) and the "unobservable" derivatives of the reduced form functions, h' and
h%. Tmposing restrictions on the functions r and on the density f:, , one can use this equation
to recover either hl and hZ, or the ratio, hl/h2.

The two estimators developed in Section 4 can be interpreted as being derived from
(5.2). Consider for example the first estimator in Section 4. The assumptions we made
in that section on the function r imply that 9 (hl) /0z = 0 (h2) /0z = &? (h}) /Oxdy;, =
02 (h?) /020y, = 0. Differentiating both sides of (5.2) with respect to x, we then get

— 0? log le,Yle::c (y17y2) _ 0? log le,Yg\X:x (yl,y2)h1 4 0? log le,Yz\X:x (ybyz)
0x? 0x0y, v 0x0Ys

(5.3) B2

Hence, at z* such that

d10g fv, valx=z (Y1, y2) /02° =0
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we have that 2
— hy _ = 0%log fyi vox=a= (41, 92) /020y

h?n - 82 IOg le,Yz\X:x* (yh y2) /axayl

The assumptions we made in Section 4 on f;, ., guarantee that such value of z* exists.
The second estimator uses two values, 2* and 2**, of & at which d1log fv, v,|x=s (Y1, ¥2) /Ox =
0. The assumptions we made in Section 4 imply that AL, h2, and their derivatives are con-

stant across these two values. Hence, solving for hl/h% using (5.2) at those two values, we

get
1 Olog fy|x=z*(y)  Olog fy|x=u(y)
B hx _ 0y2 Oy2
h2 Olog fy|x=u*(y)  Olog fy|x—y*=(y)
v Oy Oy
By Theorem 5.1,
omy (92751) __ 0? log le,Yle:ac* (91,92) /&Uayz
ay? 0? IOg le,Yz\X:x* (yh y2) /axayl

in the first model and, in the second,

Olog fy|x=u*+(y)  Olog fy|x=u(¥)

a777’1 (927 61) . Oy2 Oya
Yy Olog fy|x=a(y)  Olog fy|x—ypx=(y) "
oY1 o

where, in both, &1 = ! (y1,92) .

5.3. Observational equivalence

Characterizations of observational equivalence are useful to determine restrictions guaran-
teeing that the true pair (r, f.), or some feature of it, is the unique solution to a set of
equations that depend on the density of the observable variables. These restrictions provide
the basis upon which consistent nonparametric and parametric estimation can be developed.
When the values or structures of an estimator are restricted to belong to such a set, one
can guarantee that the critical identification conditions for consistency of the estimator will
be satisfied. Our next theorem provides a set of such characterizations for Model (5.1).
The characterizations are expressed first in terms of the reduced form functions, h (z, 1, €2),
then in terms of the normalized Jacobian determinant, |r,| /2 , and finally in terms of the
elements of the second equation, (r?, f.,, ) . The identification results in Section 3 and 4 are
particular cases of these general characterizations. For other identified cases that can sim-
ilarly be derived from the characterizations below, one can modify the estimation methods

that we developed in those sections.
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Theorem 5.2: Suppose that in Model (5.1), Assumptions 4.2-4.4 are satisfied. Then,
the following statements are equivalent

(i) (7, fz) is observationally equivalent to (r, f.),
(i1) for all y,x

0 (frixme (ope) (L (0,7 72) = B (2,00,7%) ) )
B Iy

0 (fY\X:x (Y1, 12) (hi (2,7, 7%) — R (:r,rl,rQ)))
Y2

+

Y

where h and h are the reduced form functions of, respectively, r and r, and where the

arguments of %7 7% are (y1,ya, ) .

(111) for all y,x

22 et 2] = L T ) 2
¥y, v1,Yz| X=2 (Y1, Y2 7] ¥ Dy Y1,Ya | X =2 (Y1, Y2 7
0 7«3: ) 7”926

— T;”@—yl [fyl,nx_x (y1,2) ’T—y|] _T;Ia—yg [fy17YQ|X_x (y1, 2) Ir—yd

where 7,.1 = Tl(ylay2)7 5\;1 = ?1(y1>y2>7 7"2 = T2(ylay27$>and ?2 = FQ(ylay%x%
(1) for all (y, ),

OF;, (M) OFg,=n (%) OF;, (7) OFgz,=n (1)
o ya y2 Oy

_OF, (1) OFe=n (r®)  OFL, (r!) OFL = ()
oy Oyo OYa oy

where ' = 1 (y1,12), 7' = (y1,42), ° = r3(y1, y2, ) and 7 = 7*(y1, Y2, x), and where Fx,
and F., denote the marginal cumulative distributions of, respectively, €, and €1, and Fx,g,
and F,,., denote the conditional cumulative distributions of, respectively, €, given €1, and

€9 given 1.

The proof of this theorem is presented in the Appendix. Condition (i) characterizes
observational equivalence in terms of the relationship between fy|x—, and the derivatives of
the reduced form functions, (h!, h?) and (hl, h2) . After dividing by fy|x=z (¥1,y2) > 0, the

condition can be written, for all y, z, as

0 dlog (fy|()9<y—1x (y1,2)) (%916 (2,7, 72) — h! (m,rl,r2)>
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posllisee b)) (G o1, 52) 12 . ))

0 (B (@, 7, 7) = B (w,rr2)) 0 (B2 (@, 7 72) = B2 (1, %))

+
Oy Y2

When the only solution to this expression is i = hl, h2 = h2, and 0 <%i — h;) /Oy +

0 GL} - h;) /Oy> = 0, (5.2) will possess a unique solution in the unknown functions.
Condition (ii) in Theorem 5.3 can be used to determine restrictions on 72/ |r, | guarantee-

ing that r) and r,,,

results in Sections 3 and 4 assumed that 72/ |r,| is a constant function of 2. Condition (3ii)

or their ratio, are uniquely determined from fy|x—,. The identification

provides the means to develop new identification results when 2/ |r,| is not constant over
x.

Condition (iv) provides conditions for identification of the elements of the first equation
in Model (5.1), in terms of restrictions on the elements, f.,., and r?, of the second equation
in Model 5.1. The first equation is characterized by F., (r!), while the second, conditional
on the value of ey, is characterized by F.,.,—1 (r*) . To see how (i) can be used to develop

an estimator for the ratio (7";2 / 7“;1) , we note that fy, v, x=2(¥1,y2) can be expressed as

aF€1 (rl) aFEz\alzf‘l (7“2) . 8F61 (Tl) 8F€2\€1:7"1 (7‘2)
o o Yo oy

(5.4) fvivalx=2(¥1,92) =

Note also that dF, (r') /Oy, and OF., (r') /Oy, are both functions of only y; and y,. More-
over,

OF, (7”1) /Oy o T?i

OF., (1Y) /Oy, @’
which is the object of interest. Hence, identification of the derivative Om! (yo,e1) /0yo is es-
tablished once the identification of OF, (r') /Oy, and OF, (r') /Oy, up to a common constant
is achieved. As yj,ys remain fixed and z varies, the value of these two functions is constant.
Changes in z affect only the other two functions in (5.4), which are dF.,., -1 (r*) /9y, and
OF e, (%) /Oy:1. Note that these two functions do not depend on any of the features of
the function of interest, r!. For particular fixed values of 3; and ¥, the identification problem

can then be expressed as the problem of finding coefficients a;, as satisfying the relationship

p(7) = a1 (x) + azy()

where p(x) is a known function. When p(z) = fy, ys|x=2 (¥1,¥2) , the functions ¢, ¢, are
OF eyt (%) /Oys and OF,.,—1 (r?) /Oy1. When p(z) is the derivative of fy vy x=s (Y1, y2)

with respect to z, the functions ¢, and ¢, are the derivatives of OF.,,—,1 (r?) /y» and
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OF e (%) /Oy1 with respect to z. One can consider integration, differentiation, or any
other transformation which which does not affect the values of the coefficients, a; and as,
or their ratio. Clearly, one may impose many shape restrictions on ¢,(z) and ¢,(x) that

guarantee identification. In particular, note that

8F€2 |51:r1 (7”2)
s

8F62 ‘51:7«1 (7’2)

= fegerzrt (r?) 12, and i

_ 2\ 2
Y2 = fff2|‘€1:T1 (7” ) Ty,

Hence, when p(z) = fy, va|x=2 (¥1,%2) identification will depend on the way in which the

2 2 :
values of r,, and r; vary with z.

6. Conclusions

In this paper, we have introduced several new methods for estimation of nonparametric
simultaneous equations models. We developed in detail two models. In our first model,
each structural equation contained an exclusive regressor. We introduced for this model
an estimator of the standard Least Squares form, (X’X )71 (X'Y), except that the elements
of the matrices X and Y were constructed from average derivative estimators from the
density of the observable variables. Our second model had one function of interest and one
instrument. We introduced estimators for the derivative of the function of interest, which
were expressed in terms of ratios of derivatives of the conditional density of the observed
endogenous variables at particular estimated values of the instrument.

The estimators that we developed were special cases of new general approaches to estima-
tion for models with simultaneity, which we presented in the paper. These approaches can
be easily adapted to handle many other alternative models, satisfying different identifying
assumptions. We have indicated directions in which alternative identified models can be

found and how our estimation methods can be modified for such models.

7. Appendix

Proof of Theorem 3.2: We apply the Delta method in Newey (1994). Let f denote
the set of densities satisfying Assumption 3.7, and let ||g|| denote the sum of sup norms of

g and its derivatives over M’ x M. Define the functionals oy, (g) and 3, (g) by ay,(9) =
0log gy |x=-(y)/0y; and B3, (9) = 0log gy|x—=2(y)/0xs. Then,

39Y,8X (y,x) gy, x (y,) 9gx (x)
_ Yj d — Ozs _ Oz
Qy, (9) —gy,x(y, x) an 5xs (9) <gij<y7 x) gx (x))
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To simplify notation, we will denote fy x(y,z) by f, fx(x) by 1, Ofvx(y,v)/0y; by [y,
Ofyx(y,x)/0zxs by fu,, and Ofx(x)/0xs by f;s, with similar shorthands for functions g and
h. For any h such that ||| is small enough,

ayj<f + h) - ayj(f)

_ [fyj +h’yj @} — _[hyjf_fyjh} h[hyjf_fyjh]] and

f+nh f

f? fA(f+h)

B C[fethe, fo] | fothe  fa
B+ h) =, () = | =g f} s f]
_Ww>hﬂ_hWJamﬂ_ o d = JB] BB ]~ T
B 1? f2(f—|—h) fQ fQ(f_i_%) )
B [hyjf_fyjh] . L) — h[hyjf_fyjh]
Define Day,, (f;h) = — Ray, (f;h) = — D)
e g [T EA]]
Dﬁxs (f7 h) = [ f2 - f? X and

N O S e
e { P(F+h) s |

Then,  a,,(f+h)—a,(f) = Day, (f;h)+ Ray, (f;h),

Denote p(z) dz by p, and define

¢%%@%a/%ﬂnm¢»u—(/aﬂmu)(/mgmu)

It is easy to verify that for all A such that ||A|| is small enough

v ([ D) =@y, (f)

:/(ayj(f—{—h)—ozy] ( /5 ) (2) do

+ / <ay].( f) - / ay, ( f)u(;z:)d:c) (B, (f + 1) = B,.(f)) p(x) da
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[ (4 1) =, (1) (B 1) = 5o (9) o) d

([ tentrn =, ) uto) do) ([ (o040 = 5.0 te) o)

Hence,
cbyj,zs (f + h) - cbyj,xs (f)

[ (Do, (1) + Raw, (7510) (DB, () + R, (1) ) o

_ (/ (Day, (f;h) + Ray, (f;h)) p(z) da:) (/ (DB, (f;h) + RB,, (f; 1)) plx) dx)

Denote the first two terms in this last sum by D®, . (f;h) and the last four terms by
R®, .. (f;h). Our assumptions imply that for some a < oo,

|Dq)yj,zs (f; h)‘ <allh| and |R¢yj7$s (f; h>| <a HhH2
Expanding the first term in the sum, we get

1) [ Day, (73t (ﬁxs(f) -/ ﬁxs(f)u(x)dx) ulx) da
/hy]. [mx) (Ba.(F) - J{ﬁ%(mmdw)] e

dzx.

[ [fmx) (B..(f) - fﬁxs(f)ﬂ(x)dx)]
f2

Expanding the second term in the sum, we get

w2 [ D5 (ayj<f> -/ ayj<f>u<x>da:> ul) de
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_ / [thff;foh]%M<I) dx/rfff]fj )dx

([t w) (] (o)
(/BT ) (] (B o)

Our assumptions imply that [k p] /f, [h p f,,] /f2 PZ p} / f and [ﬁ i fyj} / [ff} vanish on
the boundary of the integration. Hence, integration by parts of the terms in (7.2) containing

h,, or h,, gives

[ st (ayj<f> - [entnuais ) pto) ds
) ] e [ () ]
(e (5) 5 } o) ( ()

([ ()< B ) (/ () weons)

Letting h = ]?— f, it follows by our assumptions and standard kernel methods (see, e.g.,
Newey (1994)) that

VN ([ D8t F= ) (0,00 [y (telde) ute)) + B, (137 £)] 20

and also for the second term in (7.1),

Vo= ( [ [fyju(x) CRGE 5xs(f)u($>d‘”)] dx) I

Hence, by the definition of ®, it follows that

VNoG? (@, (F) = @y, ()
\/W(/D%ff f< )= [ Bt ) )dx)+op<1)
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_ NU%LQ (/ (afy,x (y,@ _ 8fY,X (y,x)) <(Aaxs 10ng|X:x<y>) N(@) dx) —|—0p(1)

y; y; frx(y,x)

p(x)dx

! - 1 _
where A0, log fy|x=.(y) = Olog frix=:(y) _ / dlog fy|x=(y)

or, ox,
Using the notation of Section 3, and applying Newey (1994), this implies that for V(y) as
defined in Section 3

(T3) \/No§? (TTye () =TT (5)) > N (0.V()).

Define next the functional Y, .. (g) by

T, 0. (9) = /Bl,j(g) B (9) 1 — (/ij(g) u) (/6%(9) u).

Using arguments very similar to the above, we can conclude that under our assumptions,

~

Topre (D) = Ty () = DYy, (i 7= f) + By, (£:7 = 1)

where DT%IS (f, f— f)
= [ [P, F = ) (80108 frimalt)) + DB, (55T = 1) (80, 1og fri—a(w)] ) d

and for some b < oo,
DY, (17— 5)| <o F—f| ama |Reo. (77— 5)| <07

This implies, under our assumptions that 77, (y) — TT,, (y). The result of the theorem
P
then follows from this, (7.3), Slutsky’s Theorem, and the definition of 77, (y).

Proof of Theorem 4.3: Let F denote the set of densities ¢g that satisfy Assumption
4.7. Let ||g|| denote the maximum of the supremum of the values and derivatives up to the
fourth order of g over the compact set defined as the closure of the neighborhood defined in
Assumption 4.8. We apply again Newey (1994). For this, we first analyze the functional
that for any g, assigns the value of x at which 0*log gy|x—.(y)/02® = 0. Define the functional
® (g,z) by @ (g,z) = 9*log gy |x=s(y)/02*. We will show that there exists a functional x(g)
on a neighborhood of f which is defined implicitly by ® (g, x(g)) = 0 and satisfies a Taylor
expansion of the form « (f + h) = & (f) + Ds (f;h) + Re (f; h) with |Rk (f; h)| of the order

|h]|*. We then use this to analyze the functional defining our estimator. We will denote
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gv.x(y,z) by g(x) and gx(z) by g(z), with similar notation for other functions in f. For
any h such that ||h|| is small enough, any x in a neighborhood of z*, and any small enough
g such that 6] > 0,

O (g+h,xz)—P(g,x)

5 - x N2~ 27 27 T 2
82g(x) + 92h(x) [ 9g(x) + dh( ):| 9%5(x) n 9%h(z) [ 3:52 682(2 :|

g(x) + h(x) lg(x) +h(x)] - g(x) +E(9€) i [ (z )+h( )]2

Define
2h(z 20(x T T T 2
Dbg ey — IR~ ) - AR ) 2 (%2) b
» L =
g [9(=)]’
27 () ~ 25(x) 7 ~ Oh(z) 8G(x e
) - PG - 25 BAG@) +2 (B2 Re)
_ — , all
[G(2))?
931 —z
D, (g,7;6) = Ogg?:f_ s

Ri®(g,7;h) = ®(9+h,x)—-P(9,2) — Dy®(g,2;h), and
R,®(g,7;0) = ®(g9,24+9) —P(g9,2) — D, P (g,7;0).

Our assumptions imply that there exists a < oo such that for all (g, x) in a neighborhood of

(f,2"),

1D.® (9,2:8)|l < aldl; |R® (g, 2;)l| < ald];
1Dy® (9. h)l| < allhll; and ||Ry®(g,2;h)| < allh]?

36



Moreover, it can be verified that on a neighborhood of (f,z*), D,® (g,x;0) and D,® (g, z; h)
are also Fréchet differentiable on (g, x) and their derivatives are continuous on (g, ). By
our assumptions, for all (g, x) in a neighborhood of (f,z*), D,® (g,x;d) is invertible. It
then follows by the Implicit Function Theorem on Banach spaces that there exists a unique

functional x such that for all g in a neighborhood of f
@ (f,k(f)) =0
The Fréchet derivative at g is given by

Drgin) = (ESL=) L Dy (g, )

Since ® is a C? map on a neighborhood of (f,z*) and its second order derivatives are
uniformly bounded on such neighborhood, & is a C? map with uniformly bounded second
derivatives on a neighborhood of f. Hence, by Taylor’s Theorem on Banach spaces, it follows
that there exists ¢ < oo such that for sufficiently small ||h||, |k(f + h) — k(f) — Dr (f;h)| <
cllh]*.

We now analyze the functional of f that defines our estimator. This functional uses x

as an input. Define the functional ¥(g, k(g)) by

o2 K 0 N 0 N
_ [ 3 la) g (y, w(g)) — Lxlvlo) Sty (g»]

U (g,k(9)) =
| }

8293;((2;;(9)) gv.x (v, k(g)) — 8gy,x8(yylﬁ(g)) 8gy,x6()z;ﬁ(g))

Then, ¥ (f,k(f)) = Om' (y2,€1) /Oys and ¥ (f, fi(f)) = JOm! (m /Oys. For h and § such
that ||h|| and || are small enough, define

Dy (9,27 h)
0%h(x* * 8%g(z* * Oh(x*) 0g(x* dg(x*) Oh(x*
. - [ 8y2(8x) ('CE )+ aqi(ax) h(l’ ) - 8(312) g(éx ) - gd(yz) d(x ):|
- 92g(x*) * Og(z*) 9g(x*)
|: 8518:10 ('I ) - gayl gaac i|

9%g(z*) * Ag(x*) dg(z*) 9%h(z*) * 9%g(z*) * Oh(z*) Og(x*) dg(z*) Oh(z*)
85283: g(.T )_ %yz g@x ] [8y18x g<x )+ 851833 h(l’ )_ oy 983: - %yl ox }

2
82g(z*) " dg(z*) dg(z*)
| g () — 24 20|

9%log gy | x=o* (y)/Oy10

- 02 IOggY\X:z*(y)/8y28x)
)
ox

Dy ¥ (g,2%;0) = 8(
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Then,

DV (f,k(f);h) = Dg¥(f,2"h)+ D, (f, 2% Dr(f;h)) and
RV (f,k(f);h) = W(f+h&(f+h) =P (fr(f)—DY(fr(f)h)

The properties we derived on Dx and Rk and our assumptions imply that for some b < oo,
|DV (f, k(f);h)| < bl|h| and |RY (f, x(f); k)| < b||h|*. By standard kernel methods and

our assumptions it follows that when h = ]?— f,
Nol, DU (f,5(f); h)

I'* 82 *
_F[32f(x* ) (af)(]w* ] aZ;ax)
(

aylax Oy1

7
Noj;

[ayzax fla®) = 8];(;2 i }[f z*)] g2 h(2)

2
92 f(x*) 9 _ Of(a) *) 0y10x
[ ooz | (%)~ gy }

<f 9210g fy | x=u* (y)/Oy2dz

2108 fy | x — (4) /09103 ) <8310ng|X—x* ) { } h(z*)
x*

- -
+\/NUN Ox 0x3 Ox? +op(1)
Hence, when h = fA— f,
Nofiy DV (f,k(f); h)

9% log fy | x=o*(y)

_ / 0y20x 82h (ZL'*>
02log fy|x=o*(y)

[ e }f x(y,ae) 907

-1 O*h (z*)
T NON 02log fy|x—o*(y)

Y10z fKX(y?x*) 8@/28%’
< 0% log fy| x — = (v)/Oy20
a2 long‘X:I*(y)/Bylax
2 *
+4/No7, O THE) 4o (1)
N D

83 lo —z* 2
frx(y, o) (Zoelb=t) - O

Standard results for kernel estimators imply then that
Nok DU (f(£); f = f) = N(O. V)
where V is as defined prior to the statement of Theorem 4.3. Our assumptions imply that

VNo§, RV (f, k(f): f — f) = 0,(1). Hence,
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VNOT [om (s2,21) /9 — m' (y2. 1) /0.

= NoL [w (For(D) = w (k1)

Proof of Theorem 4.4: The proof is similar to the proof of Theorem 4.3. Let F
denote the set of densities g that satisfy Assumption 4.7”. Let ||g|| denote the maximum
of the supremum of the values and derivatives up to the third order of g over a compact
set that is defined by the union of the closures of the neighborhoods defined in Assumption
4.8’.  We first analyze the functionals that for any ¢ assign values x; and z,, at which
0108 gy|x=z,(y)/0x = 0 and 0log gy|x—s,(y)/O0x = 0. As in the proof of Theorem 4.3, we
will denote gy x (v, z) by g(x) and gx(z) by g(x), with similar notation for other functions in
[ . Since z1 # x5, the asymptotic covariance of our kernel estimators for the values of z; and
x5 is zero. Define the functional ® (g, 21, 22) = (0108 gy |x—s, (y)/0z, 0108 gy |x=z, (y)/ax), .
We first show that there exists a functional x(g) = (k'(g), % (¢)) satisfying k(f) = (z%, z3)
which is defined implicitly in a neighborhood of f by

® (g,r'(g),K°(g)) = 0.

Denote by z; any value of z in a small enough neighborhood of x} and denote by xs any
value of x in a small enough neighborhood of z3. Let g denote a density in a small enough
neighborhood of f. For any h such that ||k|| is small enough, and any (91, d2) , such that ||

and |d5| are small enough

3g(m1)+3h(w1) 3§(x1)+37l(?c1) 9g9(=q1) 9g9(=q1)
ox ox _ ox ~8$ _ ox + Nax
g(z1)+h(z1) G(x1)+h(z1) g(x1) g(w1)
@ (g+ hax17$2> - q)(ga:El)xQ) -
59(w2)+9h(w2) (12)+5h(£2) 99(x2) 99(z3)
ox ox _ _ dx _I_ ~61‘
g(w2)+h(z2) G(za)+h(zs) g(z2) g(z2)
9g9(z1+91) 99(z1+91) 9g9(=1) 9g(=1) !
D (g, 21+ 01,22) — P (g, 21,7 ( b __ 2z __ _ " ou Oz 0) and
9,21+ 01,22) = (9,1, 72) d@ ey  F@mts) g T G
9g9(z9+39) 0g(xo+469) 9g(x2) 9g(z2) /
D (g, 1,29+ 02) — P (g, 71, :<O r bz _ " ~az>
(9> 1, T2 2) (9,71, 2) e oy ey ey + ey
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Define

ah(;;l) B %h(ml) B 671{;51) n %ﬁ(ml)

g(z1) (g(z1))? g(z1) (G(z1))?
Dy® (g, 1,205 h) =

ahfgl‘z) B E’gézz)h(m) _ ahfgiz) 89%2)%(1,2)

sw) T e@)? G T (@)

9%10g gy|x=z (V) 90?108 gy |x=as (¥)
02 ox?
Rs® (9,351, 902) = (9 + h, 1, 352) - (9,331, 902) - Dy® (g>$1,$2; h) )

qu) (g,l’l,l'g; 61) -

613 Dy ® (g, 21, 39;02) = 02

Rxlq) (g,.fl,l'g;él) = q)(gaxl + 517£2) - (g>x17$2) - leq)(gvxbl?;él)a a’nd
R.,® (9;951,332; 52) = (9%1@2 + 52) - (97951,552) -D,,® (9;$1,ZC2; 52) .

Our assumptions imply that for some a < oo,
| D2, ® (9,21, 22;6;)|| < ald;| and ||R,,® (g,21,22;6;)| < als;”  (for j=1,2)

1Dy® (g, 1,22 B)[| < allh]) s and [|R;® (g, 21 22:h)]| < allh]

Hence, D, ® (g, 1, x9;0) is the Fréchet derivative of ® with respect to x and D,® (g, z1, z2; h)
is the Fréchet derivative of ® with respect to g. By their definitions and our assumptions, it
follows that both Fréchet derivatives are themselves Fréchet differentiable and their deriv-
atives are continuous and uniformly bounded on a neighborhood of (f,z},x3). Moreover,
again by our assumptions, each D, ®(g,z1,22;9;) (j = 1,2) has a continuous inverse on a
neighborhood of ® (f, x%,x3) . It then follows by the Implicit Function Theorem on Banach
spaces that there exist unique functionals ' and k? such that &' (f) = z%, k2 (f) = =3, for

all ¢ in a neighborhood of f
@ (g,#" (9), 5% (9)) =0

k! and x? are differentiable on a neighborhood of f and their Fréchet derivatives are given
by, for j=1,2

0? 1Og 9y | X=x;
Ox?

J

Dr’ (g3 h) = ( (;,))‘1 [— Dy® (g, 1, 72; h)]

Moreover, k' and x? satisfy a First order Taylor expansion around f with remainder term
for k7 (f + h) — &7 (f) bounded by ||h||*. Define the functional ¥(g, z1,x5) by

gy, x (y,x2) gy, x (y,x1) dgy, x (y,x1) dgy,x (y,z2) 771
U (g, 21, 79) = Oy . Oy Oy1 . Oy
( ' 2) LJY,X (y,$2) gy, x (y,$1) gy, x (yaxl) gv,x (y,%)
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Then, W (.6 () 62 (F)) = 0m! (42,21) /0o and W (£, (£) 2 () = Om (y2,1) /Oy,
Denote fy x (y,z;) by f(x;) and hyx (y,z;) by h(z;) (j=1,2). Then, for |||, |6;|, and
|02| sufficiently small,

U (f+h,ai,23) =V (f x,23)

2 2] (o) o)) - | 2 1 )+ )

Ay2 0y2

A1 oy

24 260 (7 ) o)) - | )+ 2 1 ) 4 )

By (ay+ 60) - LG p ) By (o) - Dol ag)

_ Oy Jy2 2

_ _ , and
Cih) ooy W) e 5y U0 p gy P ()

oY1 0y1

\Il(f,x;l’z—{—(h)—q/(f,x;%;)

| )y - 2y oy 2y - 2y
Pk w4 a0) - R ) 2 g ) - 2

Define
Dy (f, a7}, x5 h)
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0

o1
DU (f, x5, a5;0,) = - ( 0g fy|x=s

5 (
810g fY\X x1(
(
(

y)/0y2 — 010g fy|x=2. (Y /3yz>| s
y)/0yr — 0log fyix=a3(y) /O m=e T
) (
) (

)

)
along\X z2\Y /892 310ng|X y)/8y2>| .5
Y)/0y1 — D10 fy|x=r, (y)/Oys ) 22 72

0
Dzqu(fvx;x;752) - 8 (

dlog fy|x= z
DU (f,a}, 23 h) = Dy (f,5, a5 ) +Doy ¥ (f, 25, a3 Di'(f3 )+ Doy U (f, %, 3 DR(f 1)
Our assumptions imply that

DY (f,a1,23;0)] < allh]| and [RY (f 27,25 k)| <a |A]°

~

By standard properties of kernel estimators, it follows that when h = f — f,

No% DV (f,a%, a3 h)

o [ 2log Sy |x=x5(y)/0y2—0log fy|x=s, (¥)/Oy2 |
Oz1 \ Olog fy|x=a; (¥)/0y1-010g fy|x—s5(y)/Oy1 T1=1] <_ ah(xf))

92108 fy) x—at (¥) R
(T =Y 1o Z

5 (alogfyx 25 (Y)/9y2—0108 fy|x—px (y)/3y2) |
0108 fy | x—ps (4)/0y1—0108 fy | x =0, (¥)/Oy1 | 122772 <_ ah(xg))
+ Op(l)

0210g fy|x =3 (Y)
() 1) or

Hence, by standard results for kernel estimators, \/No3 DV (f,x%, x5;h) — N(0,V) where
V is as defined prior to the statement of Theorem 4.4. Since our assumptions guarantee
that /No3 RV (f,x}, 25 h) = 0,(1), we can conclude that

i (- )
= YNox (v (7 (F) 1 (7)) - @ (fotan)) 5 N (0.7)

42

5
No3;

Oz

+4/No¥,




This concludes the proof.

Proof of Theorem 5.2: To show the equivalence between (i) and (ii), we use an

observational equivalence result in Matzkin (2008). Define

. 1 A~
b (y, =; 0r, 07, 0%, 0%F) = —A, + A, (87" (v, "’”)) o7y, 7)

dy ox
S (o x: four) = 810gfaa(;“ (y,7))
. C|or(a)  or(yx) (OF(y.2)\ " OF (y.x)
A(y,x,ar,a?’)_[ ox dy ( y ) ox ]

Matzkin (2008) shows that r and 7~ are observationally equivalent if and only if for all (y, z),

dlog f. (7‘1,7‘2))' (1 — 1yo72)

e I—T’y’l“y Ty

S(oz: forr) Aly,z:0m,07) = (
Letting |r,|, denote the derivative of |r,| with respect to w, for w = x,y1, y2, we have that

b (y, z: Or, OF, O°r, 82?)

_lry|1_ —I— |@|I + ’ry‘yl _ ’rz‘yl’ ’ry‘yg _ ’rz‘yg /f]\;y_lfvx
|ry| |Ty| ‘ry’ ‘ry’ ‘ry’ ‘ry’

As shown in the proof of Theorem 5.1, in our model,

2
1 1,2 L
hx(x,r , T ) 7192 (\ry|>
-1
=Ty Ty =
2 1,2 1 (2
hig(z, %, 7%) Ty, (lry\

with similar expressions when A and r are substituted with h and 7. Taking the derivative

of hl(z,r',r?) with respect to y; and of h2(z,r!, r*) with respect to yo, we get that

ahzlv<xvr17712) o i(’l“l <i>)
oy Oyr \ 7 \ry|

2 2 1 ..2
1 Tz 1 Tyw) Ty, Ta ’ry‘yl
= r — | +r —|\— =% | and
s (|Ty|) v ( |Ty| < |7"y|2 ’
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Oh:(x, 11, r?) 0 ( L (ri ))
_— = —r L
2 ya \ 7 \ryl
1.2
— _7,1 < T?z ) . 7‘1 (7122,1“) + Ty1 T |Ty|y2
Y1,Yy2 |7‘y| Y1 |Ty| |7"y|2
Ohl(x, 7, r?) N Oh2(x, 7, r?) 0 ( | (Ti )) 0 ( L (Ti ))
= —|7r _T ——(r _ T
o o om " \ing)) 3 U
— - |Ty|$ —I— |ry|y1 |ry|y2 7,,—1,’,, .
7] I7y] ’ 7] Y

b (y,x; or, Or, 0°r, 82?)
|?y|x + <‘ry’yl ‘Fy’yl ‘ry’m ‘Fy’m) 7l

Hence,

It follows that

— _|Ty|x + Y
|Ty| ‘ry’

— — — — T
|ry| |ry| ’ |ry| |ry| vor

_ Ohl(z,rt r?) N Oh2(x, 7, r?) B ’Ty‘y17 ryly, e
oy ya ryl Iyl

— — Ty
Oy 0y |Ty| |Ty| Y

n |7Ay|y1 B |?y|y1 |7Ay|y2 B |?y|y2 ol
|7y 7yl 7 Iyl 7y vor

O [biw,r r?) = Bk, 7)| 0[Pt r?) — B (e L)
= +
oy Oyo

T T
+ <| y’yl | y’m) (?y_lffx —Ty_lTx)

|ry‘ ’ |ry|

_a%:}:(xa?,la?a) . 8%%(1’,?1,?2) + (Vy’yl ?y’m) ~ 1~

Hence, in our model, the expression
s(y,x; fo,r) Aly,;0r,07) =0 (y,x;0r, 0, 9r,0°T)

is equivalent to the expression

Dlog /- (')
( - vy (1 — 77
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0 [hl(x ri r?) — hl(x,?l,?z)] 0 [hi(I,Tl,T2) —%i(w,?ﬂ,?@)
= +
oy Y2

Tyly, 7ol \ i
(G )
Y Y

Note that this is equivalent to

hi(.@,?l,?ﬁ) - hi(‘rﬂnluTQ)

(alogm(rl,r?) \ryD)’ )

dy
h2(x, 7, 72) — h2(z, ', r?)

O [Mh(e, 7, 7) = hh(a,rt )| 0[R2 ) = B2 ?)
+

=0
oy Y2

+

Substituting (f. (r',7%) |ry[) by Jy|x=2(y), and multiplying both sides by fy|x=z(y1,¥2), we
obtain N
0 (Frixmelyn 1) [Bh(w, 1, 72) = Bk, 7, 72)] )
oy
(fY|X +(Y1,Y2) [h (z,rtr?) — hQ(x,Fl,'fQ)D
0

+ s
Oyo

This shows the equivalence between (i) and (ii).
To show that equivalence between (i) and (iii), suppose first that (r, f-) and (7, fz) are

observationally equivalent, then for all yq, o, x

Jy|x=z (y1,92) = fe (7”17 7”2) Iyl = fz (?1;772) |7y

Using this in (i7), together with the expressions for hl, h2 hi, and hg, in terms of r and 7,

we get that
0 (fg (rt,r?) 7’;2 rﬁ) 0 (f6 (rt, r?) T;l Ti)
Iy - dys
O(f(7,7) 7, 72)  O(f(7,7) 7, 72)
N Iy - Y2 ’

which is equivalent to

a(fe (T17T2) T:%) _ ’I“l a(fe (7,177,2) Ti)

1
T‘y2 5y1 Y1 ay2
L EE T 0L )
Y2 3y1 Y1 8y2 :

Substituting f. (r,72) by fy|x(y)/ |ry| and fz (7', 7%) by fyx(y) /|7,| we obtain (iii). We
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have then shown that (i) implies (7iz).
We next show that (i7i) implies (iv). For this, we express f. and fr as the multiplication

of a marginal and a conditional density,

fel,ez (7‘1,7“2) = fsl (rl) f€2|51=7“1 (7“2) ) and fgl,g2 (T T ) fEl (~1) f€2| (:':2)
Expression (ii7) is equivalent to

0 (fa1 (7"1) fsz\alzrl (T2> 7":%) 1 0 (f81 (Tl) Jealer=rt (7"2) Ti)

T?J1

ryQ

oy 2
~ 0 (]%1 (?1) fEQ\'él:W <?2> fi) . ?1 0 (fgl (?1) f'52|'§1=71 (?2) ?g)
) ayl Y1 8y2 ’

which can be shown to be equal to

anl (7,1) 8 (fez\m:rl (7“2) T?g) _ anl (Tl) a (fsz\slzrl (7‘2) 7“32:)
0ya Oy Oy y2

R MO (fapn () 7)  0F: ()0 (fapr () 72)
Dy Oy o 0yo '

Integrating both sides with respect to z, under assumptions allowing to exchange the the

order of differentiation and integration, we get that

6F€1 (f f€2\51 7‘1 ) T:% dl‘) 6F€1 (f f€2|€1 7"1 ) T:% dZL’)
y2 Oy oy Oya
aFal ~1 (f .][.62‘61_“1 ) ?g dx) 6F€1 ~1 (f fez\sl ) 7’;’% dﬂf)
N Oya oy oy ya '

Using the transformation w = 72 (y1, 2, z) for the left hand side, and the transformation

w =72 (y1, 92, z) for the right-hand-side, we get

OF, (r!) OF e, =p (r*) _ OF, (') OF ¢y =p (r*)

0ys oy Oy 0ya
aF&‘l (~1) 8F52|51 (?2) 8F1€1 (Nl) aF€2|61 (?2)
0ya oy oy 0yo '

Hence, we have shown that (i7i) implies (iv).
It only remains to show that (iv) implies (7). But this easily follows by noticing that

taking the derivatives in (iv), we get
Jou (') 1y Jeater=rt (%) 7 = Jeu (1) 7y Sesper=rs (%) 1,
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= Iz (771) ?;2 f?2|51=7ﬂl (?}2) 7An)2y1 - fa (?1) %1 fgz\EFT“l (?2) 7:32‘
which is equivalent to

f’gh’gQ (?1v?2) |?y| = f€1,€2 (rl’r2) ”I“y‘

Hence, (iv) implies (¢). This completes the proof of Theorem 5.2.

47



8. References

Al C. and X. CHEN (2003), "Efficient Estimation of Models with Conditional Moments

Restrictions Containing Unknown Functions," Econometrica, 71, 1795-1843.

ALTONJIL, J.G. AND H. ICHIMURA (2000): “Estimating Derivatives in Nonseparable Mod-

els with Limited Dependent Variables," Mimeo, Northwestern University.

ALTONJI, J.G. AND R.L. MATZKIN (2001): “Panel Data Estimators for Nonseparable
Models with Endogenous Regressors", NBER Working Paper T0267.

ALTONJI, J.G. AND R.L. MATZKIN (2005): “Cross Section and Panel Data Estimators
for Nonseparable Models with Endogenous Regressors,” Econometrica, 73, 3, 1053-1102.

BHATTACHARYA, P.K. (1963), "On an Analog of Regression Analysis," The Annals of
Mathematical Statistics, Vol. 34, No. 4, pp. 1459-1473.

BENKARD, C.L. and S. BERRY (2006) "On the Nonparametric Identification of Nonlin-
ear Simultaneous Equations Models: Comment on B. Brown (1983) and Roehrig (1988),

Econometrica, 74, 5.

BERRY, S.T. and P.A. HAILE (2009) "Identification in Differentiated Products Markets
Using Market Level Data," working paper, Yale University.

BLUNDELL, R. and R.L. MATZKIN (2010) "Conditions for the Existence of Control Func-
tions in Nonadditive Simultaneous Equation Models," mimeo, UCL and UCLA.

BLUNDELL, R. and J. L. POWELL (2003a) "Endogeneity in Nonparametric and Semi-
parametric Regression Models," in Advances in Economics and Econometrics, Theory and
Applications, Eighth World Congress, Volume II, edited by M. Dewatripont, L.P. Hansen,
and S.J.Turnovsky, Cambridge University Press, Cambridge, U.K.

BOWDEN, R. (1973) "The Theory of Parametric Identification," Econometrica, 41, 1069-
1074.

BROWN B.W. (1983) "The Identification Problem in Systems Nonlinear in the Variables,"

48



Econometrica, 51, 175-196.

BROWN, D.J. and R.L. MATZKIN (1998) "Estimation of Nonparametric Functions in Si-
multaneous Equations Models, with an Application to Consumer Demand," Cowles Foun-
dation Discussion Paper #1175.

CHERNOZHUKOV, V. AND C. HANSEN (2005): “An IV Model of Quantile Treatment
Effects,” Econometrica, 73, 245-261.

CHERNOZHUKOV, V., G. IMBENS, AND W. NEWEY (2007): “Instrumental Variable
Identification and Estimation of Nonseparable Models via Quantile Conditions," Journal of

FEconometrics.

CHESHER, A. (2003): “Identification in Nonseparable Models,” Econometrica, Vol. 71, No.
5.

CHIAPPORI, P-A, and I. KOMUNJER (2009) "On the Nonparametric Identification of
Multiple Choice Models," discussion paper, UCSD.

DAROLLES, S., J.P. FLORENS, and E. RENAULT (2002), “Nonparametric Instrumental

Regression,” mimeo, IDEI, Toulouse.

FISHER, F.M. (1959). “Generalization of the rank and order conditions for identifiability”.
Econometrica 27, (3), 431-447.

FISHER, F.M. (1961) "Identifiability Criteria in Nonlinear Systems," FEconometrica, 29,
574-590.

FISHER, F.M. (1965) "Identifiability Criteria in Nonlinear Systems: A Further Note," Econo-
metrica, 33, 197-205.

FISHER, F.M. (1966) The Identification Problem in Econometrics. New York: McGraw-
Hill.

HALL, P. and J.L. HOROWITZ (2003), “Nonparametric Methods for Inference in the Pres-
ence of Instrumental Variables,” Center for Microdata Methods and Practice, WP 102/03.

49



HAUSMAN, J.A. (1983) “Specification and Estimation of Simultaneous Equation Models,”
in Handbook of Econometrics, Vol. 1, edited by Z. Griliches and M.D. Intriligator.

HAAVELMO, T.M. (1943). “The statistical implications of a system of simultaneous equa-

tions”. Fconometrica, 11, (1), 1-12.

HAAVELMO, T.M. (1944) "The Probability Approach in Econometrics," Econometrica,
12, Supplement, July.

HSIAO, C. (1983), "Identification," in Handbook of Econometrics, Vol. 1, edited by Z.
Griliches and M.D. Intriligator, North-Holland Publishing Company.

HURWICZ, L. (1950) "Generalization of the Concept of Identification," in Statistical Infer-
ence in Dynamic Economic Models, Cowles Commission Monograph 10. New York: John
Wiley.

IMBENS, G.W. AND W.K. NEWEY (2003) “Identification and Estimation of Triangular
Simultaneous Equations Models Without Additivity,” mimeo, M.I.T.

IMBENS, G.W. AND W.K. NEWEY (2009) “Identification and Estimation of Triangular
Simultaneous Equations Models Without Additivity,” Econometrica, 77, 5.

KOENKER, R. (2005) Regression Quantiles, Econometric Society Monograph, Cambridge

University Press.

KOOPMANS, T.C. and O. REIERSOL (1950) "The Identification of Structural Character-
istics," Annals of Mathematical Statistics, 21, 165-181.

KOOPMANS, T.C., A. RUBIN, and R.B. LEIPNIK (1950) "Measuring the Equation System
of Dynamic Economics," in Statistical Inference in Dynamic Equilibrium Models, Cowles

Commission Monograph 10, New York: John Wiley.

MANSKI, C.F. (1983). “Closest empirical distribution estimation”. Econometrica 51 (2),
305-320.

MATZKIN, R.L. (1999) "Nonparametric Estimation of Nonadditive Random Functions,"

mimeo.

50



MATZKIN, R.L. (2003) "Nonparametric Estimation of Nonadditive Random Functions,"
Econometrica, 71, 1339-1375.

MATZKIN, R.L. (2004) "Unobservable Instruments," mimeo, Northwestern University.

MATZKIN, R.L. (2005a) "Identification in Nonparametric Simultaneous Equations Models,"

mimeo, Northwestern University.

MATZKIN, R.L. (2005b) "Heterogenous Choice," invited lecture, World Congress of the

Econometric Society, London, U.K.

MATZKIN, R.L. (2007a) “Nonparametric Identification,” Chapter 73 in Handbook of Econo-
metrics, Vol. 6b, edited by J.J. Heckman and E.E. Leamer, Elsevier B.V., 5307-5368.

MATZKIN, R.L. (2007b) “Heterogeneous Choice,” in Advances in Economics and Econo-
metrics, Theory and Applications, Ninth World Congress of the Econometric Society, edited
by R. Blundell, W. Newey, and T. Persson, Cambridge University Press.

MATZKIN, R.L. (2008) “Identification in Nonparametric Simultaneous Equations,” Econo-
metrica, Vol. 76, No. 5, 945-978.

MATZKIN, R.L. (2010a) “Identification in Nonparametric Limited Dependent Variable Mod-
els with Simultaneity and Unobserved Heterogeneity,” mimeo, UCLA.

MATZKIN, R.L. (2010b) “Estimation in Nonparametric Limited Dependent Variable Models

7

with Simultaneity,” in preparation, UCLA.
NADARAYA, E. (1964) “On Estimating Regression,” Theory Probab.Appl., 9, 141-142.

NEWEY, W.K. (1994) "Kernel Estimation of Partial Means and a General Variance Esti-
mator," FEconometric Theory, 10, 233-253.

NEWEY, W. and J. POWELL (1989) “Instrumental Variables Estimation of Nonparametric

Models,” mimeo.

o1



NEWEY, W. and J. POWELL (2003) “Instrumental Variables Estimation of Nonparametric

Models,” Econometrica.

POWELL, J.L., J.H. STOCK, and T.M. STOKER (1989) "Semiparametric Estimation of
Index Coefficients," Econometrica, 51, 1403-1430.

ROEHRIG, C.S. (1988) "Conditions for Identification in Nonparametric and Parametric
Models," Econometrica, 56:2, 433-447.

ROTHENBERG, T.J. (1971) "Identification in Parametric Models," Econometrica, 39, 577-
592.

STOKER, T.M. (1986) "Consistent Estimation of Scaled Coefficients," Econometrica, 54,
1461-148]1.

STONE, C.J. (1977) "Consistent Nonparametric Regression," The Annals of Statistics, Vol.
5, No. 4, pp. 595-620.

WALD, A. (1950) "Note on Identification of Economic Relations," in Statistical Inference in
Dynamic Economic Models, Cowles Commission Monograph 10. New York: John Wiley.

WEGGE, L.L. (1965) "Identifiability Criteria for a System of Equations as a Whole," The
Australian Journal of Statistics, 7, 67-77.

WATSON, G.S. (1964) "Smooth Regression Analysis," Sankhya : The Indian Journal of
Statistics, Vol. 26, No. 4, 359-372.

02



	SimultEstMay2010Abstract
	SimultEstMay2010Mainr3.pdf



