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1 Discrete time

Consider a manager who can sell up to one unit of a certain product each period, at a price
p. If he has > 0 units in stock, he can sell min {x, 1} units. He can also order any amount
y of new goods, to be delivered at the beginning of next period, at a cost ¢y + ¢y, paid now.
His discount factor is 8 € (0, 1). His objective is to choose an ordering policy that maximizes
the present value of revenues less costs. Assume 0 < ¢y and 0 < ¢; < (p.

The value function v must satisfy the functional equation:

pa-tmax |50 (0)sup (30 0) — - )] 0=,
v(z) = v>0
p+max[ﬁv@s—l),sygng(yw—l)—cD—cly}] (1<),

Let C be the space of bounded continuous functions on R,.

1.1 Existence, uniqueness

Exercise 1 Show that (1) mapping defined above has a unique fized point in C, (2) 0 <

v(z) < ﬁ, and (8) an optimal ordering policy exists. Is this policy unique ¢



Proof. Since y; = 0 is always feasible, 0 < v (x). Since period return is bounded by p,
v(x) < ﬁ;ﬁ. Denote the mapping defined by the functional equation by 7. We need to show
two things: 1. T satisfies Blackwell’s sufficient conditions, and 2. T : C' — C. Given these

two, we can apply the contraction mapping theorem on a Banach space C. m
e Blackwell’s sufficient conditions.

Proof. We need to check Discounting and Monotonicity. Discounting is easy to verify:

Vo, T (v+a)(x) = Tv(x) + fa. For monotonicity, take f < g in C' and show T'f < Tg.

Obvious for € [0,1]. For x € (1,00), since v is bounded while (co + c1y) 1fy>0} is not,

we can write T as follows: Tw (z) = 81[10p} {p—(co+ c1y) Lyy=0p + Bv (y + = — 1)}. We can
y€|0,y

always find maximizing y* € [0,7]. Define F' (z,y) = p—(co + c1y) Lyy>0y +6f (y + 2 — 1) and

G (z,y) =p—(co+ ary) Loy + B9 (y +x — 1). Suppose Iz s.t. F (z,y* (f)) > G (z,y" (9)),
where y* (f) denotes the value of y which attains sup F'(z,y). This results in F' (z,y* (f)) >
y€[0.Y]

G(z,y*(9) > G(x,y* (f)). But F(x,y*(f)) > G (z,y* (f)) contradicts with f (z) < g (z)

Vr. m
e 1" maps C into itself.

Proof. We can’t use the standard result in SLP since return function is not continuous and
theorem of the maximum does not hold. We need to check both boundedness and continuity
manually. Boundedness is obvious. For continuity, it is obvious at = € [0,1). At xz = 1,

from left, Tv (] 1) = p + max [ﬁv (0),sup{pv (y) — co — c1y}|. From right, Tv (] 1) =

y>0
p+max |fv (] 0) ,sulg {Bv(y) —co — cly}] . By continuity of v, this shows T'v is continuous
at x = 1. Atz € (yl>, o0), we use upper bound of v to bound choice set. Think about two
continuous functions: f(z) = fv(z —1) and g(z) = y%l[%,)y(] {Bv(y+z—1)—cy—cry} =
yrél[%g]G (z,y), where 7 is some number satisfying fi—% —co — 1y < 0. We can use theorem

of the maximum to claim ¢ (x) is continuous. Also, Vx, f(z) > G (z,0). Hence, Tv (z) =

p+max{f(z),g(x)} inx € (1,00) and is continuous. =



e The optimal policy.

Proof. The optimal policy obviously exists. Non-uniqueness of policy could arise only
between y = 0 and some positive y. We use following Lemma: If y = 0 is optimal at some
point in x € [0, 1], then it is optimal for all x € [0,00). Also, if y = 0 is optimal at some
point in z* € [0,00), then it is optimal for all z > z*. Since "never order" situation is not
interesting, we assume parameter values such that y > 0 is optimal in = € [0, 1]. Then from
lemma, it is enough to check the possibility of non-uniqueness in = € (1,00). By continuity
of Tv(x) at © = 1, for x close to 1, f (z) < g (z) with positive y. Since v is bounded, for
large enough z, f(z) > g (z). Hence Jz* > 1 s.t. f(2*) = ¢g(2*) and this is indifferent

point between ordering zero and some positive number. m

e Proof of lemma.

Proof. True for x € [0, 1] since choice of y is independent of z in x € [0,1]. At x € (1, 00),
no incentive to order because marginal return of order becomes lower than in = € [0, 1], while

cost is same. The second statement follows from the same reasoning. m

1.2 Characterization

Now we conjecture policy and value function. Consider actions of the following form: No
initial stock, order n units immediately, and then sell these units at the rate of one per period

over the next n periods. The value of this action is:

r, = ﬁliﬁﬁnp —co—cqn. (rg =0)

The value of repeating r,, every other n periods is:

Yo = 8% = 50 — 55 (1 =0)

Exercise 2 CharacterizeY,,. Show that AN s.t. Yn >Y,, for alln. Characterize N (f3, co, ¢1).



Proof. 22 — —01(1"3">E<f‘;‘;§">5” log 5 >0 = —log 5 > ; Note that both LHS and
RHS are continuous and decreasing in n, }liL%LH S > }E%RH S and In* > 0 s.t. Vn > n*,
LHS < RHS. The equality defines n* (6 , i—?) This is increasing in both arguments, since
LHS is increasing in § and RHS is decreasing in 2—(; N = {V(if;g,yr(?q?;i y (Yy(n*),Yy(n*) +1),
where v (z) is the largest integer not exceeding z. m

Note that Yy < 0 results in "never order" case. So we assume Yy > 0. By using Yy, we

conjecture a following value function:

p

pr+ Yy x € [0,1]
p+Yy—c(z—1) ze(l,1+A)

p+ Pw(z—1) r€[l+ A2

p+Pw(r—1) x € (2,00)

\

To justify the conjecture for x € (1, 2], think about two alternative actions:
e Sell 1 and order y = N — (z — 1).

— since order is less than N by z — 1, the associated value is p + Yy — ¢; (z — 1).
e Sell 1 and order y = 0.

— the associated value is p + fw (z — 1).

Being close to 1, we choose the first action, while with big enough x, we choose the

second. Also, we conjecture that a point of indifference lies in (1,2).
Exercise 3 Show that A € (0,1).

Proof. From indifference condition, p + Yy — 1A = p+ fw(A) = p+ B(pA+Yy). ..

A = % > 0. At x = 2, the action 1 yields p + Yy — ¢; and the action 2 yields

p+pPw (1) = (1+ B) p+ BYn. The latter minus the former equals Sp+c¢; — (1 — 3) Yy. This

cot+a N Bptc1
MO < m

is positive since Yy = %p -



Exercise 4 Solve the difference equation above to obtain the non-recursive conjectured value

function w (x). Show that w is bounded, continuous, and piecewise linear.

Proof. Nothing to do for x € [0,1]. For x > 1, define a (x) = = — v (z) € [0,1). Note that
if 1 <z and o (z) € [0, A), z will lie in [1,1 + A] in finite steps. If 1 <z and o (z) € [A, 1),
x will not reach [1,1 + A]. Think about the first case. We earn p for v (z) — 1 times and are
left with stock 1+ a/(z) < 1+ A. The action suggested by w (z) is then: sell 1 and order
N —a (z). Hence the value associated with this is: p2=2_— ﬁ e )+Bl’($ (Yy + ciae (). Similarly,
for the second case, we earn p for v (x) — 1 times and are left with stock 1+ () > 1+ A.
Then we sell 1 and order 0 and are left with a (z) > A. Finally we sell « (z) and order N.
Hence, the value associated with this is: p2=2—— ﬁ S B6"@ 1 (Yy + pa (). Boundedness is

obvious. For continuity, enough to check three points: re{l,14+ A2} At z =1, we need

to show: p+ Yy = li\m1 {pl_ﬁuﬁm + 8" (Vy + c1a (x))} This holds since limv () = 1

z\,1
and li\rrioz(x) =0. At z = 1+ A, we need to show: }m s g + BN (Y Faa(z) =
p% + B (Yy + pA). Since }i{nAa (x) = A, this is equivalent to YN + A =3 (Yn + pA).
z,/ 1+
This holds by definition of A. At z = 2, we need to show p—2 —I— B Yy + ca(2) =

h}n{ L BU - + 88" (Yy + pa (a:))} LHS = p(1+p5) + BYN and this coincides with
RHS since limv (x) = 1 and 11/1%04 () = 1. By construction, w is differentiable everywhere

x,/2

but countable points, i.e., [0,00)\ {/ U{I + A}}, where [ is a set of integers. Derivatives
p z €10,1)
are given by w' (z) = g'@-1¢, gz ¢ (1,00) and a(z) € (0,A) - =

B@p  xe(1,00) and a(z) € (A1)
Finally, we need to show that conjectured w (x) actually is a fixed point of T.

pr+ Yy x € [0,1]
w(z) = 101 By(l) + '@ Yy + cra(x)) l<zand a(z)€[0,A)
ﬁum—i—ﬁ @ (Yy + pa (z)) l<zxzandz€[A1)

We use three preliminary results from following exercise.

Exercise 5 Show that:



(1) V2> 0,5up (B (3 + 2) = ¢ — g} = max B () — co, max (B () o — 1 (n = )}
(2) We can yreplace the second maximum above by ¢;z + nﬁnﬁfé , {r, + 5"Yn},
(3) Jnax, {rn+p5"Yn} = Yn.
Proof. (1) We need to show that stock at differentiable points are not optimal. This is
true because fw' (x) # ¢, for all differentiable points. (2) Sw (n) — ¢y — c1n = Bpl 54
BB (Y +¢10) —co — cyn = 1, + 3"Yy. (3) Suppose In # N s.t. r, +"Yy > Yy. Then,

Yn <3 ”" =Y,,. This contradicts with definition of Yy. =

By using three results above, we can rewrite 1" as follows:

pr 4+ max {5f(0), Yy} z € [0,1)
Tf@)=1 prmax{8f(x—1),Yy+a(—1)} rell2)
p + max {ﬁf(:ﬂ— 1)’n>£§%};el(rn+6nYN)+cl (l‘_ 1)} T € [2’00)'

Exercise 6 Show (Tw) (x) = w (x).

Proof. For z € [0,1], easy to check by plugging in w(z) = pzr + Yy. For z € (1,2)
and a(z) € (0,A4), w(x—1) = p(x —1) + Yn. Hence,fw(x—1) = 8 Yn + Bpa(z) <
Yn +ca(x) = w(x). For z € (1,2) and o (x) € [A, 1), again, w(z — 1) = p(z — 1) + Yu.
Hence,Yy +¢;(z—1) = Yy + a(x) < fw(z—1) = B Yy + fpa(z) = w(x). For z €
[2,00), enough to show p + fw (r —1) = w(x), since Yy > Shax (rn 4+ 8"Yn). For
x € [2,00) and a(x) € (O,A), wx—1) = pw + prie)- (E/N + ¢y (z)). Hence, p+
B (z = 1) = p+pPZ5+ 5" (Vi + cra (@) = pl52557 677 (Vi + o (@) = w ().
For z € [2,00) and o ( ) A1), w (2 — 1) = p=E201 4 3@ (v 4 pa (). Hence, p+
Buw (z —1) = p+p3~ + 8@ (Vy + cra (2)) = p 525~ + 8°@ (Yy + pa (z) = w (2). =

2 Continuous time

Let demand be a flow of o units of goods per unit time, and let the interest rate be r» > 0.
The decision with initial stock A > 0 at date t = 0 is to choose the date 7 > 0 for the next

order, and size y of the order.



A
Je "tapdt,
0 ?

sup {ze”pz t)dt+e " {v(x(r)+y) —co— cly}}

—a ifx(t)>0
0 ifz(t)=0

Exercise 7 Show that Y* = max {0, supr, (1 4+e7"" + 62”...)}, where r; = [e " apdt —
0

>0
co — craT, is well defined and finite.

Proof. Inside sup, 1_6147 (% (1—€e")—co— clcw) =22 — clofe;i?f < “2. Hence we can
OK __ cia—e " (cort+ciatciart)

: : cot+ciat __ cotcaart : : : o
think of igg—lfe—” . K (1) = 254827 is continuous in 7 € (0,00). 5+ = Qe )

0K T
andﬁi()@ergl—{—g)—g—i-rrl
Note that r,.,Y* 7" correspond to r,, Yy, N in discrete setting. Similarly as before,

assume Y* > 0.

A
Exercise 8 Show that w (A) = [e " apdt + eTRY satisfies the functional equation.
0

z(t)+y

Proof. w(x (7') + y) = % (1 — @_Tx(fo)j_y> +e "o Y*. Since $<7') =z (T) =0 for 7 > §‘7

there is no incentive to choose 7 > 4. Note that z (1) = A — a7 and 2 (1) = a for 7 < 4.

TAfom'ﬁ»y

Hence, problem is: sup {% (I—e")4e ' {% (1 —e " a ) A [ co— cly}}.
TE[U,%], y>0

: — _ Aty _
Inside sup, “£+4-e7"" {% <1 e erT) 9

T

Aty

Aty _
o €Y — ¢y — Cly} — %‘I‘G =t (Y* _ %)_

e (co+ c1y). Therefore, 7 = g is initially chosen. Next, think about choice of y.
sug {7 {w(x(r)+y) —co—ary}t} = su?)e_” {wn)—co—can—z(r)}=e"x(r)+
y> n>x (7T

sup e {w (n) — co — cyn} = e "asup {w (n) — co — en} . Notice: sup {w (n) — co — c1n} =
n>x(r) n>0 n>0

T

sup {fe’"tapdt +eTaY*r — ¢y — cln} = sup {7‘5 + e_rgY*} = Y*. Hence, we showed
0 ,

n>0 n>0

Tw = w. Moreover, the optimal policy is "initially wait until 7 = f and thereafter or-

der at* every 7 period". m



