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A Reputational Theory of Firm Dynamics

By SIMON BOARD AND MORITZ MEYER-TER- VEHN*

We study the life cycle of a firm that produces a good of unknown
quality. The firm manages its quality by investing while consumers
learn via public breakthroughs; if the firm fails to generate such
breakthroughs, its revenue falls and it eventually exits. Optimal
investment depends on the firm’s reputation (the market’s belief
about its quality) and self-esteem (the firm’s own belief about its
quality), and is single-peaked in the time since a breakthrough. We
derive predictions about the distribution of revenue and propose a
method to decompose the impact of policy changes into investment
and selection effects. (JEL D11, D21, D25, D83, G31, L15)

n many markets, consumers have imperfect information about the quality of the

products or services they purchase. A restaurant patron would like to know about
the hygiene of the establishment, a patient undergoing surgery would like to know
the competence of their surgeon, and an investor would like to know about the returns
of a mutual fund. This paper investigates the incentives that firms (e.g., restaurants,
surgeons, mutual funds) have to invest in order to maintain quality. In particular, we
study investment and exit decisions over their life cycles and derive implications for
the dynamics of reputation and the cross-sectional distribution of revenue.

Our paper provides a framework to study investment and selection effects in
industries where the market learns about quality over time. In contrast to models of
perfect information, like Ericson and Pakes (1995), a firm’s most important assets
are the market’s belief in its quality (its reputation) and the firm’s own belief in its
quality (its self-esteem). These state variables differ from traditional capital assets
in important aspects. First, reputation depends on the market’s beliefs about the
firm’s investment, rather than actual investment. The resulting moral hazard prob-
lem dampens incentives and qualitatively changes firm dynamics. Specifically, we
suppose customers learn about quality from public breakthroughs; investment then
decreases in the time after a breakthrough when investment is publicly observable
but is single-peaked when investment is unobservable. Second, in a perfect informa-
tion model, price-taking firms invest and exit efficiently, leaving no role for policy to
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improve welfare. By contrast, our model permits meaningful analysis of disclosure
policies that improve the market’s information, e.g., requiring restaurants to post
health grades or publishing surgeon report cards. To this end, we propose a method
to decompose the impact of such policies on investment and selection effects. Third,
reputation varies as news arrives and is thus volatile even if the underlying product
quality is stable. For example, when a restaurant is featured in the New York Times,
demand jumps even though the quality does not change. Hence, one needs a model
to be able to infer the underlying quality from volatile restaurant revenue; we dis-
cuss how our model can do exactly this.

In the model, a long-lived firm sells a product of high or low quality to a contin-
uum of identical, short-lived consumers. The firm chooses how much to invest in
the quality of its product; it can also exit at any time. Consumers observe neither the
firm’s investment history nor the resulting quality. Rather, they learn about quality
via public breakthroughs that can only be generated by a high-quality product. We
call the market’s belief that quality is high, x,, the firm’s reputation and assume that
it determines revenue. Like the market, the firm does not observe its quality directly,
but learns via public breakthroughs; unlike the market, it can also recall its past
investments. We call the firm’s belief that its quality is high, z,, the firm’s self-esteem.

In a pure strategy equilibrium, reputation and self-esteem coincide on-path.
However, since the market does not observe deviations from equilibrium, invest-
ment incentives are determined by the marginal value of self-esteem off-path. We
characterize the firm’s optimal investment and exit decisions over its life cycle,
focusing on equilibria where reputation is solely a function of the time since the last
breakthrough.

Our first result represents the marginal value of self-esteem and hence invest-
ment incentives as an integral over future reputational dividends that derive from
an increased chance of breakthroughs. Using this characterization, we show that in
any pure strategy equilibrium, incentives are single-peaked in the time since the last
breakthrough (Theorem 1). Immediately after a breakthrough, the firm is known
to be high quality and does not benefit from another breakthrough. At the opposite
extreme, when the firm is about to exit, it cuts investment to zero. Intuitively, invest-
ment only pays off if investment affects quality and quality is revealed via a break-
through. When the firm is df from exiting, the joint probability of these two events is
of order dt?, and therefore the marginal benefit of investment vanishes. Investment
incentives are thus maximized at an intermediate time; we formally show that they
are single-peaked. We also prove equilibrium exists (Theorem 2), possibly in mixed
strategies. The proof defines a topology on strategies that allows us to apply the
Kakutani-Fan-Glicksberg fixed-point theorem.|

To illustrate the applicability of the model, we use the Kolmogorov forward equa-
tion to examine how learning, investment, and entry jointly shape the steady-state
distribution of reputation. Additionally, we propose a method to decompose the driv-
ers of steady-state revenue into investment and selection effects. This decomposition

' Other papers—e.g., Cisternas (2017)—establish existence constructively from the firm’s adjoint equation.
The problem with this approach in our setting is that the firm’s first-order condition for investment is not sufficient
for optimality; in particular, investments are dynamic complements, and so multistep deviations may be optimal.
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is particularly useful in interpreting comparative statics, such as a disclosure policy
that raises the frequency of breakthroughs or a minimum wage that raises operating
costs. As a proof of concept, we use a simple simulation to show that a disclosure
policy may have little effect on mean steady-state reputation but drastically raises
the relative importance of investment over selection.

Section III considers two model variants that isolate the two different economic
forces behind the single-peaked incentives in the baseline model. They also illus-
trate how the information structure in the market affects firms’ incentives to invest.
In the first variant, we assume the market observes the firm’s investment. Thus, both
the firm and the market symmetrically learn about the firm’s quality, but there is no
moral hazard. We show that investment decreases in the time since a breakthrough,
as the firm approaches bankruptcy (Theorem 3). In the second variant, we assume
the firm knows its own quality in addition to its investment, while the market knows
neither. We show that investment increases in the time since a breakthrough, as the
benefit from a breakthrough grows (Theorem 4). In stark contrast to the baseline
model, investment is maximized at the exit threshold; crucially, the firm immedi-
ately observes when investment raises quality and then chooses to remain in the
market. The single-peaked investment in the baseline model combines the decreas-
ing incentives in the first variant and the increasing incentives in the second variant.

Our model provides a natural lens through which to study the reputation and rev-
enue dynamics of restaurants, surgeons, and mutual funds. In Section IV, we discuss
how one might identify the model parameters from data in these industries. We also
discuss how to generalize the model to accommodate competition and more general
learning structures.

Literature.—Our model draws inspiration from two canonical models of firm
dynamics. Jovanovic (1982) assumes that firms and consumers symmetrically learn
about the firms’ quality but abstracts from investment. Ericson and Pakes (1995)
assume firms invest in the quality of their products but suppose there is complete
information. We combine learning and investment and characterize how these forces
jointly determine the evolution of the firm’s quality and reputation. Thus, we can
study how information policies (e.g., restaurant grades, surgeon reports) affect
investment incentives, firm dynamics, and turnover.

There are a variety of other models of firm life cycles. Hopenhayn (1992) assumes
firm capabilities change over time according to a Markov process and studies the
resulting entry and exit patterns. Cabral (2016) considers a reduced-form model of
reputational firm dynamics, where reputation is modeled as a state variable akin to
capital stock rather than being derived from Bayes’ rule. Gale and Rosenthal (1994)
and Rob and Fishman (2005) consider the dynamics of repeated game equilibria
where incentives arise from punishment strategies.

The paper is related to the literature on reputation, especially our prior paper
(Board and Meyer-ter-Vehn 2013). The current paper introduces exit, allowing us
to study firm life cycles; this is of interest for three reasons. First, the possibility
of exit qualitatively changes the nature of incentives, as illustrated by the differ-
ence between the single-peaked incentives in the baseline model and the increasing
incentives when the firm knows its quality. (Without exit, there is no difference
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between these models.) Second, the model provides an empirical framework to study
industry turnover and productivity dispersion and to measure the impact of disclo-
sure policies and minimum wages. Third, the exit decision introduces new method-
ological challenges, since we must keep track of both reputation and self-esteem.
(Without exit, we need only keep track of reputation.) As such, we contribute to the
growing literature on learning models with moral hazard; such models have the fea-
ture that private and public beliefs differ off-path. In particular, Bonatti and Horner
(2011, 2017) consider incentives in a strategic experimentation game. Sannikov
(2014) considers a contract-design problem in which the agent’s effort has long-run
effects on her employer’s performance. Cisternas (2017) analyzes a general model
of two-sided learning with moral hazard; his incentive equation is analogous to our
“marginal value of self-esteem.”

Several papers endogenize the flow of information in reputation models. Halac
and Prat (2016) suppose that the probability of a signal depends not only on the
“quality of the firm” but also on an additional “action of the market”; after a break-
through, investment incentives strictly increase and ultimately plateau, in contrast to
the eventually vanishing incentives here. Hauser (2021a, 2021b) supposes that firms
can speed up good news or hide bad news. Marinovic, Skrzypacz, and Varas (2018)
allow firms to pay to certify their quality. And Vellodi (2021) asks which informa-
tion structure maximizes social welfare.

There is also a literature on “name trading.” Tadelis (1999) considers firms with
exogenous quality that can sell or abandon their names; Tadelis (2002) and Mailath
and Samuelson (2001) introduce moral hazard. These papers show that high-quality
firms would like to acquire names with intermediate reputations, where Bayesian
updating is fastest. Vial and Zurita (2017) consider a highly tractable model in
which types are exogenous, and firms can only abandon bad names. Ultimately,
the incentives to purchase a name are quite different from the incentives to invest in
quality: a new name boosts reputation for a given firm quality and can be quickly
run down if the firm is low-quality, while investment boosts firm quality for a given
reputation and thereby changes the future evolution of reputation.”

Our paper is the first to study investment, learning, and exit in a single model. It
provides a canonical model of how information policies affect industry dynamics
and thereby speaks to a growing empirical literature. Jin and Leslie (2003, 2009)
and Luca (2016) study how hygiene grades and Yelp scores affect restaurants. Cutler,
Huckman, and Landrum (2004) and Kolstad (2013) study how medical report cards
affect the behavior of surgeons. Cabral and Hortagsu (2010) consider the impact of
negative feedback on eBay sellers. There are many more papers that examine the
effect of new information on customers’ decisions, such as health plan choice (Jin
and Sorensen 2006), hospital choice (Pope 2009), doctors’ prescriptions (Arrow,
Bilir, and Sorensen 2020), school choice (Hastings and Weinstein 2008), college

20ur model has implications for the trade of underlying knowledge, such as patents, over the life cycle of the
firm (e.g., Serrano 2010). Indeed, assume that a patent raises a firm’s quality with a probability that is constant across
firms and known to all firms. Low-reputation firms would then sell their intellectual property to high-reputation
firms because of the convexity of firm value V(t,z) in z, as established in Section ITA.
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applications (Luca and Smith 2013), caloric intake (Bollinger, Leslie, and Sorensen
2011), and the demand for books (Sorensen 2007).

The paper provides a model of brand dynamics, which are often modeled in an
informal way. For example, Bronnenberg, Dubé, and Gentzkow (2012) study the
dynamics of brand shares when customers move between cities and their prefer-
ences depend on past purchases. Similarly, Foster, Haltiwanger, and Syverson
(2016) model the slow demand growth of new entrants by assuming the level of cur-
rent demand depends on the stock of past demand, which the authors interpret as the
“erowth of a customer base or building a reputation.” More broadly, the paper helps
explain how R&D investments feed into knowledge and firm’s values (e.g. Hall,
Jaffe, and Trajtenberg 2005) and how productivity and profits vary within industries,
with some firms investing in their assets and growing, while others disinvest and
shrink (e.g. Syverson 2011).

1. Model

Players and Actions: A long-lived firm faces a mass of short-lived consumers,
also referred to as the market. Time t € [0,00) is continuous. The firm chooses a
stochastic process of investment levels A, € [O,c_z] where a < 1; it also chooses a
stopping time 7 € [0, 00] at which it exits the market.

Technology: At time ¢ the firm’s product quality is ¢, € {L,H}, where L = 0
and H = 1. Initial quality 6, is exogenous; subsequent quality depends on invest-
ment and technology shocks. Specifically, shocks are generated according to a
Poisson process with arrival rate A > 0. Quality 6, is constant between shocks and
determined by the firm’s investment at the most recent technology shock s < #;
ie., 0, = 6,and Pr(@s = H) = A,. This captures the idea that quality is a lagged
function of past investments.

Information: Consumers observe neither quality nor investment but learn about
quality through public breakthroughs. Given quality 6, breakthroughs are generated
according to a Poisson process with arrival rate p0; that is, breakthroughs only occur
when 6 = H. We write A’ for histories of breakthrough arrival times before time ¢,
and 4 for infinite histories.

The firm does not observe product quality, either, but does recall its past
actions. Its investment plan {A,} 0 and exit time 7T are thus progressively mea-
surable with respect to the filtration induced by public histories A’. In turn, the
investments A := {At} >0 control the distribution of quality {9,},20 and thereby
the histories of breakthroughs h; we write E* for expectations under this mea-
sure and call Z, = EA[€t|ht ] the firm’s self-esteem at time t < T. This reflects
the firm’s belief in its own quality given its past investment and the history of
breakthroughs.

We write (pure) market beliefs over investment and exit as A= {A,},ZO and 7.
The firm’s reputation is given by X, = E4 [Qt\ht]. For concreteness, we
apply this formula at all times, including ¢ > T; in other words, the
market draws no inference about the firm’s past investments after it fails to exit as
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expected.” Initially, self-esteem and reputation are exogenous and coincide;
XO - Zo.

Payoffs: The firm has flow profits 7(X,) — ¢(A,) and discount rate r > 0. The
firm’s income 7( - ) is smooth and strictly increasing with boundaries 7(0) < 0
and 7(1) > 0; we further restrict 7(-) below in (4). As a running example, we
use 7r(X) = X — k, where X is revenue and k € (0, 1) is the firm’s operating cost.
The firm’s investment cost c( ) is smooth, strictly increasing, and convex, with
c(0) = 0. o

Given the firm’s strategy (A, T) and market beliefs (A, T), its expected present
value equals

(1) B [T e (m(x) — e(a)) .

To highlight the distinct roles of market beliefs A and actual investment A in (1),
note that A determines the firm’s reputation X, = E* [0,|h’] for a given history 7/,
while A determines the distribution over histories 7".

A Restriction on Strategies: Both reputation and self-esteem are reset to
X = Z =1 at a breakthrough; between breakthroughs the market observes
no information about the firm’s performance. For this reason, we consider strat-
egies that only depend on the time since the last breakthrough. Formally, we
assume there exists a deterministic process @ = {a,} and exit time 7 € [0,00]
such that if the last breakthrough before 7 was at time s, then A, = a,_;
and 7 = T —s. We write such strategies as (a,7) and the resulting self-esteem
asz = {z,}, where z, = 1. Similarly, define beliefs (d, %) and denote the induced
reputationby x = {x;},wherex, = 1.Givenreputationx = {x,}, the firm’s prob-
lem resets at a breakthrough and so strategies (a, 7) are indeed optimal, justifying the
restriction.

Truncating the integral in (1) at the first breakthrough (which arrives at rate uz,),
the firm’s continuation value at time 7 is

(2) V(t,z,) = sup ‘];;e*f(”r“zu)d“ [W(xx) — c(ay) + pzy V(O,l)] ds.

We write optimal strategies as (a*,7") and the associated self-esteem as z* = {z;}.

3This implies that reputation is continuous at T. By contrast, if off-path beliefs were such that reputation jumps
down at time T, effort would still be single-peaked (Theorem 1), but the exit time need not satisfy the indifference
equation (9). We ignore such equilibria because it is implausible for the market to interpret failure to exit as a signal
of low quality. Alternatively, if off-path beliefs induced reputation to jump up at time T, the firm would like to stay
in the market, which cannot arise in a pure strategy equilibrium. When we extend the model to mixed beliefs in the
context of equilibrium existence in Appendix AD, we account for the market’s on-path inferences from the firm’s
failure to exit and allow for richer off-path inferences.
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Reputational Dynamics: Self-esteem is governed by the firm’s investment and
the history of breakthroughs. At a breakthrough, self-esteem jumps to one. Absent
a breakthrough, self-esteem is governed by 7z, = g(a,,z,), where the drift is
given by

3) g(a.z) = Ma—2z) —pz(l —2)

as in, for example, Board and Meyer-ter-Vehn (2013). The first term derives from the
technology process: with probability Adr a technology shock hits in [t,t + dt) , pre-
vious quality becomes obsolete, and the current quality is determined by the firm’s
investment. This term is positive if investment exceeds the firm’s self-esteem,a > z,
and negative otherwise. The second term derives from the absence of breakthroughs
and is always negative. Analogously, reputation is governed by believed investment
a and the history of breakthroughs, jumping to 1 at a breakthrough and in its absence
following %, = g(ax,).

We want to guarantee that in the absence of a breakthrough, the firm eventually
exits. To this end, assume

(4) () + pzta(1)/r < 0,

where 7! € (0, 1) is the unique level of self-gsteem where reputational drift van-
ishes under maximal investment, g(c‘z,z*) = 0." So defined, drift (3) is strictly neg-
ative on [ZT, 1] for any beliefs (@,7), and (absent a breakthrough) reputation and
self-esteem eventually drop below z'. At that point, (4) ensures that the integrand
in (2) is negative and the firm exits, where (1) /r serves as an upper bound for
V(0,1).

Remarks: The model makes several assumptions of note. First, as in Board
and Meyer-ter-Vehn (2013), we assume that quality at time 7 is based on investment
at the time of the last technology shock. While “upgrades” are natural, there are two
ways to think of “downgrades” in our model. One can interpret investment as the
choice of absorptive capacity, determining the ability of a firm to adapt to a changing
world (Cohen and Levinthal 1990). Alternatively, one can think of a firm’s quality as
its advantage over a competitive fringe that advances one rung on a ladder of qual-
ity at each technology shock. Our specification has two substantive implications. It
implies that high-quality and low-quality firms are equally good at investing, so we
do not hardwire in any complementarity or substitutability between current quality
and investment.” It also means that believed investment affects reputation continu-
ously, via its drift (3); this contrasts with other recent models of endogenous per-
sistent states, where equilibrium beliefs can lead to jumps in reputation (e.g., Dilmé
2019, Halac and Prat 2016).

4Note, z' is well defined since g(&,O) >0 > g(ﬁ,()), and g(a,z) is convex in z. It satisfies
7t = /\(a‘ - z*)/u(l - ZT) and is thus smaller than @ and A/ p.

SWe could assume, equivalently, that quality at a breakthrough is separable in previous quality and current
investment. For example, a model with Pr(GS = H) = (Ax + GS,) /2 is isomorphic to our model with arrival rate
of technology shocks equal to A /2.
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Second, we assume that the firm does not know its own quality and learns from
the public signals. In the context of our motivating examples, a restaurant owner
tries to raise its quality by changing the menu and decor and learns whether this has
been successful (in the eyes and taste buds of customers) by reading newspaper or
Yelp reviews. A surgeon tries to improve her skills by taking courses and talking
to other doctors and learns whether this has worked when she faces a patient with
complications. Or, a mutual fund tries to raise its returns by appointing a new team
of analysts and learns their effectiveness when it wins an industry award. As a con-
trast, we study the case of known quality in Section IIIB and discuss intermediate
cases in Appendix BE.

Third, we assume “perfect good news learning,” where information arrives via
breakthroughs that reveal high quality. This stylized information structure allows us
to analyze our model in terms of strategies (a,7) that depend only on the time since
the last breakthrough rather than Markovian strategies that depend on reputation and
self-esteem; this is key for our equilibrium existence proof.® The intuition behind
our single-peaked incentives extends to imperfect good-news Poisson or Brownian
signals. We discuss this extension in Section IV.

Finally, while our formal results concern the life cycle of a single firm, one can
think of the firm as operating in a competitive industry in steady state, such as the
restaurant industry or the market for surgeons. This market interpretation allows us
to consider the implications of the model for the cross-sectional distribution of rev-
enue. We discuss this extension in Section IV.

II. Analysis

Section ITA analyzes the firm’s optimal strategy for general (pure) market beliefs,
showing that investment incentives are single-peaked in the time since a break-
through. The key step is to express the marginal value of self-esteem as an integral
of a series of dividends. Section IIB proves equilibrium existence, while Section IIC
characterizes the cross-sectional distribution of revenue. Section IID simulates
the model and decomposes the drivers of reputation into investment and selection
effects. Finally, Section IIE shows how to use the model to quantify the impact of
disclosure policies and minimum wages.

A. The Firm’s Problem

We begin with some preliminary observations about reputation and firm value for
arbitrary pure market beliefs.

STn a pure strategy equilibrium, {x,} is decreasing and thus invertible, so our formulation with state variables
(t,z) is equivalent to a standard Markovian formulation with state variables (x,z). We leverage the (t,z) formu-
lation when considering mixed-strategy equilibria with potentially non-monotonic reputation {x,} in Section IIB.
In particular, if the market has mixed beliefs over Markovian investment strategies, reputation x, is not a sufficient
statistic for market beliefs. In this case, one would have to keep track of the market’s belief about z—that is, the
market’s second-order belief about quality.
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LEMMA 1: For any pure beliefs (a,7),
i) reputation {x,\ is continuous and strictly decreasing,
P t y 8
(i) an optimal strategy (a*,7") exists and 7° < oo, and
i) firmvalue V(t,z) strictly decreases in t and strictly increases in z.
y Y

PROOF:

Continuity of {x;} follows by the fact that t = g(d,x), leveraging our assumption
that the market makes no inference from failure to exit at 7. Existence of an optimal
strategy follows from standard compactness arguments in the proof of equilibrium
existence, Theorem 2. Monotonicity of {x,} and exit in finite tlme 7" < o0, follow
from the fact that reputational drift g(d,x) is negative for x > z! and, by assump-
tion (4), that the firm exits before x reaches z. Since {x,} falls in ¢, so too does
V(t,z). Finally, V(t,z) rises in z since self-esteem raises the chance of a break-
through that raises reputation and income. See Appendix AA for a formal argument
on the last point. B

The optimal strategy is characterized by the firm’s Hamilton Jacobi Bellman
(HJB) equation

(5) rV(t,z) = max [w(x,) —c(a) + g(a,2)V.(t.2)
+V(12) + pz(V(0.1) — V(1.2))]

where y* = max{y,O}, capturing the firm’s ability to exit for a continuation
value of 0. Investment raises the firm’s quality, its self-esteem, and thus its value. In
particular, equation (3) implies that investment raises self-esteem at rate A, so the
marginal benefit of investing is AV, (z,z;) whenever this derivative exists. Optimal
investment a; € (O,C_l) thus satisfies the first-order condition

(6) AV (z) = c'(a)

witha; = 0if AV (r.z;) < ¢'(0) anda; = aif A\V,(t.z{) > c/(a).

To address the differentiability issue, observe that the firm’s value V(t,z)
is convex in z. This follows because firm payoff for any fixed strategy (a, 7) is
linear in z, and V(t,z) is the upper envelope of such linear functions. Intuitively,
convexity captures the value of information. For example, if the firm exits at
(t,z), information about quality is valuable since good news raises self-esteem
and value while the option to exit protects the firm from bad news; that is,
0 =V(tz—¢€) = V(t,z) < V(t,z+¢). Convexity implies that even
if the value function is not differentiable, it admits directional derivatives
VZ—(t,z),VZ+(t,z).
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Given the first-order condition (6), we need to understand the marginal value of
self-esteem. Our next result, the workhorse of this paper, expresses Vz(t, z) in terms
of future reputational dividends.

LEMMA 2 (Marginal Value of Self-Esteem): If V,(1,z}) exists, it equals
T* " B
@ D(r) = [ e blrmst=sian (o, 1) - v(s.2))] ds.

More generally, V,-(t,z;) < T'(t) < V(t.z7).

PROOF.

Equation (7) is an integral version of the adjoint equation for the firm’s control
problem. It follows by differentiating firm payoff for a fixed strategy (a*, T*) with
respect to the firm’s initial self-esteem z. This coincides with the (directional) deriv-
ative of the value function by the envelope theorem. See Appendix AB for details. B

Intuitively, quality and self-esteem raise the probability of a breakthrough
and, since they are persistent, pay off dividends over time. That is, incremental
self-esteem dz raises the probability of a breakthrough in [s, s + ds| by udzds, while
the value of a breakthrough equals V(0, 1) — V(s,zj). We thus call the integrand
,u(V(O, 1) — V(s,25) ) the reputational dividend of self-esteem. The dividend stream
from the increment dz depreciates for three reasons. First, time is discounted at
rate r; second, at rate 11z;, a breakthrough arrives at u € [t, s], self-esteem jumps
to 1, and the increment disappears; third, reputational drift (3) is not constant in z,
and its derivative equals g (a;,z;) = —()\ + p(1 - 21,’2)). Summing these three
components yields the discounting term in (7).

If there is a single optimal strategy (a*, T*), the derivative Vz(t, z;“) exists and coin-
cides with I'(z). If there are multiple optimal strategies, then Vz(t,z;‘ ) does not exist
and each solution gives rise to a different trajectory of self-esteem z; and a different
value of T'(). However, for any (a*,T*), equation (7) is well-defined, bounded by
the directional derivatives of V, and describes the firm’s investment incentives given
(a*, T*). This implies the following necessary condition for optimal investment.

LEMMA 3 (Optimal Investment): Any optimal strategy (a*,7") satisfies
(8) AL(1) = c(a;)

witha; = 0if \[(t) < ¢'(0) anda; = aif \['(t) > c'(a) for almost all 1.

7 Changing investment at a measure-zero set of times does not affect payoffs, so any statements about optimal
investment hold only almost always; hereafter, we omit this qualifier. It can also be eliminated by restricting the firm
to forward-continuous strategies (see Board and Meyer-ter-Vehn 2013).
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PROOF:

For a fixed optimal strategy (a*,7") with associated trajectory {z; }, equation (7)
captures the marginal benefit of increasing z;. So, if AT'(¢) > c’(a;‘) for a positive
measure of times 7, then the firm could raise its payoff by raising its investment q,
at those times. B

THEOREM 1: For any pure beliefs (51, %), optimal investment {ai‘} is single-peaked
in the time since a breakthrough t;% at the exit threshold, a*., = 0. The optimal exit
time T" satisfies

9) m(x..) + pz. V(0,1) = 0.

PROOF:

We wish to show that T'(¢) is single-peaked in ¢ with boundary conditions
I(0) > 0,I'(0) > Oand I'(7") = 0. Taking the derivative of investment incen-
tives (7) and setting p(7) = r+ A + p(1 — z;) yields the adjoint equation

(10) I'(t) = p()T(1) — w(V(0,1) = V(1,2)).

Now assume that p(r) and V(t,z;) are differentiable. Then p(t) = —puz; and
(d/dt)V(t.z;) = z{T(r) + V,(t.z{); in Appendix AC, we show that these func-
tions are indeed absolutely continuous and extend our arguments to that case.
Differentiating (10),

(1) P(1) = p(O)0(r) + p()T (1) + L V(2)) = ()1 (1) + Vi),

Since V,(t,z;‘) < 0, f‘(t) = 0 implies F(t) < 0; hence I'(7) is single-peaked,
increasing or decreasing. To see that it is actually single-peaked, observe
that when ¢ = 0, equation (7) implies I'(0) > O because the integrand
1(V(0,1) — V(s.z;)) is strictly positive for s € [0,7°]. Equation (10) then implies
I'(0) = p(0)I'(0) > 0. Finally, when t = 7, equation (7) immediately implies
that T'(7%) = 0

To understand the exit condition (9), recall that the firm’s value is given by
(2) and that {x,} is continuous and decreasing. When the firm shirks, its flow
payoff is 7(x;) and its option value of staying in the market has a flow value of
pzi V(0,1). Thus, if m(x;) + pz7.V(0,1) > 0, the firm can raise its payoff by
shirking and staying in the market. Conversely, if 7(x) + puz7. V(0,1) < 0, then
m(x) — c(a;) + pz; V(0,1) < 0 for ¢ just before 7 and any investment a,, and the
firm would have been better off exiting a little earlier. B

The evolution of investment incentives is shaped by two countervailing forces.

Just after a breakthrough, an additional breakthrough has no value and the repu-
tational dividend is zero; investment incentives (7) depend on current and future

8Investment a; is single-peaked if it increases on [O, s] and decreases on [s,'r*] for some s € (0, T*).
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dividends, so I'(0) is small but positive. As time progresses, future larger dividends
draw closer and F(t) rises. At the other extreme, investment vanishes at the exit
time 7" because there is no time left for the investment to pay off. That is, the benefit
of investment is of the second order because both a technology shock and a break-
through must arrive in the remaining time interval for the investment to avert exit. In
Sections IITA and IIIB, we present two model variants where we switch off each of
these forces in turn and show that investment incentives are, respectively, decreasing
and increasing in the time since a breakthrough.

This intuition suggests that investment incentives are small at the extremes.
More strongly, Theorem 1 shows that incentives are single-peaked. A more precise
intuition is as follows. As 7 rises, the firm foregoes the reputational dividends over
[t.¢ 4 dt], as captured by the second term in (10). This negative effect becomes
more important over time as the reputational dividend increases; this is captured
by the negative term 1(d/dt)V(t,z;) in (11). On the upside, an increase in 7 brings
future and larger dividends closer, as captured by the first term in (10). Ignoring the
time dependence of p(7), this positive effect becomes less important over time once
incentives start decreasing. Thus, once incentives decrease, the negative effect keeps
growing while the positive effect decreases, and so incentives decrease until exit.

When exit is imminent, the firm ceases to invest, accelerating its demise. This
force can matter in practice: for example, Goldfarb (2007) argues that the brewer
Schlitz realized that the rise of Miller would have a large impact on its future profit-
ability. This led it to disinvest in the brand by changing the preservatives, switching
to lower-quality accelerated batch fermentation, and firing much of its marketing
team. This pattern is not seen in classic models of industry dynamics like Jovanovic
(1982) and Bar-Isaac (2003) that abstract from investment, meaning the reputation
of the firm is a martingale.

B. Equilibrium

So far we have studied a firm’s optimal strategy for arbitrary, pure beliefs (d, %).
In this section, we close the model by assuming that market beliefs are correct. Such
equilibrium dynamics can take different forms. To illustrate this, suppose cost is
linear: c(a) = cafora € [O,C_l]. By Lemma 3, optimal investment is bang-bang
witha; = awhen A\I'(1) > canda; = Owhen AI'(r) < c.In any pure strategy
equilibrium, Theorem 1 tells us that investment incentives I'() are single-peaked,
so there are two cases.

When costs are low, F(O) > ¢ = F(tl) for some #,, the firm chooses a = aon
[0,#] anda = Oon [,,7]. We call this a “probationary equilibrium” since the mar-
ket assumes a firm invests for a fixed period of time after each breakthrough but then
grows suspicious if no breakthrough is forthcoming. The firm’s reputation initially
drifts down slowly, as the favorable beliefs about investment offset the bad news
conveyed by the lack of breakthroughs. After enough time without a breakthrough,
market beliefs turn against the firm and the perceived disinvestment hastens the
firm’s decline.

When costs are high, I'(0) < ¢ = I'(t) = T'(t;) for some #, < t;, the firm
chooses a = 0 on [0, to], a = aon [to, tl], and a = 0 on [tl,T]. Here, the firm’s
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initial incentives I‘(O) are insufficient to motivate effort. After a breakthrough, the
firm rests on its laurels because it has little to gain from an additional breakthrough.
As its reputation and self-esteem drop, it starts investing and works hard for its sur-
vival, but eventually gives up and shirks before exiting the market.

We now prove equilibrium existence. An equilibrium consists of a distribution
over investment and exit strategies (a,7) and a reputation trajectory {x,} such that
given {x,}, all equilibrium strategies (a,7) solve the firm’s problem (2), and repu
tation {x;} is derived from the firm’s strategy by Bayes’ rule whenever possible.”
This definition allows for mixed strategies; Bayesian updating is more subtle with
mixed beliefs since the market draws inferences from the fact that the firm has not
exited. We spell out how to calculate the firm’s reputation with mixed strategies and
define mixed-strategy equilibrium in Appendix AD. In contrast to the case of the
pure beliefs in Section IIB, reputation {x,} need not monotonically fall in 7, meaning
that Theorem 1 may not apply.'®

Fixing a candidate strategy (a,7), the marginal value of self-esteem (7) and the
first-order condition (8) are necessary for optimality. However, these equations are
not sufficient since they correspond to checking only “one-step deviations on-path,”
i.e., checking the HIB equation (5) for all (7,z,) rather than for all (7,z). We must
take this problem seriously since the firm’s investment exhibits dynamic comple-
mentarity: investment today raises tomorrow’s marginal benefit of self-esteem and
thus optimal investment. Formally, this follows from the convexity of value V in z;
intuitively, today’s investment raises the firm’s time horizon and thereby its value
from potential future breakthroughs. We thus do not use equations (7), (8) to con-
struct an equilibrium, but rather establish equilibrium existence with an abstract
fixed-point argument.

THEOREM 2: An equilibrium exists.

PROOF.

The best-response correspondence maps reputation {x,} to sets of optimal strat-
egies (a*,T*). Bayes’ rule maps distributions over strategies (a,7) into reputation
{x,}. The Kakutani-Fan-Glicksberg Theorem then yields a fixed point. The key step
in the proof is to define the appropriate weak topology that renders the strategy space
compact and the two correspondences continuous. See Appendix AD for details. B

9This definition does not impose sequential optimality of strategy (@,7) and thus corresponds to Nash equi-
librium rather than perfect Bayesian equilibrium. This is for notational convenience and is without loss. Indeed,
the firm’s investment is unobservable, so deviations do not affect beliefs and reputation. Thus, any equilibrium is
outcome-equivalent to a perfect Bayesian equilibrium. In fact, all of the analysis in Section IIA starting at states 7, z;
extends immediately to optimal strategies starting at any state ¢, z.

1970 understand the non-monotonicity, assume that the firm mixes between two strategies: one with high invest-
ment {@} and a late exit time 7, and another with low {a,} and an early exit time 7. When the firm fails to exit at 7,
the market infers that the firm has been investing according to {ﬁ,} and reputation jumps up. This particular mixed
strategy cannot be an equilibrium since exit at time 7 is incompatible with the upward discontinuity of reputation.
But for mixed strategies where the low { a ,} firm randomizes smoothly over exit times, reputation rises gradually
after 7, which does not contradict equilibrium.
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C. Steady-State Distribution

The reputational dynamics shape the distribution of reputation and income in the
industry. Consider a continuum of price-taking firms, such as that studied above,
and assume that new firms enter the market continuously at rate ¢ with reputation
drawn with density /& on |x¢ 1|, where x* = x_, is the reputation at the exit time.
Writing g(x) = g(a*(x),x) for equilibrium drift, the density of firms f(x, t) with
reputation x € [xe, 1] at time ¢ is governed by the Kolmogorov forward equation/''

(12) %f(x,t) = —%[f(x,t)g(x)] — uxf(x,t) + ¢h(x).

The second term captures the measure of firms experiencing a breakthrough, which
takes their reputation from x to 1. The third term captures firms entering at repu-
tation x. To understand the subtler first term, suppose for simplicity that the drift
is constant and negative, g(x) = g < 0, and that the density f(x,?) rises in x. As
more firms drift toward x from above than drift away below, the number of firms at x
rises. The same argument obtains when the density is constant, f(x,7) = f{(t), but
the downward drift increases in x, —g'(x) > 0.

In steady state, the density of firms is constant, f(x, t) = f(x), and the measure
of entering firms exactly compensates for the measure of exiting firms whose rep-
utation drifts into the exit threshold, ¢ = —g(x¢)f(x“). The total measure of firms
depends on the choice of ¢, which we normalize so that fx ! f(x)dx = 1.Setting the
LHS of (12) to 0 and rearranging, we get

"(x X oh(x
(13) Flx) = gg(()z) Ax) + ;‘M £(x) — g(<x>).
drift (—/+) jumps (+) entry (—)

To understand this equation, suppose as a benchmark that firms drift down at a con-
stantrate g(x) = g < 0, there are no breakthroughs, and allentry isatx = 1.Thus
all 3 terms on the right-hand-side of (13) vanish, and so f'(x) = 0. Considering the
three terms in sequence, the first captures the idea that firms accumulate where the
downward drift is slowest, e.g., where the firm invests. The second term captures
breakthroughs; these jumps prevent firms from reaching lower levels of reputation,
and so f'(x) > 0. The third term captures entry; so long as firms enter with repu-
tations below 1, the downward drift implies that firms accumulate at lower levels of
reputation, and so f'(x) < 0.

D. Simulation

In this section we simulate an equilibrium (see . This serves two pur-
poses. First, it illustrates the empirical features that the model can generate. Second,
we use it as a test case for policy experiments, proposing a method to decompose
changes of average steady-state reputation into investment and selection effects.

1See, e.g., Kolmogorov (1931, eq. 179), Gardiner (2009, eq. 3.4.22), or Gabaix (2009, eq. 19), all of which
include an additional Brownian term.
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FIGURE 1. EQUILIBRIUM SIMULATION

Notes: Panels A and C show a firm’s value and investment on-path, where x, = z,. Panel B shows investment
incentives as a function of reputation x, and self-esteem z,. Panel D shows a typical firm life cycle. Panels E and F
show the steady-state distribution of firms’ reputations and exit times, assuming firms enter with reputation uniform
on [x”, 1] Weassumen = x —k,k = 05,7 = 02,¢(a) = 02a%a = 08\ = 02,and pu = 1.

This simulation considers a restaurant that has revenue of $x million a year, oper-
ating costs of k& = $500,000, quadratic investment cost c(a) = 0.24>, an upper
bound on investment @ = 0.8, and an interest rate of » = 20% (incorporating a
risk premium). Good news arrives when the restaurant is written up in the local
paper; we set ;1 = 1 so that a high-quality restaurant is reviewed positively once a
year, on average. Finally, we set A = 0.2, so that technology shocks arrive every
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5 years, on average. To make the figures easier to interpret, we adopt a Markovian
perspective by replacing the firm’s state variable ¢ with its time-f reputation x,.'

First, consider a single firm. Panel A illustrates the value function, which appears
linear apart from the smooth pasting at the exit point, x* = 0.22; a firm with per-
fect reputation has value V = 1.27. Panel B shows investment incentives V, on
the whole-state space (x,z). One can see that V, increases in z, illustrating the con-
vexity of the value function. Panel C shows investment along the equilibrium path
where x = z, which corresponds to the 45° line of Panel B; one can see that invest-
ment is single-peaked (as in Theorem 1). Panel D then shows the typical life cycle
of a firm. Over the first two years its reputation falls despite the firm investing;
shortly before it would have exited, a breakthrough boosts its reputation to one.
Over the next two years, the firm continues to maintain its high quality and obtains
a sequence of breakthroughs. Eventually, this string of successes comes to an end
(perhaps because it switches to low quality, or perhaps because it is unlucky), and
its reputation declines monotonically; ultimately, it exits 7° = 3.4 years after its
last breakthrough.

We next consider the cross-sectional distribution of revenue and longevity,
assuming firms enter with reputation equal to self-esteem and uniformly distrib-
uted on [xe, 1]. Panel E illustrates the distribution of revenue, showing that there
are lots of firms at the top, with reputation x ~ 1, and also slightly more firms at
the exit point than in the middle. We can understand this using equation (13). The
downward drift is relatively constant (see panel D), so the first term can be ignored;
intuitively, the positive drift from investment \(a — x) and the negative drift from
market learning jux(1 — x) are both fastest in the middle and offset each other. The
breakthroughs lead to lots of firms with reputation x ~ 1, while the entrants with
low reputation raise the number of firms with reputation x¢. Panel F then illustrates
the distribution of exit times: 45 percent of all firms fail in the first 2 years.'*

Quality and reputation derive from two sources: investment by incumbent firms and
replacement of exiting firms by new firms. Since learning does not affect reputation
in expectation, equation (3) implies that the average reputation of incumbent firms
changes atrate A\(a — x), which is negative in steady state. This decline must be off-
set by replacement, which is the product of the replacement rate ¢ = —f(x¢)g(x¢)
times the expected boost in reputation (1 — xe) /2 when a new entrant with reputa-
tionx ~ U [x", l] replaces an exiting firm with reputation x¢. Rearranging, we can
decompose average reputation into the investment and replacement effects

(14) E[X] = E[A] + 9155

where the expectation is taken with respect to the steady-state distribu-
tion fand A = a(X). In our simulation, the average reputation E[X] is 0.74, with

12T numerically solve for equilibrium, we start with a candidate investment strategy { ao(x,z)} and calculate
reputation {x,} given correct beliefs and the resulting payoffs {V(x,z)} via (2); we then derive optimal investment
a' (t,z)} via the first-order condition (8). We iterate this process until it converges; the fixed point satisfies the
JB equation (r + pz)V(x,z) = sup, [TF(X/) —c(a) + g(a,x) Vi(x,2) + g(a,2) Vo(x,2) + pzV(1, l)]Jr and has
correct beliefs: @ = a. Hence, it is an equilibrium.
13 Coincidentally, Parsa et al. (2005) report that 40-50 percent of restaurants fail over their first 2 years.
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52 percent coming from investment and 48 percent coming from replacement.
Breaking down the latter term, the replacement rate equals ¢ = 0.18, implying
an approximate life expectancy of 1 /¢ = 5.6 years,'¥ while the mean jump from
replacement is 0.39.

E. Applications

Our model can help evaluate the impact of disclosure policies that aim to improve
information in the marketplace. In the United States, these policies started with
the 1906 Pure Food and Drug Act and the 1933 Securities Exchange Act and have
become increasingly popular as a form of “light touch” regulation.'” For example,
Jin and Leslie (2003, 2009) show that the introduction of restaurant health grades
led to an increase in the quality of restaurants, especially for independent establish-
ments. Similarly, Kolstad (2013) shows that the introduction of surgeon report cards
prompted surgeons to improve the quality of their services. The model can also be
used to assess the impact of third-party information providers that have substan-
tial impacts on their respective industries, such as Moody’s (bonds), TripAdvisor
(hotels), Edmunds (cars), Zillow (houses), and Greatschools (schools). For exam-
ple, Luca (2016) shows that the introduction of Yelp pushed demand toward good
restaurants and affected the selection of restaurants in the market.

Our paper provides a method to evaluate the impact of such changes. As a test
case, recall the simulation in Section IID and consider a 20 percent increase in
the frequency of breakthroughs o from 1 to 1.2. The increased monitoring reduces
moral hazard, raising maximum firm value V from 1.27 to 1.46; the higher option
value then lowers the exit threshold x* from 0.22 to 0.18. Surprisingly, average repu-
tation E[X] rises only slightly, from 0.74 to 0.77. But the decomposition (14) tells a
different story. The faster learning boosts investment £ [A] from 0.38 to 0.48, while
the exit rate ¢ drops from 0.18 to 0.14. Investment now accounts for 63 percent of
the mean reputation, whereas replacement accounts for 37 percent (compared to
52-48 percent before). In addition to showing how faster learning raises the impor-
tance of investment over replacement, it provides a cautionary tale about inferring
investment from the steady-state reputation; we discuss how one can identify the
model in Section I'V.

The model is also useful to analyze other policies. For example, Luca and Luca
(2018) find that an increase in the minimum wage raises the exit rates of restaurants
with low ratings on Yelp, but has no effect on highly rated restaurants. Higher min-
imum wages correspond to an increase in operating costs in our model, which has a
direct effect on selection by raising the exit threshold and also an indirect effect on
investment by lowering profits; the reduction in believed investment then hastens the
decline in reputation between breakthroughs and further shortens life expectancy.
For example, a 20 percent rise in operating cost k—from 0.5 to 0.6—lowers the

4This 1/¢ formula is approximate, as it assumes that exit is i.i.d. along a firm’s life cycle, but it will be useful
to understand the effect of policy changes.

15 Fung, Graham, and Weil (2007) discuss over 130 rules that were introduced by the federal government over
1995-2005, such as policies about disclosing the likelihood of a car rolling over or the presence of toxic substances
in workplaces.
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maximum firm value V from 1.27 to 0.68 and raises the exit threshold x¢ from 0.22
to 0.36. Again, the mean steady-state reputation is about the same (0.75 before and
after), but the mean investment is much smaller (0.19 versus 0.38) and the exit rate
is substantially higher (0.34 versus 0.18). Investment now accounts for 25 percent
of mean reputation, whereas replacement accounts for 75 percent (compared to
52-48 percent in the benchmark).

III. Two Model Variants

In this section, we consider two natural variants of our baseline model; these
help us understand the two economic forces underlying the single-peaked incen-
tives seen in Theorem 1. In Section IIIA, we suppose the market observes the firm’s
investment. Thus, both the firm and the market symmetrically learn about the firm’s
quality, but there is no moral hazard. We show that investment decreases in the
time since a breakthrough, as the firm approaches bankruptcy. In Section IIIB, we
suppose instead the firm knows its own quality in addition to its investment, while
the market knows neither. We show that investment increases in the time since a
breakthrough, as the benefit from a breakthrough grows.

A. Consumers Observe Firm’s Investment

Consider the baseline model and suppose that the market observes both the his-
tory of signals 4" and the firm’s past investment {a,}<,. Since the market has the
same information as the firm, reputation and self-esteem coincide, x, = z,; we can
thus write firm value as a function of self-esteem alone. As in equation (2), we trun-
cate the firm’s flow payoffs at a breakthrough, yielding

A o T (s - 3 du A
(15) V(z) = sal’lgfte F(rtz) [W(Z‘Y) — c(ay) +,uZSV(1)]ds.
Since the firm controls both self-esteem and reputation, the analysis of the equi-
librium reduces to a decision problem. Write (a, %) for the optimal strategy and
z = {,} for the associated self-esteem.

The analysis follows Section II. The value function is strictly convex with
derivative'

(16) V() = D(1) = [T Flrommtmala ey v pu(9(1) - V(z,))] ds.
In any optimal strategy, investment satisfies
AL(1) = /(&)

witha, = 0if \['(r) < ¢/(0) anda, = aif AL'(1) > c/(a).

16See Appendix BA for a proof. The subsequent analysis implies that V is indeed differentiable.
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THEOREM 3: Investment a, decreases in the time since a breakthrough; at the exit
threshold, a. = 0. Moreover, the optimal exit time satisfies

(17) m(2) + piV(1) = 0.

PROOF:

Given assumption (4), drift g(a,, z,) is boundedly negative on [ZT, 1] and the firm
exits before its reputation hits z!. Since z, decreases and the value function is strictly
convex, I'(f) = V'(z,) strictly decreases inz. ®

Intuitively, as the firm gets closer to the exit time, any investment pays off over
a shorter horizon, reducing incentives. When compared to the baseline model with
moral hazard, investment directly raises reputation, and hence income, in addition
to raising self-esteem and the chance of future breakthroughs. This additional direct
benefit of investment is captured by the additional “direct dividend” of 7'(z) in (16),
which is absent in (7). In the baseline model, investment initially increases over
time after a breakthrough as the reputational dividends grow. Here we see incen-
tives monotonically decrease over time as the loss of direct dividends outweighs the
growth of reputational dividends. This intuition also suggests that the elimination of
moral hazard raises the level of investment and the exit time relative to the baseline
model. In Appendix BB, we verify this intuition when 7(x) = x — k and k is suf-
ficiently large.

To illustrate the optimal strategy, we simulate it for the same parameters as the
baseline model."’ The elimination of moral hazard raises the firm’s maximum value
from 1.27 to 1.38 while lowering the exit threshold from 0.22 to 0.21. Panel A of
shows that investment is increasing in reputation (see Theorem 3) and
higher than investment in the baseline model (Figure 1, panel C) at every level of
reputation. Together with the lower exit threshold, the higher investment lowers the
downward drift and extends the time to exit 7 from 3.4 to 5.4 years. Panel B shows
the steady-state distribution of revenue: the frequent breakthroughs and low down-
ward reputational drift at the top skew the distribution of firms toward high levels
of reputation. There is little entry, so in contrast to the baseline model, the density
monotonically decreases as we approach the exit point.

We can understand the quantitative differences with the baseline model using
the reputation decomposition (14). Average steady-state reputation is 0.87, with
89 percent coming from investment and 11 percent from replacement. Breaking
down the replacement term, the exit rate drops to 0.04 (implying an approximate life
expectancy of 22 years) while the average jump from replacement is 0.40. All told,
the elimination of moral hazard substantially increases investment and also reduces
the exit rate, both of which raise the importance of investment over replacement.

7To simulate the equilibrium, we guess a post-breakthrough value V(l) and use the exit condition (17) to
derive x°. We then use the HIB equation to calculate values at each reputation, yielding a a post-breakthrough value
V(1). In equilibrium, V(1) and V(1) coincide.
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Panel A. Investment Panel B. Distribution of firms in steady state
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FIGURE 2. CONSUMERS OBSERVE FIRMS’ INVESTMENT

Notes: Panel A shows a firm’s investment. Panel B shows the steady-state distribution of firms’ reputations, assum-
ing firms enter with reputation uniform on [fce, l]. Parameters are the same as Figure 1.

These forces also account for the higher firm value, with the increase in life expec-
tancy being more important for the average firm.'"

B. Firm Knows Its Own Quality

Consider the baseline model and suppose the firm observes its own quality. As
before, the market learns from public breakthroughs and maintains beliefs about the
firm’s investment and quality. Crucially, the firm’s exit decision is now a signal of
its quality, since high-quality firms are more valuable and stay in business longer.

We focus on strategies that depend on the time since the last breakthrough,
t, and on current quality. Formally, such a strategy consists of an investment
plan a’ = {af} and an exit time 77 for § = L,H. To analyze firm value for an
arbitrary trajectory of reputation {xt}, we truncate its cash flow expansion at the
first technology shock, obtaining

(18)
‘v/(t,ﬁ) = sup jt“roe—(wr)\)(s—t) [W(xs) — c(a?) + )\(af\v/(s,H) + (1 —af) \v/(s,L))
+ ub(V(0.H) — V(s.H))| s,

where the last term captures the value of breakthroughs with present value
\7(0, 1) — V(s, 1) and arrival rate ;6.

'8 As a back-of-the-envelope calculation, in the benchmark model the average value is approximately
E[x —k— C(a)]/(r+ $) = 0.21/0.38 = 0.55, where the expectation is the mean steady-state value. With
observed investment, we have E[x — k- c(a)] / (r + d)) = 0.25/0.24 = 1.02. Thus, the majority of the increase
in the average firm value comes from the increase in life expectancy.
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Writing f(t) = V(t, H) — V(t,L) for the value of quality, optimal investment &/
is thus characterized by the first-order condition

(19) (1) = el(af),

with a? = 0 if )T(t) < ¢'(0) and al = aif )T(t) > c'(a). Importantly, opti-
mal investment & is independent of the firm’s quality, allowing us to drop the
superscript 6. Intuitively, investment only pays off if there is a technology shock, in
which case the firm’s current quality is irrelevant.

Equilibrium strategies (a,%e) and reputation {x,} are defined as in Section IIB:
We restrict attention to equilibria where {xt} is continuous and weakly decreasing.'®

THEOREM 4: There exists an equilibrium with continuous and weakly decreasing
reputation {x,} and pure investment {&,}. In any such equilibrium, the exit time of
the low-quality firm ¥ has support [z,oo) for some T > 0. Reputation and firm
value are constant fort &€ [L oo) and satisfy

(20) 7 (x) + max|[aAV(t, H) — ¢(a)] = 0.

The high-quality firm never exits; i.e., ¥1 = oo. Investment &, increases over [O, 1]
and remains constant thereafter.

PROOF:

Exit behavior follows from Bar-Isaac (2003, Proposition 2). Low-quality firms
start to exit at some time 7: if all low-quality firms exited at 7, reputation would
jump to 1, undermining equilibrium. Hence, low-quality firms randomize, exiting
at a constant rate ); this places a lower bound on reputation, allowing high-quality
firms to stay in the market. See Appendix BC for details. Existence follows by the
Kakutani-Fan-Glicksberg fixed-point theorem, as shown in Appendix BD.

We now show that investment increases over time. Since a low-quality firm is
indifferent at the exit threshold, it can achieve its value by remaining in the market
indefinitely, thereby following the same strategy as the high-quality firm. Subtracting
the value of high-value and low-value firms (18), we obtain the following expres-
sion for the equilibrium value of quality:

(1) T() = V(eH) - V(L) = | e N6 [V (0.H) - V(s H)| ds.

The integrand in (21) represents the reputational dividend of quality: high quality
gives rise to future breakthroughs that arrive at rate  and boost the firm’s reputation
to one; these dividends depreciate at both the time-discount rate » and the quality
obsolescencerate \. Ass € [O, z] rises, the firm’s value lv/(s, 1) falls and reputational

19 As in footnote 3, the substantial part of this restriction is to rule out downward jumps in reputation. Indeed,
for any 7, there exists an equilibrium where the firm exits at time 7 and failure to exit is punished by off-path market
beliefs that quality is low, dropping reputation to 0 and justifying the firm’s exit. We ignore such equilibria because
it is implausible for the market to interpret failure to exit as a signal of low quality.
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dividends \7(0, 1) — V(s, 1) grow. Hence, an increase in ¢ leads to an increase in the
value of quality (21) and in investment via the first-order condition (19). m

Intuitively, breakthroughs are most valuable to a firm with low reputation since a
breakthrough takes the firm from its current reputation to x = 1. These increasing
investment incentives are in sharp contrast to the single-peaked, eventually vanish-
ing investment incentives in Theorem 1. In the baseline model, the firm gives up near
the exit threshold and coasts into bankruptcy; with privately known quality, the firm
fights until the bitter end. Recall that with unknown quality, the firm’s investment
at times ¢t € [7’* —dt, 7'*] pays off only if a technology shock arrives and a break-
through arrives that averts exit. The probability of this joint event is of order dr?,
hence the expected gain eventually falls short of the investment costs. With known
quality, only a technology shock is required for investment to pay off because the
boost in quality is immediately observed by the firm, averting exit. Thus, investment
incentives are of order dr at all times and are actually maximized when the firm is
about to exit.?

To illustrate the equilibrium, simulates the model for the same
parameters as in Figure 1.7 Panel A shows the value functions for the high-qual-
ity and low-quality firms; these are only defined on [)Vce, 1], since reputation never
falls below X° = x,. Interestingly, the value after a breakthrough is lower in the
baseline model (1.14 versus 1.27), while the average steady-state value is some-
what higher (0.77 versus 0.55).? Intuitively, high-reputation firms are better off
in the baseline model since investment is high and they are a long way from the
exit threshold, whereas the average firm is better off in the known-quality model
since the signaling effect of remaining in the market props up firm value. Panel B
shows that investment falls in reputation (see Theorem 4), and that investment at a
given reputation is a little lower than in the baseline model. Panel C shows a typ-
ical life cycle. The firm’s reputation quickly hits the exit threshold (X° = 0.47),
where reputation is constant, as the quitting of low-quality firms offsets the neg-
ative inference from lack of a breakthrough; it then obtains a sequence of break-
throughs before its reputation once again declines, and it eventually exits. At
the threshold, low-quality firms exit at rate ¢ = 0.49. From the market’s per-
spective, firms at X¢ exit at rate (1 — )Vce)w = 0.26 and receive breakthroughs at
rate X’ = 0.47 and so remain at the exit threshold for 1.37 years. The overall exit
rate multiplies the conditional exit rate 1) with the number of low firms at the exit

290ne may wonder how to bridge these starkly different predictions about investment behavior at the exit
threshold. In Appendix BE, we propose a model with imperfect private information that includes known and
unknown quality as extreme cases. As with unknown quality, we argue that as long as private quality information
is imperfect, investment vanishes at the exit threshold. However, the “invest until the bitter end” insight of the
known-quality variant is also robust in the sense that as the private information becomes perfect, the time interval
over which investment vanishes shrinks to zero.

21To simulate the equilibrium, we guess a post-breakthrough value \7(0, H) and use the HIB equation and the
exit condition (20) to derive the exit threshold and the values at x¢. We then use the HIB equation to calculate values
at each reputation, yielding a a post-breakthrough value \7(0, H). In equilibrium, V(O, H) and V(O,H) coincide.

22These average steady-state numbers come from the following approximation. In the baseline model, the
average value is roughly Efx —k —c(a)]/(r+¢) = 021/0.38 = 0.55. With known quality, we have
E[x —k— c(a)] /(r+¢) = 0.23/0.29 = 0.77, so higher average values primarily result from the lower exit
rate.
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FIGURE 3. FiIrM KNOWS ITS QUALITY

Notes: Panels A and B show a firm’s value and investment. Panel C shows a typical firm life cycle. Panel D
shows the steady-state distribution of firms’ reputations, assuming firms enter with reputation uniform on [)Vc", 1],
Parameters are the same as Figure 1.

point, ¢ = (1 —X°)¢F(X°) = 0.10, implying an approximate life expectancy of
10 years. Finally, panel D shows the steady-state distribution of firms’ reputations.
Equation (13) implies that density is decreasing in reputation over ()Vce, 1] as a result
of the breakthroughs; the O drift at X° then results in a mass of firms at the exit
threshold.

We can understand the quantitative differences with the benchmark model by
decomposing average reputation. Relative to equation (14), there is now a third,
signaling term supporting the firm’s reputation. Since low-quality firms at the exit
threshold exit at rate ¢, failure to exit is good news; this induces an upward drift
of 1x(1 — X¢) on the F(X¢) firms at the cutoff. All told,

E[X] = E[A] + S155 4 V(1 - 5.

In Figure 3, the average steady-state reputation is 0.75, with 49 percent coming from
investment, 17 percent from replacement, and 34 percent coming from signaling.
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IV. Discussion

We have proposed a model in which firms make optimal investment and exit deci-
sions while the market learns about the quality of the firm’s product. We characterize
investment incentives and show they are single-peaked in the firm’s reputation. This
yields predictions about the distribution of firms’ reputations and the turnover rate.
The model follows the spirit of Ericson and Pakes (1995), and we hope that it can
be used as a framework for empirical work. For example, it could be used to study
the rise and fall of new restaurants or the incentives for surgeons to invest in their
skills. Here we briefly discuss how one might identify the model and two important
extensions: competition and Brownian learning.

Identification: To illustrate how to identify the model parameters, suppose we
observed data generated by the baseline model with w(x) = x — k. Given a time
series of x, (i.e., reputation or revenue data), one can identify x from the frequency
of jumps, A from the drift at x*, and on-path investment a(x) via the drift of x, else-
where. Calibrating the interest rate, one can then uniquely identify the operating
cost k from the exit condition (9) and the investment cost function ¢( ) from the
first-order condition (8). See Appendix BF for details. Alternatively, one could use
accounting data to shed light on costs or aggregate data like the distribution of firms’
reputations and the distribution of exit rates.

Competition: Our firm operates in isolation, but the analysis extends to a compet-
itive market that is in steady state, such as the restaurant industry. There are several
ways of modeling this. In Atkeson, Hellwig, and Ordoiiez (2014), agents consume
a little of each good. Income is then 7r(x) = px; — k, where the price p = P
( J x,-’,di) is determined by aggregate reputation. One can then model entry by hav-
ing an exogenous inflow or letting potential entrants pay a cost and draw an initial
reputation. In Vial and Zurita (2017) there is mass one of agents, each of whom
consumes the output of one firm. In equilibrium, mass one of firms operate with
exiting firms balancing the flow of new entrants who, for example, arrive exoge-
nously with random reputation. Income is then 7T(X) = po+ x — k, where p, is
determined by the zero-profit condition of the exiting firm. Alternatively, following
Dixit and Stiglitz (1977), one could embed our reputation model into monopolistic
competition, where firm i’s reduced-form flow profits 7;(x;,x_;) depend on its own
reputation x; and the (stationary) distribution of its competitor’s reputations x_;.
While competition does not affect the shape of incentives (i.e., Theorem 1), it can
change the impact of policies via the endogenous prices. For example, a disclosure
policy that would previously raise average reputation and reduce exit would lower
prices, raise the exit threshold, and attract entry.

Alternatively, one can explicitly consider strategic interaction in the product
market via a model of oligopoly. For example, consider a duopoly where a firm’s
flow-profits 7(x,y) depend on its competitor’s reputation y as well as own reputa-
tion x. Such reduced-form profits might be derived from static Bertrand competi-
tion via 7T(x, y) = (x — y) * or a logit demand model (e.g., Anderson, De Palma,
and Thisse 1992). Adopting a Markovian perspective, assume that firms are
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believed to follow symmetric strategies @(x,y). Firm value is then a function of
both firms’ reputations and its own self-esteem and is thus governed by the follow-
ing HJB equation:

rV(xy.z) = mglx[[w(x,y) —k—c(a)] + my[V(x1,2) = V(x.y,2)]

+pz[V(Ly, 1) = V(53.2)] + g(a(x.y),x) V(x.3,2)

+ 8(a(3x).3) Vy(w3.2) + 8(,2) Va(x,3.2)]

Thus, the firm’s optimal investment a(x,y,z) satisfies the usual first-order condi-
tion, c’(a(x,y,z)) = AV,(x,y,z), while beliefs in a (pure strategy) equilibrium
are given by a (x, y) = a(x, y,x). The qualitative nature of investment incentives
derived for the monopoly model generalize to this oligopoly model. Specifically,
one can show that a firm’s incentives increase after a breakthrough—since an imme-
diate, additional breakthrough has no value—and vanish when reputation is close to
the exit boundary and the firm’s life span is short.

Information Structure: Our paper assumes that the market learns via a perfect
good news process, which is particularly tractable: it allows us to prove equilibrium
existence and delivers robust intuitions about how investment varies with reputation
(see below). It also provides reasonable predictions about some aggregate distribu-
tions (e.g., the distribution of firms’ Yelp scores and exit rates). However, revenue
data with a right-skewed distribution or continuous time paths might call for more
continuous models of learning. Such models are easy to simulate and have similar
qualitative properties to the perfect good news model.

To be specific, consider a model variant where instead of the breakthroughs, the
market and firm observe Brownian signals of quality d§, = pug0, + dW,; otherwise,
the model is as in Section I. A firm’s reputation and self-esteem evolve according to

dx, = g(a,,x,, Z;)df + U(X,)th,
dzt = g(a[7 Zts Zz)dt + O'(Z,)dWl,
with drift g(a,x,z) = A(a —x) + pgx(l —x)(z —x) and volatility o(x)

= pgx(1 — x). Given Markovian beliefs d(x), the value function is determined by
the HIB equation

V(x,2) = maax[[w(x) —k— c(a)] + g(d,x,2) Vi(x,2) + g(a,2,2) V2(x,2)

Lo (02Valn) + Lo () Valnd) +o(o(0) Vi)

2

D[ —

Again, the firm’s optimal investment a(x, z) satisfies the usual first-order condition,
c’(a(x,z)) = AV.(x,z), while beliefs in a (pure strategy) equilibrium are given
by d(x) = a(x,x). The qualitative nature of investment incentives derived for the
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perfect good news model generalize to this Brownian learning process. Specifically,
one can show that a firm’s incentives are decreasing in x when its reputation is
high, x ~ 1, and vanish when its expected life span is short, x ~ x¢.*3

Alternatively, one could assume a Poisson signal structure with imperfectly
revealing signals. A Poisson learning process with imperfect good news is quali-
tatively similar to perfect good news or Brownian learning. By contrast, Poisson
learning with bad news may exhibit investment at low reputations. Intuitively, repu-
tational drift at the exit cutoff may be positive (in the absence of a signal), meaning
that life expectancy does not vanish. Ultimately, the appropriate model depends on
the news structure that is generating the data and the policies one wishes to investi-
gate. For example, a Poisson model allows one to study the effect of giving awards
to the best surgeon (adding good news signals) or flagging the worst (adding bad
news signals).

APPENDIX A. MATHEMATICAL APPENDIX: PROOFS FROM SECTION III
A. Monotonicity of Value Function in Lemma 1

Here we adapt arguments from Board and Meyer-ter-Vehn (2013) to show that
for strictly decreasing reputation {x,}, firm value V(z,z) strictly decreases in ¢ and
strictly increases in z on {(t,z) : V(t,z) > 0.

Fixt > t'andz < zandconsider a “low” firm with initial state (t, z) and a “high”
firm with initial state (t’, z/) . We can represent the firm’s uncertainty as an increasing
sequence of potential breakthrough times {t,-},-eN that follow a Poisson distribution
with parameter A and a sequence of uniform [0, 1] random variables {(;};cn With
the interpretation that the firm experiences an actual breakthrough after time o (that
is, at time ¢ + o for the low firm and at time ¢’ + o for the high firm) if 0 = ¢, for
some i and (; < Z,_. Fixing any realization of uncertainty {ti, (i} e let ({AZ}, T*)
be the low firm’s optimal strategy given this realization and assume that the high
firm mimics this strategy.>! Given {7, (;} and ({A(’;}, T*), we can compute the repu-
tations and self-esteem of the low and high firms (XU, Z,) and (X " Zﬁ,), respectively,
for any ¢ > 0. We now argue inductively that

(A1) X, <X, and Z, < Z,

for any o <t and any i€ N. For i =1 (o€ [0,1))), we have
X, = Xy < Xppe = X, because {x,} decreases and the self-esteem trajecto-
ries Z,,Z, are governed by the ODE z = g(a,z), implying (Al) for o € [0,1,).
Ato = 1, the low (high) firm experiences a breakthroughif {; < Z, ({; < Z;_).

23The key step in this argument is to generalize the representation of investment incentives in terms of repu-
tational dividends (7) to these learning processes. Just as with perfect good news learning, at the top, x = 1, the
reputational dividend vanishes, and so investment falls; at the bottom, x = x°, the time to exit 7* vanishes, and so,
too, does investment.

24Note that, unlike everywhere else in this paper, this strategy for the high firm is not a solely a function of the
time since its last breakthrough. Rather, it is a function of the time since the low firm’s last breakthrough, while the
high firm may have experienced additional breakthroughs in the meantime due to its high quality.
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AsZ, < Z,_,weget(Al)for o = t;. Inductive application of these steps yields
(A1) for all 0. Thus, by mimicking the low firm’s optimal strategy ( {A(*,}, T*g for any
realization {t,-, ¢ ,-} , the high firm can guarantee itself weakly higher profits 7(X}) — ¢
(A7) at all times o, implying V(#.,z') > V(t,z). As long as firm value is strictly

a
positive and the firms do not exit immediately, the inequality X, < X is strict for
a positive measure of times with positive probability, implying V(t/,z’) > V(t,z).
B. Proof of Lemma 2

Fix time 7, self-esteem gz, firm strategy (a,7) (not necessarily optimal),
write z = {z,},>, for future self-esteem, and let

(A2)  T(nz) = [ e Pt n(x) — c(a)) + pz,11(0,1)] ds

be the firm’s continuation value, where the integral of the cash flows is truncated at
the first breakthrough as in (2). We will show that I1(#,z) is differentiable in z with
derivative

(A3) IL(t,z) = j;;[e—ﬂ‘y(r+A+/L(l—Zu))d“M[H(O,1) — H(s,zs)]ds.

Equation (7) then follows, by the envelope theorem, Milgrom and Segal (2002,
Theorem 1). To show (A3), we first recall two facts from Board and Meyer-ter-Vehn
(2013).

CLAIM 1: For any bounded, measurable functions ¢,p : [0,7] — R, the function
(A4) w(t) = flTe*J?p(u)dugb(s) s

is the unique solution to the integral equation

(45) 1) = J_(6() = pls)f(s)) ds.

This is proved for 7 = oo and constant p in Board and Meyer-ter-Vehn (2013,
Lemma 5). The proof generalizes immediately to finite 7 and measurable functions

p(1).

CLAIM 2: For any times s > t and fixed investment a, time-s self-esteem zj is
differentiable in time-t self-esteem z,. The derivative is

j—ij = exp(—fu‘;()\ +p(l - 2ZM))du).

This follows by the same arguments as in Board and Meyer-ter-Vehn (2013,
Lemma 8b).
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PROOF OF LEMMA 2:

Setting ¢)(s) = e’r(s”)H(s,zs),p(s) = pzpand¢(s) = e”(“‘”)(xs—c(as)—
k + pz I1(0, 1)), equation (A2) becomes (A4). Applying Claim 1, we get (AS5),
which becomes

m(tz) = [ et r(x) - e(a) + s (I(0.1) - I(s.2))]ds.

Taking the derivative with respect to z at 7 = z, and applying Claim 2, we get

T r(s—1) A%
I, (t,z) = fS:le ( t)d—zl #(H(O,l) —H(s,z_v)> —,quHZ(s,zs)]ds

= fs;e_ffs(’“*“(l_ZZ”))‘”‘ [M(H(O, 1) —TI(s,2)) — ,quHZ(s,zs)] ds.

Setting  p(s) = pz, o(s) = e*Jr'x(’*’\*”(l*zZ”))d“,u(H(O,1) —H(t,zs)), and

f(s) = e h (reAti(1-22,))du II.(s,z,), the previous equation becomes (AS).
Applying Claim 1, we get (A4), which becomes

I(t,z) = ft "o nzdu = [} (A p(1-22,) ) du M[H(O,l) — H(t,zs)] ds,
implying (A3). m
C. Differentiability in Proof of Theorem 1

This Appendix relaxes the assumption that value functions are differentiable
in the proof of Theorem 1. We first establish that whenever the partial derivative
V,(1.27) exists, it is equal to

(A6) \I/(t) = fﬂe_f{y(r—&-ltz;)dud,ﬁ(xs)‘

t

Moreover, ¥(t) < Ofort < 77
Rewrite the firm’s continuation value (2) by writing o = s — ¢ for the time
since t and ({a,*,}, ¢ *) for the optimal strategy starting at ¢. Then,

V(tz]) = f ioe—fo”<f+wi‘+u>d" [7(xi0) — c(ab) + nziio V(0,1)] do.
As zj,, is determined by initial self-esteem z; and {ay}, it is independent
of t. The envelope theorem thus yields (A6). As 7' > 0 and {x,} strictly decreases,
dr(x,) < 0and hence W(r) must be negative.
Next, the discount rate p(1) = r+ A + p(1 — z;) is Lipschitz continuous, with
derivative puz; where z; = g(a;,z;) = Ma; — z) — pz/ (1 — z;) for almost all 1.
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Firm value as a function of time ¢ — V(t,z}‘) is also Lipschitz continuous, with
derivative (d/dt)V(t,z;) = W(t) + z; I'(t) for almost all 1.
Now assume that f‘(t) < 0. Then
D(t+e)—I(r) =

f d_ — p(V(0,1) - (sz}‘))]ds
- [ + ()T (s) + kv (s,25) | ds
L lets

— pziT(s) + p(¥(s) + 2 T(s))] ds

= j:H—g [p(s)F(s) + M\I/(s)] ds.

Since \I/(s) < 0, F(t) <0 apd F(s) and p(s) are continuous, the integrand is
strictly negative for small €, so I" strictly decreases on some small interval [t,t + 5).
If T did not strictly decrease on [t, T*], there would exist #' > ¢ with F(t’) < 0and
I(f'4+¢) > I'(¢) for arbitrarily small e, which is impossible by the above
argument.

D. Proof of Theorem 2

Preliminaries: We first define mixed strategies. Write mixed beliefs
over the firm’s investment 4 = {aG,} and exit time 7 as F = F(a,7).
Let 7(F) = min{t F(T < 1) = 1} be the first time at which the market expects
the firm to exit with certainty. Writing E” for expectations under F, the firm’s rep-
utation is given by x, = EF [0 |h', 7 >t] for all + < 7(F). Since breakthroughs
arrive with intensity ,uzv( ) the probability of no breakthrough before time 7 equals

wy(a) = exp( 1)y zs(a) ds ) Bayes’ rule then implies
[Zt a 1{t<%}]
E [Wt 1{z<r}]

(A7) X, = , forall + < 7(F).

When the firm fails to exit—that is, at times ¢ > T(F )—the market revises its
beliefs about quality x, in an arbitrary, measurable manner consistent with the tim-
ing of the last breakthrough

(A8) x, < x, < Xx, forall r> T(F),

where x, solves the law of motion for zero investment & = g(0,x) and X; for full
investment x = g(a,x). The restriction (A8) prevents the firm from signaling what
it doesn’t know to the market.

An equilibrium consists of a distribution over investment and exit strate-
gies F = F(a,7) and a reputation trajectory x = {x,} such that (i) given {x,}, any
strategy (a,T) in the support of F solves the firm’s problem (2), and (ii) reputation
{x,} is derived from F by Bayes’ rule via (A7) for < 7(F) and satisfies (A8)
fort > 7(F).
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Proof strategy: The firm’s payoff from strategy (a,7) is given by
f()Te_Lt:‘)(rﬂ"ZJ)dS(W(X,) o c(at) ) dt
= 1 — fOTe_f;:O(rJr/LZS)dSMZIdt .

H(a,T;x)

The proof idea is to show that the firm’s best-response correspondence

BR(x) = arganTlaxH(a,T;x)
and the Bayesian updating formula B defined by (A7)—(A8) admit a fixed point.

To establish existence of a fixed point, we define topologies on the space of
mixed strategies F and reputation trajectories {xt} with the property that both
spaces are compact, locally convex, and Hausdorff, and both correspondences
are upper hemicontinuous. Then the existence of the fixed point follows by the
Kakutani-Fan-Glicksberg theorem.

Defining the Topological Spaces: By (4), the firm’s optimal exit time is bounded
above by some finite 7, allowing us to truncate the domain of all pertinent func-
tions at 7. So motivated, embed the space B of measurable, bounded functions
[0, 7_'] — [O, 1] in the (rescaled) unit ball of Lz( [0, 7_'] ,R). We interpret both invest-
ment {a,} and reputation {x;} as elements of B. In the weak topology, this unit ball is
compact by Alaoglu’s theorem, and as a closed subset of this unit ball, B is also com-
pact. In this topology, a sequence {aj} converges to {a,} if [[(a] — a,)&dt — 0
for all test functions & € L2( [0, ?] ,IR). This topology is coarse enough to make B
compact but also fine enough for the trajectory {z;} rfo,7] to be continuous (in the
sup-norm) in {a, }c[o,7 (see Theorem 43.5 of Davis 1993). Thus, firm value (2) is
continuous in ({a,}, {x}, 7') and is maximized by some ({a; }, T*). As for the firm’s
mixed strategies, we equip A(B X [0,?]) with the topology of convergence in dis-
tribution. Standard arguments (e.g., Theorem 14.11 of Aliprantis and Border 1999)
show that this space is compact and locally convex.

Upper Hemicontinuity of Bayes’ Rule: We now prove that the correspon-
dence B: A(B x [0,7_'] — B mapping beliefs F' to the set of measurable trajec-
tories {x,} that satisfy (A7)—(A8) is upper hemicontinuous. Consider a sequence
of beliefs F"" (with expectation E") that converges to F in distribution. Here, B(F")
consists of all measurable trajectories {x/} that satisfy (A7) for r < 7(F") (when
replacing EF by E") and (A8) fort > 7(F"). As F assigns probability less than one
to the event {7 < ¢} for any r < 7(F), so does F" for sufficiently large n; thus,
lim, . 7(F") > 7(F).

We now show that x; — x, for all r < T(F ) at which the marginal distribu-
tion F(7) is continuous.” Consider the numerator of (A7). (The argument for
the denominator is identical.) The integrand x, (4, 7) = z/(a)w,(a)1 (7>1)
is continuous in a (see Theorem 43.5 of Davis 1993) and lower semicontinuous

251t can have at most countably many discontinuities.
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in 7, similarly, x;"(a,7) = z(a)w/(a)l (7>r) is continuous in & and
upper semicontinuous in 7. The portmanteau theorem thus implies
liminf E"[x; (&,7)] > E"[x; (@,7)] and E"[x[(a,7)] > limsupE"[x; (a,7)].
As x; and x; are bounded and disagree only for ¥ = ¢, which happens with
probability zero under F' and thus with vanishing probability under F", we have
E[x; (a,7)] = E"[x/(a.7)] and limsupE"[x; (a,7)] = limsupE"[x; (a,7)|.
Thus,

liminfE"[y; (@.7)] > E"[x; (a.7)] = E'[x/(a.7)]

v

limsupE”[Xf(d,%)] = limsupE"[x; (4,7)],

and so lLimE"[x; (a,7)] exists and equals EF [xi (@.7)] as desired. Thus,
{x?} converges to {xt} pointwise for almost all ¢ € [O, T(F )] and therefore in the
LZ([O, T(F )], |0, 1])—n0rm and a fortiori in the weak topology. As the
set B(F) allows for any measurable trajectories after 7(F) subject to (A8), all
trajectories {xf},e[o,ﬂ € B(F")are uniformly close to B(F); that is, B3 is upper
hemicontinuous.

Upper Hemicontinuity of the Firm’s Best Responses: Self-esteem z, is contin-
uous in a € B, so the firm’s payoff H(a, T;x) is continuous in a, 7, and x, and
thus also continuous in F = F(a,7) (Theorem 14.5 of Aliprantis and Border
1999); thus, Berge’s maximum theorem implies that the best response mapping
BR:B — A(B x [0,7]) is upper hemicontinuous.

Summary: We have shown that (x,F) (B (F),BR (x)) is an upper hemicon-
tinuous, convex-valued correspondence of the compact, locally convex, Hausdorff
space B X A(B X [O, 7‘]) to itself. The Kakutani-Fan-Glicksberg theorem therefore
implies that this mapping has a fixed point; this fixed point constitutes an equilib-
rium. B

APPENDIX B. PROOFS FROM SECTION IV
A. Derivation of Equation (16)

This proof is analogous to the proof of Lemma 2 given in Appendix AB. With
observable investment, the firm’s payoff from strategy (a,) is given by

A

H(Z;) — ‘fsiteif’s(}druzu)du |:7T(Zs) - C(as) + ,quﬁ(l)] ds.

Setting v(s) = e"(‘_’)ﬁ(zx), p(s) = pz, and @(s) = e"(‘v_’)(zs—c(as) +

A

MZSH(I)) yields equation (A4). Applying Claim 1, equation (A5) becomes

A

M(z) = [ e n(a) - e(a) +uz(T(1) - 11(z) ) |ds.
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Taking the derivative and applying Claim 2, we get

A A

f(e) = [ e 0052w @) + n(fi(1) ~ T1(z)) - pafi(z)]ds

= [ e btz o (T(1) — T1(z,) ) - paT'(z) | d.
Setting  p(s) = pz, and  P(s) = e*jr'i(’*’\*“(l*k”))d”,u(ﬁ(1) - ﬁ(zs)),
f(s) = e_ftx(””\ﬂ”(1_21”))’1“12['(4) satisfies (A5). Applying Claim 1, equation (A4)
becomes

A T A

H/(Z[) — fﬁ e*ﬂx(r#’/\‘l’ﬂ(l*Zu))duM[W(Z‘O + H(l) o ]-A_-[(Zy)] dS.

s=t
The envelope theorem then implies equation (16).

B. Observability Raises Investment

Here we argue that if 7(x) = x — k and & is sufficiently large, investment and
the exit time are higher under observable investment than under the benchmark
model, a, > afand 7 > 7.

First, dropping the positive terms ,u(\A/(l) - ‘7(2s)) in the integrand and pZ, in
the exponent of (16) implies I'(# — s) > (1 — e~ (")) /(7 4 X + p0). Similarly,
dropping the negative —x(1 — Z,) in the exponent in (7) and bounding the integrand
above by V(0,1)—V(s,z;) <V(0,1) < (1 —k)/r implies ((1—k)/r) f(l -
e )9 /(r + )\)) > T*(7" —5). Then, for k close to 1, ['(# — 5) > (7" —s)
and so a;_; > aj._,.

Next, observe that \7(1) > V*(0,1), so the exit conditions (9) and (17)
imply z; < zI. Together with a,_;, > a}._,and z, = z5 = 1, this implies 7 >
7*. Since observable investment falls over time, we conclude that
a._, > a»_, > at_,and hence,a, > a) forallt = 7 — .

Investment is also higher at a given level of reputation x = z.
Indeed, a;_; > al._,together withz; < zi. implyZz;_, < zi._,, sodefinings’ < s
via Z;_y¢ = zi._, = z, investment at z is higher when investment is observable
since G(2,2) = Ary > Upy > a7._; = a’(2,2).

C. Exit Behavior in Theorem 4

Here we establish that a low-quality firm exits at time ¥ € [T,00), while the
high-quality firm never exits.

Reputation {x,} continuously decreases in ¢, so a mimicking argument analo-
gous to that in Appendix AA implies that firm value (18) continuously decreases
in . Optimal investment {&,} maximizes the integrand in (18) pointwise. For the
low firm, § = 0, the “breakthrough term” is 0 and this integrand also decreases
in 7. Thus, exiting is optimal for the low firm exactly when the integrand vanishes;
since XV/(%L,L) = 0, this simplifies to (20). The high-quality firm also benefits
from the positive breakthrough term, so the integrand for the high-quality firm
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exceeds the integrand for the low-quality firm. Thus, the latest possible exit time
of the low-quality firm must strictly precede the earliest possible exit time of the
high-quality firm.

To see that the low-quality firm starts exiting at some finite 7, recall the upper
bound on equilibrium exit times 7 from the proof of Theorem 2. Unless the market
expects the low-quality firm to start exiting and draws a positive inference from its
failure to exit, reputational drift g(d,x) < g(ﬁ,x) is strictly negative forx € [ZT, 1]
and takes reputation below z' at or before 7. Thus, in equilibrium the low-quality
firm must eventually exit, and we define T as the earliest time at which it does so.

After 7, reputation must be constant. Otherwise, if it started to decrease at some
time t > 7, the flow payoffs of the low-quality firm turn strictly negative and the
low-quality firm would exit with certainty; thus, reputation would jump to 1, under-
mining incentives to exit. Therefore, the firm’s problem becomes stationary after
7; all exit times ¥ € [T,00) are optimal and the high-quality firm never exits.
Finally, in order to keep reputation constant at x,, the low-quality firm must exit at
constant rate ¢ = —g(a,x;)/x;(1 — x;) to offset the negative reputational drift
due to learning.

D. Equilibrium Existence in Theorem 4

The existence proof of Theorem 2 does not apply as stated to Theorem 4, since
the time-to-exit 7 is not bounded above, and the theorem statement is stronger,
establishing continuity and monotonicity of x,. To achieve this stronger result, we
first apply the fixed-point argument to the set of pure strategies and subsequently
use this pure strategy fix point to define an equilibrium with pure investment and
randomized exit, as in Appendix BC.

Let L be the space of decreasing, equi-Lipschitz-continuous functions from
[0,7] to [0,1] with the topology of uniform convergence; L is compact by the
Arzela-Ascoli theorem. As in the proof of Theorem 2, we interpret both invest-
menta = {a,} o7 and reputation x = {x;}c[o7 as elements of L.

For any x = {x;} € L, let BR(x) C L X [0, ?] be the set of optimal invest-
ment and exit strategies (a*,T*), assuming that the firm must exit at the latest by
time 7. Conversely, for any (a,7) € L x [O, 7_'], let B(a, T) = x € L be the rep-
utation trajectory defined by xo = 1 and X, = g(a,x,) for t < 7 and x, = x,
for + > 7. Standard arguments show that the function B is continuous, and the cor-
respondence BR is upper hemicontinuous and compact valued. To see that the set
of pure best responses BR(x) is convex,? note first that optimal investment a is
unique. As for exit, if times 7 < 7' are both optimal, then reputation x, must be flat
on [T, T’] and, hence, all exit times 77 € [T, 7"] are also optimal.

Thus, the correspondence BR X B, mapping L X (L X [0,7_']) to itself, sat-
isfies the conditions of the Kakutani-Fan-Glicksberg theorem and admits a fixed

26This is the key difference to the baseline model with unknown quality. There, the set of pure best responses
is not convex, requiring us to apply the fixed-point argument to the set of mixed strategies, which does not deliver
monotonicity and continuity of equilibrium investment.
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point (x, (a, 7')) This fixed point must feature exit 7 < 7, for otherwise x, drops
below z' by 7, prompting exit.

This fixed point is not yet the desired equilibrium, since investment a, and rep-
utation x; are only defined for ¢ € [O, 7_'], and a “hard exit” by low-quality firms
at 7 is not compatible with equilibrium, as argued in Appendix BC. But this is
easily fixed: extend investment and reputation by setting @, = a, and x, = x, for
t > 7and consider the random exit time with rate ¢p = —g(a,,x;)/x;(1 — x;) on
[7,00). This constitutes an equilibrium since investment and exit behavior justifies
the market beliefs x, for all # > 0 and are also optimal given {xt}.

E. Firm Observes Private Signals about Its Quality

Here we sketch a model variant where the firm receives additional private sig-
nals about its quality; this bridges the models with unknown and known quality
and sheds light on the different findings regarding investment levels around the exit
threshold. Specifically, suppose the firm observes private breakthroughs that arrive
at rate v when quality is high.

This model resets at a public breakthrough, with both reputation and self-esteem
jumping to one. We can thus restrict attention to strategies that specify investment
and exit as a function of the time since the last public breakthrough ¢ and the firm’s
self-esteem (which now depends on the history of private breakthroughs since the
last public breakthrough).

At a private breakthrough self-esteem jumps to one. Absent either breakthrough,
self-esteem is governed by 7z, = g(a,(zt),zt) with

g(a.z) = Ma—2z)— (p+v)z(1 —2).

Since the market does not observe the firm’s private breakthroughs, it perceives
self-esteem z; as a random variable with expectation x,. For v = 0, we recover the
baseline model with unknown quality, whereas large v approach the model with
known quality.

We truncate the firm’s cash flow expansion at either kind of breakthrough to
obtain

(B1)

T s *
V(nz) = j; e It (rv)z)du [W(Xs) —c(aj(zy)) + pzsV(0,1) + vz V(s, 1)] ds,
where the additional term vz V(s, 1), cf (2), captures the firm’s continuation value
after a private breakthrough. Analogous to Lemma 7, investment incentives are
given by
(B2)

D(1) = J, e Hr om0y (v(0,1) = V(s.25)) #(Vis. 1) = V(s.z2) )

t
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These disappear at the exit time 7" as in Theorem 1, so the firm shirks close to the
exit threshold. Thus, even for large v, i.e., close to the known-quality case, invest-
ment vanishes at the exit time, in contrast to Theorem 4. However, the known-quality
result that the firm fights until the end is robust in the following sense: the inte-
grand in (B2) increases in v, so fixing 7 — ¢ and considering the limit v — oo, the
integral converges to the known-quality value of quality V(t, 1) - \v/(t,O) = f‘(t),
which is boundedly positive and rises in .

F. Identification

In the text, we discuss that the reputation process {X,} uniquely identifies (u,\)
and investment {a,}. In this Appendix, we show that the exit threshold x¢, reve-
nue {x;}, and investment {a} uniquely identify the cost parameters (k,c(a)).
Recall {a,} is single-peaked in #—hence, maximized at some f and decreasing on
[?, 7']. Since x, = z,, and x, is known, we write the firm’s on-path value as V(t).

First, we fix an arbitrary maximum value, V(0). The operating cost k then follow
from the exit equation,

X, —k+ px.V(0) = 0.

For the cost function ¢(a), the first-order condition (8) and the marginal value of
effort (7) imply that

(B3) cla) = Af e b=, [y(0) — v(s)]ds
where firm value V(s) is given by
(B4) V(s) = j;se’ﬁ(’+”x“)d” [xv —k—c(ay) + px, V(O)] dv.

Taking V(0) as exogenous and {x, a,} as data, ¢'(a,) is expressed as a function of
{c(as) i8> t}.Using a; = c(a;) = 0asboundary condition, ¢(a,) is then iden-
tified from¢t = 7tot = 1.

Next, we identify V(0). Suppose there are two maximum values,
Vi(0) = V5(0) = A > 0, consistent with the data. The exit condition
together with V(1) = V,(7) = O imply k; > k,. Let t < 7 be the latest
time with V(1) — V,(t) = A. Since V;(0) — Vi(s) > V,(0) — V,(s) for
all s > ¢, (B3) implies c{(a,) > c5(a,). Since ¢i(a;) = c(a;) = 0, we have
ci(a;) > cy(a,) for all s > ¢ But then (B4) together with the higher
costs in scenario 1 imply that V;(7) < V,(¢) for the latest time ¢, and thus
Vi(0) < V,(0), contradicting our original assumption. Intuitively, an increase in
the maximum value raises incentives requiring higher costs to justify the observed
actions, yet higher costs are inconsistent with a higher value.

This identification approach is very sensitive to the details of the model.
In practice, one might rather adopt a more robust, semiparametric approach.
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For example, given {a,,x,}, one could calculate value functions (1) for any cost
parameters (k,c(a)) and then choose those parameter values that minimize the
gains from deviations measured by, say, violations of the first-order condition

c'(a) = NI(2).
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