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Abstract

We use partition vector as state vector in models composed of a large num-
ber of exchangeable agents of possibly many types. To illustrate the use of
this notion we derive size distributions of clusters (groups) formed by these
interacting economic agents.

1 Introduction

Ricard Bellman was instrumental in introducing the notion of state to many
disciplines including economics. He was also one of the leading pioneers
in bringing new or non-traditional mathematical tools to analysis of eco-
nomic models, many of which are now in the tool kits of some segments of
economists. In view of his important contributions to economics, it is felt
appropriate that this paper illustrates the use of partition vector, which is
originally developped in ecology, genetics and statistics, in analysis of eco-
nomic models composed of many interacting ’exchangeable’ agents, because
partition vectors characterize random exchangeable partitions.

The view of building macroeconomic models from interacting microeco-
nomic agents has certainly been known in the economic literature, but has
not been vigorously pursued in the recent past by the economic profession.
Many economists still persist in using the discredited construct of represen-
tative agents in their models possibly for the supposed convenience in ma-
nipulating models. See Kirman (1992) for an example of critiques. Recently,
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a new life has been brought into this area, however, by recent interdisci-
plinary effors from statistical physics, stochastic processes, and population
genetics. These efforts are reported under various names such as evolution-
ary economics, econo-physics, or more simple as agent-based modelings or
heterogenous agents. This paper should be regarded in this light.

The word partition vector was apparently coined by Zabell (1992) even
though the notion originates with Kingman (1977) in his work on exchange-
able random partitions which generalizes the notion of random sequences
introduced by de Finetti. Sachkov (1997) calls it specification of the second
kind.

We consider a collection of a large number of interacting economic agents,
such as firms, households, and sectors of economies, or even countries. To
simplify our exposition suppose there are a fixed number n of them. They
belong to a potentially large number of different types. Here, the word ’type’
should be broadly interpreted. For example, firms belong to different cate-
gories in terms of capitalization, size of employees, plants and equipments,
households may be classified into different categories or types by their in-
come levels, places they purchase various goods, or more generally by their
demand patterns in general, and so on. The word could even mean that
agents are classified by the kinds of algorithms they use in their decision
makings, searches for jobs, and so on. The types generally change over time.
Agents may change their mind in their stock purchase patterns and switch
their strategies, or may become bearish from bullish or vice versa.

We associate different types with each of the discrete choices agents make.
Since agents in our models make discrete choices over time, we model the
process of agent choice patterns as discrete-state continous time Markov pro-
cesses, also called jump Markov processes. Aoki (1996, 1998, 1999a, b) has
several economic examples.

2 Jump Markov Process Models

Suppose there are potentially a large number K of types in a model of market.
Let n = (n,ng,...,nk) describe how n agents are distributed over K types,
n =nj +ngo+--- + nk. Initially for ease of explanation we use this vector
as state vector. Excluding pathological phenomenon of an infinitely many
jumps in a small time interval, it is known that jump Markov processes are
specified by transition rates. See Breiman (1969) for example.

In our model we need to specify entry rates, exit rates and rates of type
changes.! They are:

w(n,n + e;) = ck(ng + hi),

for nx > 0, where e, is the vector with unit element in the kth position which

1See Cox and Miller (1965, Chapt. 4) for related models.



is the only non-zero element of the vector,
w(n,n — ;) = d;n;,

n; > 1, and

w(n,n —e; + ey) = )\jkdjnjck(nk + hy),
with A\jx = Aj, and where j,k = 1,2,... K. We assume that d; > ¢; > 0,
and h; > 0, and Ajx = Ag; for all 7,k pairs.

The first transition rate specifies entry rate of type k agents, and the sec-
ond that of the exit or departure rate by type j agents and the last specifies
the transition intensity of changing types by agents from type j to type k. In
the entry transition rate specification cxny stands for attractiveness of larger
group, such as network externality which makes it easier for others to join
the cluster or group, and cihy stands for the innovation effects which is inde-
pendent of the group size. Sutton (1992) calls this niche effects. The niche
effects are something that affects a limited segments of economy such as a
specific group or clusters. Transition rates for type changes are alos found in
Kelly (1979). As Sutton remarks, the classical models of firm growth such as
Gibrat’s law are not empirically supported. We need interactions or correla-
tions among agents. The same is true for size distributions of groupings of
agents. Parameter 6 introduced in the next section plays this role. The jump
Markov process thus specified has the steady state or stationary distribution

K
m(n) = l:[lfj("j),

where

where g; = ¢;/d;.

These expressions are derived straightforwardly by applying the detailed
balance conditions to the transition rates. See Kelly (1979, Chapt.1) for
example.

To provide simpler explanation, suppose that g; = g for all j. Then,

noting that [[;(1 —g)™ = (1 — g)_zi " the joint probability distribution

is expressible as
7(n) = — X B IKI —h (1)
- n nj )’

=1

3 Partition Vectors and Ewens Distribution

Now, we introduce the partition vector a = (a1, ag, ..., a,), where ay is the
number of types or clusters with exctly k£ agents. Consequently we have an
inequality
Z a; — Kn S K y
2
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where K,, is the number of groups or clusters formed by n agents, and
Zz’ai =n,
i

which is an accounting identity.
To further simplify our presentation, let us suppose that h; = h for all

4.2 Then 3 .
(2 HC)

This is so because there are a; of the ns which equal j.
Now suppose that K becomes very large and h very small, while the
product Kh approaches a positive constant §. We note that the negative

binomial expression
—h \%
( J )

approaches (h/§)%(—1)7% as h becomes smaller. Suppose K, = k < K.

Then, there are
K!

arlag! - - an!(K — k)!

many ways of realizing a vector. Hence

ﬂ@:(f)«nzmﬂuihp%ﬂngw. @)

Noting that K!/(K — k)! x h* approaches 6* in the limit of K becoming
infinite and h approaching 0 while keeping Kh at 8, we arrive, in the limit,
at the probability distribution, known as the Ewens distribution, or Ewens
sampling formula very well known in the genetics literature, Ewens (1972),
Kingman (1987), or Johnson, Kotz, and Balakrishnan (1997).

mala) = oo 1) 2

R
o1 d a;!

where 0™ :=6(0 +1)--- (0 +n — 1). This distribution has been investigated
in several ways. See Arratia and Tavaré (1992), or Hoppe (1987). Kingman
(1980) states that this distribution arise in many applications. There are
other ways of deriving this distribution. See Appendix. We next examine
some of its properties.

2This assumption is not necessary. All we need is that the product Kh; has the same
positive limit as K goes to infinity and h; to zero.



3.1 The number of clusters and value of 0

Ewens sampling formula has a single parameter 6. Its value influences the
number of clusters formed by the agents. Smaller values of 6 tends to produce
a few large clusters, while larger values produce a large number of smaller
clusters.

To obtain some quick feels for the influences of the value of 8, take n = 2
and a; = 1. All other as are zero. Then

1

71'2((11 - 0, Ao — 1) = —1"+—9'

This shows that two randomly chosen agents are of the same type with
high probability when 6 is small, and with small probability when 6 is large.
In fact, @ controls correlation between agents’ types or classification.

Two expreme situations may convey the relation between the value of ¢
and the number of clusters. We note that the probability of n agents forming
a single cluster is given by

(n—1)!
@+1)O0+2)---(@+n-1)

(e =0,1<j<(n—1),an =1) =

while the probability that n agents form n singletoh is given by

. on—l
(e =n,a;=0,5 #1) = O+1)(0+2)---(0+n—-1)

With @ much smaller than one, the former probability is approximately
equal to 1, while the latter is approximately equal to zero. When 6 is much
larger than n the opposite is approximately true.

We can show that

1
P'n(Kn = k) = 6[_'0(77'7 k)ek,

n]

where c(n, k) is known as the signless Stirling numbers of the first kind, and
is defined by

o = > e(n, k)o*.

1

See Hoppe (1987) for the derivation. Stirling numbers are discussed in van
Lint and Wilson (1992, 104) for example.

3.2 Fractions

The expected value of a; is given by

9 n grd
E(aj) = ) ajma(a) = IR (3)

w(n)



where w(n) := {a : ¥;ja; = n}. A quick way to see this is to recognize
that the multiplication of m, by a; is equivalent to changing the partition
vector from a to a’ where the jth component is changed from a; to a; — 1
and the sum Y. ¢a; = n is changed to Y ia) = n — j, because a; = a;, © # 7,
but a; = a; — 1.

Watterson (1976) shows how to calculate the variance and covariances by
using the relation

0 n! g2

E{aj(aj - 1)} = (;)2 (n — 2_7)' ginl

and for ¢ # j . | i
nl Qi

E{aa;} = —
laos} = S m=icy o

What is characteristic is the fact that the standard deviations of as are
of the same order of magnitude as the means.
With 6 small, we have approximate relations

6 n 1
jn—jl+0h, 10 ;
where h,_1,_;:=1/(n—1)+1/(n —2)+---+1/(n— j). Similarly

E(a;) ~

n 1
n—2j 14 Ohn_2jn_;j

B(@?) - E(a) ~ (_—i‘})?

where hp_gjn-j = 1/(n—3)+1/(n—j—1) +--- +1/(n —2j).

Let z; = ia;/n. It is the fraction of agents of type i. It is a point in
the (K — 1)-dimensional simplex, 3%, =1 with z; >0,4=1,2,...,K. Its
expected value is

E(z;) = E(ja;/n).

The order statistics of the fractions, (1) > () = --- are important in
markets with highly correlated agents, because with 6 smaller than 1, the
sum of two or three largest fractions can be shown to be nearly one. See
tables in Watterson and Guess (1977). This means that two or three large
groups dominate the market behavior. For example, excess demands for some
financial assets by these large groups may largely determine the market excess
demand, and hence the price dynamics. See Aoki (1999) for an example of
such a model.

3.3 Limiting Behavior

Arratia et al. (1992, 1994) have shown that the components of the partition
vector converges in distribution to (Zy, Z2,---) as n goes to infinity where
Z;s are independent Poisson random variables with mean 6/, and

n
Pr(a) = Pr(z = a;,i = 1,2,...,n|>_jiZ; = n).
j=1
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They also have a bound

)

E(a;) - 0/5 < E—

When we use partition vectors to characterize models with exchangeable
random partitions, the multivariate Ewens distribution (MED in Johnson et
al. (1997, 232) govern the distributions of the components. Here we give a
couple of ways this distributions may be derived.

3.4 Expected Value of the Largest Share

Suppose that fractions z;,zs,--- describe the population composition by
types of exchangeable agents. Recall that the subscript 1, 2, and so on
have no intrinsic meaning, but a mere convenience in referring to different
clusters or groupings of agents by types. Denote the largest fraction by z,).
Here we follow Watterson (1976), and Watterson and Guess (1977) to show
how to calculate its expected value. An entirely analogous procedure can
calculate the joint probability density for r order statistics of the fractions.
This is discussed in the section following this.

We can assume that zx is 2(1), i.e., assume without loss of generality that

0<z;<zgy=1-2,—---—2Tk-1,
fori =1,...,K — 1. Change variables from zs to
yi=zi/(l—c1—22—---—2x 1) < L.

Then, we have

E(zq)) = K/-~-/pK¢(x1,---,a:K)d:cldxg---de_l,

where ¢ is the symmetric Dirichlet distribution with parameter €. Accord-
ingly we assume that

K
¢ ) AR - f—l
(xl ) ‘TK) (F(C)K 1I=Ilz

is the joint density function of zs. See Appendix on Dirichlet distributions.
The use of Dirichlet distribution is based on a deep connection of this distri-
bution with the representation of random exchangeable partition introduced
by Kingman (1978), and later expounded by Zabell (1992). We do not stop
here to explain these but go directly to calculate the expected size of the
largest fraction goverend by the Dirichlet distribution.

Noting that 1 —z; —--- —zx-1 = (1+ 355" ;) 7!, and that the Jacobian

i 1+ y)™"

18
dy
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by straightforward calculation, we rewrite

E(zqu)) = / /Hy Y1+ y) K dyr - dyk -,
7

where the range of integration is over the cube, 0 <y; <1,j=1,...,K—1.
By multiplying the numerator and denominator by eX~1 we regard this in-
tegral as the expected value of (1 + Zx_1)~!1"%¢ with respect to Y, j =
1,... % K 1 which are independent and identically distributed with the den-
sity €X Hf N y5 L

Although we cannot express the expected value in closed form we can
give the Laplace transform of Zx_; and obtain its limit as K goes to infinity.
From independence of Y's

1
E(e—sZK_l) — {E(e—sYl)}K—l — {/ 6—sy6y€_ldy}K—1.
0
Write the integrand as

ey T =€y 4+ (e - Dy}

we let K goes to infinity and € to zero while the product goes to a nonnegative
value 6. Thus

1
E(e™%%x-1) — exp{9/0 (™ — 1)y 'dy.

Denote by Z the limiting random variable with the Laplace transform spec-
ified above. Then

E(.’I,‘(l)) =e"0I'(0 + DE{(1+ Z)—l_o}.

In deriving this expression we note that I'(Ke) — I'(9), I'(e) = T'(1 +
€)/e, and that (1 + €) =~ [(1) + I"(1)e = 1 — e, where v = —T'(1) is
Euler’s constant. See Abramovitz and Stegun [(1968, (5.1.1) and (5 1.11)].
By definition

r'l+86)= /oo zle%dr,
0
and we note that
re+1)(1+2)y""°= / e~ (+2)sgs,

Taking expectation with respect to Z, we obtain

E(x(l)) = 6’79/ soe—sE(e—sZ)ds — / e—se—eEl(s)ds’
0 0

where we use the relation
E(e %%) = exp{—70 — 01Int — OF,(s)},

8



and where

00 X (—s)" o0 '
Ei(s) :/; ez ldz = —y—Ins— Y (n;)' = —’y——lns—/o (e7¥ —1)dy.
n=1 :

The marginal probabilty density of the alrgest fraction is
flz) =6z (1~2)""

for 1/2 < £ < 1. When z is not greater than 1/2, the expression is more
complex

f(z) =T(8 + 1)e"z"2g(z™" - 1),
where g(-) is the density of the random variable Z introduced above, and
characterized in terms of its Laplace transform.

3.5 Joint probability density for r largest fractions

We next derive the joint probability density for the largest r fractions on the
K-dimensional simplex, (1) > T(g) > - -+ > T(y), where z;,1 = 1,2,... , K are
the fractions. Denote the Dirichlet probability density on the K dimensional
simplex by ¢(z, 2, . ..,Tr) = D(¢, K). Then, the probability density for the
first r order statistics is given by

f(z1,29,...,2,) = K(K-1)(K~2)--- (K—7‘+1)/¢($1,$2,---,xk)d$r+1 - dTg g,

where 1 > 11 > z9--+ > z, > 0, and where we subsitute zg =1 —21—---—
zx_1. Carrying out the integral

Kl T(Ke 1 (Ko
(K—r)!I‘((G)K(xl"‘mr) a7

flxy,...,2,) =
where

K-1
I= // H y;_l[l —a— 2, (Yr41 +"'+yK—1)]6—1dyr—1"'dyK—1,
r+1

where the integration is carried out in area A
A= {0 < Yj < 1,7‘+1 S .7 < K_l; (l—a—fL‘.,-)/.’L',. < yr+1+‘ tHYk-1 S (1—0')/1'7'}

where a .= 1+ T2+ -+ + Z».

As in the case of the largest fraction, introduce random variable Z with
the density function gx_,_; which is the (K — r — 1)-fold convolution of the
density eyg‘l, j=r+1,..., K -1

The integral is approximately given by

e (K-7) l1-—a

gK—r——l(
T, T,

I= ).




Letting Ke approach 6, while K goes to infinity and € to zero, we note that
K(K —1)---(K —r+1) approaches K", and

(X = (L F Iy

K

which approaches e ¥e=??, where we use the fact

I'(1+¢€) =~ 1— e,

where 7y is the Euler’s constant, v = .5772- - -.
Putting them all together we arrive at

1

f(xla T2,. - 71:7‘) = gre'yol-\(g)xg—lg( )(1‘11'2 e xr)— )

1—a
T,
intherange 1<z; <.--<z,>0,and }.Tz; < 1.

We know from our result for the largest fraction that f(z;) = 6z7"(1 —
1,)%! for z; between 1/2 and 1, that is

J l—xl),,_l

I(1+6)e™g( ) = 6(

?
I

for z; between 1/2 and 1.

To obtain the expression for the density in the range 0 < z < 1/2,
we follow Watterson (1976) and differentiate the Laplace transform for the
random variable Z

E(e™*%) = explf /Ol(e‘” —1)z7'dz]

, with respect to s. Recall that this transform is derived in connection with
the largest fraction. Then, divide the result by —6 to see

(1/6) [ e 2g0()dz = [ Ton@)edy [ e go(2)dz.

The right hand side is the product of two Laplace transforms. Hence the
integrand of the left-hand side is the convolution of the uniform function on
the unit interval and gy

(1/6)290() = [ go(w)dy.

Setting 2z to 1, we obtain

g6(1) = € /T(0).

Differentiating the integral equation with respect to z, we derive the differ-
ential equation which determines the function recursively

2gy(z) + (1 — 0)ge(2) = —Oge(z — 1),

10



where z > 0. In the range z € [0, 1), this integro-differential equation yields
the result we obtained above. In the next range z € [1, 2) we have

90(2) = 2 [go(1) = 0 [ golu — 1)u~du].
Changing variable of integration to v = 1/u, we note that the integration

above becomes .
/ v (1 —v)? ldv.
1/z

The joint density for the first two largest fractions is given by

e ()1 1—z— 02
= 2 9e( y) =

= 1—z—y) L.
Ty y ffy( )

(2, y)

This expression is valid for the range 0 < y <z < 1,0 <z +y < 1, and
x+2y>1,thatisy > (1 —1x)/2.

We know that
S0-1

9(z) = T@)e?

for z between 0 and 1. For other values of 2, we have a recursion

zge(z) = / Z_l 9(y)dy,

see Watterson and Guess (1977). Alternatively put, we have

9(2) = 2 g(m)n** =0 [ gly 1y “d,

in the range n < z < n + 1. This can be verified by direct subsitution into
the differential equation for gg.

With the joint probability densities for the largest 2 or 3 fractions in the
case of a large number of correlated agents in a market, we are in a position
to approximately obtain the macroeconomic behavior of the market prices
and quantieis.

3.6 Examples of Alternative Distributions

So far, we have introduced Ewens distribution, well known in population
genetics literature but unknown in economics, as a potentially useful distri-
bution to describe market behavior. Here we derive some other size distri-
butions with the same applications in mind.

3.6.1 Two-sided exponential distribution

In Amaral et al. (1997) empirical distributions for growth rates by firms
have been found to have a two-sided exponential distributions, and they have

11



derived it as a steady state distribution of certain Fokker-Planck equation
based on the hypothesis that firm sizes grow if its size is less than some
desired size by a random factor, that is S;+a: = Siket where €; is a mean zero
random variable, and if S; is greater than the desired size, then it shrinks
by the same factor, Sy a; = Si(1/k)e®t. From this the authors derive the
equilibrium growth rate distribution to be two sided exponential function

p(r) = const exp{—c|r — 7|},

where # is mean growth rate and c is related to variance. Note that even
though they started out with growth in size, they convert it to growth rates.
They have done extensive empirical work in this and related work to support
this form.

Here, we look at the size distribution itself assuming that sizes measured
in some basic units are proportional to n, and there is a desired value for n,
denoted by n*. We interpret size broadly as Amarla et.al do. It may refer to
the sales, amount of capitalization, numbers of employees etc. We apply our
jump Markov process machinery and show that the steady state distribution
of n is a two sided exponential about n*.

Suppose that the transition rates are specified by

w(n,n+1) = a,

if n < n*, and by
w(n,n+1) =G,

if n > n*. Assume that a > . Also assume that
w(n,n—1) =g,

when n < n*, and when n > n*, then

w(n,m—1) = o

These transition rate specifications capture the same idea as in Amaral
et. al. By the detailed balance condition we obtain

a
Tp = CI(E)H7
for n < n*, and for n > n*
ﬂ n—n*
Tn = Ca(— .
n= (7))

This basic specification can be modified to let the distance |n —n*| influ-
cence the transition rates. One such example would be

—_— A —m*
e~ 1m—1°)

w(n,n+1) = e—"n-n*) 4 e—7(n*-n)’

for n < n*, and w(n,n—1) is specified analogously by replacing the numerator
by e A" ~")_ for example. Here y may represent uncertainty which prevails
in the sector of the economy in which firms are located.

12



3.6.2 Clusters in partition vector

We adapt some examples from Kelly (1976, 1979).3

There are N basic units partitioned into distinct clusters or collections,
with a; being the number of groups consisiting of ¢ units. Recall that we
mean by units some basic building blocks from which objects that cluster
are made up.

The transition rate w(a,a + e;) = o represents the process in which a
basic unit or singleton (called isolate in Kelly (1979, chapt.8)) joins a group
of size i at rate @, i = 1,2,.... The transition rate w(a,a —e;) = J refers to
the rate at which a singleton (one basic unit) leaves that group to become
an isolate. The vector e; has 1 in the i¢th position and zero everywhere else.
Call a cluster of size ¢ i-cluster.

We assume a is a Markov process in which the transition rate w(a,a —
€1 —e;+eir1) = aaa;, 1 > 2. This refers to the rate at which an isolate joins
an i-cluster, hence forming one more 7 + 1-cluster. When two isolates form a
new group of size 2, the transition rate is w(a,a — 2e; + e2) = aa1(a; — 1).
The rate at which an i-cluster breaks up into an isolate and a cluster of size
i — 1 is represented by w(a,a + e; + €;-1 — €;) = ifa;, © > 2. The transition
rate w(a,a + 2e; — e3) = 20a; refers to one cluster of size 2 divides into 2
isolates. In a more general setting, suppose that the transition rate of one
r-cluster and one s-cluster form one u-cluster. It is written as

w(a, a—e.—¢€;+ 6u) = ArsuGrQs,
when r # s. With 7 = s, we specify the transition rate by
w(a,a — 2e, + €,) = Apruar(ar, — 1),

and
w(a, a—ey,+e+ 63) = Mrsuly

is the transition rate of one u-cluster breaking up into one r-cluster and one
s-clustter. In the simple example described above, we have

>\1,i,i+1 =a,

and
Hii-14i = B,
for i > 2.

Assume that Apgy = Agry a0d firgy = fery- We check the detailed balance
conditions and verify that the equilibrium distribution is of the form

3This subsection is based in part on Kelly (1979, Chap. 8). We use a; rather than m;
used in Kelly.

13



provided there are positive numbers ¢;, ¢y, ..., such that

crcsArsu = Cylhrsy-

We can easily verify that the detailed balance conditions are satisfied. In
the simple example, we note tht

g

ar!

satisfies the detailed balance conditions.
For a closed model with N fixed, the equilibrium distribution

t1 B,
m(a) = Bg 2l ol
is an example of assemblies analyzed by Arratia and Tavaré. Here m; = (8/c)
serves as the "number” of labelled structures on a set of size ¢, that is the
number of the labelled structure in this example is independent of the size
of the block.
In the more general development that follow the example, if we set

then m, is the number of the labelled structures on a set of size r.

4 Concluding Remarks

This paper presented Ewens and several other distributions as candidates for
distributions of clusters sizes formed by a large number of economic agents
who interact in a market. Although no application is described in this paper,
Aoki (1999) has one simple application in which stocks of a holding company
is traded by a large number of agents. With § = .3, two largest groups
are shown to capture nearly 80 per cent of the market shares and hence
dominate the market excess demands, which in turn determine the stationary
distributions of price.

In this way it is shown that the tail distribution of the market clearing
prices obey a power law. Power laws have not played much role in the
economics literature. It has been shown in recent research, however, that
power laws may prove to be an important device for imposing empirical
constraints on macroeconomic models such as rational bubble models. See

Lux and Sornette (1999).
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Appendix: Dirichlet Distributions

A quick heuristic derivation of the Ewens sampling formula is given.

Suppose that there are n exchangeable agents and each chooses one of K
possible behavioral rules (decisions, classes etc). A possible state vector to
describe a configuration of agents clustering or distributed among K classes is
to give the number of agents of each type, n = (n1,na,...,nx) with 32;n; = n.

If we know the fraction of agents who are of type iis p;, 1 = 1,2,... K,
and if each agent chooses independently, then this configuration is realized
with probability

P(ni,na,...,ng|N) =

oy B H

ln2

This is a multinomial distribution.
Suppose next that the joint probability of the fractions is given by a
Dirichlet distribution

€ o
Pr(plap27"'7pK) :D(GvK) = F( )K (p1p2"'pK) 17

where we substitute px out by px =1 — p; — pa — - - - px—1. These fractions
are located on the K — 1 dimensional simplex. The exponent € is the same
for all fractions by assumption, i.e., all types are exchangeable which implies
that the joint probability must be symmetric in the fractions.

When fractions are integrated out from the multinomial distribution, we
obtain what Chen calls Dirichlet-Multinomial distribution, Chen (1980),

n! TI'(Ke
DM(nl7n27 e ,nK|n7 6) = Hi 'n/i! 1"((6)1{) X I,
where [LT(n: + €
I = ni+e "K+fd -d _,__Ill____f_
2 P1-OPK-1 = I'(N + Ke)

Now rearrange ns in the non-increasing order and consider k largest ones,
denoted by ng) > n(z) > - - = nx). Their probability is given by

K!

Pr(nqy, ..., nwmlN, k) = WK — k)

DM(ny,...,nk|N,¢).

Let Ez 1) =M.
In the alternative state vector choices we let a; denote the number of n;s
which equal <,
a; = [{7;n; = 1},
where we note that

n
S a=k,
i=1
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and "
Ziai =n.
i=1
Then

k!
P(ay,az,...,an| Y ai=k Zza, = H — X Pr(nqy, ..., n@wlN, k, €).
J %3

We now consider a limiting case of letting € approach zero and K infinity
while Ke — 6 for some positive real number.

Write I'(€) = I'(1+€) /¢, and note that [, I'(n;+e€)/n;! approaches [[; 7%
because the product n; - - - ng = [[; 7%.

In the limit then, the probability is given by

P a17a21 . anlzahzwﬂ - - n] H

where 6™ .= T'(N + 0)/T'(#). This is the Ewens sampling formula.

’Lala K
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