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While much has been written on the theory of auctions, almost all of this work focusses
exclusvey on the symmetric equilibrium of an auction in which bidders are symmetric. That
is, two bidders with the same private information have exactly the same beliefs about all of the
opposing bidders.

In a companion paper (Maskin and Riley (1994), we have examined the question of
existence of equilibrium in a sealed high bid auction in the absence of the symmetry
assumption. There we show that under quite weak assumptions there exists an equilibriumin
which bids increase monotonically with bidders reservation prices for theitem.

In this paper we turn to the question of uniqueness. Under the symmetry assumption it
iswell known that thereis a unique symmetric equilibrium (Milgrom and Weber, 1982, Maskin
and Riley, 1984). However, it is not unreasonable to suppose that a particular buyer might
establish areputation as an aggressive bidder if it isin hisinterest to do so. Riley (1980)
provides an example of the "war of attrition” in which thisisindeed the case. In fact thereisa
continuum of asymmetric equilibriain which one buyer bids "aggressvely" and the other
"passively". Furthermore, the greater the degree of aggression, the larger isthe equilibrium
expected gain of the aggressive buyer.

A second example of a continuum of equilibria occurs in the common value auction, if
theitem is sold by open ascending bid. Asfirst noted by Milgrom (1981) thereis aways a
continuum of equilibriain the two buyer case. Bikchandani and Riley (1991) also present an
examplein which, with n bidders, there is a continuum of equilibria.

For the symmetric sealed high bid auction, however, we show that there can be no

asymmetric equilibrium under the assumption of independence. Thus equilibrium is unique.
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When we drop the symmetry assumption we have avery general uniqueness result if
thereare only 2 bidders. All werequireisamild additional restriction on preferences which
ensures monotonicity.

For the general case of n bidders, our results are more limited. If differences can be
parametrized smply as variations in the distribution of reservation prices, we have a further
quite strong uniqueness result. But when buyers also have different preferences all we are only
able to establish unigueness when these differences are small.

We describe the modd in section 1. In section 2 we present characterization results.
We use these in section 3 to derive our main theorems. Section 4 considers the possibility that
buyers might sometimes "overbid”, that is, bid more than their reservation prices. Concluding

remarks arein section 5.

1. THE MODEL

Throughout the paper we shall make the following assumptions about the auction and
those participating in it. A singleitem isto be sold to the buyer who makes the highest non-
negative bid. If two or moretie, the winner is selected at random from among the high
bidders. Thereare n potential buyers. Buyer i hasautility of u, (b,s) if hewinswith abid
of b andisof type s. Buyeri's typehassupport [a,,5] andisdistributed with c.d.f.
F (). Weassumethat F, iscontinuoudy differentiable and that the density is strictly positive
on [a;,5]. Without loss of generality we normalize so that the utility of buyer i iszeroif his

bid is unsuccessful. We further assumethat u, (b,s) iscontinuously differentiable,

with%<0and %>O, i=1...,n.
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Let b (s) be the reservation price of buyer i if histypeis s, thatis u (b (s),s) =0.
We assume that for all i, buyer i's highest reservation price, 5,(3) , isgtrictly positive
(otherwise buyer i never has an incentiveto bid). Clearly buyers cannot gain by bidding more
than their reservation prices. In fact we will begin by assuming that they do not.

Assumption 1: No buyer bids ever bids more than his reservation price.

Next, define s to be the lowest type with a non-negative reservation price. If s >a, sothat
F(s)>0, althosetypes s <s haveanegative reservation price and are therefore strictly

worse off submitting a winning bid than staying out of the auction. Throughout we assume

that such types never bid and therefore focus on types drawn from theinterval S ° [s,S].

We next introduce the usual "single crossing property” which underlies so much of

incentivetheory. Let M, (b,5) betherateat which abuyer iswilling toincrease hishid in

return for a greater probability of winning. Asiseasly confirmed, Assumption 2 isthe

requirement that M, increaseswith s.

Assumption 2: Single Crossing Property

For dl u,(b,s)>0, %Inui isgrictly increasing with s.

We have argued e sewhere (Maskin and Riley, 1984) that thisis a weak assumption. Indeed if
u (b,s) =V.(s - b) sothat s isbuyeri's reservation price, Assumption 2 holdsif buyer i is
risk neutral or risk averse.

For some of our results we will also explicitly introduce the assumption of risk aversion.
Assumption 3: Buyersare (weakly) risk averse.

U (b,s)>0pP u(b,s) isconcavein b.
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2. CHARACTERIZING THE EQUILIBRIUM BID FUNCTIONS

Above we defined b (s) to bethe reservation price of buyer i if histypeis s, that is,
u (b (s),s)=0. Itwill beussful beow to define the inverse function

2) f,(®)°b(b).
That is, f, (b) isthe smallest typei buyer willingtopay b for theitem. From Maskin and

Riley (1994) we have the following results.

Lemma 1: If Assumptions 1 and 2 hold, the distribution of winning bids has support [b. ,b"]
and c.d.f. which iscontinuouson (b.,b’].

Lemma 2: M onotonicity

Suppose that aredlization of i's equilibrium strategy is b’ if histypeis s'and b" if his
typeis s'><s'. Suppose, moreover that the expected return to bidding b' is strictly positive.
Then b'£b"

Asour first preliminary here, we characterize b,, thelower support of the distribution
of winning bids.
Lemma 3: Characterization of the minimum bid

Let l:_l,(_sl) be the lowest nonnegative reservation price of buyer i, i =1,...,n. Without
loss of generality we supposethat b, (s.) £...£b,(s,) £b,(s))
If Assumption 2 holds, the minimum bid satisfies
(2-2) b,(s,) £b. £b,(s))

Moreover, either both of these are equalities or both are strict inequalities. If the latter,
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2-3) b = Maxag Mbaxi’; F.(f, (b)u (b,s,)
where f (b)) ° b (s),i =1...,n

Proof: Supposethat b, <52(§2). By Lemma 1 there are no mass pointson (b,,b’]. Then

both buyer 1 and buyer 2, regardiess of type, have a strictly positive expected payoff from

bidding b, , where
b °lb +(1-1)b,(s,), 0<I <1.

Let p,i =12 betheprobability that buyer i bids b,. If both p, and p, aredrictly
positive, bidding b, resultsin atie with positive probability. Then buyer 1, regardiess of his
type, is strictly better off bidding dightly above b, sincethisbreaksthetie and increases his

win probability by a finite amount.

Hence p, and p, cannot both bestrictly positive. Supposethen that p, iszero.
Congder abid b, by buyer 2 inthe neighborhood of b.. Sincep, =0, buyer 2's
probability of winning and hence his expected utility declinestowards zeroas | ® 1. But we
have already argued that buyer 2's equilibrium expected utility is strictly positive so again we
have a contradiction.

Next supposethat b, > 51(_51) . Any buyer type who submits a bid must have a
reservation price of at least b,. Then any such type must have a gtrictly positive expected
utility snceabid in the interval (El(gl),a) wins with positive probability. It follows that any
buyer type who submits abid has a reservation price exceeding b,. But then at most one
buyer bids b, with positive probability. (For otherwiseit would pay to break thetie by

bidding dightly more.) Again we have a contradiction, hence b, satisfies(2.2).
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Suppose next that b, (s,) <b,(s,) . Anybuyer i > 1 isbetter off bidding above b, if
hisreservation price exceeds b,. Given Assumption 1, buyer i bidslessthan b, if his
reservation priceislessthan b,. If buyer 1 bids b, with positive probability and buyer i's
reservation price exceeds b, heisdrictly better off responding with abid just above b,
since his probability of winning rises discontinuoudly at b, . If buyer 1 bids b, with zero
probability, buyer i's expected payoff iszeroif hebids b,. Thusagain heis strictly better off
responding with a bid greater than b, . Combining theseresultsit followsthat for al i > 1,

buyer 1 outbids buyer i with probability F, (f,(b.)) when hebids b,. The expected payoff

n

to buyer 1 of type s, if he makes his equilibrium bid of b, istherefore i;z F (f, (b.)y, (b. 'S;) -
Since we have assumed that no buyer ever bids more than his reservation price, if buyer
1 bids b?! b, hisexpected payoff isat least :2 F (f,(b)u (b,s;). It followsthat for b. tobe
abest response for type s,
T REOUGS)E L FE G DS

Thus
b1 &g Max _ F(f;()u (bs)

Finally, suppose that both b' and b" solve this maximization problem and that b'<b".
Buyer 1 of type s, isat least indifferent between bidding b" and any lower bid. Given

Assumption 2, all other buyer 1 types strictly prefer b" over any lower bid. Thusthe

minimum bid for all types s, >, isatleast b". Butthen b' isnot thelower support of the

equilibrium digtribution of winning bids.

Q.E.D.
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Lemma4: Strict Monotonicity of the probability of winning:
Let G, (b) bethec.d.f. of thedistribution of winning bids. Suppose b'<b" and
0<G,(b)<G,(b") <1. Then at least two bidders bid in theinterval (b',b") with positive

probability.

Proof: Supposefirst that there exists some such interval over which no one bids with positive
probability. Define b o inf{b|G,,(b) <G, (b')} . Withnoonebiddingin (b',b") with
positive probability it follows that b>b". By Lemma 1, any buyer bidding ties with
probability zero. Then such abuyer can lower hisbid towards b' and soraise hisgain to
winning without lowering his probability of winning. But then bidding b cannot be a best
response.

Suppose then that only buyer 1 bidsin theinterval (b',b") with positive probability. In
this case buyer 1 will never bid in theinterval (3b'+3b",b") with positive probability since he
can lower hisbid to just above b' without lowering hiswin probability. Thus no buyer bidsin
theinterval (3b'+3b",b") with positive probability. But this contradicts our earlier
conclusion.

Q.E.D.
Let (b,(s),....b,(s,)) beequilibrium bidding strategies (possibly mixed strategies.)

Any deterministic selection b, (s;) from El(sl) isgrictlyincreasingforall s 1 S . It follows

that
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(3 =00
isan increasing function that iswell defined at @l b for which there exists s with
b1 suppb.(s). Then, for all bids exceeding the minimum bid b, we can define
(2-4)  f.(b) =sup{y (b) |b£b,y (b) defined}

Because y,(°) isincreasing, f,(®) isnondecreasing and continuousfor al b>h.. Note,
furthermore, that the probability of winning can be written as

G° | F(f;{)
Since f,(b) iscontinuousforal j, sois G (b).

Asapreiminary to proving uniqueness we now derive propertiesof f.(3) and G (b) .

Proofs can be found in the Appendix.

Lemma5: Strict monotonicity property of bid distributions.

Let G (b) bethec.d.f. of the maximum bid of al i's opponents. Then for any b= b(§)

suchthat 0<G, (b) <1, andforany e>0, G (b- e)<G (b).

Lemma6: If f, (b) isdtrictly increasing to theright (from theleft)at b=Db, then b isa

best responsefor § =1, (b).

Lemma7: If f (b) isdrictly increasing totheright (fromtheleft)at b=b >b., G (b) is

right (left) differentiableat b. Moreover, theright (Ieft) derivative satisfies

Ty mn=0

(2-5) G (b)y(b.f;(0))+G (b) o
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Lemma8: f.(b) isright (Ieft) differentiablefor all b>h, andall i.

Suppose f (b) © (f,(b),...,f (b)) isdrictly increasing at b. It follows from Lemmas 7 and 8
that f (b) satisfies

‘ )l
én Fi(f;) df; :%ui(b’fi)
= Fi(f;) do u (b,f,)

jti

(2-6)

We can rewrite thisin matrix form as follows.

1
FiE)d,  qpu®h)

F () db) Uy, | Were A=

=
|_\
|_\
c

(27 Al

P> D D D D O @

1 0H

= .

Lemma 9: Endpoint condition if no bidder has a positive probability of winning at the
minimum bid.

Supposethat F(s) =0 and u(b,s)=0, i =1...,n. Define

& F(s)

Then if the vector of equilibrium inverse bid functions f (b) © (f,(b),....f ,(b))

satisfies the endpoint condition
f.(b)=s,i=1..,n,

andisdrictly increasing at b, ,
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i
7ui(b*i_s|)
@27 f/(b)=@+——)T
éej ui(bﬂ_si)

3. UNIQUENESS

It is now helpful to transform variables and define
(31)  z=InF(s).s1[s.s].
Since this function is strictly increasing over its domain we can invert and define the strictly
increasing function
(32 h@=F"'e), z1[z,0], where z °InF(s).
Also define v, (b,z) ° Inu (b,h (Z)).
By Lemmas7and 8, if f,(5) isincreasingat b, then b isthe solution to the following

maximization problem:

Max U, (xf,(B) = " F, (F 0D (x.f, (B)

jHi

Moreover thefirst order condition

)l
g F(E)d; g u®d)
a =
= Fi(f;) do u (b,f,)

jti

must be satisfied, where it is understood that the derivatives are either |eft or right derivatives.

(3-3)

Then after transforming the variables, b isthe solution to the maximization problem

Max V; (x,2.(0) = & 7, (%) +V (x.7 (b))

and must satisfy thefirst order conditions:

29



uni1219d.doc Uniqueness

g dz; q b =0.i =
a db+ﬂbv'(x’z‘( ) =0,i=1,...,n.

J:
Jl

To smplify notation we also define

Rb.2)=- g vi(x2), i=1..n
If Assumptions 2 and 3 hold,
I "

34) v.>0p —<0 ad >0.
(3-4) v 1z

b
Thefirst order conditions can then be rewritten as:

(3-5 JalE— P(Mb,z), i=1...,n

jri
Lemma 10: Consider solutions (z,(b),...,z (b)) and (Z,(b),...,2 (b)) tothe system of

differential equations

(3-6) %E—P(b;)l_ ..... K.

jti
on someinterval [b',b"] over which, for al i=1,...k, z(b)<0 and P(b,z) >0. Suppose
that 2;(b")- z,(b")>0fordl j=1,..k Then 2()- z((b)>0, j=1,..k
Moreover,

d

db[

|| mox

2.(b)- z,(b)] <0, bl [b,b"].

Proof:

Let z;(b,a), j=1...k beasolution tothesystem of differential equations satisfying the

endpoint condition

z;(b",a)=(1- a)z,(b") +az, (b")
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Then ﬂlazj(b",a):zj(b")-z,-(b")>0, J=1...k

Rewriting (3-6) in matrix form we have
(37 Alz;(0)]=[R (b 3z)]
where A isasdefinedin (2-7) except that itisnow a k™ k matrix. Itisreadily confirmed

that A isinvertible and that

@ 1 1. .0
é a
g &9t
BoA'=—-=® & 1 ¢ .U whereg =- (k- 2)
k-1g a
(:e' : 1@
gl 1 1 . 9§
Inverting (3-7) we obtain
3-8 “ _eipw
In particular,
390 Zip [pw 2 P- (k- 2)P
(39 4 =Bi[Rb2)]=1" 1(@11 - (k- 2)P)1
it
where B isthejth row of B.
Summing over |,
g dz 1 & 5

Differentiating by a ,

s G4 B L4 W,
(3-10) db,al ja  k-1% 1z 1a

1z,
By construction ﬂ_aJ >0 atb',j=1,...k

n Nz,
Define b:inf{b|ﬂ—;>0, fordl j=1,...,k}
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d § Tz .
Then, from (3-10) %a 'ﬂ_a<0 on (b,b"].
j=1

Hencefor somei =1,...,k

() 120" _,

(3-11) fa fa

Differentiating (3-9) by a

df3_ 1 & R ® 1
(3-12) db ﬂb_k-l(iazl Iz ﬂbi_(k_z) Mz 1b

it

)

By construction, there must be some j such that 'ﬂlaz" (B,a) =0. Thus, for this j, thefina

term on theright hand side of (3-12) approacheszeroas b b. Moreover, from

A P
(3-11) ﬂlazi(b,a)>0 for at least oneother i1 j. Then, since %<O, the right hand side

~ )|
of (3-12) is strictly less than zero in some right neighborhood of b. Hence ‘IT?J isgtrictly

decreasing in thisright neighborhood of . But then ‘Hlazj (B,a) cannot be zero after all. We

Tz,
concludethat for al j=1,...k andal b< b",ﬂ?’ > 0.

This provesthefirst clam. The second claim follows immediately from (3-10).

Q.E.D.
The proof of unigueness for the case of two buyersis now relatively straightforward.

Proposition 1: Uniquenesswith two buyers'

If Assumption 1 holds, equilibrium is unique.

Proof: Lemma 3 uniquey defines the lower support of each buyer's bid distribution, b, . By

Lemma 4 the support must be an interval, [b.,b’].

YWith only alittle further work, the proof of uniqueness also provides an alternative proof of existence
for the 2 buyer case.

32



uni1219d.doc Uniqueness

Case (i): For some i, F(f,(b))>0.
In this case, for some i, thelower support for z, z =InF (s ) isbounded from below. By
Lemma 8, buyers equilibrium inverse bid functions satisfy (3-3) and hence (3-6) must also
hold. Then by Lenma 10, thereisaunique b~ such that the pair of differential equations
(z,(b),z, (b)) satisfying z (b") =0,i =12, also satisfies the lower boundary condition
z(0)=z,i=12

Case (ii): Foral i, F(f, (b)) =0.
Since both equilibrium inverse bid functions must be strictly increasing we can apply
Lemma9. That is, any equilibrium bid functions for buyer i must have the same slopeat b’ .
Let g bethemaximum bidin oneequilibriumandlet g <g bethe maximum bid in another.
Let f (b,g) and f,(b,g) be corresponding equilibrium inverse bid functions. Then

F(f(d.9) =1>F(f,(d.9).i =12

By Lemma 10, f, (b,g) >f.(b,g) fordl b>h..
From Lemma 9,

F (f, (b)) - F(f;(0) =O((b- b)?)
Since F'() isdrictly positiveand F (f, (b)) = F (f, (b)) = 0, it also follows from Lemma 9
that

F (F; (0)) =O(b- b.).

Thus

F (f, (b)) - F.(f, (b))
F(f (b))

=0O(b- h.)

It follows that for any e >0, thereexists d >0 such that
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F (f, (b)) - F(f, (b))
F (. (b))

<e, fordl bl [b,b +dr],

Rearranging and taking logs
InF,(f, (b) <InF, (f, (b) +In(L+e)

Summing over i,

2

a InF(f.(b)- InF (. (b) <2In(L+e), bi [b.,b +d].

i=1
Moreover, by Lemma 9, this differenceisdecreasingin b. Then for dl b,

5 InF (f. (b) - InF(f,(b) <2In(L+e).

i=1

By construction thefirst sumiszeroat b™. Then

éz InF (f, (b) >In(1+e) 2.

i=1

We have therefore shown that

2 A 1
1> R 6.9)> o

But thismust hold for all e >0. Thusg =¢ and so again equilibrium is unique.
Q.E.D.

For more than 2 buyers, establishing uniquenessis significantly more complicated since it
isno longer necessarily the case that all buyers have equilibrium bid distributions with the same
support. It isintuitively clear that buyers may not have the same maximum bid. For if buyer
3's maximum reservation priceisfar lower than that of buyer 1 and buyer 2, it islikely that
competition between the latter buyers will push the maximum bid above anything buyer 3 is
willing to pay. While this complication can be dealt with, thereis a further problem. In

general thereis no reason to suppose that the support of each buyer's equilibrium bid
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digtribution isan interval. Instead there may be "gaps’, that is, intervals over which a buyer
does not bid.

Aswe shall see, such possibilities cannot arise if the following assumption on
preferences also holds.

Assumption 4:

)l )l )l )l

. u®ds) 7uj(bisj) . u®s) 7uj(bisj)

ﬂb > ﬂb b im(ﬂb—) >1|n(ﬂb—)
ubs)  ubs) M ubs) ) b ubs)

It can be readily confirmed that Assumption 4 holdsiif

U (bs)=1- e 46D
or

u(b,s)=(w+s-b)?*- w?, 0<q£l

that is, all buyers arerisk neutral or al have the same constant degree of absolute or relative
risk averson. Thus, in the case of identical preferences, the assumption isrelatively mild. On
the other hand, Assumption 4 fails generically if preferences differ.

Note also that after transforming variables, Assumption 4 becomes

1 1
R(b.2)>P(bz)P INR(0.2)> 0 NP (b,2)

Lemma 11: Suppose equilibrium inverse bid functions are differentiableon [b',b"].

If the logarithm of buyer r's expected payoff, V, (b,z ),r >k, isnon-increasng a b' and
Assumptions 2-4 hold, V, (b, z )isdecreasngon [b',b"].

Proof: Supposeit isbuyers1,...,.k who have strictly increasing inverse bid functions,

f,(b),....,f, (b). By Lemma8, theseinverse bid functions are differentiableon [b',b"]. From
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(3-6) it follows that

k& dz,

(3-13) a—-P(bz,) 0 i=1..k

j= db
jri

Totally differentiating by b,

k .
(314) aA—>-

Summing (3-13) over i from 1 tok,

k

¥ dz; ¢
(315 (k- 1)a ——-a Pi(bz)=0.
J =1 db J =1

Similarly, summing (3-14) over i from 1 to k,

2

db2 b

(3-16) (k- 1)a
Consider the logarithm of buyer r's expected payoff, V. =InU, (b,f, (b)).

dz

Tves-4 Zop
ﬂbr S‘ =1 db r-

Hence from (3-15)

1 &
(3-17) ,”b Vib,s)=i77a Pi- R
Also
B _g 97 R _1 ¢ P R
ﬂbzVr(b Sf)—cj_?:ll db? b <k-1‘,-"}l To 1o
Hence
2 K E
q P 1 ¢
(3-18) er(b,sf): k_‘."_‘ ?Tﬂlg_'(k'l)
b

Suppose 1 V. (b,s)£0. From (3-17)
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S
a

j=1

- (k- D £O.

o

It follows from (3-18) that

iy

Al 14 5

(3-19) G 1‘,1 P P
b

From (3-13) and (3-15)

k
k- )P <@ P,i=1..m

i=1

Then, from (3-17) if V, =%Inur(b,sr)£0, then P, <PF,j=1...m

Appealing to Assumption 2 we obtain

1-[2
ﬂbz Vr (bisr) < O

Q.E.D.

Appealing to Lemma 11 we have the following important result.

Lemma 12: No Gaps

If Assumption 4 holds, the support of buyer i's equilibrium bid distribution is an interval

[b.,b], i=1..,n
Proof: Supposethat only z,...,z, aredrictly increasing (from the |eft) at b. Then,
from (3-13),

i P(b,z)=0,i=1..,k
@ 2(b,z)=0,i =1,..., k.

Qo

]
]

=l

In matrix form,

‘ dZJ' k k
(3200 A¥ 1" =[P
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Let A™™ beamatrix composed of the first mrowsand columnsof A* *. From (3-20),

. dz
(3-21) Amm[ﬁ]m+a[1]m=[Pi]m-

h § a0 ues P zo) k
= —_—> — = =m+1...,,K.
where a jjam+1 b , unless b ] =m+1,...,

Rearranging we obtain:

Am’m dzj m — P m

Inverting this expression, we obtain

dzj m_Bm'm P m_Bm'm P m
[db]_ [i-a]_ [i]-m_l'

Suppose some subset of the k buyers bid on the interval (6, b'). Without loss of generality we
may relabel these buyers m+1,...,k. Then, from (3-20), theright derivatives of z (b),...,z(b)

satisfy

- dz;
AT =R

db
Comparing thiswith (3-21) it follows immediately that the right derivatives are strictly larger
dz. (b
than the left derivatives unless (’jé ) =0,J =m+1,...,k.3 Then 2(),...,z () areall

differentiableat b.
Let [b,b] bethefirst gap for buyer i, i=1,...,n. Suppose b = Minb;. Fromthe
]
above argument, it follows that z,(b),...,z, (b) isdifferentiableon [b.,b_]. Since equilibrium

expected utility increases continuoudly with type, and type z_ (b, ) chooses b, it must bethe

case that

(3-22)  Vi(by. 2, (b)) = Vi (B, 2, (b)) 2 Vi (b2, (b)), b b
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By Lemma1l, since V., isnonincreasinga b, it must bethe casethat V_isdecreasing on
[b.,b 1. But this contradicts (3-22). Then there can be no such interval.
Q.E.D.
We then have the following uniquenessresult for n buyers.

Proposition 2: Uniquenesswith identical preferences and supports

Suppose that al n buyers have the same payoff function u. (b,s) = u(b,s) and buyer types
areall draws from distributions with the same support [a,S]. Then if Assumptions 1-4 hold,

the equilibrium bid functions are unique.

Proof: Since preferences areidentical, the lowest type willing to pay b for theitem

f (b)=f (b),i =1,...,n. Wewill consider only the casein which, for somei, F, (f (b.)>0.?
Then, for somei, the lower support for z, z isbounded from below. By Lemma 1, the lower
support of each buyer's equilibrium bid distribution is b, =f (s). We now show that under

our hypotheses, the upper support of each buyer's bid distribution isthe same. Suppose these

upper supportsare b, 2 b, 3...3 b . Sinceat least 2 buyers must bid in any subinterval of
[b.,b"], b =b,. Supposethen for somek > 2,
b =k =b3..3 b >b
Since b’ isoptimal fors,,
:2 Prob{i bids lessthan b’ }u(b;,S) £ u(b*,s).

Hence

®The proof for the casein which, for all i=1,...,n, F (f_i(b*) =0 followsvery closdly case (ii) in
Proposition 1.
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_'flprob{i bids lessthan b, }u(b;,5) <u(b’,s).

But then buyer k is better off bidding b" than b, when histypeis s. Thus b cannat, after
al, belessthan h. .

By Lemma 11, it follows that equilibrium inverse bid functions f , (b) are strictly
increasingon [b.,b’]. By Lemmas 6-8, the inverse bid functions are continuously

differentiableon [b.,b’], hence must satisfy
(3-3). After transforming variables, it follows that (3-6) must hold, that is,

%, P (b,z), i=1
— =P yZi), 1=14,..., n.
A b 4

Qo-

=l

Then appealing to Lemma 10, there is a unique solution to this differential equation satisfying
the endpoint conditions.

Q.E.D.

We next show that thisresult can be extended to the case of different supports.

Consider any sequence O£ P, £...£ P,. Suppose that for somek,

P

J

Qo

(327) (k- DR, >

1

Adding B, toboth sides
k+1
kI:)k+1 > é Pj

=1

Then, sncePys 3 Piay,
k+1

kP, > aP4

=1

Thusif (3-27) holdsfor k=m it holdsfor all k> m. Clearly (3-27) does not hold for k=2.

Thusthereisauniquem, 2 £ m £ n such that
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Kk

(3-28) (k-DPR,, £ &P, kEm
j=1
&

(3290 (k-JR,, > AP, k>m.

1
=

Lemma 13: Maximum equilibrium bids
Supposethat b™ isthe upper support of the equilibrium bid distribution. Suppose that buyers

arelabdled sothat P.(b',0) £...£ P.(b',0). Define m to satisfy (3-28) and (3-29). Then

b=b" ifandonlyif i £m. Moreover, after appropriate relabellingsothat b, 3...3 b,

n

(330) (-DPEO=4 REzE). r>m
Proof: A
Suppose first that for k< m
b £.£b,, <b =b

Then, from (3-5), over theinterva [b,,b'],

j=1 db j=1 :
Hence

1 & dz

_V+(b0):a‘L-P+

ﬂb k+1 ) db k+1
_ g
- k'l%l 17 Tker
3 0 by (3-15)

By Lemma 11 it follows that

%vm(b,m >0on [B..b].
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But then Vi.1(b,0) doesnot takeonitsmaximumat b, ,,. Hence b, =b" after all

Suppose next that buyers 1,...,r have b’ =b whileall other buyers have lower

maximum bids. Arguing as above,

dz; _ o
-p = 0,i=1,...r
1 db P

Qo

i
J

Summing over i, from 1tor,

"II

r

__° P =
(r- 1)a - “db Jal

Hence
o
(r'l)Pr - a Pj:O

j=1
But this contradicts (3-29).
Suppose we relabel buyers so that

b £.£,.<b =b".

Vine1(b,0) must take on itsmaximum at b’ ,,. Hence

C
db

+1

Qog

)l
—V._.,(b0) =
ﬂb m+1( ) J

1
=

1
‘ -
Qos

I:)j - I:)m+1

1

3

-1
=0, a
By Lemma 11, given Assumption 3, there can be at most one such turning point. Proceeding
Do By

*
- bm+1 :

(on

in exactly the same manner we conclude that (3-27) uniquely defines
Q.E.D.

We now note that for any b, (3-28)-(3-30) uniquely define by ,...,b, asfunctions of

themaximumbid b . Thus, for any b" thereisaunique solution to the system of differential

equations through the endpoints z (b') = 0. Appealing once again to Lemma 10, it follows
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that this solution is a strictly decreasing function of the endpoint b™. Thus once again the
equilibrium bid functions are unique.

To summarize, we have proved:
Proposition 3: Uniqueness with differing supportsfor each buyer's
equilibrium bid distribution

Suppose that each buyer has the same utility function u; = u(b,s). Then if Assumptions 1-4

hold, the equilibrium bid functions are unique.

We conclude with one result that does allow for differencesin preferences.

Proposition 4: Unique equilibrium with increasing bid shading

Suppose Assumptions 1 and 2 hold and u (b,s) =u,(s - b), i=1,..,n, where u, (%) is concave.
Then there is a unique equilibrium for which the payoff to the winner u, (s-bi(s)) isstrictly
increasing for al s.

Proof:

Transforming variables,

u; (h (z) -b)

Rb2) = L h@)-b

Since u, () isconcave, it follows from the hypothesis of the Proposition that

no42_
i|:>i(b,zi(b)) < 0. Hence, from (3-6), é% < 0, i=1..n. Then
db i=1 db

I
thefirst order conditions are sufficient for amaximum. Thus we can argue exactly asin the

proof of the previous theorem.

43



uni1219d.doc Uniqueness

Q.E.D.
What Proposition 4 tells usisthat thereis at most one equilibrium in which higher types

aways shade their bids more. That is,

Aswe shall see, under amild additional assumption, thisisthe caseif there are no
asymmetries. Then if the asymmetries are not too large, it isindeed plausible that (3-31) will

hold.
Lemma 14: Bid shadingin a symmetric equilibrium

Suppose ui(b,s) = u (s - b), that iss isbuyer i'sreservation price. Suppose also that each
buyer's reservation priceis a draw from the same distribution with c.d.f. F(3). Then if

d F(9

ds(F'(s)

(3-32) ) > 0

bidders with higher reservation prices shade their bids more.

Proof: In the symmetric case thefirst order conditions, (3-3) become

F(f)df _u'(f-b)

M-DE6) d = nf -b)

Transforming variables, the symmetric equilibrium bid function must satisfy

dz__. . o F()
(3-33) (n-l)%—P(h(z) b) where h (2) = £ ()
Differentiating by b,

d’z . ., dz
(3-34) (n-l)ﬁ =P (h(@)-b)(h (2) - 1)
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2 A
Since lim P(z-b):¥,2—b§<0 for al b sufficiently closeto h.. Let b bethesmallest b such

d’z d’z

thatE= Oand isstrictly increasing a b . Differentiating (3-34) by bwe haveat b=b,

3

(335) (-1 z2b) = PON @26

db?
P (¥ isnegative by Assumption 2, and by hypothesis (3.32) holds and so h(2) is convex.
Therefore theright hand side of (3-35) is strictly less than zero. But this contradicts our

2
initial hypothesis. It fo||owsthat‘3—bf must be negative everywhere.

Next notethat f (b) = h(z(b)), wherez= InF(h)

Differentiating by b,
f'(b)=h ‘(b dh'Z—ﬂ
(b) =h(2)z(b)and h (2) = F ()
2
Since(;—bf is negative it follows from (3-34) that h'(2)z (b) >1. Hence f (b) >1 and so
b(s)<l

Q.E.D.

4. Equilibrium with " Overbidding"

Throughout the previous sections we have assumed that no buyer ever bids more than
his reservation price (Assumption 1). Thisisnot quite asinnocuous an assumption as it may
seem. Thereason isthat if abuyer bids above his reservation price over some range of types,
in equilibrium his opponents may always bid higher. If they do so, the overbidder never
actually wins when he bids above his valuation. While we illustrate the point with asmple

example, the analysisis quite general.
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Suppose that there are just two buyers, each with a utility function ui(b,s) = s - b. Thus
buyer i'stypeisaso hisreservation price. For an overbidding equilibrium it is necessary that
minimum reservation prices differ. Suppose therefore that
buyer 1's reservation prices are uniformly distributed over [1,2] buyer 2's over [0,1].

By Lemma 2, the minimum bid by buyer 1is0.5 if thereisno overbidding. Suppose that
the seller sstssaminimum price r 1 [0.5,1). Again by Lemma 2, the minimum priceisr. Let
bi(s1;1), ba(s;1) bethe unique equilibrium of this auction with no overbidding. (For s, <'r,
buyer 2 stays out of the bidding.) Now suppose that the sdller drops his minimum price and

the new bid functions are
b, (s) =b/(sT)

bz*(s)—1a8+(1_ ar, s<r
“iby(sn), s°

, whereO<a <1

That is, buyer 2 overbidsif hisreservation priceislessthan r. Since bj (1) =r =b,(r), buyer
2 winswith zero probahility if histypeislessthan r. Thus overbidding by buyer 2 is a best

response. Forall s,and b<r,

U,(b,3) = (s - b) Prob{b, <b} =(s - b) Probfas+(1- a)r <b}

= (& -b)r+ 20y
a

Hence

1 _ L _a)r-
%Ul(b,sl)—a[sﬁ(l a)r- 2o

3 ai[l- (1+a)r], gnceb<r

3 ai[l- (I+a)r], snces?31
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3, ifa<££1, sincer3 %
r

Thusfor al r, %< r < 1, there exist continuous strictly monotonic equilibrium bid functions

with the property that buyer 1's minimum bid is r and buyer 2 overbidsif and only if his
reservation priceislessthan r.

There are two reasons why such equilibria are considerably less interesting than the
unique equilibrium without overbidding. First, aslong asthere is a positive probability that
buyers 1 will make a mistake and bid less than r with positive probahility, buyer 2 is strictly
worse off bidding above hisreservation price. That is, overbidding equilibria are not trembling
hand perfect. Second, it isnot difficult to show that equilibrium payoffs of al the buyers are
lower when thereisoverbidding. Thus the buyers Pareto prefer the no-overbidding

equilibrium.

5. Concluding Remarks

We have established a general uniqueness result for the case of two buyers. With more
than 2 bidders, if differences among buyers can be expressed purdly as differencesin bdiefs, we
have a further strong uniquenessresult. Finally, with differencesin both preferences and
beliefs, we have shown that there can be at most one equilibrium with the property that buyers
shade their bids more when they have higher reservation prices. We also argue that this
"monotonic shading" assumption ismild if asymmetries are sufficiently small.

When differencesin utility functions and distributions of types arelarge, the analysisis
considerably more complicated sinceit is no longer necessarily the case that the support of
each buyer's equilibrium bid distribution isan interval. Our conjecture is that equilibrium bid

functions are at least generically unique.
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The strongest assumption made in the paper isthat buyers reservation values are
independently distributed. In Maskin and Riley (1994) we establish existence of monotonically
increasing equilibrium bidding strategies under the weaker assumption that buyers reservation
values are affiliated. It remains open as to whether there exist non-monotonic equilibria or

whether thereis a (generically) unique monotonic equilibrium.
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APPENDIX

Lemma5: Strict monotonicity property of bid distributions.

Let G (b) bethec.d.f. of the maximum bid of al i's opponents. Then for any b= b(§)
suchthat 0<G, (b) <1, andforany e>0, G (b- e)<G (b).

Proof: Let b=h(s). If noother buyersbidin [b- e,b] with positive probability,

G (b- €) =G (b). Thenbuyer 1 isstrictly better off bidding b- e than b, contradicting the
definition of b. If only one other buyer bidsin [6- e,B] with positive probability, buyer i
must also. For otherwise the other buyer (call him buyer j) has the same probability of winning if
hebids b- e asif hebidsin [b- e',b], for e'<e. It followsthat buyer j bidsin [b- €',b]
with zero probability. But then no buyer bidsin [b- e',b] with positive probability,
contradicting our earlier result.

Q.ED.

Lemma6: If f, (b) isdtrictly increasing to theright (fromtheleft) at b=Db, then b isabest
responsefor § =f,(b).

Proof: Since both cases are handled in the same way, we consider only the casein which f, (b)
issrictly increasing from theright. If f, (b) isalso strictly increasing from the l€ft, the lemma

followsimmediately. Then supposethat f, (b) = § if and only if bl [a,b].

That is, for some b1 [a,b], yi(B):é. Since f,(b) isdrictly increasing totherightat b,
there exists a decreasing sequence {b',...,b',... } approaching b and acorresponding
nonincreasing sequence {yi(b")...., yi(b'),...} approaching §. Since b' isoptimal for parameter

yi(b"), we have
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(A1) G (bYHu b,y (b)) - G(bu(b,y (b))3 0, forall t.
Since G () and u are continuous, we havein the limit,

(A.2) G(b)y(b,§)- G(b)u(b,§)* 0

A
A

From (A.2) it follows that buyer i, with parameter §, isat least aswell off choosing b as b.
Q.E.D.
Lemma7: If f (b) isdrictly increasing totheright (fromtheleft)at b=b >b., G (b) is

right (left) differentiableat b. Moreover, theright (Ieft) derivative satisfies

1u.(b,fi(b))=0

(A-3) G (b)u(b.f(b))+G (b) o

Proof: Since the two cases are handled in the same way, we consider only the case in which

f.(b) isgrictly increasing to theright. Weknow that f, (b) iscontinuous. Thenat b there
exists a decreasing sequence

{b'0%,...} approaching b suchthat yi(b") isdefinedfor al t and approaches §=y (b)
monotonically from above.

Since bt isoptimal for s = y(b") werequire
G (b)u (b, y; (b)) £ G (b)u (b', y; (b))
Subtracting G (b*)y (b, y; (b)) from both sides, we obtain
[G/(D) - G/ (b)]u (b,y;(b")) £ G ()[u(b',y, (b)) - u(b,y (b))

Dividing through by (b' - b)u (b,y (b)) wethen obtain
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G()-G(b), -G(b) éu(d,y(b))-ub,y®)u
b'-b  u(by()E b'- b t

(A.4)

By Lemma6 b isoptima for § =f (b). Then
G (b)u(b,8)3 G (b')u(b',8) for al t.

Subtracting G, (b')u (b,$) from both sides and then dividing by
(b' - b)u (b,8) wethen obtain

G(b)- G(b) .-G (b) &y (b',9)- u(b,9u

A5
(A-3) b'-b ub,9& b-b §

Inthelimitas b' ® b theright hand sides of (A.4) and (A.5) coincide. Then G (b) isright

differentiableat b. Moreover theright derivative satisfies (A.3).
Q.E.D.

Lemma8: f,(b) isright (Ieft) differentiablefor all b>h, andall i.
Proof: Suppose f,(b),...,f ,(b) aredtrictly increasing at b and that fa(0),....Tf  (b) are
constantat b . By Lemma5 k3 2. ByLemma6 G (b) isdifferentiableat b, i =1,..,k.
Also, since b>h, f.(0)>s.Then F(f (b)) >0 and we may takethe logarithm of both
sides of
(A6)  InG(b)=" F(f,(b), b>h,

jri

to obtain

(A7) InG = ékl InF,(f (b)) +¢

ji

where
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n

G=4a InF(f ()

j=k+1
Subtracting ¢ from both sides we can express (A.7) in matrix form as follows:

éinG, - cu  énF(f,(b)a

D

=B

[enY enY ey exY e

u
0
0
0
a
H

@ M D> D> D> (D!

&
&
&
e
g

nG,-cll EnF.(f,(b)

where B isdefined in (3-8). It followsthat InF (f, (b)) and hence f, (b) Gisright differentiable.

Lemma 9: Endpoint condition if no bidder has a positive probability of winning at the minimum
bid.

Supposethat F(s) =0 and u;(b,s)=0,i =1...,n. Define

& F(s)

Then if the vector of equilibrium inverse bid functions f (b) © (f,(b),....f ,(b))
satisfies the endpoint condition
f,(b)=s,i=1...,n,

andisdtrictly increasing at b, ,

T
| i 1 %Ui (b,_SI)
(27 f (b)=(@1+ ) u (b,s)

n
o
a e
i=1
i
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Proof:

Inverting (2-6),

e

Then premultiplying theith component by f

- u; (b,f | )
f||:|(f|)f _fBebJ U
F(f,) u®f ) g
e 1]
where B; istheith row of B.
Applying I'Hépital's Rule
¢ I, v
. é j u
qfi:leléﬂ ﬂb u
é—uf . u
eﬂb 1] ﬂS JO
Then
e T u .
¢ @Y 0 ém u
] = B8 i=Be—
el s &i-mg
uf +_—u U b
eﬂb 1] 1‘[ N
- lu(bk S )
where m°—ﬂ1]bl—_l>0
ﬁui(b"’—sl)

Inverting once more and rearranging, we obtain finally,

fi(9=m@+5—).

= 5 os
D

F(f )f —Beﬂb ,(bf )u

gr(r,) g ubf)) 3

Q.E.D.
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Proposition: Uniqueness when buyers can bid morethan their reservation prices

If the two highest minimum reservation prices are either non-positive or positive and equal, there

isaunique digtribution of winning bids.
Proof: Consider the case in which the highest minimum reservation price is non-positive. By

Lemma 3, the lower support of the distribution of winning bids, b, =0. Then if buyer i hasa
positive reservation price, he has a strictly positive expected payoff by bidding on the interval

(h,B,(s)). Thus all such buyers are strictly worse off overbidding. And if buyer i hasa
reservation price b (5) <0, his expected payoff is negative if he submits a strictly positive bid.

Heistherefore strictly better off remaining out of the auction or possibly bidding O. If two or
more buyers bid zero with positive probability, they win with positive probability and thus have a
negative expected payoff. Then at most one buyer can behave in thisway.

Thus the only possible difference between an equilibrium with overbidding and a no-
overbidding equilibrium is that one buyer may bid zero with positive probability. Then all our
previous arguments hold for bids strictly greater than zero. It follows that only bidders with zero
reservation prices will bid zero in equilibrium. Such bidders are indifferent between bidding zero
and not bidding. If they all choose the latter strategy the overbidders bid of zero never wins.
Thusthisis an equilibrium. However, the new equilibrium has the same distribution of winning
bids as before.

Q.E.D.
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