Ecoll, Fall 2008 Simon Board

Economics 11: Homework 1

30 September, 2008

Due date: Tuesday 14th October.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Utility Functions

Let X = {x!"| O# x# 4}. Suppose an agent receives utility

u(x) = x ifO<x # 2
=4 $x if2<x # 4

from consumingx slices of pizza.

Which of the following utility functions represent the same preferences as above:
@ v(x)=2xif0O# x# 2,andv(x)=4 $ xif2<x # 4.

(b) v(x)=2x ifO# x# 2,andv(x) =8 $ 2x if2<x # 4.

) Vv(x)=4$ (2% x)2if0# x# 4.

(d) v(x) =4 $ 2$ x)3if0# x # 4.

e vix)=4$ (2% x)*if0# x# 4.

) vix)= $2$ x)2if0# x # 4.

2. Demography

This exercise considers the elect of changes in survival rates on the rate of population growth.



Ecoll, Fall 2008 Simon Board

An agent chooses to divide her incoméV between general expenditurex, and the number of
births b. A birth has survival rate s! [0, 1]. The cost of a birth is ¢c. The cost of raising a child

is k. The agentOs utility is 9%

u(b,x)=2 sb+ x

and her budget constraint is
M & x + cb+ ksb

(a) Write down the Lagrangian for the agentOs problem. Assuming there is an internal optimum,
whereby x & 0 and b & 0, solve for the optimal number of births.

(b) Show that if M is su"ciently high, there is indeed an internal optimum.
(c) Supposec = 0. How does the number of births depend ons? Provide an intuition.
(d) Supposek = 0. How does the number of births depend ons? Provide an intuition.

(e) Supposek =5 and c¢c=1. For which value of s is the number of births maximised?

3. Consumption with Three Goods

Suppose and agent consumes three goods{1, X2, X3}. Her utility is
% % %
X1+ Xo+ X3
The agent has incomeM = 1.

(a) Suppose the prices arg; = 1, p, = 1 and p3 = 1. Solve for the agentOs optimal consumption.

(b) Suppose the prices arg = 3, p, = 1 and p3 = 1. Solve for the agentOs optimal consumption.

4. Consumer choice problem

An agent chooses a consumption bundle to maximise her utility. Her utility function is
! n ! 1]

1 1
U(x1,X2) = X1$ ixf + X2 $ §X§
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where we assume & x1 # 1 and O# x, # 1. The agent has incomeM = 1.
(a) Suppose the prices are; = 2 and p, = 2. Solve for the agentOs optimal consumption.
(b) Suppose the prices arep; = 3 and p, = 2. Solve for the agentOs optimal consumption.

(c) Suppose the prices are; = 6 and p, = 2. Solve for the agentOs optimal consumption.
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Economics 11: Solutions to Homework 1

October 16, 2008

Due date: Tuesday 14th October.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Utility Functions

Let X = {x!"| O# x# 4}. Suppose an agent receives utility

u(x) = x ifO<x # 2
=4 $x if2<x # 4

from consumingx slices of pizza.

Which of the following utility functions represent the same preferences as above:
@ v(x)=2xif0O# x# 2,andv(x)=4 $ xif2<x # 4.

(b) v(x)=2x ifO# x# 2,andv(x) =8 $ 2x if2<x # 4.

) Vv(x)=4$ (2% x)2if0# x# 4.

(d) v(x) =4 $ 2$ x)3if0# x # 4.

e vix)=4$ (2% x)*if0# x# 4.

) vix)= $2$ x)2if0# x # 4.

Solution

(a) This is dilerent since v(1) =2 > 1 = v(3).
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(b) This is the same sincev(x) = 2 u(x).

(c) This is the same sincev(x) is increasing forx < 2, decreasing forx > 2, and is symmetric
around 2.

(d) This is dilerent since v(x) is increasing for all x.
(e) This is the same sincev(x) is the square of part (c).

(f) This is the same sincev(x) is a vertical shift of part (c).

2. Demography

This exercise considers the elect of changes in survival rates on the rate of population growth.

An agent chooses to divide her incomeM between general expenditurex, and the number of
births b. A birth has survival rate s! [0, 1]. The cost of a birth is ¢c. The cost of raising a child
is k. The agentOs utility is .

u(b,x) =2 sb+ x

and her budget constraint is
M # x + cb+ ksb

(a) Write down the Lagrangian for the agentOs problem. Assuming there is an internal optimum,
whereby x # 0 and b# 0, solve for the optimal number of births.

(b) Show that if M is su"ciently high, there is indeed an internal optimum.
(c) Supposec = 0. How does the number of births depend ons? Provide an intuition.
(d) Supposek = 0. How does the number of births depend ons? Provide an intuition.

(e) Supposek =5 and ¢ = 1. For which value of s is the number of births maximised?
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Solution

(a) The Lagrangian is |

L=2 sb+x+![M" x" cb" ksh|

The FOCs are

sY25 Y2 =1(c+ ks)
1=1

Solving, we bnd
S

b= ke

This is independent of income (since utility is quasiblinear inx).

(b) Clearly b’ # 0. Using the budget constraint

[
c+ ks

X =M" (c+ ks)b =M "
Hence there is an internal optimum if M # s/(c+ ks).

(c) b =1/sk? is decreasing ins. Intuitively, the agent only cares about the number of children
she has, henceb = 1/k 2 is independent ofs. Thus an increase ins leads to an equal percentage
reduction in births.

(d) b’ = s/c is increasing ins. An increase ins raises the productivity of each birth but does
not alect the cost. Hence the agent chooses to have more births.

(e) Using the quotient rule,

db_ (c+ ks)®" 2sk(c+ ks) _ c" sk

ds (c+ ks)4 "~ (c+ ks)?

Setting this to zero, b is maximised ats = c/k = 1/5. By checking the SOC, one can also
verify this is a maximum.
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3. Consumption with Three Goods

Suppose and agent consumes three goodss1, X2, X3}. Her utility is

| | |
X1+ Xot+ X3

The agent has incomeM = 1.
(a) Suppose the prices arg; = 1, p, = 1 and p3 = 1. Solve for the agentOs optimal consumption.

(b) Suppose the prices arg; = 3, p, = 1 and ps = 1. Solve for the agentOs optimal consumption.

Solution

(a) The Lagrangian is
L="X1+ X+ Xa+!M"x1" x2" xg]

The FOCs are

1rv2_,

!
1 - .

vz _

2
1.,
2"2
1 w2 _
§x3 =1

The equations imply x; = X = x3. Using the budget constraint, x; = 1/3,x, =1/3,x3 =1/3,

(b) The Lagrangian is

L= X1+ %o+ Xag+![M" 31" x2" g
The FOCs are
142
2 T
142
§X2 =1
1,12
5X3 = 3!



Ecoll, Fall 2008 Simon Board

The equations imply 9x; = X, = x3. Using the budget constraint, xj = 1/21, x5, = 9/21,
x5 =9/12.

4. Consumer choice problem

An agent chooses a consumption bundle to maximise her utility. Her utility function is
! n ! n
u(x1,x2) = X1! =x7 + Xx2!
where we assume 0 x; " 1and 0" x," 1. The agent has incomeM = 1.
(a) Suppose the prices arg; = 2 and p, = 2. Solve for the agentOs optimal consumption.

(b) Suppose the prices arep; = 3 and p, = 2. Solve for the agentOs optimal consumption.

(c) Suppose the prices argp; = 6 and p» = 2. Solve for the agentOs optimal consumption.

Solution

(a) The Lagrangian is
L=(x1! X2/2)+(x2! x3/2)+ 1 [M ! 2x1! 2x5]
The FOCs are

(1! xq)=2!
(1! xp)=2!

These equations imply that x; = x,. Using the budget constraint, x; = 1/4 and x}, = 1/ 4.
(b) The Lagrangian is

L=(x1! x2/2)+(x2! x3/2)+ 1 [M ! 3xq! 2x3]
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The FOCs are

@' xq1)=3!

1! xp)=2!
These equations imply that x; = %le % Using the budget constraint, x; = 1/13 and
X5 =5/13.
(c) The Lagrangian is

L=(x1! X2/2)+(x2! x3/2)+ 1 [M ! 6x1! 2x3]

The FOCs are

@a! x1)=6!

1! xp)=2!
These equations imply that x; = 3x2! 2. Using the budget constraint, x; = ! 1/20 and

X3 = 13/ 20. Sincexj is negative, we must havexj = 0, which implies x5 =1/2.
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Economics 11: Homework 2

August 6, 2018

Due date: Tuesday 28th October.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Budget Sets with Price Discounts

There are two goods:x; and x,. The seller ofx, chargesp, = 2. The seller of x; olers price
discounts. If the agent buysxi < 10 she paysp; = 2 for every unit. If the agent buys x1 ! 10
she paysp; = 1 for every unit (including the brst 10).

(a) Supposem = 30. Draw the agentOs budget set.
(b) Assume the agent has monotone preferences. Do preferences exist such that the agent

chooses (i)x1 = 3, (ii) x1 =7 and (iii) x1 =12? Explain your answers.

2. Intertemporal Choice with Di'erential Interest Rates

An agent allocates consumption across two periods. Let the consumption in periotibe x;, and
the income in periodt be m;. The agentOs utility is

u(X1,X2) =In( x1) + g'n(xz)

The agent is poor in period 1 but wealthy in period 2. In particular, she has incomem; = 3 in
period 1 andmy = 4 in period 2.

(a) Suppose the agent can borrow and save at interest rate = 1/ 3, so $1 in period 1 is worth
$(1+1/3) in period 2. Sketch the agentOs budget constraint. Solve for her optimal consumption.
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(b) Suppose the agent can still save atr = 1/ 3, but can only borrow at r = 1/2. Sketch the
agentOs budget constraint. Solve for her optimal consumption.

(c) Suppose the agent can still save ar = 1/3, but can only borrow at r = 1. Sketch the
agentOs budget constraint. Solve for her optimal consumption. [Hint: Beware of kinks.]

3. Consumer Problem

An agent has utility u(xg,x2) = (xj*+ x51)' * for goodsx; and x,. The prices of the goods
are p; and pz. The agent has incomem.

First, we show that these preferences are convex. We do this three ways.

(a) (i) Solve for equation of a typical indilerence curve, specifyingx, in terms of x;. (ii) Using

the fact that
dx,

Xm
Pnd the MRS. (iii) Show that MRS is decreasing inxj.

MRS = !

(b) (i) Using the fact that
MU,

MU,
Pnd the MRS. (ii) Using the equation for the indilerence curve (see part (a)), substitute for x»
and write MRS in terms of x1. (iii) Show that MRS is decreasing in xi.

MRS =

(c) (i) Sketch a typical indilerence curve. (ii) State the debnition of convexity. (iii) Graphically
verify the indilerence curve you have drawn satisbes convexity.

(d) Write down the agentOs budget constraint.
(e) Solve for the agentOs optimal choice ok{, X»).

(f) Show the agentOs indirect utility function is given by

m

(% + 3 )2

V=

(g) Solve for the agentOs Hicksian demand.
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(h) Solve for the expenditure function.

(i) Verify the Slutsky equation for good Xj.

4. Labour Supply

Suppose an agent has the same utility function as in question 3
u(xy,x2) = (xpt+ xy 't

Suppose thatx; is hours of leisure andx, is quantity of food. The agent is endowed with T
hours to divide between work and leisure. Her wage rate isv, while the price of x5 is p2 = 1.
The agent has no outside incomem = 0.

(a) Derive the budget constraint of the agent.

(b) Solve for the agentOs optimal choice ok{, x»). [Hint: the answer is very similar to part (e)
of question 3.]

(c) How does the agentOs leisure consumption change as a function of her wage? Explain this

intuitively in terms of income and substitution elects.

For your own interest...

The following questions are optional.
(d) Derive the Hicksian demands.

(e) Verify the Slutsky equation with endowments. That is,

Ix; _ 'hy ; IX 1

ARSI Y I T)-=1

w oot D

Note: The bnal term!x ;/!/m involves OmO. For this term, you should use the demand calculated
in part (e) of Question 3.
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Economics 11: Solutions to Homework 2

October 28, 2008

Due date: Tuesday 28th October.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Budget Sets with Price Discounts

There are two goods:x; and x,. The seller ofx, chargesp, = 2. The seller of x; olers price
discounts. If the agent buysx, < 10 she paysp: = 2 for every unit. If the agent buys x1 ! 10
she paysp; = 1 for every unit (including the brst 10).

(a) Supposem = 30. Draw the agentOs budget set.

(b) Assume the agent has monotone preferences. Do preferences exist such that the agent
chooses (i)x1 = 3, (ii) x1 =7 and (iii) x1 =12? Explain your answers.

Solution

(a) The budget line is given by

Xo=15" X4 for x4 < 10

1
=15" Exl for x1 ! 10

As a result, there is a discontinuity at x1 = 10.
(b) (i) Yes.

(i) No. Because of the discontinuity, the agent can obtain more of both goods.
(iii) Yes.
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2. Intertemporal Choice with Dilerential Interest Rates

An agent allocates consumption across two periods. Let the consumption in periotibe x¢, and
the income in periodt be m;. The agentOs utility is

(1, x2) = In( x2) + ()

The agent is poor in period 1 but wealthy in period 2. In particular, she has incomem; = 3 in
period 1 andm; =4 in period 2.

(a) Suppose the agent can borrow and save at interest rate = 1/ 3, so $1 in period 1 is worth
$(1+1/3) in period 2. Sketch the agentOs budget constraint. Solve for her optimal consumption.

(b) Suppose the agent can still save ar = 1/3, but can only borrow at r = 1/2. Sketch the
agentOs budget constraint. Solve for her optimal consumption.

(c) Suppose the agent can still save ar = 1/3, but can only borrow at r = 1. Sketch the
agentOs budget constraint. Solve for her optimal consumption. [Hint: Beware of kinks.]

Solution

(a) Writing everything in terms of period 1 money, the agentOs budget constraint is

M1+ oMy = X1+ ox
1+ 7M2 = Xa+ 7X2

The tangency condition states that MRS = pi/p2. That is,

4x2 _ 4
3x; 3
which implies x; = x». The LHS of the budget equation is 6. Using this, we obtainxj = x} =
24/ 7. Sincex} > 3, the agent borrow in period 1.

(b) To the left of (x1,x2) = (3,4), the agentOs budget constraint has a slope bf4/ 3. To the
right it has a slope of! 3/2. From part (a) we know the agent does not wish to save at =1/ 3.
When the agent borrows, the equation for the budget line is

M1+ 2my = xp+ ox
1 32—1 32
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Suppose the agent wishes to borrow a positive amount of money. The tangency condition states
that
4Xo _ 3
3x; 2
which implies x5 = %xl, so the agent now wishes to consume more in the second period due to
the high interest rate of borrowing. The LHS of the budget equation is 173. Using this, we

obtain xj = 68/21 andx} = 153/ 32. Observex} > 3, so the agent still borrows.

(c) To the left of (x1,x2) = (3,4), the agentOs budget constraint has a slope bf4/ 3. To the
right it has a slope of ! 2. As before, the agent will never wish to save. When she borrows, the
equation for the budget line is

My+ 2my= X1+ ox
1F 5M2 = X1+ oX2

Suppose the agent wishes to borrow a positive amount of money. The tangency condition states
that Ax

3x, =2
which implies x, = %xl. The LHS of the budget equation is 5. Using this, we obtainx} = 20/ 7
and x5 = 30/7. Observexj < 3 so the agent is not willing to borrow at this interest rate.
Since they are not willing to save atr = 1/3, she must choose to consume her endowment:

(x1,x5) = (3,4).

Another way of seeing the same result is to note that the agent prefers to consume at the kink
if I I 1
&: n M UlI n &}
P2 'x1<3  MU2'x3=3  p2'x1>3

Plugging in the numbers,
4, 16,

2

3 9
we see that the agent neither wishes to save or borrow.

3. Consumer Problem

An agent has utility u(x1,x2) = (x;*+ x,%)" * for goodsx; and x,. The prices of the goods
are p; and pz. The agent has incomem.

First, we show that these preferences are convex. We do this three ways.

(a) (i) Solve for equation of a typical indilerence curve, specifying X, in terms of x3. (ii) Using
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the fact that
dx,

Xm
Pnd the MRS. (iii) Show that MRS is decreasing inxj.

MRS = !

(b) (i) Using the fact that
MU,

MU,
Pnd the MRS. (ii) Using the equation for the indilerence curve (see part (a)), substitute for x;
and write MRS in terms of x1. (iii) Show that MRS is decreasing in xi.

MRS =

(c) (i) Sketch a typical indilerence curve. (ii) State the debnition of convexity. (iii) Graphically
verify the indilerence curve you have drawn satisbes convexity.

(d) Write down the agentOs budget constraint.
(e) Solve for the agentOs optimal choice ok{, X»).

(f) Show the agentOs indirect utility function is given by

m

%+ P2 %)?

V=

(g) Solve for the agentOs Hicksian demand.
(h) Solve for the expenditure function.

(i) Verify the Slutsky equation for good Xj.

Solution

(a) The indilerence curve is given by
(X!11+X!21)!1=U

Solving for x5,

(1)
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Dilerentiating,

dxo u?
MRS=! == ——
dxy (x1! U)z
Dilerentiating again,
d | 202
—MRS =
dxy (x1! )3

Hence MRS is decreasing irx; and preferences are convex. Economically, this means that when
X1 is higher, the consumer is willing to give up fewer units ofx, for a unit of xi.

(b) The MRS is
MRS = MU1 _ (xi1+x,h)' %2 x3
MU> (X11+ XI 1)! 2X' 2 - X%

Using (1) we obtain
2
u
MRS =
(x1! w2

As in part (a).

(c) Preferences are convex if the convex combination of any two points above the indilerence
curve are also above the indilerence curve. Plotting (L), one can easily verify this condition.

(d) The budget is
P1X1+ P2X2 =M

(e) The tangency condition says that MRS = pi/p,. That is,?!

X5 _ P
X% P2
Rearranging,xlpi/ = sz%/z Using the budget constraint,
X, = m and X, = m
1= 12, 12 1/2 27 12,12 1/2
Py (Pr "+ P ) P> Py "+ Py )

(f) Substituting,
m

T ey

1One can derive the same equation using a Lagrangian or the substitution method.
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For future reference, it is useful to invert this to bnd the expenditure function:
Y2, 12
e=u(p, "+ p; )?

(g) For Hicksian demand, we attain the same tangency condition:pi/ 2x1 = p%’ 2xz. Using the
constraint,
(x'11+ X121)! l-qg

we obtain

hi=u@+p "% and  hp=u@+ py Y7

(h) Plugging in, the expenditure function is

1/2 1/2
e= pihy+ p2h2 = U(py “+ p; )?
Just to check this is correct, one can verify this is the same as the answer in part (f).

(i) The LHS of the Slutsky equation is

!Xul — 1,372 m | 1p! 1 m
Ip, = oM 1/2 12" oMl 172 12
P 20 et 2 (p ;%2
R 1132 12 m
B A I n

The RHS of the slutsky equation is

'X71+ XX X7 _ - pl3/2 U2 mpy! /2 p 2
pa " THm 2 (P 2+ P2 )2 (P 2+ )2
_, L 3/21/2*, .1+
P P2 vz ey, e 2
=1 pt+ 1pll3/2pg2 172 x 172
(pp "+ pp 9)?

which is the same as the LHS.
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4. Labour Supply

Suppose an agent has the same utility function as in question 3
u(x1,X2) = (x7 " +x31) 7

Suppose that X; is hours of leisure and X5 is quantity of food. The agent is endowed with T
hours to divide between work and leisure. Her wage rate is w, while the price of X9 is ps = 1.

The agent has no outside income, m = 0.
(a) Derive the budget constraint of the agent.

(b) Solve for the agent’s optimal choice of (X1,X2). [Hint: the answer is very similar to part (e)

of question 3.]
(c) How does the agent’s leisure consumption change as a function of her wage? Explain this

intuitively in terms of income and substitution effects.

For your own interest...

The following questions are optional.
(d) Derive the Hicksian demands.

(e) Verify the Slutsky equation with endowments. That is,

* *

w  lw (3! T)!m

Note: The final term !x 7/'m involves ‘m’. For this term, you should use the demand calculated

in part (e) of Question 3.

Solution

(a) The budget is
(T! Xo)w =X
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Equivalently,
X1+ WX = WT

We can thus think of wT as the income of the agent.

(b) The tangency condition says that xlpi/2 = xngz. Using the budget constraint,
P wT q P wT
X1 = wl2(1 + wl/2) an X2 = (1+ wl2)

Note: This is the same as (e) in Question 3, where we have replaced with wT.

(c) Leisure is increasing inw. Intuitively, as w increase the value of the agentOs endowmemt
increases, leading to an increase in the demand for leisure. This income elect dominates the
substitution elect.

(d) For Hicksian demand, we attain the same tangency condition:pi/ le = p%/ 2x2. Using the
constraint,
x t+xoh' =1

we obtain

hy = U(1+ p"l 1/2p%/2) and hy = T(1+ pilzp;llz)

(e) The LHS of the Slutsky equation is

T P T

w 2" 1+ w22

The RHS of the Slutsky equation is

thq WIXG L gy T 1
T T Xy ==1ow 7o+ 1+ W2 wi2(1 + wi'2)
1. T " T
_, Lo U2
2V T w2 tw (1+ wii?)?

We thus see the decomposition into the substitution e!ect and income elect. The substitution
elect states that as leisure becomes more expensive the agent substitutes away from leisure.
The income elect states that as the wage increases the value of the agentOs endowment rises,
and the agent consumes more leisure. Note that leisure is a normal good; the reason demand
of leisure increases in the price is because an increase in the wage increases the agents elective
income by (T! xj)dw. In comparison, in the model without endowments, an increase in a price
always reduces elective income.
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Economics 11: Homework 3

November 13, 2008

Due date: Tuesday 25th November.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Consumer Surplus with CES utility

An agent has utility u(xz,X») = xi’z + x%’z, incomem = 4 and faces pricesp; =2 and p; = 2.

Suppose the price of good 1 rises t@; = 3. Calculate the increase in the agentOs income
required to compensate her for this price rise.

2. Cost Minimisation with Quasilinear Production

A Prm has production function

f(z1,20) = 22}’2 + 7

The brmOs inputs cost; and ro.

(a) Does this production function exhibit decreasing, constant or increasing returns to scale?
(b) Derive the MRTS.

(c) Show that the isoquants are convex.

(d) Solve the PrmOs cost minimisation problem. You may bnd it easy to do this in two parts.
First, assume

rz
1 2=
q r

so there is an internal solution and solve for the resulting cost function. Second, assume

rz
mn 27
q r



Ecoll, Fall 2008 Simon Board

so there is a boundary solution and solve for the resulting cost function.

(e) Is the cost function concave or convex ing? How does this relate to part (a)?

3. Firm®s Problem with CES Production

A Prm has production function

f(21,22)= 2+ 25 2

The PrmOs inputs cost1 and r». The output price is p.

(a) Supposez, = 1, and assumeq! 1 to avoid boundary problems. Derive the brmOs shortBrun
cost and shortbrun marginal cost.

(b) Calculate the longbrun cost function, when both factors are RBexible.

(c) Using the cost function in (b), solve for the PrmOs probt maximising output, an their maximal
propt.

(d) Solve the brmOs probt maximisation problem directly, whereby the brm choosez;(z,) to
maximise

I = pf(z1,22) " r1z1" rozp

What are the optimal inputs? What is the brmOs output and probt?

4. Probt Maximisation

A Prm has cost curve
c(g) = 100 + ¢

The brm can also shut down and make probt$ = 0.

(a) Suppose the bPrm faces pricgp = 30. What is the probt maximising quantity? What is the
maximal probt? Will the Prm shut down?

(b) Supposep = 10. What is the probt maximising quantity? What is the maximal propt?
Will the bPrm shut down?
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(c) For which price levels will the Prm shut down?

(d) Draw the supply function d (p) as a function of the output price p.
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Economics 11: Solutions to Homework 3

November 25, 2008

Due date: Tuesday 25th November.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Consumer Surplus with CES utility

An agent has utility u(xy,x»2) = xi’z + x%’z, incomem = 4 and faces pricesp; =2 and p; = 2.

Suppose the price of good 1 rises t@, = 3. Calculate the increase in the agentOs income
required to compensate her for this price rise.

Solution

We derived the Marshallian demand and indirect utility function in PS4. The indirect utility

function is | "o
p1+ P2
v(pL, Po,m)= m————=
(P1, p2, M) 01P

Plugging in the parameters, we see/(p1, p2, m) = 2. Inverting the indirect utility function we
obtain the expenditure function,

2 P1P2

e(py, P2, U) = U
(1, P2, 0) DL+ D2

Letting, U = 2, the compensating variation is

2 PPz G2 P2 _ 4

CV = e(py,p2,U) ! €(p1,p2,T) = u

pi+ P2 pit+p2 5
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2. Cost Minimisation with Quasilinear Production

A Prm has production function

f(z1,22) = Zzi/2 + 7

The PrmOs inputs cost; and ro.

(a) Does this production function exhibit decreasing, constant or increasing returns to scale?
(b) Derive the MRTS.

(c) Show that the isoquants are convex.

(d) Solve the PrmOs cost minimisation problem. You may bnd it easy to do this in two parts.
First, assume

ra
1 2=
q r

so there is an internal solution and solve for the resulting cost function. Second, assume

ra
mn 27
q r

so there is a boundary solution and solve for the resulting cost function.

(e) Is the cost function concave or convex ing? How does this relate to part (a)?

Solution

(a) Decreasing returns. Fort> 1,

1/2

12 u

f (tz1,tz5) = 2tY 2z + 1z = tf (z1,22)

(b) We have
MP1 _ 2!11/2 T

MRTS = =
MP, 1 1

(c) From part (b), MRTS is clearly decreasing in z;.
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(d) The Prm minimises the Lagrangian

L=riz1+ryz+ 1 [q! Zzi/z! 27]
Assuming an internal optimum, the FOCs are
U2
ro="1
These yield
2
W r " ro
z=-2 and z;=q! 2-°
ri r

The cost function is 5

. . r
o(Q) = riz; + raz, = qra ! r—z
1

For gq" 2%, we havez, = 0. The production function is therefore q= 22%/2. Inverting,

" 1 "
z, = erq2 and z,=0
The cost function is
" W r
o(q) = rizy + raz; = Zlqz

(e) This cost function is convex in g. This also follows from part (a), since DRS implies the
cost function is convex.

3. FirmOs Problem with CES Production

A bPrm has production function

f(21,22)= 27+ 25 2

The PrmOs inputs costy and r,. The output price is p.

(a) Supposez, = 1, and assumeq# 1 to avoid boundary problems. Derive the brmOs shortbrun
cost and shortbrun marginal cost.

(b) Calculate the longbrun cost function, when both factors are RBexible.
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(c) Using the cost function in (b), solve for the PrmOs probt maximising output, an their maximal
probt.

(d) Solve the brmOs probt maximisation problem directly, whereby the brm choosez;(z,) to
maximise
= pf(z1,22)! riz1! raz

What are the optimal inputs? What is the PrmOs output and probt?

Solution

(@) The prmOs short run production function is
f(z1,22) = zilz +1
Hence the inputs needed to producey are given by
zi=(q! 1)
where we assumed thaig" 1. The cost function is given by

SRTC(Q) = r1za+ rozz = ra(q! 1)%+ ry

The marginal cost is
SRMC(q)=2ri(q! 1)

(b) The Prm minimises the Lagrangian

L=riz1+r2z2,+ "[q! zi’z! zé’z]
The FOCs are
1-y2
ri="-z
1 2 1
12
ro="-z
2 2
Rearranging, we have
r2  z
2 o
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Substituting into the production function, we obtain
! n ' "

2 : 2
I Iz !
1= qQ
rp+rp ri+rp

The cost function is given by

o(0) = r1zj + r2z, =
[Note the similarity between this and the expenditure function used in the brst question.]

(c) The bPrm choosegy to maximise

rir2 -
| = |
' = P! 1+ rzq
This is a concave problem. The FOC is
rirz
=2
p 1+ rzq
Rearranging,
| Pritr
2 rirs
Probt is ) ) )
I'=pd ! c(d)= Pirit+rz, pTratra_prnitre
. . 2 r1ro ! rro 4 rqro
(d) The bPrm maximises
I = p[zi/2+ zglz]! rizi! roz

The FOCs are

p%z; v2_
p%z; v2_
Rearranging, , ,
z; = fr% and z, = fr%
Output is e
d =(2)"2+(2)"2= D52
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Profit is

_]ﬁrl-i-rz_]irl-i-?“g_]le-i-Tg

O O R e e

4. Probt Maximisation

A firm has cost curve
c(q) = 100 + ¢*

The firm can also shut down and make profits = = 0.

4 rirg

(a) Suppose the firm faces price p = 30. What is the profit maximising quantity? What is the

maximal profit? Will the firm shut down?

(b) Suppose p = 10. What is the profit maximising quantity? What is the maximal profit?

Will the firm shut down?
(c) For which price levels will the firm shut down?

raw the supply function ¢*(p) as a function of the output price p.
d) D th ly functi * functi f the output pri

Solution

The firm maximises

7r:pq—100—q2

Assuming an internal optimum, the FOC implies

Maximal profits are

p

™ = pg* — 100 — (¢*)* = i 100

Recall, the firm can also shut down and make 7 = 0.

(a) If p = 30, then ¢* = 15 and 7* = 125. This is positive, so the firm should not shut down.
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(b) If p=10, then the internal optimum yields ¢ =5and !' = ! 75. Hence the brm is better
o! by shutting down.

(c) Setting ! ' =0, we bnd that p = 20. Hence the bPrm shuts down ifp < 20, operates ifp > 20,
and is indi'erent at p = 20.

(d) The supply function is g (p) =0 for p" 20 andq' (p) = p/2 for p# 20.
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Economics 11: Homework 4

November 26, 2008

Due date: Thursday 4th December.

Instructions:  You are required to write up your solution separately and independently, al-
though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Deriving Supply Functions

(&) A brm has cost function

c(q) = of for g < 2
=g°+ql 2 forq" 2

Derive the PrmOs supply curveg (p).
(b) A brm has cost function

cg) = & forq< 2
=q¢*! q+2 forq" 2

Derive the prmOs supply curveyg (p).

2. Equilibrium

There is an economy with 50 agents. Of these agents, ten have incomm = 10, ten have
m = 20, ten have m = 30, ten have m = 40 and ten have m = 50. Each agent has utility
function

U(x1,%2) = Xy’ *+ X5 °

over goodsxi and x». The price of good 2 equals 1. The price of good 1 is to be determined.
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(a) Derive each agentOs demand curve for good 1.

(b) Derive the market demand for good 1.

There areJ =40 brms. Each has production function
a=(z! DYzt HY*

The cost of the inputs isr; =1 and rp = 1.

(c) Derive each brmOs supply curve.

(d) Derive the market supply curve.

(e) Verify the equilibrium price is p = 5. Show that, at this price, new entrants will wish to
enter.

(f) Find the longbrun freebentry equilibrium price, assuming all potential entrants have the
same production technology. In addition, bPnd the output of each brm (q), the number of bPrms
in the industry (J) and the total industry output (Q).

3. Perfect Competition

A perfectly competitive industry has a large number of potential entrants. Each bPrm has an
identical production function given by f(z) = (z! 100)Y2. Total market demand is X =
1800! 10p. The input price is r = 4.

(a) Derive the longbrun equilibrium price, the output of each bPrm (q), the number of Prms in
the industry (J), the total industry output (Q), and the probts of each brm ( !).

Suppose the input price falls tor = 1.
(b) In the very shortbrun, Prms cannot change their output. What is the new price?

(c) In the shortbrun, bPrms cannot exit or enter. Their bxed cost is also sunk, so the bPrms
cannot produce 0 forc(0) = 0. Calculate the shortbrun equilibrium price, the total industry
output, and the output of each brm. Show that, taking into account the sunk cost, Prms would
like to enter.
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(d) In the longbrun, Prms can enter and exit. Derive the the longbrun equilibrium price, the
output of each bPrm (q), the number of brms in the industry (J), the total industry output (Q),
and the probts of each brm ().
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Economics 11: Solutions to Homework 4

December 4, 2008

Due date: Thursday 4th December.

Instructions:

You are required to write up your solution separately and independently, al-

though you are encouraged to discuss and work in groups. Please write your name, student 1D
number, and the name of your TA on the front page of the assignment that you hand in. Also,
please put boxes around your Pnal answer to each part.

1. Deriving Supply Functions

(&) A brm has cost function

o() = ¢
= ¢+q! 2

Derive the PrmOs supply curveg (p).

(b) A brm has cost function

c(a) = ¢
= q2| gq+2

Derive the prmOs supply curveyg (p).

Solution

(a) First supposeq < 2. The FOC is

p=2q

forq< 2
forg" 2

forqg< 2
for g" 2

Henced' (p) = p/2. This assumes thatq < 2, and hencep < 4.

Next supposeq” 2. The FOC is

p=2qg+1
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Figure 1: Convex Cost Function.  The black line shows the MC curve. The red line shows the supply
curve.

Henced (p) = (p! 1)/ 2. This assumes thatq" 2 and hencep" 5.

For p # [4,5], the brm does not want to produce more thang =2 at MC =2q+ 1. It also
does not want to produce less thatq=2 at MC =2q. Hence the brm will produceq= 2. See
Pgure 1.

(a) First supposeqg < 2. The FOC is
p=2q

Henced (p) = p/2. This assumes thatq < 2, and hencep < 4.

Next supposeq" 2. The FOC is
p=2q! 1

Henced (p) = (p+1)/2. This assumes thatq" 2 and hencep" 3.

For p # [3,4] we therefore have two locally optimal solutions. To see which is the global
optimum, we can calculate the probts. Ifg (p) = p/2 then probt equals

2 2 2
=pd )= D1 B B (1)
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q
Figure 2: Nonconvex Cost Function. The black line shows the MC curve. The red line shows the
supply curve.
If g (p) = (p+ 1)/ 2 then profit equals
| =pq ! c(q!)=pp;rl! (p21)2+(p;rl)! 2=F;2+g! % 2)

Comparing (1) and (2), we see that the optimal supply is g (p) = p/2 if p< 7/2 and ¢ (p) =
(p+21)/2ifp" 7/2. See figure 2.

2. Equilibrium

There is an economy with 50 agents. Of these agents, ten have income m = 10, ten have
m = 20, ten have m = 30, ten have m = 40 and ten have m = 50. Each agent has utility

function
12 1/2

u(Xg,X2) = x5~ +Xx;
over goods x1 and x». The price of good 2 equals 1. The price of good 1 is to be determined.

(a) Derive each agent’s demand curve for good 1.

(b) Derive the market demand for good 1.
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There areJ =40 brms who produce good 1. Each has production function
a=(z1! DYzt DY

The cost of the inputs isry =1 and r, = 1.

(c) Derive each PrmOs supply curve.

(d) Derive the market supply curve.

(e) Verify the equilibrium price for good 1 is p=5. Show that, at this price, new entrants will
wish to enter.

(f) Find the longbrun freebentry equilibrium price for good 1, assuming all potential entrants
have the same production technology. In addition, Pnd the output of each brm (q), the number
of Prms in the industry (J) and the total industry output (Q).

Solution

(a) As in Practice Problem Set 4, the demand for each agent is

sl =M P2 _ M
" pipt e pu(prt+ 1)

(b) Summing up, market demand is

! m; 1500

X1 = =
! p(p1+1)  pa(ps+1)

(b) The cost minimisation problem is

minL = rizz+ razz+ 1! (21! 1)Y4z 1 1)Y4
1,42

The FOCs imply that ri(z1! 1) = ro(zz! 1). The optimal input demands are

n n

#12 #12
)

r
2= 2 ¢+1 and zp= -t

q+1
r r
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The resulting cost function is
c(qr,r2) = 2P (rar) Y2+ (ry+ o)

The PrmOs probt maximisation problem impliep = MC. That is,

p=4q(rirz)"?
Hence the bPrmOs supply curve is
) — p
7 Ararp)V?

(d) There are 40 brms, so the market supply is

B
(rarp)¥?

Q' (p) =10
Usingry =1 and rp =1, we have Q' (p) = 10p.

(e) Equilibrium is characterised by
1500 _

p(p+1)
Rearranging, p>(p + 1) = 150. This is solved by p = 5. The total supply is Q = 50. Each brm
producesq=5/4. A brmOs probt is

25 25 9
I = pq! = —12_-12=_->
pat da)= 5t 236! 2= 5> 0
Hence entry is probtable.
(f) The average cost is
AC =2q+2q !

This is minimised at g = 1. The average cost iISAC = 4. Hence the long run price isp = 4.
Demand is X = 1500/ 20 = 75. Hence there areJ = 75 brms.

3. Perfect Competition

A perfectly competitive industry has a large number of potential entrants. Each brm has an
identical production function given by f(z) = (z! 100)Y2. Total market demand is X =
1800! 10p. The input price is r = 4.
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(a) Derive the longbrun equilibrium price, the output of each brm (q), the number of brms in
the industry (J), the total industry output (Q), and the probts of each brm ( !).

Suppose the input price falls tor = 1.
(b) In the very shortbrun, Prms cannot change their output. What is the new price?

(c) In the shortbrun, brms cannot exit or enter. Their bxed cost is also sunk, so the brms
cannot produce 0 forc(0) = 0. Calculate the shortbrun equilibrium price, the total industry
output, and the output of each brm. Show that, taking into account the sunk cost, brms would
like to enter.

(d) In the longbrun, Prms can enter and exit. Derive the the longbrun equilibrium price, the
output of each brm (q), the number of brms in the industry (J), the total industry output (Q),
and the probts of each bPrm ().

Solution

(a) Given an input price r, the PrmOs cost function is
c(q) = rz = rf ' Y(q) = r(g* + 100)
Average cost is
AC(g) = rq+100rg’ !

Dilerentiating, this is minimised at r = 100rg' 2. Rearranging, q = 10. The price therefore
equals,
p= AC(qg) = 20r

Whenr =4, p=280. The output of each brm is 10. The total demand isX = 1800—800 = 1000.
As a result, there areJ =100 brms. By construction, each brm makes zero probts.

(b) Output is Q = 1000. The price is still p = 80.

(b) The brmOs marginal cost is
MC =2rg =2q

Probt maximisation implies p = MC . Hence the short run supply curve isq = p/2. Summing
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over brms, industry supply is Q = 50p. The equilibrium is
50p = 1800! 10p

Rearranging, p = 30. The output of each brm is ¢ = 15. The industry output is @ = 1500.
The probt of each brm is

7=pg! ¢(g)=30" 15! (15)%>! 100 =125
Which will induce entry.

(d) As in (a), average cost is minimised wheng = 10. The price equalsp = 20. Demand is
X =1800! 200 = 1600. Hence there are/ = 160 bPrms. By construction, each Prm makes zero
probts.



Ecoll, Fall 2008 Simon Board

Economics 11: Practice Problems 1 (Week 2)

29 September, 2008

1. Utility Functions

Debne the utility functions and draw the indilerence curves for each of the following cases:
a) OEvery time | consume one unit oy, | want to consume 2 units ofx,0.

b) OIf the price ofx1 is bigger than the price ofx», | will only consume x». If the price of x5 is
bigger than the price of x1, | will only consume x;0.

c) Ol donOt care about the prices of; and X», | only want to consume x,0.

2. Consumption with Perfect Substitutes

Suppose John views butter and margarine as perfectly substitutable in the ratio of one to one
for each other.

a) Draw a set of indilerence curves that describes Johns preferences for butter and margarine.

b) If butter costs $2 per package, while margarine cost only $1, and John has a $20 budget to
spend for the month, which butter-margarine combination will he choose?

(c) Can you show this graphically? What happens when the price of margarine increases to $3?
[Note: As you read this, we probably havenOt yet studied the utility maximisation problem

formally. However, this is simple enough that you can use your intuition to solve it.]

3. Convexity and Monotonicity

For the following utility functions, sketch the indi'erence curves and explain whether the un-
derlying preferences satisfy convexity and monotonicity. Throughout, assumex1,x» ! 0.

(@) u(xy,x2) = X1+ X2
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(b) u(x1,X2) = X3+ x3
(¢) u(x1,X2) =min {x3 + X2, 1}

(d) u(x1,x2) = 1(x1)+ 1(x2), wherel (x) is the integer component ofx. Hencel (3.64) = 3 and
I (5.2) =5.

(@) u(xy,x2) = ! (x1! 1?21 (x2! 1)2

(f) u(x1,x2) =min {xy,xz}.

4. Properties of Indilerence Curves

Suppose an agentOs preferences satisfy transitivity, completeness, continuity and monotonicity.
SupposeX = " 2. Which of the following statements are correct? Explain your answer.

(a) Indi'erence curves are thin.

(b) Indi'erence curves are convex.

(c) There can be a bliss point, where utility is maximised.
(d) Indi'lerence curves have no kinks.

(e) Indilerence curves can be Rat. [An indilerence curve is Bat ifx # y, X1 >y 1 and X2 = y2.]
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Economics 11: Solutions to Practice Problems 1 (Week 2)

29 September, 2008

1. Utility Functions

Debne the utility functions and draw the indilerence curves for each of the following cases:
a) OEvery time | consume one unit ofzq, | want to consume 2 units of z,0.

b) OIf the price ofz1 is bigger than the price of z», | will only consume z». If the price of x5 is
bigger than the price of 21, | will only consume z10.

c) Ol donOt care about the prices af; and z», | only want to consume z,0.

Solution

| wonOt draw the pictures. | refer you to the lectures.

(a) Preferences are represented by(x1,x2) = min {2x1,z2}. That is, preferences are perfect
complements.

(b) Preferences are represented by(z1,x2) = x1 + x2. That is, preferences are perfect substi-
tutes.

(c) Preferences are represented byi(z1,x2) = w».

2. Consumption with Perfect Substitutes

Suppose John views butter and margarine as perfectly substitutable in the ratio of one to one
for each other.

a) Draw a set of indilerence curves that describes Johns preferences for butter and margarine.

b) If butter costs $2 per package, while margarine cost only $1, and John has a $20 budget to
spend for the month, which butter-margarine combination will he choose?
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(c) Can you show this graphically? What happens when the price of margarine increases to $3?
[Note: As you read this, we probably havenOt yet studied the utility maximisation problem

formally. However, this is simple enough that you can use your intuition to solve it.]

Solution

(a) Indilerence curves are straight lines. See the lecture.

(b) The MRS between butter and margarine is equal to 1 at every consumption level. As the
cost of margarine is less, John will choose to buy margarine with all his income and will buy
no butter. So he will buy 20 units of margarine and 0 units of butter.

(c) If the price of margarine increases to 3 he will consume only butter (10 units).

3. Convexity and Monotonicity

For the following utility functions, sketch the indilerence curves and explain whether the un-
derlying preferences satisfy convexity and monotonicity. Throughout, assumex1,x, ! 0.

(@) u(X1,X2) = X1+ X2
(b) u(x1,x2) = X2 + x3
() u(xa,x2) =min {X1 + X2, 1}

(d) u(x1,x2) = 1 (x1)+ I (X2), where | (x) is the integer component ofx. Hencel (3.64) = 3 and
(5.2) =5.

(e) u(x1,X2) = " (x1" 1)" (x2" 1)2

(f) u(x1,x2) = min {xq,xz}.
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Solution

(a) The goods here are perfect substitutes. These preferences satisfy monotonicity and convex-
ity.

(b) These preferences satisfy monotonicity but not convexity.

(c) The consumer has a maximum utility of 1. Hence these preferences satisfy convexity but
not monotonicity.

(d) The goods here are indivisible. These preferences satisfy neither monotonicity or convexity.
(e) This has a bliss point at (1, 1). These preferences satisfy convexity but not monotonicity.
(f) Preferences are perfect complements. These preferences satisfy convexity but not mono-

tonicity.

4. Properties of Indi'erence Curves

Suppose an agentOs preferences satisfy transitivity, completeness, continuity and monotonicity.
SupposeX = ! 2. Which of the following statements are correct? Explain your answer.

(a) Indilerence curves are thin.

(b) Indilerence curves are convex.

(c) There can be a bliss point, where utility is maximised.
(d) Indi'erence curves have no kinks.

(e) Indi'erence curves can be Rat. [An indilerence curve is Bat ifx " y, X3 >y1 and X2 = y».]

Solution

(@) True. Otherwise we can bnd{x,y} such that x
contradicts monotonicity.

y,and y; > x; and y» > x». This
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(b) False. We need to assume convexity for this.

(c) False. If there is a bliss point, we can Pnd x,y} such that x ! y, andy; >x1 andy,; > X ».
This contradicts monotonicity.

(d) False. Nothing we have assumed rules out kinks.

(e) False. This does not satisfy monotonicity.
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Economics 11: Practice Problems 2 (Week 3)

29 September, 2008

1. Consumer choice problem

Sam eats breakfast at Luvalle Commons everyday. She likes bagels and colee and they provide
her a utility of U(b, ¢ = ?3cY3. Bagels cost $2 and colee costs $1 per cup. Her daily budget
for breakfast is $12.

a) Suppose that she consumes 2 bagels and 8 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

b) Suppose that she consumes 3 bagels and 3 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

¢) Find the optimal choice for Sam.

2. Consumer choice problem

Joe is a teenager who likes video games G and music M. Each week, he receives $60 to buy
games and music CDs. His utility function for these two goods ifJ(G,M) = GY2+ M Y2, The
price of a game is $20 and the price of a CD is $10.

a) Solve for JoeOs demand using the Lagrangian Method.
b) Solve the same problem as in (a) using the Substitution Method.

c¢) Joe is a bit disappointed with your calculations. He thinks he can buy more games and CDs
if his utility function is logarithmic instead. Take the (natural) log of U(G, M) and solve the
optimisation problem again using the Lagrangian method. Compare the optimal levels with
those found in part (a).
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3. Consumer choice with three goods

Susan and Paul are college students whose parents give them monthly allowances to be spent

on food (f), clothing (c¢) and books (b). Prices are as follows: one meal costs $3, one piece of

clothing costs $40, and one book costs $5. Assume the goods are perfectly divisible. Susan is
a senior and she receives $200 per month; Paul is a freshman and he receives $160 per month.
SusanQs preferences are given by the following utility function:

U(f,c,b)=3In(f)+6In(c)+In( b
PaulOs preferences are given by the following utility function:

U(f,c,b) = 3In(f)+In( )+ 2In( b)

a) Write down the budget constraint for each individual.

b) Suppose Susan buys 20 meals, 3 pieces of clothing and 4 books. What is her marginal rate
of substitution between food and clothing. What is her marginal rate of substitution between
clothing and books? Is this allocation optimal for her?

¢) Suppose Paul buys 10 meals, 2 pieces of clothing and 10 books. What is his marginal rate
of substitution between food and clothing. What is his marginal rate of substitution between
clothing and books? Is this allocation optimal for him?

d) Using the Lagrangian method, bPnd the optimal allocations for food, clothing, and books for
Susan and Paul.

e) Suppose that the students parents decide that even though Susan is older, both children are
facing the same prices and thus should have the same allowance. They increase PaulOs allowance
to $200. Find his new optimal allocations. Which good has the largest percentage increase in
consumption, if any?

4. Calculating Demand Functions

Find the demand functions for x1 and x» in the following utility functions:

14,34
a) U(Xg,X2) = X3 X5
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b) U(x1,X2) = min {2x1, 3x2}

c) U(X1,X2) =2X1 +3X>

5. Consumption with Endowments

Robinson is the only person in an island, and has an endowment of 100 units of; and 120
units of x,. His utility function is u(xz,x2) =In x1 +1In X.

a) Find the marginal utility of x1 and X».
b) Find the marginal rate of substitution when Robinson consumes all his endowment.

c) Suppose now that Robinson bnds that he is not alone on the Island, so now he can trade
goods with other people. Find the relative pricespi/p 2> for which Robinson decides to sellx;
and to buy x».

[Note: In this problem the agent has endowments of goods rather than of income. Later in the
course weOll properly study this model.]
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Economics 11: Practice Problems 2 (Week 3)

29 September, 2008

1. Consumer choice problem

Sam eats breakfast at Luvalle Commons everyday. She likes bagels and colee and they provide
her a utility of U(b, 9 = b?/3cV 3. Bagels cost $2 and colee costs $1 per cup. Her daily budget
for breakfast is $12.

a) Suppose that she consumes 2 bagels and 8 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

b) Suppose that she consumes 3 bagels and 3 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

¢) Find the optimal choice for Sam.

Solution

(@) The MRS is

MRS = ®_g

MUy _ Sgos _ 2c_ 16
= =

The price ratio is py/p2 = 2, S0 Sam would prefer to eat more bagels.
(b) SamOs total expenditure is $9. Since her preferences are monotone, this cannot be optimal.

(c) The Lagrangian is:
L=0"3cY3+ 1M ! pb! pec]

The FOCs are:

2°c Us |
3, b, ~ Po
17 b 2/3 '
3 ¢ Pe

These imply that 2p.c = pyb. Using the budget equation,b =4 and ¢' =
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2. Consumer choice problem

Joe is a teenager who likes video games G and music M. Each week, he receives $60 to buy
games and music CDs. His utility function for these two goods i2J(G,M) = GY2+ M Y2, The
price of a game is $20 and the price of a CD is $10.

a) Solve for JoeOs demand using the Lagrangian Method.
b) Solve the same problem as in (a) using the Substitution Method.

c¢) Joe is a bit disappointed with your calculations. He thinks he can buy more games and CDs
if his utility function is logarithmic instead. Take the (natural) log of U(G, M) and solve the
optimisation problem again using the Lagrangian method. Compare the optimal levels with
those found in part (a).

Solution

(a) JoeOs budget constraint is 28+ 10M = 60. The Lagrangian is:
L=GY2+MY2+1[60! 20G! 10M]

The FOCs are

1. 12

~G' Y2=20!
2

1, 12
“M!'Y2=10!
2

Rearranging, M = 4G. Using the budget constraint, G' =1 and M " = 4.

(b) Using the budget constraint, M =6 ! 2G. The ultility function is thus:

U=GY2+(6 ! 2G)Y?

The FOC is

%G! 1/2! (6' ZG)' 1/2:0

Rearranging, G' = 1. Using the budget constraint, M " = 4.
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(c) The Lagrangian is:
L=In(GY2+ MY2)+ 1[60! 20G! 10M]

The FOCs are

1 G!'v2
2GYV24+ V2 = 20!
1 M! V2
2GY24+ V2 = 10!

Rearranging, M = 4G. Using the budget constraint, G' =1 and M " = 4. The solution is the
same since we have just applied an increasing function to the utility function.

3. Consumer choice with three goods

Susan and Paul are college students whose parents give them monthly allowances to be spent

on food (f), clothing (c) and books (b). Prices are as follows: one meal costs $3, one piece of

clothing costs $40, and one book costs $5. Assume the goods are perfectly divisible. Susan is
a senior and she receives $200 per month; Paul is a freshman and he receives $160 per month.
SusanQs preferences are given by the following utility function:

U(f,c,b) =3In(f)+6In(c)+In( b)
PaulOs preferences are given by the following utility function:

U(f,c,b) = 3In(f)+In( c) + 2In( b)

a) Write down the budget constraint for each individual.

b) Suppose Susan buys 20 meals, 3 pieces of clothing and 4 books. What is her marginal rate
of substitution between food and clothing. What is her marginal rate of substitution between
clothing and books? Is this allocation optimal for her?

¢) Suppose Paul buys 10 meals, 2 pieces of clothing and 10 books. What is his marginal rate
of substitution between food and clothing. What is his marginal rate of substitution between
clothing and books? Is this allocation optimal for him?
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d) Using the Lagrangian method, bnd the optimal allocations for food, clothing, and books for
Susan and Paul.

e) Suppose that the students parents decide that even though Susan is older, both children are
facing the same prices and thus should have the same allowance. They increase PaulOs allowance
to $200. Find his new optimal allocations. Which good has the largest percentage increase in
consumption, if any?

Solution

(a) SusanOs budget isf3+ 40c+ 5b=200. PaulOs isf3+40c+5b= 160.

(b) SusanOs MRSs are:

MU; _ 3 _ o _ 3
MU, 6/c 2f 40
MU; _6/c _ 6b

MU, 1b ¢

MRS;¢ =

MRS p =

For the allocation to be optimal we need to verify (a) SusanOs marginal rates of substitution
equal the price ratios and (b) Susan spends all her budget. The price ratios arp./pp = 8 and
pr/pc = 3/40. Moreover, SusanOs expenditure is 2B+ 3! 40+ 4! 5= 200. Hence SusanOs
allocation is optimal.

(c) Paul®s MRSs are:

MU; _ 3/ 3c_ 3

MRS = = — = = —
T MU ve f 5
MU. lc b _ 5

MRS = = = = —
“°T MU, 2b 2c 2

The price ratios are pc/pp = 8 and pr/pc = 3/40, so PaulOs allocation is not optimal (e.g. he
should consume more food).

(d) LetOs solve the problem generally and then plug in the numbers. The Lagrangian for Susan
is:
L=3In(f)+6In(c)+In(bh+![M" prf " pcCc” pob]
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The FOCs are

lepf
§= pc
Cc
o Po
b

The equations imply cp. = 2fps = 6bp,. Using the budget constraint, f' = M ¢ = 3M angd

10pf ° 5pc
b = %pb' Given the numbers in the example, we have' =20, ¢ =3 and b = 4.
The Lagrangian for Paul is:
L=3In(f)+In(c)+2In(bh+ !'[M! pf ! pcc! ppb]

The FOCs are

3.,

1.

¢ Pe

2_,
The equations imply 6¢cp. = 2fps = 3bp,. Using the budget constraint, f' = g"—f ¢ = g"'ﬁ and
b = 3%) Given the numbers in the example, we havef ' =263, ¢' = 2 andb =103.

(e) When PaulOs income rises to $200, the optimal consumption levels becofle= 331, ¢' = %

and b = 13%. One can see that PaulOs consumption of all goods increases by the 25%. As
we will soon see, this is because the income oler curve is linear with these CobbbDouglas
preferences.

4. Calculating Demand Functions

Find the demand functions for x; and x» in the following utility functions:
14,34
a) U(X1,X2) = X7 X5

b) U(x1,X2) = min {2x1, 3x2}

C) U(X1,X2) =2X1+3X>o
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Solution

(a) The Lagrangian is:

L = x}’4xg/4+ FIM T pix1 ! pox2]

The FOCs are:
| n

}. Xl 3/4: |p

4 X1 i
I n

§. ﬁ 1/4: Ip

4 X2 2

These imply that 3p;x; = p2x2. Demand are thusxj; = M/ 4p; and x5, = 3M/ 4p,.

(b) The utility function is not di'erentiable at the kink (draw the indilerence curves). Hence
the Lagrangian method does not work.

From the utility function we know that, at the optimum, 2 x} = 3x}. Using the budget con-
straint,

-
17 3p+2p;
L oM
27 3p1+2p;

(c) The indi'erence curves are linear, so we will have a boundary problem. [If you use the
Lagrangian approach and ignore the boundaries, you will want to consume a negative quantity
of one or other good]. We can therefore just compare the two endpoints.

If 3p1 > 2py, then xj; = 0 and x5 = M/p 2. If 3p; < 2pp, then xj = M/p 1 and x5, = 0. If

3p1 = 2p2, then the consumer is indilerent between all points on the budget line.

5. Consumption with Endowments

Robinson is the only person in an island, and has an endowment of 100 units of; and 120
units of x,. His utility function is u(x1,X2) =In X3 +In X».

a) Find the marginal utility of x; and x».
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b) Find the marginal rate of substitution when Robinson consumes all his endowment.

¢) Suppose now that Robinson bnds that he is not alone on the Island, so now he can trade
goods with other people. Find the relative pricespi/p > for which Robinson decides to selkk;
and to buy Xa.

[Note: In this problem the agent has endowments of goods rather than of income. Later in the
course weOll properly study this model.]

Solution

(a) MU1=1/X 1, MU, = 1/x 2.

(b) The MRS is:
MU :UXl_ X72_ 120

MRS = = — =
MU-» :UXZ X1 100

1.2

(c) He will be willing to sell good x1 and buy x» only if:

b1
P2

MRS =1.2
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Economics 11: Practice Problems 3 (Week 4)

October 16, 2008

1. Budget Sets

There are two goods: X3 and x» with prices p1 = 2 and p, = 2. Suppose the government
subsidises the brst 10 units ok; by $1. Draw the budget curves form =8, m =12 and m = 16
2. Income Elects and Quasilinear Utility

Suppose utility has the form u(xq,X2) = xi’z + X. Let pp =1 and p, = 2. Derive the

consumerQs income oler curve.

3. Price Changes

Joseph likes roses (R) and tulips (T) equally, and views them as perfect substitutes in proportion
1to 1.

a) What are JosephOs demand functions for roses and tulips (as a function of income and prices)?

Suppose the price of a rose is $3, the price of a tulip is $5, and Joseph has $30 to expend in
Bowers.

¢) How much of each Rower will Joseph buy?

c) Now, suppose that the price of a rose rises to $6. How does the consumption of Joseph
change?

d) How much should JosephOs income increase to compensate for the rise in the price of roses?

4. Taxes with Cobb Douglas Utility

An agent has utility u(xi,X2) = X1X3.
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a) Find the agentOs Marshallian demand.

b) Find the agentOs indirect utility function.

Now suppose thatp; = 10 and p» = 5. The agentOs income is = 300.
c) What is the agentOs consumption? What is her utility level?

The government would like to reduce the agentOs consumption &b by half. It considers two
policies to achieve this. Policy A imposes a tax on each unit ok,. Policy B imposes a lump
sum tax on the agentOs income.

d) Suppose the government uses policy A. How big a tax needs to be imposed on each unit of
X>? What is the governments tax revenue? What is the agentOs utility?

e) Suppose the government uses policy B. By how much would the government have to reduce
the agentOs income? What is the governments tax revenue? What is the agentOs utility?

f) Which policy does the agent prefer? Why?

5. Calculating Elasticities

An agentOs demand for good 1 is given by

x1(p1, P2, M) = (M + pp)/ 2py

Compute the agentOs price elasticity, cross elasticity and income elasticity &f when m = 200,
p1 =5 and p, = 10.

6. Elasticities

Let x!" L andy!"  be related by the function: y = f (x). The elasticity of y with respect
to x is debned by

o= dyx

VX dxy
Show that

,_ diny

VX dInx
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7. Expenditure Minimisation

Suppose that an individual has utility u(xy,X2) = x1(1+ X2). Throughout assume incomem is
sulciently high so there is an internal solution.

a) Find the Marshallian demand for x1 and x».
b) Are x1 and x» normal or inferior goods?
¢) Find the indirect utility function.

d) Invert the indirect utility function to bPnd the expenditure function. [We will probably cover
this in lecture 8]

e) What is the minimum expenditure necessary to achieve a utility level ofu = 72 with p; =4
and pp = 2?.



Ecoll, Fall 2008 Simon Board

Economics 11: Solutions to Practice Problems 3 (Week 4)

October 23, 2008

1. Budget Sets

There are two goods: X3 and x» with prices p1 = 2 and p, = 2. Suppose the government
subsidises the brst 10 units ok; by $1. Draw the budget curves form =8, m =12 and m = 16

Solution

Whenm =38, itisasif pp =1 and p; =2.

When m = 12 or m = 16, there is a kink at x; = 10. The slope is! 1/2 to the left and ! 1
to the right. The vertical intercept is X, = 6 when m = 12 and x, = 8 when m = 16. The
horizontal intercept is x; =11 when m =12 and x; = 13 when m = 16.

2. Income Elects and Quasilinear Utility

Suppose utility has the form u(xq,Xx2) = xi’z +

consumerQs income oler curve.

X2. Let pr = 1 and p, = 2. Derive the

Solution

Note: Here | use the MRS argument (which is identical to the Lagrange method). We could
also use the substitution method.

The consumerOs MRS is
MU: _ 1 402

= =X
MU, 21

The price ratio is p1/p2 = % The solution is x; = 1, which is feasible if m " 1. If m < 1 then
MRS > p 1/p 2, so the consumer will spend all her money on good 1.

LEquivalently, the bangbforbthebback from good 2 isMU2/p 2 = 1/ 2. This is less than the bangbforbthePback
from good 1 if x1 < 1.
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We thus bnd that x; = m for m< 1 andxj =1 for m! 1. More concisely,xj = min {m, 1}.

3. Price Changes

Joseph likes roses (R) and tulips (T) equally, and views them as perfect substitutes in proportion
1to 1.

a) What are JosephOs demand functions for roses and tulips (as a function of income and prices)?

Suppose the price of a rose is $3, the price of a tulip is $5, and Joseph has $30 to expend in
Bowers.

¢) How much of each Bower will Joseph buy?

c) Now, suppose that the price of a rose rises to $6. How does the consumption of Joseph
change?

d) How much should JosephOs income increase to compensate for the rise in the price of roses?

Solution

a) There are three cases:

DIf pp<pithenR=m/p,and T =0

2)Ifpr>pithenR=0and T = m/p;

3) If pr = pt then R and T any non-negative value as long ap;R + piT = m.

b) His preferences can be represented by = R+ T. If roses are cheaper he will consume only
roses. ThereforeR =30/3 =10 and T = 0. Utility is 10.

¢) Since tulips are now cheaper he will buy only tulips.R =0 and T =30/5 = 6. Utility is 6.

d) Initial utility is 10. Since he is buying only tulips, he needs T = m/5 = 10. So to compensate
him to that m = 50. Therefore, income has to increase by 20.
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4. Taxes with Cobb Douglas Utility

An agent has utility u(x1,Xx2) = X1x3.

a) Find the agentOs Marshallian demand.

b) Find the agentOs indirect utility function.

Now suppose thatp; = 10 and p, = 5. The agentOs income isn = 300.
c) What is the agentOs consumption? What is her utility level?

The government would like to reduce the agentOs consumption &b by half. It considers two
policies to achieve this. Policy A imposes a tax on each unit ok,. Policy B imposes a lump
sum tax on the agentOs income.

d) Suppose the government uses policy A. How big a tax needs to be imposed on each unit of
X>? What is the governments tax revenue? What is the agentOs utility?

e) Suppose the government uses policy B. By how much would the government have to reduce
the agentOs income? What is the governments tax revenue? What is the agentOs utility?

f) Which policy does the agent prefer? Why?
Solution
a) The Lagrangian is

L =xx3+ ! [m! pixg! poxo]

The FOCs are:

X5=1py
2X1X2 = Ip2

These imply
2p1X1 = P2X2
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Using the budget constraint,

X
o
1

3p1
2m

3p2

X
N —
1]

b) The indirect utility is
4m?3

 27pp3

¢) Plugging in, x1 = 10, X2 =40 and v = 16000.

d) We need to double the price ofx,, implying a tax of $5. The agent consumesx, = 20, so
the tax revenue is 100. The new ultility level is 4000.

e) We need to cut income, reducing it to 150. Tax revenue is 150. The agentOs utility is 2000.
f) The agent prefers the tax onx,, because that only reduces her spending orz, whereas the

income tax also reduces her consumption aof .

5. Calculating Elasticities

An agentOs demand for good 1 is given by

X3 (P1, P2, M) = (M + po)/ 2py

Compute the agentOs price elasticity, cross elasticity and income elasticity & when m = 200,
p1 =5 and p, = 10.

Solution

The price elasticity is

'p1x1

The cross elasticity is
Xap2 _ 1/21
'p2Xx1
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The incomes elasticity is

|
XM _oo121
'm X1

Note that the sum of these is zero, as expected.

6. Elasticities

Letx!" . andy!" . be related by the function: y = f (x). The elasticity of y with respect
to x is debned by

oo dyx
YT dxy
Show that
. _ diny
X dinx
Solution
Observe that
Iny =In f (€
Using the chain rule,
dIny _ f!(eInX)eInx _ f!(x) X %5
dinx ~ f(enx) f(x) dxy

as required.

7. Expenditure Minimisation

Suppose that an individual has utility u(xy,X2) = x1(1+ X2). Throughout assume incomem is
sulciently high so there is an internal solution.

a) Find the Marshallian demand for x1 and x».
b) Are x1 and x, normal or inferior goods?

¢) Find the indirect utility function.
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d) Invert the indirect utility function to Pnd the expenditure function. [We will probably cover
this in lecture 8]

e) What is the minimum expenditure necessary to achieve a utility level ofu = 72 with p; =4
and pp = 2?.

Solution

(a) The Lagrangian is
L=xi(1+ x2)+ !'[m! pix1! p2Xo]

The FOCs are
l+x2=1p1
X1=1p>
We thus get,

1+X2 _
X1 p2

Using the budget constraint,

T LUl 07
2p;
_m! p
2p2

X
-
|

(b) Since xj and x}, are increasing inm, both are normal goods.
(c) The indirect utility is

(M + p)?

V=Nl S,

(d) Inverting, we can obtain the expenditure function,

e=2(pp2u)¥?! pp

(e) Inserting the values in the expenditure functione=2(4 " 2" 72)Y21 2 =46.
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Economics 11: Practice Problems 4 (Week 5)

October 16, 2008

1. Expenditure Minimisation with CES demand

. _Ju2, Ju2
A consumer has the utility u(x1,Xx2) = X3 ~+ X5 “.

a) Find the Hicksian demand for x; and X»
b) Find the expenditure function.
¢) Find the Marshallian demand for x; and X».
d) Find the indirect utility function. Depending on how you approach this question, you may
Pnd it useful to note that: I T
P2 + P _ Prtp2

P1 P2 ~ (pp2) V2

e) Show that the Slutsky equation holds.

2. Consumption with Endowments: Labour Supply

A particular household consists of two agents who are both potential workers and who pool
their budgets. The households preferences are represented by a single utility function

U(Xo,X1,X2) =log(xo! !)+log x1 +log Xz

where x4 is the amount of leisure enjoyed by agent 1,x» is the amount of leisure enjoyed
by agent 2, and xo is the amount of the single composite consumption good enjoyed by the
household. The two agents each havd hours which can either be enjoyed as leisure, or spent
in paid work. The hourly wage rates for the two individuals are w; and w», respectively, and
they jointly have non-wage income ofm. The price of the composite consumption good is 1.

a) Write down the household budget constraint
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b) Solve for the households optimal choice ok1, X2, and Xg. [Throughout this question assume
there is an internal solution.]

¢) How does the labour supply of the agentsL; = T! X;, change with the wage rates (1, w>)
and the outside incomem. Explain your results in terms of income and substitution elects.

3. Intertemporal Consumption

An agent allocates consumption across two periods. Let the consumption in periodbex; " # ..
The agentOs utility is
U(X1,X2) = V(x1) +(1+ 1)" tv(x)

where ! is the agentOs discount rate, and(x) is an increasing and strictly concave function
(this means v'(x) is strictly decreasing).

In period 1 the agent has incomem. The agent can save at interest rater > 0, so that $1 in
period 1 is worth $(1+r) in period 2. As a result, the agentOs budget constraint is

m = X1+(1+ I')! lX2
a) Find the agentOs MRS ok, with respect to x». [Throughout this question assume there is
an internal solution].

b) Find the tangency condition (i.e. Prst order condition) for the agentOs choice problem.

c) Supposer = | . Does the agent consume more in the brst or second period? Provide an
intuition.
d) Supposer >! . Does the agent consume more in the brst or second period? Provide an
intuition.

e) Supposev(x) = In( x). Solve for the agentOs optimal consumption.

f) Suppose the consumer has no income in period 1, but has inconme =(1+ r)' *m in period
2. Also suppose they can borrow at interest rater. How does this alect the agentOs budget
constraint? How does this alect the agentOs optimal consumption choice? Provide an intuition.
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4. Properties of The Expenditure Function

Prove that e(p1, p2,0) is (weakly) increasing in py, p2 and U.
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Economics 11: Practice Problems 4 (Week 5)

October 27, 2008

1. Expenditure Minimisation with CES demand

. _Ju2, Ju2
A consumer has the utility u(x1,Xx2) = X3 ~+ X5 “.

a) Find the Hicksian demand for x; and X»
b) Find the expenditure function.
¢) Find the Marshallian demand for x; and X».
d) Find the indirect utility function. Depending on how you approach this question, you may
Pnd it useful to note that: I T
P2 + P _ Prtp2

P1 P2 ~ (pp2) V2

e) Show that the Slutsky equation holds.

Solution

a) The Lagrangian is

_ 1/2 1/2
L= pXxg+ paxa+ Hul x7 7! x5 7]

The FOCs are

Dividing we get,
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This states that the MRS equals the price ratio. Substituting into the constraint, the Hicksian
demands are given by

b) The expenditure function is

2 P1pP2

| |
€= pP1Xgt+ p2Xy = U
p1+ P2

¢) The Lagrangian is

12 12
L=x37"+x; "+ ! [m! pixg! paxs]

The FOCs are

1 .
§X1 V2 _ o,
1 -
%2 Y2=1p,
Dividing we get,
X;/z o
x?2 - P2

1
This states that the MRS equals the price ratio. Substituting into the constraint,

= M_ P
Y opipt 2
xo=M_P
27 pepLt P2
e) The indirect utility function is
# $y/2
v=(x)Y2+(xh)Y2= mPLt P2

p1p2

This can be derived by substituting the Marshallian demands into the utility function, or by
inverting the expenditure function.
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d) The Slutsky equation states that

dxy _ dhy o dx

dpr  dpr - dm

That is,
Pt pe) 0 P P3

——— T~ =12u ' m
p3(p1 + P2)? (Pr+ p2)® " pE(p1t P2)?
Using the indirect utility function,

2= mPLt P
p1p2

Substituting,

P2(2p1 + p2) pL+ P2 P3 P5

Im————==12m ' m

p(p1 + p2)? pip2 (p1+ p2)3 pf(p1 + P2)?
Simplifying,

| P22t p2) _ 2pop1 P3

M 2~ - > 7 M= 2

pL(pL + P2) pi(pL + P2) pg(p1 + p2)

Which is clearly true.

2. Consumption with Endowments: Labour Supply

A particular household consists of two agents who are both potential workers and who pool
their budgets. The households preferences are represented by a single utility function

u(Xo, X1,X2) =log(xp! !)+log x1 +log x»

where x; is the amount of leisure enjoyed by agent 1x, is the amount of leisure enjoyed
by agent 2, and xq is the amount of the single composite consumption good enjoyed by the
household. The two agents each havd hours which can either be enjoyed as leisure, or spent
in paid work. The hourly wage rates for the two individuals are w; and w», respectively, and
they jointly have non-wage income ofm. The price of the composite consumption good is 1.

a) Write down the household budget constraint

b) Solve for the households optimal choice ok1, X2, and Xg. [Throughout this question assume
there is an internal solution.]

¢) How does the labour supply of the agentsL; = T! X;, change with the wage rates (1, w>)
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and the outside incomem. Explain your results in terms of income and substitution elects.

Solution

a) The budget constraint then is
m+ wy(T! x1)+ wo(T! X2) = Xo

Equivalently,
m+ wiT + WoT = Xg+ WiX1 + WaXo

b) The Lagrangian is
L =log(xo! !)+log xg+log X2+ "[m+ wiT ! wixy+ woT ! woXxo! Xg]

The FOCs are:

1 — n
Xo! ! -
l — IIW
X1 - !
1 —_— nW
X2 B 2
These imply that xg! ! = wiX; = woX,. Using these three equations and the budget constraint,
we bnd
| 1
Xp="1+ é[m+W1T+W2T! ']
| 1
X1 = m—[m+ wT+w,T! !
1 3W1[ 1 2 ]
| 1
Xo= —[m+ wiT + wpT ! |
2 3W2[ 1 2 ]

We can think of ! as the subsistence level okg. The agents split their income above the

subsistence level,
[Mm+ wiT +w,T1! 1],

between consumption and leisure.
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c¢) Labour supply is given by:
Q=T!$Lm+wﬁ+wﬂ!u
3w
Q:T!£LW+WJ+WJ!H
The income elect:
"L 1

=l —<0
"m 3w

Intuitively, as the household gets richer they can consume more leisure. The price elect:

"LY 1 1
= ——Im+wT+wT! ']l —T

1
oM+ wT! 1]
3wi
If m+ woT >! then 1's wage is not needed to bnance subsistence consumption. In this case
the substitution elect is dominant: a rise in wq causes agent 1 to work more. Iim + w,T <!
then the income elect is dominant: a rise inw; causes agent 1 to work less.

L'l 1
=1 —T<0
"W o 3wq

As w; rises so the income elect and substitution elect cause agent 1 to work less.

3. Intertemporal Consumption

An agent allocates consumption across two periods. Let the consumption in periodbex; " # ..
The agentOs utility is
u(X1,X2) = V(x1) +(1+ #)*v(x2)

where # is the agentOs discount rate, ang(x) is an increasing and strictly concave function
(this means v'(x) is strictly decreasing).

In period 1 the agent has incomem. The agent can save at interest rater > 0, so that $1 in
period 1 is worth $(1+r) in period 2. As a result, the agentOs budget constraint is

m=x;+(1+ I')#1X2
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a) Find the agentOs MRS ok, with respect to x,. [Throughout this question assume there is
an internal solution].

b) Find the tangency condition (i.e. brst order condition) for the agentOs choice problem.

c) Supposer = ! . Does the agent consume more in the brst or second period? Provide an
intuition.
d) Supposer > ! . Does the agent consume more in the prst or second period? Provide an
intuition.

e) Supposev(x) = In( x). Solve for the agentOs optimal consumption.

f) Suppose the consumer has no income in period 1, but has incorme =(1+ r)~!m in period
2. Also suppose they can borrow at interest rater. How does this alect the agentOs budget
constraint? How does this alect the agentOs optimal consumption choice? Provide an intuition.

Solution

a) The agentOs MRS is
MU; _ V'(X1)

MRS = MU, = @+ - (xo)

b) The tangency condition sets the MRS equal to the price ratio. That is,

vixy)  _ 1
@+1)W(x3) (@+r)t

Rearranging
V(XD =@+ L+ 1)V (x5)

c)lifr=1then (1+r)=(2+ !)andV/(x;) = V/(x5). SinceV/(3 is strictly decreasing, we
have x5 = xj. Intuitively the agent discounts at the rate of interest, so they wish to perfectly
smooth their consumption.

dyIf r>! then(1+r)> (1+!)andV/(x;) <v’(x3). SinceV'(§ is decreasing, we havex} > x j.
Intuitively, the agent is more patient than society since her internal interest rate is lower. As a
result she consumes more in period 2.
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e) Herev'(x) = 1/x . Hence
Xo=(1+ 1)L+ 1)*x;

f) The consumerOs budget constraint is unchanged. As a result, her optimal consumption is
unchanged. Intuitively, the agent cares about her lifetime income, not when that income arrives,
since she can borrow/save to smooth her consumption.

4. Properties of The Expenditure Function

Prove that e(p1, p2,0) is (weakly) increasing in py, p2 and T.

Solution

Changing the target utility. Fix prices (p1,p2) and supposet > U'. Let (hy,hy) be optimal
demands when the target utility is U, and denote the expenditure bye(p1, p2, ). Now consider
the lower target, U'. Keeping demand the sameu(hy,hy) ! U', so the agent can meet the target
with expenditure e(py, p2, U). Hence the minimum expenditure needed to attaint' is at most
e(p1, p2,0). That is,

e(p1, P2, T) " €(p1, P2, 1)

as required

Changing a price. Fix (pz, ) and supposep; > p;. Let (hg, hy) be optimal demands when the
price for x1 is p;, and denote the expenditure bye(ps, p2,U). Keeping demand the same, the
agent can attain the same utility at a lower level of expenditure sincep; has fallen. That is,

e(py, p2,U) " e(p1, P2, 1)

as required.
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Economics 11: Practice Problems 5 (Week 6)

November 4, 2008

1. Complements and Substitutes

Supposeu(x1,X2) = X1X2. Are X; and X, gross complements or substitutes? Are they net
complements or substitutes?

2. Choice with Partial Subsidies

Suppose an agent chooses how much breaxh, and wine, X, to consume. The agent views the
goods as perfect substitutes and has utility function:

u(xg, X2) = X1+ X2
The price of bread isp; = 4, while the price of wine is p, = 2. The agent has incomem = 4.
(a) Solve for the agentOs optimal consumption.

(b) In order to encourage the consumption of bread, the Government subsidises the prst unit
by $1. Hence the Prst unit costsp; = 3, while each unit thereafter costs p; = 4. (i) Draw the
agentOs budget constraint. (i) Solve for her optimal consumption. (iii) How much does the
subsidy cost the Government?

(c) The Government increases itOs subsidy on the Prst unit to $3. Hence the brst unit costs
p1 = 1, while each unit thereafter costs p; = 4. (i) Draw the agentOs budget constraint. (ii)
Solve for her optimal consumption. (iii) How much does the subsidy cost the Government?

3. Consumer Surplus with Quasilinear Utility

Suppose an agent has utilityu(x1, X2) = 2xi/2 + X». The agent has incomem and faces prices
p1 and p,. [Throughout this question assume there is an internal optimum].

(a) Calculate the agentOs Marshallian demand.
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(b) Calculate the agentOs indirect utility, v(pz, p2, m).

(c) Fix a target utility ©. Calculate the agentOs Hicksian demand.

(d) Calculate the agentOs expenditure function.

Suppose the agent starts with incomem = 10 and faces pricesp; =1 and p, = 1.
(e) Calculate the utility of the agent, U = v(p1, p2, m).

(f) Supposep; = 1 rises to p; = 2. How much money must the Government give the agent to
compensate for this price rise, so that her utility remains atu?

4. Consumer Surplus with Symmetric Cobb Douglas Utility

Suppose an agent has utilityu(xy, X2) = X1X2, income m = 4 and faces pricesp; = 1 and
p2 = 1. Suppose the price of good 1 rises t@, = 2. Calculate the increase in the agentOs
income required to compensate her for this price rise.

5. Production with One Input

Digging clams by hand in Sunset Bay requires only labour input. The total number of clams
obtained per hour () is given by:
q=100LY?

Where L is he labour input per hour.
a) Graph the relationship betweenq and L

b) Find the marginal and average product of labour.

6. Production

Suppose output is given byq=[z; + z,]** for1>1> 0.
(a) Does this production function exhibits decreasing, constant or increasing returns to scale?

2
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(b) Derive the MRTS.

(c) Show that the isoquants are convex. That is, show that MRTS is decreasing irz; along an
isoguant.

(d) Suppose that! > 1. Show the isoquants are concave. Why might this be problematic?
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Economics 11: Solutions to Practice Problems 5 (Week 6)

November 4, 2008

1. Complements and Substitutes

Supposeu(x1,X2) = X1X2. Are X; and X, gross complements or substitutes? Are they net
complements or substitutes?

Solution

Marshallian demand is given byx} = m/2p; and x5, = m/2p,. Since demand for goodi is
independent of p; these are neither gross complements or gross substitutes.

Hicksian demand is given byh; = (Tp2/p1)Y? and h, = (Up1/p2)Y 2. Sinceh; is increasing in

pj , these goods are net substitutes.

2. Choice with Partial Subsidies

Suppose an agent chooses how much breaxh, and wine, X, to consume. The agent views the
goods as perfect substitutes and has utility function:

U(X1,X2) = X1+ X2
The price of bread isp; = 4, while the price of wine is p, = 2. The agent has incomem = 4.
(a) Solve for the agentOs optimal consumption.

(b) In order to encourage the consumption of bread, the Government subsidises the brst unit
by $1. Hence the Prst unit costsp; = 3, while each unit thereafter costs p; = 4. (i) Draw the
agentOs budget constraint. (ii) Solve for her optimal consumption. (iii) How much does the
subsidy cost the Government?

(c) The Government increases itOs subsidy on the Prst unit to $3. Hence the brst unit costs
p1 = 1, while each unit thereafter costs p; = 4. (i) Draw the agentOs budget constraint. (ii)
Solve for her optimal consumption. (iii) How much does the subsidy cost the Government?



Ecoll, Fall 2008 Simon Board

Solution

(a) The agent choose to spend all her money on wine. Henog = 0 and x5 = 2.

(b) The agent still chooses to spend all her money on wine. Hence; = 0 and x5, = 2. The
subsidy does not cost the Government anything.

c) The agent chooses to consumg; = 1 and X5 = . The subsidy costs the Government $3.
(c) Th h 1=1and x,=3/2. Th bsid he G $3

3. Consumer Surplus with Quasilinear Utility

Suppose an agent has utilityu(x1, X2) = 2xil2 + X». The agent has incomem and faces prices
p1 and p2. [Throughout this question assume there is an internal optimum].

(a) Calculate the agentOs Marshallian demand.

(b) Calculate the agentOs indirect utility, v(pz, p2, m).

(c) Fix a target utility ©. Calculate the agentOs Hicksian demand.

(d) Calculate the agentOs expenditure function.

Suppose the agent starts with incomem = 10 and faces pricesp; =1 and p, = 1.
(e) Calculate the utility of the agent, U = v(p1, p2, m).

(f) Supposep; = 1 rises to p; = 2. How much money must the Government give the agent to
compensate for this price rise, so that her utility remains atu?

Solution

(a) The tangency condition is
Fuz_ P

1
p2
Rearranging, demand is
x1(p1,P2,m) = p3/pi
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Using the budget constraint,

X! ,P2, M) = ml E
2(P1, P2, M) %' o
(b) The agentOs indirect utility is thus:
m
V(plaszm) = 2)(1/2"‘ X2 = — + E
P2 pP1

(c) The tangency condition is the same as in part (a). Rearranging, Hicksian demand is

hi(p1, p2,T) = p3lp?

Using the constraint, we have
hy(p1, pa,0) = W1 22,
P1

(d) The expenditure function is

| n

e(pl: p21U) = p]_h]_ + p2h2 = pz ul! Ei

(e) Under these parametersyv(pz, p2, m) = 11.

(f) There are three ways to calculate this. First, using the expenditure function,

[N
[EEN

CV = e(py,p2,U) ! €(p1,p2,T) = =11 ===
P P

N
N

Second,, using the Hicksian demand,
#, #,
CV = . hy(p1, P2, U)dpy = P . P} 2dpy = p3! pfE=1"

NI =
NI =

Third, since utility is quasilinear, we can use the Marshallian demand (which is identical to
Hicksian demand),
# 2 # 2 1
CV= xi(pupam)dp =B pidp = p3[! P =11 = 3.
In this case using the Marshallian demand may be easiest since it avoids us having to solve the
EMP.
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4. Consumer Surplus with Symmetric Cobb Douglas Utility

Suppose an agent has utilityu(xy, X2) = X1X2, income m = 4 and faces pricesp; = 1 and
p2 = 1. Suppose the price of good 1 rises tg; = 2. Calculate the increase in the agentOs
income required to compensate her for this price rise.

Solution

We derived the Marshallian demand and indirect utility function in class. The indirect utility

function is )

4p1p2
Plugging in the parameters, we see/(p1, p2, m) = 4. Inverting the indirect utility function we
obtain the expenditure function,

V(p11 P2, m) =

e(p1, P2, U) = 2(Upzp2) Y2
Letting, U = 4, the compensating variation is

CV = e(py, p2,U) | e(p1,p2, U) = 2(Upip2) ¥ 2! 2(Upap) Y2 =4( 2! 1)

5. Production with One Input

Digging clams by hand in Sunset Bay requires only labour input. The total number of clams
obtained per hour (g) is given by:
q=100LY?

Where L is he labour input per hour.
a) Graph the relationship betweenq and L

b) Find the marginal and average product of labour.

Solution

(a) This is a concave function starting at the origin.

4



Ecoll, Fall 2008 Simon Board

(b) The marginal product of labour is

dqg 112
MP, = — =50L"
LT dL

The average product is
AP = g/L =100L' ¥?

6. Production

Suppose output is given byq= [z!1 + 2!2]1“ fori>!> 0.
(a) Does this production function exhibits decreasing, constant or increasing returns to scale?
(b) Derive the MRTS.

(c) Show that the isoquants are convex. That is, show that MRTS is decreasing irg; along an
isoquant.

(d) Suppose that! > 1. Show the isoquants are concave. Why might this be problematic?

Solution
(@) For "> O,
f('zyz2)=[""zg + """ =" [z + Y ="f (21,22)
(b) The MRTS is R
MPy  zy' Y[z + @1 oz, M
MP2 — Z' izl + ZJam 1z

(c) The equation of an isoquant is

[z + z]" =k

Rearranging,
z=[k"! 7V
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Substituting into the MRTS,

| " # $ 111
- ! Lyl
MRTs = 2 = K!al
Z1 Z1
which is decreasing inz;.
(d) As in part (c), we have
# L1 $ar
' : !
MRTS = !'alh
Z;

The dilerence is that 1! ! < 0. Hence this is increasing inz; and the isoquants are concave.
This is problematic since there cost minimisation problem will not have an internal optimum:
the Prm will wish to use one input rather than a mix.
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Economics 11: Practice Problems 6 (Week 7)

November 11, 2008

1. Cost Functions

A brms has cost functionc(q) = 100 ! 10q+ 5¢?.

a) Find the bxed cost?!

b) Find the variable cost.?

¢) Find the average cost.

d) Find the marginal cost.

e) Draw the relationship between MC and AC. Prove that they always intersect at the minimum

AC.

2. Cost Functions

A brm has production function

f(z1,22) = 22 ¥(zp! 1)V2
The prices of the inputs arer; and r.
(@) Find MP,, MP,, and MRTS.

(b) If z, is bxed at 5, what is the short-run cost function? Find the short-run marginal cost
and average cost.

(c) What are the long-run input demand functions? What is the long-run cost function? Find
the long-run marginal cost and average cost.

(d) Does the production function exhibit increasing, constant or decreasing returns to scale.

!Debnition: The bxed cost is the cost that is independent of output.
2Debnition: The variable cost is the cost that varies with the level of output.
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3. Cost Minimisation: Cobb Douglas

Suppose that a bPrm production function is given by the Cobb-Douglas function:f (z1,2z,) =
2} z,. The cost of the inputs is z; and zy.

a) Find marginal and average productivity of the two factors.
b) Does this production function have increasing, constant or decreasing returns to scale?
¢) Show that cost minimisation requires!r 1z; = "r 22.

d) Suppose" = ! =1/4. Find the cost function.

4. Returns to Scale

A brm has production function f (z) = z' . The price of the input is r.
(a) For which values of" does the technology have increasing, decreasing and constant returns?
(b) Show that the cost function is convex when technology has constant or decreasing returns.

Provide an intuition.

5. Average Cost and Marginal Cost

(@) Show that AC(q) is increasing whenMC (qg) ! AC(qg), and AC(q) is decreasing when
MC (g) " AC(qg). [Hint: Dilerentiate AC(Q).]

(b) Provide an intuition for the result in part (a).

(c) SupposeAC (q) is U-shaped. Argue that AC(q) = MC (g) when AC(q) is at itOs lowest
point.

6. Probt Maximisation

A Prm has production function f (z) = 2zY2. The output price is p; the input price is r.
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What is the PrmOs optimal output? What is the optimal input? What is the PrmOs probt?

7. Revenue Maximisation

A Prm has cost function ¢(q) = 3750 + %qz. The price of output is p = 100.

(a) What is the probt maximising quantity?

(b) What are the maximal probts?

(c) Which quantity maximises revenue? subject to the constraint that probts are positive?

Note: For this question, you may bnd the quadratic formula useful. Ifax?+ bx+ ¢ =0 then

|l b+ P! 4dac

X =
2a

3Debnition: revenue equals the money the brm gets from selling itOs goods, ignoring the cost.
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Economics 11: Solutions to Practice Problems 6 (Week 7)

November 11, 2008

1. Cost Functions

A brms has cost functionc(q) = 100 ! 10q+ 5 7.

a) Find the bxed cost?!

b) Find the variable cost.?

¢) Find the average cost.

d) Find the marginal cost.

e) Draw the relationship between MC and AC. Prove that they always intersect at the minimum

AC.

Solution

(a) The bxed cost is 100.
(b) The variable cost is! 100+ 5¢?.

(c) The average cost is
AC(g) = 130! 10 + 5q

(d) The marginal cost is
MC(g)="! 10+ 10qg

(e) AC is a convex function. Dilerentiating, it is minimised when

c;quC(q) = 1100 2+5q=0

!Debnition: The bxed cost is the cost that is independent of output.
2Debnition: The variable cost is the cost that varies with the level of output.
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[
Rearranging, we bnd thatg= 20.

We have AC = MC when 100
7" 10+5g= " 10+ 10qg

[
Rearranging, we bnd thatg=  20.

2. Cost Functions

A brm has production function

f(z1,22) = 22 3(zp" 1)V2
The prices of the inputs arer; and r.
(@) Find MP1, MP,, and MRTS.

(b) If z is bxed at 5, what is the short-run cost function? Find the short-run marginal cost
and average cost.

(c) What are the long-run input demand functions? What is the long-run cost function? Find
the long-run marginal cost and average cost.

(d) Does the production function exhibit increasing, constant or decreasing returns to scale.

Solution

(&) The marginal products are

1
MP1= 2z, Y%z, 1)V2

241
N S T PN TP
MP2 = 521 (22 1)
Hence we have MP .1
1 V4]
MRTS = =
MPZ Z1
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(b) The cost minimisation problem is to choosez; to minimise r1z; +5r, subject to 2z
At the optimum, the constraint binds and we have

12
1 a

2
z!lzqZ

and the shortOrun total cost is 5

SRTC(Q)= 11y +512

The average cost is

SRAC = r, 3+ 22
4 q

The marginal cost is

q
SRMC =r1—
r12

(c) In the long run, both factors are Rexible. The tangency condition is

Zz" l_ r

VAl rz

Rearranging, we have g2 " 1)r, = z1r;. The constraint says that

U2,
a=z; (2 1)Y2
Substituting, we see that
' " I n
r, U2 | L Y2
z] = and z,=1+ —
r ra

The cost is therefore "
c(q)=2q rirp+ry

Intuitively, after the Prm pays a bxed cost of 1 unit of z,, they have Cobb-Douglas technology.
The average cost is "
AC(q)=2" Tirp + rqz

The marginal cost is "
MC(gQ)=2 rair;
(d) It exhibits increasing returns. You can verify this directly from the production function:

f(1z1,122) = (12 )Y2(0z " Y21 (12 )V20z," 1)Y2= 12 7%z D)Y2= i (z1,20)
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You can also verify this from the cost function, which is concave ing.

3. Cost Minimisation: Cobb Douglas

Suppose that a Prm production function is given by the Cobb-Douglas function:f (z1,z,) =
z!1 z2 The cost of the inputs is z; and z».

a) Find marginal and average productivity of the two factors.
b) Does this production function have increasing, constant or decreasing returns to scale?
¢) Show that cost minimisation requires!r 1z; = "r 225.

d) Suppose" = ! =1/4. Find the cost function.

Solution

(a) The average productivity of 1 is
APy = 7}' 1z,

The marginal productivity of 1 is
MP;="z}'1z,

Factor 2 is similar.

(b) It has constant returns if
returns if " + I < 1. To see this, just use the dePnition of returns to scale.

+ ! =1, Ithas increasing returns if " + ! > 1. It has decreasing

(c) We have
MPl _ IIZ;-! 122 Il22
MP2> 1ziz,'t 1z,

MRTS =

The tangency condition is therefore
Zp _ It

1z 1 ro

Rearranging, yields the result.
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(d) The tangency condition becomesri1z; = ryz,. The constraint is

_ _lU4_1a
a=2z; 7z,
Solving vyields, | ow |
1, 12 " 12
zi= = > and  z= — ?
ra rz
The cost is
_ ! Lo U2 2
(@) = rizy + rpz; =2(rar2)" g

4. Returns to Scale

A bPrm has production function f (z) = z' . The price of the input is r.
(a) For which values of! does the technology have increasing, decreasing and constant returns?
(b) Show that the cost function is convex when technology has constant or decreasing returns.

Provide an intuition.

Solution

(@) For t> 1, we have
f(tz1) = (tz) =t f(2)

Hence this has IRS ift > 1, CRSif! =1 and DRSif I < 1.

(b) In order to produce qthe brm needs inputsz = ¢! . Hence the cost function isc(q) = rq/* .
If I'1 1, then /! " 1 and the cost function is convex.

Intuitively, when the production function exhibits DRS each extra unit of input yields less
output. Hence the cost of producing an extra unit of output increases.

5. Average Cost and Marginal Cost

(&) Show that AC(q) is increasing whenMC (g) " AC(q), and AC(q) is decreasing when
MC (q)! AC(qg). [Hint: Dilerentiate AC(Q).]
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(b) Provide an intuition for the result in part (a).

(c) SupposeAC(q) is U-shaped. Argue that AC(g) = MC (g) when AC(q) is at itOs lowest
point.

Solution

(a) Dilerentiating, |

d d c(g) _ c(9a! c(q)

—AC = =

dq (@ dg q P
Hence AC () is increasing if and only if ¢'(g)q " c(g). Rearranging, this condition is just
MC (g) " AC(0).

(b) Suppose the brm currently producesn units of output, and that the cost of the (n + 1) st
unit is higher than the average cost of the brstn. Then the average cost of producingn + 1
units is higher that producing n units since the costs is being dragged up by the Pnal unit.

(c) If AC(q) is U-shaped it is downward sloping at prst, implying that MC (q) # AC(g), and is
then upward sloping, implying that MC (g) " AC(q). At the minimum we must therefore have
MC (g) = AC(0).

6. Probt Maximisation

A Prm has production function f (z) = 2zY2. The output price is p; the input price is r.

What is the PrmOs optimal output? What is the optimal input? What is the brmOs probt?

Solution

The Prm maximises
1/ 2 | rz

2pz
The FOC is

pz V2=
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Rearranging,

Z' = %
Output is
y! _2(2!)1/2_2rB
Probt is , | | R
'=py ! rz° =27! T: r

7. Revenue Maximisation

A bPrm has cost function ¢(q) = 3750 + %qz. The price of output is p = 100.

(a) What is the probt maximising quantity?

(b) What are the maximal probts?

(c) Which quantity maximises revenue? subject to the constraint that probts are positive?

Note: For this question, you may bnd the quadratic formula useful

' bt 2! 4ac
X =
2a
Solution
(a) The probt of the bPrm is
! =100q! 3750! %qz

The FOC vyields

q =100

(b) The maximal probt level is

' =(100)21 3750! %(100)2 = 1250

3Debnition: revenue equals the money the brm gets from selling itOs goods,

. Ifax? + bx+ ¢ =0 then

ignoring the cost.
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(c) Probt is inverse-U-shaped, so the revenue maximising brm will make zero probts. This
implies
1
100q! 3750! éq2 =0

Rearranging, this yields the quadratic
o°! 200g! 7500=0

Using the quadratic formula, this has the solution

g= 200¢ (20071 4" 7500/Y2 _ 200+ 100

= +
5 5 100 + 50

Probt is therefore positive if 150# g# 50, and revenue is maximised afj = 150.
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Economics 11: Practice Problems 7 (Week 8)

November 19, 2008

1. Properties of the Probt Function

A brm has cost functionc(q) = ¢?.

(a) Calculate the optimal supply function, ¢ (p).

(b) Calculate the optimal probt function, ! (p).

(c) Show that (f—p! "(p) = q (p).

(d) Show that !'' (p) is convex.

(e) Fix a level of output, g, and debne the probt the Prm makes when the price ig by
P(p;d) = pq! c(q)

On a single picture, draw ! (p;q) for eachq" { 0,1,2,3,4}. Also draw ! ' (p). Discuss your
Pndings and the relationship to (c) and (d). [You may want to use a computer program such
as Excel or Mathematica to draw the picture.]

2. Probt Maximisation

(@) A Prm has cost function ¢(g) = 20q! 109% + g°. The output price is p = 8. Solve for the
optimal output.

(b) A Prm has cost function c(q) = 40q! 100 + ¢°. The output price is p = 8. Solve for the
optimal output.
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3. Market Demand

Suppose three consumers have the following demand curves:

xi(p) =81 p
X5(p) =61 2p
x5(p) =121 3p

where the subscript identipes the agent. Find the market demand (either mathematically of
graphically).

4. Perfect Competition

A perfectly competitive industry has a large number of potential entrants. Each brm has an
identical cost function given by c(q) = 100 + ¢?/ 4. Total market demand is X = 1500! 50p.

a) What is the longbrun equilibrium price, the output of each brm (q), the number of Prms in
the industry, the total industry output (Q), and the probts of each brm?

b) What is the longbrun industry supply curve?
Suppose demand falls taXx =1200! 50p.
¢) In the very shortbrun, Prms cannot change their output. What is the new price?

d) In the shortbrun, Prms cannot exit or enter. Their bxed cost of 100 is also sunk, so the
Prms have cost curvec(q) = ¢?/ 4. Calculate the shortBrun supply curve. Using this, bnd the
shortbrun equilibrium price, the total industry output, and the output of each bPrm. Show that,
taking into account the sunk cost, Prms would like to exit.

e) In the longbrun, Prms can enter and exit. What is the longbrun equilibrium price, the output
of each brm, the number of Prms in the industry, the total industry output (Q), and the probts
of each brm?
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5. Equilibrium and Inputs Markets

A bPrm has a CobbbDouglas production functiorf (z1) = 102%’2. The price of the input is ry.
(a) Find the supply function of the brm and its input demand (as a function of p and r,).
Suppose there are 4,000 identical Prms in the market, and the supply @ is given by z{ = 40r?2.

b) Assume that the output price is p = 1. Calculate the equilibrium input price ri, the amount
of z; each brm demands, the amount of; the entire market demands and the output of each
Prm.

c) Suppose the output price rises top = 2. Repeat part (b). What is the elect of an increase
in the output price?
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Economics 11: Solutions to Practice Problems 7 (Week 8)

November 19, 2008

1. Properties of the Probt Function

A brm has cost functionc(q) = ¢?.

(a) Calculate the optimal supply function, ¢ (p).

(b) Calculate the optimal probt function, ! (p).

(c) Show that (f—p! "(p) = q (p).

(d) Show that !'' (p) is convex.

(e) Fix a level of output, g, and debne the probt the Prm makes when the price ig by
P(p;d) = pq! c(q)

On a single picture, draw ! (p;q) for eachq" { 0,1,2,3,4}. Also draw ! ' (p). Discuss your
Pndings and the relationship to (c) and (d). [You may want to use a computer program such
as Excel or Mathematica to draw the picture.]

Solution

(a) The FOC of the probt maximisation problem is
p=2q
Rearranging, d (p) = p/2.
(b) The probt function is given by
p?

'(p)=pd ! c(q)= 7
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20

_10_

Figure 1: Envelope Property.

(c) Dilerentiating,

d P_
— = — =V
o’ P=5=y(/P
(d) Dilerentiating again,
i2| !( ) = } )
az. P75

Hence the probt function is convex.

(c) See bgurel. The probt function is the maximum of the ! (p; g) functions. This implies that
the probt function is convex. It also implies that the slope of the probt function at any point
equals the slope of (p; d (p)), which equals ¢ (p).

2. Probt Maximisation

(@) A brm has cost function ¢(g) = 209" 10¢? + ¢°. The output price is p = 8. Solve for the
optimal output.

(b) A Prm has cost function c(q) = 40" 100 + ¢°. The output price is p = 8. Solve for the
optimal output.
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Solution

(@) The brmOs probt is

() =8q! 20g+100°! g®=! 129+10¢?! ¢

The FOC is d
1 = | 2 =
dq (@=1"!12+20q! 3g°=0
The SOC is
o I =20! 6
ﬂ- (o) = : oq

Solving the quadratic, the FOC yields

, 20+ 400! 4# 3# 12 _ 20+ 16
4= 6 T 6

The solutions areq =2/3 andg = 6. Of these, only g = 6 satispes the SOC.

We also need to check that there is not a boundary solution. Ifg=0then ! =0. If g=6 then
I =72, which is better than 0. Hence the optimal solution isq = 6.

(b) The brmOs probt is

1(g)=8q! 40g+100°! g®=! 329+10¢?! ¢

The FOC is
9= + I 3P =
I(Q=1!32+20q! 30°=0

The SOC is X
— 1 = |
5! (@) =20"! 6q

Solving the quadratic, the FOC yields

, _ 20+ 400! 4# 3# 32 _ 20+ 4
q= 6 T 6

The solutions areq =8/3 and g = 4. Of these, only g = 4 satispes the SOC.

We also need to check that there is not a boundary solution. Ifg=0then ! =0. If g=4 then
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I =1 32, which is worse than 0. Hence the optimal solution isf = 0.

3. Market Demand

Suppose three consumers have the following demand curves:

xi(p)=8"! p
X5(p) =6 ! 2p
x3(p) =12 3p

where the subscript identiPes the agent. Find the market demand (either mathematically of
graphically).

Solution

The demand curves are shown in bgur@. Agent 1 buys whenp " [0, 8]; agent 2 buys when
p" [0,3]; agent 3 buys whenp " [0,4]. Summing up, market demand is given by

X(P=8!p for p" [4,8]
=20"! 4p forp" [3,4]
=26! 6p forp" [0, 3]

4. Perfect Competition

A perfectly competitive industry has a large number of potential entrants. Each bPrm has an
identical cost function given by c(q) = 100 + ¢?/ 4. Total market demand is X = 1500! 50p.

a) What is the longbrun equilibrium price, the output of each brm (q), the number of Prms in
the industry, the total industry output (Q), and the probts of each brm?

b) What is the longbrun industry supply curve?

Suppose demand falls taXx =1200! 50p.
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Figure 2: Demand Curves.

c) In the very shortbrun, Prms cannot change their output. What is the new price?

d) In the shortbrun, Prms cannot exit or enter. Their bxed cost of 100 is also sunk, so the
Prms have cost curvec(q) = ¢?/ 4. Calculate the shortBrun supply curve. Using this, bnd the
shortbrun equilibrium price, the total industry output, and the output of each bPrm. Show that,
taking into account the sunk cost, Prms would like to exit.

e) In the longbrun, Prms can enter and exit. What is the longbrun equilibrium price, the output
of each brm, the number of brms in the industry, the total industry output (Q), and the probts
of each brm?

Solution

(@) In the long run AC (q) is minimised. Using the cost function
- 11, 1
AC(qg) =100g * + Zq

This is minimised at q = 20, yielding p = AC(q) = 10. By construction, the probts are zero.
Industry output is 1500 ! 50" 10 = 1000. The number of brms isN = 1000/ 20 = 50.
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(b) The supply function is a horizontal line at p = 10.

(c) In the very shortbrun, industry supply is stuck at Q = 1000. Using the demand curve, the
new price isp = 4.

(d) In the shortBrun, brms can change their output. The brmOs probt is
1
1o
pPq: 4q

The FOC is p = g/2. Rearranging, the shortbrun supply curve iy = 2p. The industry supply
is Q =509 =100p. The new equilibrium price solves

100p = 1200! 50p

Rearranging, p = 8. Each bPrm producesq = 16 and industry output is Q = 800. Taking into
account the sunk cost, probt is 128 100! 64 =! 36, so that each bPrm would like to exit.

(e) In the longbrun, brms exit until the probts are zero. Hence we bnd thap = 10 and Q = 700.

The number of brms in the industry is N = 700/ 20 = 35.

5. Equilibrium and Inputs Markets

A Prm has a CobbbDouglas production functiorf (z1) = 102f2. The price of the input is ry.
(a) Find the supply function of the brm and its input demand (as a function of p and r).
Suppose there are 4,000 identical Prms in the market, and the supply @ is given byz{ = 40r2.

b) Assume that the output price is p = 1. Calculate the equilibrium input price ri, the amount
of z; each brm demands, the amount of; the entire market demands and the output of each
Prm.

¢) Suppose the output price rises top = 2. Repeat part (b). What is the elect of an increase
in the output price?
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Solution

(a) We use the twobstep method. Inverting the production function, we bPnd that

R
= 1
2 100 (1)
The cost function is therefore 5
=,
c(g) = ra 100
The probt maximisation problem is
R
| LI
meX P9 1700
This is concave. The FOC is
p= |'1g
50
Rearranging,
q =50
r
Using (1),
p?
2, =25
ra

(b) Supposep = 1. The equilibrium price equates supply and demand:

1
4000" 25 = 40r?
1
Rearranging, r{ = 2500 or r; = (50) Y2, Each #rm d%mandszl = 25/50 = 1/2. The market

demand 4000' 1/2 = 2000. Firm output is 50/ 50 = 50.

(c) Supposep = 2. The equilibrium price equates supply and demand:

4000" 25i2 = 40r2
ra
Rearranging, r{ = 10000 or r; = 10. Each brm demandsz; = 100/100 = 1. The market
demand 4000' 1 = 4000. Firm output is 100/ 10 = 10. Hence the higher output price raises

the demand for z; and raises the equilibrium price.
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Economics 11: Practice Problems 8 (Weeks 9D10)

December 4, 2008

1. First Welfare Theorem

There are two goods k and y) and two agents (A and B). The agentsO utility functions are

Va(X)+y

ve(X)+y

ua

ug

whereva = 2In(x) and vg (x) = 4xY2, The agents have incomesna = 10 and mg = 10. The
price of goody is py = 1, the price of good x is to be determined.

A single brm produces good. It has cost function c(q) = ¢?/ 2.
() Show that p= 2 is an equilibrium price. Find the equilibrium allocations ( Xa, Xg, Q).
(b) Suppose a social planner choosex 4, Xg, Q) to maximise the total surplus,
va(Xa) + ve(xg)! c(q)
subject to g = xa + xg. Verify your allocations from part (a) satisfy the FOCs from this

optimisation problem.

2. Shifts in Supply Functions

Suppose the supply function isq = p, and the demand function isq=10"! p.
(a) Find the equilibrium price and quantity.

(b) Suppose the supply curve shifts up tog= p! 2, so each unit costs $2 more to produce.
Derive the new price and quantity.

Suppose the supply function isq = p, and the demand function isq=6"! p/5.

(c) Find the equilibrium price and quantity.
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(d) Suppose the supply curve shifts up toq= p! 2. Derive the new price and quantity.
Suppose the supply function isq = p, and the demand function isq=25"! 4p.

(e) Find the equilibrium price and quantity.

(f) Suppose the supply curve shifts up tog= p! 2. Derive the new price and quantity.

(g) Given these results, explain how the elasticity of the demand curve alects the impact of a
shift in the supply function.

3. Taxation

Suppose utility is quasilinear in goodx and the demand function isq= 10! p. The supply
function is g= p.

(a) Solve for the equilibrium price. Solve for consumer and producer surplus.

(b) Suppose there is a $2 producer tax. What is the new equilibrium price? What price does
the Prm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

(c) Suppose there is a $2 consumer tax. What is the new equilibrium price? What price does
the Prm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

4. Imports

The demand for portable radios is given by:Q =5000! 100p. The local supply curve is given
by Q = 150p.

a) Find the market equilibrium.

b) Suppose that radios can be imported at a price of $10 per unit. Find the market equilibrium
and the amount of radios imported.
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¢) Suppose that the local producers convince the government to impose a tari! of $5 per radio.
Find the market equilibrium, the total revenue of the tari! and the elect on the consumer and
producer surplus, and the deadweight loss.

5. General Equilibrium

Consider an economy with two goods X and y) and three agents (A, B and C). The agents
have preferences:

Ua = Xy
up = X%y
up = Xxy?

The agents have endowments A = (10,20), ! A =(30,15) and ! A = (15, 45).

Find the competitive equilibrium prices and allocations.
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Economics 11: Solutions to Practice Problems 8 (Weeks 9D10)

December 4, 2008

1. First Welfare Theorem

There are two goods k and y) and two agents (A and B). The agentsO utility functions are

Va(X)+y

ve(X)+y

ua

ug

whereva = 2In(x) and vg (x) = 4xY2, The agents have incomesna = 10 and mg = 10. The
price of goody is py = 1, the price of good x is to be determined.

A single brm produces good. It has cost function c(q) = ¢?/ 2.
() Show that p= 2 is an equilibrium price. Find the equilibrium allocations ( Xa, Xg, Q).
(b) Suppose a social planner choosex 4, Xg, Q) to maximise the total surplus,

va(Xa) + ve(xg)! c(q)

subject to g = xa + Xxg. Verify your allocations from part (a) satisfy the FOCs from this
optimisation problem.

Solution

(a) Substituting her budget into her utility, A maximises
2In(x)+(m! px)

The FOC implies that demand is given by x = 2/p. Similarly, B maximises
Y2+ (m! px)

The FOC implies that demand is given by x = 4/p?2.
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The PrmOs marginal cost iMMC = g. Hence the supply curve isq= p. The equilibrium price
thus solves

4,2 0

pP>op
Substituting in, p = 2 solves this equation. At this price the allocations are

(Xa,xg,0) =(1,1,2)

(b) Using the fact that q= xa + Xg, the social planner wishes to maximise

1
S=2In(xa)+4x3 21 S(xa+ Xg )2

(where the S stands for Osurplus®). The FOCs are

ds
m=2x;1! (xa + xg) =0
(;<85=2X:31/2! (Xa + xg)=0

Substituting in xa =1 and xg = 1 we see that both are satisbed.

2. Shifts in Supply Functions

Suppose the supply function isq = p, and the demand function isqg=10"! p.
(a) Find the equilibrium price and quantity.

(b) Suppose the supply curve shifts up tog= p! 2, so each unit costs $2 more to produce.
Derive the new price and quantity.

Suppose the supply function isq = p, and the demand function isq=6"! p/5.

(c) Find the equilibrium price and quantity.

(d) Suppose the supply curve shifts up toq= p! 2. Derive the new price and quantity.
Suppose the supply function isq = p, and the demand function isq=25"! 4p.

(e) Find the equilibrium price and quantity.
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(f) Suppose the supply curve shifts up tog= p! 2. Derive the new price and quantity.

(g) Given these results, explain how the elasticity of the demand curve alects the impact of a
shift in the supply function.

Solution

(a) The equilibrium price and quantity are p=5 and q=5.
(b) The equilibrium price and quantity are p=6 and q= 4.
(c) The equilibrium price and quantity are p=5 and gq=5.
(d) The equilibrium price and quantity are p=63 and q=43%.
(e) The equilibrium price and quantity are p=5 and q=>5.
(f) The equilibrium price and quantity are p=5% and q=3 2.

(9) When demand is inelastic (part (d)) then the shift in the supply curve has little elect on
quantity but increases the price a lot. When demand is elastic (part (f)) then the shift in the
supply curve has a large elect on quantity but a small elect on price.

3. Taxation

Suppose utility is quasilinear in goodx and the demand function isq = 10! p. The supply
function is g = p.

(a) Solve for the equilibrium price. Solve for consumer and producer surplus.

(b) Suppose there is a $2 producer tax. What is the new equilibrium price? What price does
the brm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

(c) Suppose there is a $2 consumer tax. What is the new equilibrium price? What price does
the Prm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?
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Solution

(a) Setting supply equal to demand
10! p=p

implies that p = 5. The quantity traded is g = 5. Consumer surplus and producer surplus are
both 5" 5/2=123.

(b) Suppose there is a $2 producer tax. The new supply curve ig= p! 2. The equilibrium
price is p' = 6, although the brm receivesp'! t = 4. The quantity traded is d = 4.

With the tax, the consumer and producer surplus are both 4" 4/2 = 8, a change of 4}
Government revenue is 4' 2 = 8. The deadweight loss therefore equals 1.

(c) Suppose there is a $2 consumer tax. The new demand curve @gs=8 ! p. The equilibrium
price is p' = 4, although the consumer paysp' + t = 6. The quantity traded is ¢ = 4.

With the tax, the consumer and producer surplus are both 4" 4/2 = 8, a change of 4}
Government revenue is 4' 2 = 8. The deadweight loss therefore equals 1.

4. Imports

The demand for portable radios is given by:Q =5000! 100p. The local supply curve is given
by Q = 150p.

a) Find the market equilibrium.

b) Suppose that radios can be imported at a price of $10 per unit. Find the market equilibrium
and the amount of radios imported.

c) Suppose that the local producers convince the government to impose a tari! of $5 per radio.
Find the market equilibrium, the total revenue of the tari! and the elect on the consumer and
producer surplus, and the deadweight loss.

Solution

a) Equating supply and demand, 15@ = 5000! 100p. Hencep =20 and Q = 3000.

4
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b) The price drops to 10. As a result the quantity demanded isQ = 4000. Domestic production
is 150! 10 = 1500, while imports 4000" 1500 = 2500.

¢) The price rises to 15, and demand falls to Q=3500. Domestic production is 150 15 = 2250
and imports are 3500" 2250 = 1250.

Tari! revenues are 1250! 5 = 6250. The consumer surplus without the tari! is (50 " 10)!
4000 2 = 80,000. The CS with tari! is (50 " 15)! 3500 2 = 61, 250, resulting in a loss of
18,750. The transfer to producers is 3 1500 + (15" 10)! (2250" 1500) 2 = 9375. The
deadweight loss is 18750 9375" 6250 = 3125.

5. General Equilibrium

Consider an economy with two goods X and y) and three agents (A, B and C). The agents
have preferences:

Ua = Xy
up = X%y
Up = xy?

The agents have endowments A = (10, 20), ! A =(30,15) and ! A = (15, 45).

Find the competitive equilibrium prices and allocations.

Solution

Utilities are CobbBDouglas. Demands are given by

A A

XA = }mi and yA = }mi
2 px 2 py

B B

XB = Em and yB = }mi
3 Px 3 py

C C

C = }mi and yC = gmi
3 px 3 py
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The agentOs incomes are

m” = 10px +20py
m® =30py + 15p,
mC® = 15p, +45p,

Market clearing for good x means

110px +20py , 230px +15py | 115p, +45py
= + = + = =55
2 Px 3 Px 3

Solving yields the price ratio:
5
Py = =Px

Intuitively, there is more of good y so it is cheaper.

Normalise px = 7, so that py = 5. The incomes arem” = 170, m® =285 and m®© = 330. Using
the demand functions, allocation are

(XA1YA1XB,YB,XC7YC): 7)?17)?171 5



Economics 11: Homework 1

1. Optimisation (4 points)

We wish to maximisef (x) =5 ! 2x! x2.

(a) Find the optimal value of x and the resulting value of the objective. Verify the SOC.

(b) Suppose we introduce the constraint that x
resulting value of the objective. [Hint: Plot the function]

0. Find the optimal value of x and the

2. Optimisation with 2 variables (4 points)

Find the values of (x1,X2) that maximise f (x) = 20x3 *x3*1 x11 x».

3. Constrained Optimisation (4 points)

Suppose thatf (x1,X2) = X1X2. Suppose the constraint isx; + Xp = 1.
(a) Draw the constraint in ( X1, X2) space.

(b) Draw the level curves of the objective in (x1,X2) space. Alevel curve are the values of
(X1, X>2) such that f (x1, x») is constant.!

We now wish to bnd the maximum value off given the constraint.
(c) Solve the problem by substituting the constraint into the objective.

(d) Solve the problem by using the Lagrange method.

4. Constrained Optimisation (4 points)

The dual problem to the last question is to minimise g(x1,X2) = X1+ X2 subject to x1x2 = 1/4.

1We will later think of these as indilerence curves.



(a) Solve this problem using the Lagrangian technique.

(b) How does the solution compare to part (d) of the last question?

5. Partial Derivatives and Total Dilerential (4 points)

Supposeu = f (x1,X2) = 4x3 +3x5.
(a) Calculate 'u/'x 1 and 'u/'x ».
(b) Write the total dilerential for u.

(c) Calculate dxo/dx 1 whendu = 0. That is, what is the implied trade-o! between X1 and Xx»
holding u constant.



Economics 11: Solutions to Homework 1

1. Optimisation (4 points)

We wish to maximisef (x) =51 2x! x2.
(a) Find the optimal value of x and the resulting value of the objective. Verify the SOC.

(b) Suppose we introduce the constraint that x " 0. Find the optimal value of x and the
resulting value of the objective. [Hint: Plot the function]

Solution

(a) Dilerentiating, the FOC is

d) _ 15 =0
dx

This yields x' = ! 1 andf (x') =6. The SOC is ! 2, and is thus satisbed.

(b) The function is concave, so when we introduce the constraint, the function is maximised at
the boundary, x' =0 where f (x') = 5.

2. Optimisation with 2 variables (4 points)

Find the values of (X1, X>) that maximise f (x) =20 xi’“x%"1 I X1 ! Xo.

Solution

THE FOCs are

If "

w=5xly4x%’4! 1=0 (1)
X1

If (X1,X2) _ _ 14 "34 _

T-5x1 X,2 71 1=0 2)

Solving this system yieldsx} = 25 and x} = 25.



3. Constrained Optimisation (4 points)

Suppose thatf (x1,X2) = X1X2. Suppose the constraint isx; + X = 1.
(a) Draw the constraint in ( X1, X2) space.

(b) Draw the level curves of the objective in (x1,X2) space. Alevel curve are the values of
(X1, X>2) such that f (x1, x») is constant.

We now wish to bnd the maximum value off given the constraint.
(c) Solve the problem by substituting the constraint into the objective.

(d) Solve the problem by using the Lagrange method.

Solution

(a) The constraint in a straight line with slope ! 1.
(b) The level curves are parabolas.

(c) Substituting,
f(x1,X2) = Xax2 = x1(1! Xx1)
This is maximised at x} = 1/2, wherex}, = 1/2 and f (x},x5) = 1/ 4.
(d) The Lagrangian is
L = x1Xo! ![1! X1 ! X2]
The FOCs are
Xo = |

X1 =

Hencexi = X. The constraint thus implies that xj = 1/2, x5 =1/2 and f (xj,x5) = 1/4. The
multiplier is ! =1/2.

Lwe will later think of these as indi'erence curves.



4. Constrained Optimisation (4 points)

The dual problem to the last question is to minimise g(x1,X2) = X1+ X2 subjectto x1x, =1/4
and xq,x2 ! 0.

(a) Solve this problem using the Lagrangian technique.

(b) How does the solution compare to part (d) of the last question?

Solution

(a) The Lagrangian is
L = X3+ X2+ Y[0.25" X1X7]

where we subtract the penalty because we now wish to minimise. The FOCs are

1= pxz
1= pxz

Hencex; = x2. The constraint thus implies that xj = 1/2, x5 = 1/2 and g(x},X5) = 1. The
Lagrange multiplier is p = 2.

(b) First, observe that the optimal choices of (x1,X7) are the same under the two problems.
Second, observe that the value of the objective in the second problem is the value of the
constraint in the brst. Finally, observe that p = 1/! . Intuitively, ! measures the extra utility
from a $1 increase in income, whilgx measures the extra expenditure required to obtain 1 util,
which are just the inverse of each other.[Note: We will talk more about duality as the class
progresses.]

5. Partial Derivatives and Total Dilerential (4 points)

Supposeu = f (x1,X2) = 4x3 +3x5.
(a) Calculate "u/"x 1 and "u/"x ».

(b) Write the total dilerential for u.



(c) Calculate dx,/dx 1 whendu = 0. That is, what is the implied trade-o! between X1 and Xx»
holding u constant.

Solution

(@) 'u/lx 1=8x1and lu/'x »=6X>.

(b) Totally dilerentiating,

lu lu
du= —dx; + —dx»
IX 1 IX 2

= (8 x1)dxy + (6 x2)dx2

(c) If du=0 then



Economics 11: Homework 2

1. Utility Functions (4 points)

DePne the utility functions and draw the indilerence curves for each of the following cases:
a) OEvery time | consume one unit oy, | want to consume 2 units ofx,0.

b) OIf the price ofx, is bigger than the price ofx», | will only consume x». If the price of x» is
bigger than the price of x1, | will only consume x;0.

c) Ol donOt care about the prices of; and X», | only want to consume x,0.

2. Consumption with Perfect Substitutes (4 points)

Suppose John views butter and margarine as perfectly substitutable in the ratio of one to one
for each other.

a) Draw a set of indilerence curves that describes Johns preferences for butter and margarine.

b) If butter costs $2 per package, while margarine cost only $1, and John has a $20 budget to
spend for the month, which butter-margarine combination will he choose?

(c) Can you show this graphically? What happens when the price of margarine increases to $3?

3. Convexity and Monotonicity (6 points)

For the following utility functions, sketch the indilerence curves and explain whether the un-
derlying preferences satisfy convexity and monotonicity. Throughout, assumex1,x» ! 0.

(@) u(x1,X2) = X1+ X2
(b) u(x1,x2) = x3 + x3

(¢) u(x1,x2) = min {x1 + X2, 1}



(d) u(xq,x2) = I (x2)+1(x2), wherel (x) is the integer component ofx. For example,| (3.64) =3
and | (5.2) =5.

(@) u(xg,x2) = ! (x1! 121 (x2! 1)2

(f) u(x1,x2) = min {x1,xz}.

4. Monotone Transformations of Utility Functions (6 points)

The agent consumesx units of a pizza, where we assume that 0 x " 4. The agent receives
utility

u(x) = x fo<x " 2
=41 x if2<x " 4

Which of the following utility functions represent the same preferences as above:
@ v(x)=2xif0" x" 2,andv(x)=41! xif2<x " 4.
(b) v(x)=2xif 0" x" 2,andv(x)=8"! 2x if2<x " 4.
() v(x)=4!1 (2! x)2if0" x" 4.
(d) v(x)=4"! (2! x)%if0" x" 4.
e)v(x)=4"! (2! x)*ifo" x" 4.

) v(x)=1! (2! x)%if0" x" 4.



Economics 11: Solutions to Homework 2

1. Utility Functions (4 points)

Debne the utility functions and draw the indilerence curves for each of the following cases:
a) OEvery time | consume one unit oy, | want to consume 2 units of x,0.

b) OIf the price ofx is bigger than the price ofx», | will only consume x». If the price of x is
bigger than the price of x1, | will only consume x;0.

c) Ol donOt care about the prices of; and x5, | only want to consume x,0.

Solution

| wonOt draw the pictures. | refer you to the lectures/TA sessions.

(a) Preferences are represented byi(x1,X2) = min {2x1,X2}. That is, preferences are perfect
complements.

(b) Preferences are represented by(x1,X2) = X1 + X2. That is, preferences are perfect substi-
tutes.

(c) Preferences are represented by(xy, X2) = Xo.

2. Consumption with Perfect Substitutes (4 points)

Suppose John views butter and margarine as perfectly substitutable in the ratio of one to one
for each other.

a) Draw a set of indilerence curves that describes Johns preferences for butter and margarine.

b) If butter costs $2 per package, while margarine cost only $1, and John has a $20 budget to
spend for the month, which butter-margarine combination will he choose?

(c) Can you show this graphically? What happens when the price of margarine increases to $3?



Solution

(a) Indi'erence curves are straight lines. See the lecture.

(b) The MRS between butter and margarine is equal to 1 at every consumption level. As the
cost of margarine is less, John will choose to buy margarine with all his income and will buy
no butter. So he will buy 20 units of margarine and 0 units of butter.

(c) If the price of margarine increases to 3 he will consume only butter (10 units).

3. Convexity and Monotonicity (6 points)

For the following utility functions, sketch the indi'erence curves and explain whether the un-
derlying preferences satisfy convexity and monotonicity. Throughout, assumex1, x> ! 0.

(@) u(x1,X2) = X1+ X2
(b) u(x1,X2) = X7+ x3
(¢) u(x1,X2) = min {x1 + X2, 1}

(d) u(x1,x2) = 1 (x1)+ 1(x2), wherel (x) is the integer component ofx. For example,| (3.64) = 3
and | (5.2) =5.

(&) u(x1,x2) = " (x1" 1)2" (x2" 1)

(f) u(x1,x2) = min {x1,Xz}.

Solution

(a) The goods here are perfect substitutes. These preferences satisfy monotonicity and convex-
ity.

(b) These preferences satisfy monotonicity but not convexity.

(c) The consumer has a maximum utility of 1. Hence these preferences satisfy convexity but
not monotonicity.



(d) The goods here are indivisible. These preferences satisfy neither monotonicity or convexity.
(e) This has a bliss point at (1, 1). These preferences satisfy convexity but not monotonicity.
(f) Preferences are perfect complements. These preferences satisfy convexity but not mono-

tonicity.

4. Monotone Transformations of Utility Functions (6 points)

The agent consumesx units of a pizza, where we assume that @ x ! 4. The agent receives
utility

u(x) = x ifo! x! 2
=4" x if2<x! 4

Which of the following utility functions represent the same preferences as above:
@ v(x)=2xif0! x! 2,andv(x)=4" xif2<x ! 4.
(b) v(x)=2x if 0! x! 2,andv(x)=8" 2x if2<x ! 4.
) v(x)=4" (2" x)?if0! x! 4.
(d) v(x)=4" (2" x)%if0! x! 4.
e v(x)=4" (2" x)*ifo! x! 4.

) v(x)=" (2" x)%if0! x! 4.

Solution

(a) This is dilerent since v(1) =2 > 1 = v(3).

(b) This is the same sincev(x) = 2 u(x).



(c) This is the same sincev(x) is increasing forx < 2, decreasing forx > 2, and is symmetric
around 2.

(d) This is dilerent since v(x) is increasing for all x.
(e) This is the same sincev(x) is the square of part (c).

(f) This is the same sincev(x) is a vertical shift of part (c).



Economics 11;: Homework 3

1. Consumer choice problem (4 points)

Sam eats breakfast at Luvalle Commons everyday. She likes bagels and co'ee and they provide
her a utility of U(b, 9 = b?3cY3. Bagels cost $2 and colee costs $1 per cup. Her daily budget
for breakfast is $12.

a) Suppose that she consumes 2 bagels and 8 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

b) Suppose that she consumes 3 bagels and 3 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

c¢) Given prices (pp, Pc), Pnd the optimal choice for Sam.

2. Consumer choice problem (4 points)

Joe is a teenager who likes video games G and music M. Each week, he receives $60 to buy
games and music CDs. His utility function for these two goods i2J(G,M) = GY2+ MY2 The
price of a game is $20 and the price of a CD is $10.

a) Solve for JoeOs demand using the Lagrangian Method.
b) Solve the same problem as in (a) using the Substitution Method.

c¢) Joe is a bit disappointed with your calculations. He thinks he can buy more games and CDs
if his utility function is logarithmic instead. Take the (natural) log of U(G, M) and solve the
optimisation problem again using the Lagrangian method. Compare the optimal levels with
those found in part (a).

3. Consumer choice with three goods (4 points)

Susan and Paul are college students whose parents give them monthly allowances to be spent
on food (f), clothing (c) and books (b). Prices are as follows: one meal costs $3, one piece of



clothing costs $40, and one book costs $5. Assume the goods are perfectly divisible. Susan is
a senior and she receives $200 per month; Paul is a freshman and he receives $160 per month.
SusanQs preferences are given by the following utility function:

U(f,c,b) =3In(f)+6In(c)+In( b)
PaulOs preferences are given by the following utility function:

U(f,c,b) = 3In(f)+In( )+ 2In( b)

a) Write down the budget constraint for each individual.

b) Suppose Susan buys 20 meals, 3 pieces of clothing and 4 books. What is her marginal rate
of substitution between food and clothing. What is her marginal rate of substitution between
clothing and books? Is this allocation optimal for her?

¢) Suppose Paul buys 10 meals, 2 pieces of clothing and 10 books. What is his marginal rate
of substitution between food and clothing. What is his marginal rate of substitution between
clothing and books? Is this allocation optimal for him?

d) Using the Lagrangian method, bPnd the optimal allocations for food, clothing, and books for
Susan and Paul.

e) Suppose that the students parents decide that even though Susan is older, both children are
facing the same prices and thus should have the same allowance. They increase PaulOs allowance
to $200. Find his new optimal allocations. Which good has the largest percentage increase in
consumption, if any?

4. Calculating Demand Functions (4 points)

Find the demand functions for x; and x» in the following utility functions:
a) U(xq,X2) = xi"‘xgl4

b) U(x1,X2) = min {2x1, 32}

C) U(Xl,Xz) =2X1+3X2



5. Budget Sets (4 points)

There are two goods: X; and x» with prices p1 = 2 and p, = 2. Suppose the government
subsidises the brst 10 units ok; by $1. Draw the budget curves form =8, m =12 and m = 16



Economics 11: Homework 3

1. Consumer choice problem (4 points)

Sam eats breakfast at Luvalle Commons everyday. She likes bagels and colee and they provide
her a utility of U(b, 9 = b?3cV3. Bagels cost $2 and colee costs $1 per cup. Her daily budget
for breakfast is $12.

a) Suppose that she consumes 2 bagels and 8 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

b) Suppose that she consumes 3 bagels and 3 colees. Find the marginal rate of substitution.
Is this an optimal choice? Why?

c¢) Given prices (p, Pc), Pnd the optimal choice for Sam.

Solution

(@ The MRS is
MUy _

MRS =
MU, %ﬁ b 2

The price ratio is py/p2 = 2, so Sam would prefer to eat more bagels.

(b) The MRS equals 2. SamOs total expenditure is $9. Since her preferences are monotone, this
cannot be optimal.

(c) The Lagrangian is:
L=t3cY3+1[M! pb! pec]

The FOCs are:

2°cC 1/3_I
3, b, ~ Po
17 b 2/3 '
3 ¢ Pe

These imply that 2p.c = pyb. Using the budget equation,b =4 and ¢' = 4.



2. Consumer choice problem (4 points)

Joe is a teenager who likes video games G and music M. Each week, he receives $60 to buy
games and music CDs. His utility function for these two goods i2J(G,M) = GY2+ M Y2, The
price of a game is $20 and the price of a CD is $10.

a) Solve for JoeOs demand using the Lagrangian Method.
b) Solve the same problem as in (a) using the Substitution Method.

c¢) Joe is a bit disappointed with your calculations. He thinks he can buy more games and CDs
if his utility function is logarithmic instead. Take the (natural) log of U(G, M) and solve the
optimisation problem again using the Lagrangian method. Compare the optimal levels with
those found in part (a).

Solution

(a) JoeOs budget constraint is 28+ 10M = 60. The Lagrangian is:
L=GY2+MY2+1[60! 20G! 10M]

The FOCs are

1. 12

~G' Y2=20!
2

1, 12
“M!'Y2=10!
2

Rearranging, M = 4G. Using the budget constraint, G' =1 and M " = 4.

(b) Using the budget constraint, M =6 ! 2G. The ultility function is thus:

U=GY2+(6 ! 2G)Y?

The FOC is

%G! 1/2! (6' ZG)' 1/2:0

Rearranging, G' = 1. Using the budget constraint, M " = 4.



(c) The Lagrangian is:
L=In(GY2+ MY2)+ 1[60! 20G! 10M]

The FOCs are

1 G!'v2
2GYV24+ V2 = 20!
1 M! V2
2GY24+ V2 = 10!

Rearranging, M = 4G. Using the budget constraint, G' =1 and M " = 4. The solution is the
same since we have just applied an increasing function to the utility function.

3. Consumer choice with three goods (4 points)

Susan and Paul are college students whose parents give them monthly allowances to be spent

on food (f), clothing (c) and books (b). Prices are as follows: one meal costs $3, one piece of

clothing costs $40, and one book costs $5. Assume the goods are perfectly divisible. Susan is
a senior and she receives $200 per month; Paul is a freshman and he receives $160 per month.
SusanQs preferences are given by the following utility function:

U(f,c,b) =3In(f)+6In(c)+In( b)
PaulOs preferences are given by the following utility function:

U(f,c,b) = 3In(f)+In( c) + 2In( b)

a) Write down the budget constraint for each individual.

b) Suppose Susan buys 20 meals, 3 pieces of clothing and 4 books. What is her marginal rate
of substitution between food and clothing. What is her marginal rate of substitution between
clothing and books? Is this allocation optimal for her?

¢) Suppose Paul buys 10 meals, 2 pieces of clothing and 10 books. What is his marginal rate
of substitution between food and clothing. What is his marginal rate of substitution between
clothing and books? Is this allocation optimal for him?



d) Using the Lagrangian method, bnd the optimal allocations for food, clothing, and books for
Susan and Paul.

e) Suppose that the students parents decide that even though Susan is older, both children are
facing the same prices and thus should have the same allowance. They increase PaulOs allowance
to $200. Find his new optimal allocations. Which good has the largest percentage increase in
consumption, if any?

Solution

(a) SusanOs budget isf3+ 40c+ 5b=200. PaulOs isf3+40c+5b= 160.

(b) SusanOs MRSs are:

MU; _ 3 _ o _ 3
MU, 6/c 2f 40
MU; _6/c _ 6b

MU, 1b ¢

MRS;¢ =

MRS p =

For the allocation to be optimal we need to verify (a) SusanOs marginal rates of substitution
equal the price ratios and (b) Susan spends all her budget. The price ratios arp./pp = 8 and
pr/pc = 3/40. Moreover, SusanOs expenditure is 2B+ 3! 40+ 4! 5= 200. Hence SusanOs
allocation is optimal.

(c) Paul®s MRSs are:

MU; 3/f 3c 3

MRS - = — = — = _—
T MU, 1c f 5
MU, 1/c b 5

MRS = = _—_— = — = —
T MU, 2b 2 2

The price ratios are pc/pp = 8 and pr/pc = 3/40, so PaulOs allocation is not optimal (e.g. he
should consume more food).

(d) LetOs solve the problem generally and then plug in the numbers. The Lagrangian for Susan
is:

L=3In(f)+6In(c)+In(bh+![M" prf " pcCc” pob]



The FOCs are

lepf
§= pc
Cc
o Po
b

The equations imply cp. = 2fps = 6bp,. Using the budget constraint, f' = M ¢ = 3M angd

10p 5pc
b = %pb' Given the numbers in the example, we have' =20, ¢ =3 and b = 4.
The Lagrangian for Paul is:
L=3In(f)+In(c)+2In(b)+ !'[M ! pf ! pc! ppb]
The FOCs are
— =1
f P
1,
c Pec
2_
The equations imply 6cp. = 2fps = 3bp,. Using the budget constraint, f' = g"—f é\"ﬁ, and

,C =
b = fi-. Given the numbers in the example, we havef ' = 262,¢ = Zandb =102

(e) When PaulOs income rises to $200, the optimal consumption levels becofrle= 331, ¢! = 2

andb = 13%. One can see that PaulOs consumption of all goods increases by the 25%. This is

because the income oler curve is linear with these CobbbDouglas preferences.

4. Calculating Demand Functions (4 points)

Find the demand functions for x1 and x» in the following utility functions:
V4,34
a) U(X1,X2) = X7 X5

b) U(x1,X2) = min {2x1, 32}

C) U(X1,X2) =2X1 +3X2



Solution

(a) The Lagrangian is:

_ JV4, 34
L=x7 X5 +!1[m! pixg! paxo]

The FOCs are:
| n

}. Xl 3/4: |p

4 X1 i
I n

§. ﬁ 1/4: Ip

4 X2 2

These imply that 3p;x; = p2x2. Demand are thusxj; = m/ 4p; and x5 = 3m/ 4p;.

(b) The utility function is not di'erentiable at the kink (draw the indilerence curves). Hence
the Lagrangian method does not work.

From the utility function we know that, at the optimum, 2 x} = 3x}. Using the budget con-
straint,

W = 3m

17 3p+2p;
W = 2m

27 3pL+2p;

(c) The indilerence curves are linear, so we will have a boundary problem. [If you use the
Lagrangian approach and ignore the boundaries, you will want to consume a negative quantity
of one or other good]. We can therefore just compare the two endpoints.

If 3p1 > 2pp, then x} = 0 and x5, = mip,. If 3p; < 2py, then x; = m/py and x5, = 0. If
3p1 = 22, then the consumer is indilerent between all points on the budget line.

5. Budget Sets (4 points)

There are two goods: x; and x» with prices p1 = 2 and p, = 2. Suppose the government
subsidises the brst 10 units ok; by $1. Draw the budget curves form =8, m =12 and m = 16



Solution

Whenm =38, itisasif pp =1 and p, = 2.

When m = 12 or m = 16, there is a kink at x; = 10. The slope is! 1/2 to the left and ! 1
to the right. The vertical intercept is x, = 6 when m = 12 and x, = 8 when m = 16. The
horizontal intercept is x; =11 when m =12 and x; = 13 when m = 16.



Economics 11: Homework 4

This homework tests you on the utility maximisation problem (UMP) and the expenditure
minimisation problem (EMP). Question 1 is a basic UMP problem. Questions 2 and 3 are a
little more interesting. Question 4 concerns indirect utility. Question 5 is about the EMP.

1. Consumption with Three Goods

Suppose an agent consumes three goodss1, X2, X3}. Her utility is

The agent has incomem = 1.
(a) Suppose the prices arg; = 1, p, = 1 and p3 = 1. Solve for the agentOs optimal consumption.

(b) Suppose the prices arg; = 3, p, = 1 and ps = 1. Solve for the agentOs optimal consumption.

2. Income Elects and Quasilinear Utility

Suppose utility has the form u(xy, X2) = xilz + Xo. Let pp=1and pp =2.
(a) Supposem " 1. Solve for the agentOs optimal consumption ok(, X»).
(b) Supposem < 1. Solve for the agentOs optimal consumption ok, x»). [Hint: Beware of

boundary constraints].

3. Consumer Choice with Price Discounts

There are two goods:x; and x2. The seller ofx, chargesp, = 2. The seller of x; olers price
discounts. If the agent buysx, < 10 she paysp; = 2 for every unit. If the agent buys x1 " 10
she paysp; =1 for every unit (including the prst 10).

(a) Supposem = 30. Draw the agentOs budget set.



(b) Assume the agent has monotone preferences. Do preferences exist such that the agent
chooses (i))x1 =3, (i) x3 =7 and (iii) x; =127 Explain your answers.

4. Taxes with Cobb Douglas Utility

An agent has utility u(xg,X2) = X1x3.
a) Find the agentOs Marshallian demand.
b) Find the agentOs indirect utility function.

c) Verify RoyOs identity for good 1. That is, show the following holds:

v (p1, p2, M)
P21

v (p1, P2, M)

= ! x3(p1, P2, M) i

Now suppose thatp; = 10 and p, = 5. The agentOs income is = 300.
d) What is the agentOs consumption? What is her utility level?

The government would like to reduce the agentOs consumption &b by half. It considers two
policies to achieve this. Policy A imposes a tax on each unit ok,. Policy B imposes a lump
sum tax on the agentOs income.

e) Suppose the government uses policy A. How big a tax needs to be imposed on each unit of
X>? What is the governments tax revenue? What is the agentOs utility?

f) Suppose the government uses policy B. By how much would the government have to reduce
the agentOs income? What is the governments tax revenue? What is the agentOs utility?

g) Which policy does the agent prefer? Why?

5. Expenditure Minimisation with CES demand

A consumer has the utility u(x1,X2) = X7 2+ x5 2. She faces pricep; = 1 and p, = 2.

(a) Fix income m. Find the Marshallian demand for x; and x».

2



(b) Substituting the Marshallian demands into the utility function, show the indirect utility is

! 3" 12
(c) Fix target utility, u. Find the Hicksian demand for x; and x».
(d) Find the expenditure function directly, by calculating e = pih; + p2ho.

(e) Verify the expenditure function is the inverse of the indirect utility function.



Economics 11: Solutions to Homework 4

1. Consumption with Three Goods

Suppose an agent consumes three goodss1, X2, X3}. Her utility is

The agent has incomem = 1.
(a) Suppose the prices arg; = 1, p, = 1 and p3 = 1. Solve for the agentOs optimal consumption.

(b) Suppose the prices ar@; = 3, p, = 1 and ps = 1. Solve for the agentOs optimal consumption.

Solution

(a) The Lagrangian is

| | |
L= X1+ Xot x3+![m" X1

X2" Xz]

The FOCs are
vz _
112 _

12 _ I

The equations imply x; = X = X3. Using the budget constraint, x; = 1/3,x, = 1/3,x3 =1/3,

(b) The Lagrangian is

L= X1+ Xz+ Xg+![m" 3x1" Xz

n

X3]



The FOCs are

142
X;o o=

vz _

2
1,
272 T

1
>Xa =3

The equations imply 9x; = X, = x3. Using the budget constraint, x; = 1/21, x, = 9/21,
X3 =9/12.

2. Income Elects and Quasilinear Utility

Suppose utility has the form u(xy, X2) = xi’z + Xo. Letpp=1and pp =2.
(a) Supposem ! 1. Solve for the agentOs optimal consumption ok{, X»).
(b) Supposem < 1. Solve for the agentOs optimal consumption ok, x»). [Hint: Beware of

boundary constraints].

Solution

(@) The consumerOs MRS is
MU; _ 1 1102

MU, 271

The price ratio is p1/p2 = % Equating these, the solution isx; = 1, which is feasible if m ! 1.
(b) If m< 1then MRS > p 1/p», so the consumer will spend all her money on good 1.

We thus bnd that x; = m form< 1 andx; =1 for m! 1. More concisely,x; = min {m, 1}.

3. Consumer Choice with Price Discounts

There are two goods:x; and x». The seller of x, chargesp, = 2. The seller of x1 olers price
discounts. If the agent buysx; < 10 she paysp; = 2 for every unit. If the agent buys x1 ! 10

YEquivalently, the bang-for-the-buck from good 2 is MU/p, = 1/2. This is less than the bang-for-the-buck
from good 1 if x; < 1.



she paysp; =1 for every unit (including the prst 10).
(a) Supposem = 30. Draw the agentOs budget set.
(b) Assume the agent has monotone preferences. Do preferences exist such that the agent

chooses (i)x1 = 3, (ii) x1 =7 and (iii) x1 =12? Explain your answers.

Solution

(&) The budget line is given by

Xo =151 X4 for x1 < 10

1
=151 Exl for x4 " 10

As a result, there is a discontinuity at x; = 10.
(b) (i) Yes.

(i) No. Because of the discontinuity, the agent can obtain more of both goods.
(i) Yes.

4. Taxes with Cobb Douglas Utility

An agent has utility u(xg,Xx2) = X1x3.
a) Find the agentOs Marshallian demand.
b) Find the agentOs indirect utility function.

c) Verify RoyOs identity for good 1. That is, show the following holds:

'V (PL, P2, M) _
'p1

| v , P2, M
! Xi(pl,pz,m)%

Now suppose thatp; = 10 and p; = 5. The agentOs income is = 300.

d) What is the agentOs consumption? What is her utility level?



The government would like to reduce the agentOs consumption &b by half. It considers two
policies to achieve this. Policy A imposes a tax on each unit ok,. Policy B imposes a lump
sum tax on the agentOs income.

e) Suppose the government uses policy A. How big a tax needs to be imposed on each unit of
X>? What is the governments tax revenue? What is the agentOs utility?

f) Suppose the government uses policy B. By how much would the government have to reduce
the agentOs income? What is the governments tax revenue? What is the agentOs utility?

g) Which policy does the agent prefer? Why?

Solution

a) The Lagrangian is
L =xx3+ ! [m! pixi! pxo

The FOCs are:

2 _
Xz—!pl

2X1X2 = Ip2

These imply
2p1X1 = pPoX2

Using the budget constraint,

X
B
I

X
N—
1

b) The indirect utility is

c) The LHS of RoyOs identity is

"p1 27p7p3



The RHS of RoyOs identity is

lv m 4m3 _ 4m3

I xy— = |

Im " 3p27mp3  27p2p3

as required.
d) Plugging in, x; = 10, x2 =40 and v = 16000.

e) We need to double the price ofx,, implying a tax of $5. The agent consumesx, = 20, so
the tax revenue is 100. The new ultility level is 4000.

f) We need to cut income, reducing it to 150. Tax revenue is 150. The agentOs utility is 2000.

g) The agent prefers the tax onx,, because that only reduces her spending or,, whereas the
income tax also reduces her consumption of ;.

5. Expenditure Minimisation with CES demand

A consumer has the utility u(xq,Xx>) = xilz + x%’z. She faces pricep; =1 and p = 2.

(a) Fix income m. Find the Marshallian demand for x; and X».

(b) Substituting the Marshallian demands into the utility function, show the indirect utility is

| n
3 1/2

= m*
v 2

(c) Fix target utility, u. Find the Hicksian demand for x; and X».
(d) Find the expenditure function directly, by calculating e = pihi + p2hs.

(e) Verify the expenditure function is the inverse of the indirect utility function.

Solution

a) The Lagrangian is

12 U2 | w
L=x3 " +x;7°+"[m! xg! 2x7]

5



The FOCs are

1iy2_
5xl =1
1y2_
X2 T 2!
Dividing we get,
12
X~ _1
12

This states that the MRS equals the price ratio. Simplifying, X1 = 4x,. Substituting into the
constraint,

X1= & and Xx,= —

b) The indirect utility is

. . 4+ 1 [
v (x)Y2+(x)V2=m———= ml.%z m g = m

c) The Lagrangian is

v2. U2
1

L=X1+2%x2+ ![u" X X5 ]

The FOCs are
_1 R

Ix 11/2

NI NI

Dividing we get,
1 X%/z

2 12
X1

This states that the MRS equals the price ratio. Simplifying, X1 = 4x». Substituting into the
constraint, the Hicksian demands are given by

4 1
hy= -u? hy = Zu?
1 9u and h» 9u

d) The expenditure function is

2
e= pihy + poho = éuz



e) Letting m = e and v = u the expenditure function becomes

Rearranging yields the indirect utility function, as required.



Economics 11;: Homework 5

1. Expenditure Minimisation (5 points)

Suppose that an individual has utility u(xy, X2) = x1(1+ X2). Throughout assume incomem is
sulciently high so there is an internal solution.

a) Find the Marshallian demand for x1 and x».

b) Are x; and x> normal or inferior goods?

¢) Find the indirect utility function.

d) Invert the indirect utility function to bnd the expenditure function.

e) What is the minimum expenditure necessary to achieve a utility level ofu = 72 with p; =4

and pp = 2?

2. Calculating Elasticities (4 points)

An agentOs demand for good 1 is given by

X3 (P1, P2, M) = (M + po)/ 2py

Compute the agentOs price elasticity, cross elasticity and income elasticity & when m = 200,
p1 =5 and p, = 10.

3. Complements and Substitutes (4 points)

Supposeu(x1,X2) = X1X2. Are X; and X, gross complements or substitutes? Are they net
complements or substitutes?



4. Slutsky Equation (7 points)

An agent has utility u(xg,xz) = (xj*+ x51)' * for goodsx; and x,. The prices of the goods
are p; and pz. The agent has incomem.

(@) Show preference are convex. You can do this graphically or by showing that MRS is
decreasing inxj.

(b) Solve for the agentOs optimal choice oik{, X»).

(c) Show the agentOs indirect utility function is given by

m

(P + Py )2

VvV =

(d) Solve for the agentOs Hicksian demand.
(e) Solve for the expenditure function.

(f) Verify the Slutsky equation for good x;. In particular, show that both sides are as follows:
' n
IX 3 TR W TRT) m h 1 X
— == A S I — - =
'p1 Piot 5P P2 (pilz + p;/z)z Ip, X17m



Economics 11: Solutions to Homework 5

1. Expenditure Minimisation (5 points)

Suppose that an individual has utility u(xy, X2) = x1(1+ X2). Throughout assume incomem is
sulciently high so there is an internal solution.

a) Find the Marshallian demand for x1 and x».

b) Are x; and x> normal or inferior goods?

¢) Find the indirect utility function.

d) Invert the indirect utility function to bnd the expenditure function.

e) What is the minimum expenditure necessary to achieve a utility level ofu = 72 with p; =4

and pp = 27.

Solution

(a) The Lagrangian is
L=xi(1+x2)+ ! [m! pix1! p2Xo]

The FOCs are

1+x2=1p1

X1=1p2

We thus get,
1+x2 _p1

X1 P2

Using the budget constraint,

m+ p2
2py

m! po
2p2

x
o
1

x
o=
1




(b) Since x} and x5 are increasing inm, both are normal goods.
(c) The indirect utility is

(M + pp)?

VI ) 4p1p2

(d) Inverting, we can obtain the expenditure function,

e=2(pip2u)Y2! py

(e) Inserting the values in the expenditure functione=2(4 " 2" 72)Y21 2 = 46.

2. Calculating Elasticities (4 points)

An agentOs demand for good 1 is given by

X4 (P1, P2, M) = (M + pp)/ 2p;

Compute the agentOs price elasticity, cross elasticity and income elasticity & when m = 200,
p1 =5 and p, = 10.

Solution

The price elasticity is

| "
'!i[()iii: ! %(m+ pZ)plZ%(rnwLpToz)p'il =11
The cross elasticity is "
'!p;)‘zi =1/21
The incomes elasticity is o
ﬁxﬁ =20/21

Note that the sum of these is zero, as expected.



3. Complements and Substitutes (4 points)

Supposeu(x1,X2) = X1X2. Are X; and X2 gross complements or substitutes? Are they net
complements or substitutes?

Solution

Marshallian demand is given byx} = m/2p; and x5, = m/2p,. Since demand for goodi is
independent of p; these are neither gross complements or gross substitutes.

Hicksian demand is given byh; = (TUp2/p1)Y 2 and h, = (Up1/p2)Y 2. Sinceh; is increasing in

pj , these goods are net substitutes.

4. Slutsky Equation (7 points)

An agent has utility u(xg,x2) = (x;*+ x,%)"  for goodsx; and x,. The prices of the goods
are p; and po. The agent has incomem.

(a) Show preference are convex. You can do this graphically or by showing that MRS is
decreasing inxj.

(b) Solve for the agentOs optimal choice oik{, X»).

(c) Show the agentOs indirect utility function is given by

m

(% + 3 )2

VvV =

(d) Solve for the agentOs Hicksian demand.
(e) Solve for the expenditure function.

(f) Verify the Slutsky equation for good x;. In particular, show that both sides are as follows:
| "

Ix ! a1 m 'h IX !

A ! 1+ - 3/2 1/2 — 71! X! 1

!pl pl 2p1 p2 (pi/2+ pg/z)2 !pl

=

Yim



Solution

(a) To verify convexity mathematically, you can use two methods. First, observe that the
indilerence curve is given by

(Gt =
Solving for x>,
XU
Xp = 1
2% T U 1)
Dilerentiating,
2
MRS = | X2 -

X1 (x1! 0)2

Dilerentiating again,
d | 202
—MRS= ——
dxq (Xl I )3
Hence MRS is decreasing irx; and preferences are convex. Economically, this means that when

X1 is higher, the consumer is willing to give up fewer units ofx, for a unit of xj.

The second method is to observe the MRS is

11 L1y 2,0 2 2
MU; _ (X3 + X57) X317 _ X5

MRS = = = 22
MU ™ 04T B2 T

Using (1) we obtain
UZ

MRS= ————
> ol e

As in part (a).

(b) The tangency condition says that MRS = pi/p,. That is,?!

X3 _ P1
X{ P2
Rearranging, xlpi/2 = xngz. Using the budget constraint,
X = m and X, = m
1= 12, 12 1/2 27 12,172 1/2
Py (P "+ P2 ) P2 (P "+ Py )

1One can derive the same equation using a Lagrangian or the substitution method.



(c) Substituting,
m

%+ P2 %)?

For future reference, it is useful to invert this to bnd the expenditure function:

VvV =

U2 122
e=u(p; "+ py")

(d) For Hicksian demand, we attain the same tangency condition:pi/ 2x1 = p%/ 2x2. Using the

constraint,

11, Iy 1
(X137 + X57) ~ =

u

we obtain

hi=u+p "?p;®)  and  hp=u+ py YY)

(e) Plugging in, the expenditure function is
e= pihs + poh = U(py % + py %)?

Just to check this is correct, one can verify this is the same as the answer in part (f).

(f) The LHS of the Slutsky equation is

!X‘]‘__Ilgg/z m | 1p!1 m
Ip, = 92M 1/2 12" oMl 172 12
1 27 ptept L, 2 (o ;)
' 1, m
_ 11 132.1/2
R §P1 P2 12 125
(py "+ p>°)

The RHS of the slutsky equation is

hy o X1 _, 1 tarzuz,  Mpy! 12 p
pa THim T 2T T (2 2 ()24 p)f?)2
=1 }pgls/z %/2 172 i T3 " p!11 172 i 172
2 (py "+ 12 )2 (py "+ P2 )2
' 1132 12 m
= Pt o s
2 (P “+ P> )?

which is the same as the LHS.



Economics 11: Homework 6

1. Complements or Substitutes? (4 points)

A consumer has utility function

X!
u(x1,x2) = ¥~ 17

She has incomem and faces pricesp:s and p,. [Throughout this question, assume there is
internal solution to the agentOs problem.]

(a) Suppose! =1/2. Calculate the Marshallian demand for good 1 and 2. Are the goods gross
substitutes or complements?

(b) Suppose! = | 1/2. Calculate the Marshallian demand for good 1 and 2. Are the goods

gross substitutes or complements?

2. Consumer Surplus with Quasilinear Utility (4 points)

Suppose an agent has utilityu(x1, X2) = ZXi/2 + X». The agent has incomem and faces prices
p1 and p,. [Throughout this question assume there is an internal optimum].

(a) Calculate the agentOs Marshallian demand.

(b) Calculate the agentOs indirect utility, v(pz, p2, m).

(c) Fix a target utility ©. Calculate the agentOs Hicksian demand.

(d) Calculate the agentOs expenditure function.

Suppose the agent starts with incomem = 10 and faces pricesp; =1 and p, = 1.
(e) Calculate the utility of the agent, U = v(p1, p2, m).

(f) Supposep; = 1 rises to p; = 2. How much money must the Government give the agent to
compensate for this price rise, so that her utility remains atu?



3. Consumer Surplus with CES utility (4 points)

An agent has utility u(x1,X2) = xJ 2+ x4 2, giving rise to indirect utility

' n
: 12
+
m p1+ P2 .

v(p1, P2, M) = 012

She has incoman = 4 and faces pricesp; =2 and p, = 2. Suppose the price of good 1 rises to
p; = 3. Calculate the increase in the agentOs income required to compensate her for this price
rise.

4. Labour Supply (4 points)

Suppose an agent has the same utility function as in question 4 on HWS5,
u(X1,X2) = (X 1+ x5 1

Suppose thatx; is hours of leisure andx; is quantity of food. The agent is endowed with T
hours to divide between work and leisure. Her wage rate isv, while the price of x, is p, = 1.
The agent has no outside incomem = 0.

(a) Derive the budget constraint of the agent.

(b) Solve for the agentOs optimal choice ofx{, x»). [Hint: the answer is very similar to 4(a)
from HW5.]

(c) How does the agentOs leisure consumption change as a function of her wage? Explain this

intuitively in terms of income and substitution elects.

5. Intertemporal Choice with Dilerential Interest Rates (4 points)

[Note: Parts (b) and (c) of this question is harder than normal. Nevertheless, itOs an important
economic application.]

An agent allocates consumption across two periods. Let the consumption in periotbe x;, and



the income in periodt be m;. The agentOs utility is

U(x1,x2) = In( x2) + ()

(using the notation from class, this corresponds td = 1/3). The agent is poor in period 1 but
wealthy in period 2. In particular, she has incomem; = 3 in period 1 and mz =4 in period 2.

(a) Suppose the agent can borrow and save at interest rate = 1/ 3, so $1 in period 1 is worth
$(1 +1/3) in period 2.

(i) Sketch the agentOs budget constraint.

(i) Solve for her optimal consumption (x}, X5).

(iii) Given her optimal consumption, does the agent borrow or save in period 1? [Note: The
agent saves ifm1 > x ; and borrows if my <X 4].

(b) Suppose the agent can still save ar = 1/ 3, but can only borrow at r = 1/ 2.

(i) Sketch the agentOs budget constraint [Hint: ThereOs a kink in it at the agentOs endowment].
(i) Solve for her optimal consumption. [Hint; Give your answer in part (a) you should know
whether the agent is interested in saving or borrowing, and therefore which interest rate is
relevant.]

(c) Suppose the agent can still save at =1/ 3, but can only borrow at r = 1.
(i) Sketch the agentOs budget constraint.
(if) Solve for her optimal consumption. [Hint: Be careful of the kink.]



Economics 11: Solutions to Homework 6

August 6, 2018

1. Complements or Substitutes? (4 points)

A consumer has utility function
| |
Xy X
1, %2

u(xq,X2) = T

She has incomem and faces pricesp; and p;. [Throughout this question, assume there is
internal solution to the agentOs problem.]

(a) Suppose! =1/2. Calculate the Marshallian demand for good 1 and 2. Are the goods gross
substitutes or complements?

(b) Suppose! = ! 1/2. Calculate the Marshallian demand for good 1 and 2. Are the goods
gross substitutes or complements?

Solution

IOGm going to derive demand for an arbitrary CES utility function. Setting the MRS equal to
the price ratio,

Xi_ P1
Xy P2

Rearranging, | "

: @
X2 = X1 &
P2
Substituting into the budget constraint,
# 1/(1!!)$ # !/(1!!)$

m = Xi pl"'pZW = X1P1 1+W
p P2

2

Hence demand is

m# !/(1!!)$!1 m 1/(1!!)$!1
o L S o 2



Rearranging, the demand for good 1 can be written as

' Il"
: sranny "1
m m 1 m 1
X!]_: — 1+ % = 1/(1..|)# TR TRy ..|$ = =9 T "
P1 Py ' Py opy a4 P, o Pr P1 * P

where! =1/(1! ") is the elasticity of substitution. The symmetric expression holds forx5.

When " =1/2, we have

N O S O
x!lzm 1+ M and x!2=m 1+ P2
P1 P2 P2 P1
When" =1 1/2, we have
I " I "
' "3 "1 ' "3 "1
x) = m 1+—p}1/3 and x5 = m 1+7p?1,3
P1 P2
P, P1
Dilerentiating,
#x,  m P,
#71 = (! Dot
P2 Pg (b1 +pP2 )
Dilerentiating x} with respect to p; is symmetric. If "> Othen! ! 1> 0 and #xj/#p. > O,

implying that the goods are substitutes. Conversely, if* < 0 then #x}/#p, < 0 and the goods
are complements.

Note that perfect complements are equivalent to" = !" , symmetric CobbbDouglas is equiv-
alent to " = 0 and perfect substitutes are equivalent to" = 1, so this result should not be a
surprise.

2. Consumer Surplus with Quasilinear Utility (4 points)

Suppose an agent has utilityu(x1, X2) = ZX}/2 + X». The agent has incomem and faces prices
p1 and p,. [Throughout this question assume there is an internal optimum].

(a) Calculate the agentOs Marshallian demand.
(b) Calculate the agentOs indirect utility, v(pz, p2, m).
(c) Fix a target utility ©. Calculate the agentOs Hicksian demand.

2



(d) Calculate the agentOs expenditure function.
Suppose the agent starts with incomem = 10 and faces pricesp; =1 and p, = 1.
(e) Calculate the utility of the agent, U = v(p1, p2, m).

(f) Supposep; = 1 rises to p; = 2. How much money must the Government give the agent to
compensate for this price rise, so that her utility remains atu?

Solution

(a) The tangency condition is

X11/2 _ P
P2

Rearranging, demand is
x§(p1, p2,m) = p3ip}

Using the budget constraint,

X# , P2, M) = m | E
2(P1, P2, M) ' o
(b) The agentOs indirect utility is thus:
m
V(plaszm) = 2X1/2+ X2 = — + E
P2 P1

(c) The tangency condition is the same as in part (a). Rearranging, Hicksian demand is

hi(py, p2,U) = p3ip§

Using the constraint, we have

h3(p1, p2, ) = T! P2
P1

(d) The expenditure function is
I n

e(p1,p2,0) = pithy + p2hoy = po2 U! Si

(e) Under these parametersy(pz, p2, m) = 11.



(f) There are three ways to calculate this. First, using the expenditure function,

2 2 1 1
CV = e(py, p2,U) ! e(p1,pz,U) = %! p—le! =

Py 2 2
Second, using the Hicksian demand,
Ly ry, ) )
CV= hu(prpzWdp=p5  pyidp = Pl py =1

Third, since utility is quasilinear, we can use the Marshallian demand (which is identical to
Hicksian demand),
! 2 ! 2 . .
cv= x§(py, P2, m)dpy = p5 ) p°dpr = p3l! p, YE=1!

=

1

22
In this case using the Marshallian demand may be easiest since it avoids us having to solve the
EMP.

3. Consumer Surplus with CES utility (4 points)

An agent has utility u(x1,X2) = xi’z + xé/z, giving rise to indirect utility
"’ #1/2
P+ P2
v(p1, P2, m)= m———=
(P1, P2, M) 012

She has incomem = 4 and faces pricesp; =2 and p, = 2. Suppose the price of good 1 rises to
p; = 3. Calculate the increase in the agentOs income required to compensate her for this price
rise.

Solution

Plugging in the parameters, we see/(p1, p2, m) = 2. Inverting the indirect utility function we
obtain the expenditure function,

2 P1P2

e(p1, P2, U) = U
(P1, P2, T) oL+ P2



Letting, U = 2, the compensating variation is

2 PPz | 2 P2 _ 4

CV = e(py, p2,U) ! e(p1, po, U) = U !
(P1, P2, U) ! e(p1, P2, 1) oL+ m+p 5

4. Labour Supply (4 points)

Suppose an agent has the same utility function as in question 4 on HW5,
U(xy,x2) = (X 1+ xp )"t

Suppose thatx; is hours of leisure andx, is quantity of food. The agent is endowed with T
hours to divide between work and leisure. Her wage rate isv, while the price of x; is p2 = 1.
The agent has no outside incomem = 0.

(a) Derive the budget constraint of the agent.

(b) Solve for the agentOs optimal choice ofk{, x»). [Hint: the answer is very similar to 4(a)
from HW5.]

(c) How does the agentOs leisure consumption change as a function of her wage? Explain this
intuitively in terms of income and substitution elects.

Solution

(a) The budget is
(T! X2)w= X3

Equivalently,
X1+ WXz = WT

We can thus think of wT as the income of the agent.

(b) The tangency condition says that x1pi/2 = szgz. Using the budget constraint,
# _ wT #_ wT
X1= wl2(1 + wl/2) and X2 = 1+ wl2)

Note: This is the same as last week, where we have replaced with wT.



(c) Leisure is increasing inw. Intuitively, as w increase the value of the agentOs endowmemt
increases, leading to an increase in the demand for leisure. This income elect dominates the
substitution elect.

5. Intertemporal Choice with Dilerential Interest Rates (4 points)

[Note: Parts (b) and (c) of this question is harder than normal. Nevertheless, itOs an important
economic application.]

An agent allocates consumption across two periods. Let the consumption in periotibe x¢, and
the income in periodt be m;. The agentOs utility is

u(xy, X2) =In( x1) + Zln(xz)

(using the notation from class, this corresponds td = 1/3). The agent is poor in period 1 but
wealthy in period 2. In particular, she has incomemy = 3 in period 1 and m, = 4 in period 2.

(a) Suppose the agent can borrow and save at interest rate = 1/ 3, so $1 in period 1 is worth
$(1 +1/3) in period 2.

(i) Sketch the agentOs budget constraint.

(i) Solve for her optimal consumption (X, X5).

(iif) Given her optimal consumption, does the agent borrow or save in period 1? [Note: The
agent saves ifm; > x 1 and borrows if my < x1].

(b) Suppose the agent can still save at = 1/ 3, but can only borrow at r =1/ 2.

(i) Sketch the agentOs budget constraint [Hint: ThereOs a kink in it at the agentOs endowment].
(il) Solve for her optimal consumption. [Hint: Give your answer in part (a) you should know
whether the agent is interested in saving or borrowing, and therefore which interest rate is
relevant.]

(c) Suppose the agent can still save at = 1/3, but can only borrow at r = 1.
(i) Sketch the agentOs budget constraint.
(ii) Solve for her optimal consumption. [Hint: Be careful of the kink.]



Solution

(a) Writing everything in terms of period 1 money, the agentOs budget constraint is

m+3m—x+3x
142—142

The tangency condition states that MRS = p;/p». That is,

dx2 _ 4
3x; 3
which implies x; = x,. The LHS of the budget equation is 6. Using this, we obtainx}j = x5 =
24/ 7. Sincex’ > 3, the agent borrows in period 1.

(b) To the left of (x1,x2) = (3,4), the agentOs budget constraint has a slope bf4/ 3. To the
right it has a slope of! 3/ 2. From part (a) we know the agent does not wish to save at = 1/ 3.
When the agent borrows, the equation for the budget line is

mq + 2m = X1+ 2x
1+ 3M2 = X1+ 3X2
Suppose the agent wishes to borrow a positive amount of money. The tangency condition states
that
4X2 _ 3
3X1 B 2
which implies x» = %xl, so the agent now wishes to consume more in the second period due to
the high interest rate of borrowing. The LHS of the budget equation is 173. Using this, we

obtain xj = 68/21 and x5 = 51/ 14. Observexj > 3, so the agent still borrows.

(c) To the left of (x1,X2) = (3,4), the agentOs budget constraint has a slope bf4/ 3. To the
right it has a slope of ! 2. As before, the agent will never wish to save. When she borrows, the
equation for the budget line is

m+}m—x +}X
1 22—1 22

Suppose the agent wishes to borrow a positive amount of money. The tangency condition states
that 4
X
,72 = 2
3X1

which implies x, = %xl. The LHS of the budget equation is 5. Using this, we obtainx} = 20/ 7
and x5, = 30/7. Observex) < 3 so the agent is not willing to borrow at this interest rate.
Since they are not willing to save atr = 1/3, she must choose to consume her endowment:



(x1,X3) = (3,4).

Another way of seeing the same result is to note that the agent prefers to consume at the kink
if | | |
Py MU P
p2.X1<3 ' MU2.X1=3 ' p2'X1>3

Plugging in the numbers,

4 1
)
379

we see that the agent neither wishes to save or borrow.



Economics 11: Homework 7

November 6, 2009

1. Production with One Input (4 points)

Digging clams by hand in Sunset Bay requires only labour input. The total number of clams
obtained per hour (q) is given by: q= 100LY?2 Where L is he labour input per hour.

a) Graph the relationship betweenq and L

b) Find the marginal and average product of labour.

2. Production Function (4 points)

A bPrm has one input, z, and the following production function
f(z)=2x ifl1! x
=2 if2! x! 1
=X if x! 2
() Is this production function concave?

(b) Does it exhibit decreasing, constant or increasing returns to scale (or neither)?

3. Cost Functions (4 points)

A brms has cost functionc(q) = 100 " 10q+ 5 ¢f.
a) Find the bxed cost?!

b) Find the variable cost.?

!Debnition: The bxed cost is the cost that is independent of output.
2Depnition: The variable cost is the cost that varies with the level of output.



¢) Find the average cost.
d) Find the marginal cost.
e) Draw the relationship between MC and AC. Prove that they always intersect at the minimum

AC.

4. Cost Minimisation: Cobb Douglas (4 points)

Suppose that a brm production function is given by the Cobb-Douglas function:f (z1,zp) =
2 z,. The cost of the inputs is z; and z,.

a) Find marginal and average productivity of the two factors.
b) Does this production function have increasing, constant or decreasing returns to scale?
¢) Show that cost minimisation requires!r 1z; = "r 22».

d) Suppose" = ! =1/4. Find the cost function.

5. Cost Minimisation Problem (4 points)

A bPrm has production function

f(z1,22) = 22 X(zp! 1)V2
The prices of the inputs arer, and ro.
(a) Find MP 1, MP,, and MRTS.

(b) If z, is bxed at 5, what is the short-run cost function? Find the short-run marginal cost
and average cost.

(c) What are the long-run input demand functions? What is the long-run cost function? Find
the long-run marginal cost and average cost.

(d) Does the production function exhibit increasing, constant or decreasing returns to scale.



Economics 11: Solutions to Homework 7

November 12, 2009

1. Production with One Input (4 points)

Digging clams by hand in Sunset Bay requires only labour input. The total number of clams
obtained per hour (g) is given by: g =100LY2 Where L is he labour input per hour.

a) Graph the relationship betweenq and L

b) Find the marginal and average product of labour.

Solution

(a) This is a concave function starting at the origin.

(b) The marginal product of labour is

dqg 112
MP, = — =50L'
L= gL =Y

The average product is
AP = g/L =100L' ¥?

2. Production Function (4 points)

A Prm has one input, z, and the following production function
f(z)=2z if1! z
=2 if21 z! 1
=z ifz! 2
(a) Is this production function concave?

(b) Does it exhibit decreasing, constant or increasing returns to scale (or neither)?



Solution

[This example shows that a function that exhibits DRS may not be concave. In contrast, a
function that is concave exhibits DRS, as mentioned in class.]

(a) It is not concave. In particular, there is an upward kink at x = 2.

(b) It exhibits decreasing returns to scale. This can be seen with a picture. Pick any point on
the production function, and dray a ray through that point and the origin. Then every point
with higher x is below the ray, implying decreasing returns.

3. Cost Functions (4 points)

A brms has cost functionc(q) = 100 ! 10q+ 5 7.

a) Find the bxed cost?!

b) Find the variable cost.?

¢) Find the average cost.

d) Find the marginal cost.

e) Draw the relationship between MC and AC. Prove that they always intersect at the minimum

AC.

Solution

(a) The bxed cost is 100.
(b) The variable costis! 10q+5¢?.

(c) The average cost is

AC(q) = 1qoo! 10 + 5q

!Debnition: The bxed cost is the cost that is independent of output.
2Debnition: The variable cost is the cost that varies with the level of output.



(d) The marginal cost is
MC(g)="! 10+10qg

(e) AC is a convex function. Dilerentiating, it is minimised when

(;quC(q)z ! 1000 2+5q=0

Rearranging, we bnd thatq= 20.

We have AC = MC when

100
?! 10+5g="! 10+ 10qg

Rearranging, we bnd thatq=  20.

4. Cost Minimisation: Cobb Douglas (4 points)

Suppose that a Prm production function is given by the Cobb-Douglas function:f (z1,2z,) =
2} z,. The cost of the inputs is z; and zy.

a) Find marginal and average productivity of the two factors.
b) Does this production function have increasing, constant or decreasing returns to scale?
¢) Show that cost minimisation requires!r 121 = "r 2z5.

d) Suppose" = ! =1/4. Find the cost function.

Solution

(a) The average productivity of 1 is
APy = 7}' 1z,

The marginal productivity of 1 is
MP;="z}'1z,

Factor 2 is similar.



(b) It has constant returns if ! + " = 1. It has increasing returns if I + " > 1. It has decreasing
returns if I + " < 1. To see this, just use the debnition of returns to scale.

(c) We have

MPy 1zi'1z, 1z,

MRTS = . -
MP, "2!122!1 Z,

The tangency condition is therefore |
Zy _In

llzl r.2

Rearranging, yields the result.

(d) The tangency condition becomesri1z; = ryz,. The constraint is

_ _V4a_u4
a=7; 7,
Solving vyields, |ow |
T, Y2 Ty Y2
z7= = ¢ and z,= — F
r ra
The cost is

_ " " 12
c(Q) = rizy + rpz, =2(rarp) o



Economics 11: Homework 8

November 12, 2009

1. Cost Minimisation Problem (5 points)

A Prm has production function

f(z22) = 2 (22! 1)Y?
The prices of the inputs arer, and ro.
(@) Find MP,, MP,, and MRTS.

(b) If z is bxed at 5, what is the short-run cost function? Find the short-run marginal cost
and average cost.

(c) What are the long-run input demand functions? What is the long-run cost function? Find
the long-run marginal cost and average cost.

(d) Does the production function exhibit increasing, constant or decreasing returns to scale.

2. Cost Minimisation with Quasilinear Production (5 points)

A Prm has production function

f(z1,20) = Zzi/2 + 75

The prmOs inputs cost; and ro.
(a) Does this production function exhibit decreasing, constant or increasing returns to scale?
(b) Derive the MRTS and show that the isoquants are convex.

(c) Solve the brmOs cost minimisation problem. You may bnd it easy to do this in two parts.
First, assume

rz
11} 27
q r



so there is an internal solution and solve for the resulting cost function. Second, assume
r
q! 2-2
r

so there is a boundary solution and solve for the resulting cost function.

(d) Is the cost function concave or convex ing? Explain this Pnding.

3. Basic Probt Maximisation (5 points)

A Prm has production function f (z) = 2zY2. The output price is p; the input price is r.

What is the brmOs optimal output? What is the optimal input? What is the brmOs probt?

4. FirmOs Problem with CES Production (5 points)

A brm has production function

12 1/2
q=f(z1,22) = 27 "+ 7,

The brmOs inputs cost; and r,. The output price is p.

(a) Supposez, = 1, and assumeq" 1 to avoid boundary problems. Derive the brmQOs shortBrun
cost and shortbrun marginal cost.

(b) Calculate the long-run cost function, when both factors are Rexible.

(c) Using the cost function in (b), solve for the PrmOs probt maximising output, and their
maximal probpt.

(d) Solve the brmOs probt maximisation problem directly, whereby the brm choosez;(z,) to
maximise
V= pf(z1,22) # riz1# 1222

What are the optimal inputs? What is the prmOs output and probt?



Economics 11: Solutions to Homework 8

November 19, 2009

1. Cost Minimisation Problem (5 points)

A Prm has production function

f(z22) = 2 (22! 1)Y?
The prices of the inputs arer, and ro.
(@) Find MP,, MP,, and MRTS.

(b) If z is bxed at 5, what is the short-run cost function? Find the short-run marginal cost
and average cost.

(c) What are the long-run input demand functions? What is the long-run cost function? Find
the long-run marginal cost and average cost.

(d) Does the production function exhibit increasing, constant or decreasing returns to scale.

Solution

(a) The marginal products are

1
MP1= 52) Y2(z,1 1)Y2

1
MP2= 22 %(z! 1) V2

Hence we have
MP; 2! 1

MRTS =
MP2 Z1

(b) The cost minimisation problem is to choosez; to minimise r;z; + 5r, subject to Zzi/2 " Q.



At the optimum, the constraint binds and we have

2
z!lzqZ

and the shortOrun total cost is 5

SRTC(q) = rlqZ +5r>

The average cost is

_ 9, o
SRAC—F14+ q

The marginal cost is

SRMC = rlg

(c) In the long run, both factors are Rexible. The tangency condition is

Zo ! 1_ r

Z1 rz

Rearranging, we have g>! 1)ro = z3r1. The constraint says that

U2
q=2z; (22! 1)1/2
Substituting, we see that
| " | "
r, U2 . Ty, Y2
z7= = g and 2z=1+ — q
r ra

The cost is therefore

n

c@=2q rirz+ry

Intuitively, after the Prm pays a bxed cost of 1 unit of z,, they have Cobb-Douglas technology.
The average cost is

AC(@=2 Tara+

The marginal cost is

MC(Q) =2 rir;

(d) It exhibits increasing returns. You can verify this directly from the production function:

f(1z1,122) = (12 )Y2(z 2! 1)Y2# (12 )V20z 51 1)Y2= 12 7251 Y2 =1 (21, 20)



You can also verify this from the cost function, which is concave ing.

2. Cost Minimisation with Quasilinear Production (5 points)

A Prm has production function

f(z1,22) = Zzi/2 + 75

The brmOs inputs cost; and r».

(a) Does this production function exhibit decreasing, constant or increasing returns to scale?
(b) Derive the MRTS.

(c) Show that the isoquants are convex.

(d) Solve the PrmOs cost minimisation problem. You may bnd it easy to do this in two parts.
First, assume

)
1 2=
q r

so there is an internal solution and solve for the resulting cost function. Second, assume

r
mn 27
q r

so there is a boundary solution and solve for the resulting cost function.

(e) Is the cost function concave or convex ing? Explain this bnding.

Solution

(a) Decreasing returns. Fort> 1,

1/2

f(tz1,tz0) = 2tY220 2 + 1z, 2212 + 1z, = tf (21, 20)

(b) We have
MPy _ 2!11/2 _ U2

MRTS = =
MP, 1 1




(c) From part (b), MRTS is clearly decreasing in z;.
(d) The brm minimises the Lagrangian
L=ryz1+rpz2+ ! [q! Zzi/z! Z2]

Assuming an internal optimum, the FOCs are

|
r{= !z'll/2
ro="1
These yield
2
" " r
zZy= 2 and z=q! 22
ra r

The cost function is )
rs

o(Q) = r1z; + raz, = qgrp! ;
1

For " 2%‘, we havez, = 0. The production function is therefore q= 22%/2. Inverting,
" 1 "
7, = 21q2 and z,=0

The cost function is

" " rl
c(Q) = r1z; + raz, = Zqz

(e) This cost function is convex ing. This follows from the concavity of the production function.
Intuitively, z; has decreasing marginal product so the marginal cost increases @

3. Basic Probt Maximisation (5 points)

A Prm has production function f (z) = 2zY2. The output price is p; the input price is r.

What is the prmOs optimal output? What is the optimal input? What is the PrmOs probt?



Solution

The Prm maximises

2pzY?1 1z
The FOC is
pZ V2=
Rearranging,
w PP
z =3
Output is
Y =2(7)V2=2"
Probt is 5 5 )
" " " p=, P p
I = | =2—1 —=
Py - 12 r r r

4. FirmOs Problem with CES Production (5 points)

A brm has production function

fznz)=2"+2"

The brmOs inputs cost; and r,. The output price is p.

(a) Supposez, = 1, and assumeq" 1 to avoid boundary problems. Derive the PrmOs short-run
cost and short-run marginal cost.

(b) In the long-run both factors are Rexible. Show that the cost function is given by

rra -
ri+ro

c(q,r1,r2) =

(c) Using the cost function in (b), solve for the PrmOs probt maximising output, and their
maximal probt.

(d) Solve the brmOs probt maximisation problem using the one-step method, whereby the brm
chooses %3, o) to maximise

I'=pf(z1,22)! riza! razo

What are the optimal inputs? What is the PrmOs output and probt?

5



Solution

(@) The brmOs short run production function is
f(z1,20) = zilz +1
Hence the inputs needed to producey are given by
z;=(q! 1)
where we assumed thatg" 1. The cost function is given by
SRTC(Q) = r1z1 + rozo = ri(q! 1)%2+ ry
The marginal cost is

SRMC(q) =2r1(q! 1)

(b) The Prm minimises the Lagrangian

_ 12 1/2
L=rizz+rzo+ 1[q! 277! z, 7]

The FOCs are

I
\
N
o=

r ‘5

1
|
N
N =

)

Rearranging, we have

Substituting into the production function, we obtain
! n ! n

L 2
= qQ
ri+rp ri+rp

The cost function is given by

rira -
rh+ro

o(Q) = rizy + razp =

[Note the similarity between this and the expenditure function used in the brst question.]



(c) The brm chooseg) to maximise

Ffira -
| = |
Pg: L+ rzq
This is a concave problem. The FOC is
rirs
=2
P r+ rzq
Rearranging,
r_ Pratre
2 r1ro
Probt is X ) )
1! = pq! | C(q!): &rl_l_ r2| &rl+ M2 = gr1+ r
| ' 2 1y 4 rqrp 4 rqro

(d) The Prm maximises

12 12
P=plz; "+ 2, 7] rizi! rozp

The FOCs are

1.
P52 Y2=ny
192
P52 =T
Rearranging,
i d L PP
;= — an Z5= —
17 2 27 4
Output is
L _(SA\U2 (V2o Plit T2
q = (22 (z)V%= S0
Probt is

2 2 2
r+rz piri+try _piritr;
1= o2 YY 24+ (29Y 211 razb 1 ozt = P | _
L Y rqzq b oro !

pl(z1) (z3)" ] 1 27 2T, 4 11, 4 r1rq




Economics 11: Homework 9

November 19, 2009

1. Probt Maximisation (3 points)

A Prm has cost curve
c(g) = 100 + ¢f

The Prm can also shut down and make probt$ = 0.

(a) Suppose the bPrm faces pricgp = 30. What is the probt maximising quantity? What is the
maximal probt? Will the Prm shut down?

(b) Supposep = 10. What is the probt maximising quantity? What is the maximal probt?
Will the bPrm shut down?

(c) For which price levels will the Prm shut down?

(d) Draw the supply function d (p) as a function of the output price p.

2. Deriving Supply Functions (3 points)

(a) A bPrm has cost function

c(g) = & forq <2
=¢+q! 2 forgq" 2

Derive the PrmOs supply curveg (p).
(b) A brm has cost function

c(q) = of for g < 2
=g’ q+2 forq" 2

Derive the PrmOs supply curveg' (p).



3. Properties of the Probt Function (3 points)

A brm has cost functionc(q) = ¢?.

(a) Calculate the optimal supply function, ¢ (p).

(b) Calculate the optimal probt function, ! (p).

(c) Show that (f—p! "(p) = q (p).

(d) Show that !'* (p) is convex in p.

(e) Fix a level of output, g, and debPne the probt the Prm makes when the price ig by
P(p;d) = pq! c(q)

On a single picture, draw ! (p;q) for eachq" { 0,1,2,3,4}. Also draw ! ' (p). Discuss your
Pndings and the relationship to (c) and (d). [You may want to use a computer program such
as Excel to draw the picture.]

4. Market Demand (3 points)

Suppose three consumers have the following demand curves:

xi(p) =81 p
X5(p) =61 2p
x5(p) =121 3p

where the subscript identipes the agent. Find the market demand (either mathematically of
graphically).

5. Equilibrium (4 points)

There is an economy with 50 agents. Of these agents, ten have incomm = 10, ten have
m = 20, ten have m = 30, ten have m = 40 and ten have m = 50. Each agent has utility



function
12 12

U(X1,X2) = X3~ + X5

over goodsxi and x». The price of good 2 equals 1. The price of good 1 is to be determined.
(a) Derive each agentOs demand curve for good 1.
(b) Derive the market demand for good 1.
There areJ =40 brms who produce good 1. Each has production function

q=(z! D'zt H¥*
The cost of the inputs isr; =1 and rp = 1.
(c) Derive each brmOs supply curve.

(d) Derive the market supply curve.

(e) Verify the equilibrium price for good 1 is p=5. Show that, at this price, new entrants will
wish to enter.

(f) Find the longbrun freebentry equilibrium price for good 1, assuming all potential entrants
have the same production technology. In addition, Pnd the output of each brm (q), the number
of bPrms in the industry (J) and the total industry output (Q).

6. Equilibrium and Changes in Input Prices (4 points)

A perfectly competitive industry has a large number of potential entrants. Each bPrm has an
identical production function given by f(z) = (z! 100)Y2. Total market demand is X =
1800! 10p. The input price is r = 4.

(a) Derive the longbrun equilibrium price, the output of each bPrm (q), the number of brms in
the industry (J), the total industry output (Q), and the probts of each brm ( !).

Suppose the input price falls tor = 1.

(b) In the very shortbrun, Prms cannot change their output. What is the new price?



(c) In the shortbrun, bPrms cannot exit or enter. Their bxed cost is also sunk, so the brms
cannot produce 0 forc(0) = 0. Calculate the shortbrun equilibrium price, the total industry
output, and the output of each brm. Show that, taking into account the sunk cost, Prms would
like to enter.

(d) In the longbrun, Prms can enter and exit. Derive the the longbrun equilibrium price, the
output of each brm (q), the number of brms in the industry (J), the total industry output (Q),
and the probts of each bPrm ().



Economics 11: Solutions to Homework 9

December 1, 2009

1. Probt Maximisation (4 points)

A Prm has cost curve
c(g) = 100 + ¢f

The Prm can also shut down and make probt$ = 0.

(a) Suppose the bPrm faces pricgp = 30. What is the probt maximising quantity? What is the
maximal probt? Will the Prm shut down?

(b) Supposep = 10. What is the probt maximising quantity? What is the maximal probt?
Will the bPrm shut down?

(c) For which price levels will the Prm shut down?

(d) Draw the supply function d (p) as a function of the output price p.
Solution
The brm maximises

| = pgq! 100! of

Assuming an internal optimum, the FOC implies

1 P
973
Maximal probts are
2
1! = pd ! 100! ()2 = pZ! 100
Recall, the brm can also shut down and make = 0.
(@) If p=30, then ¢ =15 and !’ =125. This is positive, so the Prm should not shut down.



(b) If p=10, then the internal optimum yields ¢ =5and !' = ! 75. Hence the brm is better
o! by shutting down.

(c) Setting ! ' =0, we bnd that p = 20. Hence the bPrm shuts down ifp < 20, operates ifp > 20,
and is indi'erent at p = 20.

(d) The supply function is g (p) =0 for p" 20 andq' (p) = p/2 for p# 20.

2. Deriving Supply Functions (4 points)

(a) A bPrm has cost function

c(g) = of forg< 2
=g+q! 2 forq# 2

Derive the PrmOs supply curvey (p).
(b) A Prm has cost function

c(g) = o forg<2
= ! q+2 for q# 2

Derive the PrmOs supply curvey (p).

Solution

(a) First supposeqg < 2. The FOC is
p=2q

Henced (p) = p/2. This assumes thatq < 2, and hencep < 4.

Next supposeq# 2. The FOC is
p=2q+1

Henced (p) = (p! 1)/ 2. This assumes thatq# 2 and hencep# 5.

For p $ [4,5], the brm does not want to produce more thang =2 at MC = 2q+ 1. It also



Figure 1: Convex Cost Function.  The black line shows the MC curve. The red line shows the supply
curve.

does not want to produce less thatg=2 at MC = 2q. Hence the bPrm will produceq= 2. See
Pgure 3.

(a) First supposeq < 2. The FOC is
p=2q

Henced (p) = p/2. This assumes thatq < 2, and hencep < 4.

Next supposeq! 2. The FOC is

n

p=2qgq" 1

Henced (p) = (p+1)/2. This assumes thatq! 2 and hencep! 3.

For p # [3,4] we therefore have two locally optimal solutions. To see which is the global
optimum, we can calculate the probts. Ifg (p) = p/2 then probt equals

2 2 2
Ccod oy P PP
P'=pg " c(q) 5 AT 2 1)
If o (p)=(p+1)/2 then probt equals
Vg p+1, (p+1)2  (p+1), P> . p. 7
| = F) = = - _



Figure 2: Nonconvex Cost Function. The black line shows the MC curve. The red line shows the
supply curve.

Comparing (1) and (2), we see that the optimal supply is q! (p)=p/2ifp< 7/2and q! (p) =
(p+1)/2ifp! 7/2. See pbgurel.

3. Properties of the Probt Function (4 points)

A brm has cost functionc(q) = ¢?.

(a) Calculate the optimal supply function, q (p).

(b) Calculate the optimal probt function, ! (p).

(c) Show that d%! "(p) = q (p).

(d) Show that ! * (p) is convex in p.

(e) Fix a level of output, g, and debne the probt the bPrm makes when the price ig by
'(pig) = pg” c(q)

On a single picture, draw ! (p;q) for each q # {0,1,2,3,4}. Also draw ! ' (p). Discuss your
Pndings and the relationship to (c) and (d). [You may want to use a computer program such

4



as Excel to draw the picture.]

Solution

(a) The FOC of the probt maximisation problem is
p=2q
Rearranging, d (p) = p/2.
(b) The probt function is given by
p?

V()= pd o) =

(c) Dilerentiating,

d | |
gl M= 5=y

(d) Dilerentiating again,
i2| "(p) = 1. 0
aZ P73

Hence the probt function is convex.

(c) See bgure3. The probt function is the maximum of the ! (p; g) functions. This implies that
the probt function is convex. It also implies that the slope of the probt function at any point
equals the slope of (p; d (p)), which equals ¢ (p).

4. Market Demand (4 points)

Suppose three consumers have the following demand curves:

xi(p)=8"! p
X5(p) =61 2p
x3(p) =121 3p



20

_10_

Figure 3: Envelope Property.

where the subscript identibes the agent. Find the market demand (either mathematically of
graphically).

Solution

The demand curves are shown in bgurd. Agent 1 buys whenp ! [0, 8]; agent 2 buys when
p! [0,3]; agent 3 buys whenp! [0,4]. Summing up, market demand is given by

X(p)=8"p for p! [4,8]
=20" 4p for p! [3,4]
=26" 6p forp! [0, 3]

5. Equilibrium (4 points)

There is an economy with 50 agents. Of these agents, ten have incomm = 10, ten have
m = 20, ten have m = 30, ten have m = 40 and ten have m = 50. Each agent has utility
function

U(x1,%2) = Xy °+ x5 °

6



Figure 4: Demand Curves.

over goodsxi and x». The price of good 2 equals 1. The price of good 1 is to be determined.
(a) Derive each agentOs demand curve for good 1.
(b) Derive the market demand for good 1.
There areJ =40 brms who produce good 1. Each has production function
a=(z! DYzt HY*
The cost of the inputs isr; =1 and rp = 1.
(c) Derive each brmOs supply curve.
(d) Derive the market supply curve.

(e) Verify the equilibrium price for good 1 is p =5. Show that, at this price, new entrants will
wish to enter.

(f) Find the longbrun freebPentry equilibrium price for good 1, assuming all potential entrants
have the same production technology. In addition, Pnd the output of each bPrm (q), the number



of Prms in the industry (J) and the total industry output (Q).

Solution

(a) As in Practice Problem Set 4, the demand for each agent is

xl,= M P2 _ M
" pipit e pu(prt+ 1)

(b) Summing up, market demand is

! m 1500
pi(pr+1)  pi(p+1)

(b) The cost minimisation problem is

?@L:uh+ub+!m!mj1W%b!n”ﬁ
1,42

The FOCs imply that ri(z1! 1) = ro(z2! 1). The optimal input demands are

" n

#12
M 2

2#u2
g +1

;
z7= =  ¢+1 and z,=
ra rz

The resulting cost function is

o(qr1,r2) =27(rara) Y2+ (ry+ rp)

The brmOs probt maximisation problem impliep = MC. That is,

p=40q(rarz)"?
Hence the brmOs supply curve is
iy — p
@ A(rarp)V?

(d) There are 40 brms, so the market supply is

B
(rarp)¥?

Q'(p) =10



Usingry; =1 and rp = 1, we have Q' (p) = 10p.

(e) Equilibrium is characterised by
1500

p(p+1)
Rearranging, p>(p + 1) = 150. This is solved by p = 5. The total supply is Q = 50. Each brm
producesq =5/4. A brmOs probt is

25 25 9
| = | = — 1 — 1 = _
I = pg! c(q) 4'216'2 8>0
Hence entry is probtable.
(f) The average cost is
AC =2q+2q !

This is minimised at q = 1. The average cost iISAC = 4. Hence the long run price isp = 4.
Demand is X = 1500/ 20 = 75. Hence there areJ = 75 brms.

6. Equilibrium and Changes in Input Prices (4 points)

A perfectly competitive industry has a large number of potential entrants. Each bPrm has an
identical production function given by f(z) = (z! 100)V2. Total market demand is X =
1800! 10p. The input price is r = 4.

(a) Derive the longbrun equilibrium price, the output of each bPrm (q), the number of brms in
the industry (J), the total industry output (Q), and the probts of each brm ( !).

Suppose the input price falls tor = 1.
(b) In the very shortbrun, Prms cannot change their output. What is the new price?

(c) In the shortbrun, brms cannot exit or enter. Their bxed cost is also sunk, so the brms
cannot produce 0 forc(0) = 0. Calculate the shortbrun equilibrium price, the total industry
output, and the output of each brm. Show that, taking into account the sunk cost, Prms would
like to enter.

(d) In the longbrun, Prms can enter and exit. Derive the the longbrun equilibrium price, the
output of each bPrm (q), the number of bPrms in the industry (J), the total industry output (Q),
and the probts of each brm ().



Solution

(a) Given an input price r, the brmOs cost function is
c(g) = rz = rf ' }(g) = r(c? +100)

Average cost is
AC(g) = rq +100rq' !

Dilerentiating, this is minimised at r = 100rq' 2. Rearranging, g = 10. The price therefore
equals,
p= AC(q) =20r

Whenr =4, p=80. The output of each bPrmis 10. The total demand isX = 1800! 800 = 1000.
As a result, there areJ = 100 bPrms. By construction, each Prm makes zero probits.

(b) Output is Q = 1000. The price is still p=80.

(b) The PrmOs marginal cost is
MC =2rqg=2q

Probt maximisation implies p= MC . Hence the short run supply curve isq = p/2. Summing
over brms, industry supply is Q = 50p. The equilibrium is

50p = 1800! 10p

Rearranging, p = 30. The output of each Prm is g = 15. The industry output is Q = 1500.
The probt of each brm is

= pg! c(g)=30" 15! (15)?! 100 =125
Which will induce entry.

(d) As in (a), average cost is minimised whenq = 10. The price equalsp = 20. Demand is
X =1800! 200 =1600. Hence there arel = 160 brms. By construction, each brm makes zero
probts.

10



Economics 11: Homework 10

December 1, 2009

1. Probt Maximisation: Perfect Substitutes

A brm has production function f (z1, z2) = ( z1+ z2)Y 2 where the prices of the inputs arer; <r ».
The output price is p.

(a) The bPrm wishes to attain target output g. Derive the cost minimising inputs z} (r1,r2, ).
(b) Derive the cost function c(r,r2, Q).
(c) Using the cost function, derive the probt-maximising output and the brmOs optimal propts.

(d) Using the one-step method, directly solve for the brmOs optimal inputs, the resulting output
and the optimal probt. [When using the one-step method the Prm chooseg{, z,) to maximise
pf(z1,z2) ! riz1! rozp subjectto z; " 0.]

2. Probt Maximisation: Perfect Complements

A brm has production function f (z1,z2) = (min {z1,22})¥ 2 where the prices of the inputs are
r{ <r,. The output price is p.

(a) The brm wishes to attain target output g. Derive the cost minimising inputs zj (r,r2, ).
(b) Derive the cost function c(rq, ro, g).
(c) Using the cost function, derive the probt-maximising output and the PrmOs optimal probts.

(d) Using the one-step method, directly solve for the brmOs optimal inputs, the resulting output
and the optimal probt. [When using the one-step method the Prm chooseg{, z;) to maximise
pf (21, 22) I rqz1! r222.]



3. Probt Maximisation

(@) A Prm has cost function ¢(g) = 20q! 10 + g°. The output price is p = 8. Solve for the
probt maximising output.

(b) A Prm has cost function c(q) = 40q! 100 + ¢°. The output price is p = 8. Solve for the
probt maximising output.

[Hint: you may wish to plot these functions]

4. Equilibrium and Inputs Markets

A brm has a CobbbDouglas production functiorf (z1) = 102%’2. The price of the inputis rj.
(a) Find the supply function of the brm and its input demand (as a function of p and r).
Suppose there are 4,000 identical Prms in the market, and the supply af is given byz{ = 40r2.

b) Assume that the output price is p = 1. Calculate the equilibrium input price r1, the amount
of z; each brm demands, the amount of; the entire market demands and the output of each
Prm.

¢) Suppose the output price rises top = 2. Repeat part (b). What is the elect of an increase
in the output price?

5. First Welfare Theorem

There are two goods & and y) and two agents (A and B). The agentsO utility functions are

Va(X)+y

ve(X)+y

ua

ug

whereva = 2In(x) and vg (x) = 4xY2, The agents have incomesna = 10 and mg = 10. The
price of goody is py = 1, the price of good x is to be determined.

A single brm produces good. It has cost function c(q) = o?/ 2.



() Show that p= 2 is an equilibrium price. Find the equilibrium allocations ( Xa, Xg, Q).
(b) Suppose a social planner choosex £, Xg, Q) to maximise the total surplus,
Va(Xa)+ ve(xs)! c(0)
subject to q = xa + xg. Verify your allocations from part (a) satisfy the FOCs from this

optimisation problem.

6. Shifts in Supply Functions and Elasticities

Suppose the supply function isq = p, and the demand function isq=10"! p.
(a) Find the equilibrium price and quantity.

(b) Suppose the supply curve shifts up tog= p! 2, so each unit costs $2 more to produce.
Derive the new price and quantity.

Suppose the supply function isq = p, and the demand function isq=6"! p/5.

(c) Find the equilibrium price and quantity.

(d) Suppose the supply curve shifts up toq= p! 2. Derive the new price and quantity.
Suppose the supply function isq = p, and the demand function isq=25"! 4p.

(e) Find the equilibrium price and quantity.

(f) Suppose the supply curve shifts up tog= p! 2. Derive the new price and quantity.

(9) Given these results, explain how the elasticity of the demand curve alects the impact of a

shift in the supply function.

7. Taxation

Suppose utility is quasilinear in goodx and the demand function isq = 10! p. The supply
function is g = p.



(a) Solve for the equilibrium price. Solve for consumer and producer surplus.

(b) Suppose there is a $2 producer tax. What is the new equilibrium price? What price does
the brm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

(c) Suppose there is a $2 consumer tax. What is the new equilibrium price? What price does
the Prm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

8. Imports

The demand for portable radios is given by:Q =5000! 100p. The local supply curve is given
by Q = 150p.

a) Find the market equilibrium.

b) Suppose that radios can be imported at a price of $10 per unit. Find the market equilibrium
and the amount of radios imported.

¢) Suppose that the local producers convince the government to impose a tari! of $5 per radio.
Find the market equilibrium, the total revenue of the tari! and the elect on the consumer and
producer surplus, and the deadweight loss.
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1. Probt Maximisation: Perfect Substitutes

A brm has production function f (z1, z2) = ( z1+ z2)Y 2 where the prices of the inputs arer; <r ».
The output price is p.

(a) The bPrm wishes to attain target output g. Derive the cost minimising inputs z} (r1,r2, ).
(b) Derive the cost function c(r,r2, Q).
(c) Using the cost function, derive the probt-maximising output and the brmOs optimal propts.

(d) Using the one-step method, directly solve for the brmOs optimal inputs, the resulting output
and the optimal probt. [When using the one-step method the Prm chooseg{, z,) to maximise
pf(z1,z2) ! riz1! rozp subjectto z; " 0.]

Solution

(a) The inputs are perfect substitutes. Sincer; < r ,, the brm chooseszi(r1,r2,0) = ¢* and
z,(r1,r2,9) = 0.

(b) The cost function is ¢(ry,r2,q) = ric?.

(c) The brm choosegy to maximise
I =pq! ri¢f

Using the FOC, the optimal output is thus d (p,ri,r2) = p/2ri. The resulting probt is
L (p,ry,r2) = p?l4ry.

(d) The brm chooses #1, z») to maximise

_ 12
= p(ze+ 22)7 7! riza! rozp



subjectto z; ! 0. The FOCs are

112w

1
= ép(Zl + 2) r

121

112w

1
= ép(Zl + 2) ra

12 5

Sincery <r,, we bnd that!"/lz ! "'z 5, so the brm setsz;(p,rl,rz) = 0. The FOC for

Z1 becomes

1
EP(Zl)! VZrr=0

Rearranging, z;(p, r1,r2) = (p/2r1)2. The optimal output is thus ¢ (p,rs,r2) = zi/z = pl/2ry.
The optimal probts are " (p,rq,r2) = p?/ 4ry.

2. Probt Maximisation: Perfect Complements

A brm has production function f (z1,22) = (min {z1,22})Y 2 where the prices of the inputs are
r{ <r,. The output price is p.

(a) The brm wishes to attain target output q. Derive the cost minimising inputs zI (ri,r2,0).
(b) Derive the cost function c(r1,r2, q).
(c) Using the cost function, derive the probt-maximising output and the PrmOs optimal probts.

(d) Using the one-step method, directly solve for the brmOs optimal inputs, the resulting output
and the optimal probt. [When using the one-step method the bPrm chooseg{, z,) to maximise

pf (z1,22) " r1z1" raz2.]

Solution

(a) The inputs are perfect complements, so the brm chooses = z,. Given target output g, it
chooses

Z)(r1,12,9) = 2,(r1,12,0) = of

(b) The cost function is ¢(rq,r2,q) = (ry+ ra)c.



(c) The brm chooseg) to maximise

I = pqg! (ri+ ra)o?

Using the FOC, the optimal output is thus o (p,r1,r2) = p/2(r1 + r2). The resulting probt is
l(p,r1,r2) = pA4(ry+ ro).

(d) The brm chooses %1, z») to maximise
I = p(min{zl,ZZ})l/Z! rizy! rozo.

When z; > z,, the derivative is "!/"z 1 = ! rq1, so the brm wants to reducez;. Hence at the
optimum we have z; = z,, and denote this common number byz. The Prm maximises

I = pzY21 (r1+ ry)z

The FOC for z becomes 1
ép(zl)“ V21 (ra+r12)=0

Rearranging,z} (p,r1,72) = z5(p,r1,r2) = ( p/ 2(r1+r2))2. The optimal output is thus ¢ (p,r1,r2) =
zY2 = p/2(r1 + r,). The optimal probts are ! (p,r1,r2) = p?/ 4(r1 + r2).

3. Probt Maximisation

(@) A Prm has cost function ¢(g) = 20q! 109 + g°. The output price is p = 8. Solve for the
probt maximising output.

(b) A Prm has cost function c(q) = 40q! 100? + ¢°. The output price is p = 8. Solve for the
probt maximising output.

[Hint: you may wish to plot these functions]

Solution

(@) The brmOs probt is

() =8q! 20q+10¢°! =1 12q+10¢¢!



The FOC is
9 = + I 3?2 =
I(q)="!12+20q! 3gq =0

The SOC is 5

:qZ! (q=20"! 6q

Solving the quadratic, the FOC yields

, _ 20+ 400! 4# 3# 12 _ 20+ 16
q= 6 T 6

The solutions areq =2/3 andg = 6. Of these, only g = 6 satisPes the SOC.

We also need to check that there is not a boundary solution. Iig=0then ! =0. If g=6 then
I =72, which is better than 0. Hence the optimal solution isq = 6.

(b) The PrmOs probt is

() =8q! 40g+10¢°! =1 32q+10¢¢! ¢

The FOC is
9 @)= + I 3 =
I(g)="!32+20q! 30 =0

The SOC is )
=201
5! () =20"! 6q

Solving the quadratic, the FOC yields

. 20+ 4007 4# 3H 32 _ 20+ 4
9= 6 T 6

The solutions areq =8/3 and g = 4. Of these, only g = 4 satisbes the SOC.

We also need to check that there is not a boundary solution. Iig=0then ! =0. If g=4 then
I =1 32, which is worse than 0. Hence the optimal solution iy = 0.

4. Equilibrium and Inputs Markets

A brm has a CobbbDouglas production functiorf (z1) = 102i/2. The price of the inputis rj.



(a) Find the supply function of the brm and its input demand (as a function of p and rq).
Suppose there are 4,000 identical Prms in the market, and the supply @ is given by z{ = 40r2.

b) Assume that the output price is p= 1. Calculate the equilibrium input price rq, the amount
of z; each brm demands, the amount of; the entire market demands and the output of each
Prm.

c) Suppose the output price rises top = 2. Repeat part (b). What is the elect of an increase

in the output price?

Solution

(a) We use the twobstep method. Inverting the production function, we bPnd that

R
= — 1
7 100 (1)
The cost function is therefore )
=,
c(g) = ra 100
The probt maximisation problem is
R
| L
meXPa” Mg
This is concave. The FOC is
p=r
50
Rearranging,
q =50F"
r
Using (1),
p?
2,=25>
ry

(b) Supposep = 1. The equilibrium price equates supply and demand:

4000" 25i2 = 40r?
Iy



Rearranging, r{ = 2500 or ry = (50) 2. Each prm demandsz; = 25/50 = 1/2. The market
demand 4000 1/2 = 2000. Firm output is 50/ 50 = 50.

(c) Supposep = 2. The equilibrium price equates supply and demand:

4
4000! 25 = 40r?2
1

Rearranging, r{ = 10000 or r; = 10. Each bPrm demandsz; = 100/100 = 1. The market
demand 4000 1 = 4000. Firm output is 100/10 = 10. Hence the higher output price raises
the demand for z; and raises the equilibrium price.

5. First Welfare Theorem

There are two goods & and y) and two agents (A and B). The agentsO utility functions are

Va(X)+y

ve(X)+y

ua

ug

whereva = 2In(x) and vg (x) = 4xY2, The agents have incomesna = 10 and mg = 10. The
price of goody is py = 1, the price of good x is to be determined.

A single brm produces good. It has cost function c(q) = o?/ 2.
(a) Show that p =2 is an equilibrium price. Find the equilibrium allocations ( Xa, Xg, Q).
(b) Suppose a social planner choosex, Xg, g) to maximise the total surplus,
Va(Xa) + VB (Xs) # c(0)
subject to g = xa + xg. Verify your allocations from part (a) satisfy the FOCs from this

optimisation problem.

Solution

(a) Substituting her budget into her utility, A maximises
2In(x) + (m# px)

6



The FOC implies that demand is given by x = 2/p. Similarly, B maximises
4x"2 + (m — px)
The FOC implies that demand is given by x = 4/p 2.

The PrmOs marginal cost iMC = g. Hence the supply curve isq = p. The equilibrium price

thus solves
4,2
P> p

Substituting in, p = 2 solves this equation. At this price the allocations are

(Xa,xs,0) =(1,1,2)

(b) Using the fact that g= xa + Xg, the social planner wishes to maximise

1/ 2

1
S =2In(xa) +4xg " — 5(Xa + Xa)*

(where the S stands for Osurplus®). The FOCs are

(;jx‘i:Zx!Al—(xA+xB):O
(E(SB=ZX:31/2—(XA+XB)=O

Substituting in xa =1 and xg = 1 we see that both are satisbed.

6. Shifts in Supply Functions and Elasticities

Suppose the supply function isq = p, and the demand function isgq= 10 — p.
(a) Find the equilibrium price and quantity.

(b) Suppose the supply curve shifts up tog = p — 2, so each unit costs $2 more to produce.
Derive the new price and quantity.

Suppose the supply function isq = p, and the demand function isq=6 — p/5.

(c) Find the equilibrium price and quantity.



(d) Suppose the supply curve shifts up toq= p! 2. Derive the new price and quantity.
Suppose the supply function isq = p, and the demand function isq=25"! 4p.

(e) Find the equilibrium price and quantity.

(f) Suppose the supply curve shifts up tog= p! 2. Derive the new price and quantity.

(g) Given these results, explain how the elasticity of the demand curve alects the impact of a
shift in the supply function.

Solution

(a) The equilibrium price and quantity are p=5 and q=5.
(b) The equilibrium price and quantity are p=6 and q= 4.
(c) The equilibrium price and quantity are p=5 and gq=5.
(d) The equilibrium price and quantity are p=63 and q=4%.
(e) The equilibrium price and quantity are p=5 and q=>5.
(f) The equilibrium price and quantity are p=5% and q=32.

(g) When demand is inelastic (part (d)) then the shift in the supply curve has little elect on
guantity but increases the price a lot. When demand is elastic (part (f)) then the shift in the
supply curve has a large elect on quantity but a small elect on price.

7. Taxation

Suppose utility is quasilinear in goodx and the demand function isq = 10! p. The supply
function is g = p.

(a) Solve for the equilibrium price. Solve for consumer and producer surplus.



(b) Suppose there is a $2 producer tax. What is the new equilibrium price? What price does
the brm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

(c) Suppose there is a $2 consumer tax. What is the new equilibrium price? What price does
the Prm receive? What is the change in producer and consumer surplus? What is government
revenue? What is the deadweight loss?

Solution

(a) Setting supply equal to demand
10! p=p

implies that p = 5. The quantity traded is ¢ =5. Consumer surplus and producer surplus are
both 5" 5/2=123.

(b) Suppose there is a $2 producer tax. The new supply curve ig = p! 2. The equilibrium
price is p' = 6, although the brm receivesp'! t = 4. The quantity traded is d = 4.

With the tax, the consumer and producer surplus are both 4" 4/2 = 8, a change of 4}
Government revenue is 4 2 = 8. The deadweight loss therefore equals 1.

(c) Suppose there is a $2 consumer tax. The new demand curve gs= 8 ! p. The equilibrium
price is p' = 4, although the consumer paysp' + t = 6. The quantity traded is d = 4.

With the tax, the consumer and producer surplus are both 4" 4/2 = 8, a change of AZL

Government revenue is 4 2 = 8. The deadweight loss therefore equals 1.

8. Imports

The demand for portable radios is given by:Q =5000! 100p. The local supply curve is given
by Q = 150p.

a) Find the market equilibrium.

b) Suppose that radios can be imported at a price of $10 per unit. Find the market equilibrium
and the amount of radios imported.



¢) Suppose that the local producers convince the government to impose a tari! of $5 per radio.
Find the market equilibrium, the total revenue of the tari! and the elect on the consumer and
producer surplus, and the deadweight loss.

Solution

a) Equating supply and demand, 15@ = 5000! 100p. Hencep =20 and Q = 3000.

b) The price drops to 10. As a result the quantity demanded isQ = 4000. Domestic production
is 150" 10 = 1500, while imports 4000! 1500 = 2500.

¢) The price rises to 15, and demand falls to Q=3500. Domestic production is 150 15 = 2250
and imports are 35000 2250 = 1250.

Tari! revenues are 1250" 5 = 6250. The consumer surplus without the tari! is (50 ! 10)"
4000 2 = 80,000. The CS with tari! is (50 ! 15)" 35002 = 61, 250, resulting in a loss of
18,750. The transfer to producers is 5' 1500 + (15! 10)" (2250! 1500)Y 2 = 9375. The
deadweight loss is 18750 9375! 6250 = 3125.
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