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ABSTRACT

When a sequential bilateral trading arrangemeni is irntroduced into the
description of s Walrasian exchange economy, the issue of the existence of &
competitive equilibrium (CE) allocation can no longer be divorced from the
dynamic problem of execution. To capture some of the costs of execution, e
limit, varying with the number of individuals, is placed on the number of
trading opportunities. The resulting model demonstrates that, without a
medium of exchange, if each individual knows only CE prices (which means he
may calculate his own but not others' excess demands ), the CE allocation could

but would not be reached.




THE INFORMATIONAL EFFICIENCY OF MONETARY EXCHANGE

%
by Joseph M. Ogtroy

The gains from exchange mey be extended if individuals are not required at
each trade to balance the value of purchases and sales. But self-interest, the
motive force of trade, does not move individuasls to realize these gains.

Suppose that X has an excess demand for ten apples and an excess supply of ten
oranges. It may be efficient for X to receive the ten apples from Y, who has an
excess supply, and later give his ten oranges to Z, who has an excess demand.

Tn the actual execution, what is to prevent X from asking for eleven apples

from Y, justifying his claim by saying he will supply an equal number of oranges,
or give up only nine oranges to Z, saying that he took only nine apples? The
purpose of this paper is to show that the essential property of money is to
discourage the making of such inconsistent claims without also discouraging
efficient patterns of trade.

This is "old stuff"; but it cannot be incorporated into the standard theory
of velue.® To illustrate, consider a paradox conteined in Robert Clower's (1967)
proposal to introduce money into the standard theory. His suggestion was to add
to the existing budget constraint the injunction that current purchases be
financed by sale of money only, not by current supplies of other commodities.
This modification contradicts the belief that the intrcduction of money improves
the allocation of resources. Because it is an additional constraint, it is at
best not binding; and if binding, it will narrow the set of permissible
exchanges compared to its barter counterpart. Clower's constraint makes no
sense in the Walrasian model of exchange, but for a perfectly sensible reason.
It does no good to append what is a trading constraint to a model which ignores
trade.

In the standard theory, equilibrium is said to exist when (W) the sum

of individual excess demands is zero for each conmodity. What (W) defines is
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8 Welrasian equilibrium of prices. Nevertheless, from the individuals' points
of view, they are in disequilibrium as long as we do not have (A) all individ-
ual excess demands are zero for each comodity.

Should the economy reach the state defined by (W), will it then go to (A)?
Interpretations of the standard theory say that the Walrasian auctioneer, after
announcing equilibrium prices, expedites demands and supplies. If there is one
theme which distinguishes the present treatment from the standard theory, it is
that exchange is a do-it-yourself affair. Individuals will not exchange with
"the Market;" they will exchange with each other. This elementary logistical
consideration is the basis upon which I shall construct an argument for monetary

exchange.2

I. Summary
I shall assume that trade occurs between pairs of individuals so that the
advantages of multilateral exchange must be obtained through a sequence of
bilateral trades. During a unit interval of time, an individual meets with
only one other so that during the interval an individual's trades are limited
by his own and his trading partner's current endowments. When one pair meets,
other pairs are also making contact, so that exchange occurs as & sequence of

simultaneous bilateral trades.3

In the comparison of money and barter trading arrangements, no explicit
account is taken of the physical or psychic costs of exchange. The single
criterion is the number of periods it takes to accomplish the task of going
from (W) to (A). Any decrease in the mumber is good and any increase is bad.
Obviously a crude picture of the costs of exchange, it may be tolerate?! because
the object is only an exposition of the role of money not a general theory of
trade.h

In the analysis of the problem of going from (W) to (A), I shall focus on
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the following three properties of trading sequences: (i) their technical
feasibility, (ii) their informational feasibility, snd (iii) their equilibrium
properties, or what might be called their "behavioral feasibility." Property
(i) defines the restrictions on a sequence of exchanges imposed by the fact that
trade occurs between pairs. Property (ii) requires (i) and the restriction
that a pair cannot base its trading decision on information available only to
other pairs. For example, a pair cannot make its decisions depend on the full
details of excess demands emong all other pairs. Property (iii) requires (ii)
and the restriction that each individual have no incentive to depart from

the sequence. In a barter econamy, if trades leading from (W) to (A) do not
satisfy bilgteral balance (BB) - where the value of purchases and sales are
equated at each bilateral encounter - those trades will not form an equilibrium
sequence.

We shell see that those trades which are technically and/or informationally
feasible and which also minimize the number of periods in going from (W) to (A)
will not satisfy BB. Imposition of BB does not preclude equilibrium in the
sense of (A); it only means that it will take longer. But this time is not
well spent because there is no technical or informational constraint underlying
it. Additional time is required because individuals do not feel constrained to
balance their budgets over a sequence of trades if they are not so compelled at
each trade. Any device which would encourage such constraint could be substi-
tuted for the added time. Money is such a device.

I shall assume throughout that individuals know equilibrium exchange rates.
Because we are accustomed to thinking of equilibrium in the sense of (W), this
assumption may appear to be disquietingly strong. In general, it is; but not
for the purposes of understanding monetary exchange. The line of reasoning

adopted here permits me to assert that if we cannot find a role for money when
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equilibrium prices are known, we shall not find one when they are unknown.
There can hardly be a speculative demand for the medium of exchange without a
transactions demand and this transactions demand does not depend on price

uncertainty.

II. A Model of a Trading Economy
There are three components of the model: (i) the set of possible tastes
and endowments and their corresponding competitive equilibrium allocations;
(i1) the logistical description of the trading arrangement; eand (iii) the
pattern of information describing what individuals know and do not know at

each trading opportunity.

A Family of Exchange Fconomies

Individual i is initially endowed with a non-negative quantity Ve of
commodity ¢ = 1,...,m. The complete list of his initial endowments is the

m-vector w If i, vhose tastes are represented by u j__('), were

i = (wil’...’wim).
asked to exchange his initial endowment for any other (m-vector) x 5 satisfying

the constreint p'x, = p'w,, wvhere p = (pl,... ,pm) i5s the vector of prices, let

i i
his answer be the bundle &, = (a.ﬂ,...,am), &, 2 0,c=1,...,m and

(1) ui(ai) = max ui(xi), p'e; = prx, = p'wi.s

At prices p, let i be described by the pair of vectors (a.:l ,wi) and let
the collection of individuals i = 1,...,n be described by the pasir of matrices
1 and w:.L are the :lth rows of the nxm matrices A and W, respectively.
The pair (A,W) forms a campetitive equilibrium (CE) if the aggregate demand for

(A,W), where a
each commodity is equal to the aggregate supply,

(2) Ya, =ZIw, ,c=1,...,m.
110 iit':
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The matrix A is the CE allocation for the CE price vector p and matrix of

initial endowments W. The problem of going from equilibrium in the sense of
(W) to equilibrium in the sense of (A) is now reduced to the problem of
going from the matrix W to the matrix A,

I shall deal only with collections of individuals described by non-

negative matrices (A,W) satisfying

(3) n=m
and

= = W = =
(k) i:a'ic Eaic e fwic 1.

The set of all such pairs of nxn matrices whose row and column sums are unity,
call@y . If (L) is to satisfy (1) for every member of 74, any p = (r, ry...,r),
r > 0, must be a CE price vector. This will mean that if i knows be is in an
economy belonging to%/ , he knows equilibrium exchange rates.

In the space of all possible economies, the set ./ occupies only a small
corner. I choose to deal with it because 7 exhibits the selient features of
the general case. The assumption, in (3), that the number of commodities is
equal to the number of individuals is, strictly speaking, not essential to
our results and can be shown to follow g fortiori if m > n. However, the
trading arrangement I shall postulate allows each individual's trading oppor-
tunities to increase with the size of the population so that as n/m increases
the logistical problems of exchange disappear.

The essumption that individual endowments sre of the same size (Zw, =
1, i=1,...,n) is significent only insofar as it makes clear thai the:e is no
individual whose initisl endowment is, for gll (A,W) € ‘.Zt, large enough for

6
him to act as a central distributor supplying everyone else's excess demands.
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The set (i exhibits & similar feature with respect to the insufficiency of
endowments to permit a medium of exchange.

About the origin end use of money, Adam Smith said:

In order to avoid the inconvenience of such situations, every

prudent man in every period of society, after the first establish-

ment of the division of lsbour, must naturally have endeavoured to

manage his affairs in such a manner, as to have at all times by him

besides the peculiar produce of his own industry, a certain quantity

of some one camodity or other, such as he imagined few people would

be likely to refuse in exchange for the produce of their industry. [p. 22]
The purpose of this paper is to isolate the function of a medium of exchange
and I shall proceed by analyzing the difficulties when one does not have "a
certain quantity of some one cammodity." There is no commodity whose initial
velue is, for g;;‘(A,W) €U, 8 significant fraction of the value of each

7

individual's planned purchases.' This will allow me to bring out more clearly

that the essential feature of monetary exchange has its origin in the trading
arrangement and not in the nature of the money cammodity.a
The first result, which serves as an introduction to the problem, is

PROPOSITION 1: For almost all (A,W) € %i, if the collection of n individuals

is divided into gny . two groups consisting of k and n-k individuals,

1<k <n -1, who cannot trade with each otber, the CE allocation cannot be
9

obtained.
If n > 2, there is little hope of finding a double coincidence of wants.
In fact, everyone will have to depend on everyone else if the CE allocation

is to be realized.

How Traders Meet

I shall assume that the sequence of pair-wise meetings is parametric
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rather than a subject for choice. From his point of view, each individual
seems to collide every so often with someone else.
Let n = {'nt}, t=1,...,T, be a sequence of permutations of the integers

i=1,...,n such that for all { and t,
t t
(5) n(L) = J if and only if = {(J) = i.

The permutation ;rt determines who meets whom at t - i.e., 1rt(i) = j means i and
J are trading partners at t. The final period, after which all trading
ceageg, is t = T.

Let {Wt}, t =1,...,7T + 1, be a sequence of matrices with non-negative
elements where Ht = (w:c) is the matrix of endowments at the beginﬁing of t.
Suppose 7 = {ﬂt} describes the sequence of meetings; then {Wt} is technically

feasible for m, if for all i and t and 7°(1) = J,

t+1 t+1 t t
(6) wy oW = s

This seys that an individual can add to his current endowment only by sub-
tracting from the current endowment of his current trading partner and that
camodity totals are not changed in the process of trade, Jjust redistributed.

If the sequence {W t} also satisfies

(N p'(w:"'l - w‘i‘) =0,

for all i and t, where p is the CE price vector, then bilateral balance (BB)

obtains. At every bilateral encounter, the value of what is given up is equal
to the value of what is received. Clearly, BB restricts the set of trades

beyond the demands of technical feasibility.
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Let us agree to say that the CE allocation is technically feasible for

n if, for all (A,W) €€, there exists a sequence {Wt}, technica.lly feagible
for v, with Wl = W and WT+1 = A. This means that the sequence 7 is not biased;
it permits all possible CE configurations to be realized. Denote by I the set
of all such 1 of length 1.

What is the minimm value of ¢ for which the CE allocation is technically
feasible? Proposition 1 tells us that everyone must be "connected" to everyone
else but this connection need not be direct since (6) permits indirect or
middlemen trade.

PROPOSITION 2: If n =25, k=1, 2,..., the minimm number of periods for

which tlie CE allocation is technically feasible is T = k (v = lcsan)-lo.

To demonstrate, note that it is true for k = 1, and assume it is true for

k = q. This means that any group consisting of 2% i{ndividuals can be connected
in q periods so that two groups each consisting of 29 i{ndividuals can be
connected in period g+l if every member ‘of the one group is assigned to e
member of the other. Since 2.2% = 2Q+l, Proposition 2 is proved.

Call such a 7 which satisfies Proposition 2 an indirect trading sequence

and a trading economy which makes use of it an indirect exchange model. It
should be pointed out that ’

PROPOSITION 3: If trades must satisfy BB, the CE allocation is not technically
feasible for the indirect exchange mode1. ' . | |

_Suppose every individual is permitted to meet every other directly.
Obviously, the CE allocation will be technically feasible. This idll require
n(n-1)/2 vilateral meetings end assuming n is even, will take, at a ninimum,
T = n-1 periods. Call such a sequence which allows everyone to meet everyone

else in a minimum mmber of peridds.a direct exchange sequence and a trading

economy which mekes use of it a direct exchange model. An interesting feature



of this model is

PROPOSITION L4: If trades must satisfy BB, the CE sllocation is technically

feasible for the direct exchange mode1.12

Propositions 3 and 4 say that it takes longer to reach the CE allocation
if BB is imposed. Alternatively, the temporal advantages of the indirect
exchange model are incampatible with BB. This will not, by itself, offer a

basis for monetary exchange. Other considerations intrude.

How Trades Are Made

I shall meke a distinction between (a) the decision a pair of traders
make based on the information they reveal to each other and (b) the decision
as to what information to reveal. It will be assumed that (a) is taken out of
the hands of the pair and given to a fictional third party, a broker, who makes
the trading decision solely on the basis of what each member of the pair tells
him. We may suppose that the broker uses his unlimited ingenuity and compu-
tational capacity to help the pair reach their CE allocations. His only con=
straint is that he knows no more than what the pair tells him. Until Section 1V,
the decision (b) will be ignored by assuming that there is no distinction between
what individuals know and what they reveel.l3

At the beginning of period t, those features of the 'econcimy which cannot
be changed constitute the state of the economy. They are the initial config-
uration of tastes and endowments, the order in which pairs will meet, and the
trades which have been made up to t. Denote a typical state by

8= (a, W],'...,;lt; 7). The set of all possible states at t is

(8) :3t = {s®: (A,‘?) € % and {Wk}, k =1,...,t is technically feasible for same

TrsIIT}
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Suppose the actual state is S° = (A,W-,...,W sn). Let I;(St) be the infor-

mation i has at t about the actual state. It will be assumed throughout that

t k k “k

~ e k
ey S A, W R, T (i) =7(1), k=1,...,th

(9  r(s*)=qste ¢
If you were to ask i what he knows about the state of the economy, according to
(9) he would say: "I have no idea. All T know is that it belongs to the set
of possible states, and I can therefore tell you what CE prices are, and what I
would went if I had to balence my budget at those prices, and that I have made
certain trades as indicated by {w?}, k=1l,...,t=-1, leading to my current
position w{."lh
Each member of a pair of trading partners tells what he knows to the

broker who then decides what trades they should make. The different trading

pairs have different brokers who cannot communicate so the situation is much

the same as if the pairs decided themselves what to trade.

As a formalization of this story, let p:(Iz(St),...,IE(St)) = w§+l, i=l,...n,
be a trading rule, changing w: into w§+l, which depends on the actual state

of the econamy and what individuals know about it. I shall say that p = {pz}

is an informetionally feasible trading rule if for all i and t, and #t(i) =3,

t t  t t
(10) Py + DJ =W + WJ
and, for all s ¢ I:(St) ﬂIg(St),

(12) PHIr(8%), ... E(8%)) = of(ai(sh), .. 1 (sM)).

Condition {10) says the rule must be technically feasible. If the pair (i,J)
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were to share their information they could determine that the actual state was

t . _t
in the set Ii:ﬁla

cision must respect this ignorance, which is to say that each pair's trading

and nothing more. Condition (11) seys that the trading de-

decision cannot be made contingent on the tastes and trading histories of
other pairs.lS

Once & trading rule is selected, the course of the economy is uniquely
determined by its initial state. Given ST = (A,W-;m), (9) determines {I:il(sl)},
the input into the trading rule {pi}, which determines W2 and therefore

S2 = (A,Wl, W2; M),..., etc. To summarize this recursive relation, let us

say that if the initial state is (A, Wy 7 ) and the treding rule isp, the

w_‘l‘+l
i

Now, the CE allocation is informationally feasible if there exists an

end result is gi[p|(A, W; m)] = ,1=1,...,0.

informationally feasible treding rule p = {p';} such that for all (A, W) € and
rel, g;[p|(a, W; m)] = a;, 1 =1,...,n. To illustrate this definition,
consider the first period trading decision for any pair (i,)). ‘If the CE
allocation is informationelly feasible, their broker has a sure-fire method for
putting them on a path leading to their CE allocation no metter what the values

of 8, and w, » K # 1,3,

III. Informational Aspects of Trade
In this section, the consequences of informational feasibility are explored.
First, we have
PROPOSITION 5: The CE allocation is not informationslly feasible in the

indirect exchange model.
To demonstrate, take n = 4., Let the trading partners be assign.d as

follows: individuel 1's trading partners in the first and second periods are
7(1) = 2 and 72(1) = 3 while b is the partner of 3 in the first period and

of 2 in the second - TH(3) = ¥2(2) = k. Tt is resdily verified that this
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sequence allows each individuel to trade directly or indirectly with everyone
else. From Proposition 2, tﬁis is the minimum number of periods since
T = logah = 2. Assume that initial endowments are given by the identity

matrix - i.e., Vie = l, if i =c¢, and Vie = 0 if i # ¢, where i,c =1, 2, 3, k,

This will simplify the demonstration, but it is not essential.

To go from W to A it is necessary that the exchange between individuals

- 2 2 2 2 2
1 and 2 be such that 1 begin the second period with wl = (wll,wlz,w13 ’vlh) where

' =
/ 1-(a.2c+ahc), ifec=1
.
(12) Ve = ; (alc + 8‘3(:)’ ifc=2

‘
H
H

%.v_\» 0, otherwise.

Individuals 1 and 2 do not know the testes of 3 and 4, given by the vectors 33‘
and e . According to (11), this means that for all possible values of ag and
8) s 1 and 2 must meke the same trade. Now, whatever trade they make, they will
have made the right decision for at most one pair (a3, ah) and will have made
the wrong decisicn in all other cases. Therefore, the CE allocation is not
informationally feasible.

Remark. The rule (12) is compatible with BB only if the configuration
of tastes satisfies 8'21 + 84 = a.12 + a.32 - i.e., almost never.

I have assumed that individuals know only equilibrium prices and their own
tastes and endowments. They dolnot know each other's excess demands and trading
decisions are bound by this ignorance. But, to take advantage of indirect
exchange, individuals must act as middléme’n passing excess supplies in Just the
right sequence of intermediary trading to the final demander. What is the

right sequence depends on the entire configuratidn of excess demands as well as
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on the order in which all pairs will meet. Proposition 5 brings out an
obvious and basic point: the informational requirements for indirect trade go
beyond a knowledge of prices.

Of course, the restrictions imposed on {Iz} are rather harsh. I have
taken the information available to an individual in the standard theory where
he does not have to db his own trading and inquired as to its sufficiency where
he does. Fram here, it would be possible to go on to find the minimum information
compatible with the result that the CE allocation is informationally feasible
in the indirect exchange model. It has already been determined fram Propositions
3 and 4 that the required trades will not satisfy BB, Therefore, the argument
could be made thet only with money would the individuals reveal what they knew.
I shall not follow this course because the informational demands for the indirect
exchange model appear to be complicated and are certainly exhorbitant. The
same argument can be more easily elaborated with the direct exchange model.16
PROPOSITION 6: If trades must satisfy BB, the CE allocation is not informstion~-

ally feasible in the direct exchange mode .17

The reasons for Proposition 6 are similar to those underlying Proposition 5.

In the class of economies %/, no commodity is in sufficient supply to serve
merely as a balancing item; and it will not do to pey one's debts in just
any commodity or commodities. If the CE allocation is to be achieved under BB,
commodities used as payment by 1 in his trade_with J must also be those which
J can pass on to k,..., etc., so that they pass in Just the right sequence and
end up in Just the right hands. But this involves the individuals in indirect
trade whose informetional demands they cannot meet.

Proposition 6 points to a feature of the mediu& of exchange distinguishing

it from a standard I1.0.U. When money is uged, the parties to the transaction are

admitting their inability to predict who and how the account will be settled.
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Proposition 6 is important because of its relation to

PROPOSITION 7: When BB is not imposed, the CE allocation is informationa;;x
feagible in the direct exchange model.

The trading rule which demonstrates Proposition 6 is: for all i and ¢,

t t t t t
7 (1) = 3, and o/ = (pg35-+-0p5,)> let Pye> © = 1s....m be such that

ik o ‘b t t t
{wic + min [|aic- “icl’*ajc' chll , if (aic— wic)g_o and (aJc- Vo)< 0.
}

+ ‘)t .' t t t t
(13) Py o= Wy, - min [|aic- wicl’lajc~ chl] , if (aic- wic)< 0 and (ajc' whc)z_o.

“:c’ otherwise.

The rule described by (13) is an example of what Ross Starr (1972) has
called excess demand diminishing (EDD) trades. They follow the proscription
"never engage in any trade which changes the sign of your excess demand."” If
you start out as a buyer of a commodity, do not accept more than you planned to
purchase; and, if you start out as a seller of a cammodify, do not give more
than you planned to sell. The proscription is designed to prevent indirect or
middleman trade.

It is clear that {13) satisfies the technical feasibility condition (6)
and is informationally feasible since it requires only a knowledge of the trading
pair's current excess demands, (ai - w{) and (an - wﬁ). It is a straightforward
matter to show that (13) must always result in the CE allocation if everyone is
able to meet everione else.

The merits of EDD trades are substantial. In terms of information, they
are extremely economical and they lead, ;n the direct exchange (but not the

indirect exchange!) model, to the CE allocation. They have demerits as well.

1. EDD trades do not satisfy BB. This is to be expected in light of Proposition
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6. For emphasis, I shall add that they almost never satisfy BB (if n >2).

To illustrate, consider the case of W = I, the identity metrix. Then, for all

(A, I) € “4, EDD trades satisfy BB if and only if A is symmetric.18

2. EDD trades do not form & utility increasing sequence. Whenever p-(w?l-w;) <9,
so that sales exceed purchases, we must admit the possibility that ui(wzﬂ)('ui(w:)-
Similarly, whenever 'p'(w:ﬂ-wz) > 0, so that purchases exceed sales, we may have
ui(w;ﬂ") > ui(wz); and, if some of one's purchases are made before any of one's
sales, we may have ui(w:) > ui(ai)! This agrees with everyday experience. If

you did not have to pay for your purchases your utility would be above whet it
otherwise is.

3. EDD trades are unpredictable, If an individual has a positive (negative)

excess demand at the start of t, he cannot tell how much of it will be fulfilled
(taken) during the period. To know this, he would have to know the entire
configuration of initial excess demands as well as who met whom before t. This
means that during the course of trade, an individual cannot determine whether
he is on a path leading to his CE allocation or some other point. Only at
t = T + 1 does he know where he ends up. Suppose i does not end up at a,
because, to jump shead, scmeone other than i misrepresented himself. Now, 1
knows this was not his fault, but he cannot determine from his trading positions,
wi’, wf,. .o ,w?l, who was responsible. He cannot, for example, surmise that if
'nt(i) = J, and p‘(w?l- wz) < 0, that ) overstated his demands. It may have been
that at period s, when (i) = k, and p'(wz+l— z) > 0, that individuel k under-
stated his supplies.

The above three features of EDD trades are illustrated in the following

diagrem.
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The straight line, BB, is the budget line. It goes through the initial
endowment, point R, and the CE allocation, point S. EDD trades begin and end
on the budget line bqt in the interim they depart from it. The path
R+X+8 indicates a trading sequence in which sale preceded purchase while the
path R+Y¥+S indicates the reverse. There is no guarantee that the intermediate
positions, indicated here by the points X and Y, will lie within the region
whose lower bound is U, the indifference curve passing through the initial
endowment , and whose upper bound is -U—, the indifference curve passing through

the CE allocation.

IV. Equilibrium
Recall that in defining the tradiné rule, p = {p:} , it was assumed that
individuals had no choice. Each revealed what he knew to the best of his
knowledge. However, the trading rule does not require this accuracy. All that
is required and all I shall assume is that no one says he has more of a commodity
than he knows he has (he may say he has less).
Let hz(Iz) = f:

decision whether or not to misrepresent what he knows. A strategy for i is a

be the information i conveys to the broker. It is his

system b, = {B.(I0)}, detailing what he vill say he knows given what he actually
knows at each trading opportunity. Therefore, {h:} rather than {I:} will be
the informational inputs determining the course of trade.

Suppose a trading rule p = {p:} and strategies hi’ i=1,...,n have been
selected. The outcome is uniquely determined by the initial state. If
gt = (A, W; 7), this determiues {Ii'(sl)} and therefore {h:il(Iji')}, and then
{p:"(hi,...,hi)} which determines W aﬁd therefore 8° = (a, wl, wz;. %) ,..., etc.
We may sumerize this recursive relation by seying that if the initial state

is (A, W37 ) and the trading rule is given by p = {p:} and individual strategies
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are given by hy,...,h , the end result is gi[p,hl,...,hnl(A,W;ﬂ)] = wI'*l, i=l,...,r

Now, we may sey that the CE allocation is an equilibrium if for all

. g
(A W) €U and 7 & I there exists a trading rule p = {pi} and strategies

# )
hl""’hn such that for all 1 = 1,...,n,

() g Lo by, sy | (AWM = 8
and
4 » *
(15) A ui(ai) = max ui(gi[p ’hl’...’hi’.."hn ' (AQW;")])-
h
i

The CE allocation is an equilibrium if the CE allocation is informationally
feasible (14) and if it is in no individual's interest to depart from his
strategy given the trading rule and strategies of the others (15).)7

Underlying the question of the equilibrium of the CE allocation is the
necessary condition of budget balance (BUB),

T+1

(16) pe(w

1 - i) =0, 1= 1,...,n0.

Over the course of trade, if not at each trade, (16) says the purchases and

sales balance. |
Supposing individusls to have no choice so that they are compelled to

satisfy BUB, it follows immediately from the detinition of the CE allocation

(see (1)) that

PROPOSITION 8: If the CE allocation is informationally feasible and if BUB

is imposed, the CE sllocation is an equilibrium.
If BUB were not imposed from outside, would indi\iiduals voluntarily choose

strategies leading to it -- i.e., would they choose to reveal what they know?



If not, the CE allocation is not an equilibrium.

The only means of imposing BUB from within is through BB. Suppose that all
i # J give instructions to their brokers that they will refuse to partake in any
trade for which p'(wifl- wz) > 0; then § cannot do other than satisfy BUB over
the course of trade. It has already been determined (Proposition 6) that such
a restriction precludes the informational feasibility of the CE allocation in
the direct exchange model. But to give up BB is to give up the only means of
imposing BUB and, therefore, to give up the incentive to reveal what one knows.
The summary conclusion is

PROPOSITION O: The CE allocation is not an equilibrium for the direct exchange
20

model.
Of course, if the individuals are willing and able to ailow more time for

trade, the opposit2 conclusion may be drawn. Consider the following “turn-

taking" routine: Individual 1 goes to each of the others in turn asking for

commodities to fulfill his (positive) excess demands and paying for them with his

excess supplies so that BB is maintained. After (n-1) periodé he will reach

his CE allocation. Next, 2 takes his turn with 3,...,n in the same manner,...,

etc., so that after n(n-1)/2 periods the CE allocation is achieved.al

V. Money as a Record-Keeping Device

How to enforce BUB without imposing BB? Rather then ask how this
enforcement is actually effected, I shall focus on the conditions which must
precede enforcement. Again, it is a matter of information.

Consider the direct exchange model and assume that if an individual who
has "over-balanced" his budget is found out, he will be made to give more than
will put him back in balance; but if he is not found out, he may keep what he
has. This represents a shortcut to the conclusions derived from a more extensive

version (Ostroy (1971)) which supposed that individuals were in an economy
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consisting of e large number of repetitions of the sbove direct exchange model.
At the completion of trade, we may ask i whether J balanced his budget.
Recall from the definition of IFl, what he knows at the completion of trade,
that i cannot say. Individual i knows only his own trading history and this
will not suffice to infer what J has done. However, he does know one fact
about ]'s trading history. At t, when ﬂt(i) =3, p'(wgﬂ- wg) & -p- w:ﬂ-w}:').
If the information possessed by 2ll i # J were added together, we could compute
E::Ip- w§+l-w§) = p* (w;*l- w}'). As it stands, however, this information is
scattered among the individuals with no one other than J, himself, able to
determine whether he has balanced his budget.
As monetary version of the model of & trading economy, introduce a
central receiving station called a monetary euthority. Its function is to collect
and collate the bits of information individuals have about each others' trading
histories. Each will require his trading partner to write a signed statement,
a check, indicating the smount by which the partner's purchases exceed his sales.

This record is forwarded to the monetary authority who revises individual

accounts on the basis of this new information. Sellers, by requiring peyment in

money, are guaranteeing e steady flow of informstion such that the monetary
suthority, and it alone, is able to monitor trading behavior. Of course, there

is every incentive to require and deposit this information with the monetary
authority; otherwise, one would not receive credit for sales and so have to
cut back on purchases. Therefore, in the monetary version of the direct exchange
model of a trading economy, if individuals evaluaste commodities by their CE
prices the CE allocation is an equilibrium.

There is a small slip. We have seen that for any (A,W) € U, any vector
p = (r,ry...or), r >0, is a CE price vector. If the monetary authority is
to be eble to make trades between different individuasls cameasurable, they

must all agree to the seme value of r — i.e., we require a common unit of account.
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While this convention is essential to the operation of the record-keeping

gystem, it is not identical to it. Money is not simply a unit of a.ccount.22

VI. Conclusion: Integrating Monetary and Value Theory

In the Welras-Hicks~Patinkin tradition, the goal of monetary theorists
has been to present a picture of a money economy which would be a logical
extension of the standard theory of value. Walras brought the equation of the
offer and demand for money into line with the rest of his system by meking a
distinction between the stock of ’money, assumed to be without any utility of its
own, and the "services of availebility" of the stock which does contribute to
one's well-being. Just as no inquiry is made into the sources of satisfaction
from other goods, the services of availability are similarly unquestioned.

Recently, several theorists have suggested that it might be useful to
dig a little more deeply.23 While the traditional approach could be readily
applied to determine why individuals might hold more or less money given that
they valued it in certain ways in the first place, perhaps, just perhaps, it
might clarify some contemporary monetary muddles if we asked why money is held’
at all.

This poses & dilemma. How to make money appear without making the
standard theory disappear? Normal research strategy says that for a theory to
be complete and consistent it must be derivable from the standard theory. But
the standard theory has been cultiveted to its present high level as a model
of exchange in which money does not appear. Unlike the Walras-Hicks-Patinkin
approach which left the standard theory intact and relied on conceptual
appendages to introduce money, the recent approach forces us to look for modi-
fications within the body of the theory. The following ere same suppositions
as to where to look and on which I heve not relied. I shall argué that they

are superseded by the conclusions obtained from the model of a trading economy.
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1. DMoney enlarges the set of feasible tra.nsa.ctions.zh In the standard theory,

any redistribufion of cammodities which preserves their totals is feasible.

Into this model we can introduce the problems of exchange as a kind of transport
cqst of getting fram one bundle of goods to another. We may then reason that
monetary exchange represents a least cost network, so that without the money
conmodity the set of feasible transactions must shrink., While this may be
adequate metaphorically, it misses the point. It is fairly well-esteblished
thet the term "feasible" denotes what could happen, ignoring individual behavior,
not what would happen. Moixetary exchange does not enlarge the set of feasible
transactions; it merely enables trades, which must be feasible in the first
place, to be realized.

2. Money is held because we do not know what prices will be.25 Price

uncertainty is neither necessary nor sufficient to explain the presence of a

medium of exchange. The model of a trading economy assumed that exchange

rates were known; yet it required a record-keeping device. Suppose, however,

that exchange rates were unknown but that individuals volunterily agreed to

keep accurate records of their transactions (in terms of a common unit of account)
in order to balance their budgets. There would be no need for a medium of excha.nge.:

3. The advantages of money have their origin in the properties of the money

co::xnnmd:i.t;g.27 In the model of e trading economy, all commodities are perfectly
portable, durable, divisible, and recognizable, yet there is & need for money.
The origin of this need is the decentralized trading arrangement. I chose to
introduce a monetary authority and bookkeeping entries as a kind of ideal
monetary arrangement because the record-keeping function of money is conceptually
distinct from the properties of the commodities traded. Of course, to understand
a perticular monetary arrengement, it becomes a matter of recognizing & minimum
cost method of imposing budget balance and in a society unfamiiiar with double

entry bookkeeping, the monetary version of the model of a trading economy would
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not be ideal. Then, bilateral balance might be the only means of insuring that
individuals keep accurate records and balance their accounts and we would have

to look for a minimum cost methéd of impoéing bilateral balance. In such a
situation, the principle would not change but the practice might well be to
choose as a method of enforcing budget balance a commodity which is most portable,

durable, divisible, and recognizable.

To the standard theory of value, the phenamenon of monetary exchange is
surprising and distressing; surprising because the phencmenon is inexpliceble
and distressing because the phencmenon would seem to be one of the most
elemental conclusions to be derived from any theory of exchange. Once we
give up the standard theory fremework which allows the execution of exchange
to be the province of a centralized agency and concentrate on the logistics of
more disaggregated trading arrangements, monetary exchange becomes explicable
as a matter of course. It follows that these logistical considerations are

worthy of attention by general equilibrium t_heorists.ae
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FOOTNOTES

* Agsistant Professor oi’ Economics, University of California, Los Angeles. I
have benefited from discussions with Ronald Britto, Jack Hirschleifer, Ben Klein,
Axel Leijonhufvud, Louis Mekowski, Richard Sweeney, Earl Thompson, and Joseph
Whaerton. Bryan Ellickson, Peter Howitt, and Ross Starr made many improvements in
the formulation and presentation. My introduction to the topic came through the
research of Robert Clower whose continued advice and encouragement were invaluable.
1 By this phrase I mean the model of general equilibrium first proposed by
Walras and recast into its definite mathematical form by such contributors as
Arrow and Debreu.

Recently, formal notice has been taken of the fact that the valuable exchange
services rendered by the auctioneer are costly to provide. Much of the moti-
vation for these studies has been a desire to fit monetary exchange into the
standard theory. We may learn from some of them that costly exchange can be
introduced without giving up the assumption that exchange is coordinated by a
centrel agency -- an auctioneer who charges for his services. See Hahn (1971),
Kurz, Niehans (1971), Sontheimer and Wallace. According to the present treat-
ment, however, it is only when the exchange process is decentralized that fhe
role of money can be understood. See Clower (1971).

We may learn from Niehans (1969) that even when exchange is restricted to
pairs it need not be completely decentralized. The selection of a least cost
bilateral trading network can be made by a central planner who solves & compli-
cated programming problem. A similar difficulty occurs in Starr (1970) where
individuals choose optimel gets of bilateral transactions but require a central
sgency to hook them together.

Radner and Brunner and Meltzer have approached monetary exchange as &

reflection of imperfect inroﬁnation. Radner has suggested that money might arise



27.

from the unpredictability of future spot prices and Brunmer and Meltzer
have indicated that money arises because of the need for a commonly recognizable
asset. I shall discuss these points in Section V.

The present treatment is related to the work of Hicks, Starr (1972), and
Veendorp.
3 It is this simultaneity -~ while one pair is exchanging other pairs are
not standing still - wh:léh contributes to the informational demands on trade.
L It would have been possible to formulate a model in which the costs of
exchange veried with the amounts of cormodities and the number of individuals
with vhom one traded per unit time. IgZnoring the resulting complexities, the
outcome must concede that not everyone exchanges everything at once if it is
to gain insight into mohetary exchange.
5 -BA 2 chcwic is the dot product of p and Wy
6 For example, individual J could be = central distributor for (A,W) if

w

J
T For example, cammodity d could be used as a medium of exchange for (A,W)

S8 e =1,...,m, and if mxlaic-wicl over all ¢ and if} were less than §/n.

1w, ,>8 1= 1,...,n, and if maxlaic-wic] over all i and ¢ ¥ d were less
than 8/ .

8 These qualifications as well as their consequences are more fully discussed
in Ostroy and Starr.

9 Proof: Suppose the contrary; then it would require that for some subset,

T, consisting of fewer than n individuels, 2‘.1 e,1,(9,1--‘vr1) = 0, This defines a

less than rull-dimensioﬁal class of economies in /. {.

10 The following was obtained in correspondence with L. Shapley: To complete
the solution to minimizing the number of time periods 't!-(logen) +1 if

n is even and not a power of 2 and T = (loggn) 4+ 2 1f n is odd.

11 Proposition 3 holds for all n 2 4, the smallest number for which the
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advanteges of indirect trade appear. See the Remark following Proposition )
for a demonstration in the case n = L.

12 Proofs of Proposition 4 are in Ostroy and Sterr and Bradley. I conjecture
that the direct exchange sequence with T = n - 1 may be the fewest number of
periods for which the CE allocation is technically feasible under BB.

13 Getting individuals to reveal what they know, e.g., their tastes, has
been recognized as the principal difficulty in allocating collective goods
(Samuelson). We shall see that there are similar strategic issues in a barter
economy.

14 This is the game-theoretic method for describing imperfect information.
Harsanyi has shown how this may be applied to the case of players in a game who
do not know each others' payoffs. The treatment above was developed indepen-
dently in Ostroy (1970).

15 The less one knows the smaller is his set of possible strategies. See
Redner for a restriction similar to (11).

16 The indirect exchange eequence, by explicitly denying the informational
sufficiency of prices, provides the kind of environment hospitable to the
activities of specialists in exchange. See Ostroy (1970). A1l of this is of
a piece with money. nevertheless, when our interest is just monetary exchange,
we may use the direct exchange model to isolate the essential aspects of the
problem in the context of a neater solution.

1T Proofs of Proposition 6 follow along the lines of the demonstration of
Proposition 5. Clearly, for n = 1 and 2, it is false. It is also false for

n = 3. The reason is that once any two information sets {I:} , 1=1,2,3, are
known the other may be inferred so there is effectively perfect information.

For n = 4, it holds only if individuals do not know the number of the period in

which they are trading (see Ostroy and Starr). Bradley has shown that for n=3,
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Proposition 6 holds with the pattern of information assumed here.

18  Applying {12) when W = I, we have that for any 1 and wt(i) =

v/t +a itj=c¢
Yie
\t
t ' a iti=c
Pic e Je’

1
\\o , otherwise.

Therefore, when p = (r,r,...,r), r>0, v-(w t 1

- :) = 0 if and only if 8 4"8yy
19 Condition (15) is the definition of a non-coopera.tive equilibrium proposed
by Nash.

20 This result does not hold vhen n < U (see fn. 17, above).

21 This is an upper bound and not necessarily a minimum estimate of the number
of periods required to make the CE allocation informationelly feasible with BB.
This result deqonstrates that to achieve the same end additional time can be
substituted for lack of information. The trade-off mey be pushed further. Feldman '
has shown that when individuals know nothing but their own tastes and endowments
but have an unlimited mmber of bilateral trading opportunities, if they accept
only utility-increasing trades they will, under certain assumptions, eventually

reach a Pareto-optimal allocation.

22 I have avoided use of the term "transactions costs" because its meaning
varies from writer to writer. However, the present treatment seems consistent
with the usage of my colleague, Farl Thompson, who defines transactions costs as
those losses arising from differences in information. w.mi his definition, we
may say: Money reduces transactions costs.

23 Cf. fn. 2. That we recognize there is a problem at all is due largely to
the important papers of Patinkin, Marschak, Fahn (1965), and Clower (1967).

ol See Hahn (1971), Kurz, Niehans (19T1) and Sontheimer.

25 See Radner.
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26 When individuals are groping for equilibrium exchange rates in a world
vhere such voluntary restraint is lacking, monetary exchange would be essential.
Imagine how much more difficult would be the approach to equilibrium if payment
for one commodity were made in an arbitrary collection of other commodities.

On this issue of price dynamics, I have benefited from reading Peter Howitt's
study of stability in a decentralized regime of monetary exchange.

27 See Brunner and Meltzer |

28 Any reeder familiar with the work of Stigler and the contributors to Phelps
et. al. will recognize that these logisticel considerations have e.lregdy

received some attention as determinants of search unemployment in labor markets.



