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1. Introduction.

In this note we provide a simple proof that the 3818 1is
asymptoticelly efficlent relative to 2SLS estimetor by showing
thet the appropriete difference of the covariance metrices of
their ssymptotic distribution is positive semidefinite. The proof
is novel end simple in that it utilizes exactly the procedure
for showing the efficiency of Altken reletive to ordinary least
squares estimators in the context of the general linesr model.

Previous proofs of this fact (1], [2], [3], [4] are unduly

compliceted.

2. Formulation of the Problem.

Utilizing the notetion in [1], we deel with the model
(1) Y=YB+XC+U

where Y = (y.l,y.é,...,y.m), X = (x.l,x.e,...,x_G) are the matrices
(of T observetions) on the m current endogenous and G pre-

determined veriaebles, respectively. It is further assumed that
{ué. . t=l,2,o--}

is a sequence of independent identicelly distributed rendom variables

such that



(2) E(ué.) =0, Cov(u%.) =3

2 being positive definite; i.e., for simplicity we assume thet
the model contains no identities. It is also essumed that
1

(3) pl ¥ =M

T oo
is & positive definite matrix.
Imposing the a priori restrictions on the elements of B, C and
multiplying on the left by R'l X' we have, for the 5.33-tl

structural equation

(4) v, =98, +r ., 1=1,2,...,m

where R is a nonsingular matrix such that X'X = RR' and

(5) w,=R'Xy,, Q

r, = R']'X'u‘i

the u N being the T element columms of U.

The system may then be written in the compect notetion
(6) w=58 +r

where

7 W= (w:l’w:2’ ..‘.,W:m)', Q= diag(Ql,Qg,...,Om),

8 = (5:1,5:2, 8 ) ’ r --(I‘ l’r 2’ o.,r:m)' .

It is shown in [1] thst

R lX'Zi, Zi = (Yi,xi), 5‘1 = (821’711)"

-l



(8) (B-8)pgrs = (QQ™'r, (8-8),4¢ = (@F Q)5

381LS
where

=39 IG

and i is a consistent estimator of Z.

We now observe that if we write the reduced form sas

(9) Y=XT+V

end obtain

(10) = (x'x)"lx'Y

then

(11) e, - zix(x'x)‘lx'zi N
where

(12) §i = (ﬁi,Pi)

such that 1, = (X'X)-lX'Yi and P is a selection metrix such

i

that Xi = )CPi.

i
It follows then thst

] ~ X'X ~ ~ ~ ~ ~
(13) Q_T_= S’( I ® T)S’ § - ateg(5,8,,...,8))

o

and moreover

(k) &r _§



Moreover

(15) ‘.li:g_.lL §( sle Z_Z)g

(16) m=§'(§‘l®.1 ) 2= (1% X')u
'fT_ G J‘f m

Since §i converges in probsbility to Si = ( Hi’Pi) we see

that, asymptotically,

L

(17) JT (g-S)ESIS ~ (S*'S*)-lS' -

(I8 X')u

(18) NT (8 -8) oo ~ (8% 0" 25*) 51 9™L Ji, (18X )u

T
An important implication of (17) and (18) is that the

3818

arguments establishing the asymptotic distribution of 25IS are

exactly those establishing the asymptotic distribution of 3SIS

estimators. In (17) and (18),

S*= diag(s{,s;,..:,s;) ’ S; = ﬁsi,

end R 1s a nonsinguler matrix such that
M=R'R
Under the standard assumptions we have that, asymptotically,

1 ' R'R
(19) 7 (1,® ¥)u ~ N0,28 BF)

whence it is seen, immediately, that

-h-



(20) NT (8-8) 514 ~ M0,C,) , T (B -8) 3515 ~ N0, C;)
where
(21) G, = (8%15%) Tgnrosx(sxrs%)~t, c, = Gl e

But showing that 02 - 03 > 0 involves exactly the elementary
arguments one uses in establishing the efficiency of Aitken
relative to ordinary least squares estimetors in the context of

the general linear model. Precisely, write
(22) (S*vs*)'ls*v = (S*'d)-ls*)-ls*'d)-l + F

Note that FS* = O; post multiply by ¢, transpose and post

multiply by it the two members of (22) to obtain

(23)  (s*'s%) Ysxresr(s*rs*)™ o (s*107s%) L L FoF,  gq.e.d.
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