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In the Walrasian definition of competitive equilibrium attention is confined
to the consistency of individuals' plans on the presumption that each agent regards
itself as a price-taker. This means that Walrasian equilibrium (WE) may exist where
there is no supporting evidence for that presumption -- e.g., in a two-person
"economy." The self-imposed limitations of the definition imply that WE describes
necessary but not sufficient conditions for a perfectly competitive equilibrium
(PCE) -~ a WE for which the presumption of price-taking is justified. In this
paper, we consider the question "When is a WE also a PCE?" The question may be
divided in two: First, "What is a PCE?" and, second, "When will a PCE exist?" A
third question with which this study began will also be examined: '"How are the
answers to the above two questions related to Equivalence of the core and WE?"

Informally, there can be no doubt as to what constitutes the traditional,
textbook answer to the first question. An equilibrium is perfedtly competitive
when each agent is (actually) facing perfectly elastic demands and supplies for
the goods he sells and buys, However, a formal characterization of this state of
affairs has not been taken up by general equilibrium theorists. In the following
section we shall discuss one source of this neglect and from it we shall attempt
to justify what might appear to be the ill-considered choice of confining our
attention throughout much of a paper devoted to PCE to (exchange) economies with

only a finite number of traders.

I, Market Economles Versus Economy-Wide Gains from Trade
The most straightforward explanation as to why general equilibrium theorists
have not bothered with a formal characterization of PCE is that it is so obvious,

From the beginning, WE was interpreted as an equilibrium of market demands and
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supplies and these demands and supplies exist by definition only if there i8s a
large number of small-scale buyers and sellers in each market. In such a setting,
maximizing behavior By individual agents -- buying low and selling high -- should
inevitably lead to a WE market-clearing (relative) price in each market.

The transparency of this conclusion leans heavily upon the partial equilibrium
origins of general equilibrium theory -~ analysis in terms of markets. According
to this perspective, goods may be taken to exist independently of the agents
trading them so that economy-wide equilibrium is simply the ekistence of
simqltaneous equilibrium in some fixed number of markets (= goods). Of course,

PCE does not depend on the presence of markets per se, as it might, for example,

if the term "market” were used to denote opportunity for trade. By relabelling
commodities so that each seller is the supplier of its own goods, we may convert

an economy with markets into one without; however, we would not wish to conclude
that by this relabelling we could change a WE that is a PCE into one that is not.
The point is that if an economy with a large ngmber of traders can be represented

as a market economy, we have a considerable amount of information about substitution
possibilities among agents, enough for us casually to conclude that a WE is a PCE.

In fact, the possibilities for substitution in a market economy are quite
overwhelming.

Define an allocation of available goods to the members of an economy as

displaying economy-wide gains from trade if it is impossible for groups consisting

of very small fractions of the population to achieve, with only their own
resources, all of the gains that are possible through direct and indirect
participation in trade with the rest of the economy. This definition simplyv
extends to small fractions of the population the familiar notion of gains from
trade to the individual. Define the absence of any economy-wide gains from trade

when all of the gains from participation in an economy-wide allocation may be



obtained by partitioning the economy into isolated sub-economies such that each
represents only a small fraction of the total population.

The notion of economy-wide gains from trade, which may be present in a
world without production, can be compared to production possibilities in a
single industry. The presence of economy-wide gains would be analagous to the
presence of economies of scale for at least one firm while the absence of such
gains would be similar to the absence of any scale economies so that maximum
efficiency of the trading group or the production unit could be achieved at
minimum scale. With production possihbilities, scale economies would be one
source of economy-wide gains from trade, a source that is particularly obvious
because the gains to the economy as a whole may bhe traced directly to one of
its members, a production unit. Less obvious, but not clearly less important,
are the gains to the economy as a whole that are not internal to any of its
members but depend on the many small-scale complementarities which may be
appropriated by the members of the economy through (external) trade. It is the
latter source of economy-wide gains on which we shall focus and this permits us
to limit our attention to exchange economies in studying them.

The comparatively recent work by Aumann ['64], Vind ['64] and others which shows

how formally to characterize a market economy makes it clear that a WE in a market

economy implies the absence of any economy-wide gains from trade. This assertion

is an immediate corollary of a mathematical result known as Liapunov's Theorem

on the range of vector-valued measure% It can be interpreted as saying that if
each agent's endowment of any good 1s a very small fraction of the economy's so
that the total supply of any commodity, c, can be represented as the integral
fwc(i)dv(i), where wc(i)dv(i) is the (infinitesimal) fraction of the total initially
held by 1, then there are numerous ways in which the economy can be partitioned

into small-scale, isolated sub-economies each of which can achieve its allocation

in a ‘JE .
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The point of departure for the present study is the belief that while the
absence of economy-wide gains from trade might be characteristic of a single
perfectly competitive market, where for example agents trade apples for oranges,
it 1s a fallacy of composition to regard such overwhelming possibilities for
substitution as characteristic of the economy as a whole. To make room for
economy-wide gains from trade we must select a mathematical framework for
general equilibrium theory that does not admit a representation as a market
economy,

In a market economy, there are many buyers and sellers of each good. By
comparison, a''non-market" economy will therefore require either (A) a reduction
in the number of traders relative to goods or (B) an increase in the number of
goods relative to traders, Case A is simply an economy with a finite number
of agents while in case B there may be as many as a continuum of agents as long
as there is also:a continuum of goods. An example of B would be a world with
large numbers of traders who are geographically dispersed so that in the presence
of transport costs goods must be distinguished by the location of their suppliers.

It might appear that the answers to the questions posed in the Introduction
will vary with the choice of a model of type A or B. For example, if we choose
to study A, a finite economy, the reader might wish to conclude»that no matter
what 1s the precise answer to our first question (What is a PCE?), the answer
to the second question (When wlll a PCE exist?) is "Never.' While we shall show
that this is not true, it is not far off. Nevertheless, a study of economies of
type B, even though they may contain a non-atomic continuum of traders, has so
far revealed the tentative conclusion that the choice between A and B will not
materially affect the answers to our questions,

Anticipating the results below in which we follow A, as well as those of a

forthcoming paper examining case B, we find that there is a characterization of



PCE that is independent of the number of traders (finite or infinite) and that
it is the presence or absence of economy-wide gains from trade, not the presence
or absence of large numbers per se, on which the existence of a PCE (and
Equivalence of the core and WE) generally depends.

A brief, heuristic explanation connecting the presence or absence of economy-
wide gains from trade and the absence or presence, respectively, of a PCE is that
an agent's monopoly power originates in the extent to which it can supply goods
that are at least partially complementary to those available from others., Ry
definition, the‘absence of economy-wide gains from trade ip market economies
precludes such complementarities while the presence of such gains in non-market

economies (finite or infinite) implies them.

II. Summary

The mathematical model depicting WE in a finite economy does not depend for
its validity on any well-defined concept of (competitive) markets. The most
recent general formulations of Gale-MasColell ['75] and Shafer-Sonnenschein ['75]
make it clear that a WE may be regarded as a non-cooperative equilibrium among
agents that individually maximize their gains from trading subject, of course,
to the requirement that the prices of the goods traded are outside their control.

To characterize a WE as a PCE it only remains to formulate conditions, without any
appeal to markets, such that Walrasian quantities would continue to he a non-
cooperative equilibrium when the prices of each supplier's goods are within its
control,

This characterization is provided by the no-surplus (NS) condition: an
economy-wide allocation of goods among individuals -- call it X -- satisfies the
NS condition if each subset consisting of one fewer than all of the members can
achieve with its own resources an allocation in which they are as well off as

they are with X, Taken one at a time, the participation of each member of the
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economy is ineéeential to the welfare of others, relative to the allocation X.2

In Seétion III, the NS condition is more precisely defined and an analogy
is étawn between the property of an NS allocation in an exchange economy and the
distribution of factor rewards in a production economy according to their marginal
praducts that satisfies the production exhaustion, or adding-up, property.

In Section IV, a characterization of PCE in terms of prices and perfectly

elastic demands, called perfectly determinate (PD) prices, i1s given and it is

shown that the price characterization (PD) and the quantity characterization (NS)
are equivalent.

In finite exchange economles, a WE is rarely NS; but, we shall establish in
Section VII for a special class of market economies, those produced by indefinite
replication of a given finite exchange economy, that a WE is rarely other than NS;
thus,confirming that WE in market economies are perfectly competitive.

In Section VI and part of VII we compare the NS condition and Equivalence
as alternative characterizations of PCE. Each attempts to answer the question
"When is a WE stable?" although the two conceptions of stability are quite
different. For finite economies, whose WE allocations generally admit economy-
wide gains,'Equivalence neither implies nor is implied by the condition that every
WE is NS (see Examples 2 and 3) although it is possible in some economies for
these two distinct approaches to stability to coincide (Example 1). For market
economies, whose WE allocations do not admit economy-wide gains from trade, we
shéw that the two approaches almost always coincide.

In Section VIiI, we use the results of this ﬁaper to give another perspective
on the Equivalance Theorem. The proofs of those Propositions not given in the

previous sections are collected in Section IX,



II1. Notation and Definitions

The concepts and results below are formulated for a finite exchange economy

E= {(Pi,wi)}i:g, where Pi describes the preferences and vy the initial endowment

of a typical agent i, It is assumed throughout that the relevant commodity space 18
2 L L L
R+. Pi is a binary relation on R* X R+ and Pi(xi)’ a subset of R+, indicates

"the set of xi that 1 prefers to Xy while Ri(xi) will indicate the set of xi at

leastvas desirable as Xy Consistent with these interpretations, it is assumed

that Pi is irreflexive (xi ¢ Pi(xi)) and R

For each i=1, ..., n and any x

i is reflexive (xi € Ri(xi))'

L
; € Ry, it is assumed that:

(A.1) Pi(xi) is non-empty, convex and Pi has open graph 1ani X R&.

(A.2) Ri(xi) is the closure of Pi(xi)'

These assumptions, which do not include transitivity of P, or completeness

3

i

of Ri’ are similar to those minimally necessary to prove the existence of WE.
Assumption (A.2) amounts to local non-satiation -- i.e., within any neighborhood
of Xy» there is an element of'Pi(xi).

No assumptions are made about w

» other than w, ¢ Rf. In particular, we do

i

not assume that w1 lies in the interior of Ri.

i

An n~-tuple of vectors (xi), i=1, ..., n and X, € Rf, is denoted by X and its
vector-sum in is denoted by x. An allocation in £ is any feasible rearrangenent
of initial endowments W = (wi) -- any X = (xi) such that x = w(= Xwi).

For any X, let P(X) = ZPi(xi) be those quantities of total resources, x',

that could be distributed among the members of E such that each could receive a

t

vector x; € Pi(xi) and x' = in. A similar interpretation applies to R(X) = XRi(xi).

An allocation X is Pareto-optimal (PO) for [ if there is no other allocation

that all the members of E would prefer —- i.e., x ¢ P(X)4 By (A.1), PC) is non-
empty, convex and open and therefore the basic separation for convex sets implies

that the allocation X is PO for E if and only if there exists a pE Rz, p # o,



such that px < pP(X). By (A.2), px < pP(X) if and only 1if
(EM) px < pR(X)

and we shall call a pair (X,p) expenditure-minimizing (EM) because the above

inequality implies that for each i=1, ..., n, if xi € Ri(xi)’ then px; < pxi.
A guasi-eguilibrium5 (QE) for E is a pair (X,p) that 1s EM and also satisfies

the budget-balance condition for all i=1, ..., n,
PXgy = P¥y-
A WE is a QE (X,p) with the added property that for each i=1, ..., n,

) L
x5 € Pi(xi) implies 23 > 1231

A WE is a QE but the converse need not be true. However, 1f (X,p) is a OE

and for- all i=1, ..., n,
pX, # min pRi

it is well-known that the two definitions coincide? Rather than postulating any
additional conditions to guarantee 129 # min pr, we shall simply formulate our
results for the weaker definition of QFE and take the position that as far as the
issues with which this paper is concerned, nothing is lost by regarding the
concepts of QE and WE as interchangeable,

In the following discussion of perfect competition, we shall be concerned
with the influence of a single agent, j, on the rest of the economy and it will
be convenient to have a special notation in which (')(j) indicates the corresponding

term (*) in E, without agent j. Thus, E(j) will denote the economy {(Pi’wi)}
i) _ T w
1#3

PP xPy o 3 P ), RD @) o 5 R, (%), and x1) < 3 x,.
191 141 1#1

ikj

and w i the total resources available to E(j). Similarly, X(j)

= (xi)i#j'



IV, The No=-Surplus Condition and the Production Exhaustion Property of Perfectly

Competitive Equilibrium

What will be an equilibrium configuration of purchases and sales in an

exchange economy E when each agent looks only to its own gain? We shall pose
the problem so as to emphasize its similarity to that of deciding upon the
distribution of rewards to the different factors of production, for which it is
well-established that the perfectly competitive solution is given by the marginal
productivity theory.

Trade is productive for all the members of E whenever their exists an

allocation X = (xi) such that,
(1) =x e P(W).

According to (1), each agent is able to achieve a surplus through trade. We may
say that the surplus produced through trade among all members of F is maximal when
X is PO,

(2) wiéPE.

Assuming that allocations satisfying (1) exist, can we find one among them satisfy-
ing (2) such that we can impute the total surplus produced through trade to the
separate contributions of the particibating agents?

We may go part of the way towards an answer by saying that in such an
ailocation no one should be paid more than they are worth. In a production
economy, this would mean that no one should receive more than their marginal
product. For an exchange economy, we shall say that no agent is receiving more

than it is worth in the allocation X, if for each j=1, ..., n,

amsy @ g pD @)y,

Such an allocation will be said to satisfy the non-negative surplus (NNS) condition,




NNS places an upper bound on the extent to which an agent can exploit its
monopoly power by saying, in effect, that no seller j can enforce an outcome in
which his customers would do better by refusing to deal with him and going
elsewhere.7 Although we may stipulate that among those allocations satisfying
(1) and (2) we may only choose those satisfying NNS, these restrictions will not
generally suffice to remove the problem of indeterminacy of equilibrium. While
each agent may receive no more than it is worth, some may receive less. But,
which ones should they be and how much less should they receive?

In the marginal productivity theory of distribution, each factor of produc-
tion receives no more and no less than it is worth. For an allocation X in E,

we may say that each agent is receiving no less than its marginal product if for

all j=1, ..., n,
ws) WD ¢ R D,

Otherwise, if w(j) ¢ R(j)(x(j)), J is contributing a positive surplus and can
therefore claim to be receiving less than it is worth to the rest of the economy.
Call an allocation satisfying NS no-surplus,

To continue the analogy with the marginal productivity theory, if each agent
is paid its marginal product will the sum of the payments just exhaust the total
product? For an exchange economy, the question is: Does there exist a PO
allocation that satisfies NS? One means of confirming that for a finite economy
E a perfectly competitive equilibrium does not generally exist is to recognize that
a PO-NS allocation does not generally exist. For example when n=2, PO and NS are
inconsistent with gains from trade, (1).

As in the marginal productivity theory, the source of the inconsistency has
to do with a kind of increasing returns and as a further parallel it is has to do
with increasing returns at the margin. As long as the marginal unit of any factor

of production does not raise the average product so that the last unit vields
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constant returns, the intra-marginal units may yield increasing returns. A
similar results holds for exchange economies. Gains from trade are a form of
increasing returns but they are not incompatible wich'NS as long as the
contribution of any j, regarded as the marginal agent, does not increase the
average gains -~ i.e., as long as w(j) € R(j)(X(j)).

However, when there is no PO allocation satisfying NS there is no way to
impute the total gains to the separate contributions of the members of E and the
attempts by the agents to obtain as much as they are worth must prove inconsistent,
Just as the attempt by each factor to obtain its marginal product, when the last
unit raises the average, more than exhausts the total product, If X does not
satisfy NS we cannot justify why the distribution of the gains from trade should
be according to X rather than some other allocation, and this difficulty remains
even though X might be a WE allocation.

However, if there does exist a PO-NS allocation, WFE comes into its own. Under
such conditions, the distribution of rewards (purchases and sales) according to
the marginal productivity principle that exhausts the total product (gains from
trade) is precisely a QE,

PROPOSITION 1: Let X be a PO-NS allocation for E; then there exists a p € R2

such that (X,p) is a OE.

To demonstrate, since X is PO there exists a p such that (X,p) is EM -- i.e.,

px < pR(X). Since X is NS, w(j) € R(j)(x(j)) and, therefore, for all j=1,
PRI

seey N,

< pw » and since px = pw, this implies that for all i=1, ..., n,

PXy = PWy-

V. The No-Surplus Condition and Perfectly Determinate Prices

In the previous section we gave a characterization of PCE in terms of

quantities, whereas the usual description is in terms of prices and perfectly
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elastic demands. In this Section we shall develop a price-elasticity character-
ization and show that it is equivalent to the NS condition.

Informally, demands are perfectly elastic at the price vector p when the
attempt by any agent to set prices for the goods it supplies at levels higher
than in p results in the loss of all sales and "markets" for the goods supplied
by others clear without any adjustment in the prices charged by others. To make
possible this experiment, each agent must have control over the prices of the
goods it supplies; otherwise, i1f two agents are supplylng the same good, an
increase in the price by one agent would compel the other to go along. To avoid
this problem, we take advantage of an indeterminacy in the dimension of the
commodity space for E, If-agents i and j have positive endowments of commodity
¢ in the original specification of initial endowments, we may introduce a new

commodity index with commodities ¢, and ¢, where w, =w, and w = w

i j icy ic jcj je*
Continuing in this way, if there are k distinct goods it will require not more
than £ < kn revised goods to bring the specification of initial endowments into

the appropriate form of a personalized commodity space for E where w, > 0 implies

ic

ch = 0, all j#i. Of course, preferences must be modified to correspond to the
relabelling of goods, Since we have neither assumed that endowments are strictly
positive nor that preferences are strictly convex,8 there is nothing to prevent
us from assuming that this relabelling has been undertaken and the matrix of
initial endowments in E has each agent as the unique supplier of its own goods.

For any agent j, we may divide the % commodities into those which could be
supplied by j and those that could not. For P € RR, let pj be the vector of prices
of the former and p(j), the prices of the latter. For any p and j, p can be
written as (p(j), pj) where p(j) and pj are projections of p onto the appropriate
subspaces of R, If will be convenient to denote by q(p;j) any vector

q = (¢(3), qj) e &° such that q(j) = p(j) and 1y >> Py At q(p;j) the pricés of
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j's goods are higher than at p while the prices of the remaining goods are the
same,

Now, more formally, we shall say that the price vector p is perfectly
determinate (PD) if for any j=1, ..., n and q(p;j) if X, € Rf, q(p;j)xi = q(p;j)wi,

i#j, there exists v, € Ri, such that:
(®D.1)  q(p;Dy, = alpsdv,.

(PD.2) y, € Ri(xi) and y, € Pi(xi) if (q(p;3) - p>x1 $ 0,

®0.3) Ly, = W@,
1#]

To interpret, the market opportunities available to i(#j) are strictly smaller
when they are defined by the price vector q(p;j) than the price vector p since the
price of all goods other than J's are the same but {'s prices are higher. However,
PD.1~3 indicates that if 1 is a purchaser from j -- i.e., (q(p;j) - p)xi $0 == 1
has not made the best use of this smaller opportunity set since i could have
refused to deal with j and, trading at the same prices, q(p;j), have found buyers
and sellers willing to make exchanges leading to a vector Yy preferred to X

We shall regard the notion of perfectly elastic demands as synonomous with
the existence of a p that is PD,

In the previous Section we showed that although an allocation X corresponding
to a OE pair (X,p) does not generally satisfy NS, if there is a PO-NS allocation
X it is part of some NE pair. Similarly, although a price vector corresponding
to a QE pair (X,p) does not generally satisfy PD, if p is PD it is part of some

QE pair,

PROPOSITTION 2: 1If p is PD for E, then provided R{ is transitive, there exists

an allocation X such that (X,p) 1 a QE.

As a representation of perfectly elastic demands, the fact that p is PD means

that the area under each seller's demand curve, sometimes called the consumers'
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surplus, vanishes., The non-existence of this kind of surplus is clearly related

to the existence of an:NS allocation. In fact, the two are equivalent.

PROPOSITION 3: Let (X,p) be an EM pair for E. If p is PD, then X is NS: and
if X is NS then, provided Ri is complete and transitive and

pX, ¥ min pR+, p is PD.

Une example of a PO-NS allocation and a PD price vector occursAwhen there are
no gains from trade, To show that there are more interesting possibilities we
give the following:

EXAMPLE 1: Let the tastes of agent i = 1, 2, 3 be represented by the utility
function ui(xi) = ui(xil’ X9 xi3), initial endowments by the matrix W and final

allocations by the matrices Xa, where

° N
i i
ul(xl) = xll(x12 + x13) j>*~é 0]0 1 o l-a
u2(x2) = xzz(x21 + x23); W= 0] 210 : Xa = 1-0¢ 1 o
Uy(xy) = Xya(xg) + X,,) 0f{o0]2 a | 1-a | 1

The allocations X» 0 < a <1, represent the set of all PO-NS allocations,
They are at the opposite extreme from the no-trade example of NS since their
attalnment requires that all agents participate in trade. Of course, because they
are NS and there are only three traders any pair of individuals could also do as
well by themselves. Each individual's participation in an NS allocation is
esgsential only to 1tse1f.

It is easily verified that there is only one WE price vector for this example
given by p = (r,r,r), r > 0,

To illustrate the above three Propositions, we have

Proposition 1: Each PO-NS allocation Xa is a WE,
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Proposition 2: The price vector p i1s PN, If agent j(= 1,2,3) were to raise
the price of its good c(= j) above its value in p, j would sell
nothing and excess demands among the other agents would be zero
without disturbing the prices of their goods.

Proposition 3: (Xa,p) is EM and p is PD for each X, and conversely,

We conclude this Section with two remarks about the NS-PD characterization
of PCE. The first concerns the possibility that our criteric might be too strong
and the second that they might be too weak.
1. Why insist on perfectly elastic demand as a requirement for price-taking
equilibrium? If we are interested only in characterizing those price-quantity
situations in which no seller could profitably depart from the WE prices by choosing
an alternative offer within the class of uniform price offers, sufficient elasticity
short of perfect will do, although how much will depend on the particular
circumstances? However, 1f we wish to derive uniform prices as an equilibrium
condition when sellers can make all sorts of discriminatory offers, nothing short
of perfect elasticity will do. Withoutvit, profitable discriminatory pricing would
exist as a consequence of the failure of NS.

To demonstrate, suppose everyone else is announcing Walrasian uniform price
offers and there is some inelasticity in the demand schedule facing seller j.
Then, by Proposition 3, the NS condition does not hold at the WE allocation.
Therefore j's contribution to the WE allocation is essential to the welfare of at
least one other individual i, and j should attempt to appropriate this surplus by
for example, some all-or-nothing offer. However, if J faces perfectly elas;ic
demands at WE prices, any offer to i that j would find more profitable than the

Walrasian allocation X could and should be refused by i since we know that if p is

PD, X is NS,
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2. Another approach to price-taking behavior is provided by Roberts and
Postlewaite (RP) [1976]. They ask whether it might not be in an agent's interest
to misrepresent its excess demands to manihulate a more favorable market-clearing
prices. Unless no agent finds it profitable to manipulate, a WE is not in their
terms "incentive compatible."

Our notion of PCE as an NS-PD Walrasian equilibrium is incentive-compatible
according to our underlying model of how trade takes place but it is not necessarily
incentive~compatible when placed in the RP context. The explanation may be
summarized by noting that RP look for conditions under which quantity-choosers
can or cannot manipulate the market prices in a auctioneer-price~setting model
while we are looking for conditions under which individual price-makers, who are

not even restricted to charging uniform prices, will or will not choose to take

WE prices.

VI. The No-Surplus Condition, Balanced Sets and the Core

Our discussion of the NS condition in Section IV began with the NNS condition
as an upper bound on what each individual might expect to gain through trade.
Edgeworth, and later on game theorists, were willing to go further in their efforts
to find an equilibrium by extending the NNS condition from single individuals to
arbitrary coalitions of individuals by saying that an equilibrium must be in the
core: In this Section we compare Equivalence of the core and WE with equivalence
of PD-NS and WE allocations for a particular class of economies in which WE
allocations generally admit economy-wide gains from trade, namely finite exchange
economies. The comparison is aided by the fact that the NS condition has a
representation in terms of balanced sets, a concept intecral to the core. In the

following Section, the same comparison will be made for a particular class of

economies in which WE allocations do not admit economy-wide gains from trade.
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To emphasize the connections between the core and the NNS condition, let

S
S be a non-empty subset of I = {1, 2, ..., n} and let W T Wi, X = Ix

i’
S s S g ieS ieS
P"(X") = L Pi(xi)’ and R (X") = I Ri(xi)° An allocation X is in the core of E

ieS 1eS
if :
10

S
ws ¢ PS(X ) for all SCI

Alternatively, an allocation is in the core if for each S, the complement (I-S)
18 not getting more from S than it is worth —- i.e., for each S, (I-S) is
contributing a non-negative surplus.

If we denote I - {j} by Sj’ we may rewrite ngs as a part of the core
conditions, where for each j =1, ..., n, w J ¢r j(de).

Sufficient conditions for an n-person game or an exchange economy to have
a non—empty core have been given by Shapley ['67 and Scarf [%7]. The basic tool
for these results is the notion of balanced sets. Let B = {5} be a collection of
subsets of I and let B, = {S: ieS}. B is a balanced collection if there are non-

i

negative numbers bs, S € B, such that for each i=1l, ..., n,

z bS = 1.

SeBi

The NNS and NS conditions are defined with respect to one particular balanced

collection B = {S,} with weights b = —2—-.
b Sj n-1

The exchange economy E represents a balanced game if for any i = (Xi)’ where

X is not necessarily an allocation,
S § ~S .
if w € R (X") for all $ in any balanced
collection B, then w € R(X).
When preferences of players in an n-person fiame are representable by utility
functions, Scarf has shown that a balanced game has a non-empty core and that if
these players are agents in an exchange economy having convex preferences the

economy is a balanced game so that the core of an exchange economy with convex
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numerically representahble preferences is not empty.

Proposition 1, above, may be interpreted as a "substitute" for the
considerably deeper results of Shapley and Scarf. It says that 1f there exists
a PO allocation X for which the balance condition holds for the balanced collection
{Sj} -- i.,e., X satisfies NS -- there is no need to verify any of the other
conditions defining a balanced game to conclude that E has a non-empty core.
Proposition 1 shows that this allocation is a QF and, provided that any one of
a number of sufficient conditions ohbtains for converting a OF into a full WE, we
can infer the existence of a WE which is, with locally non-satiated preferences,
always in the core. Corollary to Proposition 1 is: If all core allocations
satisfy the NS condition, the core coincides with the QE. Example 1 is an
illustration of the Corollary.

Does equality of the core and QE (or WE) imply that every core allocation is
NS? If so, then considering Proposition 3, there would be an equivalence bhetween
the perfect determinacy of prices at WE and Equivalence (of the core and WF). Ve
shall establish that such is not the case by showing that Proposition 1 can also
be viewed as a special case of a more general set of sufficient conditions for
the existence of a QF and that if each core allocation satisfies some one of
these more general conditions the core and QL will also coincide. At this point the
reader may wonder why we have bothered to single out the NS condition for special
attention, The reason is that of these more general conditions relating the core
to WE, none but the NS condition appears to have anything to do with the
characterization of a PCE. 1In Proposition 4, below, we shall generalize
Proposition 1 but we shall not obtain a generalization of Proposition 3. The
core may coincide with WE allocation when the economy is composed of imperfect

11
competitors -~ i.e., when WE prices do not satisfy PD,
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For any balanced collection B = {S} with non-negative weights bS’ there is

an associated n X n matrix A(B) = (a,, ) defined by

ij

z bS’ whenever j € VS

SeB SeB
jesi i

81j = 0, otherwise.

A 18 symmetric since j € S 1f and only if { ¢ US and, since B is
SeB SeB

i A
< < = - -
balanced, 0 —-aij <1 and aij 1, The number aij( aji) may be loosely inter
preted as a measure of the "inseparability" between 1 and j in the balanced
collection B, For example, when aij = 1, 1 and j always appear in the same elements

S of B and when a11 = 0 they never appear in the same elements.

We shall say that a balanced collection B is regularly balanced if the matrix

A(B) is regular (has an inverse). Not all balanced collections are regularly

balanced — e.g., partitions are not. Examples of regularly balanced collections
are the sets of all subsets of I consisting of (n-k) elements, 1 <k < n-1, for
which aij = 2§§il » 1¥j. Thus, the sets {Sj} describing the NS conditions are
regularly balanced. 1In fact, for n <3, the regularly balanced sets and those
describing NS coincide. For n = 4, the reader may wish to verify that the
collection {8} = {123, 14, 24, 34} is also regularly balanceﬁ.

To extend Proposition 1, we shall say that an allocation X for E satisfies

the generalized NS (GNS) condition if there exists a regularly balanced set B

such that for all S £ B
S $,S
(GNS) w e R (X))
PROPOSITION 4: Let X be PO for E. If X satisfies GNS, there exists a p such

that (X,p) is a QL.

Corollary to Proposition 4 is: If each core allocation satisfies QNS for

some regularly balanced set, the core coincides with the OE,
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The following Proposition summarizes the fact that in finite exchange
economies Equivalence and NS-PD are distinct characterizations of the
competitiveness of WE., It is demonstrated by two examples showing, in effect,
that GNS does not imply NS (Fxample 2) so that Equivalence may obtain without
NS and that for one core allocation to satisfy NS does not imply GNS for all core
allocations (Example 3).

PROPOSITION 5: Equivalence of the core and VE allocations neither implies nor

is implied by the condition that every WL satisfies NS.

EXAMPLE 2 (Equivalence ¥ NS): Let tastes be defined by the utility functions
ui(xi) = ui(xil’ )99 xi3), i=1, 2, 3 and 4, and let initial and final

*
allocations be given by W and X, respectively, where

c ¢
i i
1
3 » »
ul(xl) = (x11x12x13) 31010 | 11111
1
3
u,(x,) = (x,.%,.%,.) 0}l 3]0 1111/ 1
2'%2 21%22%23 W -
1
3
u3(x3) = (x3lx32x33) _ 0]0] 3 11111
X + x + x
41 42 43
ua(xa) - 3 1 1 1 1 1 1

Witﬁ little difficulty, the reader may verify that X* is a PO allocation which
yields the utility vector u* = (ui, ug, ug, uz) = (1, 1, 1, 1). For the regularly
balanced set B = {s} = {123, 1%, 24, 34}, w e Rs(X*s), so that X* satisfies GNS
and by Proposition 4, is a QE. Here it is also a WE at the price veétor
p*=(r, r, r), r > 0,

An outline of the argument that X* is the only allocation in the core is as

follows: The coalition 123 can achieve any (ul, Uy, u3) such that u, + u, + u, = 3,
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and 4 can achieve u, = 1 on its own. It follows that for any u = (ul, Uyy Uqs u4)

in the core u, + u, + ug = 3 and u, = 1, and if u, <1, 1 # 4, then because

1 2 4 i
w e Rs(x*s), s = 14, the coalition 14 will upset u. This means that u = (1,1,1,1)

and this is achievable only by the allocation X%,

X* does not satisfy NS -- ws ¢ RS(XS) for S e {123, 134, 234}.
The core does not capture the monopoly power of individuals 1, 2 or 3. For

example, without 1, the WE price vector for the economy E(l)

is p = (2r, r, 1),
In terms of prices, 1l's contribution or marginal product may be measured by the
decrease in the WE price of the commodity he supplies. From a non-cooperative
point of view, there is no reason why 1 should surrender all of the surplus
represented by this price decrease to the other traders.

EXAMPLE 3 (NS # FEquivalence): Tastes, endowments and WE allocations are given

by (ui), W and Xa’ where

c c

i i
ul(xi) = min(xll,x12 + x13) 0)lj1}11]o0 l1{ajl-al O
uz(xz) = min(xzz,xz3 + x24) - 00|11 x - 0]11] al|l-c
u3(x3) = min(x33,x34 + x31) 1101011 o 1-af 0 | 1| @
u4(x4) = min(x44,x61 + x42) 1{1}101}0 _ a{l-a} 0| 1

The allocations xa, 0 <a <1, are PO and NS -~ i,e., w ¢ P(Xa) and ws E RS(XS)

for S € {123, 124, 134, 234}. By Proposition 1, there exists a p such that (Xa,p)
is a QE. Here it is a WE and the p = (r, r, r, r), r > O, Further, p is the only
WE price vector and, therefore Xa constitute the entire set of WL allocations.

The core contains allocations other than Xa -~ e.f., the core contains
allocations yielding all permutations of the vector of utilities (u

4 44 12 1* Uys u3, u4) =
©, 3, 3, 3).
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VII. The No-Surplus Prggertz of Walrasian Equilibria in SReglicaz Market Economies

So far, analysis of the NS condition has been confined to finite economies
E. 1In this Section we consider the economy Ek' the k-fold replica of E, and
a definition of asymptotic-NS for the sequence of economies {Ek}' Enlarging the
economy in this way, we can achieve for almost all replica market economies, E,» what
is almost never true of £ - the equivalence of WE and NS allocations.

For each 1 = 1, ..., n in E there are exactly k agents in Ek whose preferences

and endowments are identical to 1 —- {i.e., P1h =P and w h=1, ..., k.

1 1 1
If X is an allocation in £, 1let Xk be the replicated allocation in Ek’ where for

each 1 = 1, ..., n, x h=1, ..., ko

= X,
ih i

Denote by Eéj) the "economy" consisting of all the members of Ek excluding
P . 6D

one member of type j, j = 1, ..., n. Let Vi + (Eilow and let

h)
Rkj)(X) = R(j)(x(j)) + ( k )Rj(x ). Then kwéj) represents the sum total of initial
endowments in Eéj) and kRkJ)(X) represents the set of total resources which must

be available to the members of Eéj) in order that each of them be able to receive

a vector of goods as least as desirable as they receive in Xk

(j) z( i) ( )zj éj) € Rl, satisfies

NI PN T
then kzéj) would represent sufficient resources which when added to the sum total
kwéj) already available,would allow the members of Eéj) to do at least as well
by trading amongst themselves as they could do by trading with j to obtain the
allocation X, . If we measure the size of z(j) by the Euclidean distance of the

k
(1 from the origin of Rl, denoted by Ilz(J)||, then the minimum value of

vector z,
kllz(j)ll gives a rough indication of the monopoly power of agent j relative to
the allocation Xk' It 1s a rough measure of how far Xk is from being an NS

allocation, with respect to agent j,and it coincides with NS when [[zéJ)l' = 0.
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We shall say that the sequence of allocations'{xk} for'{Ek} is asymptotically
no-surplus (ANS) if for each j = 1, ..., n, there exists a sequence zéj) such that

o 2 ¢ 2 (), ana
(ANS)

Kz ] o

The requirement k||z£j)|1 + 0 means that to satisfy ANS not only must the

surplus contributed by any agent to any other agent go to zero as k increases but

it must diminish suffictiently rapidly so that the surplus contributed by any agen;
to all other agents goes to zero. |

It 1s perhaps not so obvious that a WE for a sequence of replica economies
will Satisfy ANS because an increase in k, although it increases the number of
directly competing suppliers, also increases the number .of agents from whom
one might be able to extract a small surplus. Nevertheless, with one mild
qualification, we may obtain the desired conclusion as a consequence of the over-
whelming substitution possibilities in market ecohomies - aﬁsence of economy;wide

gains from trade.la' 14

The qualification we shall need amounts to ruling out sudden changes in’
marginal rates of substitution or kinks in indifference (hyper~) surfaces. Such

kinks, if they occur at a WE allocation, are an obstacle to the required speed of
convergence for ]|zéj)ll.

For an allocation X for E, define x(j)[k] = (Eilbx(j) + %-w(j), a convex
combination of the sum of the resources received by E(j) in X(j) and the resources
with which they'are initially endowed. The allocation X satisfies preference-price
continuity (PPC) if for each j = 1, «eey, n and sequence'{bij)}, péj) € R2
||§£j)]| = 1 such that, '




2

Note that since x(j)[k] > x(j), PPC implies that (X,p) is an EM pair.

In Section III it was observed that for finite economies the indeterminacy
of equilibrium and the related failure of a WE allocation to satisfy NS is due
to the fact that the NNS condition, which places a hypothetical upper bound oﬁ
what éach agent could expect to gain from trade, does not generally yield a
determinate lower bound. To exhibit the remarkable differences Eetween finite and
market econom:l.es,15 we show that for the latter NNS is all that is needed to establish
determinacy. From the following two Propositions we may conclude that as the
condition of being a market economy is approached, the upper bound on monopoly
power converges to the lower bound of NS, or no monopoly power at all.

Recall that the allocation X satisfies NNS for E if for each =1, ..., n,

W9 ¢ P(j)(x(j)). Therefore, X, satisfies NNS for E if for each j,

3 4 oD py o @) D)y, k=l
Vie ¢ Pk (X) =P (X)) + ( k )Pj(xj)

PROPOSITION 6: 1f the allocation X satisfies PPC for E and {Xk} satisfies NNS

for {Ek}, then X is a QE.16

To establish that NNS implies ANS and to show the equivalence of QE and ANS

in market economies, we have:

PROPOSITION 7: Let X be PO for E, If {x } is ANs, there is a p such that (X,p)
1s a QE; and, if (X,p) is a QE for € then, provided X satisfies
PPC, {X } is ANs.

As in Section IV, we could go on to give a definition of almost perfectly
elastic demands or prices that we asymptotically PD. Unlike the construction in
1V, it would not be necessary to enlarge the commodity space indefinitely so as
to permit each agent to be the unique supplier of its own goods. We need only

distinguish between the goods initially held by one j and all other goods, held
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.

by members of Eéj). With this construction an analogue of Proposition 3 may be
demonstrated that for an EM pair (X,p) in E,'{Xk} is ANS if and only 1if p is
asymptotically PD. Rather than proceed with the formal details we shall give
a geometrical argument on which the formal proofs of Propositions 6 and 7 also
rely.

Suppose there are only two types of agents, type 1 initially owning commodity
1 and type 2, commodity 2. We plot the‘situation for a typical member of type 2

in Figure 1, where p is WE price vector and v, and x, are, respectively, the initial

and WE allogations for a member of type 2.

Good 2

Figure 1

To establish that p is PD and that x, is part of an NS allocation, at least

asymptotically, consider a single member of type 1 attempting to impose a more
favorable exchange rate for itself than pllpz. If all other traders are transacting
at the rate pllpz. all traders of type 2 will first go to the other and lower-priced

type 1 traders. Assuming that they have similar experience in making exchanges,
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the type 1 traders will be able to sell all they wish at the WE exchange rates
while the type 2 traders will be able to obtain most of what they would like,

If there are k of each type, each type 2 trader will be able to obtain
%[kl = &b, + Qv, = X = 5lxy = wy)

After having gone to the lower-priced type 1 traders, they may look to the
remaining trader of type 1. If the latter sets an exchange rate p > pi/p:, where
P = (p?,‘pg) is orthogonal to the tangent vector at xz[k], his customers will not
find additional purchases advantageous' and he will sell nothing, At p > P:/pg
type 2 traders would wish to sell, not buy, commodity 1.

We may take P %, as an upper bound on the total revenué that the non-conforming

member of type 1 could possibly extract from each member of type 2, where z

satisfies
min (xz[k] tz)e R, (x,).
™

If the WE is ANS, k|lzk|| + 0 and therefore kp,z, > 0 so that the elasticity
of demand increases without bound. Conversely, if the elasticity of demand is
increasing without bound, kphzk -+ 0,

To show that PPC is necessary for our results we show how ANS fails without it.
EXAMPLE 4: Consider the economy of equal numbers of type 1 and type 2 traders

illustrated by the Edgeworth box of Figure 2.
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No matter what the value of k, the core and WE allocations of Ek coincide.
They consist of all points all the line AB. If we consider the economy Eél)ot
the economy Eézz then no matter what the value of k the core and WE allocations
consist only of the point A or B, respectively.

The example is of some historical interest because of its similarity to
Edgeworth's master-servant example in which each master has need of only one servant
and one gervant cannot serve two masters. If the minimum wage at which servants
would offer themselves is a and the maximum wage at which masters would accept in
b, Edgeworth noted that as long as there are an equal number of masters and servants,
then no matter how many there are the equilibrium wage is indeterminate, lying
somewhere between a and b (a < b). If there is one more master than servant (or
one more servant than master) indeterminacy disappears and the wage rate becomes
b (or a). Edgeworth attributed the indeterminacy to the indivisibility of the
good ''domestic service' and on the basis of his example modified his proposition
that large numbers of traders in a market lead to a determinate outcome only when
goods are divisible. The self-evident similarity of the master-servant example
to Example 4, in which goods are divisible, suggests that some other explanation
is called for. What is common to Edgeworth's example and Example 4 is the failure
of (A)NS. |

To see this, consider the WE gllocation X= (xl, x2) in Figure 2 replicated k
times for Ek and consider how close the members of Eél)can come to doing as well.
From the preceeding comments, all of the type 1 traders can be given x, and each

1
of the type 2's may receive xZ[k] =X, - %-(x2 - w2). It would then require z,
additional resources to minimize, with respect to Euclidean distance, the amounts
of additional resources necessary for type 2 agents to be as well off as they are

with Xy e 1f we double k, we may decrease the additional resources to make each

type 2 agent as well to Z50 but we cannot decrease the amounts by more than
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one-half -- i.e., 2||z2k|l - ||zk||. Thus, the influence of any type 1 agent,
measured in this way, does not decrease as k increases, and {Xk} is not ANS.
Conaeqﬁently, elasticity of demand will not increase with k.

Assuming that other traders are transacting at the WE prices p corresponding
to X, the maximum exchange rate a seller of type 1 can set, without losing all
his business, does not go to p as k increases. After the type 2 traders have
purchased all that the (k - 1) type 1 traders are willing to supply at p, she
remaining type 1 trader can offer any exchange rate p such that gi <p < ;ﬁ-and
sell, when k is large, as much of commodity 1 as it likes.

It might be conjectured that the failure of ANS in Example 4 is solely a result
of the failure of the WE price correspondence to be continuous. We conclude this
Section with examples showing that such a conjecture is false in both directions.
EXAMPLE 5 (Price Continuity " ANS): The economy described by Figure 3 represents
a slight modification of the previous example such that the rays along which the

indifference curves of the two traders are kinked intersect at only one point X

which is the unique WE allocation at the price vector p.

Ol
s -
-
-
—
—
p=(pl’p2)
—>
\ 4

Figure 3
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As we replicate the economy, the core continuously shrinks to'Xk and ;f we
consider the WE allocations and prices in Eél) or Eﬁz), they will be uniqug and
approach X, and p continuously. Nevertheless, ANS does not hold and for precisely
the same reasons as outlined for the economy of Example 4.

EXAMPLE 6 (ANS ¥ Price Continuity):l7 The example is illustrated by Figure 4.

Indifference curve of both traders are drawn to be differentiable in the interior

of Ri. The set of WE allocations lie along AB and the set of WE prices consist of
Py 4, P, ’ -
all q € Ri such that ;l-j.al-f_;%u Since PPC is satisfied at every WE allocatiom,
2 2 2

by Proposition 7 as we replicate the economy any WE is ANS.

p=(p; ,p,)

p'=(pis Pé)

Figure U4
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Let cl(q) be the excess demand by a type 1 trader for commodity 1 and let

cz(q) be similarly defined for type 2, where q € Ri. Since el(q) + ez(q) = 0 for

P, 4 p;
all q such that i Y —%3 it follows that (k-1l)e, (q) + ke,(q) # 0 for all such
P, "9 TP 1 2

q. Therefore, all WE price vectors in Eél) are far from say q = %(p + p'), a WE
price vector in Ek’ no matter how large is k.

The discontinuity of WE prices in this example may be contrasted with the
discontinuity in Example 4, In both cases, to obtain an exact WE in Eél) right
require a substantial change in prices. Nevertheless, the failure of ANS in
Example 4 méans that the economy Eél) cannot come within a certain "distance" of
obtaining all the gains from trade possible in a WE allocation for Ek involving
trade with the additional member of type 1 and the latter may extract the surplus
apparently attributable to him by setting a higher price for his supply of commodity
1. However, the presence of ANS in Example 6 means thatifél) can come arbitrarily
close, as k increases, to obtaining all the gains from trade in a WE of Ek? even
vhile trading at WE prices for E k® ° that although exact market clearance in E él)
might require a substantial increase in the price of commodity 1 and a loss in

welfare to each of the type 2 traders, a single member of type 1 is powerless to

exploit this.
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VIII. An Alternative Interpretation of the Equivalence Theorem

The formulation of competitive bargaining as costless multilateral contracting
and recontracting that we now call the core allowed Edgeworth to demonstrate two
points he regarded as fundamental. First, he showed that with small numbers, the

theory of value could say little because the outcome is indeterminate. He

criticized Cournot's theory of duopoly:

"... not merely because the solution given by Cournot in the particular
case put by him -- namely, where two competitors deal in an article
which, like the supplies from a mineral spring, can be multiplied without
expense (Recherches, Art. 43) -- is [technically] erroneous, but rather
because he has missed the general theorem: that the solution is
indeterminate where the number of competitors is small."

(Edgeworth, Collected Papers, Vol. 3, p. 110)

Second, he was able to demonstrate using the same theory as in the small numbers
case that in a market with large numbers of buyers and sellers the outcome is
determinate and is a WE. He criticized Walras' approach to stability:

He describes a way rather than the way by which economic equilibrium is
reached. For we have no general dynamical theory determining the path
of the economic system from any point assigned at random to a position
of equilibrium., We know only the statical properties of the position;
as Jevons's analogy of .the lever implies. Walras's laboured description
of prices set up or "cried" in the market is calculated to divert
attention from a sort of higgling which may be regarded as more
fundamental than his conception, the process of recontract as described
in these pages and in an earlier essay, It is believed to be a more
elementary manifestation of the propensity to truck than even the effort
to buy in the cheapest and sell in the dearest market. The proposition
that there is only one price in a perfect market may be regarded as
deducible from the more axiomatic principle of recontract (Mathematical
Psychics, p. 40 and context).

(Edgeworth, Collected Papers, Vol. 2, pp. 311-312)
Retracing the péch Edgeworth mapped out, and later writers rediscovered and
brilliantly extended, we find it unnecessary to invoke the éore to make these
points. We need only appeal to the absence of a PO-NS allocation with small numbers
to establish indeterminacy and the presence of such an allocation in market

economies to deduce determinacy. Going beyond this to obtain Equivalence, we find
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certain anomalies. Equivalence 1s neither necessary nor sufficient to rationalize
the determinacy of WE, at least not if our definition of determinacy depends on
perfectly elastic demands. Nevertheless, Examples 2-5, above, illustrating these
anomalies are in one way or another exceptional and, broadly-speaking, Igequivalence
does coincide with less than perfectly elastic demands for WE in finite economies
simply because such economies rarely contain PD price vectors and Equivalence does
coincide with perfectly elastic demands in market econémies because such economies
almost always satisfy ANS. One might therefore wish to summarize the results of
this paper by saying that our approach represents a mathematical refinement of the
core approach in which we look only to the equivalence or inequivalence of the NNS
condition and WE -- i.e., NS, Conceptually, however, this change with its
interpretation in terms of elasticities of demand rather than core bargaining is
basic.

The Equivalence Theorem is interpreted as an explanation of the stability of
WE vwhere stability is defined with respect to all the core conditions not simply
NNS. Put this way, the Equivalence Theorem exhibits the dependence of PCE on
the notion of the core. Appealing to Propositions 6 and 7 and their connections
with the traditional characterization of PCE in terms of elasticities of demand
(Proposition 3), we may arrive at a quite different interpretation. Equivalence
occurs in market economies because WE are perfectly competitive. Put this way,
the Equivalence depends on PCE and the concept of PCE stands unsupported by the

core. There is much to be said for this stance.

If we consider the core as a possible foundation for competitive equilibrium,
we will have admitted at a fairlz fundamental level an economic logic -- costless
multi-lateral contract -- that is foreign to the entire superstructure of economic

theory. To take just one illustration, recall the well-known quotation from

A, Smith:
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People of the same trade seldom meet together, even for merriment and
diversion, but the conversation ends in a conspiracy against the public,
or in some contrivance to raise prices. :

(Wealth of Nations, ed. Canaan, p. 128)
According to the core there need be no cause for concern since a portion of the
public can also meet with some members of that‘trade and conspire to disrupt the
conspitacy! Such costless symmetry in the abilities of groups to cooperate was
implicitly rejected by Smith and certainly the majority of later writers in their
treatments of both perfectly and imperfectly competitive equilibrium. To go

further, such a rejection is the starting point for any decentralized theory of

resource allocation.

IX. Proofs

Proof of Proposition 2 (PD => QE): Let p be PD. By (A.l) there exists

X = (ii) such that (i, p) is EM, where X is not necessarily a feasible allocation.
From the hypothesis that p is PD, for each J and any q(p;j) and X i+#3,

such that (a) q(p;j)(xi-wi) = 0 and (b) (q(p:j) - P)xi ¥ 0, wd) e I Pi(xi)'
145
Since x, can be chosen to satisfy (a) and (b) while being arbitrarily close to

ii' we have by (A.1) and (A.2) that w(j) € R(j)(i(j)) -- i.e., there exists yi(j),
i #3J, such that

7,) € RG) and Ty (g) =,

i 195

Because (X,p) is EM, pyi(j) z_pii; however, since q(p;j) can be chosen

arbitrarily close to p, we must have pyi(j) - pii, 143,

Let x, = ~i_ Ly (). Then X = (x,) is an allocation for € because
i n-1 j i i

- -t -l 1 1
x zxi —— f § Yi(J) —1 Lz yi(j) -‘;_:_I T w 1 _ v.

ji 3
Also, since x; 1s a convex combination of elements of Ri(ii), x, € Ri(ii); and,

1 ~
PXy = 7P ;3 v (1) = px,.
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To show that (X,p) 1s a QE it only remains to show that (X,p) is EM. Suppose

the contrary that there exists an xi such that pxi < 129

pxi < pii and by transitivity of R, x! € R(ii). contradicting the hypothesis that

]
and Xy € Ri(xi)' Then

1
(X,p) is EM.

Proof of Proposition 3 (NS @ PD): To show PD => NS when (X,p) is EM and p is

PD simply repeat the first two paragraphs of the proof of Proposition 2,
To show NS => PD when (X,p) is EM and X is NS, we have from Proposition 1
that if (X,p) is EM and X is NS, then (X,p) is a QE, so that Px, = pw,. Because

X is NS, for each j there is a Yy i # j, such that v, € Ri(xi) and I v = w(j)
id3

Therefore, py, > px, = pw, and the fact that I y, = w(j) implies that for all
b S § i 144 i
1413,
pyi = pxi - pwi.

Let ii' i4 3, satisfy Q(P;j)(ii-wi) = 0. By construction of q(p;j),
- < . > == . = X = ’ - x =
PX, __q(P.:l)x1 ! q(p,J)wi pv . Further, PX; = pw, if and only 1if (q(p;3) p)xi 0.

To show that p is PD we must establish that pii = pw, implies v, € Ri(ii).
If not, the assumption of completeness of R, means ii € Pi(yi)' By (A.l) and

i
- 2’ | ] \]
PV, = Py, ¥ min PR/, there exists X such that x; € Pi(yi) and Px; <Py, PX, .
But by tramsitivity of Ri and the hypothesis that X is NS, so Yy € Ri(xi)’ ve
would have xi € Ri(xi)’ contradicting the fact that (X,p) is EM,
If pii < PV, which means (q(p;j) - p)ii # 0, a similar argument shows that

yy € Pi(ii), thus establishing that p is PD.

Proof of Proposition 4 (GNS => QE): From the hypothesis that X is PO, there exists

a p such that (X,p) is EM. From the hypothesis that X satisfies GNS for the

balanced collection B = {S}, w € RS(XS), and therefore pws z_pxs 1f pws > pxs

for at least one S € B, then because I bs = 1, we would have
SeB
i
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p 2z bsws =pL I b W - p w, z bs = pw
SeB i

>p L bsxs =pLl I bsws = pri st = px.
SeB i SEBi i

This contradicts w = x and therefore for all SeB,

s
(1) pvs = px .

Define p(x i) s i=1, ..;, n. From (1), for each SeBi,

(2) r,+ Lr, =0,
1 yesd
it
Multiplying equation (2) by bS for SeBi and summing, we obtain

I b(r, + Zr)= [ (bs i) + L (L bs)rj

S 3j
SeB jes SeB j#i SeB
1 3% test jeSi
3) =a .r,+ La =0,
14717 4% Ty

For each i=1, ..., n there_is an equation (3) and these n equations in the
n unknowns r = (rl,...,rn) can be written in matrix form as
Ar = 0,
where A is the matrix A(B) associated with the regularly balanced collection B.

Since A has an inverse, Ar = 0 implies r = 0. Therefore (X,p) is a QE.

P 6 S=> QE): Let

It is easily verified that y(j) éj) and since Xk satisfies NNS, yéj) ¢ Péj)(x).

Therefore, there exists p(j) € R such that

@ pPy® <, .
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By construction yéj) *+ x and by PPC, péj) + p. Therefore Px < pP(X) and by (A.2)
we have px < pR(X) so that (X,p) is EM, It only remains to show that PX, = pw,

to show that (X,p) is a QE.

Frqm (1) and (2), plﬁj)[x(j) - -llc-'(x(j)- w(j)) + (-l-(-l-:i)xj] < pk(x(j) + (};;-}-)xj).

This reduces to 0 < péj)(x(j)- w(j)) and by PPC to

From (3) and the fact that x = w it follows that Px; = pw,.

Proof of Proposition 7 (ANS <@=> QE): By hypothesis X is PO. Therefore, there

" exists p such that (X,p) is EM,

To show ANS => QE, let (Wéj)+zéj)) € Réj)(x). Then

pxéj) - P 4 (kl-?l.)xj) > pwd 4 (l‘i—l-wj + zéj)) - p(wé:l)af zém.

Multiplying the above inequality by k and rearranging terms we obtain

()

kp(x(j)- w(j)) + (k—l)p(xj-wj)'i kpzk

By ANS, kpzéj) *+ 0, from which it follows that since kp(x-w) = 0, p(x ~wj) =0,

for all § = 1, ..., n, and therefore (X,p) is a QE. j

To show that if (X,p) is a QE, {x} 1s ANS, let ylﬁj) - x(j)[k] + (%';l)xj.
stnce y 1 = w1 x[] (- EDHxD 4 @u®) ¢ kP« D) for some k, then
by convextty of R x), x D[R] ¢ k@ xDy for a11F > k and we may set

llzéj)ll = 0 such that wﬁj) + zéj) € Réj)(x). Therefore assume x(j)[k] ¢ R(j)(x(j))

Let zéj) satisfy (x(j)[k] + zéj)) £ R(j)(x(j)) and
W 0 <[P} < 1RP Dy - D).
Note that since yéj) = x(j)[k] + (-E-E-l-)xj - wéj), if (x(j)[k] + zéj)) € R(j)(x(j)),

then (yéj)+ zéj)) e,Réj)(X) and to establish ANS we need only show that for the
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above construction of zéj), k||zéj)|| + 0.
. The standard method of proof for the Separation Theorem shows that when

x(j)[k] 4 R(j)(x(j)), where R(j) is closed and convex, and zéj) is defined by
(1), if we set ’

<)) ‘S)
(2) Py 'm.

we shall obtain

NSPMCHTI oD P + 50 < p O x W,

Since x(j) € R(j)(X(j)), we have 0 <Ipéj)zéj).§ péj)(x(j)- x(j)[k]) which can
be rewritten as

G )ING))
kpk zk <1

¥ 0 < <
ROFROMON

after substituting the definition of x(j)[k].
By PPC, péj) + p and since p(x(j)- w(j)) = 0, because (X,p) is a QE, the
denominator of (3), péj)(x(j)- w(j)X<+ 0. Therefore, the numerator of (3)

approaches zero which means after substituting (1) for péj) that

&)
k
4, ) " 1) _ Wy .

as was to be shown.
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Footnotes

*This wofk was supported by National Science Foundation Grant SOC74-17982,
**Much of the material presented here was worked out in discussions with Louis
Makowski. Since a first draft of this paper was written, Makowski [1976] has
shown that the no-surplus condition may be applied to economies with production.
Conversations with Juan Urrutia helped me to clarify the presentation of
Sections VII and VIII and to streamline the proofs of Propositions 6 and 7.
I have also benefited from comments by Ted Bergstrom, Bryan Ellickson,

Oliver Hart and Robert Jones.

1, Statements of Lyapunov's Theorem and its role in proving Equivalence and
existence of WE in market economies are found in Vind [1964] and Aumann [1966].

The phenomenon of absence of economy-wide gains from trade in market economies
may be seen in the papers of Schmeidler [1972] and Grodal [1972], although this
is not their emphasis.
2. The importance of "one-fewer" sets of agents for competitive theory was
suggested by an example that Robert Aumann showed me from the Aumann-Shapley [1974]
theory of non-atomic games to refute my conjecture that absence of economy-wide
gains from trade was a necessary condition for Equivalence.
3. Ri is complete if for any Xys xi, either x; € Ri(xi) or x! € Ri(xi)’ and P, is

i i
? " \j L 1" ”
transitive if for any X;s X4, and x{» X5 € Pi(xi)’ xj € Pi(xi) implies x, € Pi(x1)°
Although these assumptions are superfluous for the existence of a WE (see Gale
and Mas-Colell [1975]), it does not appear possible to dispense with them entirely
here because transitivity and completeness provide added possibilities for

substitution in each agent's preferences which we find necessary to guarantee that

a WE is a PCE. See Propositions 2 and 3, below.



-39~

4. The usual definition of PO is more demanding. It says that X is PO only if
there is no other allocation that all the members of E would find as desirable
and at least one member would find more desirable -- i.e., X satisfles for each

j=1l,...,n, x ¢ (Pj(xj) + iini(xi)).

5. See Debreu [1962],

6. Also, if pxili nin pki, our weaker definition of PO coincides with the usual
one.

7. It may be objected that as an upper bound on how much an agent could conceivably
expect to gain from trade NNS is too conservative if it depends on the capacity of
each member of E(j) separately to perceive the disadvantages of dealing with j§.

This observation simply reinforces the argument for indeterminacy that we draw from
NNS.

8. Preferences are strictly convex if for any two distinct elements of Ri(xi)’ the
line segment joining them lies in Pi(xi)'

9. Non-uniform pricing does not necessarily indicate non-price~taking behavior,
Makowski [1975] has shown that if the costs of transacting vary with the number of
traders with which one deals, perfectly competitive pricing will take the form of

a price schedule that varies with quantity. Here, however, because we have assumed
that preferences and consumption sets are convex and there are no costs of exchange,
perfectly competitive pricing must be uniform.

10. The above definition of the core departs from the standard one in the same way
that our definition of PO departs from the standard. (See footnote 4.) The standard
definition requires not only w ¢ PS(XS), but for each j € S,

ws 4 (Pj(xj) + Z Ri<xi))' For our purposes, the distinctions may be ignored.

ies
144
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11. Such a finding has already been reported for economies composed of a
(non~-atomic) continuum of agents and large or atomic agents. See Gabszewicz and
Mertens [1971] and Shitovitz [1973]. iThey constructed classes of economies
exhibiting Equivalence despite the fact that the large traders would not be
considered perfect competitors -- i.e,, WE prices would not be PD, Example 2
shows that such curiosa also occur in purely atomic economies and Proposition 4
gives a set of sufficient conditions for constructing them.

12. To demonstrate that this vector of utilities is in the core, note that is it
PO, 80 if a coalition can do bettér for itself it must contain individual 1.
Clearly, 1 cannot do better by itself and the coalitions 11, 1 = 2, 3, 4 cannot
give 1 as much as uy "% because each agent i has at most one unit of commodity
c(= 1) to share. Finally, any three-person coalition II?, igj = 2, 3, 4 cannot
give both 1 and j as much as u, = uj -~% because they do not have more than one
unit of each of commodities c¢(= i) and d(= j) to share.

It would appear that the "kinks" in this Example, although they simplify the
demonstration, are not essential because the two- and three-person coalitions lie
outside of some c-neighborhood of being able to improve upon the stated vector of
utilities, If the utility functions were smoothed in the region of the kinks while
keeping the radius of curvature small, similar results should also obtain.

13. The ANS property of WE is undoubtedly related to results on the speed of
convergence of the core to WE at the rate %5 See Debreu [1975]. Nevertheless, the
relation is not as close as one might suspect. Shapley [1976] has constructed a
class of examples of core convergence such that for any rate, however slow, there
is an economy converging as slowly. But for each of Shapley's examples we have

ANS or k||z£3)|| + 0, Further, for an example that converges infinitely rapidly --

see Example 4, below and also Shapley -- ANS fails.
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14. In an economy where traders do not supply goods that simply duplicate what is

already available from many others, then even though they may be numerous, the

J

analogue of kllzé )|| + 0, which would measure the surplus contributed by a

small-scale trader relative to its size, would be problematic.

15. ‘More generally, the differences are between economies with and economies
without economy-wide gains from trade,

16. Proposition 6 is similar to a result obtained by Hansen.[l969]. He showed
that 1if X is PO and ka} satisfies the non-negative surplus condition, not for
each j=1,...,n, but for each group consisting of all the membeq of type j and all

but one of the members of each of the other types -~ 1i.e,,

(kwj + (k-l)iijwi) ¢ (kPj(xj) + (k-l)iijPi(xi)).

then X is a QE. Hansen used this result to show that under conditions similar to
PPC convergence of the core could be obtained ﬁhile appealing only to a small
subset of the core conditions, provided that preférences are complete, transitive
and strictly convex,

17. This example is due to Guy Laroque.



-42-

References

Aumann, R, J. [1964]: "Markets with a Continuum of Traders" Econometrica,
32, 39-50.

, [1966]: "Existence of Competitive Equilibria in Markets with a Continuum
of Traders," Econometrica, 34, 1-17.

, and L. S, Shapley [1974]: Values of Non-Atomic Games, Princeton.

Debreu, G. [1962]: "New Concepts and Techniques for Equilibrium Analysis,"
International Economic Review, 3, 257-273.

, [1975]: "The Rate of Convergence of an Economy," Journal of Mathematical
Economics, 2(1), 1-8.

Edgeworth, F. Y. [1881]: Mathematical Psychics, Kegan Paul, London.

, [1925]: Papers Relating to Political Economy, 3 vols., Burt Franklin,
New York. A

Gabszewicz, J. and J. F. Mertens [1971]: "An Equivalence Theorem for the Core
of an Economy Whose Atoms Are Not 'too' Big," Econometrica, 39, 713-721.

Gale, D. and A. Mas-Colell [1975]: "An Equilibrium Existence Theorem for a General
Model without Ordered Preferences," Journal of Mathematical Economics, 2, 9-16.

Grodal, B, [1972]: "A Second Remark on the Core of an Atomless Economy," Econometrica,
40, 579-580,

Hansen, T, [1969]: "A Note on the Limit of the Core of an Exchange Economy,"
International Economic Review, 10, 479-483.

Makowski, L. [1975]: "Value Theory with Personalized Trading,” unpublished
. manusacript,

, [1976]: "A Characterization of Perfectly Competitive Economies with
Firms," unpublished manuscript. '

Roberts, D. and A. Postlewaite [1976]: "The Incentives for Price~Taking Behavior
in Large Exchange Economies," Econometrica, 44, 115-128.

Schmeidler, D. [1972]: "A Remark on the Core of an Atomless Economy," Econometrica,
40, 579-580.

Shafer, W. and H. Sonnenschein [1975]: "Equilibrium in an Abstract Economy without
Ordered Preferences," Journal of Mathematical Economics, 2, 345-348.

Scarf, H. [1967]: "The Core of an n-Person Economy," Econometrica, 35, 50-69.

Shapley, L.S. [1967]: "On Balanced Sets and Cores," Naval Research Logistics
Quarterly, 14, 453-460.

,» [1975]: "An Example of a Slow-Converging Core," International Economic
Review, 6, 345-351.




43—

Shitovitz, B. [1974]: "Oligopoly in Markets with a Continuum of Traders,"
Econometrica, 41, 467-501,

Smith, A. [1776]: Wealth of Nations, ed. Canaan, Random House, New York, 1937.

Vind, K. [1964]): "Edgeworth-allocations in an Exchange Economy with Many Traders,"
International Economic Review, 5, 165-177.




