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In the Walrasian definition of competitive equilibrium, attention is
confined to the consistency of individuals® plans on the presumption that
each agent regards itself as a price-taker. Thus, Walrasian equilibrium
may exist where there is no supporting evidence for that presumption - €.2.,
in an economy with a small number of agents, The self-imposed limitations
of the definition imply that it describes necessary but not sufficient con-
ditions for perfectly competitive equilibrium - i.e., an equilibrium for
which the presumption of price-taking is justified. In this paper we pro-
pose an alternative definition that brings out the perfectly competitive
character of the equilibrium that is implicitly behind the usual interpre-
tation.

The approach adopted here has as a basic premise that the description
of perfect competition should be invariant to the number of agents, Contrary
to what appears to be the typical view that it is logically tied to the study
of economies with large numbers of agents, we find that an analysis of the
conditions for perfectly competitive equilibrium with small numbers yields
a characterization that is essentially the same as it is for large, What
differs between econamies with small and large numbers is simply the like-

lihood of its occurrence,
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Consider a group of agents and an allocation that maximizes the utility
of one of them, say Jj, subject to requirement that the others are made no
worse off than they would be by reallocating resources amongst themselves,
without ;] At such an allocation, J 1is extracting all the gains from
trade he might reasonably expect by, as it were, joining the econamy; and,
the others may be receiving absolutely no surplus from the presence of j.
Suppose an economy exhibits an allocation that simultaneously fulfills this
condition for all agents taken one at a time. Such a situation is a special

case of what will be called a no-surplus allocation that we propose as an al-

ternative to the Walrasian definition of competitive equilibrium.

Some justification for the proposed definition are the following:

(1) Whether the number of agents is large or small, a no-surplus
allocation is a Walrasian equilibrium,

(2) A no-surplus allocation is equivalent to the condition that
each agent faces perfectly elastic demand schedules, at
Walrasian prices, for the goods it sells.

(3) Although almost all Walrasian allocations in economies with
small numbers are not no-surplus, in economies with large numbers

and a finite number of commodities aslmost all Walrasian allocations are.

In this paper we shall demonstrate (1) - (3) for the most elementary
but nevertheless representative case of finite exchange economies and for
sequences of exchange econamies consisting of replicas of a fixed finite
econamy. A novelty of the demonstration is that for large economies we
shall permit the presence of external effects, More general sequences of
econanies exhibit similar conclusions (See Ostroy [1977]). Rela;ted results

have been established by Makowski [1977] for economies with production by firms,
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The concept of no-surplus is reminiscent of the marginal productivity
theory of distribution. With such an allocation each agent may be said to
be obtaining its marginal product and since this is true for all agents
simultaneously, the total product (allocation) may be said to be entirely
exhausted by the sum of the marginal products. (Compare the remarks at the
end of Section II, below.) The analogy is pointed out by Makowski and it is
shown in Ostroy [1978] that the marginal-productivity-product-exhaustion and
no-surplus descriptions of perfect competition are essentially equivalent
for economies with a continuum of traders.

In the final section, the no-surplus and core characterizations of
perfectly competitive equilibrium are compared. Elsewhere, we shall exhibit
the connections with the Shapley value (Shapley [1953]), and the concept of
incentive-compatibility of Walrasian equilibria (Roberts and Postlewaite
[1976]). Mas-Colell [1978] has shown that the no-surplus condition can be
used to abstract the common elements of the Core and Value Convergence

Theorems.
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I. NOTATION AND PRELIMINARY DEFINITIONS

The concepts and results below are formulated for an exchange economy

) i=n .
€= i(si’wi)}i=l’ where S, describes the preferences and Wy the

i
initial endowments of a typical agent i. It is assumed throughout that
the relevant commodity space is Rf_ so that e € Rf_. An allocation
is denoted by X = (xi), x; € Rf_; and, unless otherwise noted X will

also be assumed to satisfy the feasibility conditionm, Z‘.(xi - wi) = 0.

For an allocation X, Si(X) is a subset of Rf. If ye Si(X), then
i would prefer y to Xy given the allocations x:j in X for ;l i.
Iet 95,(X) be the Rf-boundary of $,;(X) - the set of points in the closure
of Si(X) that does not belong to its Rf_-interior. For each i = 1,...,n

and X = (xi), assumptions on preferences will include (some of) the

following:
9
A x; £ Si(X) and Si(X) is open in R,
: 3
A x; € Si(X)
A3: P ¢€ Re, p # 0, inf p[Si(X) - wi] =0 and y ¢ Si(X) implies
p(y - wi) > o'
Ay Si(X) is convex
A M X' = ! '. = B . ' = .
5 (xi) and X} = Xy implies SJ (X*) SJ (X)
A : {(y,5,(X)): y €S,(X)} 1s open in Rlx(Rﬂx sz)
6 "™y ) i + + 700 +

n
Consistent with the interpretation of S i(X) as indicating strictly

preferred elements, Al says that the underlying preference ordering is
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irreflexive and Si(X) does not contain its boundary, A2 is a version of

local nonsatiation that also implies Si(X) is not empty. A3 rules out

the possible difficulties that arise from the fact that Si(X) is merely
’
R -open. If inf p[Si(X) - wi] =0 and pw, # 0, it is well known that

A, 1is superfluous. However, since the conditions that would guarantee

3
Dy # O are not otherwise needed for the results below, we simply impose A

3
Note that A3 obviates the need for any assumptions on w, or Zwi being in
the Interior of Ri. Ah is essential for a linear price description of per-
fectly competitive, Walrasian equilibrium. A5 says that an agent's pre-
ferences are unaffected by any part of the allocation that is not assigned
to the agent - i.e., there are no external effects. The continuity condition,
A6’ will not be used in any of the formal results but it will be called upon,
informally, to extend same conclusions,

In the following we shall be concerned with the influence of any single

agent J on the rest of the econamy and it will be convenient to adopt the

convention in which (')J indicates the corresponding sum excluding j.

J_ J_ . s
Si(X), wY o= Z‘%j w, and x¥ = Zi#j X . Similarly, we

Ix) =
Thus, S (X) = Z.?! ]

1#d
shall use (-)O to indicate that the sum excludes no agent. Thus,

SO(X) = ZSi(X), wo = Zwi and xo

Ex..
i

RAMARK 1. Since 3x, = w, A, implies that the condition w2 ¢ SO(x)

2
is equivalent to W0 e aso(x). With AS, W e 8so(x) has the usual inter-
pretation that X 1is Pareto-optimal - there is no other feasible allocation

that would be preferred by all agents. However, without AS’ if wO € BSO(X)

no such conclusion is warranted., We can only maintain the rather trivial
implication that if any agent is to reach a more preferred allocation with-

out relying on trade with others, total resources must be other than wo.




-6-

II. THE NO-SURPIUS CONDITION

For the following definitions and throughout the remainder of the paper
Al and AQ are assumed,

Trade 1s productive for all the members of € whenever there exists an
allocation X = (xi) such that each agent can achieve a surplus through
trade - i.e., x, € Si(W), where W = (wi) is the initial allocation. We
may say that the surplus produced through trade is maximal when X 1is

Pareto-optimal (PO),

0

PO: W e 38 (X).

Following the logic of marginal productivity theory, can an allocation be
found that uniquely imputes the total surplus produced through trade to the
separate contributions of the participating agents? To formulate this condi-
tion we require that each agent receive neither more nor less than its mar-

ginal product.

For an exchange economy, we shall say that at the allocation X no

agent is receiving more than it is worth if it satisfies the non-negative

surplus (NNS) condition.
NS : wl ¢ 89(x), J=1,...,n0.

NNS places an upper bound on the extent to which an agent can exploit its
monopoly power by saying, in effect, that no seller j can enforce an out-
come in which its customers would do better by refusing to deal with j and
going elsewhere,

At an allocation X no agent is receiving less than it is worth if it

satisfies the non-pesitive surplus (NPS) condition.




NPS: wl e cl Sj(X), J=1,...,n (cl = closure),

Otherwise, if w'j é cl Sj(X), J 1is contributing a positive surplus and can
therefore claim to be receiving less than it is worth to the rest of the
economy. (Unless there are no external effects, A5, the NNS and NPS condi-~
tions may not reflect their marginal productivity interpretations in finite
economies, See Remark 2, below.)

An allocation X satisfies NNS and NES if and only if w9 e 859(X),
J=1,...,n, where asj(x) the Rf-boundary of sj(x). To continue the
analogy with marginal productivity theory, if each agent is paid its marginal
product, will the sum of the payments just exhaust the total product? For
an exchange economy, the question is whether there exists a no-surplus (NS)

allocation - i.e., an X such that,

NS W e BSm(X), m=0,1,...,n.

We shall also define a no-surplus economy as an € such that

NS Economy: w9 ¢ SJ(X), i=1,...,m implies w" ¢ as™(X), m=0,1,...,n.

In an NS economy, a sufficient condition for an allocation to be NS is
that it be KNS, Since NNS 1is also necessary for NS, the defining
characteristic of an NS economy is that the NNS and NS conditions are
equivalent. (Note that if X 1is an NS allocation for €& this does not
imply the stronger condition that ¢ is itself NS.)

The geometrical properties that flow fram the convexity hypothesis, Ah’
can be exploited to give additional perspective on the concept of NS,

especially its relation to Walrasian equilibrum.,
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‘ .

Iet P= {peR Ilpl' = 1}, where !'.!| denotes the Euclidean norm,

be the set of vectors that are unit normals to hyperplanes in Rl. Define
Q(X) = {peP: inf p[s™(X) - w1 >0}, m=0,1,...,n.

If W ¢ s™(X), then Q(X) £ # and conversely, if A3 is assumed,
Q™(X) £ § will be shown to imply w' ¢ S%(X). This will be used to give a

description of X as an NS allocation in terms of the sets Qm(X).

THEOREM 1l: Iet € satisfy Al - Ah' Then X 1is an NS allocation

if and only if Q(X) # ¥, m=0,1,...,n, and

(1) Cx) cad(®), §=1,...,n
(i1) p € Q™(X) implies inf p[S™(X) - w"] =0, m = 0,1,...,n.

PROOF: If Q(X), m= 0,1,...,n satisfy (i) and (ii) and p € QO(X),

then inf p[SO(X) - wO] = inf p[Sj(X) - wj], j = 1l,...,n. By A,
(1) inf p[SO(X) - wO] = inf p[Sj(X) - wj] + inf p[Sj(X) - Wj]'

Therefore, inf p[Sj(X) - wj] = 0 and by A3 if y e sj(x), p(y - wj) > 0.
Thus, for any p € QO(X), if y e s, ply - W) >0, m=0,1,...,n0.
This and (ii) imply that w- £ s7(X), all m.

To show that we e BSm(X) it suffices to show that w© € cl Sm(X).
Suppose the contrary and let O # Hzm“ = inf“cl Sm(X) - wmh. By Ah and a

standard argument used in the proof of the Separation Theorem, we may set

(Hzmﬁ)-l z% ¢ P and obtain the conclusion that p € Q(X). But
04 p2" = ”zmH <inf pls™(x) - wm], contradicting (ii).
If X is NS, the Separation Theorem implies that CUx) £ ¢,

m=0,1,...,n. Let pe QO(X). Since w" e cl S®(X), inf pls™(X) - "] <0.
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Again by A, and (1), above, we may conclude that inf p[SY(X) - w'] = 0,
j=1,...,m. This establishes (i).
m m m m .
If peQ(X) and inf p[S (X) -w ] >0, then S (X) can be strictly
separated from W' which contradicts the fact that w" ¢ 85™(X). This

establishes (ii).

It has been demonstrated by Mas-Colell[1974] and Shafer and Sonnenschein
[1975] that only those properties of preferences embodied in Al - ALL and A6
are required for the existence of Walrasian equilibrum. Following this lead,
as well as a similar framework used by Vind [1964], the concept of NS is
also formulated so as to depend only on the geometrical character of the
preference mapping Si(X). Since these restrictions do not necessarily in-
clude completeness or transitivity, preferences need not be numerically
representable. Nevertheless, it is useful to interpret NS when
£ = {(ui,wi)}i:;, where u, Rﬁ - R 1is assumed to be a continuous function
representing the underlying complete and transitive preference ordering.

With Ag, 8,(X) 1is derived from u; as {y : u, (y) > ui(xi)}.

With numerically representable preferences, the allocation X = (xi)

produces the utility vector (ul(xl),...,un(xn)). let

Vm={V=(V

l""’vn) P vy < ui(xi), i 4 mand v e s™(X)}

for m=0,1,...,n. When m = O, v represents n-vectors of utilities
that can be exceeded by all the members of the economy and when m = 1,...,n,
by groups consisting of all but one member. Let vt be the boundary of
v, Arrow and Hahn [1972]show that without loss of generality we may take
8VO ={v:iv, >0, 2v, = 1}.

i~ i

Define
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i=n
U, = 1 - min 2 v,=mx (2 v, - 2 v.).
J 0 ifj I 0 =1 1 g4y ?
vedy ved\ -
vey! veyY

The scalar ﬁj represents an upper bound,in terms of utilities, on the value

added by Jj. It is obtained as the maximum that can be extracted from others
subject to the condition that they not be made worse off by dealing with j.

It is a utility measure of Jj's marginal product.

Fram the construction, it is clear that T 4, > 1 = sup 0 Z v,. When
J = vev J

% ﬁj >1, € exhibits increasing returns in the sense that if each agent

were paid its marginal product, the total product would be more than ex-

hausted. (The vector (ﬁl,..

say that € exhibits "locally" constant returns in the sense that it is

.,ﬁn) £ cl VO.) However, when X ﬁj =1, we may

possible to pay each agent its marginal product.
When % ﬁj = 1, there is an X = (xi) such that ﬁj = uj<xj)' Call

such an X an allocation exhibiting product-exhaustion. Note that product-

exhaustion is an ordinal property of X. By construction 1 = (ﬁl,...,ﬁn) e oVt
and therefore W' ¢ BSm(X), m=0,1,...,n. Thus X exhibits product ex-
haustion only if it is an NS allocation. But, the converse does not hold.

If, however, it is also assumed that for each j = 1,...,n there are scalars

v)  such that OvI = {v : By vy = v} it is readily demonstrated that X

exhibits product-exhaustion if and only if it is NS. The additional re-

quirements on avj amount to a transferable utility assumption for the
one-fewer sets of agents at least.

With ordinal preferences, product-exhaustion is too strong a requirement
for characterizing perfectly competitive equilibrum. For example, even
economies with an indefinitely large number of small-scale agents would not

admit allocations satisfying product-exhaustion when there are multiple
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Walrasian equilibria. The concept of NS is therefore proposed as an
ordinal extension of the idea of product-exhaustion. 1In fact, once trans-
ferable utility is dropped, even ordinal utility appears to be a detour

on the way to a definition in terms of the preference mappings, Si(X).

III. WALRASTAN AND PERFECTLY COMPETITIVE EQUILIBRIUM

A Walrasian equilibrum (WE) for € is a pair (X,p), where X is

an allocation and p € P, such that for each 1,
WE ¢ p(xi - wi) =0 and y ¢ Si(X) implies p(y - wi) > 0.
It is useful to give an alternative description.

PROPOSITION 1: Iet € datisfy A, - A

1 - A5- Then (X,p) is a WE if and

J=n j
only if p e [ 1 QY(X).
J:

PROCF. If (X,p) is a WE, inf p[Si(X) - wi] > 0. This yields by
sumration inf p[Sj(X) - wj] > 0 and therefore p ¢ Qj(X).

If pen Qj(x), inf p[Sj(X) - wj] >0. By A, px; > inf p Si(X) and
therefore pxj >inf p Sj(X). Thus, p(xj - wj) = p(wj - xj) > inf p[Sj(X) - wj]
>0, forall j=1,...,n. This implies p(xj - wj) = inf p[Sj(X) - wj] = 0,

all j. The remaining part of the definition of WE follows from A3.
Inspection of Theorem 1 and Proposition 1 yield

COROLIARY 1.1: Iet €& satisfy Al - Ah’ If X is an NS allocation,

there is a p € P such that (X,p) is a WE.

The following gives a sufficient condition for X to be an NS

allocation.
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COROLIARY 1.2: et & satisfy Al - A3. If X 1is such that

QO(X) ¢ and Qj(x) = QO(X), j=1,...,n, then X 1is NS,

PROOF: From Proposition 1, if p e N Qj(X), (X,p) is a WE. Since
rB J(x) = Qj(x) = QO(X) and p € NQI(X) implies inf p[s?(X) - w’] = O,
we have p ¢ N Q(X) implies inf p[s™(X) - w1 =0, m= 0,1,...,n.

Therefore by Theorem 1, X is NS.

To show that the above sufficient condition is practically necessary

for NS, we demonstrate

COROLIARY 1.3: ILet € satisfy Al - Ah and let X be an alloecation

such that the set of net trade vectors {(xi - wi)} is not contained in a

subspace of dimension less than (£-1). Then X is NS if and only if there

is a p € P such that QO(X) = QI(X) = {p}, 3 =1,...,n.

PROOF. By Corollary 1.2, if Q°(X) = @J(X), X is NS.

If X 1is NS, by Corollary 1.1, there is at least one p € P such that
p(xi - wi) =0, i=1,...,n, Since the dimension of the span of {(xi - wi)}
is not less than (£-1) and p € P is in its orthogonal complement the

dimension is not more than (£-1) and the dimension of the orthogonal com-

plement is therefore 1.

Comparing the definition of X as a WE allocation to the definition

of an NS allocation,the former simply requires that (. QJ(X) # ¢ while
J

0

the latter demands that, in "most" cases, QJ(X) = Q (X). Assuming that

0 ) .
Q (X) = {p}, if QJ(X) # {p}, there are valuations of resources for the
"one-fewer" sets of agents that are not common to the valuation of re-

sources by the economy as a whole. The definition of WE resolves the
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issue of resource valuation by imposing the condition that only those
elements of each QJ(X) that are cammon to QO(X) are acceptable. This
is nothing other than the well-known restriction that individual agents
must take prices as given. However, with an NS allocation, we shall show
that such a restriction is superfluous. This will be accamplished by
constructing a definition of equilibrium in which competitive self-interest
dictates price-taking behavior and that the definition is equivalent to the
NS condition.

Informally, demands are perfectly elastic at the price vector p when
the attempt by any agent to set prices for the goods it supplies at levels
higher than p results in the loss of all sales and markets for the goods
supplied by others clear without any adjustment in their prices. To make
possible this experiment, each agent must have control over the prices of the
goods it supplies.

Normally, the commodity space, Ri, would be chosen so that the nuﬁber
of goods, £, is as small as possible. It aggregates into one all those
goods for which individuals have identical, constant marginal rates at
substitution. The resulting interpretation is that each commodity repre-
sents a market with the presumption that on any market one and only one
price will be charged. Upon such a foundation the concept of WE is applied
to determine market-clearing prices. Here we do not take the market with its
single price for granted. Rather, the purpose is to open up the model to
price-setting by individual agents so as to allow "markets" to emerge as
a conclusion,

We shall assume that commodities are disaggregated to bring the speci-

fication of initial endowments into the appropriate form of a personglized

commodity space € in which each agent is the unique supplier of its own
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goods., Formally, commodities sgre in personalized form if

4 . . s .
WiV € R, i 4 j, implies Wiy = 0.

For any agent Jj, we may divide the £ (disaggregated) commodities
into those that could be supplied by J and those that could not. For
p € Rg, let Pj be the vector of prices of the former and pj the prices
ef the latter. For any p and j, p= (pj,pj), let q(p;j) denote any

J g
and . > . and. . )

. l 3
vector q = (qJ,qj) € R” such that q’ = p
At q(p;j) the price of at least one of j's goods is higher than at p
while the prices of the remaining goods, that j cannot control, are the same

as in p.

The pair (X,p) is a perfectly determinate price equilibrium (FD) for

€ if for each j = 1,...,n and any i # j, 1if y satisfies

i alpsd)ly - wy) =0, (a(p;d) - p)y # 0, then y £ cl 5,(X)

and, there exists yi, i £ j, such that
PD,.: q(p;j)(yi - wi) = 0, yi € cl Si(X) and .Z; yg -
43

To interpret, the opportunities available to i are strictly smaller
when they are defined by the price vector q(p;j) rather than p since
the price of all goods other than Jj's are the same but j's prices are
higher. However, PD states that if i is a purchaser from j,
(alp;3) - P)y # 0, i has not made the best use of his smaller opportunity
set since y is not in ecl Si(X), while if 1 had refused to deal with j,
then trading at the same prices, he could have found buyers and sellers
willing to make exchanges leading to yi in el Si(X). If preferences

J

were transitive and continuous, yi would be strictly preferred to Yie
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We shall regard the existence of (X,p) satisfying PD as synonomous

with a price equilibrium exhibitng perfectly elastic demands.

THEOREM 2: Iet € satisfy Al - A5 and assume initial endowments

are personalized. Then X 1is an NS allocation if and only if there is a

p € P such that (X,p) is ®D.

PROOF: From Corollary 1.1, if X is NS, there is a p € P such
that (X,p) is a WE. Thus, pv, = px, = inf p Si(X). If aq(p;i)(y - wi)
=0 and (q(p;j) - P)Yy # 0, then py < px, and therefore y ¢ cl Si<X)
and PD, 1is satisfied. Since p e QO(X) may be chosen so that p € QJ(X)
and because X is NS, pwj = inf p Sj(X) = pxj. Also by NS there exists

i s i3 . .
yi € cl Si(X) such that Ji£j yi = w° and therefore for all i and j,

i# 3, pyi > inf p Si(X) which implies p(yi - Wi) =0 or q(p;j)(yg - wi)
= 0, and PD? is established.

For the converse it suffices to show that if (X,p) is PD, it is a
WE and therefore satisfies PO and NNS. If (X,p) is FD, PO and NNS,
PD2 clearly implies NS,

From FD, we have p(yi - wi) = 0, and since yi € cl Si(X),
inf p Si(X) < pyi. If inf p Si(X) < pyi = pw; for some i, then we may
choose g(p;j) close to p and y close to X, such that aq(p;J)(y - Wi)
=0 and (q(p;d) - P)y # O such that y e cl Si(X), contradicting PD.,.
Therefore, pw, = pyg = inf p Si(X) <px; for all i and therefore vy

= PX,. The remainder of the definition of WE follows from A3..

An implication of Theorem 2 is that PD or NS may be regarded as the
definition of perfectly competitive equilibrium. With it we have the con-
clusion that agents will rationally choose to set as prices for the

commodities they supply the ones dictated by WE.
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REMARK 2: Without A the absence of external effects, the defini-

5
tion of perfectly competitive equilibrum for finite exchange economies
would be deficient.  If J set a higher price and sells nothing because

his customers go elsewhere, the resulting allocation could be substantially
different and, with external effects, preferences could be substantially
changed. Thus, even though WE satisfies NS, an agent can possess
monopoly power by recognizing the possible adverse effects to customers who
might otherwise go elsewhere. This is an added complication due to small
numbers. With large numbers external effects do not create a separate prob-

lem because the possible disruption to others caused by refusing to deal

with any one agent vanishes as the relative size of the agent vanishes.

A trivial illustration of a NS economy occurs whenever the initial

endowments for € are PO. A nontrivial illustration is provided by the

following,

EXAMPIE 1: Iet the tastes of agent i = 1,2,3 be represented by the
utility function ui(xi) = ui(xil,xig,xi3), initial endowments by the matrix

W and final allocations by the matrices Xa’ where

uy (%) = x99 (x5 + %p5) 21010 1 a | 1<
| = : = M = = [0
ug(xz) x22(x21 + x23), W 0l2]0 3 Xy = |1 1

Q 1- 1

ug(x3) = x33(x5; + %3p)
To show that & is a NS economy, it must be demonstrated that for any
X such that w ¢ s%(x), j=1,2,3, W e 38™X), m=0,1,2,3. Taking

X=X

? 0 <a <1, this result is easily verified. Note that these

allocations are at the opposite extreme from no-trade since their attainment
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requires that all agents participate in trade. Of course, because each Xd
is an NS allocation and there are only three traders, any pair could also
do as well by itself. Each agent's participation in an NS allocation is
essential only to itself.

It may also be verified that each Xa is a WE (Corollary 1.1) at
prices p= (r,r,r), r > 0; and, if any agent j were to raise the price
of its good above its value in p, J would sell nothing and excess demands
among the other agents would be zero without disturbing the other prices

(Theorem 2).

REMARK 3: Note that in Example 1 individual preferences are not strictly
convex. (Strict convexity obtains if every line segment connecting two
distinet points on asi(x) lies in Si(X).) When the commodity space is
put in personalized form strict convexity and NS imply that there can be
no trade.

At an NS allocation each agent j must be faced with an Sj(X) a
portion of whose boundary coincides with the hyperplane ({y: p(y-—wj) =0},
where p is a WE price vector. If the hyperplane supported SJ(X) but
Sj(X) were strictly convex, the only point of intersection would be at
% ¢ asj(x) and therefore wJ e asj(x) if and only if x9 = 9.

Since strict convexity is the rule even after commodities are put in
personalized form, this observation shows why most finite economies will
fail to admit an NS allocation. It also exhibits a geametric parallel
with the apparently quite different conclusions for large econamies. When
the scale of each agent becomes very small, the quantities x'j and wJ
will differ very little from wo and therefore from each other. 1In this

case, x’ e 3s9(x) will imply W ¢ 389(X) provided that the boundary of
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SJ(X) in the neighborhood of xJ is, at least to a first approximation,
linear - i.e., differentiable., Since differentiability of aggregate pre-
ferences will be the rule when preferences are convex, this explains why

most large economies will exhibit NS.
IV. THE NO-SURPLUS PROPERTY OF WALRASTAN EQUILIBRIA IN REPLICA ECONOMIES

In this section the characterization of perfectly competitive equilibrium
established for finite exchange economies is extended to a simple sequence of
economies in which the number of agents is indefinitely increasing. It will
be demonstrated that, as compared to the finite case, only very mild restric-
tions are required to ensure that such sequences approach the condition of
being a no-surplus economy as the number of agents increases.

By dividing up the economy & = {(si,wi)};fi,

another economy may be

constructed with a larger number of agents each of whom operates on a

smaller scale. Iet ¢, = {(Si 2y )}, i=1,...,n and h = 1,...,k, be such
h

h
that for each i and h,

kw, = w,.
i i
For an allocation X = (Xi) for &, define [X]k =(x, ), i=1,...,n

g

and h = 1,...,k such that for each i and h,

Since X is a feasible allocation for & (in = Zwi), [x]k is a feasible

allocation for 6k - i.e.,



Attention will be confined to allocations for Bk that can be written
as [X]k - all agents of the same type i receive the same allocation.
Further, the sequences of allocations considered for the sequence of economies
{Bk}, k=1,2,... will be restricted to {[X]k} - variations in the alloca-
tion as k varies are based entirely on scalar multiplication of the fixed
allocation X for €.

To complete the description of €y define Sih([X]k) such that for
each i and h,

K sih([x]k) = 5,(x).

With A5’ {Ek} is a sequence of Edgeworth replica economies that approaches
a special case of a continuum of traders economy (Aumann [1964]). Without
A5, the above assumption on preferences preserves the replication hypothesis
by requiring that the consequences of external effects vary in proportion to
the size of the agents. Twice as many individuals each consuming half as
much creates no change in aggregate external effects.

For k= 1,2,..., let {j(k)} be a sequence that selects one of the
agents of one of the types j = 1,...,n from each 6k. With the above
restrictions, j(k) could be set equal to > the last agent of type J
in €,. The total resources of all agents in €, except j(x) is,

O L 2w, + 2 w, =k 2w, +(k-1)w NN <
i#5h btk i#3 I

Analogously, define

sSSE(x®y - s, (k1 + T s () -k D s, ((x15

i#3n nfk  9n 43

+ (k-l)SJh([X]k) =59y + 52 5,(%).



-20-

The last equality allows us to write Sj(k)([x]k) in the more compressed
form sj(k)(x) without any ambiguity.
As a direct extension of the finite case, the sequence {[X]k} satisfies

the NNS condition for {ek} if for each selection {j(k)}, k = 1,2,...,
NNS : W (E) ¢ s38) (xy.

A similar extension applies to the definition of NPS but this will be
ignored because it plays no role. The extension of NS 1is somewhat more
delicate.

For an allocation [X]k for 6k, define

a(as3 ) (%), ®)y - snefasd®) (xy - 3

The distance is non-zero if and only if either (1) wj(k) £ cl sj(k)(x), in
which case j(k) is contributing a positive surplus to [X]k, or (2)
wj(k) € Sj(k)(X) and j(k) is contributing a negative surplus. We shall
)

say that {[X] satisfies the NS condition asymptotically (ANS) if

for any {j(x)}, k= 1,2,...,
ANS: 1im k a(as? 8 (x), W8y - o,

ANS requires not only that the surplus contributed by any one agent, positive
or negative, go to zero as k increases, but it must go to zero sufficiently
rapidly so that the surplus contributed by any agent to all other agents goes
to zero faster than (k)-l, a measure of the size of j(k).

We shall say that €_ 1is an NS economy if for every {j(k)},
NS Economy: wj(k) £ SJ(k)(X) implies 1im k d(asj(k)(x),wj(k)) = 0.

For the allocation [X]k for e define

k’
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Qj(k)([x]k) = {pe P:inf p[S'j(k)(X) - w'j(k)] > 0}.

There is no ambiguity in writing Q‘j(k)([x]k) as Q‘j(k)(x). With A,

if [X]k is NNS for ek, Qj(k)(x) is non-empty. For a sequence

(39} nwnich 30 = 3, 1t V) - AFT IW(y),

IEMMA: let € satisfy A;,A,, and A, and let {[X]k} be a

sequence of NNS allocations for {6k}. Then if Jj(k) = j, k= 1,2,...,

(1) {QJ(k)(X)} is & decreasing sequence of non-empty closed subsets of P.

(11) ) (x) e Q9(x).

PROOF: That QJ(k)(X) is non-empty follows from the hypothesis that

[x1¥

closed, let p e QJ(R)(X and lim p° = p. Thus, inf pr[SJ(k)(X ERICOF
3

is NNS, Ah’ and the Separation Theorem. To show that QJ(k)(X) is

>0, or pe Qj(k)(X).

To establish that {Q‘j (k) (X)} 1is decreasing, it suffices to show that
for any k>1 and (k) = 3(k-1), if pe @ (x) then pe dED(x),
letting p ¢ Qj(k)(X),

(1) inf psI®(x) -3 ® ). inr pls9(x) +k—1‘{i 5,(X) - (w9 +51'{—1 W)l

k-1

= inf p[sI(X) -wI] + =

inf p[Sj(X)-wJ] > 0.
. 0] 0] R
By A,, inf p[S (X) -w’] <0 and since
inf p[SO(X) -] ing p[Sj(k)(X) -wj(k)] + (k)'1 inf p[SJ.(X) -wJ.],

we must have,

(2) inf p[Sj(X) - wJ] < 0.
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k-2 k-1
1,

When 0 > @ = inf p[Sj(X) -W @ > — a. Thus, (1) and (2) yield,

3% k-1 k
(3) inf p[SJ(X) - wj] + %5% inf pESj(x) - wj] > 0.

But (3) means that p ¢ Qj(k-l)(x) which demonstrates (i).

To establish (ii), first note that since Qj(w)(X) is the inter-
section of a decreasing sequence of non-empty compact sets, it is non-
empty. If pe Qj(w)(x), then the inequality in (1) is satisfied for all
k which obviously implies that inf p[sj(x)-wjla-inf p[Sj(X)-wj] =

inf p[SO(X)-wo] >0, or pce QO(X).

REMARK 4: The principal mathematical distinction between € and Sm
is the conclusion in part (ii) of the above lemma. For € the analogue
of (ii) - Qj(x) C:QO(X) - does not hold even for a WE, except under certain
conditions that imply X is NS. For example, if QO(X) = {p} and
Qj(X) c QO(X), j=1,e0.,n, then Qj(x) = QO(X) and by Corollary 1.2, X
is NS. As a restriction, QO(X) = {p} 1is quite mild, yet that is all we
shall need to obtain the conclusion that 6m is NS. (See Corollary 3.3,

below.)

For €, Corollaries 1.2 and 1.3 showed that Q9(X) = QO(X), §=1,...,n,
is sufficient and practically necessary for X to be NS. In the following
extension of Theorem 1 describing ANS in terms of its "dual”, it is shown

that for €_  there is complete equivalence.

THEOREM 3: Let € satisfy A, - A,. Then ((x1¥} is ANS for

{e,} if and only if Qj(”)(x) = Q%(X), 3=1,...,n.
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PROOF: If Qj(k)(x) = QO(X), then since part (i) of the Lemma
shows that {Qj(k)(x)} is decreasing we must have QO(X) c QJ(X), J=1,...,n.

Therefore, Proposition 1 allows us to conclude that for any p € QO(X),

inf p[SJ(X) - wj]

jp(x‘:.I - wJ.) =0, J=1yees,n.
et 298| = ingller s3I (x) - FE 16 por a1 3(), 22 =0,

there is nothing more to prove - i.e., ”Z'J(k>“ =0, Qj(k)(x) # ¢ and A3
imply that w'j(k) € asJ(k)(x). Therefore, assume HzJ(k)H # 0. Letting
pJ(k) = (Hza(k)H)-lzJ(k), we obtain as in the proof of Theorem 1 that

p'j(k) € Qj(k)(x). But
0 < k[]z’j(k)j[ -k p.j(k)zj(k) <k inf P[Sj(k)(}() ) w.j(k)]

<k p?(B)(xd (k) _ WHE)y Pj(k)(wj - %))

The last equality follows from the identity,

(1) k(x‘j(k) -w’J(k)) =k[x‘j+£}7{—]-‘ X, - (w'] +% v ]=k(x‘j -w‘]) + (k-l)(xj —wj)

= (wJ. -xj).

Since p ¢ QO(X) implies p(wJ. -xJ.) = 0 and by hypothesis
inf][QO(X) - p‘j(k)” - 0, we have the desired conclusion that k”zj(k)il - 0.

For the converse, we first show that ANS implies w° ¢ s°(X) and
therefore QO(X) # @. Suppose the contrary that W e SO(X). Then since
wJ(k) - wo, by A, we have for sufficiently large k that w‘j(k) eSO(X).
Now, SO(X) _ sj(k)(x) + Sj(k)(x) and for k large, Sj(k)(x) intersects
any e-neighborhood of the origin. Therefore, for all sufficiently large k,
w‘j(k) € sj(k)(x), which contradicts the hypothesis that {[X]k} is ANS.

Let per(X). Then A, implies,

2

0=1nf p[s°(x) -w01= inf pIs?® (x) - W®] 4 ()7L ing p[S,(X) - w, 1.
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Multiplying by k, we obtain
0=k 1o p{s3®(x) - W®] 4 inr pIS,(X) - w,1.
Since {[x]k} is ANS,
lim sup{k inf p[Sj(k)(X) - wj(k)]} < 0.

Thus, inf p[SJ.(X) - wJ.] >0, j=1,...,n, which implies inf p[SJ.(X) -wj]

= 0, all Jj. Therefore,

inf p[sd(x) - W] + 521 snr B[S, (X) - w,] > 0

which means that for all k, p e QJ(k)(X). This establishes QO(X) c QJ(Q).

Part (ii) of the Lemme gives the opposite inclusion.

To exhibit the connections with WE, simply extend Proposition 1.

Clearly, if (X,p)is @ WE for & ((x1¥p) isa WE for &, k= 1,2,...3

k’
and, with Ah’ the converse holds.

PROPGSITION 2: et € satisfy A; - A,. Then (X,p) is a WE for

€ if and only if p ¢ ﬂj Qj(w)(X).

The following extension of Corollary 1.1 is contained in the proof of

Theorem 3.

COROLIARY 3.1: let & satisfy Al - Ah' If {[X]k} is ANS, there

is 2 p e P such that ([X]k,p) is a WE for €
The relation between WE and ANS is surmarized by,

COROLLARY 3.2: ILet & satisfy Al - Al+ and let X be an allocation

for € such that Q(X) = {p}. Then (X,p) is & WE if and only if

((x1%} is ans.
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rather than proceed with the formal details, we shall outline an independent
proof that suggests why ANS would imply the perfect determinacy of prices.
It also shows, by invoking the continuity assumption on preferences, A6’
that we shall be able to obtain a perfectly competitive equilibrium even in
the presence of external effects. (Compare Remark 2.)

If X 1is an allocation for €&, let Yk = (ygg) be an allocation for

e defined by

K
t wih, if i =

vy = < % s if i=J and i #§,

L- xih-(k)'l(xih-wih), if 14 3.

Yk describes a reallocation away from [X]k in which everyone refuses to
trade with jk. Those agents of the same type as j(k) obtain the same
outcome as in [X]k while the members of the other types cut back their
excess demands by (k)-l. Note that Zi Zh yih = wO, so Y& is in fact a
feasible allocation for ek.

The total disruption caused by refusing to trade with jk may be

measured by,

e - - zz
[ 1) ”ylh % I

Substituting the definition of Yk, this equals

z Zlix, - -1 X, b4 W, - X,
3 Tl -7 vy ex )l ey el

w, -x, ) + ||[(w., -x. = -1 w, =x.)].
oy =xg )+ 10y =20l = (92 o -5,

i#3

Therefore, limllYk - [X]kH = 0.
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PROCF: If (X,p) isa WE for &, then {[x]k} is NNS and therefore
by the Temma, @ (x) e CX). since °X) = {p}, ¥V®) = ) and vy
Theorem 3, {[X]k} is ANS.

The converse implication is Corollary 3.1.
Conditions for € _  to be an NS economy are given by,

COROLIARY 3.3: Let € satisfy Al - Ah and

assume that for any X for which {[X]k} is M, {(x; - w;)} does not

lie in a subspace of dimension less than (£-1). Then €, is NS if and

only if Q%(X) = {p}.

PROQF: 1If QO(X) is not a singleton, the dimensionality assumption
on {(xi - wi)} implies that there is at least one p ¢ QO(X) and one
such that p(wj - xj) < 0. The identity (1) in the proof of Theorem 3 means

that k p[xj(k) - wj(k)] <0. By A k inf p[sj(k)(x)..wj(k)]

2’
<k p(xJ(k) - wﬂ(k)). Thus, there is a p ¢ Q°(X) that does not belong to
any QJ(k)(X). But this contradicts the condition QO(X) = Q3<”)(x) that
is established in Theorem 3 as necessary for ANS.

The converse implication follows from the lemma, part (ii), and Theorem

To complete the extension from € to € , an analogue of Theorem 2
should be given demonstrating that ANS is equivalent to a WE with,
asymptotically, perfectly determinate prices. Because commodities are
personalized, a literal version would require an infinite-dimensional
commodity space. While not impossible, such a construction is unnecessary.
We need only consider a space of dimension 2¢ so as to distinguish the

goods supplied by any one J(k) and those supplied by others. However,

i
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If (X,p) isa WE for € and Q(X) = {p}, then even if there are
external effects, [X]k is a stable, non-cooperative equilibrium for ek
when k 1is large because if any agent were to raise the prices of its
commodities, the others could, with impugnity, go elsewhere.

More precisely, when [X]k is & WE allocation for & wj(k) £ sj(k)(x).
By invoking A, and limHYk - [x]kH = 0, we have for all k sufficiently
large, wj(k) £ sj(k)(yk), and therefore Qj(k)(Yk) # §. The Lemma may be
kH, to show that for some k',

o )

= QO(X) for every {j(k)} and the arguments used in the proof of Theorem 3

extended, using A, and limY* - [X]

r7k>k,Qj(k)(Yk) c QO(X). Similarly, if Qo(x) = {p} then N

may be generalized to yield,
lim{k ianaSJ(k)(Yk) - wﬂ(k)n = 0.

We conclude this section with an example illustrating that the condi-
. J(=) .0 ) . i
tion Q (X) = Q (X) in Theorem 3 is necessary for ANS by showing that
without it there is non-vanishing monopoly power to small-scale agents. To

avoid complications, A_. is assumed.

>

EXAMPLE 2: Consider the economy of equal numbers of type 1 and type 2

traders illustrated by the Edgeworth-Bowley box of Figure 1.
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Let Ei(k) denote the economy consisting of all agents in Ek except
j(k), 3 = 1,2. No matter what the value of k, the WE allocations for
£k include all points along the iine AB, while the WE allocations for
Ei(k) or €§(k) include only the points A or B, respectively.

The example is of some historical interest because of its similarity to
Edgeworth's master-servant example in which each master has need of only one
servant and one servant cannot serve two masters. If the minimum wage at
which servants would offer themselves is @ and the maximum wage at which
mastérs would =sccept is B, Edgeworth noted that as long as there are an
equal number of masters and servants, then no matter how many there are, the
equilibrium wage is indeterminate, lying somehwere between @ and B
(¢ < B). 1If there is one more master than servant (or one more servant than
master) indeterminacy disappears and the wage rate becomes B (or Q).
Edgeworth attributed the indeterminacy to the indivisibility of the good
"domestic service" and on the basis of his example modified his proposition
that large numbers of traders in a market lead to a determinate outcome only
when goods are divisible. The self-evident similarity of the master-servant
example tc Example 2, in which goods are divisible, suggests that some other
explanation is called for. What is common to Edgeworth's example and Example
2 is the failure of ANS.

To see this, consider the WE allocation X = (xl,xz) in Figure 1
replicated k times for bk and consider how close the members of Ei(k)
can come to doing as well. From the construction of Yk, above, all of the
type 1 traders can share x, and all of the type 2's may share

1

- 1 .
xe[k] = x, - -E-(x2 - wg). It would then require z, additional resources

to minimize, with respect to Euclidean distance, the amounts of additional

resources necessary for all the type 2 agents to be as satisfied as they are
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in [X]k. If we double k, we may decrease the additional resources to make

each type 2 agent as satisfied, but we cannot decrease the amounts by more

than one-half -- i.e., 2Hz2kH = szl. Thus, the influence of any type 1
agent, measured in this way, does not decrease as k increases, and [[X]k}
is not ANS.

To exhibit the consequences for the elasticity of demand, assume that
other traders are transacting at the WE prices p. Then, the maximum ex-
change rate a seller of type 1 can set, without losing all his business, does
not go to p as k increases. After the type 2 traders have purchased all
that the (k-1) type 1 traders are willing to supply at ©p, the remaining

type 1 trader can offer any exchange rate p such that pl/p2 <p< pi/pé

and sell, when k 1s large, as much of commodity 1 as it likes.

REMARK 4: Iet 8&(A,B) denote the Hausdorff distance between two non-

Koo

L Ky
empty closed sets in R . The condition (a) 1 QJ(k)(X) = QO(X) used

to characterize NS in Theorem 3 is equivalent to (b) lim E(Qj(k)(X),
QO(X)) = 0. Condition (b) will be shown elsewhere to replace (a) in
economies that do not have a finite number of types of agents.

let W(Ek) and W(Ei(k)) be subsets of P denoting the (closed) sets
of price vectors corresponding to WE allocations in Ek and €J<k). Since

k
lim B(W(Ei(k)),W(Ek)) does not exist in Example 2, it might be conjectured
that this is the source of non-vanishing monopoly power of individual agents
and that (c¢) 1lim 5(W(€i(k)),w(€k)) = 0 1is an alternative to 1lim S(Qj(k)(X),
QO(X)) = 0 as a characterization of ANS. This conjecture is false in both
directions - (b) neither implies nor is implied by (ec).
To show that (c¢) does not suffice for (b), simply perturb the initial

endowments in Example 2 so that W(Gk) = {p} for all k but the WE

allocation remains at the point where preferences are kinked. It may then
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be demonstrated that (c¢) holds. However, as long as preferences are not
differentiable at the WE allocation, the same argument exhilbiting the
failure of ANS 1in Example 2 leads to the same conclusion here.

To show that (c) is not necessary, consider an Edgeworth-Bowley box
example where preferences are differentiable in the interior and there are
a continuum of WE prices and allocations for each €& . Examples may be

k
constructed to show that W(Ep(k)) does not approach W(ék) - i.e. (c)

k
fails. (For a graphical illustration see Bewley [1973], Example 2.)
Nevertheless, the smoothness of preferences implies that as k increases
the total surplus attributable to any agent at any Walrasian allocation
goes to zero. Even though the removal of any one would cause an abrupt
change in WE prices, no agent can usefully exploit this. The failure of
"markets" to clear when an agent threatens to withdraw his supplies if he

does not receive a higher price may be essentially confined to the dis-

appointed demands of the very trader who is asking for more.

V. NO-SURPIUS AND CORE EQJIVALENCE AS ALTERNATIVE
CHARACTERIZATIONS OF PERFECTLY CQMPETITIVE EQUILIBRIUM
The presence of external effects vitiates any comparisons between the
core, which is limited to allocations that are truly Pareto-optimal, and NS.
(See Remark 1.) Thus, in the following discussion A5 is assumed. It will

be useful to separate the comparisons for € from those for qm.

€: Iet T be any non-empty subset of I = {1,...,n}, the index set

T
3 = = %
of agents. Define Wn = zieT Wis ST (X) = %4 e Si(X) and

QT(X) = {p e P: inf p[ST(X) - wT] >0}
An allocation X 1is said to be in the core of & 1if for all T,
T
woof ST(X). With A, - A it may be shown that X is in the core if

1 5’
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and only if for all T, Q1 (X) £ g.

Consider the following four conditions:

(1) ) =e%X), j=1,...,n (§8)

(11) FBQJ(X) i (WE)
(iii) QT(X) #@, all TcI (CORE)
(tv) @¥(X) 4@, 3=1,...on (NES)

Obviously, (1) = (ii) and (1ii) = (iv), where = means "implies but is not
implied by." TFurther, it is well-known that (ii) = (iii).

The core criterion for &€ +to be perfectly competitive is that (iii) =
(i1). The NS ecriterion is (iv) = (i), assuming the linear independence
hypothesis in Corollary 1.3. The relation between the two criteria is

summarized by,
PROPOSITION 3: [(iv) = (i)] e [(iii) = (11)].

The implication = {ollows from the fact that (i) implies all of the

other conditions. The following example demonstrates .

EXAMPLE 3: Let tastes be defined by the utility functions ui(xi) =
ui(xil’xiE’xiB)’ 1=1,2,3 and L4, and let initial and final allocations

*
be given by W and X , respectively, where
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[+ (o]
i 1
u, (%)) = (%3%5 13)1/3 3{0]0 11]1
“2(xé) = (3% 22"23)1/3 . W= 0132 1° o X - o
uy(x,) = (g%, 33)1/3 olol3 1011
u(x,) = B xge " M3 111 111

*
With little difficulty, the reader may verify that X dis a WE

*
allocation at the price vector p = (r,r,r), r >0, that yields the utility

»* * ¥ *
vector u = (u Uy sUpsU, ,uu) = (1,1,1,1).

An outline of the argument that X is the only allocation in the core
is as follows: The coalition 123 can achieve any (ul,ug,u ) such that

ul+u2+u3

for any u = (ul,uz,uB,uu) in the core, u, +u, +u, =3 and u, =1, and

1 3
*
if u; <1, 4 # 4, then because W e cl ST(X ), T = ik, the coalition

= 3, and U4 can achieve u), = 1 on its own. It follows that

it will upset u. This means that u = (1,1,1,1) and this is achievable

*
only by the allocation X .

* T T, ¥
X does not satisfy NS -- w £ cl S (X ) for T e {124, I3k, 23%}.

The core does not capbure the monopoly power of individuals 1,2 or 3.
For example, without 1, the WE price vector for the economy 81 is
p=(2r,r,r). In terms of prices, 1l's contribution or marginal product may
be measured by the decrease in the WE price of the commodity he supplies.
From a non-cooperative point of view, there does not appear to be any reason

why 1 should surrender all of the surplus represented by this price

decreage to the other traders.
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Such a finding has already been reported for economies composed of a
(non-atamic) continuum of agents and large or atomic agents, See Gabszewicz
and Mertens [1971] and Shitovitz [1973]. They constructed classes of
economies exhibiting Equivalence [(iii) = (ii)], but the presence of the
large traders precludes [(iv) = (i)]. Example 3 shows that such results

also occur in purely atomic economies.

Q”: Let Ik be the index set of agents in Ek. The analogous conditions

are quite simjlar,

1) & - ®m®, -1, (vs)
(1) @™ 44 (WE)
(111) QT(X), all T I, k=1,2,... (CORE)
() ) 44, 5=1,...n. (xws)

Again, the core criterion for Qx to be perfectly competitive is
[(iii) = (41)] and NS is [(iv) = (i)]. Example 2 shows that Proposition
3 also holds for Qw.

The result [(iii) = (i1)] was initiated by Edgeworth [1881], revived
by Shubik [1959], and put into its current form by Debreu and Scarf [19613].
(Hildenbrand [1974] gives the considerable extensions of this result.) It
appears to require a different method of proof than [(iv) = (1)] and it
does not hold in quite the same generality. However, when QO(X) = {p},

(1) - (iv) coincide and [(iii) = (ii)] is an immediate implication of the
Lemma in Section IV. 1In this respect, our approach is closely related to

the simplication of the Debreu-Scarf result obtained by Haneen [1969].
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REMARK 5: In the demonstration of [(iv) = (1)], allocations were
restricted to those satisfying equal treatment - allocations of the form
[X]k. With the core approach, [X]k may be derived as a conclusion. This
can also be demonstrated via NNS. 1In fact, the NNS condition may be used
to exhibit the analogue of [(iv) = (i)] for sequences of economies in which
agents are not drawn from a fixed, finite set of types. This result, in

Ostroy [1977], parallels a core convergence theorem of Nishino [1971].

If we adopt a generic point of view, distinctions between the core
criterion and NS vanish. For € , they coincide when QO(X) = {p} and
for €, even though endless cases such as Example 3 may be constructed, the
fact remains that within the entire class of finite economies each criterion
says that the set of perfectly competitive economies is negligible,

It is only at the conceptual level that differences emerge., With the
core criterion, perfectly competitive equilibrium is obtained as the residual
outcome after all groups of agents cooperate in the interests of improving
upon any given allocation but no group is able to hold together to use its
potential monopoly power to extract a more favorable ocutcome. With NS,

Jjust the opposite occurs. Only small groups (individuals) are able to form
but they are relied upon to bargain as monopolists for the maximum they can
possibly extract. It is remarkable that these two seemingly contradictory
approaches should "almost always" yield the same conclusion. The explana-
tion is that the economic forces permitted and precluded by the one are
almost always counterbalsnced by what is precluded and rermitted by the
other. A closer look at the discrepancies, such as Example 3 for €, Example
2 for € (due to Edgeworth!), or the results of Shitovitz and Gabszewicz
and Mertens, show that what is permitted and precluded by the one is not

counterbalanced by the other. Which interpretation - the core or NS criterion -
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is the preferred description of what will frequently be equivalent mathe-
matical conditions characterizing perfectly campetitive equilibrum should

be judged on its eventual connections to the theory of imperfect competition.
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