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ABSTRACT

The received, Cournot-Stackelberg class of non-competitive interdepen-
dence models, and its modern counterpart, the Von Neumann-Morgenstern-Nash
class of n-person, non—coopefative games assume RO strategic communication. No
player can affect the strategies of others because no player can communicate
his strategy to the other players before the others select their strategies.
The presént paper constructs a general model of non-competitive interdepen-
dence under perfect strategic communications In such-a model, between any~
pairrof*interactingvmbnopolibts5:onewexhibit3?amprierfreactienﬁfunctioni
while the other simply picks a point-on-the function: For. both unconstrained
interaction and interaction constrained by anti-monopoly laws, we derive the
rational reaction functions, and characteriée the resulting solutions. Results

ofxpreliminaryrtestsaof-each*of=theseémodeis are: very encouragings-



Introduction*

The received, Cournot-Stackelberg class of non-competitive interdep-
endence models, and its modern counterpart, the Von Neumann-Morgenstern—v
‘Nash class of n-person, non-cooperative games assume nO strategic communica-
tion. No player can affect the strategies of others because no player can
communicate his strategy to the other players before the others select
their strategies. Yet the repeated interactions between large firms in
most industries in the real world make it extremely implausible that such
firms do not find ways to communicate,how they will respond to the action
. of their:rivals... The:preseant.paper.constructs a general model of nen-com-
petitive interdependence under perfect strategic communication.

In Section I, we first specify our general model énd show that a neces-
sary-condition~for.therexistence»ofwsolutions to all monopoly interaction
problems featuring perfect strategic communication is that between any two,
interacting monopolists, one and only ome of them exhibits a reaction fun-
ction: In the casé of m' (' > 3) interacting firms, a solution implies a
recursive set of reaction funcfions for m' - 1 firms. The solutions to
this interaction are shown to have a decidedly predatory, robber-barron
characteristic. |

In section II, we introduce government anti-trust policy. We show
that such folicy changes the form of the rational reaction functions and

alters the characteristics of the non-competitive equilibrium.bwe construct

%

The authors benefited substantially from the comments on earlier drafts
of this paper by Louis Makowski, Ron Heiner, Harold Demsetz, and several
anonymous referees.



an equilibrium in a linear special case a;d derive its equilibrium size dis-
tribution of firms, concentration ratios, and mark-ups. Firms are each
twice as large as the next smallest firm. The concentration ratio of an
industry, the market share of the top t firms in an industry, asymptotically
approaches (2t-l)/2t as the number of firms grows. Further, this asymptote
is approximated with an error of less than % of 12 when the number of firms
is at least eight. Finally, the equilibrium mark-up with at least eight
firms is shown to be less than 1% of the pure monopoly mark-up.

In Section III, we note the rough empirical accuracy of our theories
of ‘monopoly. for the U.S. experience -before and after federal -anti-monopoly
laws.- The central empiricglnresult,of,this:analysis.is that U.S. anti-monopoly
laws, by altering the form of rational functions, have ‘converted a world
dominated by highly inefficient monopolies into a world whose outputs are
typically very close to purely competitive levels.

The analysis of the text of this paper takes as historical datum the
identity of the single firm among any subset of interacting firms which is
able to establish a prior reaction function over the other firms in the
subset. In the appendix, we introduce a competitive process to determine
the identity 6f this firm rather than taking it as historical datum. Ve
then show that the resultg of our analyses aré not substantially altered

by this change in the model as long as the number of firms is not very small.



I, THE GENERAL MODEL

1

A, The Environment

The model we will employ is a private-property general equilibrium
model containing n commodities and m firms. The economy's output allocation

set is denoted

x = (xlgxego.o’xm) » xr Z. 0’ fOI‘ all f = 1'... ’m’ (l)

th

where X, is the fth firm's n-dimensional output vector. x_, € X,, the f—

b
firm's feasible output-seti We-will denote the-set -of-output- vectors of. all

firms except firm f as

X_p = (xl’x2""’xf-l’xf+1""’¥m)° (2)

Each firm, f, can produce all commodities and has a profit function,

wf(x) = ﬂf(xf;x_f), £ = 1,00e,m, (3)

which summarizes firm f's technology, factor costs, and output demend con=-
ditions. Of course, wf(o;x_f) = 0., A firm may employ factors specific to
that firm so that the profit functions of the various firms are not generally

jdentical. Interfirm payments, or "side payments", are not allowed.

B. Firm Interaction Under Perfect Information Regafding Others' Strategies

We now diverge from anything we have ever seen in formal economic theory
by having some firms choose, not an Xes but a reaction function to its com-
petitors. The rationale is quite simple: Our firms make no errors and

always correctly evaluate the reaction functions of others; so these other



firms, recognizing that their reactions afe being taken into account, merely
select reaction functions, thereby making the output choices of other firms

. determine their own outputs. From a game-theoretic perspective, we are

introducing an assumption of perfect information with respect to the strate-

gles gg_otheggi;/ so the strategies must be gselected in sequence rather than

simultaneously in order for any given strategy selector to know the strate-
gies of the other strategy selectors. In particular, for perfect information
with respect to the strategies of others, the first strategy selector, firm 1

must announce his strategy, or reaction function, to the others:
x = xl(xz, x3,,..-,,xig,

while firm 2, thefsecond'strategy»selector;vexhibitsethe reaction function,
X, ; xz(x3, eees xnp,

and the third firm exhibits

xq = x3(x4, esey me,

17’Standard_game—theory does not cover this level of i{nformational perfec-
tion in that even "perfect information" assumes zero information with

respect to the strategies of others, thereby motivating the conventional-

Nash noncooperative solution concept. The possibility of perfect informa-
tion with respect to strategies was noted by von Neumann-Morgenstern (p. 84),
but as it created no new existence problems, it was passed over. Our interest
is in optimality, where we shall see it makes a great deal of difference
whether there is perfect information with respect to others' strategies or
just conventional "perfect information," i.e., perfect information with
respect to others' outputs. The conventional "perfect information" solution
is simply an m~firm Stackelberg solution. We shall elaborate on this in Section II.

The "metagame" model of Howard does permit the communication of strate-
gies but inappropriately employs a conventional Nash solution concept rather
than a von Neumann-Morgenstern perfect information solution concept to the
resulting normal form. The result is a solution set which is uninterestingly
large in that it still contains ordinary Cournot-Nash solution points. This
is elaborated elsewhere (Thompson-Faith).



and so on up to the m—lgg firm's simple r;action function, with a solution
output set easily éonstructed by having the m-'il-l firm, viewing these reaction
functions, selecting an output. This output determines the output of the m-
lﬁE firm given its established reaction function, which gives the two éutputs
necessary for the m-ZEi firm to determine its output and so on until the first

strategy selector's output is determined.z/

The mﬁg-firm's output'is assumed to maximize its profit in view of the
various solutions which would result from his various output selections. But
before we can derive-the profit maximizing choice, or the reaction functions,of
the -other: firms, we must specifyitheicesteofibeeoming;a.prioréstrategy;seiea=. o .
tor. We must also determine the order or'pricrityfin’strategy selectioﬂ; ‘Ohé : |
possibility is to arbitrarily assign an-order of strategy selection (corres-
ponding, say, to the order of birth of the various firms.) A solution is then
obtained by first allowing the m-lgz-firm to select a reaction function that
maximizes its profit given the m-2 prior reaction functions and in view of the
various rational output choices of'the-mﬁg-firm for the various possible reac-
tion functions of the'mslgz-firm. Then the m-zgg-firm selects a reaction func-
tion that maximizes its profit given the prior m-3 reaction functions and the

various rational outputs of firms m-1 and m which result from its various

reaction functions. The process continues until the m-1 rational reaction func-

tions have been formed. Another possibility is to have the firms engage in

2/

=~ I general, any strategy selector selects more than a reaction function;

he announces his reactions to reaction functions which subsequent strategy
selectors might present to him. But it is easy to see that such strategies

by subsequent strategy, selectors can never benefit them and can be ignored.
For example, if the mth gtrategy selector selects, rather than a simple action,
a reaction function to present to prior strategy selectors, he is giving

the choice of x consistent with the above, prior m-1 reaction functions to
others and therefore can be no better—off than by choosing x himself. There-
fore, m's choice of a reaction function is rational only when it is redun-

dant and can be ignored.



costly competition to determine the order“of strategy selection. A model of
such competition is specified in the Appendix, vhere we demonstrate the
existence of solutions to this new kind of competitive process, and compare
the solutions resulting from these two possible methods of assigning priority
of strategy selection. The chief result is that there is no substantial
difference between the solutions resulting from.the alternative assignment
processes when the number of interacting monopolists is not very small., This
result will hol& both in the case of unconstrained interaction and when an
anti-trust law restricts the sét of feasible reaction functions.
So;wforﬂtheatext:below,—we‘assume:that;there:is.a costless assignment
oﬁvhierarchiaiﬁybsitioaedetermined;%sayiﬁbyathe;historicalnsequenceweffentryw+
into the economy.- To characterize the resulting solutions, it is instructive
to consider first the case of duopoly. Here, the 2nd- (now the mth) firm
chooses a set of outputs, xg, so as to maximize ﬂz(xz; xl(xz)). The resulting

solution determines a dependency. of xg on xl(xi), a dependency which we -

write as

x§ = x%fxl(xz)}., (4)

This dependency is not a reaction function; it merely shows how a subsequently
selected strategy depends upon a prior'stfategy. In view of firm 2's rational
response given by (4), firm 1 chooses a reaction function xi(xz) which
maximizes wl(xl(xz); x;{xl(xz)}). |

To guarantee the existence of such solutions, we can add that Xf is
finite and Hf(') ig real-valued. Sufficient conditions for the existence of
a solution when Xf ig infinite are given in the Appendix. .

The above duopoly solution concept is equivalent in game theoretic struc-

ture to an implicit solution concept used by Schelling (Ch. 5) to solve a



prisoner's dilemma problem. It 1s a generalization of the Stackelberg solu-
tion concept (Intriligator) in that the 1st firm presents the 2nd with a
rationally selected reaction function rather than a neéessa.rily insensitive
function, one which establishes a fixed output for firm 1.

An extremely simple characterization of our solution is achieved by

adding the following condition: For any positive X, € X,, there exists an

{(12) e X, such that wa(xz; r.f(xa))< 0. We call sﬁch an { (xa)

a set of "punishment outputs". Then, letting xl be an economy-wide output
allocation which maXimizes firm 1's profits over all feasible x subject to

ﬂé(xz;v_-!l)_?_ 0, a rational-reaction function of firm 1l is given by .
VIR PO
SR
3 (x) = 2 tor x, 4

(5)

Facing this, firm 2 chooses xé, thus yielding »x;as'o. solution. It is

readily shovn (See Appendix). that this dictatorial solution also holds for m > z.
It is useful to consider the case of a Cournot 'techhology, vherein

Te = xr[a.-'b(xl v+*x2j)-c]';f-.—(a,'b,'c,‘) >0, a>c,and x Rf‘. The condition on

the existence of a set-of punishment outputs obviously holds in such an environ-

ment as firm 1 may, for any output of firm 2, merely set xlsa-'-;—c- in order to meke

a-c
‘ul(xe,xl) < 0 for all x; > 0. As the industry's simple monopoly output, 75— »

for firm 1 and a zero output for firm 2 is o‘bviously the most profiteble

allocation to firm 1, its reaction function is given by

(0) = 55
x4(x,) = ib—‘——c- if x, > 0.

The reactions described above are extremely predatory. Such a high degree

of predatory behavior does not appear to characterize the typical real world



relationship between interacting firms. fhis may be due to the failure of
the assumption of perfect information regarding others’ strategies to guide
real-world relationships. Indeed, as our general solution describes the
complete behavior of a cartel with no side payments3, Professor Stigler's .
well-known analysis of the informational problems of cartels applies. 1In
particular, the enforcement of the cartel output on.a given firm generally
requires that the enforcers (in our model, the firms with prior reaction
functions) know the actual outputs of the firm. While the existence of
punishment outputs greatly simplifies this problem because then only the
fir8t>fitmihaSﬂto%knOthhe:oqtputs@of:the"others*{or;theaenforcing:firmS*~
need<6n1y“know:the2§ggfof?thé%outputSfofﬂtheﬁdiSéiplinédzfirms%fthe;totalfé'-
industry information cost relative fo the value of the output increases with
the number of firms-in the -industry and makes our solution less and less
likely. Once the number of firms expands to where observations on the
outputs of other firms becomes -impractical, each firm will rafioﬁally -
assume that. the outputs of the others are unaffected by his owﬁ*output and

a familiar Cournot-Nash solution becomes apbropriate. This apparently cor-
responds to industries such as agriculture, garment manufacturing, and many

retail trades.

But most industries in our world are dominated by a few large firms.

Here, it is not as likely that the firms interact in a Nash-Cournot fashion,

3When side payments are not precluded, our general solution becomes a "per-
fect" cartel, one which achieves a joint profit maximum for all the producers
(Thompson-Faith). The historical, common law, unenforceability of contracts
requiring payments which lack a quid pro quo or induce a monopolistic res—
traint of trade proves the chief motivation behind the exclusion of side

payments from our model.
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In fact, it would be extremely implausible to assume that the significant
firms in these industries could not observe one anothers' outputs. Yet
the extremely predatory reaction functioms déscribed above do not appear
to exist in these industries either. The most plausible hypothesis to
explain this is simply that such reactions are forbidden by common law,
and in several countries, by statutory law. The following section of this

paper develops some theoretical implications of this hypothesis.

II. THE EFFECT OF AN ANTI-MONOPOLY POLICY

The .results obtained  in Section-I are based on a deceantralized model
of-monopo}y;decisien—makinngithoutfgovernmenteinterventionf?;However:fiﬂvf
order to arrive at a more realiétic calculation of monopoly behavior, we
now introduce government particiﬁation in tﬁe economy in the form of federal
anti-monopoly policy. Since most anti-monopoly policy ignores interactions

between firms in different industries, we shall. assume that firms in differ-
ent industries are noninteracting and-thus consider only a single m—firm

industry.

A. The Revised Reaction Functions

On the basis of existing anti-monopoly laws, it is reasonable to
assume that if any firm gxpands jts output in reaction to increases in the
outputs of its competitors -- either existing or entering firms -- that
firm would be subject t? prosecution under the law for its "predatory

practices."?/ Thus, whenever a firm increases its output for a given level

Ej,This interpretation assumes that the courts can distinguish between increases in
output ~ due to efficiency reasons, and increases for predatory or punishment
reasons. Certain anti-trust cases, such as the U.S. Steel Case, 1921, lend

support to this assumption. The anti-trust policy in this paper is based on

past interpretations of the Sherman Anti-Trust Act. For further discussion of

this law and its judicial interpretations, see Neale 4).
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of industry demand and cost we shall assu;e that government policy prohibits
another firm from increasing its output. (We are assuming that detection
of violators and enforcement of the law are carried out at zero cost.) This
restriction upon the output reactions of firms precludes the use of punish-
ment strategies. h

In the absence of punishment strategies, a firm may try to induce the
production of some desired industry output by "rewarding" other firms for
their outputs, that is, decreasing its output if the otﬁer firm(s) decrease
its (their) output(s) up to the desired industry output. We shall assume that
such behavior -will be viewed-as: collusion by the government -policy-makers, and -
likewise—be~prohf$1ted.a»Therefore;~the~effectrofrOur%anti¥monopoly~policy~on a
firm's choice of reaction function is to limit these choices to a class of non-
increasing functions.

Thus, -firm i faces only two kinds. of alternatives -given a change -in the output
choice of the firm i+k, where k=l,...,m-i. i may exhibit a zero or a negative

- reaction-to i+k's change~in*output; Comparing the results of these two alter- -
natives, firm i rationally decides upon the zero reaction function.;

Our demonstration is as follows: First consider a reaction function for the
first strategy selector; that is, first let i=l. Then, if i+k increases his
output, say from x:+k to xi+k, and firms i+1,...,i+k-1, i+k+l,...,m do pot con-
tract as much as i+k expands so that there is a net expansion in industry output,
or Zz;i(xi+k-x:+k) > 0, the result of i's contracting pis output would clearly de
to encourage expansion of the output of i+k and thus the aggregate output of his
competitors. Inducing an 1;creased output by his competitors could only benefit 1

if it ultimately permitted i a higher solution output. But x, for any (x1+1"°"xm)

may be increased independently of i's reactions to the output changes of these
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firms! i need only change his reaction function from xi(xi+1,...,xm) to
xi(xi+1,...,xm) + 8. So i can alter his solution output independently of his
responses to the output changes of later strategy selectors. Similarly, if

{4k reduces his output and the induced output changes by the rest of the firms
still results in a net decrease in industry output, i will not rationally increase
his output and thereby discourage i+k from decreasing hié output in the first
place. Firm i could produce the desired higher output by simply committing him-
self to produce the desired output as a constant regardless of i+k's reaction and
thereby induce i+k to produce a lower output than he would if i presented itk
with a negative:reaction. Finally, if, when i+k increases his output, the rest..

. of the firms ether-than 1 decreased~their&outputs»sorthat-the_net»output.of:a

the industry was'reducéd,'i+k would -always expand'output”untii*this-was no

longer the case. So there would be no equilibrium under this final possibility.
Since firm 2 now faces a constant output reaction function from firm 1, we can
repeat the above argument foédi?i; etc. Thus, in equilibfium; each fim's":

rational reaction function is a constant output reaction function. .

B. Equilibrium
Using this result we now illustrate equilibrium with m firms producing

a homogeneous output in which each firm's hierarchical position is exoge-
,nously—givén. This amounts to a generalization of the Stackelberg duopoly

model.5 We again assume a fixed hierarchy of strategy selectors, or

> In the Stackelberg model of duopoly (see Intriligator (2)), one fimm,
called the "follower," assumes the leader will exhibit a constant output
and makes his rational output choice on this assumption. The other firm,
"the leader," then selects his output subject to the follower's rational
response function. The result is a Stackelberg equilibrium. In our con-
trolled monopoly model, the second strategy gselector acts as a Stackelberg
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"strategy makers," with firm 1 being the "primary maker,”" firm 2 the "secondary
maker," and firm m the "pure t:akel:."6 Also, we again adopt a Cournot tech-
nology. Thus, industry demand is assumed to be linear and of the form:

m
p=abl _, x, (6)

where p is the price of the industry's output and, again, a and b are positive
constants. And marginal costs, c, are assumed to be constant and identical
for each firm so that firm f's profits can be expressed as

m
#f = 1:>(a—b)31"l xiéc), €))

where, to assure positive -outputs, ¢ < a. The condition for profit maximiza-

tion for each firmis

EE dxi v
P -X,.b —-c=0, or 8
£7 {3 e ®)
a.-c-bz:xi
i ——E - B ©)
T opfer X0 b1+ 2 X594 ‘ '
i#¢ 'a;; i#t 3;;)

Since all-reaction functions are constant output reaction functions, for

each firm j,

(cont.) follower by choosing his output subject to constant—output reaction

. functions. The first strategy selector behaves as a Stackelberg leader since

he chooses his reaction function (output) subject only to the profit-maximizing
behavior of the other firms. Firms 2, ..., m-1 introduce into the model
additional relationships not described in previous models of which these

authors are aware. Nevertheless, our controlled monopoly model with its (con-
strained) reaction functions and added relationships generates what can be
interpreted as a generalized Stackelberg model. For, as derived above, adding
more firms to our model merely creates a hierarchy of partial Stackelberg leaders.

As Stackelberg's "leader-follower" terminology suggests certain pricing
relations that are not relevant to a single-industry model, we avoid it here.
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dx,

3—"? =0 for all 1 < j. (10)

This yields a profit-maximizing expression for m of:

m-1
a—c—bz x;
® _ i=1 = P=¢
x 5 ) . ) (11)

Since firm m-1 is a taker with respect to 1l,..., m-2, and the latter exhibit

constant output reaction functions,

E &
i=1 dx -
T
dx* 1 .
And from f11), we-knova;!= -3 - Thus;using (9) and (10), |

no Bna | ~ 4 Ve b

a-c-b Ex ‘
i=} _ p-¢ . .
d —
Hha~ T 2 = v/2 B (12)
. To obtain m-2's profit=maximizing condition, we have to calculate m-1's

and m'S rational responses to a change in x ,. From {1) we know that

m-1
el (13)
m—2
And from (10),
* * * *
n _a T L el L3 (14)
dxm—Z axm-2 axm—l d"m-z

Hence, again using (9),

m-3

a-c-b I x
* i=1 "1 _ p-¢ ‘ 15
*n-2 7b Y 3 (13)
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Similarly, we find that

m~4
a-c-b I x
* i=1 "1 _ p-c
L 7b b78 ° - (16)
mES
B U = an
m~4 2b b/16 °?

The resulting size distribution of firms is obviously
o =xt2h 1=0, 1 .., wl (18) 7

C. Corollaries

There is a corollary concerning the "concentration ratio" of.our industries.
It is that the t-firm concentration ratio, the share of the top t firms in the
industfy, decreases as the number of firms in the indUstryfincreases; From the

above-theorem, the total output of the tep-t firms-in the industry can be

written:
m-1 t
g 32t - gty ot o g™ t(2toyy, (19)
i=m-t i=1

where t < m-1 and K is some positive number. The total output of the m

firms 1is

m-1
kY2t = k(2®-1) (20)
i=0

Hence, the output share of the top t firms’in the industry, t <m - 1, is

given by:
™oty 2t -
S = = - (21)
t 2m -1 2t_ 1
m-t

2
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Thus we see that as the number of firms in the industry expands and thus
the output becomes more competitive, the concentration ratio, St’ for any
t (t < m1) decreases.

This decrease, however, is very slight once the number of firms in the

industry becomes at all significant. For example, if m > 8, then the
t
2" -1

percentage error in using -
7 2

one half of one percent.

as an estimate of St is always less than

A second corollary regards the proximity of our generalized Stackelberg
equilibrium to a competitive equilibrium. From @7), the equilibrium mark-up

in -our model 1sz,§i%u Under:pure:moncpoly;-tbefmarkéup;wouiﬁ*beﬁéﬁéeﬁlgi' (This

2 : , :
is the same as-the uncontrolled monopoly mark-up since the rational maker in
this industry model could not do better than he could by producing an output
such that p < c whenever any other firm produced a positive output.) Given the

distribution of output among firms in our controlled monopoly solution, the

equilibrium mark-up relative to the pure monopoly mark-up is therefore given by

a~-c
20 1 '

a-c 2m—1 * (22)
2

So with, say, 8 firms in the industry, the equilibrium mark-up is less than
1Z of the pure monopoly mark-up. This insignificant mark-up not. only assures

essentially competitive outputs‘frbm industries with as . few as 8 firms, it

Using the above analysis and the results of Part II of the Appendix, it
can be shown that this same asymptote -is approached, and the same approxi-
mation result holds, when competitive bidding for hierarchial position is
allowed. The only difference which arises when such competition is allowed
is that the concentration ratio increases, rather than decreases, to its

asymptotic level as m + =,
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reduces to near-insignificance the resources which the firms devote, say
in the form of an over-building of factories ahead of demand, to establish
the priority of their output commitments. These results speak for the

powerful efficiency of the simple anti-trust policy outlined above.

IV. PRELIMINARY EVIDENCE

The rational reaction function-perfect information approach to non-compe-
titive interdependence can be tested by attempting to verify empirically the
implications of the above two models. We use the U.S. experience since we
aremsomewhat;less;ignorant>of“it*than:ofitheiexperienceS‘of“other"countries.

According to most accoumts, -no-substantial monopolies other than .govern=
ment-granted and small, local ﬁonopolies appeared before the Civil War.

After that war, the communications-transportation revolution and the emer-
gence of the corporate form of organization apparently opened up new oppor-
tunities for. large scale-organizations—and:thns—private-monopolies,operating
in nation-wide markets. In this environment, industrial giants grew in
several industries, each coming to dominate his-industry by using unprofitable
price-cutting as a weapon against smaller firms in order to keep them "in
line." These "robbef barons" were, in our terms, simply rational makers

over a set of takers and their "cutthroat competition" was merely their
application of punishment 6utputs to deviant firms.

The view that thése "robber barons' even existed has been challenged in
the economic literature by Professor McGee. Regarding theory, McGee argues
that a punishment strategy is irrational, which indeed it is if one accepts
conventional Cournot-Nash assumptions. But we are allowing one individual's
strategy to affect the strategy selections of others. So, as we have seen,

a punishment strategy may be rational. Regarding the real world, McGee
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argues that the Standard 011 Company, widely considered a company which
regularly adopted punative reaction functions C&ubell),‘did not, in fact,
adopt such strategies. His evidence for this unusual claim was of two
kinds. First, he argued that most of the refineries that were acquired bj
Standard in developing its monopoly were purchased at about book value, or
slightly higher, from sellers who did not complain about"predatory pricing."
But since most of the refineries were purchased during an era of unexpected
crude oil discoveries and booming demand for refined products, book values

~ were. probably a significant: underestimate of competitive -values - throughout
the period. - (Indeed, what:examples-appear--in-McGee :(pp.-151-2) and Tarbell::
(p. 33) indicate that discounted earnings streams from. the purchased refin-
eries were far in excess of book values or purchase prices.) And while the
refiners selling during Standard's growth to near—monopsly status (1771-1886)
complained that thei::highxexpectedvtransport=costirelativeatofStandard!s
was the main reason for selling to Standhrd, McGee did not’consistently
regard Standard's acquisition-of the pipeline-monopoly and the.-control over .
railroad rebate policies as a source of "predatory pricing." That is, McGee
did not consistently regard over-purchasing in a competitor's input market
to be equivalent, from the standpoint of predation, to overselling in the-
competitor's output market. (While McGee poiﬁts out that railroad rebates
were often given Standard's competitors during the period of Standard's
grbwth into a monopoly, he fails to point out that railroad rebates were

not a sliding scale reflecting overhead transport costs: Frequently no
rebate was given to large refiners simply because their volume was below
that of Standard, more frequently, Standard's agreement with the railroads

were that certain, higher transport charges were to apply to its competi-
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tors, and several key contracts were also signed in which the railroads were
obligated to pay Standard a large fee for each barrel of oil shipped for
independent refiners (Tarbell, esp. Chs. 2 and ll)J

Standard's control over independent refiners' transport costs obviously
punished these competitors for staying independent. While these punishments
were not harsh enough to prevent entry, such entries as did occur may well
have ultimately provided Standard with refineries, market experiments, or
collections of refinery equipment at a lower cost than if they had built
the plants themselves for their booming new industry.

The second argument of:McCee-is: that while-predatory-pricing-behavior
- may have existed on the retail’level; it was-infrequent:and:did-not= result-
in any significant retailing monopoly for Standard. The problem here is
that Standard's use of predatory retail pricing was used not to acquire a
redundant retailing monopoly but to aid their near monopoly in refining by
punishing retailers in certain locations for.buying from competing refiners
(Tarbell, Ch. 10).

The development of anti-trust policy in response to the obvious
inefficiencies in the unfettered system took several decades and has operated,
as we have suggested, to remove collusion (as well as mergers with the sole
purpose of raising prices) and cutthroat competition. This policy implies,
as we have pointed out, a hierarchy of makers in which each of the makers
presents the industry with a fixed output for a given level of market
demand and industry costs. Empirically, this means that the larger firms
in an industry can be expected to commit themselves to an announced share
of the market and retain his output regardless of the peculiar economics

of individual firms. That large firms in the U.S. determine their outputs
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in this way rather than computing their own demand and supply curves is
obvious for certain firms and has been claimed as a fairly general descrip-

tion by numerous institutionalist authors.

Further evidence for the controlled monopolv model was obtained from

observations on relative firm sizes within selected U. S. industries.

Our hypothesis, from equation (18), implies that
logx, o4 =K+ b-i, 1=0,i,...,m3, (23)

where bl = log 2 for each industry. The hypothesis relating market share

- to rank which we find in the literature (Simon (6)) is

log x_ =K, +b,logi, b,<1,i=1,ie.,m. (24)

-i+l 2 2 2

This hypothesis, which has no theoretical rationale, is clearly contrary
to ours in that ours has firm size increasing more than iﬁ proportion to
a firm's rank in the industry (i) while (24) has firm gize increasing less
than in proportion to the firm's rank.

We obtained our data from Standard and Poor's "Compustat” tape for
1971, which has data on all of the relatively large U.S. companies within-

8
industries disaggregated to the four-digit industry level. This data

We only included an industry when it (1) included 4 or more companies
(for statistical reasons), (2) had a firm producing over 50 million dollars
of sales (to avoid the exclusion of large producers due to their being a
subsidiary of a diversified firm), (3) sold its product in a national
market (to avoid local monopoly effects and interactions with firms in
foreign markets), (4) sold its product to economic agents which are not
substantially larger than itself (to avoid including industries in which
some of the outputs are produced by vertically integrated firms, which
would not be counted as part of the industry), (5) and marketed a relatively
homogeneous commodity. This is a highly subjective selection of industries,
but we know of no better way to provide a fair test of the hypothesis with
so much of the data obviously irrelevant.
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was used to generate least-squares fits ;f the two hypotheses. The
regressions for (24) produced coefficients less than unity in only three
industries. In each of these industries (cement, roof and wallboard, and
savings and loans) it appeared that we had erred in considering the markets
for their product a national rather than a local market. It is not sur-
prising that (24) fits better than (23) for local industries as it is well-
known (cf. Simon (5)) that city sizes follow a distribution such as (24).

For the remaining thirty-eight industries, the fit in (23) was better
(higher Rz).than»that in (24) in over 90% of the cases. Further, the
average estimated ratio of each-firm's:size over:the next smallest firm's-.
size -(the average-of the -antilogs-of the-estimated-coefficients-4n.-(23)): -
- was 1.86, which was 1ess‘thanAk“dffawstandard*devi&tion~from“the“theoretical
value of 2.00. To us, these results amount to fairly strong preliminary
evidence in favor of our theory. The regression results on (23) are des-
-cribed--in Table 1.

While the fits were tight, a little more than half of the industries
had b-coefficients significantly different than the theoretical value of
.69 at the 5% level. Furthermore, an analysis of covariance revea;s
significant differences between these coefficients at the 5% level, leading
us to rejgct the hypothesis that the true value of bl is the same for each
" industry. On the other hénd we did not really expect this hypothesis to be |

true. Deviations from our linearity assumption were to be expected to

9 We had data on both current sales and assets as measures of size, assets
being perhaps better than current sales as a measure of future sales. We
ran regressions for both measures of size and chose the measure for each
hypothesis that yielded Durbin-Watson statistics closest to 2. The ration-
ale here is that we wanted to be as generous as we could to each hypothe-
sis regarding which measure of size would conform the best to the curva-
ture assumptions of the hypothesis.
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produce deviations in the theoretical bi'coefficients about .69. But we do

not expect the deviations to be systematic. That is, we expect the average

of these coefficients to be not significantly different than .69. The

actual average of the b1 coefficients, .58, is less than half of a standard .
deviation away from our expected‘value.

It is possible to test for whether deviations of b1 about its theore-~
tical value are due solely to non-linearities or also t6 the absence of
legal interactions as we have characterized them. This is done by comple-
menting the above test with a direct fit of the underlying reaction func-
tions-as:-specified ‘in (10)-(14) -(c.f., Thompson; Faith, and-Rooney). It. :
is -important- to note-that, due:to :the:recursive nature -of our model, our
reaction functions are-extremely easy to fit statistically while the
opposite is true of received theory, which allows every firm's-output to
depend upon every other firm's output, t hereby presenting an immense

simultaneity problem.

University of California at Los Angeles
Virginia Polytechnic Institute



Table 1: Fit of Equation (54): 1log X o4 = Ki + bl i; i=1,...,m-3

S

Industry b by ebl D.W. R° m-3
gold mining .68 .1 1.98 1.57 .85 6
cosal ' 1.13 .21 3.10 1.66 .90 5
housing construction .39 .0l 1.48 2.37 .93 T
packaged foods .26 .03 1.30 1.13 .88 11
dairies .6k .13 1.90 1.78 .83 T
canned foods .33 .02 1.39 1.55 .96 12
animal foods 1.1% .16 3.13 1.70 .95 5
biscuits 1.22 67 3.39 3.00 .80 3
confectionary .69 .09 2.00 2.06 .91 6
brevers 27 .01 1.1 1.81 .97 15
distillers .51 .03 1.67 2.53 .98 T
soft drinks .69 .09 2.00 2.06 91 X
tobaceo- : AT .10. 1.60 1.73 - .83 T
forest produets lg- .0k 163~ 1.67. .95 11 .
mobile-homes - . .33 Ok - 1:39: 211 90 11.
home furnishings .27 .02 1.31 1,85 .94 15
paper .35 .0k 1.k2 1.28 .84 14
books .19 .05 1.63 1.75 .95 7
drugs-ethical .22 .02 1.25 l.21 .93 17
drugs-proprietary 5T .07 1.77 .TO .91 9
medical & hospital

supply .38 - .03 1.46 2.08 .9k 10
soap .99 .18 2.69 1.57 .91 5.
cosmetics .30 .01 1.35 2.5 .99 16
paint .60 J1 1.83 1.7k .86 7
tires & rubber goods .31 .02 1.36 0.89 .92 17
plastics .33 .0k 1.39 1.77 .91 8
shoes .38 .02 1.46 1.81 .96 13
concrete gypsum and

plaster .37 .08 1.45 1.98 .83 T
aluminum .60 .21 1.83 2.29 .80 y
motor vehicles 1.01 .22 2.75 2.1k .91 b
photographic 1.07 .07 2.92 2.38 .98 T
watches .65 .08 1.92 1.93 .96 5
musical instruments, )

parts .97 .23 2.64 2.27 .86 6
games A1 .05 1.51 1.85 .9k 6
radio-TV broadcasters .3k .03 1.ko 2.91 .95 11
vholesale foods .52 .06 1.68 1.78 .93 9
retail lumber yards .96 .23 2.61 2.37 .90 Y
motion pictures .55 .06 1.73 1.37 .91 9
relevant averages .58 1.86
relevant standard

deviations .28 .60
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APPENDIX

THE COMPETITIVE DETERMINATION OF PRIORITIES IN STRATEGY SELECTION

The advantage that a prior strategy selector has over subsequent selectors
is his ability to respond to the strategies of the other firms in the group in
a way that does not maximize profits given all of the other firms' strategies.
In order to have this ability to escape his own narrowly conceived rationality,
a firm requires what we shall call a commitment. A commitment is defined as an
enforceable promise to react in a specified way to the actions of another
regardless of the costs incurred by the commitment-maker in carrying out the
stated reaction. Although the idea of commitments is not novel to the area of
conflict resolution (see, for example, Schelling (5)), its economic rationale
and use in economic theory is rare.

For our model in which strategy selection priorities are determined in a
competitive fashion, a firm, in order to exhibit a reaction function, must
establish a commitment through its "manager', whose services, which have no
alternative value, are obtained via competitive bidding by the firms. We
shall give one individual, called the "top manager,” the ability to enforce a
firm's commitment prior to all other firms' managers. For the top manager,
each firm submits m-1 bids, each bid representing the amount the firm is willing
to pay to be the first strategy selector in place of a specified, alternative
firm. A winning bidder is a firm whose bid against his least preferred,
alternative, first strategy selector is no less than the maximum of the bids
against him. The reason a winning bidder must bid as if the worst possible
alternative is the actual alternative is that the manager is free to choose
the bidder's alternative and will rationally choose an alternative which will
maximize the bid of the winning bidder. The winning bidder, however, does not

generally pay his bid to the manager; he matches the second highest bid.
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Subsequent positions in the m-1 firm hierarchy of reaction functions are
determined in a similar fashion. Our auction is unusual in that the bidders
have different payoffs, and therefore different bids, depending on who would
otherwise win the auction and on what he would do as the winning bidder.
Since the reaction function chosen by the manager depends on the incentive
systems he is given by his firm, if a firm presents an incentive system which
leads to a relatively generous reaction to the firm which is the closest
competition for the top manager, he will receive a lower competing bid and
thus can be obtained at a lower salary.

We have been careful not to give to our managers to much influence on the
bidding process. It would be unrealistic, for example, to allow them to
encourage the bidders to exhibit reaction functions that raise the winning
bid. It would be similarly unrealistic to allow them to require payments from
non-winning bidders for not selecting an even worse maker from their points
of view,

Overall joint profit maximization is not a general solution only because
side payments are disallowed. That overall joint profit maximization (and
Pareto optimality under perfect price discrimination) results when there are
side payments and an absence of transaction costs in all possible transactions
is shown in Thompson (7).

Part I or the following discussion contains, for the uncontrolled monopoly
case, a specification of the cost of being a prior strategy selector, a
derivation of the identity of a prior strategy selector, a characterization of
general equilibrium solutions, and a proof of the existence of equilibrium
solutions under some additional restrictions. Part II contains a similar
analysis for a controlled monopoly case. In both cases, we show that the

quantity solutions are close to the solutions in the text when the number of
firms i 8 not very small.
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I. EQUILIBRIUM WITH UNCONTROLLED MONOPOLY

A, The Existence of Punishment Outputs

We shall assume that for each firm, there exists a punishment set of outputs.

More formally,

(a.l) Por each i, there exists an x,, 88y xi, such that

n, (x

g (xg3xgeee j_1,:::‘_'_1....x:{....::m) <0 for all x_, with x, >0 and all J ¢ 1.

If firm { is the first strategy selector, it can make a commitment
vhich will induce each firm to produce its specified output. Faced with
firm i's commitment, each of the remaining m=1 firms will rationally choose
to produce their respective profit-maximizing outputs, the outputs speci-
fied by firm 1.

More formally, let xi and x.i_

" N be solution values to the problenm,

max [7,(x) - C,(x)) subject to ¥, > 0 for all f ¥ i, (25)

x 4

vhere x'f =0 1f ‘lf(xf) < 0 for all x, > 0, and vhere t'.‘:l is the cost to i of

b
becaming the first strategy selector, or the strategy maker. Thus, x:} is the
output of the fth firm vhich maximizes the net maker profit of firm i subject to

the non-negativity of profits of each of the other firms, who axe stra-

tegy takers. The rational reaction function for firm i is then:

i

= x, wvhen x_i = x_i

Ll

x, ( x_, ) (26)

1 Y

x, otherwise,

The commitment made by i guarantees that i will produce x; vhen firm f
deviates from producing x; even if it implies lower profits to i than some
alternative values of x, given x, ¢ x:,. Such apparently irrational behavior
by firm i is rational by virtue of our assumption of profit-maximizing
behavior of all firms, vhich implies that firm f will produce x: in equilibrium

rather than an salternative output.
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A strategv-taker, any firm j ¢ 1, faces the problen:

max ﬂJ(xJ;x_J) subject :o
'1 =
x_J ir xJ xJ,

x
=J .(xl""' x;,...,xm) othervise.

mdxk-x.i,a.llk#d.i -
27

This leads the Jth firm, knowing the rational responses of the other takers,

to choose x, = xi

J 3°
That is, the taker will choose to produce the maker's optimal output choice

We have assumed this holds even if nj(xi) = 0 for xj > 0.,

even though his profits there are zero and he has the equally profitable pos-
sibility of quitting business.

Given our assumption on the existence of a punishment output, the problem
of the existence of an uncontrolled monopoly equilibrium wvhen there is an
arbitrary determination of the strategy maker (end thus when Ci(x) £0) thus
reduces to a problem of the existence of an X which maximizes firm i's profit.
This existence follows immediately from the minor, additional assumptions
that Xf is a non-empty, compact set for each f and ﬂi(x) is a continuous func-
tion. The existence of an uncontrolled monopoly equilibrium under our compe-
titive bidding process will be established in subsection E below, after we have
specified the nature of the qﬂx)function under competitive bidding and ex-
emined the solution characteristics of the two models in both small and large
numbers cases.

Note that disregarding the cost of becoming a maker, no firm is ever
worse off by being the strategy-maker as opposed to being a strategy-taker.
This is because an individual firm can always do as well by choosing its own

output as having it chosen by another. Hence, each firm will have non-negative

bids for the top manager's services regardless of whom he 4is bidding against.



=26~

B. The Two=-Firm Case.

Consider two firms, i and j. The amount firm J is willing to offer to the
top manager equals the difference between J's profit as a maker and J's profit
as a taker. Since j's profit as a taker depends on i's choice of outputs as
a maker, the cost to i of being the maker, vhich is the cost of Just beating
J's bid, is a function of the x that i would choose as maker. Hence, we can

write:
¢ (x) = M, (x)) - w,(x), (28)
and, using (5), describe firm i's maximum maker profit as:

n? = mex (7, (x) - (wJ(xJ) - wJ(x))] subject to ﬂJ(x) >0, (29)

implied by the solution to:

where ﬂd(xj) is the value of ﬂJ

max [r,(x) - (m,(x}) = 7 (x))] subject to m,(x) 2 0, (30)

where ﬂi(xi) is the solution value of W, implied by (9).

Solutions to (29) and (30), if they exist, yield explicit values of
ﬂi(xi), ﬂj(xJ), wi(xJ), and wJ(xi) from which we obtain the value of each
firm's bid. These values are interpreted as i's and J's operating profit
as a maker, and i's and j's operating profit as a taker, respectively.

Foting that s independent of IJ(!J), we see from (29) that fim
i is maximizing its Joint-profits with firm J. Similarly, from (30),
firm J is maximizing its joint-profits with firm i. If we assume that the
Joint-profit maximizing output is unique, then the same output vector will
be chosen regardless of which firm is the strategy-maker. Hence, each

firm's bid for the rights to be maker would equal zero since its profit



as » maker is the same as its profit as a taker. In this case, the final
determination of the strategy maker is arbitrary.

If the joint-profit maximizing output is non-unique, the two firms'
bids will still be equal, but they may then be positive. For example, at

b, let wi(xi) - 50, lJ(xi) = k0, and at x’, let aJ(x") - 60, ¥, (x’) = 30.

Notice that both i's and j's bid will equal 20. Since the bids are equal,
the selection of strategy maker is still arbitrary.

The joint-profit-maximizing solution when there are two firms contrasts
sharply with the solution when there is no competition to determine a maker.
In the latter case, the arbitrarily selected maker simply determines a set of
outputs which maximizes his own profit and applies his punishment if the
takers do not oblige him. This is generally far from a Joint-profit-maximum.

Given any number of firms which produce a single output, an arbitrarily
selected maker produces a simple monopoly output, flooding the market with
an output which would enforce negative profits on all other active firms in
the industry if any of them produced a positive output. This predatory,

" obber-baror strategy holds regardless of the nature of production costs and
demand, and regardless of the number of takers, giving us a single-active-
monopoly solution among any group of interacting firms selling a homogeneous
product. We shall soon see, however, that this robber-baron solution is
also approached in the case of competitive bidding for hierarchial position

as the number of firms increases beyond two.

cC. Competitive Bids to be Maker in the m-Firm Case

With m firms, m > 3, although there are m-1 competing bids with which a
prospective strategy maker must contend, any prospective maker need only be
concerned with the highest of his rivals' bids. This highest rival bid is

the explicit cost to i of becoming the maker. Thus, (28) becomes:
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c.(x) = max (7w (x7) = w (x)). (31)
4\ rvrgii £

The m-1 opposing bidders are each rationally assuming that firm i will be
the strategy maker if they are not. The resulting bid of each firm then
measures hov much a firm is willing to pay to be maker instead of bdeing
a taker of i's reaction function. We can now describe firm i's maximum

maker profit, ‘n!;, as:

7, = max [n,(x) - max ( (xT) - m(x))] subject to 7, >0, (32)

i

x r#i f

£

where ‘Nr(xf) is the operating profit to firm f vhen f is solving for its
maximum maker profit.

Firm i's alternative maker is that firm vhich will be the maker if i
is not. Firm i's bid when J is his alternative maker, the difference

between i's profit as maker and i's profit as taker of J, is

n () - m ) = B, (33)

where J is i's alternative maker.
By computing maximum maker operating profit for all m firms, if
these profits exist, and taker profit in a similar fashion, we can campute

each firm's bids from the explicit values of maker and taker profits,

D. Characterizing an m-Firm Equilibrium
Distinguishing features of the m-firm case (m 2 3) under competitive bid-

ding to be maker are that at a solution there is more than one highest-bid-
ding taker, that the solution is not a joint-profit maximum and that the solu-

tion approaches the arbitrary maker solution as m increases,
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At any choice of output allocation set of the maker, i, there is
either a distinct firm determining i's managerial cost - i.e., an unique
£, solving (31), or there is a tie bid between some of the takers, Suppose
there is an unique maximum in (31). Since the maker is responsive only
to changes in the bid of the single highest-bidding taker, say, J, the maker
and this taker will adopt a joint-profit maximizing relationship as in
the two-firm case. Therefore, if the output choice of 1 is, in fact, a solu-
tion, it also corresponds to a joint-profit maximum between i and j. If
the joint-profit maximizing output is unique, J's bid against i is zero.
Since the remaining bids are non-negative, such an output choice is unattain-
able because the alternative maker's zero bid is then not higher than the
other takers.

If the joint-profit maximizing output of i and J is non-unique, the
same result obtains. Suppose that joint-profits between i and J are
maximum and therefore equal at both x1 and xJ. Then the difference between

i's maker profit at x1 and xJ,

m () - () - w ] - w ) e D) - )
= )+ om(eh) - Iny () ¢ n () =0

Thus, i is indifferent between xi and xJ vhich implies that i's bid is
zero. Agein, an inconsistency results as the other bids are non-negative.
Thus, the equilibrium solution is inconsistent with the existence of an
unique maximum in the alternative bids.

Therefore the optimal output choice of the strategy-maker pccurs

vhere there exists a tie in the maximum bids of some of the takers,
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A solution occurring at this point does not correspond to a joint-profit
maximum. Although the maker is responsive to a change in the bid of any one
of his several maximum-bidding-takers, he is not concerned with the sum of
their bids, vhich i requires for Jjoint-profit maximization. Thus, the solu-
tion is not a joint-profit ma.xinmm.:

The greater the number of firms, the "sloser" the solution is to the
arbitrary maker solution in the following sense: With a greater number of
firms, there is a greater number of takers whose bids are equal to or &
greater number vwhose bids are less than the maximum bid of the takers. If
there is an expansion of those whose bids are less than the maximum, there
are more firms whose non-negative profit va.r:la{'.ions are of no concern to the
meker and thus more firms whose output is determined just as it is in the
case of an arbitrarily selected maker. If there is an expansion of tekers
whose bids are maximal, then the maker internalizes le;s of the variation in
the total profits to these takers, moving toward the extreme in which he is
arbitrarily selected and therefore jnternalizes none of this variation.

In both the two and m-firm cases, since the solution maker need only
match the highest-bidding rival firm(s), the amount going to the manager will
equal the value of the second highest bid over all firms. But, vhereas the

manager's fee is always zero in the two-firm case when the joint profit maxi-

mizing output set is unique, it may be positive in the m=-Tirm case.

*/ An m-firm Joint-profit maximum would mean that the maker's marginal
profit (assuming differentisbility) equals the sum of the other firms'
marginal profits. In our case, the marginal profit of the maker is equal

to each firm's marginal profit., Let there be an m=firm tie vhere m = 3.

If marginal profit to i, the maker, equals $1 (thus, marginal profit equals
$1 a piece to the takers), then marginal joint=profit equals minus $1, rather

than O.
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E. A Theorem on the Existence of Equilibrium
We will be working in Euclidean space, Ry; the dimensionality y of the

space equals the number of commodities (n) times the number of firms (m), or nm.
Let X, a subset of Ry, equal the feasible output set. An element, x, of
this feasible output set is a y-dimensional vector of outputs of each

commodity by each firm.

From the above discussion, for each firm there is a profit function,

ﬂf(x), £=1,...,m; defined on X. Similarly defined on X is:

(d.1) the 1*® £irm's maker profit,

'ni(x) - max [‘lrf - ‘nf(x)] f=l,...,m; £ ¥#1, (34)
f

where ‘ur is £'s operating profit as a maker, a given number to i; and
(d.2) the 4*! £irm's bid function, given that f, who dictates output

x, is the alternative maker,
Bif(x) = [ﬁi(xi) - ﬂi(x)], f=1,...,m; £ # 1. (35)

An equilibrium is (a) a set of output allocation vectors, _x_l, _x_2,..., x:,
b 4
x € XE such that each f’ maximizes the maker profit of firm i given

T, = If(_{f). all £¥i, and (b) a winning bidder, a firm, i, such that

max Bif(_;_f) > max B (_x_i) .
P - x ki

Ve now make the folloving assumptions:

(a.2) X is s non-empty, compact, convex set.

(a.3) 'lf(x) is a continuous, real-valued function, f=1,...,m.

(e.4) For any f and any given (’1""’"f—l”ﬁl”"’"n)' there
is at most one wvalue of 5‘. (This is slightly weaker than

the strict convexity of the set X, = {xi: 'l(xi) < w} for all .)



-32-

Theorem; Given assumptions (a.l) - (a.4), there exists an equilibrium.

The proof will consist of two parts. Part 1 will prove that there
exists a set of outputs f_l,iz,...,_{m. That is, for any i, there exists
maximum maker profit, w‘;, vith consistent values of 7, for all £ ¢ 1.

Part 2 will prove that there is alvays at least one firm which is a winning

bidder, i.e., one firm whose maximum bid ageinst his alternative makers is no

less than the maximum of the bids against him.

*/

Proof:—

Part 1.

First we show that for given values of maker profit of other firms,
firm i has a maximum maker profit. To do this we will employ the well-
known theorem in analysis that a continuous, real-valued function defined
over a closed and bounded set attains a maximum at some point in the set.
Let

gi(x) = max [n

- wf(x)] f=1,...,m; £ # 1, (36)
b ¢ o .

f .
1'1" L] .’m.

*/ A more compact, but to us less intuitive, proof, provided by Ron Heiner,
will be sent on request.
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That is, gi(x) is the function describing the maximum bids against i
for each point in X selected by i. Since ﬂi(x) is continuous by (a.2)
and the sum of two continuous functions is continuous, firm i's maker

profit in (3%) is continuous if gi(x) is continuous.

Lemma: The function gi(x) is continous.

At any point in X, and any i, there is either (a) an unique maximum bid
in (36), or (b) there is an equality between the highest two, or more
bids in (36).

(a) If there is an unique maximum in (36) at some point in X, then
since each bid function, Bfi(x)’ is continuous (the difference of two
continous functions is continuous), (36) is continuous at such points in
X.

(b) Let x_ be a point in X where Bji(xs) = Bki(xs) = gi(xs), J#k.

Suppose, for any 6 > O, there is an € < §, € > 0, such that

gi(xs-e) = BJi(xs-e) > Bki(xs-e) , and

gi(xs+€) =B i(xs+e) S-Bki(xs+€) s 3y k=1, ... ,m;

J
J¥k, J,k#i.

It is obvious that since each bid function is continuous and equal at
Xgs gi(xs) is continuous at x_.
In the case where the second relation in (37) does not hold, the bid
of J is a maximal bid over the entire §-neighborhood so the continuity of
g(xs) follows from the continuity of Bji(xs)'
In the only remaining case,vhere only the first relation in (37)

does not hold, Bai(x) = Bki(x) sbout an &-neighborhood of x , then either

37
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bid is maximal in that neighborhood. Since the bid functions are continuous
at all points in X, then gi(x). i=1,...,m, is continuous over all of X.
It follows from the lemma and the well-known theorem in analysis

stated above that 7 and 5? exist for any set of values {7 .} and thus

i
for any set of vectors {xf}. t¥i.

Nov one firm's optimal maker output vector depends upon the optimal
maker output vectors of other firms. This leads to the question of
whether the optimal output vectors of the various firms are mutually
consistent. Proving this establishes the existence of a set of output
vectors, (5},...,5?), such that, for each f, 5? yields maximum maker

profit to firm f for the 5} ofalli¢¥f, i, =1,...,m. Consider m

feasible sets of nm outputs, each representing an output allocation vector

arbitrarily selected by each f, or (xlo,....xno). Given the values of
(xzo,...,xmo), the value of x maximizing firm 1's maker profit, xll, is

calculated. Using xll and x3o,...,xm°, the value of x maximiting firm 2's

maximum maker profit, x21, is calculated. Continuing in this manner,
the output set, (xll,...,xml) is attained.

The resulting transformation,

(xlo mO) - (xll,le nl)’ (38)

'ooo,x ’a..’x

then is a transformation from a set of output sets, XF, into itselfr.
To show that there exists a consistent set of maximum maker profit
over all m firms, it is sufficient to show that there exists a

set of outputs, (5},...,;?), vhich remains unchanged over the
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transformation (18). By the Kakutani fixed point theorem, the set,
(5},...,5?) exists if X is a compact, convex set, and the complete trans-
formation (38) is continuous.

By assumption (a.l) - and the fact that the Cartesian product of closed,
bounded, and convex sets is itself closed, bounded, and convex - we know
that X° is closed, bounded, and convex. Since each transformation in (38)
is a calculation of some firm's profits, it is sufficient to show the

continuity of (38) by showing the continuity of.i? as a function of

xt = 1 £-3 xi+l,...,xm) (39)

X 9gc ey [

for any i, i=l,...,m. Suppose the function,

=Y, (40)

is not continuous at some !’1. This implies that there is an infinite
=i
sequence, {x i}, approaching x such that

ety e e

gt
(The existence of this limit is implied by the boundedness assumption
in (a.2) and the Weierstrass Theorem.) Since each firm's profit is

a continuous function of (xl,...,im), there is also an infinite sequence,

{“;1} = {“1"""i-l’“i+1”"’ﬂm}' (41)

which approaches ¥ 4 such that
2ed@Or 1 G

LT



Nov the uniqueness of 5}(5;1) expressed in (a.4) implies that there is a

8(e),6 > 0, such that for any xiGEXZnot in an e-neighborhood of gf,
@) - w LT > s(e), (42)

vhere ﬂi is firm i's maker profit. Then from the linear manner in which
LI enters i's maker profit function (34), there is an w > O such that for

all m_, satisfying |1r_i - w_il < w, and for all x*€ X not in an e-

i
neighborhood of il,

ek

o) - rtm) > s(e) (43)

n

Consider the e€-neighborhood of
lim .5? .
Ty
and select an € sufficiently small that the intersection of this neighbor-
hood and the €-neighborhood of'§§ is empty. If thegi in the former

neighborhood are indeed profit maximizing, for allizé in that neighborhood,
M) - et <o, (44)

for all “Ti -+ ifi generating the €-neighborhood of

lim xi .

M M
LRI

This is a direct contradittion of the immediately preceding inequality (43).
Hence, 5} is a continuous function of x-i and likewise the transformation
(38) is continuous. This is sufficient for the Kakutani fixed point theorem

to apply; and therefore, the set (E},...,E?) exists.
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Part 2.

We shall now prove that -- given the array of maximum maker profits
in (3L4), and therefore an array of bids against all alternative makers
descrived in (35) -- a winning bidder exists. Consider the matrix B,

representing the bids of each firm against the others, with zeroes along

the main diagonal:

- ]
o B B
12 13 . ... B
321 o 323 . . L] * Bh
B = . ) . (45)
B, B B 0
| ml w2 m3 -

From the definition of a solution maker, i is a solution maker if

max BiJ > max Bki’ that is, if the maximum bid by i exceeds the maximum
J k
of the bids against i. In B, i is a solution maker if the maximum of the

elements in the iﬁg-row exceeds the maximum of the elements in the igh-

column. Let B be a meximal element of B. Then, B _ > max B 80 that
qr ar —, kg

q is a maker. Hence, there is always a winning bidder.
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II. EQUILIBRIUM WITH ANTI-MONOPOLY POLICY

This part of the Appendix shows that the introduction of competition in
making commitments, and thus of competitive bidding for each position in the
hierarchy, makes the model of equilibrium with anti-monopoly policy in the
text decidedly more complex but does not substantially alter its conclusions
as long as the number of firms is not very small.

Referring to the model with anti-monopoly policy in the text, while com-
petitive bidding for hierarchial position may increase the costs to all |
firms, it does not, of course, increase the costs of the pure taker. Since
all firms have the same variable cost functions, the variable maker profit of

each firm is, in equilibrium, equal to the simple variable profit of the pure

taker. It also follows from the equality of variable costs between our

firms that every firm is indifferent to any position in the hierarchy so

that all bids for each position in the hierarchy are identical. Onme's
position in the hierarchy is determined by the priority of his commitment.
Hence, the first auction is for the position of primary maker, the second
for the secondary maker, etc. In the first auction, there are m bidders,
in the second there are m-1, and so on until, finally in the m-lst auction,
there are only two bidders. Let us see how these auctions alter the
rationally chosen outputs from those selected in the model with no competition
for hierarchal position.

The pure taker obviously has the same output choice function as in

the model with no competitive bidding for hierarchal positions, so again

m-1
a—c-bz x,
i=} p=c
% = =
*m 2o b (46)

where x; is the solution output of firm i in the present model. But

the output of the m-lst firm is now sensitive to a bid of the mgg-firm

for his hierarchal pesition. The bid of m for position m-l equals
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n,m—l(xm—l) = wax[0, =

w210 %101

vhere ‘lr. n-l is the operating profit m would make if he were the 1-1!1

M=
maker. Firm m-l therefore selects an xm-l vhich maximizes

vr: =T l-na.x[o, el m(xm-l)] subject to (36) and the given
values, XysecesX 5 - (47)
If the solution x__, were such that B 1( ) > 0, then the output
= m,

that satisfies (47) would be a joint profit maximum subject to (46) and

Xy seeoXp o This joint profit is (p-c)(x el +xm)-dm-dm_l , which, as

above, reaches its maximum at x  .+x = L . But then, from (46),

x;_l would equal zero. Since variable profits exceed zero at some positive

outputs, firm m-1 would do better as the pure taker. Hence,
B m_l(x“ )=0 . But if so, the variable profits are equal for both
firms m and m-1. Therefore,

xs = xb, | (48)

and using (36),

m-2
a-c-bei
- i=1 . 2(pc
x) %~ (==) . (49)

This solution may be constructed by starting firm m-1 at its output in the
previous model, an output which maximizes his operating profit and exceeds
X0 and then making itpay m's bid to be maker to a lawyer. It is then
obvious from (47) that it pays m-1 to reduce his output in order to
reduce R 's bid against him. This occurs until Xpe1 = xn, at which
point the bids become zero. It then no longer pays m-1 to reduce his

output for there is no further reduction in m's bid that is possible.



~40-

To compute m-2's optimal output, we need the profit of firms = and
m-1l as a function of xm_a. Using (49), and computing, from mowv on,

profits as variable profits (profits net of di)’ we have
’ a-2

"1 " " [.-c-b:z:::ﬂ-b(‘::?lx )](M-bp =1 ) ( .c.b:iz 3)2 .(50)

Firm m-2's maker profits can nov be written, using (49),

/ n-2

m=2 a- c-be
Mo o - i=]l -
L la e biglx \-—31;7-2-— Jxm_2 max[0, L 2" m( e 2)] . (51)

Assume that T ,m- 2—1rm(xm 2,) > 0. Then, using (50) and (51),
m-2 m=2 2
a-c-bz x; a.-c-'bz x,

M. =ty o, i=y Y _
m-2 3 m-2 9b m,m-2 .

Maximizing this profit, we find

m=-3
a-c-bz x,
i=l
x;_z T and (52)
m-3 \2
a~c=b Z x
T (x* )= :l=l (53)
m-2 m-2 16b
Substituting x;_z into (49),
32" %1 "% (54)

n - ]
The assumption that -2 ‘l-(x‘_a) > 0 is satisfied, for at x:_z the
bid of m (and of m-1) is gzero. Even if we removed the constraint that bids
be non-negative, the above exercise shows that m-2 would reduce his profit

by contracting his output so as to make T ' el 'lr ( ) negative.
’
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Similarly, if the output solution to the problenm,,

m:: [(p-c)x, - "‘;"("ji j(xi))]. i<m, (55)

exceeds X, then, because bids are positive in such a solution, this output

solution is also the solution to the general problem:

4= ’J(xi)] . (56)

mex [(p-c)x, -max (o,

.1
xi J

Performing the maximization in (55) for firtn m-3, using (52), (53) and

(54), we maximize

m=-3 \2
( "Z'? ) \ ( "‘z':3 (a-c-b?;lx )
a-c-b ) x - 3/ -c=b)_x t—
fm Y m3 &) Ta-3 160
with respect to X3 The solution output can be written:
m-k m-3
a.-c-bz X, a-c-bz Xy
= i-l j=) *
*n-3 3o = 2b : G7)

This output is twice the output of firm m-é and thus is also a solution
to (56). We also find, using (52), (54) and (57) that variable profits

for each firm are:

/ m-k
a.-c-be )
L L o i=l (58)
mn-1 p-2 = "m-3 36b '

Thus variable maker profit to the m-ht-l firm is
n-l

(o.-c-b Ix )

m-4 &
_h(x h) = a-c-biglx %(a-c-bElxi) Lt T -

Maximizing this with respect to Xy Ve find

m-s .—h [
a-c-b x, a-c-b2 x,
im = !
Xa = T5/2 ®/2 9)




This is twice the output of firm m-3 and four times the outputs of firms

m, m-1, and m-2. We also find that

* M# i=1
* —————
Rl R S B3 = Tpy = ~To0%
These profits form the bids for the m-S-'tl position in the hierarchy,
and the procedure continues until we reach the top positionm. The distri-
bution of outputs, moving on to m-5, m~6 and m-T and again indexing the

output of the m-t—l}- firm to unity, is easily seen to be
1, 1,1, 2, 4, 8, 16, 32.

The obvious generalization is that

i

X.‘x. » i‘O,l,.... m-3 . (60)

% *
m -1 and x111-2-1 = xm 2

To prove that this generalization is, in fact, the solution distribution

of firms, we provide an inductive proof. In particilar, we shall prove that
if the hypothesized distribution holds for i =r, i.e., if xn-2-i/xm-1-i‘ 2
for any i such that 0 < i<r, then it holds for i =r + 1, i.e.,

xm—3-r/xn-2-t=
m—3-rth firm is

2. To do this, we first note that variable profit to the

foem)

i=l

m
Ta-3-r = (a—c-b§lxi) *p-3-r + ) *



By hypothesis, for the firms from m to m-2-r we have:

m-3-r
a.-c-'bz x
i
=1 - (61)
p(2%+1)/2"

x1:1-2-1'

and

m-3-r
m a.-c-biz::lxi 2:‘ +1+ N
s, >0 (62)

i=m-é-r b

Using (52),

i=1 i-m-2-r _i=1 i=sm-2-r
b

Y O > ) oo T

m=3-r \2
( a-c-be )

i=1
(2 +2) b

1 m-3-r
= Tl a-c-bzxi *n-3-r *

Maximizing this expression with respect to x

m-3-r ’

m-3-r
a-c=b Z :x
( = )_ PXp-3-r 2( i=1 i)

0= a-c=b 2 x
™o i) e (27 142)?
( miB-r
a-c=b x
W = ) _ Mpar
(2!‘+1+2 )2 2!‘"1..’2
n-3-r
a-c-b) x
i=1l




Using (51), we see that

Xpe3-r _ (25+1)/2570
Xp-2-r  (2F41)/2%
This establishes the theorem.
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