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Abstract

This paper analyzes the maximization problem faced by a theater or sports
stadium owner who must decide between reserve and general admission seating,
where there are additional transaction costs associated with reserve
seating. The results follow. First, an exogenous increase in the valuation
cénsumers place on seat quality tends to increase the number of reserve
seats. Second, an exogenous increase in the transaction costs assoclated with
reserve seating tends to decrease the number of reserve seats. Third, with
identical consumers, the seller offers the socially optimal number of reserve
seats. Fourth, when consumers vary with respect to their time valuations, the
seller will frequently offer é higher than soclally optimal number of reserve

seats.



A frequent objective of analyses of firm behavior has been the derivation
of optimal or profit maximizing pricing schemes (see e.g., Mussa and Rosen
1978, Harris and Raviv 1981, and Chiang and Spatt 1982). In deriving these
schemes, however, economists have in the main ignored an important aspect of
the problem by failing to take explicit account of transaction costs. That
is, since transaction costs often vary with the type of pricing scheme
employed, the explicit modeling of such costs 1s necessary for a full
understanding of real world pricing schemes. In this paper I attempt to take
explicit account of transaction costs inside an analysis of a real world
situation wherein such costs have a critical effect on the type of pricing
scheme employed. The objective of the analysis 1s threefold. First, I would
like to provide an explanation for the existence of pricing schemes which seem
hard to justify in the absence of transaction costs. Second, I would like to
see how the choice of pricing scheme depends on the different parameters of
the model. Third and most importantly, I would like to investigate the social
welfare aspects of the problem. That is, do firms always adopt the pricing
scheme which maximizes social welfare, and if not, what is the nature of the
biases which exist.1

Consider a theater'or sports stadium owner who is trying to decide on
what type of fricing scheme to employ for an upcoming event. On the one
eitreme he could treat each seat as a separate commodity, and have each ticket
sold correspoﬁd to a particular seat. This will be referred to as a pure
reserve seating system. At the other extreme he could sell tickets which
guarantee access to a seat, but which do not specify a particular seat. This
will be referred to as a pure general admission system., Finally, he could

choose some intermediate system wherein some seats are sold as reserve seats,

while others are sold through a general admission system. Since‘a pure



reserve seating system would allow the owner to take full advantage of quality
differentials which exist between seats, in the absence of transaction cost
considerations it is hard to justify anything ﬁut a pure reserve seating
system. Ignoring transaction cost considerations 1s misleading, however,
since reserve seating typically entails more transaction costs than general
admlission seating. For example, reserve seating requires additional ushers
béth to help customers find their seats, and to ensure that no individuals
attempt to occupy seats other than those they have purchased tickets for.
Thus, to fully understand a theater or stadium owner's pricing scheme choice,
it 1s necessary to take account of the transaction costs involved.

This paper constructs and analyzes a model of the multiple seat pricing
problem discussed aboye, whicﬁ explicitly captures the additional transaction
costs associated with reserve seating. The model is analyzed under two
different assumptions éoncerning consumers. It is first assumed that all
consumers are identical. For this type of world the analysis suggests the
following. First, an exogenous increase in the valuation consumers place on
seat quality will tend to increase the number of seats offered as reserve
seats. Second, an exogenous increase in the transaction costs assoclated with
reserve seating will tend to decfease the number of seats offered as reserve
seats., Third and most importantly, from a sociéi welfare point of view, the
private incentive firms face for adopting reserve seating will always be at an
optimal level.. That is, the number of seats offered as reserve seats will
always be the socially optimal number.

The second assumption under which the model is analyzed is that consumers
differ, but only with respect to the valuations they pla;e on time, This part
of the analysis reaches two basic conclusions. First, the fact that consumers

differ with respect to the valuations they place on time has no effect on the



type of pricing scheme employed, and therefore the first two results of the
previous case continue to hold. Second, the fact that individuals differ in
this manner does have an effect on the social welfare aspects of the

problem. In particular, it is demonstrated that, given two restrictions on
the quality distribution of seats, the number of seats offered as reserve
seats tends to be greater than the socially optimal number. However, an
example is also presented which demonstrates that, when these two restrictions
are not satisfied, it is possible for the number of seats offered as reserve
seats to be smaller than the socially optimal number.

The outline for the paper is as follows. Section I presents a model of
the multiple seat pricing problem. Section II analyzes this model under the
assumption that all consumers are identical. Section III analyzes the model
under the assumption that consumers differ, but only with respect to the

valuations they place on time. Section IV presents some concluding remarks.

I, The Model

Individuals in this model derive utility from two activities. The first
activity is the consumption of a good which is provided via a perfectly
competitive markeq. This good is referred to as B, where by denotes the
number of units of B consuﬁed by individual 1. It is assumed that good
B " is perfectly divisible, and that it exhibits constant marginal utility.
The constant marginal utility assumption simplifies the analysis, while
leaving the qualitative nature of the results unchénged. The second activity
consists of being a spectator, or in other words occupying a seat, at what for
simplicity of exposition is referre@ to as a sports event. Spectating is
obviously an indivisible consumption activity, i.e., each individual can

occupy elther no seats or one seat. The utility derived .from spectating



depends both on the quality of the seat occupled, and on the time expended

acquiring that seat. The quality of the seat occupied by individual 1 is

denoted Qi’ while the time expended acquiring seat Qi is denoted ty.
The following utility function which Incorporates the properties just

discussed is adopted.
(1) Ui = bi + in - citi’

where ¢y denotes individual i's wvaluation for time and where all
individuals have the same valuation for seat quality, this valuation being
denoted as v. The interpretation of (1) is straightforward. by represents
the utility derived by individual 1 from the consumption of good B. vQ;
represents the utility directly derived by individual i from the spectating
activity.2 cyty représents the disutility incurred by individual 1, which
is due to the time expended acquiring seat Q. Note finally, if individual
1 decides not to attend the sports event, Qi = 0.

Each individual 1 also faces a budget constraint, which is written

below with B being the numeraire good.
(2) b, +e, <Y

It is being assumed in (2) that each individual 1 has the same income, this
income being denoted simply as Y. Additionally, ‘ei denotes the price paid
for a ticket to the sports event by individual 1. Now, it 1is easily
demonstrated that (2) must hold as an equality, and therefore the budget

constraint can be substituted directly into the utility function, i.e.,



(3) Ui =Y - eq + in - Citio

The only aspect of the model which remains to be described is the market
for seats at the sports event. All such seats are controlled by a single
economic agent, i.e., the seats are monopolistically provided. Furthermore, as
indicated previously these seats are assumed to vary in terms of quality. In
particular, the distribution of seat qualities is described by a density
g(Q)dQ defined on the interval [QL,QH]. Note, also, the function g(.) is
assumed to be nonzero and finite everywhere in the specified interval. Now,
there are three different ways that the monopolist can sell the seats. First,
he could have each ticket sold correspond to a particular seat. This will be
referred to as a pure reserve seating system. Second, he could sell tickets
which guarantee access to a seat, but which do not specify a particular seat.
This will be referred to as a pure general admission system. Third, he could
choose some intermediate system wherein some seats are sold as reserve seats,
while the rest are sold through a general admission system. When seats are sold
as reserve seats, the monopolist incurs costs which are not incurred when the
seats are sold through a general admission system., This is due to the

additional transaction costs:associated with reserve seating. In particular,

equation (4) describes the reserve seating costs, denoted 2Z, incurred when all

seats between the quality levels Q; and Qp are sold as reserve seats.3

)
(4) z = [ “2g(Q)dQ
Q1
It is now necessary to speclify how seats are allocated when they are sold

under a general admission system. The assumption made is that the seats are

allocated according to the order in which individuals arrive. Specifically,



first arrivals get first choice of seats, while later arrivals must choose
from among the seats which have not already been claimed.

Finally, two restrictions are placed on the type of selling strategy the
monopolist is allowed to employ. The first restriction is that, if the
monopolist offers general admission seats, then the seats offered must
comprise a closed compact interval of the quality distribution of seats. This
restriction guarantees that a set of equilibrium strategies exist for the
consumers, and that an optimal general admission price exists for the
monopolist. The second restriction concerns the following problem. Given
that there is no monitoring of general admission seats, i.e., no ushers, an
individual could purchase a reserve seat ticket and sit in a general admission -
seat. To preclude this possibility the monopolist is restricted from
employing a strategy wherein a reserve seat purchaser prefers to sit in a
general admission seat: In other words, it must be incentive compatible for

each reserve seat purchaser to sit in the seat purchased.

II. Analysis with Identical Time Valuations

In this section the model presented in the previous section is analyzed
under the assumption that all cﬁnsumers have the same valuation for time,
l.esy, ¢y =c for all i. Before proceeding w;th thevanalysis, however, it
is necessary to clearly spell out the timing of market activity. To make the
analysis simple to follow, it is assumed that purchasing a ticket and arriving
at the stadium are two distinct activities. More épecifically, the timing of
market activity is assumed to consist of the following two stages. First, at
some unspecified time before the sports event begins, the monopolist sells
tickets to the event. Second, individuals who purchase tickets during the

first stage arrive at the sports event, either arriving just as the event



begins or arriving some point earlier. Given this specification for the
timing of market activity, it is easy to see that only individuals who
purchase general admission tickets will ever show up early. The reason such
individuals might show up early is that, as indicated previously, they can
improve the quality of their seats by doing so. Individuals with reserve seat
tickets would never show up early because each reserve seat ticket specifies a
particular seat.

An alternative specification for the timing of market activity would be
to have consumers purchase tickets when they arrive at the stadium. Under the
additional assumption that the monopolist cannot have the price for general
admission tickets depend on arrival times because of high transaction costs,
this alternative specification ylelds exactly the same results as the
specification actually employed. As 1is indicated above, the advantage of the
specification employed is that proofs are less complex and are easier to
follow, '

It is now pbssible to proceed with the analysis. The problem faced by
the monopolist is threefold. He must decide which seats to sell as reserve
seats, and which seats to sell as general admission seats. He must decide
upon a price scheQule for reserve seats. He must decide upon a price for
géneral admission seats. |

One thing can be immediately derived about the monopolist's optimal
strategy. That is,'if a seat of quality Qj is s0ld as a reserve seat, then
the price of that seat is ij. This is due to thé fact that when a seat is
sold as a reserve seat, there is nothing to stop the monopolist from capturing
all the possible rents assoclated with that seat. The rest of the analysis
consists of a sequence of propositions. Note, in the following P will

denote the price for general admission seats.



Proposition II.1: TIf the monopolist offers all seats between the quality
levels Q+ and Q* as general admission seats, where Q* > Q+, then the
following will be true.
1) vQ+ { P < VQ*
2) No seat of quality less than Q+ will be offered as a reserve seat,
3) Q+ and Q* will necessarily be such that the monopolist will want
to sell all higher quality seats as reserve seats.
4) A general admission seat will be occupied if and only if P is less
than or equal to v times the quality of the seat.
5) Each individual 1 who purchases a general admission ticket will

have his arrival time such that P + cty = vQ;.
Proof: See Appendix.

Using the results contained in Proposition II.1l, it is possible to set up
the monopolist's maximization problem. Note, Q* will continue to denote the

highest quality seat which the monopolist offers as a general admission seat.

DO Q" Q
(5a) max [ Pg(QdQ + [ vQg(Q)dQ - [ 2g(Q)dQ
* P/v * - %
Q,P Q Q
Q*
(52) can be explained as follows. f Pg(Q)dQ 1is the revenue from general
P/v ,

admission seats, where P/v 1is the quality of the lowest quality general

H
Q
admission seat occupied and Q* is the quality of the highest. f*ng(Q)dQ
Q



is the revenue from reserve seats, where each reserve seat's price equals v

H
Q
times the quality of the seat. f* zg(Q)dQ 1is the cost of making all the

seats between the quality levels Q* and QH reserve seats (see equation
(4)).

Denote as Q' the quality of the lowest quality general admission seat
occupied, i.e., Q' = P/v. Instead of having the monopolist maximize over
P, one could equivalently have the monopolist maximize over Q'. This

substitution reduces (5a) to (5b).

Q" ot ot
(5b) max [~ vQ'g(Q)dQ + [ vQg(Q)dQ - [ zg(Q)dQ
Qo0 ¢ Q Q

(5b) yields (6) and (7) as first order conditions.

(6)  (vQ'-vQ*+2)g(Q*) = 0
Q*
(7 [~ vg(Q)dQ - vQ'g(Q') =0
Q'

Note, also, (5b) can be written as (8).

Q* QH QH
(8) . max [° vQ'g(Q)dQ + [, vQg(Q)dQ - [, zg(Q)dQ
Q' Q . Q '

*
s.t. Q' = arg max fQ vQg(Q)dQ
Q Q

The specification in (8) is convenient for some of the remaining proofs. Now,

with these equations in hand, the analysis can proceed to the remaining
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propositions.

Proposition II.2: Starting from a parameterization for which the monopolist
does not choose a pure general admission system, i.e., Q* < QH, an 1lncrease

in v will necessarily result in a decrease in Q*.4

Proof: I will first demonstrate that such an increase in v cannot result
in Q* being unchanged, and I will then demonstrate that such an increase
cannot result in Q* rising. Consider initially the constraint contained in
(8). The value for v never affects the value of Q' chosen., Now, suppose
an increase in v, from a parameterization where Q* < QH, could result in
Q* being unchanged. Given that v has no effect on how Q' 1is dependent
on Q*, it should then be possible for the partial derivative of the left
hand side of (6).with respect to v to be equal to zero, This derivative,
howevef, equals (Q'—Q*)g(Q*), which (6) itself implies is negative. Thus,
such an increase in v cannot leave Q* unchanged.

Now, let Qi, QT be the values for Q' and Q* éhosen when v = vp»
where v; 1s such that ij< QH, Also, let Q, Q: be the values for Q'
and Q* chosen when v = vy, where vy > vj. Given the definition.of a

maximum, (5b) 1mplies both (9) and (10).

: Q J! ¢!
(9) v, [f 'qis(@)da + [, ee(@4ql - [, zg(Q)dQ
9 Y Y
* H

Q, Q &
> v, [[ “Qjg(Q)dQ + [, g(®)da] - [, 2g(Q)dQ
Q Q Q
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* H H
(10) [f' Qjg(Q)dQ + f* Qg(Q)dq} - f* zg(Q)dQ
Y Y D
Q, Q" Q"
< v, 1] “Q5e(Q)da + [, g(@dal - [, zg(Q)dQ
. % %

(10) can be rewritten as,

* H H * H
Q
(11) v [f' ng(Q)dQ+f* Qg(Q)dQ] f* 2g(Q)dQH(v ,-v 1)[[ ng(Q)dQ+f*Qg(Q)dQ]
QY Q Q 4 Y
* H H * H
<v [f ng(Q)dQ+f* Qg(Q)dQ]- I* 2g(Q)dQH(v,~v )[f' ng(Q)dQ+f* Qg(Q)dq].
% % % % %
H * H
£ Q> Q;, then [f *ojg(Q)dq + I* Qg(Q)dQ] > [f ng(Q)dQ + f* Qg(Q)dQ].
1 QY 2 )

Furthermore, this would imply that (9) and (11) are contradictory, and

* *
therefore it must be true that Q2 )2 Ql‘ Q.E.D.

Proposition IL.3: Starting from a parameterization for which Q* < QH, an

increase in 2z will necessarily result in an increase in Q*.

Proof: This proof follows along the same lines as the proof of Proposition

I1.2, and 18 therefore omitted.

The intuition for the above results 1is straightforward. An increase in
the valuation consumers place on seat quality increases the private incentive
for adopting reserve seating, thus resulting in an increase in the number of

reserve seats —— Proposition II.2. On the other hand, an increase in the
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transaction costs associated with reserve seating decreases the private
incentive for adopting reserve seating, thus resulting in a decrease in the
number of reserve seats —— Proposition II.3. I will now consider the social
welfare aspects of the problem.

It is obvious that the situation described above is not a first best
result. For example, it is easy to construct an alternative set of arrival
times for general admission ticket purchasers which pareto dominates the
arrival times which emerge endogenously.5 A more interesting question is
whether the private incentive the monopolist faces for adopting reserve
seating is always at a socially optimal level. I will investigate this
question by seeing whether social welfare could be improved by letting the
government set Q*. Note, social welfare is defined here simply as monopoly

profits plus the sum of the utilities of all the consumers in the economy.

Proposition II.4: Social welfare could not be improved by letting the

: *
government set Q .

Proof: I will prove the proposition by demonstrating that the maximization
problem faced by such a government is exactly the same as the maximization
problem faced by the monopolist. The maximization problem faced by such a

government is,

* H H *
(12)  max [ vq'g(Q)dq + ff v0g(Q)dQ - ff 2g(Q)dq + [ (vQ-P-ct(Q))g(Q)dQ
Q' Q!
Q Q Q

*

Q LA
s.t. Q' = arg max [ vQg(Q)dQ,
Q Q

where t(Q) 1is the waiting time of the individual whose seat is of quality
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Q. (12) can be explained as follows. The first three terms of the objective
function represent monopoly profits, while f?* (v@-P-ct(Q))g(Q)dQ 1is the
consumer surplus general admission ticket pugchasers derive from the
spectating activity. Additionally, the constraint simply states that, given
the government's choice of Q*, the monopolist will maximize over Q'. Note,
given the price schedule for reserve seats, it is clear that reserve seat
purchasers derive no consumer surplus from the spectating activity.

Proposition IL.1 states that for each general admission seat, P + ct(Q)
= vQ. Substituting this into (12) yields,

* H H

Q Q Q
(13) max [ vQ'g(Q)dQ + [, v0g(Q)dQ - [, zg(Q)dQ
¢ ¢ Q Q

*

Q ~
s.t. Q' = arg max f vQg(Q)dQ.
Q Q

Equations (13) and (8) are exactly equivalent. Q.E.D.

The intuition for this result comes straight out of the mathematics of
the proof. Because the price of each reserve seat equals v times the
quality of the seat, reéerve.seat ticket purchasers get no consumer surplus
frbm the specéating actiyity. On the other hand, because arrival times are
such that for each general admission seat, P + ct(Q) = vQ, general admission
ticket purchaseérs also get no consumer surplus from the spectating activity.
Together these two facts imply that as Q* is variéd, changes in social
welfare will translate one for one into changes in monopoly profits.
Furthermore, this in turn implies that the monopolist will choose the value

for Q* which maximizes social welfare.6
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III. Analysis with Different Time Valuations

In this section the model presented in Section I is analyzed under the
assumption that individuals vary with respect to their valuations for time.
In particular, the distribution of time valuations in the population is
described by a density h(c)dc defined on the interval [g,E]. Note, also,
the function h(.) 1is assumed to be nonzero and finite everywhere in the
specified interval.7

As in Section II, one thing can be immediately derived about the
monopolist's optimal strategy. That is, it is again the case that if a seat
of quality Qj is sold as a reserve seat, then the price of that seat is
ij. The next step in the analysis 1is to present a proposition which is
analogous to Proposition II.1.

Proposition III.1: If the monopolist offers all seats between the quality
levels Q+ and Q* as general admission seats, where Q* > Q+, then the
following will be true.

1) vqt <P <t

2) No seat of quality less than Q+ will be offered as a reserve seat,

3) Q+ and Q* will necessarily be such that the monopolist will want

to sell all higher quality seats as reserve seats.

4) A general admission seat will be occupied if and only if P is less

than ;r equal to v times the quality of the seat,

5) Denote again as Q' the quality of the lowest quality general

admission seat occupled, i.e., 'Q' = P/v, and let c(Q) be the time
valuation of the individual whose séat is of quality Q. It is

necessarily true that each individual 1 who purchases a general

admission ticket will have his arrival time such that
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Qi v
t, = | dQ, where ¢c(Q) 4is always such that
i Q' c(Q)
Q" c(Q)
/ g(Qj)dQ = [  h(e)de.
Q . <

Proof: See Appendix.

Given the results contained in Proposition III.1, it is a trivial matter
to set up the monopolist's maximization problem., That is, Propositions II.1l
and III.1 are exactly the same except for the specification of arrival times,
and arrival times do not enter into the monopolist's maximization problem.
Thus, the monopolist in this section faces the same maximization problem as he
faced in the previous section, i.e., equation (5b) continues to be the
relevant equation. Furthermore, given that this is true, it must also be the
case that Propositions II.2 and II.3 continue to be valid. In other words, an
exogenous Increase in the valuation consumers place on seat quality still
tends to increasé the number of seats offered as reserve seats, while an
exogenous increase in the transaction costs assoclated with reserve seating
still tends to decrease the number of seats offered as reserve seats,

As opposed tq the conclusions reached above, the social welfare
iﬁplications of this section.are not the same as those of the previous
section. 1In the previou; section the monopolist always offered the socially
optimal number- of reserve seats. I will now demonstrate that, given two
restrictions on the density function g(.), the mbnopolist here tends to
offer more reserve seats than is socially optimal.8 Note, in the following
Q; will denote the Q* selected when the choice of Q* is in the hands of
the monopolist, and Q; will denote the Q* selected when the choice is in

the hands of a social welfare maximizing government.
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Proposition III.2: If the following two restrictions on the density
* *
function g(.) are satisfied and QM < QH, then QG > Q;.
1) g(Q,) > g(Q)) for any Qj, Q; pair, where QL €Q <Q < QH

2) g(@h < 2g(a"
Proof: See Appendix.

The intuition for this result is as follows. As opposed to what was true
for general admlssion ticket purchasers in Section II, general admission
ticket purchasers here do derive consumer surplus from the spectating
activity. That is, for each consumer 1 who purchases a general admission
ticket, it is the case that P + cyty < vqi.9 Now, as the monopolist
increases the number o{»reserve seats, given restrictions 1) and 2), he will
also necessarily decrease the number of general admission ticket purchasers.
This shggests that as Q* is varied in a negative direction, there will be a
negative change in social welfare which the monopolist will not internalize.
Furthermore, this in turn implies that the monopolist will tend to set Q* at
a value which is below what would be socially optimal.lo

Proposition III.2 states that, when two restrictions on the density
function g(.) are satisfied, the monopolist tends to have more than the
socially optimal number of reserve seats. Now consider the following
example. Let v = 1, z = 10, QL = 0, QH = 25, g(Q) =1 for all 0< Q< 21,
and g(Q) =3 for all 21 < Q < 25, Also, let time valuations be distributed
such that there is a mass point at ¢ =1 with weight 11, and the rest of
the population has a time valuation equal to 10. In the Appendix it is
demonstrated that for this example, Q; < Q;. This tells us that, when

restrictions 1) and 2) are not satisfied, it 1s possible for the number of
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seats offered as reserve seats to be less than the socially optimal number.
The intuition for what is going on in this example is roughly the following.
For each consumer 1 who purchases a general admission ticket, the value of
(Qi—Q') will tend to be positively related with the amount of consumer
surplus this individual derives from the spectating activity. When
restrictions 1) and 2) are satisfied, each consumer 1 who purchases a
general admission ticket will have (Qi-Q') be a nondecreasing function of
Q*. Thus, this factor serves as an additional rationale for why, when 1) and
2) are satisfied, the monopolist has too high an incentive for adopting
reserve seating. In the above example, however, restriction 2) is violated.
The result 1s that over a range of Q*, (Qi-Q') tends to be a decreasing

function of Q*. Furthermore, for the above example this effect dominates,

* 11
M.

the result being that Q; <Q
IV. Conclusion

Most studies concerned with deriving profit maximizing pricing schemes
abstract away from the existence of transaction costs. Given that transaction
costs often vary with the type of pricing scheme employed, however, such
abstractions can easily'lead;to incorrect conclusions concerning the form of
real world pricing schemes. 1In this paper I attempted to take explicit
acéount of transaction costs inside an analysis of a real world situation
wherein such c;sts have a critical effect on the type of pricing scheme
employed. In particular, I analyzed the maximization problem faced by a
theater or sports stadium owner who must decide between reserve and general
admission seating, where there are additonal transaction costs associated with

reserve seating. The major results of the analysis are as follows. First, an

exogenous increase in the valuation consumers placed on seat quality tended to
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increase the number of seats offered as reserve seats. Second, an exogenous
increase in the transaction costs associated with reserve seating tended to
decrease the number of seats offered as reserve seats, Third, under the
assumption that consumers are perfectly identical, the seller always offered
the soclally optimal number of reserve seats. Fourth, when consumers were
allowed to vary with respect to the valuations they placed on time, bhut the
qﬁality distribution of seats satisfied two restrictions, the seller tended to
offer a higher than socially optimal number of reserve seats. Fifth, when
these two restrictions were not satisfied, it was possible for the number of
seats offered as reserve seats to be smaller than the socially optimal number.

There are a number of different ways that the analysis contained in this
paper could be extendgd. Thrée particular examples come to mind. First,
consumers could be allowed to vary in terms of their valuations on seat
quality. With this tyge of variation the seller would need to be concerned
with self-selectlion constraints, an 1ssue central to of a number of recent
papers (e.g., Mussa and Rosen 1978, Spence 1978, Chiang and Spatt 1982, and
Maskin and Riley 1982)., The solution technique used in these previous papers,
however, 1s not necessarily applicable to the model contained in this paper.
The reason for this is that all éf the previous papers on the subject have had
endogenously specified product characteristic di;tributions, while tgis paper
has an exogenously specified distribution., Such an extension 1s therefore of
interest both "in terms of seeing how the results of this paper relate to a
world where individuals vary with respect to theirAquality valuations, and in
terms of finding a solution technique for the case where the product
characteristic distribution is specified exogenously. Sgcond, in this paper
the seller did not have the ability to vary performance quality. For some

situations this 1s probably a realistic way of modeling the seller's problem;
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however, in other situations choosing an optimal performance quality would
seem to be one of the key decisions the seller must make, Thus, a second
worthwhile extension might be to make performance quality a choice variable
for the seller. Third, this paper investigated how and when a government
could improve social welfare by regulating the number of reserve seats. In
reality, however, directly regulating the number of reserve seats would seem
to be beyond the scope of feasible government activity. On the other hand,
there does exist one government activity which could be used to affect the mix
of reserve and general admission seats., That is, the government could affect
this nmix by differentially taxing reserve and general admission seats. A
third worthwhile extension, therefore, might be to incorporate sales taxes
into the model, and then derive optimal tax rates for the two types of

seating,
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Appendix

Proof of Proposition II.1: Suppose the number of general admission tickets
purchased is equal to the number of seats between the quality levels a and
Q*, where a > Q+. Since general admission ticket purchasers claim the best
general admission seat available upon arriving at the stadium, this implies
all'seats between the quality levels a and Q* will be occupiled.
Furthermore, it is also the case that this situation has associated with it a
unique Nash equilibrium in arrival times, where this Nash equilibrium is
defined by the following two properties. First, if individuals 1 and j

are general admission ticket purchasers, then c(ti—tj) = V(Qi_Qj)' If this
were not the case, then one of the individuals could make himself better off
by showing up the instant before the other individual shows up. Second, the
last general admission ticket purchaser who arrives must have his waiting time
equal zero. An earlie; arrival could not be part of an equilibrium because
then the individual could make himself better off by showing up later and
qlaiming the same seat.

| It is now a fairly straightforward exercise to prove Proposition IIL.1.
First, if vQ+ < P« vQ*, then the above implies that the Nash equilibrium in
purchase strategies will be sucﬁ that P equals v times the quality of the
lowest quality general admission seat occupied.' Second, given this, any price
outside this interval is necessarily dominated by a price inside the

interval., Thése two points in combination with the points made in the first
paragraph prove 1), 4) and 5). Now, if the monopoiist offered a seat of
quality lower than Q+ as a reserve seat, then the specification of arrival
times implies that a purchaser of such a seat would prefer to claim a general

admission seat. This proves 2) since the monopolist was a priorl restricted

from employing such a strategy. Finally, consider a case where seats
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immediately above Q* are not offered as reserve seats, Given what has
already been proven, the monopolist could make himself better off by raising
Q*. Therefore, the monopolist must find it optimal to offer the seats
immediately above Q* as reserve seats., Furthermore, given that the
monopolist finds it optimal to offer these seats as reserve seats, he must
find it optimal to offer even higher quality seats as reserve seats. This

proves 3). Q.E.D.

Proof of Proposition III.1: Suppose the number of general admission tickets
purchased is equal to the number of seats between the quality levels 6 and
Q*, where a > Q+. Since general admission ticket purchasers claim the best
general admission seat available upon arriving at the stadium, this implies
all seats between the quality levels a and Q* will be occupied.
Additionally, since only general admission ticket purchasers have early
arrival times, the set of general admission ticket purchasers must be
comprised of the.individuals in the economy with the lowest time valuations.
Finally, it is also the case that this situation has associated with it a
unique Nash equilibrium in arrival times, where the equilibrium is defined by
the following three probertigs. First, if individuals 1 and j are general
a&mission ticﬁet purchasgrs where ¢y > cys then Q; < Qj. If this were not
thevcase, then one of the individuals could make himself better off by showing
up the instant’ before the other individual shows up. Notice, thils means that
the time valuation of the individual who occupies é seat of quality Q,

*

Q
denoted ¢(Q), 1is defined by the following: f g(Q
Q

Q)

e(
j)de =£ h(c)dec.
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Second, let t(Q) specify waiting time as a function of the quality of seat

acquired. For the individual who acquires seat Q to find his arrival time

dt(Q) _ v
aq (R If the derivative had a lower value,

optimal, it must be that
then the individual acquiring seat Q would prefer to arrive earlier and get
a higher quality seat. If the derivative had a higher value, then the
individual acquiring seat Q would prefer to arrive later and get a lower
quality seat. Third, the last individual who arrives must have his waiting
time equal zero.

The proof now follows along the same lines as the proof of Proposition

Q
dt(Q) - v [ - = v
a9 = Q) and t(Q ) = 0, then t(Q) f -CTQ_T de.

Q! Aj

I1.1. Note, if

Proof of Proposition III.2: The government's maximization problem can be

written as,

Q" Qt Q!
(14) max vQ'g(Q)dQ + [~ vQg(Q)dQ - [ zg(Q)dQ + J
Q' %* %*

*
Q Q - Q

* .
s.t. Q' = arg max fQ vQg(Q)dQ,
Q Q
where J {s the consumer surplus general admission ticket purchasers derive
from the spectating activity. The first order condition for the maximization

problem in the constraint is,
%
(15) @ vg()de - va'g(a’) = o.
Ql

' ¥
Given restrictions 1) and 2), (15) yields Eg; < 1, This combined with 1)
dQ

yields that as Q* is increased, the number of general admission ticket

purchasers also increases, This in turn implies that, if as Q* is increased
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each consumer 1 who was initially a general admission ticket purchaser has
his consumer surplus from spectating increase, then ég; > 0.

Now, given the specification of arrival times indgroposition I1I1.1, the
time valuation of a consumer who sits in a general admission seat of quality
Q can be written as a function E(IQ* g(a)da), where c¢' > 0. Thus, again

Q

given the specification of arrival times in Proposition III.1l, the consumer

surplus for such an individual i, denoted CSy, can be written as,

Q

1 ¢4
(16) cs, = é' v[l - T - ] doy .
c(f" g(Q)dQ)
Y
This can be rewritten as,
v a ci
(17) cs; = [ vil - 5 1 db,
0 (Y g4
Q'+b

where a = Q4 - Q'. Taking the derivative with respect to Q* yields,

*
LYY g(QaQ)

dcCs ve '
+
(18) L. 1 Qb db.
d . 0 ,~ A\ aman2 d
Q G g@a) Q
- Q'

_ 4Q' dCSi
Restriction 1) and the fact that —; < 1 yields + > 0. Thus,
aJ dQ dQ
_*'>Oo
dQ

Now it is possible to proceed to the first order condition for (14).

This equals,

* x dJ
(19) (vQ' - vQ +12) g(Q) +—=0.
dQ
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Since §£¥ > 0, 1t must be the case that at Q* = Q* (vQ' - vQ* + z) < 0.

G’
(6) yields that at Q =1Q,, (vQ' - vQ + z) = 0. Since —f <1, it must
dQ
| .
be the case that d(vQ dQZQ* +z) < 0. This in turn implies Q; > Q;-

Q.E.D.

Analysis of example on p. 16: Let v =1, 2z =10, QL = 0, QH = 25, g(Q) =
1 for all 0< Q< 21, and g(Q) =3 for all 21 < Q < 25. Also, let time
valuations be distributed such that there is a mass point at ¢ =1 with
weight 11, and the rest of the population has a time valuation equal to
10. The same argument as in the proofs of Propositions II.1 and III.1 yields
that 1) through 4) of Proposition II.l are still valid, while arrival times
are now as follows. Working down from Q*, general admission seats will be
filled by consumers wiﬁp time valuations equal to 1 until either no such
consumers remain or Q' 18 reached. Furthermore, if consumers 1 and J
are twb such consumers, then tj - tj = v(Qi - Qj). Now, if there are more
general admission seats to be occupied than there are consumers with time
valuations equal to 1, then remaining seats are fille& by consumers with
time valuations equal to 10. quthermore, if consumers 1 and j are
consumers of this type, then 10(t; - tj) = V(Qi-- Qj). Note, finally,
consumers who sit in seats of quality Q' will have zero waiting times.
Given the above, (6) and (7) yield that this example has a local maximum

*

at Q° = 20, b' = 10 and a local maximum at Q* = 22, Q' =12, There is

also a local maximum at Q* = 25, Q' = 16,5, Comparing monopoly profits for

*
< the three local maxima yields QM = 25,

Now, given that Q; = 25, 4it cannot be the case that Q; > Q;. T will

now demonstrate that QZ < Q; by showing that at Q* = 25 the left hand side

of (19) is negative., At Q* = 25, (vQ' - vQ* + z) g(Q*) = 4,5, The
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specification of arrival times yields that only general admission ticket
purchasers with time valuations equal to 1 will get consumer surplus from
the spectating activity. The consumer surplus such an individual derives from

spectating, denoted CS can be written as,

c::l’
W 1
(20) S,y = (f) [1 - ypldb,

where w equals the width of the quality range of general admission seats

which are occupied by consumers with time valuations equal to 10. At Q* =
dcs

25, ~——§:£ =-%%. Integrating this over all general admission ticket
dQ
purchasers with time valuations equal to 1 yields that at Q* = 25,
QE;__ :%%. Thus, at Q* = 25, the left hand side of (19) is negative, and
dQ .

*
therefore it must be the case that QG < QH‘
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Footnotes

lThere are a number of papers which rely on the existence of transaction
costs to justify the existence of particular real world pricing schemes (see
e.g., Alchian 1970, DeVany 1976, Cheung 1977, Barzel 1982, and Kenney and
Klein 1983). In general, however, these papers do not explicitly model the
transaction costs involved. One exception to this is Rotemberg (1982). He
explicitly models transaction costs in a world where monopolistically
competitive firms incur a cost when they change price.

2A seemingly more general specification would be to have the utility
derived from the spectating activity be a general function v(Q). In
actuality, however, this yields little additional generality since it would
always be possible to rescale the quality variable to yield the linear form
used in this paper. )

3Cheung (1977) argues that the transaction costs associated with reserve
seating can be lowered by underpricing high quality seats. His argument
relies on the existence of demand uncertainty. Thus, his argument is not
applicable to the model in this paper.

4It {8 not necessary to be ;oncerned with the corner solution Q* = QL.
This 1s because such a solution could never be ;ptimal for the monopolist.
This can be seen by noting that the left hand side of (6) is positive if Q* =
Qt.

5Unfortunately, the only incentive compatiblevset of arrival times is the
set given in Proposition II.l.

6Qne could ask whether similar results obtain under.the assumption that
the government could set both Q* and Q'. Note, setting the latter value

would be equivalent to regulating the price for general admission seats. In
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answer, the proof of Proposition II.4 demonstrates that the government could
also not improve social welfare if it had the ability to set both values. The
intuition for this result is exactly the same as the intuition for Proposition
1I.4,

"It 1s also assumed in this section, as it was implicitiy in the previous
section, that there are more consumers in the population than there are seats
in the stadium. The technical condition which ensures this is

c QH
/7 h(e)de > [T g(Q)dQ.

C

-— QL

80ne density function which satisfies these two restrictions is the
uniform density function,

9This is true for all general admission ticket purchasers except those
&ho have zero waiting times.

104g 1n footnote 6, one could ask whether similar results obtain under
the assumption that the government could set both Q* and Q'. In answer to
this, consider the following Corollary which can easily be demonstrated.
Corollary 1 to Proposition III,2: If restriction 1) of Proposition III.2 is
satisfied and Q; < QH, then the following 1s true under the assumption that
the government could seé both Q* and Q'. Taking as fixed the value of
Q' set by the government, the value of Q* set by the government will be
hiéher than the value of Q* which the monopolist would prefer.

one might wonder whether the results for this example derive from the
fact that the time valuation distribution has mass points and is not

*
continuous or the fact that for this example QM =

QH (see Appendix), rather
than the fact that g(.) does not satisfy 2). Given that the following can
easily be demonstrated, however, the results for this example must derive

from g(.) not satisfying 2)., Corollary 2 of Propositidn I11,2: Allowing
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time valuation distributions which have mass points and are not continuous, if

* *
restrictions 1) and 2) are satisfied, then QG > QM‘
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