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Abstract

This paper analyzes a dynamic linear-quadratic game between the fiscal
and the monetary authorities, the equilibrium outcome of which is the time
path of public debt. A closed form solution for the game with infinite
horizon is computed for the open-loop and the closed-loop Nash equilibrium,
and for the cooperative equilibrium. The closed-loop time consistent
Stackelberg equilibrium with the fiscal authority as the dominant player 1is
simulated. These different solutions are compared and interpreted with
reference to some new and old suggestions for a Monetary and Fiscal
Constitution.

Some of the results are: (i) The time path of public debt over national
income need not be explosive, even if the real interest rate is larger than
the rate of growth of real output and in the absence of any debt monetization.
(i1) 1Increasing the degree of central bank independence makes the time path
of public debt more likely to be unstable in all the Nash equilibria, but not
necessarily so in the Stackelberg Equilibrium. (iii) The rate of adjustment
towards the steady state is fastest in the cooperative equilibrium and slowest
in the closed-loop Nash equilibrium.



I. Introduction

In most industrial countries, neither the monetary nor the fiscal
authorities can commit themselves to a specific policy rule. Some implica-
tions of this institutional feature have recently been studied in a number of
models where the policymakers play a dynamic game against the private sector.!
In all of these models, both policymakers are assumed to have the same
objective function of the “representative” consumer in the economy; the lack
of some fiscal instruments is then shown to give rise, under particular
circumstances, to ‘time inconsistencies in the design of optimal fiscal and
monetary policies.

This paper analyzes the consequences of the institutional feature
mentioned above, that arise when: (1) the monetary and the fiscal author-
ities have conflicting objectives; and (ii) the time path of public débt
outstanding is Qon—neutral with respect to the ultimate goals pursued by the
two policymaking authorities.

That the first assumotion is a relevant feature of the real world is
probably noncontroversial, given the differences in the decision processes of
the two authorities. The second assumption presupposes that the behavior of
the private sector is somehow going to be affected by the stock of public debt
in circulation. Furthermore, it presupposes that the government cannot employ
a combination of lump sum taxes and transfers with which to undo the.real
effects of public debt — in other words, as in the existing literature on the
time consistency of optimal fiscal policy, it presumes the lack of some fiscal
instruments. This paper does not derive points (i) and (ii) from more
primitive behavioral Assumptions.2 It simply takes them as a starting point,

and investigates their implications for the behavior of the two policymakers

and for the time path of public debt.
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The paper focuses on a situation particularly relevant for a number of
industrial countries since the beginning of the 1980s: the stock of public
debt as a proportion of national income is assumed to be above the time path
optimal for the two authorities. 1In this scenario, both authorities face a
grim dilemma: whether-to adjust their policy instruments so as to slow down
the rate of growth of public debt towards its optimal path; but in so doing
they would be foregoing other (monetary or fiscal) objectives. Or not to
adjust, in the hope that the burden of the adjustment will be borne mainly by
the other policymaking authority; but in this case the adjustment of public
debt may be slower or it may never come about.

If neither policymaker can commit itself to pursue a specific course of
action, strategic issues play a crucial role. These issues are analyzed in
the setting of a dynamic game between the fiscal and the monetary authority,
the equilibrium outcome of which is the time path of public debt. The game is
solved for different equilibrium concepts and under different hypotheses about
the form of the objective functions of the two players. The equilibria are
then compared and interpreted with réference to some new and old suggestions
for institutional reforms. In order to be able to obtain a closed form
solution, the model is formulated as a linear-quadratic dynamic game and the
private sector is ignored.

_The main findings are that: (i) the time path of public debt over
national income need not be explosive, even if the real interest rate is
larger than the rate of growth of real output and in the absence of any debt
monetization, provided that the fiscal authorities care “"sufficiently” about
the deviations of the stock of debt outstanding from the optimal time path.
This provision was ruled out by hypothesis in most previous theoretical

analyses of the topic,3 but seems to be roughly consistent with the empirical



evidence of some industrial countries. (ii) Increasing the degree of central
bank independence (appropriately defined) makes the time path of public debt
more likely to be unstable in a Nash equilibrium, but not necessarily so.in a
Stackelberg equilibrium in which the fiscal authority acts as the Stackel-
berg leader. (iii) 1In a Nash equilibrium both players are better off when
they play "naively” according to open-loop strategies, than if they choose
closed-loop strategies. (iv) Even if one of the two players is playing a
closed-loop strategy, the opponent may be better off in choosing a simple,
open-loop, strategy. (v) The adjustment towards the steady state is fastest,
and the model is most likely fo be stable, in a cooperative equilibrium than
in any of the other equilibria; and it is slowest in the closed-loop Nash
equilibrium.

The outline of the paper is as follows. Section 2 sets up the basic
model. Section 3 characterizes the general nature of the solution. Sections
4 through 6 compute the Nash equilibrium of the game under different
hypothesis about the strategy spaces. Section 7 computes the cooperative
equilibrium. Section 8 compares all previous equilibria. Section 9 takes up
again the issue of central bank independence within thé framework of a time
consistent Stackelberg equilibrium, with the fiscal authority acting as the

leader in the game. Section 10 contains the conclusions.

2. The Basic Model

In the following analysis it will be convenient to write the government
budget constraint in continuous time and to scale all variables by nominal

income:

d(t) = rd(t) + £(t) - m(t) (1)

where: d(t) = stock of nominal outstanding public debt; £(t) = fiscal



deficits net of intgrest payments; m(t) = creation of monetary base against
liabilities of the Treasury,‘ all variables being scaled to nominal income;
and where r can be shown to be the difference between the real rate of
1nterest»net of taxes and the rate of growth of real income.

Throughout the paper it will be assumed that the policymakers consider r
as a parameter when solving their optimization problem. This assumption is
needed in order to have a linear dynamics; however, it has two drawbacks.
First of all, it implies that the government faces a flat demand for its debt.
Secondly, it makes it impossible to model regulatory actions (such as port-
follo constraints on financial intermediaries, controls on international
capital movements, tax exemptions on public debt) undertaken by the central
bank or by the fiscal authority with the aim of reducing the real interest
rate. In.order to reduce the damage inflicted by the first drawback, the
model analyzed in this paper can‘be interpreted as referring to a small open
economy facing perfect capital markets. The second drawback must be taken to
imply that regulatory aﬁtions are chosen at longer intervals of time than the
decisions of monetary and fiscal policy analyzed in this paper, and thus are
considered as given when the latter are made;

The simplest possible way to describe the behavior of the fiscal and
monetary authorities is then to suppose that they optimize the two following
loss fﬁnctions: the monetary authorities (M) choose the time path of

m(t) to ninimize:

M) = L 17 (ler-m? + 1)) e P Ve >0 @
t

subject to the government budget constraint, equation (1), to some hypothesis

~— yet to be specified — about the process generating the time path of f£f(t),

and to some initial conditions on d(t). And the fiscal authorities (F)



choose the time path of f(t) to minimize:

VEd() = 3 [7 [(£(s)-D)? + adP(s)] e BBy, A>0 (3)
t

also subject to the government hudget constraint and to some hypothesis about
the time path of m(t).

Equation (2) states that M attempts to minimize deviations of changes
in the domestic component of base money from a given (constant) target, m;
and deviations of the stock of outstanding public debt from a desired value,
for notational convenience taken to be zero. The parameter T indicates the
relative weight assigned by M to the two objectives. Similarly, equation
(3) states that F attempts to minimize deviations of fiscal deficits net of
interest payments from a given target, f, and deviations of the stock of
outstanding public debt from zero. The parameter A indicates the relative
welght assigned to the two objectives. Recall that all variables are
expressed in proportion to nominal income.

The final objectives of monetary and fiscal policies can be thought of as
being implicit in the desired targets for m, f, d. The target for m 1is
presumably determined with reference to balance of payments or exchange rate
objectives, or, in the case of a closed economy, to the desired rate of growth
of nominal income or prices.

The preferences about £, the value of fis;al deficits net of interest’
payments, could reflect hoth standard macroeconomic objectives and "public
choice” kind of considerations -- see, for instance, Buchanan & Wagner (1977),
Mueller (1980): fiscal deficits are associated with wealth transfers to
particular constituencies and interest groups; the political costs of such
transfers are low since either they fall on future generations (i1f the deficit

is financed by means of public debt); or they are hidden in the inflation tax



(if the deficit is financed by monetary accommodation), for which the fiscal
authorities can always blame someone else ~— the trade unions, the retailers,
the price of oil, and so on. Given the purpose of the paper, it seems
unnecessary to try and gain realism by complicating the model in order to
distinguish between preferences about expenditures and preferences about
taxation. The key strategic variable in the determination of the time path of
public deht is the size of fiscal deficits net of interest payments, and to
simplify the computations this is also going to be the only relevant control
variable for the fiscal authorities throughout the paper.5
The preferences about d, for both fiscal and monetary authorities, can
be justified on a number of grounds: (i) 1ssuing public debt to the private
sector of the economy isvformally equivalent to making a current lump sum
transfer and paying for it with future lump sum taxes equal in present value
to the transfer. Under appropriate hypothesis about the private sector, this
combination of transfers and taxes can be shown to give rise to a smaller
steady state.capital stock (for a closed economy) or to a larger external debt
in the steady state and during the dynamic adjustment (for a small open
economy).6 Hence, the existence of an optimal capital to labor ratio or of an
optimal time path of external debt would imply an optimal rate of growth for
public debt. 1In addition, intergenerational redistributions of risk or intra-
generational'redistributions of wealth could contribute to determine a desired
time path of public debc.7 (11) 1If lump sum taxes are not available, a larger
stock of public debt implies larger tax distortions in. order to pay interest om
the debt.8 Moreover, whenever the interest rate paid on national debt
fluctuates, the fluctuations of taxes needed to pay for the debt are larger the
larger is the stock of public debt.? (11i) If interest bearing national debt

is issued only in large denominations, and if it can be converted into



perfectly divisible intermediary's liabilities only by bearing some real
resource cost, then any positive amount of such debt is inefficient. 10

Any of these reasons would, by itself, be sufficient to include the stock
of public debt in the objective function of both players. The assumption that
the desired value of 4 and the rate of time preference, B, are the same
for both plavers simplifies notations and computations, with practically no
loss of generality. Moreover, assuming that the desired time path for d 1is
the same for both authorities allows T to be interpreted as the extent to
which M 1s independent from F. For T + =, monetary policy has the only
role of financing a budget deficit exogenously chosen by the fiscal authorit-
ies. With T = 0, we have an independent central bank absolutely committed
to pursuing its intermediate monetary target. The present situation in most
industrial countries belongs to the intermediate case, with 0 < T < «, 1i.e.,
a relatively independent central bank, which nonetheless cannot completely
disregard the size of the stock of public debt.

The model could be modified by adding some preferences for money growth
in the objective function of fiscal authorities, or some preferences about
budget deficits in the objective function of the central bank; provided there

remain some differences between the two objective functions (i.e., provided

there is some form of conflict), the nature of the results would not change.

3. The General Solution of the Dynamic Game Under Infinite
Horizon and Complete Informatiom

In the next four sections I will compute the solution of the dynamic game
under different hypotheses about the strategy spaces and the rules of the
game, but always maintaining the assumptions of infinite horizon and complete
information. Since the game is linear—-quadratic, all solﬁtions will have the

same form:



m(t) = 90 + 91 d(t) (1)
f(t) = LIS Y d(t) (i1) (4)
d(t) = (r—wl-el) d(e) + (wo-eo) (1i1)

where 6 m are coefficients that will have to be determined and which

i’ i

depend on the original parameters of the model. The next four sections will
solve explicitly for the Bi and “i when both players move simultaneously
and: (a) They both take as given the future actions of the opponent — i.e.,
they both choose among open-~loop strategies; (b) They both take as given the

decision rule according to which the future actions of the opponent are set,

i.e., they both choose among closed-loop strategies; (c) The fiscal author-
ity is a "dominant” — or rathér "sophisticated” -- player in that it chooses
a closed-loop strategy, while the monetary authority is restricted to choosing
an open—-loop strategy; (d) The two authorities cooperate by setting m and
f so as to minimize a weighted average of their objective functions.

In cases (a) and (d) the equilibrium, if stable, will be saddle-path
stable. As it will be shown below, the transversality condition will then
impose the cholce of the negative root of the dynamic system. In the other
two cases it is impossible to say whether there is more than one negative
root. I will then appeal to McCallum (1983) criterion of "minimal set of
state variables” to choose among the multiple roots of the dynamic system —
see Section 4 of the Apendix for details.

Indicating the stable réot of the dynamic system by -y =r - ™o 61

and integrating (4.iii{), we have:
a(t) = doe'Y'-' + d8 (5)

where d° is the initial condition (i.e., the stock of public debt outstand-

ing when the game is started) and where d% 1is the steady state value of



public debt. Throughout the paper it will be assumed that d, > 0 — {i.e.,
that, when the game is started, d 1is above its desired path. Using (4) and

(6), 1t follows that:

m(t) = m® + moe-Yt (6)

£(t) = £5 - foe“'t (7)

where mS and f® are the steady state values of m and f, and where

m = eldo’ fo = nld

In the open-loop Nash equilibrium and in the cooperative equilibrium, the

O.

rate of growth of all variables will be shown to be real. This, together with
the result on saddle path stability, insures that in these two cases, whenever
the system is stable, the adjustment towards the steady state is monotonic for
all variables. If one or both players can choose among closed-loop strateg-
ies, however, the rate of growth of the dynamic system could be complex-for
some parameter values, and monotonicity of.the adjustment process is no longer
insured. In all the cases considered, furthermore, it will be shown that

61, "l
due for instance to an unexpected cyclical deficit, will lead immediately to

> 0. Thus, a sudden increase in the stock of public debt outstanding,

some debt monetization and to a reduction of fiscal deficits net of interest
payments.l1 If the system is stable, over time-monetary policy will become
more restrictive and fiscal policy more expansionary while the stock of public
debt will converge towards its steady state value. In the closed-loop equi-
1ibria, fluctuations in m and f duringvthe adjustment towards the steady
state cannot be ruled out. Naturally, this qualitative description of the
adjustment process hinges crucially on the postulated absence of adjustment
.costs for both authorities and on having neglected serially correlated

stochastic shocks.



4, Open-Loop Nash Equilibrium

This is the simplest case: both players move simultaneously taking as
given the current and future actions of the opponent. The current value
Hamiltonian for the monetary authority is — the time variable will be omitted

when not indispensible:

Hy = %-(m-ﬁ)z +-% sz + ul(rd+f-m) (8)

where {s the costate variable associated with (1); the first order

M1
conditions, in addition to (1), are:

m = E.+ ul

(9
By = (B-r) u; - ™
Similarly, the current value Hamiltonian for the fiscal authority is:
1 =.2 1 2
HF 7-(f £)° + 7-Ad + uz(rd+f—m) (10)
where Hy is the costate variable associated with (1); the first order
conditions yield:
f=Ff - My
(1)

iy = (B-r) u, - M
In addition, the transversality conditions give the following sufficient

conditions (see Arrow and Rurz (1970), Cohen and Michel (1984)):

lim ui(t) d(t) =0, 1i=1,2 (12)

to+o
Since the optimization problem of both players 1is linear-quadratic,
condition (12) enables us to conclude that, if there exists a stable solution
to the dynamic system made up of (1), (9) and (11), it is the uniqde

equilibrium to the dynamic game.
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The closed form solution can be computed by means of the method of

undetermined coefficients, as follows:

From (4):
h = 61 d
(13)
~f = ﬂ’l d
From (9) and (11), using (4):
fh = ﬁl = (B‘r)(60+91d-m) - 1d
(14)
-f = uy = (B—r)(f—no+nld) - Ad
Putting together (13) and (14):
d =Ll (g-r)(e +6,d-m) - -4
kN o1 ¥
(15)
d =L (g-r)(F-m +n.d) -2 4
m o1 n
. 1 1
Equating coefficients of (15) and (1), using (4) 5§ain and solving,
yields (see Section 1 of the Appendix):
T
e1 = 0 (1)
B+Y -r
m - A (11) (16)
B+y°—r
o =B + /(B-Zr)2 + 4(T+))
Y = 5 (111)

Notice that the rate of growth, YD, is always a real number. Moreover,

using (1), (9) and (11), one obtains the steady state values:
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so _ (f-m) (B-r)

LIy ) (1)
n°C = o + ié%;%%%:;y (11) an
£%° = F __SE:QLA__ (111)

= Mt-r(B-r)

where the o superscript in (16) and (17) reminds us that this is the
solution to the open-loop equilibrium.
Equations (16) and (17) contain the following relevant information:
(1) A sufficient condition for the model to be stable — i.e., for

Y > 0, 1is that
A+ 1> r(B-r) (18)

This condition 1s always met if r < 0 (that is, if the rate of growth of
real output is larger than the real interest rate net of taxes), which is the
familiar condition discussed for instance in McCallum (1981), Sargent and
Wallace (1981), Darby (1984). However, even for r > 0, the condition is met
if both players care "enough" about the stock of debt outstanding. In the
“Unpleasant Monetarist Arithmetics" of Sargent and Wallace (1981), it was
assumed that A =0, r > 0. Thelr conclusion, consistent with (18), was that
t= 0 was incompatible with stability of the time path of public debt over
national income. Some of the existing literature —— cf., for instance Darby
(1984), has questioned the realism of the assumption that r > 0O forever.
Condition (17) highlights the restrictiveness of the other assumption made in
Sargent and Wallace (1981), némely that fiscal policy be completely unrespons-
ive to the size of the stock of public debt outstanding.12’13

(i1) Changes in the original parameters of the model have the following

impact on the equilibrium solution:
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Thus, for instance, a more independent central bank (that is, a lower

1) or a higher real interest rate cause a slower adjustment of public debt
to its steady state value. Moreover:

EL) awl

7w > % 3w <O

and symmetrically for changes in A,

independent central bank will be less

Thus, as one would expect, a more

responsive to public debt, but will

force the fiscal authority to be more responsive.
Finally:
so so 80 so
ad od of m > -
—a_'l'—.’T<0' —a-‘r——>o, TT_.<0 as A+ 1t<1+ r(B-r)
5§80 amso.
and similarly for 3 Tl
8o so so
9m of ad” "
5T > 0 and = <0 for B>r, T 0
so so 80
—ng:— >0, Bm; >0 for A > r(g-r), af_ >0 for A+ T > r(B-r).
9(f-m) om am

Thus, for instance, a more independent central bank leads to a larger
steady state stock of public debt outstanding and to a smaller steady state
deficit, but it can either increase or reduce the degree of debt monetization,

SO, A more restictive monetary policy -- that is a lower value of m would

m .
have effects working in the same direction.
Notice that an increase in r takes both authorities further away from

their desired targets (assuming that f > m). This result can explain why

monetary and fiscal authorities can be induced to collude and to impose

regulations on the credit system aimed at reducing the real interest rate

(such as portfolio constraints or international capital controls). Naturally,
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regulatory constraints are only one —— possibly the worst — device by which
the authorities can attempt to lower the real interest rate. An alternative
device consists in issuing public debt in a large menu of forms: with
variable interest rate, indexed to the price level, denominated in foreign
currencies, and so on; To the extent that these devices succeed in lowering
r, they bring about a faster adjustment of public debt to its steady state
value, a monetary policy closer to the desired target, but also larger

deficits net of interest payments.

5. Closed-Loop Nash Equilibrium

The hypothesis that both players take the future actions of the opponent
as given wheﬁ selecting their own strategies is unsatisfactory: as argued in
the introductory section, neither player can commit itself to a future course
of action. Hence, even if both players move simultaneously within each single
period, they ought to take into account the fact that their current actions
will influence the future actions of the opponent through their effect on the
time path of public debt. In other words, they ought to take as given the

opponent's decision rule rather than its actions. This more sophisticated

behavior on the part of both players leads to what is known as a closed-ioop
Nash equilibrium. In oéder to avoid the multiplicity of equilibria that
emerges in games with infinite horizons, I will restrict the strategy spaces
of both players to be closed-loop but memoryless.14
Consider the optimization problem of the monetary authorities first.
They know that future deficits will be set according to (4.ii); thus, substi-

tuting (4.1i1) into (2), we obtain the following current value Hamiltonian:

By = 3 (@2 + 1 1 + G+ (romddm) (19)

The first order conditions are:
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m=m + ul
(20)
by = (B+m-r) u, -
Repeating the same procedure for the fiscal authority, we get:
f=Ff - Uy
(21)

ioo= (B+8)-1) by - Ad
In addition, the transversality condition (12) still holds, forcing us to
choose the stable root of the dynamic system, whenever it exists.
The equilibrium solution can be computed by means of the method of

undetermined coefficients, as in Section 4. Section 2 of the Appendix shows

that:
T A
Nt o T e -(2)
B+yY +m.-r 8+Y +0. -r
1 1
where Yc = Bl + "1 - r 1s the rate of adjustment of the dynamic system to

its steady state in this closed-loop Nash equilibrium. Using (22) and the
definition of Yc, it can be shown that, as in the open—loop Nash equilibr-
ael 3w1 ayS
{um, ST > 0, 3T <0, T > 0: that is, a more independent central bank
monetizes less and forces the fiscal authority to bear a larger share of the
adjustment; the first effect prevails, so that the adjustment of public debt
is slower the more independent is the central bank. See Section 2 of the
Appendix for the formal details and for a computation of the steady state
values of d, m and ff As shown in the Appendix, for certain parameter
c

values Y could be complex even if stable, so that monotonicity of the

adjustment process is no longer guaranteed.
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6. "Asymmetric” Closed-Loop Nash Equilibrium

Suppoée that the fiscal authority is a "sophisticated” player choosing a
closed-loop strategy. Will the central bank be better off if it plays
"naively” by choosing an open-loop strategy, or if it too chooses a closed-
loop strategy? The answer to this question is of interest not so much because
the monetary authorities would deliberately choose to behave "naively”, but
because open-loop strategies could be interpreted as constitutional ruies
chosen at the starting date and then imposed on the monetary authority in the
form of binding committments. In other words, an open-loop strategy can be
interpreted as a "simple” constitutional rule, a closed-loop strategy would be
a more flexible and complicated rule.15

This issue is analyzed more thoroughly in Section 8 below, where all the
different equilibria are compared to each other. Here I briefly describe how
to obtain a closed form solution for a game in which the monetary authority is
restricted to choosing among open-loop strategies, whereas the fiscal author-
ity chooses a closed-loop strategy. For want of a better name, I call this
equilibrium an "asymmetric closed-loop Nash equilibrium.“16 The opposite
case, in which the fiscal authority chooses among open—loop strategies and the
central bank is allowed to implement a cloéed—loop strategy, 1s symmetric to
this one.

The procedure to compute the closed form solution for this game should by
now be familiar. The monetary authority policy rule is obtained exactly as in
Section 4, equations (8) and (9). The fiscal authority policy rule, 1instead,
is obtained as in Section 5, equation (21). The resulting expressions for

61 and ™, are (16.1) and (22) respectively. Section 3 of the Appendix

a6 om A
shows that, as before, 3?1-> 0, 3?l < 0 and %%— > 0, where YA is the

rate of adjustment to the steady state in this particular equilibrium. Thus,
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even if the fiscal authority is sophisticated and takes fully into account the
future actions of the central bank when setting current fiscal deficits, a
more independent central bank (whether "naive” as here or “"sophisticated” as
in a closed-loop Nash equilibrium) leads to a slower adjustment towards the
steady state. Section 3 of the Appendix computes the steady state values of
d, m and f, and characterizes YA more precisely. Again, YA could take

up cbmplex values even if stable.

7. Cooperative Equilibrium

What would be the time path of public debt, deficits and revenue from
money creation if the decisions of monetary and fiscal policy could be
coordinated by a single decision unit? The issue is very important, for this
cooperative equilibrium has a very natural interpretation in terms of {institu-
tional settings: Congress could be in charge of both fiscal and monetary
policy decisions, for instance by setting operative guidelines for the time
path of fiscal deficits, revenue from money creation and public debt for a
prolonged interval of time.17

The answer is quite simple; from an analytical point of view, the dynamic

game 1s transformed into an optimal control problem, by merging the two

objective functions into a single one:

V() = min 3 [T [(E)-D? + wnls)-m)? + Orrwiad(s)] .
m(t),f(t) " t

. e (8-1)B 44 (23)

where w 1s the weight given to the original central bank objectives relative
to those of the fiscal authority. The optimization problem is now solved by a
single agent who controls both m(t) and £(t) and is subject to the govern-

ment budget constraint, equation (1). The first order conditions are:18
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f-% = w(mm) = -p | 1)
_ (24)
b= (B-r) - (A+wr)d (i1)
where u 18 the costate variable associated with equation (1). In addition,
the transversality condition (12) and the initial condition on d still hold
as before.

Equation (24.1) implies that the deviations of fiscal and monetary policy
from their respective targets are always going to be proportional to each
other, the constant of proportionality being w, the weighé assigned to the
original central bank objectives. This makes intuitive sense; in a cooperat-
ive equilibrium both players internalize the costs born by the opponent; thus
the costs of deviations of f and m from their desired targets, weighted by
w, are equated at the margin.

The closed form solution can be easily calculated ei;her with the method
of undetermined coefficients, or by solving the characteristic equation of the
dynamic system consisting of (1) and (24). Section 4 of the Appendix contains

the computations and shows that:

, B* Y(8-2r)2 + 4(+wr) (——1":“’
Y =
2

- :HM (25)
Y +8-r

B

T+A/w
61 = —;————
Y +8-r

where the p superscript denotes the cooperative equilibfium. As in all pre-
ap

vious sections, 3¥— > 0. As in the open-loop Nash equilibrium, yP 1s real.

The steady state values of m, f and d are shown in Section 4 of the

Appendix. As in the open-loop Nash equilibrium:
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sp sp
ad of
T < 0, T > 0;

sp
However here, unlike in the non-cooperative equilibrium, 2%?— < 0. That is,

an increase in the weight assigned by the monetary authorities to the stock of
public debt outstanding leads to a more rapid adjustment towards the steady
state, and to smaller deviations of both £fSP and mSP from their respective
targets. Intuitively, the burden of the faster adjustment is now shared
evenly by the two players. Naturally, here the parameter T can no longer be
interpreted as the degree of central bank independence.

Notice that for w + 0 we get the same results that we would obtain in
the open-loop Nash equilibrium for <t + », In other words, assigning zero
weight to the monetary objectives in the cooperative equilibrium is equivalent
to having a central bank which has completely lost its independence from the
Treasury and whose only role is to provide sufficient revenue from money

creation.

8. Comparision of the Different Equilibria

The four cases considered thus far differ along two relevant
dimensions: the steady state values of debt, deficits and monetization, and
the speed of adjustment towards the steady state. As already remarked in
Section 4 above, in all four cases the steady state is unique. However,
whereas the adjustment 1is always monotqnic in the open-loop Nash equilibrium
and in the cooperative equilibrium, it could se oscillatory when one or both
players choose closed-loop strateglies. The conditions insuring stability are
obviously least restrictive for the equilibria that, 1If stable, exhibit
fastest adjustment.

Comparing the expressions that characterize the speed of adjustment, Y,

in Sections 1-4 of the Appendix, it is easily established that:
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P>y (26)
where the superscripts are: p for cooperative, o for open-loop Nash, A
for asymmetric closed-loop Nash, ¢ for closed-loop Nash.

The intuition behind (26) can best be grasped by means of the following
analogy.19 Think of the model as a game between two agents producing the same
public good. The public good is the reduction of the time path of public debt
towards the optimal value; the cost of producing it consists in the deviations
of the policy instruments from their desired targets, f and m. The para-
meter Y 1s then the rate at which the public good 1is produced. 1If the two
agents cooperate, they internalize the benefit of the public good to the
opponent, hence the quantity produced is larger than in any noncooperative
equilibrium (i.e., Yp is the largest of all Y's). If they do not cooper-
ate, they are going to produce the least amount of the public good in the case
in which they are both "sophisticated”™ players; for in this case, they both
realize that, whenever one of them reduces its production of the good, its
opponent will find it optimal to step up its own production to some extent; 1if
both take advantage of this fact, the equilibrium production will be smaller
than in any of the other Nash equilibria (i.e., Yc is the smallest of all
the v's). If only one of them takes gdvantage of it (that is, if only one of
them chooses a closed-loop strategy), the production of the public good is
larger than in the previous case, but smaller than in the case in which both
act "naively” (i.e.: Y° > YA > YS).

Exacfly the same intuition explains the rankings of the steady state
value of public debt over national income in the four different cases (the

ranking is established in Sections 1-4 of the Appendix):

dsP ¢ 480 ¢ 4SA ¢ g4sc (27
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where the s superscript stands for "steady state” and the second superscript
is as in (26).

The comparison of m® and f% in the four equilibria leads to ambiguous
results, except for the following two inequalities that hold for any parameter
value:

m3A > mS°, £SA 5 gsc (28)
Equations (27), (28) enable us to conclude that, in the steady state: (i) a
central bank restricted to choosing open-loop strateglies is better off if {its
opponent is also restricted to choose among open—-loop strategies than 1f the
opponent is unrestricted; (ii) the fiscal authority is better off if it is

the only one to play closed-loop strategies than if both players are allowed

to do so.
In the other cases, some simple calculations estabhlish that: -
mSA § m°c  as A 2 r(8+el-r) 1)
£ 2 6% g 1t 2 r(B-r ) (11)
sc 80
m >n 1f A< T . (111) (29)
< 1£A> 1 and A D> r(B+0) —e
. 171
sc’ - 1o
f < f if A > 1 ] (1v)
> 1if A<t and T > r(B+1r1-r) e_l.'"_l

The rankings involving the steady state values of the cooperative
equilibrium, mSP and £8P, are also ambiguous and depend on the relative
weight parameter w.

There is a common intuition behind the conditions in (29); consider for
instance (29.ii). Recalling (17) in Section 4 above, if T < r(f-r) then the
central bank by itself is unable to stabilize the time path of public debt

(f.e., if A =0 the system would be unstahle). Condition (29.i1) tells us
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that in this case f5A ¢ £8°, that is, in the steady state the fiscal author-
ity would be better off by playing open—loop rather than closed-loop, given
that the opponent is playing open-loop. In other words, if the central bank
is unable to stabilize the time path of public debt by itself, a closed-loop
strategy, in the long run, retorts itself against the fiscal authority. The
same happens in (29.1): 1if the central bank faces a "tough” opponent (tough
in the sense that it does not care enough about the stock of public debt
outstanding to be able to stabilize it), the central bank would do better, in
the long run, by playlng according to a simple open-loop rule than according
to a more sophisticated closed-loop strategy, even if the fiscal authority
keeps playing its closed-loop strategy.

9. Closed-Loop Stackelberg Equilibrium With the Fiscal Authority
As the Leader:

As argued elsewhere (Tabellini (1983)), the hypothesis that both players
move simultaneously is inadequate to describe the strategic problem faced by
" the two authorities: under the institutional setting presently existing in
all countries, monetary policy is implemented sequentially, as an ongoing
process. At each stage of the process the central bank has the opportunity of
deviating from the course of action previously announced. The decision pro-
cess behind the determination and implementation of fiscal deficits, instead,
1s much longer; decisions already taken are practically irreversible within
the current period. 1In the terminology of game theory: the fiscal authority
moves first, and the central bank is forced to play as the Stackelberg
follower in the game, taking the size of current fiscal deficits as given.

Since the gﬁme is dynamic, however, the monetary authority will still
move before the fiscal authority has committed itself to a specific course of

action for the future. Thus, in a closed-loop Stackelberg equilibrium the
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central bank will take as given the current but not the future actions of the

fiscal authority — see also p. 24 below.

It is well known20 that the optimal policy for the Stackelberg leader in
a dynamic game 1is time inconsistent. Intuitively: when the game 1s started
the fiscal authority would find it optimal to announce that it will have large
fiscal deficits in the future, so as to induce the central bank to monetize a
large portion of the debt right away. Once the central bank has done so,
however, the fiscal authority has no incentive to set large fiscal deficits,
and hence it will deviate from the announcement.2!

The time consistent optimal fiscal policy is found by imposing the
condition that the Staékelberg leader neglects the effect of its future
actions on the current behavior of the follower. Naturally, in a closed-loop
Stackelberg equilibrium hoth players track down the effect of their current
actions on the time path of the state variable and through this channel on the
future behavior of the opponent — see also the discussion in footnote 16,
p. 16 above.

In order to compute the time consistent solution, it is most convenient

to rewrite.the model in discrete time and with a finite time horizon. Thus,

the budget constraint becomes:

where now r = %E%, i being the real interest rate and g being the rate
of growth of real output; and the objective functions of the two players are:
VB(d ) = min i s [(m,-m)2 + td?1p% + L wa?(m)pT (2")
0o 2 t t!P b3 e
m t=0
t
vF@ ) = min L B (£ -F)2 + 2?10t + 1 aaT(T)pT (3")
0 o 2 t t P 2 P

{ft} t=o0



24

with 4, given and with both players setting their policy instruments in
periods tl- O,ee¢e,T=1. That is: the last period of the game is at t = T-1l.

In this section I characterize the closed-loop Stackelberg equilibrium
for this game, with the fiscal authority acting as the dominant player. I
then simulate the solution for different parameter values.

The procedure for finding the equilibrium is as foilows. First the
central bank's optimization problem is solved. Since by assumption the
central bank is the Stackelberg follower, in each period it takes current
fiscal deficits as given. In a closed-loop equilibrium, however, future
deficits are not taken as given: as in the élosed—loop Nash equilibrium, what
is taken as given 1s the rule by which future deficits are generated in
equilibrium. The solution to this optimization problem is computed recursiv-
ely, appealing to Bellman's optimality principle and working backwards from
the last period. Its general form is that of a linear equation expressing m,
as a function of d, and f,.

Next, the same procedure is repeated to solve the fiscal authority
optimization problem; but now one additional requirement is imposed: 1in each
period the fiscal authority takes into account the effect that current fiscal
deficits have on current as well as on future actions of the central bank (on
current monetary policy actions since the fiscal authority 1is the Stackelberg
leader; and on future monetary policy actions since we want a closed-loop

equilibrium). The solution to this optimization problem is a linear equation
expressing f,. as a function of dt' Since the strategies of both players

have been computed by means of the Bellman's optimality principle, they are

time consistent.22

(1) The Monetary authority optimization problem: Appealing to Bellman's

optimality principle, rewrite (2') for the general period t as:
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M - 1, =2 .1 _.2 M
Ve(d,) = Min {7(mtﬂm) +5 1d + oV (d

m,

e (30

subject to the government budget constraint, (1'), for given ft and given

that f 8 > t, 1s set according to the fiscal policy reaction function

(equation (34) below).
The first order condition for the opﬁimum is:

M'

=m+ oV, (d ) (31)

Mg t+l

where, appealing to (1') and to the hypothesis that f, 1s taken as given in

ad

period t, we have implicitly set a; - -1.
t

In the last period of the game,
il (32
h MT)- wd,, (32)

In any other period:

ad

M! M! t+2
Verr(pay) = Ty + oV, W (33)

where, since the monetary authority is playing a closed-loop strategy,

ad of of
t+2 t+l t+l
37— =T * 37— (In an open-loop equilibrium, instead, 33— = 0.)
dt+l dt+1 ’ adt+1

Conjecture that the policy rule selected by the fiscal authority in

equilibrium is:

%* F F
f_r a + Btdt (34)
where az and Bi are parameters yet to be derived. Then, from (33), (34)
3, 4y
and the previous expression for 33———:
t+l
M! F '
v (dt+1) Tdt+1 + p(r+8t+l) Vf+2(dt+2) (35)

t+l
Starting from the last period of the game, we now have a recursive system
of equations to solve, consisting of (1), (34), (31), (32), (35). Section 5

of the Appendix shows that the solution of this system can be rewritten as:
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* M M
m_ = oy +B1d + left (36)

where af, 82, Yf in turn are the solution to a recursive system illustrated

in Section 5 of the Appendix.

(11) The fiscal authority optimization problem: By Bellman's principle,

rewrite (3') as:

F woei Il e 792 4 1 442 F
Ved) ?in {7 (£,-D)° + 3 Ay + oV, (d )] (37)
t
subject to the government budget constraint, (1'), amd to the policy rule
followed by the central bank, (36). The first order conditions yield:
- M F'
ft £ p(1 Yt) vt+1(dt+1) (38)

ad
where, appealing to (1') and to (36), we have implicitly set —3%1l =] - Y:-
t

Notice that this 1s the only respect in which the optimization problem of the

ad
two players differ (recall that for the central bank we had —3£Il = ~1): the

t
central bank takes f, as given when choosing m,, whereas the fiscal

authority khows that in each period the central bank is going to respond to

f, according to the reaction function (36). Since both players choose among
closed-loop strategies, they both take into account that future acﬁions of the
opponent are going to depend on the current value of the state variable, as
specified in (34) and (36) respectively. The remainder of the solution to the
fiscal authority optimization problem can be computed by repeating the same
steps illustrated above for the monetary authority. In the last period of the
game:

F'
VT (dT) = de (39)

In any other period:

M

F'
(dt+1) Adt+1 + o(r 8t+1

t+2

F!
Vt+1 ) V. . ,(d (40)

t+2)’
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4o

=y - BM
8dt+1 t+l°

where, using (36), and (1') it has been implicitly set

Section 5 of the Appendix shows that the solution to this recursive
system of equations yields the fiscal authority reaction function that was
conjectured above, equation (34). The coefficients az and BE that appear
in it are the solution of a recursive system also shown in Section 5 of the
Appendix.

Figures 1-3 below report the results of a numerical simulation of this
recursive system, for a time horizon of 31 periods. The parameters have been
set at the following values: d, =1, f = .15, m=0, A =.2, r = 1.05,
p= .95. Moreover, T takes on the values 0, .1,.4.

The first diagram reveals immediately that, unlike in the Nash
equilibria, the time path of public debt is not monotonic in T. When T
goes from .1 to .4 in Fig. 1, the rate of adjustmeﬁg of public debt towards
the desired value increases, and the time path of public debt is always lower
than with Tt = ,1. But the same happens as T goes from .1 to 0; in this
case public debt remains very close to zero for 10 periods. Thus, unlike in
the Nash equilibria, enhancing central bank independence (i.e., reducing 1)
can lead to a lower time path of public debt and to a faster adjustment, as
long as the initial value of Tt 1is sufficiently small (in this numerical
example, not larger than .2). The intuition behind this result is easy to
grasp. A more independent central bank will monetize a smaller portion of
public debt outstanding, and thus will force the fiscal authority to bear a
larger portion of the adjustment: as revealed by Figures 2 and 3, both m
and f are monotonically increasing in 1. For small values of 1, the
reduction of fiscal deficits brought about by having a more independent

central bank prevails over the reduction in the degree of monetization, and

public debt adjusts faster to the optimal value.
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The numerical simulations also reveal that the size of fiscal deficits is
relatively insensitive to changes in m. This can be explained by noting that
the tradeoff between debt and deficits faced in each period by the fiscal
authority depends crucially on T, but is unaffected by m. This information
has important implications for how to design an institutional arrangement
leading to monetary stability. Suppose that it is desirable to maintain a lo§
rate of growth of the monetary base. There are two ways to achieve this goal:
by choosing a low value of T or by choosing a low value of m. In the first
case, fiscal deficits are also going to be low; but in the second case they
will be much larger, and the stock of public debt will soar. Fig. 1 and &
below illustrate this point, under the assumption that the goal is to maintain
a money growth close to zero. If this desired time path of money growth is
achieved by setting T =0 and m = 0O, the stock of public debt falls rapid-
ly over time and remains in the range of 0 for a prolonged number of periods
(see Fig. 1). As indicated in Fig. 2, here fiscal deficits are taking up the
whole burden of the adjustment. But if the desired time path of money growth
is achieved by the combination T = .1, m = -.09, the stock of public debt
remains always higher (see Fig. 4). Notice that in this case m, is slightly
negative for most of the time. The contrast is even sharper in the case in
which T = .4. Here it is impossible to maintain m, on a steady path close
to 0. For m = -3.5, money growth remains very close to zero for 17 time
periods, and then, towards the end of the game, it drops sharply. Yet, the
stock of public debt never falls below .7, and it reaches a value of 4.1 at
the end of the game.

Thus, in the setting of this Stackelberg equilibrium, there are two ways
of achieving monetary stability: by having an independent central bank; or by

having a central bank which sets low monetary targets but whose incentive
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structure ties 1t closely to the Treasury. The time path of public debt and
of fiscal deficits are both going to be much higher in the second case than in

the first one.

10. Conclusions

The government budget constraint provides a dynamic link between fiscal
deficits, the creation of monetary base and the time path of public debt. In
most industrial countries, the size of fiscal deficits and the growth of
monetary base are selected by independent authorities with potentially
conflicting objectives. Thus, strategic considerations are bound to play a
major role in shaping monetary and fiscal policy. This paper has analyzed the
strategic interaction between the central bank and the fiscal authority within
a dynamic linear—quadratic game with complete_information. The equilibrium
outcome of this game determines the time path of public debt.

The model has the following positive implications:

(1) Monetary and fiscal policies respond to exogenous shocks affecting
the time path of public debt (such as cyclical deficits or changes in the real
interest rate). A positive shock to the stock of public debt held by the
private seétor, for instance, induces the Central Bank to increase its revenue
from money ereation and the Treasury to reduce fiscal deficits net of interest
payments, in an effort to bring the debt back towards its desired value.

(i1) The reactions of the two policymakers to any shock affecting the
time path of public debt depend crucially on the expected behavior of the .
other player in the game. Specifically, the more the fiscal authority cares
about the stock of debt (i.e., the larger is 1), the smaller the reaction of
monetary policy. And vice versa, the more independent the central bank is
(i.e., the smaller is 1), the larger the reaction of fiscal policy. This

result has some testable implications about the pattern of fiscal and monetary
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policies in countries with different institutional settings. Moreover, it
casts doubts on the validity of the existing empirical literature which seeks
to estimate policy reaction functions for the two policymakers in isolation.

(1i1) The time path of public debt over national income can be stable
even if the real interest rate exceeds the rate of growth of real income,
provided that one or both authorities care "enough™ about the stock of public
debt outstanding. Hence, the ohservation of a rising time path of public debt
over national income together with an interest rate larger than the rate of
growth of output should not by itself be taken as an indication that the
monetary-fiscal policy mix is not sustainable: as argued in some of the
existing literature on the topic,23 this rising time path could have been
caused by a sequence of cyclical fiscal deficits hiding large adjustments in
the instruments of fiscal policy.

In addition, some of the results derived in the paper can be interpreted

as normative suggestions for institutional reforms. Three kinds of reforms

have been discussed in the previous sections:

(1) Changes in the degree of central bank independence (measured by the
T parameter in the central bank's objective function). The consequences of
having a more independent central bank are smaller deficits and smaller
revenue from money creation. The net effects on the time path of public debt
are ambiguous and depend on the nature of the equilibrium: in all Nash
equilibria, public debt is larger the more independent is the central bank; in
the Stackelberg equilibrium with the fiscal authority as the dominant player,
it could be either larger or smaller. By contrast, in the St#ckelberg
equilibrium fiscal deficits are insensitive to changes in the monetary target,
m. This suggests that, in countries where the time paths of public debt and

of fiscal deficits are above their optimal values, monetary stability is
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achieved more efficiently by enhancing Central Bank independence than by
reducing its monetary targets; for in the second case a reduction in monetary
growth leaves deficits unaffected and leads to an even larger public debt.

(11) Coordination of monetary and fiscal policies by a single decision

unit (say, Congress). By transforming the noncooperative equilibrium into a
cooperative equilibrium, this reform brings about a more rapid adjustment of
all variables to their steady state values and a smaller steady state stock of
public debt. In practice, such an institutional arrangement can only come
about 1f Congress is in charge of closely monitoring the behavior of monetary
and fiscal authorities. But proposals of institutional reforms going in this
direction have iﬁvariably drawn a main objection: that they would destroy
central bank independence and that consequently major monetarf policy
decisions would be left to the vagaries of the political market.

The objection can be made more precise with the help of the model
analyzed in Section 7. As remarked on p. 18 above, the first order conditions
holding in the cooperative equilibrium (equation (24)) imply that the devia-
tions of monetary policy from its target are proportional to the deviations of
fiscal policy from its own target. Within the framework of this model, thus,
the aforementioned objection must be taken to mean either: (i) that any
realistic implementation of this proposal would give too little weight to

monetary policy objectives —- that i3, w in eqﬁation (24) would be too
small; or, (11i) that enactment of the proposal would lead to inappropriate
monetary policy targets, m, or, (i1i): that it would have deleterious
effects on the parameters I and )\ characterizing the preferences of the
fiscal authorities.

Point (i) is probably what the critics have in mind; for the appropriate

monetary targets could still be chosen by the central bank even if Congress
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was formally responsible of approving them; and there 18 no reason to believe
that point (11i) is valid. But even point (1) is not fully convincing: an
institutional setting in which Congress is the only body primarily responsible
for the deviations of both f and m from the ;technically" optimal targets
would provide large political incentives to limit the size of the revenue from
money creation, and it would prevent the dilution bf responsibilities for
which many economists24 have blamed the decentralized system currently
prevailing in practically all industrial countries.

(i1i) Restrictions on the admissible policy rules. These can take at

least two forms: (i) requiring one or both players to select open-loop
strategies; (11) requiring one or both players to set strategies non-
contingent on the stock of public debt outstanding (for instance, a k per-
cent growth rule for the monetary base, or a requirement of balanced — or
constant — budget net of interest payments). Restrictions of type (1) have
the effect of moving the non-cooperative equilibrium closer to the cooperative
benchmark and, under some circumstances, they may be advantageous for the
player on which the restriction is imposed. Restrictions of type (ii) slow
down the rate of adjustment of public debt towards the steady state, and may
even bring about an explosive time path for public debt. However, if imposed
on the fiscal authority, they bring about a lower steady state value of public
debt.

Finally, the model analyzed in this paper lends itself to a
straightforward extension. By dropping the assumption that both players have
complete information, one could study the consequences of reputational effects
on the selection of monetary and fiscal policies. In any of the non-
cooperative equilibria analyzed in this paper, both players have an incentive

to announce that they will set their policy instruments non-contingent upon
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the stock of public debt outstanding, so as to leave the whole burden of the
adjustment on the opponent. However, because of the assumption of complete
information and of memoryless strategies, these announcements are not cred-
ible. Adding to the model an element of incomplete information would provide

new insights on the issue of the credibility of policy announcements.
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lsee Calvo (1978), Turnovsky and Brock (1980), Fisher (1980), Lucas and
Stokey (1983), Person and Svensson (1984).

2However, see Section 2 below for some references in which assumption
(11) has been derived from more primitive hypotheses.

35ee Sargent and Wallace (1981), McCallum (1981), Liviatan (1984), Drazen

(1985).
aThat is, m(t) = Li%%E-)--/ Y(t), where M(t) 1is the stock of monetary

base corresponding to liabilities of the Treasury and where Y(t) 1is nominal
income.

SIn a previous version of the paper, the model was formulated in discrete
time and the distinction between structural deficit and cyclical deficit was
introduced; the latter was assumed to be an exogenous random variable. The
. same distinction could be easily introduced in the present version of the
paper, at the price of some minor computational complications. However no
extra insights would be gained by doing so.

6In an overlapping generations setting with no bequest motive, Diamond
(1965) and Phelps and Shell (1969) have shown that issuing public debt reduces

the steady state capital stock of the economy, and that this is welfare
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decreasing 1f, in the steady state, the real 1interest rate is above the rate
of growth of the population. Persson (1984) has recently extended the Diamond
(1965) model to the case of a small open economy. Again, issuing public debt
is welfare decreasing in the steady state, due to the future (lump sum) taxes
that have to be raised in order to pay interest on the debt. Notice that this
effect is relevant for public debt held by the private sector, but not for the
public debt held by the central bank, only under the assumption that the
interest paid to the central bank is remitted to the Treasury.

In the context of the Yaari (1965) model, Blanchard (1985,1984) has shown
that issuing public debt has the effect of raising human wealth. As a conse-
quence, in a closed economy issuing public debt decreases the steady state
stock of capital, and in a small open economy it increases the external debt
of the country. See also Buiter (1984) for an application of Blanchard's
model to the open economy. Strictly speaking, given the assumption that r
is exogenous in equation (1) in the text, only the results concerning the
small open economy are relevant here.

7On the intergenerational redistribution of risk see for instance
Stiglitz (1983), Buiter (1983), Fisher (1983). On the intragenerational
redistributions of wealth see Atkinson and Stiglitz (1980).

8This argument was originally put forward by Lerner (1948) and by Meade
(1958).

9This argument can be found, for instance, in Blanchard, Buiter and
Dornbusch (1985).

10rh1g argument is elaborated in Bryant and Wallace (1979, 1980).

1114 a previous version of the model, where the distinction between
structural and cyclical deficits was introduced and where only structural

deficit were controllable by the fiscal authority, a sudden increase in public
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debt led to a reduction of structural fiscal deficits net of interest payments
but not necessarily to a reduction of overall fiscal deficits.

12Notice that the stability condition (18) would still hold if the fiscal
authority was able to control only structural (or "full employment”) deficits,
and cyclical deficits followed an exogenous stochastic process. The OECD
Economic Outlook (Dec. 1983) provides some evidence against_the hypothesis that

A=20: In the period 1981-83 public debt rose for all European countries, due

to a sequence of cyclical deficits; in the same period, the structural budget
deficit for the 10 EC countries moved from an average of zero in 1981 to an
average surplus of 2.5% of GDP in 1983 —-- gee also Giavazzi (1984).

13Natura11y, the hypothesis that A = 0 would become appropriate
whenever the fiscal authority faces a binding constraint which does not allow
it (for political or technical reasons) to further reduce the size of

structural deficits net of interest payments — see Blanchard (1984).

14See, for instance, Oudiz and Sachs (1984), Maskin and Tirole (1982),
Pindyck (1976), Basar and Olsder (1982), Kydland (1975) for further method-
ological comments on the appropriate hypotheses about the strategy spaces in
dynamic games.

15A second reason for beiﬁz interested in games of this kind concerns the
case in which the player choosing the closed-loop strategy is the only "big"
player in the game -— e.g., the government, and the "player” choosing the
open-loop strategy is an aggregate of smaller players acting noncooperatively,
who individually have no influence on the time path of the state variable --
see, for instance Cohen and Michel (1984). However, see also footnote 16

below.

16The equilibrium analyzed in this section should not be confused with a

Stackelberg equilibrium in which the fiscal authority acts as the Stackelberg
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leader. (Cohen and Michel (1984) seem to have made this confusion in a recent
paper studying a similar analytical problem.) What distinguishes a Stackel-

berg equilibrium from a Nash equilibrium is the order of play, and not whether

the players choose open-loop or closed-loop strategies. 1In a correctly
defined time consistent Stackelberg equilibrium, the Stackelberg leader moves
first in each period, and thus it takes into account the effect of its actions
on the current actions of the follower. Whether he will take into account
also the effect on future actions, and how, will depend on whether he chooses
open-loop or closed-loop strategies, and on whether the equilibrium is time
consistent or not.

17Institutional reforms of this kind have been advocated in the past and
in recent times by a large number of economists. See for instance Friedman
(1961), Leijonhufvud (1984), Monti (1984). -

1851nce the setting 1s non-stochastic, here open-loop and closed-loop
strateglies are identical. See Basar and Olsder (1982).

19This analogy was suggested to me by Jean Tirole.

20gea Kydland and Prescott (1977), Lucas and Sargent (1981), Cohen and
Michel (1984).

215ae Cohen and Michel (1984) for an explicit computation of this time
inconsistent policy in a similar analytical framework.

22Oudiz and Sachs (1984) use a similar procedure to solve a closed-loop
Nash equilibrium.

23Buiter (1982), Giavazzi (1984), Blanchard, Buiter and Dornbusch (1985).

24For instance, see Friedman (1961), Monti (1984).
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Appendix

1. Derivation of (16)

Equating coefficients of (15) and (1), using (4), we get:

T A

8-r - =B -r -l myr-80 -mrn, - (1.1)
i3 1 1
eo-ﬁ f—no

(80 (=) = (80 (50 =1, - 8, (1.2)

Recalling that r - el LS Wit £ (16.1) and (16.1i) immediately follow.

Furthermore, substituting (16.1) and (16.11) in y = 61 + LOT gives us:

¥ + By + (2(B-1) - (T+1)) = 0 -

which has at least one unstable (negative) root.

Solving for Yy and choosing fhe stable root — cf., the discussion in
the text, p. 11 we obtain (16.1ii1).

The same solution could have been obtained, alternatively, by solVing the
characteristic equation of the dynamic system made up of (1), (9) and (11) --

gee Cohen and Michel (1984).

2. Solution of the Closed-Loop Nash Equilibrium

From (4):
@ =0 d
L] . (2.1)
-f = m d '
From (20) and (21), using (4):
o= fiy = (B+m -r)(8 +6,d-m) - Td
(2.2)

-f = i, = (s+el-r)(f-no+n1d) - Ad
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Putting together (2.1) and (2.2):

[ ] 1 -
d = 31-(B+w1-r)(90+61d-m) - 1d
(2.3)

: 1
d 8;—(8*‘9

) -r)(f—uo+n1d) - M

1

Equating coefficients of d 1in (2.3) with those of d 1in (1), using (4), we

get:

- —T_- - - a= - —.L
(B+1r1 r) - 61 r 61 "1 (B+91 r) o (2.4)

which immediately yields (22) in the text.

Defining Yc = 61 + 7w, - r and solving (2.4) we obtain:

1

.8+ 2v¢ - \/(B+27c)2 - 41

% 3

>0

(2.5)

L5

=8+ 2% - /(B2yH)E - aa > 0
3

where the roots are real only for T, A < Séiélil?, and where the negative
square roots have been chosen in conformity with McCallum (1983) criterion of
“"minimal set of state variables”: when A = 0 we want “1 = (), when

T=0, we want ‘61 = 0,

In order to compare Yc with Y°, rewrite (2.4) as follows:

2 - - -
0 + 28 L + (B 2r)61 T 0

1 1
(2.6)
2
™ + 2aln1 + (B-Zr)'n1 -A=0
Summing both terms and letting x = 91 + “1’ we obtain:
x2 + (B-2r)x - (T+X) = =287, <0 (2.7)

In order to compare the solution of (2.7) with the open-loop Nash-equilibrium,

notice that (l.1l) in Section 1 of the Appendix yields:
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y? + (B-2r)y - (t4+A) = 0 (2.7%)
where y = (9; + n;), and Gi, ﬂ;, are the parameters of the open-loop Nash
equilibrium given in (16) of the text. Since the right hand side of (2.7) is

negative, it follows that x < y. Recalling that Y° =y -1 and that Yc =

X - r, we can conclude that Yy > vy .

It remains to be shown that —%— > 0. Substitute (2.5) in Yc = r -

6, - =« to obtain:

1 1’

g(¥C, 1) = 2(yS+B-r) - V(8+2vS) 241 - V(B+2v%) 242 = O (2.8)
then apply the implicit funciton theorem to (2.8):

ayc - - 9g/31

oT ag/ay°
c
Since %g,> 0, sign {31—} = -~ gign {25—}. Moreover,
T 9T aYc
3 (8+2¢%) (8+2v%)
il - <0
3y V(e+2vS) 2t 7 (B+2yS) 242

c
So that %I— > 0.
T
Applying the same procedure to (2.6) yields that

] Bﬂl

1 :
'a—‘i“"> 0, 81: <00

Finally, in order to compute the steady state equilibrium corresponding

to the closed-loop Nash equilibrium, use (1), (20), (21) to obtain:

sc (f - m)
d = A T -y
3+el-r ) B+n1-r
sc _ = (f—ﬁ)r
m m + ( B‘Hfl"r)

T+ m - r(8+ﬂl—r)
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(fm) A
(B+8.-r)
A+ W - r(8+91-r)

fSC

=F -

3. Nash Equilibrium With F Playing Closed-Loop and M Playing Open-
Loop Strategies

As stated in the text, 61 is given by (16.1) and 7, 1s given by

(22). Solving (22) for =« using (16.1), gives

1’

2
L - B+2y - /(g+27) - 4y (3.1

which not surprisingly is exactly as in Section 2 of the Appendix.

Let YA be the rate of adjustment of public debt in this particular

equilibrium. From YA - 61 +m -1, using (16.1) and (3.1) to substitute

away T, 91, we get:

) A _ A2 _
g(YA,T) - YA __T _ B+2y /§B+27 ) 4 +1 =0

p+y-r

Now, as before, appeal to the implicit function theorem:

' - - 2g/3t
aT aglayA

A BYA
where- 3g/3T = -1 and 23g/d9y > 0, so that T > 0.

In order to compare YA with ¥c and Yo, rewrite (16.1) and (3.1) as:

2
91 + elnl + (B-2r) 61 =0,
(3.2)
2
L + 26111 + (B-2r) L A=0
Let z = 81 + ﬂl and sum both equations together, to get:
22 + (B-2r)z - (A1) = —6_m (3.3)

11
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Repeating the same argument used in Section 2 of the Appendix and
comparing (3.3) with (2.7) and (2.7'), we can conclude that Y° > YA > Y&,

The steady state corresponding to this equilibrium can be computed from
(1), (13) and (21); denoting it with an sA superscript, some simple algebra

yields:

sA (f-m)
= 7y (3.4)

+
B~-r B+61-r

-Tr

- (f-m) 1

- (3.5)
A(B-r)

T +§-T-FF- r(g-r)

sA = (E-m) A '
£8A . F e (3.6)

B-r

A+t - r(8+61-r)

Comparing these expressions with the corresponding ones in Section 2 of

the Appendix and in (17) of the text, we obtain (27)-(29) in Section 8 of the

text.

4. Computation of Cooperative Equilibrium

The characteristic equation of the dynamic system made up of (24), (1)
i1s:

2 - gz + (x(8-1) - (ur) D) - 0

whose negative solution is the negative of YP in (25).
The initial conditions at t = 0, together with (24.1i), yield the
expressions for 61 and "1 stated in (25).

Equations (24) and (1) can also be solved to find ﬁhe steady state values

~— denoted with the s8p superscript:

4P - __(F-m) (B-r) (4.1)

(A+wT) (15?5 - r(B-r)
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£%P = F - (£-m) (4.2)
(A+tw) - r(B~-r) 1+m

gi

L - (Fm) . (4.3)

w(A+1w) - r(g-r) I;;

5. Computation of the Closed-Loop Stackelberg Equilibrium

(1) The central bank policy rule:

The solution can be computed recursively from (1'), (34), (36), (32),
(35).
From (1') and (32):
M :
Vo (dT) =d, , + o, -y, (5.1)
From (36):
Vp () = w(e=Bp ddy )+ T(=vp e - Tep ) (3.2)

which can be rewritten as:

M'
Ve (dT) AT 1t T 1 T-l CT-l fT—l ' (5.3)
Now substitute (5.3) in (35), with ¢t+1 = T-1:

M'

Ve i(dp ) = (T + p(r+8r_)B, dd . + (5.4)

Foy.. P
*p(r+By 1)Cpy g ¥ P(T+Bp_Ap

which, using (1'), (34) and (36), becomes:

M'

Vo (dp_)) = (T + p(r+8] B )((r-By_))dy_, +

T-1'""T-1

M F
+ Q=vp ), - “:-2) + p(r+Bp_y)Cp,y -

F ¥ M M M
s (ap g * By ((rBp gy + (A=Yq p)fqy = ap ) +

* °(r+85-1)AT-1
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Collecting terms, we have:

M'
Vo1l = App * Bropdpy * Cppfrp (5.3)

where:

F F F M M
Ap_p = p(r+By 1 )(Cp_jap 3 = (Cp By 1 +Bp (dap p+Ap ) = T,

M F . F
B = (r=B,_,) [t + o(r+By_,)(Cp By +By )]

T-2
M. F F

Repeating the same procedures for Tt = T-2, T-3,..., we get the following

general solution for t < T-1:

]
v? (d) = Ay *+ B4y * Cemqfea (5.6)
F F M
At-l = p(r+Bt)(At+Ctat) Ktat-l
B . = K (r-8" ) (5.7)
t-1 ~ t t-1

M
Coq = Ko (1-v,_)

with By = [T + o(r+8])(B,+C 87)].

Now, use (5.6) in (31), to obtain the following expressions for the

coefficients in (36)

[+]

X

-=m +
m pAt

= pB (5.8)

g t

a4

= pC

rf-<:z

t

so that the final recursive solution to the A~C coefficient 1is, for
t<T-1

-1 F F =
A _; = (1+eK)) lo(r+8 )(A #C.a) - K m

-1
Bt-l (1+pKt) th (5.9)
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-1
C -1 (1+pKt)

t t

with the solution for t = T-1 being given in (5.2).

(1i1) The fiscal authority policy rule:

From (1') and (39):

F' '
Vo (&) = Ardy_, + Af, ) - Amp

From (34) and (36):

F! F F
Vp (dp) = Ardp_, + Aag_, + ABy_d

7 M _F
= Mpoy%pog T Aoy Bpgd

which becomes:

F'
Vp (dp) = Dpy + Ep ydp ;s

where

M . F M
Dp_y = MA-Yp_ydap g = oy )
F

T-l)

M M
Br1 ™ l(r-BT_1 + (l—YT_l)B

Now substitute (5.11) in (40) with t+1 = T-1:

vE' (4. ) = Ad, . + p(r-8% )(D
T=-1""T-1 T-1 T-1

Using (1'), (34) and (36) in (5.12):

F'

Vo1

(dy )

T-191-1 ~

M

Gr-1

d

p-1*Epo197-1

-AB

)

F M M
. (rdT_2 + aT_Z(l-YT_z) + (1 YT_Z)B

- M )
“T— Bp_gdp.p)-

Collecting Terms:

F =
V- l(dT 1) = Dpg * Ep,dp,

where:

M

T-ldT-l

= p(r-By_)Dy_; + Ohtp(r-83_DE; ) .

Fd

(5.10)

(5.11)

(5.12)

7-2%1-2 ~

M
Dy = #(x-ByIDpy + ibo(e=8y DB, 1) ((1- V2%

(5.13)

- ap_y)
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M M | F M
Er_p = (A+p(r=8; 1By 1) (v + (1=Yq_5)By 5 = By y)e

Repeating for t = T-2,T-3,..., we get the following general solution

for t < T-1:

FI
v, @) =D _, +E _,d _, (5.14)

with

M
Doy = Nelypog + p(r=80D,

Eea1 = NP

and

-
[

M . F M
(L-vp )%y = %

M M F
By =t =By * (A=Y 18

2
[}
>

M
+ p(r—Bt)Et
Using (5.14) in (40), we immediately obtain:

F - M
@ = f - p(l—Yt)Dt
(5.15)

F M
B, p(1=Y )E,
The equilibrium time path of debt is obtained by plugging (34), (36) into (1')

b M
and using the previously derived expressions for at, Bt, Y i1 = M,F:

t+l
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