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ABSTRACT

This paper extends the characterization of efficient dominant strategy
mechanisms with quasi-linear preferences to models with a continuum of
agents. Our results represent the nonatomic analogs of Groves schemes,
which characterize dominant strategy mechanisms in finite agent models. The
key concept in our analysis is that of an infinitesimal agent’s marginal
product. Efficient dominant strategy mechanisms satisfy the rule that an
agent's payoff must equal his/her marginal product plus a lump sum. Unlike
the finite agent case where lump sums typically cannot be chosen to achieve
budget-balance, in the nonatomic model budget-balance can be attained. We
also show that if an "individual rationality" restriction is imposed, lump
sums must be zero, and we relate this to the possibility of designing
mechanisms for public as compared to private goods.
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1. Introduction

This paper extends the characterization of dominant strategy mechanisms
with quasi-linear preferences to models with a continuum of agents. As in
the finite agents case (Vickrey [1961], Clarke [1971], Groves and Loeb
[1975], Green and Laffont [1977], Walker [1978], Holmstrom [1979]), we show
that with suitable qualifications to meet exigencies of nonatomic models,
dominant strategy mechanisms are equivalent to Groves’ demand-revealing
mechanisms.

Hammond [1979] has characterized dominant strategy mechanisms with a
continuum of agents without the quasi-linearity restriction, but the
similarities between his work and ours may not be transparent. This is
because he focused primarily on the dominant strategy problem as it relates
to the pricing of allocations in continuum models, whereas we have followed
a path originating in the above-cited literature on demand-revealing
mechanisms for finite agent models where commodity pricing is not stressed.
-In a companion paper, we shall be more explicit about the connections with
Hammond's results as well as related work by Schmeidler and Vind [1972],
Varian [1976], Kleinberg [1980], Champsaur-Laroque [1981], McLennan [1981]

and Mas-Colell [1983].
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addition to the total gains from trade attributable to that agent’s
characteristics, plus a lump sum independent of that agent’'s characterist-
ics. This equivalence will also be the basis for our continuum extension of
finite demand-revealing mechanisms. 1Indeed, our characterization result is
stated in MP terms; it says

if and only if a mechanism rewards each agent with his/her

marginal product, plus perhaps a lump sum, will it exhibit the

dominant strategy property.

Thus, within the class of environments having quasi-linear preferences, the
MP reward principle is of considerable generality for inducing revelation.
It applies to finite agent or nonatomic models with private and/or public
goods.

But what is the MP of a single agent in a nonatomic model? A too
facile interpretation of the influence of sets of measure zero might lead
one to conclude that in a nonatomic economy a single agent’s MP is zero.
Such reasoning ignores the possibility of doing "calculus over individuals",
and it is such a calculus that we find essential to the characterization of
nonatomic dominant strategy mechanisms. A nonatomic agent’s marginal
product is a derivative. It measures the limiting rate of change of a non-
infinitesimal group’s per capita contribution as the membership of the group
shrinks to that of a single agent. In addition to its role in dominant
strategy mechanisms, the concept of an infinitesimal agent’s marginal
product and a calculus over individuals is central to the work of Aumann and
Shapley [1974] on the value for nonatomic games. It also underlies our work
on perfect competition (Artzner and Ostroy [1983] and Ostroy [1984]).

From the characterization result we see that the existence of dominant

strategy mechanisms is equivalent to the existence of budget-balancing

mechanisms that reward all individuals with their marginal products.



environments in which the gains-from-trade function is linearly homogeneous.
Because private goods [public goods] models do [do not] lead to linearly
homogeneous gains-from-trade functions, we shall, with the aid of the
individual rationality hypothesis, be able to draw a distinction between the
incentive compatibility properties of public and private goods. (See
Roberts [1976] for a similar conclusion, also based on individual
rationality.) ‘

We call attention to two technical features of this paper, one relating
to the description of an agent’s type and the other to the number of types.
In some settings, e.g., the costless public good model, it is enough to
describe an individual’s type by his/her utility function on the fixed
domain of possible public projects; this model abstracts away individuals’
possibly different input requirements to produce the collective output. In
other settings, e.g., private goods, when endowments or production possibi-
lities may also be misrepresented, an individual’'s type requires the
specification of not only his individual’s tastes, but also his domain of
feasible net trades. Because our goal is to provide an analysis including
both of these settings, we shall describe an agent’'s type by a utility
function on a possibly varying (effective) domain. Tastes and feasible net
trades will be subsumed in the specification of "tastes". (In the language
of the paper, we shall distinguish between (general) dominant strategy
mechanisms and (less general) demand-revealing mechanisms. In the latter,
only an individual'’s tastes, not his domain of feasible net trades, are
subject to misrepresentation. Our desire to treat general dominant strategy
mechanisms will also give rise to an assumption in the sequel -- that the

set of types be feasibly connected -- that does not usually appear in the

demand-revealing literature.)



classical adding-up question in the MP theory of distribution.

2. The Model

An individual'’'s characteristics are given by a function v: R£ - R U
{-@). The function v specifies both the tastes of the individual (his/her
utility indicator) as well as the set of (net) trades feasible for that
individual. These feasible trades are defined by the effective domain of
v, the set Yv = {(y € Rzz v(y) > -}, which we assume to be closed in Rﬂ.
Recalling the first technical feature mentioned in the Introduction, notice
that this formulation is general enough to allow individuals to misrepresent
both their tastes and their endowments or production possibilities (if any).

Let V be the set of possible individual characteristics. We shall
not provide a self-contained set of hypothesis on V, e.g., we shall omit
conditions guaranteeing that certain maxima be achieved below. However, it
is useful to assume explicitly that V is a class of C1 functions; i.e.,
for each v € V there is an open set containing its effective domain and a
¢l function ¢ on this set such that ¢ = v on the latter's effective
domain.

An economy will be described by a (positive) measure p on V. We
shall confine our attention to those ' p with finite support, i.e., to
finite type economies. Such a p can be written as

p= Z av8v,
veV#

where 6v is the measure with unit mass at v and zero elsewhere, V# is
a finite subset of V, and o, is interpreted as the Lebesgue measure of
the agents of type v. The set of all such measures with finite support is

denoted M#[V].



J m(p,v)dup(v) = 0.

However, unless otherwise stated, we shall make no aggregate feasibility
restrictions on the money allocation.

It will be convenient to denote the product of all economies and all
types by
Q = M#[V] x V.

Define a mechanism as a mapping f: Q - Rz X R, where £f(p,w) =

(y(s,w),m(p,w)) and Vp Vv € supp p (y(p,v)) is aggregately feasible.
Notice f(u,*) 1is defined for all w € V, not just those v € supp u. The
significance of this relates to the second technical feature mentioned in
the Introduction: insuring the asymptotic meaningfulness of our continuum
model. This will be amplified on in Section 3A below.

A mechanism f: Q - Rz X R exhibits the dominant strategy (DS)

property if
(DS): V uVvesuppVw ulf,v),v):zuEpEw),v).

Recalling the definition of wu, this says that the utility an individual
receives from the allocation mechanism by reporting his/her characteristics
truthfully, v(y(g,v)) + m(s,v), 1is at least as large as the utility an
agent of that type could obtain by reporting other characteristics,
v(y(p,w)) + m(p,w). Notice if f satisfies DS then v has no incentive to

misrepresent herself as a w, even for w ¢ supp u.

REMARK 1: If v and w € supp ¢ and allocations are net trades, DS
implies the no-envy or fair property of net trades. If supp u were always
equal to V, then the fair property of net trades (see, e.g., Schmeidler

and Vind [1972]) for all p 1is clearly equivalent to the DS property.
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There is also a prior question. Let
A= {(p,v): p € M#[V] and v € supp p) C 1.

Why not simply ignore those (p,w) € A since in pu the announcement w
can be true at best for a set of measure zero?

Confining permissible announcements of an individual’s type to those
already in the support of the distribution would place the continuum model
at a decided disadvantage compared to the finite agent model where an indi-
vidual can announce any type. Since in this important respect the finite
agent model would be more demanding, the construction of limiting arguments
linking the finite and continuum models would be hindered or precluded. We
want to study the properties of models with a large number of agents in
which a change in any one individual'’s characteristics has a very small
impact on the distribution -- in the limit, none -- while also retaining the
flexibility of finite agent models which allows an individual to announce
any type as his/her own. To combine these features of the finite and the
infinite, we have assumed f(u,+) is defined even for w & supp pu. But for
such w, f(g,w) cannot be defined arbitrarily and still preserve the
model’'s asymptotic meaningfulness. Thus we shall restrict our attention to
mechanisms £ that are "continuous" in the sense specified below.

The (norm) distance between two distributions u = Z and

veESupp p %y 6v
zv€supp u' % %y is,

[lu’-ul] == {Ia;-avl: v € supp p' N supp u)
v

+ X {a;: v € supp p'\supp p)
v

+ {av: v € supp p\supp u'}.
v
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exchange economies admitting efficiency prices. Let
(y(p,a,v),m(p,a,v)) € arg max {v(y) + m: py + m = a}.

It is well-known that y(p,+,v) does not vary with a, so define e(p,v) =
y(p,*,v).

The economy pu is said to admit efficiency prices if there is a p(p)
such that for the y-optimal allocation, y(u,v) = e(p(u),v). Suppose p:

£
M#[V] - 2R is a single-valued efficiency price mapping whose range is

contained in a compact set in Rf+. These hypotheses may be shown to imply
that p 1is p-uniformly continuous. A restriction on the curvature of

. 2 . . -
preferences such as V is 02 and Vv 1is negative definite (therefore

strictly concave) and bounded away from zero could be used to show that

y(p,v) = e(p(p),v) 1is uniformly continuous on A.

Restricting ourselves to continuous mechanisms guarantees that the DS
property for the continuum model can be given an asymptotic interpretation.
In particular, suppose that instead of a continuum, agents are of size t >

0. The DS property would then require that
u(E(B,v),v) = u(f(p + £(6 - 6.),),V),

where pu + t(6w - 6v) is the effect on the distribution of agents
characteristics after an agent of type v and size t anounces type w.
The continuity of u with respect to £f(u,v) and the continuity of £(u,v)
with respect to u 1implies that if the DS property holds in the continuum

then for any € > 0 there is a t, such that if t < t, then
u(f(p,v),v) + e 2 u(f(p + £ - 6 ),w),v).

That the DS property holds exactly in the limit implies that it holds

approximately for large finite agent models, where the degree of
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adding (or removing) an infinitesimal individual of type w. To this end,

let

y(p + td;v) - y(u,V).

y' (p,v;d) = lim .

t—>0+

About models with a continuum of agents, it is frequently said that the
influence of one agent on another is nil. While there are models in which
y'(p,v;d) = 0 (e.g., see the papers by Tideman-Tullock, Green and Laffont,
Rob and Mitsui mentioned in the Introduction, which all use the costless
collective good model), these are exceptional. More typically, "nil" should
be understood to mean that the impact of w’'s behavior on v 1is
infinitesimal relative to v's scale.

Now, assuming the existence of the directional derivatives y’'(u,v;d)
as well as the (already assumed) differentiability of v, we can compute

MP(u,w) wusing the chain rule:
(1) for w ¢& supp p:

MP(p,w)

g' (p;6,)

+

V(y(pHes V) -v(y (s, v))du(v)  tw(y(a+ts ,w))
lim [I T pu ]

t=0
+

I Y (y (g, v)) ey  (p,v;6 )dp(v) + w(y(p,v))

€., w) + w(y(p,w))
(2) for w € supp pu:

MP(p,w) = -g'(p;-6)

[ v(y(p-ts_,v))-v(y(p,v))du(v) tw(y(p-té )
= -|1lim I - ]

t t
t-0
+
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(R.3) y'(p,v;d+d) = y'(u,v;d) + y' (s,v;d), V(u,v) € A Vd,d € D(p),
(R.4) y'(+,+;d) 1is continuous on A, Vd = 6w’ wewv,

(R.5) Vw,v, V sequences {pn} C M#[V] such that By - u, if y(pn,w) &

Yv’ vn > N, then y(u,w) ¢ Yv'

Letting d = Sw and d = -d, and observing that y’'(u,v);0) = 0,
conditions (R.2) and (R.3) imply that two-sided directional derivatives
exist for y(u,v) in every direction in supp p. Notice (R.4) is a simple
rather than uniform continuity condition; its meaning is that for any (u,v)
€ A and any sequence {(pn,v)} C A such that B, ™ B y'(pn,v,d) -

y' (s,v,d).

Condition (R.5) says that all y-allocations to agents that the
mechanism calls for and that are not in v's effective domain, are away
from the boundary of v’'s effective domain. This requirement rules out the
possibility of wv(+) being discontinuous (relative to the mechanism), for
allocations approaching the boundary of v's effective domain. It is a
strong assumption. But it is only needed to prove our results for general
dominant strategy mechanisms; it is not required to prove any of our results
for (less general) demand-revealing mechanisms -- where Yv - Yw for all v

and w.

REMARK 3: As in Remark 2, we sketch some sufficient conditions for a
regular demand-revealing mechanism in the case of an exchange economy (so
only tastes, not endowments, are subject to misrepresentation). Let p(p)
be the efficiency price vector for u and e(p(u),v) = y(u,v). The
influence of w on Vv can now be traced through w's influence on prices.

Denote by p'(p;d), d = 6w, the directional derivative of the efficiency
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immediately implies that §+(p,w) = § (p,w) when w € supp p.
Choose any (pu,w) € Q@ and any sequence ((pn,w)} Cc O such that By -+

4. From the above argument we have

MP(Pn;W) - E(l‘nsw) + W(Y(Pn,w))-

By (R.1), y(pn,w) + y(u,w); and since w 1s continuous on its closed
effective domain, w(y(pn,w)) -+ w(y(p,w)). (Notice that for any (u,w) € Q,
even if w & supp pu, w(y(p,w)) > -o», (Proof: Since A 1is dense in 0
there exists a sequence B, 2B with w € supp B By assumption, y(yn,w)
is feasible for w. Hence 1lim y(pn,w) = y(u,w) 1is feasible for w since
w's effective domain is closed. N.B.: By contrast v(y(u,w)) may equal
-o; this possibility will be discussed and dealt with in Section 3C.
below.)

Because BB € M#[V] and B, = B it follows that pn({supp B a]
supp #)}) -+ p. By hypothesis v 1is C1 and by (R.3) ¥y’ 1is continuous on

A. Therefore

lim £(p ,w) = Um [ W(yp ,v))y' (s ,vi8 )dp

= lim J VV(y(ﬂn))y'(yn,v;Gw)dpn
Suppu_Nsuppy

= [ Wy, vy (8,6 )dp

- &(p,wW).

Since MP(u,w) = £(s,w) + w(y(s,w)), we have MP(p_,w) -+ MP(u,w).||

3C. The MP of an Individual Who Misrepresents His Type
We shall show that any mechanism f is DSPOY if and only if it
always rewards all types with their MP's, plus perhaps a lump sum. Since

any type Vv € supp s may claim he is really some other type w €V, as a
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and MP(u,w) = MP(u,w;w) 1is simply that in the latter the agent who
truthfully announces w receives w(y(u,w)) while in the former the agent
of type v who announces w receives v(y(p,w)). These conclusions are

formalized in

LEMMA 2: Let f be a regular, POY mechanism. Then, V(u,v) € A Vw,

MP(p,w;v) = MP(p,w) - w(y(p,w)) + v(y(s,w)) = £(p,w) + v(y(p,W)).

Furthermore, Vw, MP(+,w;*) is continuous in the sense that for any
sequence {(pn,v)} C A such that B, > B, 1lim MP(pn,w;v) = E(p,w) +

v(y(p,w)). (N.B.: (p,v) need not be in A.)

PROOF: Let (u,v) € A. Rewrite MP(p,w;v) as

B(ute(8 -6 )im) - g(W) + [B(w)-g(u-ts )]
t

(a) MP(p,w;v) = lim
t—»O+

g(n+t(6w-6v) iB) - g(w)
= 1im - g (p;-6)
t*0+ t v

Note that

[IIZ(y(#+t(6w-8v)),2)-Z(Y(#,Z))]dﬂ(2)

(b) g' (w6 -6 ) = lim _

-
t 0+

ey (pHe(S -6 ), W) EV(y(pHt(8 -6.),v)
* t ) t ]
By inspection of the definition of g(u + t(&w-Gv);p) given above and

(b), we have using (R.5)

B(u+t(5 -8 )im) - g(k)
t

(c¢) g'(u;é -6 ) = lim
w Vv t*0+

+ W(Y(#,W)) - V(Y(#,W)).
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Similarly, suppose Vv € supp p Wwere to announce the characteristic

Then v's wutility can be written as
u(f(p,w),v) = MP(u,w;v) - H(p,w),

where MP(u,w;v) 1is v’'s marginal product when he/she announces w.
The marginal productivity reward principle has a built-in dominant

strategy property.

LEMMA 3: If v € supp u, then

max MP(u,w;v) = MP(u,v;v) = MP(u,v).
w

PROOF: It is evident from the definition that for all t > O,

glp - t6 + té ;p) = g,

i.e., the total gains from trade cannot possibly be increased through

misrepresentation. Therefore,

glp - t6 + té ;p) - glp - ts )
t

MP(u,w;v) = lim
t—*O+

glp) - glp - t6)
< lim - - MP(p,v).|]
20,

Say that H: Q@ - R is a lump sum function if there is an h: M#[V] - R

such that

h(u) = H(p,w).

This might be better termed an anonymous lump sum function in contrast with

the lump sum function described for finite agent models (see Section 5).

the latter, the lump sum is invariant to the individual’s characteristics
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REMARK 5: The lump-sum property of H is intended to reflect the condition
that individuals cannot influence that part of their reward. However, if H
were not u-continuous, the condition H(g,v) = H(p,w) = h(p) would say that
while singleton subsets of agents cannot influence H, sets of arbitrarily
small size could have a substantial impact. This would be contrary to the
spirit of the nonatomic model as an idealization of a large but finite
model, and to the asymptotic interpretation given above to DS mechanisms.
However, since u(f(u,w),v) = &(u,w) + v(y(p,w)) - h(p), the regularity of
f establishes the p-continuity of u, € and v, hence h must also be pu-

continuous.

4B. The Marginal Product Reward Principle as a Necessary Condition

There remains the converse, that to achieve the DS property a regular
POY mechanism must be specified as in Theorem 1. Based on the preparations
given above and those to follow, we shall show that Holmstrom's [1979]
demonstration of necessity for the finite agent model can be "lifted" to the
nonatomic case.

For the sufficient conditions on DSPOY to become necessary it is

well-known that V must exhibit a certain amount of variety. A simple

method of insuring enough variety is to assume that

V is a convex set: Vv,weV, Vae€ (0,1), there is a v, € V such that

vy, va(y) = av(y) + (L-a)w(y).

The role of convexity will be to ensure that for any v,w € V such
that v(y(g,w)) > -« and w(y(p,v)) > -», i.e., the y-optimal allocation
to w 1is feasible for v and vice-versa, the environment will be

sufficiently rich to include many other characteristics "between" v and

w. In Holmstrom’s terminology, this is an example of an environment that is
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where because pu is fixed we may write ¥(B;a) = MP(p,vﬂ;va) and k(B8) =
H(p,vﬂ).

For continuous mechanisms the DS property applies to all agents w eV,
not just w € supp p. Proof: Let B b and let ((pn,w)} c A. Then if
f satisfies DS, u(f(yn,w),w) > u(f(pn,z,w)) for all =z € V. Hence,
taking limits, u(f£(p,w),w) > u(f(u,z),w). So from the hypothesis that £

is a regular DR mechanism for all «,8 € [0,1],
(a) a € argﬂmax Y(B,a) + k(B).
Further, Lemma 3 implies for any v, (not just for v, € supp B,

max MP(u,

: vﬂ;va) - MP(ﬂ,va;va).

Proof: Suppose the contrary, that MP(p,vﬂ;va) > MP(p,va;va). Then let

g =+ p with {(pn,va)) C A. The continuity of MP(e,v,;*) on A (recall

n B

Lemma 2) implies for sufficiently large n MP("n'vp;Va) > MP(pn,va,va),
contradicting Lemma 3. Hence, for all «a,8 € [0,1]

(b) a € argpmax P(B,a)

From the definition of v, va(-) = av(*) + (l-a)w(+). Hence,

differentiating ¢ with respect to a,

210:2) - v(ywvp) - Wy

To show
(&) sup 2L <o,
a,f

suppose the contrary. Then there is a sequence ﬂk € [0,1]) such that

v(y(p,vﬂ )) - w(y(p,vﬂ )) » - or +«. We show a contradiction for the
k k
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one lets ¢ - 0. The details are left to interested readers.
Having established (a)-(c), now apply the following basic result proved

in Holmstrom [1979],

LEMMA: Let ¥: [0,1] x [0,1] = R and k: [0,1] - R satisfy (a), (b) and

(c), then k is constant.

Therefore, there is an h such that h(p) = H(pu,v) = H(p,w), as was

to be demonstrated. ||

In some settings, such as models of exchange economies, we must deal
with the fact that individual characteristics include, besides wvariations in
tastes, variations in what is individually feasible. The following assump-
tion, by providing for sufficient variation in what is individually feasible

in V, allows for a more complete converse to Theorem 1.

V is feasibly connected: VuVv,w there exists z such that
(1> z could have delivered y(p,v) or y(p,w): y(u,v),y(us,w) € Yz’

(2) v and w could have delivered y(u,z) € Yv N Yw'

In the above, y(u,*) 1is the y-optimal allocation in f£.

To illustrate feasible connectedness consider a two-commodity-plus-
money exchange economy in which Vv, v(0,0) > -», i.e., it is individually
feasible for any agent not to trade. Suppose y(u,v) = (1,-1) and y(u,w)
= (-1,1). This assumption requires, for example, that there is a 2z which
can feasibly make the trade (1,-1) or (-1,1) but is called upon in an

optimal allocation to deliver y(u,z) = (0,0).

REMARK 6: A weaker assumption would suffice. It is enough to postulate

that for Vu Vv € supp p4 Vw, there exists a finite sequence (zo,zl,...,zn)
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A finite agent economy can be described by a rather special measure u

with finite support where,

b - zaV16V1 and avi = 1 for all v; € supp 4.

Let pi - E: a ) - }: 6v be the economy without vi. Thus, if
Jxi 3 3 jri 3

Vv, € Supp p, p = (#i v.)
i ’ 1i-
i i i 2
An allocation for u 1is a fi(p ,vi) - (yi(y ,vi), mi(p ,vi)) € R” x

R, i=1,...,n. Here, fi(pi,v plays the role of f£f(u,v) above. 1In

i)
contrast with nonatomic models where, as it were pi = u and therefore
changes in any one agent's characteristics do not change p, here changes
necessarily change pu, although they do not change pl.

in v
i

The DS property of f 1is given by
(g, (whv) v = ucE Gl vy
i R SR S i L S §

for all i, ui, v € supp p and LA where w € V.

A y-optimal mechanism (POY) is one that achieves

i
g(p) = max(Zv, (y,(p,vy)); Vv € supp u}.

Vickrey [1961], Clarke [1971], Groves [1973] and Groves and Loeb
[1975], among others, have demonstrated that in a y-optimal mechanism f =

(y,m), if money payments are given by

(*) m (u' V) = Z CAC AN AP
VjESuppp

then f will be DS. Conversely, Green and Laffont [1977], Walker [1978]
and Holmstrom [1979] have shown that if £ is DS and PO then

Y

mi(pl,vi) must be given by the formula (%)
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differs from g(u) only by a lump sum, clearly any mechanism satisfying (*)
can be rewritten as (**) and conversely. However, it is in the form (¥*%),
rather than (%), that the formula for DSPOY mechanisms is suitable for
extension from the finite agent to the nonatomic case. In (¥**) the RHS
terms are both the same order of magnitude as that of an individual agent,
even for nonatomic models. In the nonatomic case, the MP of an agent is
the derivative (i.e., the rate of change) of the total gains from trade with
respect to that agent. (Note: Unlike the continuum model, only the
existence of a y-optimal mechanism is required for MPi ‘to be well-defined
in the finite case; compare this with the rather delicate considerations in

Section 3 above to prove the existence of MP’'s in the continuum.)

6. Existence Theorems for DSPO and DSPOIR Mechanisms

6.A A Possibility Theorem for DSPO Mechanisms

Recall that a DSPO mechanism is a DSPOY mechanism in which the sum
of money transfers, fm(p,v)dy(v), is always zero. If that sum were posi-
tive, the allocation of the money commodity would not be feasible for the
participants in the economy and the balance would have to be made up by some
outside authority; or if it were negative, the sum would represent the
departure from full utility maximization and Pareto-optimality. While the
results for DRPOY mechanisms in nonatomic models completely parallel the
finite agent mechanism results (the literature concentrates on DR, rather
than the more general DS mechanisms), the situation for DRPO 1is quite
the opposite. Instead of the impossibility results for DRPO cited above
for finite agent models, there is always possibility -- even for DSPO

mechanisms.

Let
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u(f(p,w),v) = MP(p,w) - h(p). To be DSPO, it must satisfy
Ju(Ep,v)du(v) = [MP(p,v)du(v) - h(p)fdu(v) = gln),
or
o(p) = JMP(p,v)dp(v) - g(p) = h(p)fdu(v).

Thus, h(u) = o(p)/p.||

REMARK 7: Obviously, the conclusions of Theorem 3 also hold for DRPO

mechanisms, without the assumption that V is feasibly connected.

REMARK 8: To interpret our existence result as idealizing the case in large

but finite economies, we need

m(p,v) = MP(m,v) - v(y(u,v)) - o(p)/p

to be p-continuous (recall the discussion at the end of Section 3A and also
Remark 5). We already know MP and v are p-continuous, and 4 certainly
is also. Thus since g(u) = fv(y(p,v))dp(v) is p-continuous, we see that
¢ and, hence, m are pg-continuous.

Thus, using the interpretation of our model as an idealization of a
large but finite economy given at the end of Section 3A, Theorem 3 implies
that DSPO can be approximately achieved in large but finite economies.
Indeed, for sufficiently large but finite economies, the approximation can
be made arbitrarily close to exact budget balancing -- using the equal
division of the "deficit" sharing rule. Of course, in large finite econom-
jes this rule implies only an approximate lump sum tax.

We want to emphasize that this Groves approximation result holds for
any class of (smooth) large finite economies -- not just for costless

collective good models, where approximation results have been previously
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Attention is confined to environments satisfying the following

conditions:

(E.1) (Non-negative surplus) Vu, o(u) 2z 0.
(E.2) (Characteristics are benign) Vu Vw, MP(u,w) = 0.

(E.3) (Existence of "dummies") Vp 3 vo(p) such that MP(p,vo(p)) = 0.

Were we to formulate more explicitly a particular model of an economy
with private or public goods of the kinds referred to above, assumptions
(E.1) and (E.2) could be derived as conclusions. Here we simply assert that
these conditions do not go beyond conventional restrictions. The nonnegat-
ive surplus condition (E.1) is fulfilled whenever the g function is
homogeneous (in which case o = 0, see Section 7). It is also a necessary
condition for the game in characteristic function form associated with
to have a nonempty core. Given (E.1), the hypothesis that individual
characteristics are benign (E.2) would be satisfied "on average" whenever g
could be normalized so that g(u) = 0. In fact, nonatomic models typically
satisfy (E.2) for all characteristics, not just on average.

(E.3) postulates the existence of individuals having no effect on the
gains from trade. For example, in a private good exchange economy with
convex preferences if p(p) were the efficiency price vector corresponding
to the y-optimal allocation in the population pu, then vo(p) could be
taken to be those preferences for which the hyperplane (x € RZ: p(u)x = 0)
is tangent to the indifference curve of v° passing through the origin of
Rz; with public goods, v® would be the tastes of someone entirely

indifferent to public goods and who, furthermore, has no resources that

contribute toward their production.
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PROOF: From Theorem 3, if f is DSPO and o = 0, then u(f(p,v),v) =
MP(p,v). But by (E.2), MP(p,v) 20, so f satisfies IR.

To demonstrate the DSPOIR implies o = O, suppose the contrary.
Then, by (E.1l) there is a u' such that o(p') > 0. Let v° - vo(p')
(recall E.3), and let p = pu' + t6vo. Notice by the continuity of a(-)
(see Remark 8) and the continuity of MP(-,VO), as t -0, a(p)/ﬁ -+
o(p')/p’ >0 and MP(p,vo) - MP(p',vo) = 0. Hence, 3t > 0 such that
MP(u,v°) - o(p)/p < 0. But by Theorem 3, DSPO implies w(£(p,v%),v%) =
MP(p,vo) - a(p)/ﬁ. The RHS, we have verified is negative for some u,

contradicting IR. l]

7. The Adding-Up Problem Revisited

We shall conclude this investigation into dominant strategy mechanisms
in nonatomic economies by pointing out the connections with the century old
adding-up problem in the marginal productivity theory of distribution.
Think of an agent'’'s characteristics not as a utility function on a net
trade possibility set but as a labor input in the production of a commodity
whose technology is given by g. Regard p as a vector of total labor
inputs with the property that each individual is endowed with one unit of
labor type, v. Thus, since p = Zav6v, o, is interpreted as the mass of
individuals having "labor input" wv.

To more closely conform to traditional marginal productivity notation,

let us define

8 - wp(u,v).

The marginal productivity theory of distribution postulated that competition
would lead a supplier of input v to receive dg(u)/3v for each infini-

tesimal quantity supplied. Since each individual agent in a nonatomic model
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We are led to an obvious question: What is the difference between
mechanisms which can reward individuals with their MP's directly without any
further lump sum modifications and those which require such modifications?
Note that this is a question about the properties of economies in which
o(p) = 0 versus those in which o(u) = O.

We want to emphasize that as it stands the theory of dominant strategy
mechanisms, i.e., the theory having to do with DSPOY and DSPO mechanisms
in models with quasi-linear preferences, is remarkably unforthcoming on the

free-rider problem. To repeat, for DSPO,

v mechanisms a single character-

ization holds for models with public and/or private goods and finite or
continuum of agents: reward individuals with their MP's and possibly a lump
sum. For DSPO mechanisms, finite agent models yield impossibility
theorems with or without public goods while nonatomic models yield possibil-
ity theorems in either case. So, according to these results, the summary
conclusion is that (1) if there is a demand revelation problem it does not
occur in economies with large numbers of agents and (2) in finite agent
economies demand revelation problems do occur, but indiscriminately among
those containing private or public goods.

Continuing to assume quasi-linearity, if we take DSPOIR as the
definition of an efficient incentive-compatible mechanism, the overall con-
clusions are more satisfying. Here the traditional approach to the adding-
up problem -- modified to the marginal products of persons, not commodities
-- comes into its own. Theorem 4, above, in its finite analog (see Theorem
3 in Makowski and Ostroy [1986]) combine to show that DSPOIR mechanisms
can be constructed in nonatomic or finite agent environments if and only if

o=0.
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produce g(p), then y will also be chosen for the population Ap and
this will produce total utility g(ip) = Ag(p).) However, when we consider
models with public goods and non-negligible costs (in terms of private
goods), the g function fails to be linearly homogeneous. Two identical
populations pu, each producing the same optimal quantities of public goods
with the same resources and producing total utility 2g(p) could, simply by
combining while halving the per capita resources contributed, maintain the
same total quantity of public goods and therefore produce a total gains from
trade for the population 2u such that g(2u) > 2g(p). In such a case we
have o(u) > 0 but, by Theorem 4, this is incompatible with DSPOIR.

The summary conclusions for the DSPOIR definition of incentive
compatibility is that since such mechanisms require adding-up of marginal
products in the traditional sense that o must equal zero, incentive
compatibility will typically fail to exist (a) whenever there is a finite
number of agents (because of indivisibilities) or (b) whenever there is a
public good with non-negligible costs of production (because of failure of
linear homogeneity). This Euler's Theorem explanation appears to confirm

economic intuition (see Samuelson [1955]).
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