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1. INTRODUCTION

The research effort that underlies the simple model we are presenting
was motivated by a few (to us), undisputable facts. The first, and most
evident is that across the world different countries have been growing at
very different speeds during, say, the last fifty years. In particular if
we want to interpret their behavior in terms of steady-state growth rates we
have to conclude that they are on different steady states: some countries
grow very fast, some others at a slower pace and a few do not seem to grow
at all. A second fact is, maybe, less "theory-free" but, in our opinion,
equally compelling: such differences in the rate of development do not seem
to be fully explainable in terms of differences in natural resources, capi-
tal stocks, technologies and tastes. In particular if we define
"technology" as a list of available blueprints describing how to combine
inputs to obtain outputs and "labor force" as some measure of the existing
population then it should be easy to see that, with any suitable definitions
of tastes and natural resources, there exist countries that are similar in
any respect (or at least were similar when their development processes
started) but that have been growing very differently. An easy way out is
always available: to claim that tastes are indeed different, that some
countries are inhabited by people with a high disutility of work and/or high
discount rate so that they do not work, do not save and consequently do not
grow. But this seems nothing more than a trick.

Finally, it is also a fact that countries growing at different rates
end up producing distinct sets of goods: they may or may not completely
specialize, but it is certain that the product mix of the fast growing

nations will typically contain a larger portion of high technology,



advanced, non-primary goods than the one of the slow-growing countries. In
short: 1if we aggregate goods in "low tech" and "high tech" then the process
of development seems to imply a specialization in the second group for those
countries that exhibit high rates of growth. Our question is: can we build
a model that accommodates the three qualitative facts listed above and that
does it in a parsimonious way, i.e., without introducing a plethora of spec-
ial assumptions on preferences, market structures, trading constraints,
etc.? The answer is positive, at least to a first approximation.

We consider a world with two countries, two produced goods and a finite
number of inputs, exogenously supplied in fixed quantities. The consumers
in each country are assumed to satisfy standard neoclassical hypothesis and
the production of each good is organized competitively in the presence of
many identical firms. The output of each single firm in an industry is a
function of the amounts of inputs it hires and of the average level of
"expertise" in the country. The amount of the latter factor that we denote
by 6, may be increased only through learning-by-doing (see Arrow [1962]).
More precisely: the rate of growth of "expertise"” in a country depends on
the share of its work force allocated in the production of each good. We
specify that the first good is a "high technology" (industrial) product
whereas the second one is a "low technology" (agricultural) commodity. It
is then natural to assume that a certain effort allocated to the production
of the industrial good will have a larger positive effect on the growth rate
of 6 than the same amount allocated to production in the agricultural
good. The idea here is that by producing potatoes one may get some increase
in overall expertise but not as much as when producing computers. We also

assume that as # increases its productivity in the industrial sector

increases relative to the agricultural sector.



Finally, we assume that except perhaps for the initial values of §
the two countries are identical.

At each point in time a competitive firm takes as given prices and its
production possibiliities in making its input-output decisions. Each firm's
decision, in turn, affeéts the future production possibilities of all firms
in the same country, but given the presence of many producers in a country
the individual firms correctly ignore the impact of their decision on their
own future production costs. It is the presence of this extermality that
makes our model not entirely conventional.

It is clear that in such a framework small difference in the initial
levels of 4 may be magnified by the dynamical process. 1In fact the
country with larger 6 at the beginning will have some comparative advan-
tage in producing the industrial good which in turn will reinforce such
advantage as the learning-by-doing mechanism is stronger in this sector. We
will observe then two different growth rates in the two countries and, if
some steady state exists to which they converge it will be an asymmetric
position in which one country is richer than the other (i.e., has a higher
level of 6), produce a larger proportion of the industrial commodity and
pays its factors of production higher returns as their marginal productivity
is in fact higher in the rich than in the poor country. All of this simply
follows in competitive equilibrium as a consequence of the initial differ-
ence in expertise, everything else being identical.

The remark that externalities may affect the dynamic evolution of
comparative advantages was previously made by Krugman [1985] and Lucas
[1985]. Both dealt with a linear technology and with industry-specific
knowledge. As a consequence the results they obtained are similar to the

ones in Section 3 below, i.e., countries fully specialize from the very



first instant if the initial levels of expertise are different. Further in
a linear setup the country specializing in the "high tech" good may very
well end up being the poorest of the two. This point is discussed at the
end of Section 3 for the case in which the representative consumer in each
country has a logarithmic utility function. In contrast in the nonlineaxr
example developed in Section 4 both countries will produce both goods, even
asymptotically, though the country with the highest level of "expertise"
will allocate a higher proportion of its inputs to the production of the
"high tech" good. Moreover, the country with the highest level of "expert-
ise"™ will in fact be the richest, independent of demand conditions. This
fact should clarify how special are the results obtained in the linear
model.

Finally, in contrast with Krugman [1985] and Lucas [1985] our learning-
by-doing is not an industry-specific mechanism, i.e., the variable ¢
measures the overall level of expertise for the country as a whole. We have
made this choice partly because we believe that this type of externality
actually spills over across industries and partly because it leads to simp-
ler mathematics without any loss of explanatory power.

One may also argue that a growth mechanism driven only by learning-by-
doing does not look very attractive. In particular the assumption that all
of the "expertise/technical knowledge" is disembodied seems to be rather
odd. We believe that this is a serious issue to which a more detailed
analysis should be dedicated. It is our conjecture that the appropriate
route is to embody the advancement in expertise and/or knowledge in the
capital goods and allowing accumulation of such goods. The embodiment may
or may not be full, as human capital and pure expertise factors ought to be

considered. Nevertheless, we believe capital accumulation to be an



essential instrument through which progresses in productive ability and
efficiency of an economic system are transferred on over time. The rest of
the present note is>organized into three other sections and some brief
conclusions. In the next section we present a general formalized version of
the world economy we have in mind, solve for a competitive equilibrium and
briefly describe the dynamic process for expertise and the associated
competitive growth path. In the third section we present a simple linear
model where such a dynamic is realized, albeit in a very extreme form.
Finally, Section 4 contains an analysis of the conditions under which the

general model of Section 2 produces the asymmetric outcomes we have in mind.

2. THE GENERAL FRAMEWORK

Consider a world with two countries and two goods: let i = 1,2
denote the countries and x and y denote the goods. Each country is
inhabited by a large number of identical, infinite lived agents, maximizing
their lifetime discounted utility from consumption and supplying a fixed
quantity of labor in each period. The latter together with a finite number
of produétive resources that are inelastically supplied in fixed quantities
during each period, will be denoted by the vector zi. Let Gi denote the
quantity of "expertise" in country 1. Notice that all variables depend on

time, but we suppress the t-variables as we are using a continuous time

setup.

TECHNOLOGY

At each time t the firms in country i have the production

functions:



i i i
X = ax(ﬁ ) Fx(zx) (2.1a)

in the x-producing industry, and:

gt = e 61 Bz (2.1b)
in the y-producing industry. Here z;, for j = x,y, denotes the amount
of inputs employed in sector j, with zi + z; - zi, constant over time.
We assume:
(T.1) For j =x,y, F,: R® + R, is an increasing, homogeneous degree one

i + +

and concave function, which is 02 on the interior of its domain.
Note that under (T.l) equations (2.la) and (2.1b) also define the industry’s
production function.
We also assume:
(T.2) aj: R+ - R+, j = x,y, 1is smooth almost everywhere on R+ and,
1imo_Mo aj(ﬁ) < Aj’ where Aj

strictly increasing and ay non-decreasing.

is a finite number. Also a, is

PREFERENCES

The representative agent in each country maximizes his period by period
utility function u(ci,c;), which amounts to intertemporal maximization as
no savings are allowed and the learning-by-doing mechanism works as a pure
external effect. Of his utility function we assume:

(U1) u: Ri - R+ is strictly concave, homothetic and of class C2. Also it

6u(cx,c )
satisfies: 1lim - 40, j = x,y.
dc
cj40 j

. i
Consumers in country 1 own the total amount of resources z and lend

them out to the firms at a price ni which will be, in equilibrium, a func-



tion of (01,02) = f, Write Mi(ﬂ) for the income that they so receive and
P(¢) for the price of the good x in terms of the good y. By solving the

problems:

F

i i i i
, s.t. ¢ + P(8)c. < M (4 2.2
max u(c cy) y (6) % () (2.2)

for i =1,2, we get the four demand functions:
i i
cj - dj(P(G),M (4)) 1i=1,2; j=x,y. (2.3)

COMPETITIVE EQUILIBRIUM

On the supply side, for given 6§ = (01,02) each country allocates z*
competitively across sectors, taking P(#) and x"  as given. The maximum

problems that are solved are:

ax(ﬁi)F zhy  (2.4a)

. i i i
max: P(6)x <zx,w (6)> s.t. x %

A

A

i
X
max: yo - <z;,ni(0)> s.t. ay(ﬂl)F (z;)‘ (2.4b)

y
for i =1,2.
Once again we will have a vector of factor-demand correspondences in

each country and related supply correspondences for the output that will

depend, parametrically, on 1§

2l = 2 (B(8),x () (2.5a)
z; - zy(P(G),ti(O)) (2.5b)
xt = a (01)F, [z, (P(6), 2" (0))] (2.6a)
y' = a (01)F, (2 (P(9),x" (D)) (2.6b)

i=1,2.
A competitive equilibrium at a certain time (for given §) in the

world economy is then defined by price functions: (P(ﬂ),wl(a),nz(G)} such



that:
1 2
d_(2(0),M'(0)) + & (P(0) M°(0)) € (2.7a)
€ (o (01)F. [z (B(8),x2(0))] + a_(8D)F. [z (B(8),72(6))])
X X" X X X X
dy<P<a>,M1<o)) + dy(P(o),M2(0>> e (2.7b)

1 1 2 2
€ (ay(9 )Fy[zy(P(ﬂ),ﬁ (6))] + ay(ﬂ )Fy[zy(f’(ﬁ),’r (41

2t € (2, (P(0), 51 (D)) + 2 (B(H),x°(0))) (2.7¢)

22 ¢ {zx(P(G),nz(O)).+ zy(P(0),t2(0))}. (2.7d)

Budget constraints and normaliiation of the price of y at one will make
either (2.7a) or (2.7b) redundant. Existence of an equilibrium is a trivial
result under our assumptions; uniqueness is also easy to prove as we are in
fact facing a "Hicksian" economy (see Arrow-Hahn [1971], p. 220). 1In equi-
librium the quantities xl(a), x2(0), y1(0) and y2(0) of goods will be
produced and consumed in the two countries.

1, 02 are fixed and the competitive

We remark that at each time t, 4
equilibrium described above will be "instantaneously" Pareto optimal, i.e.,
it will maximize the welfare af time t of the representative consumer sub-
ject to the production possibilities. All deviations from Pareto optimality

are of a dynamic nature. Our learning-by-doing hypothesis states that the

time variations of 01 are determined by:

L - E(zi(ﬂ),z;(o)) (2.8a)
.2 ) 2
0 - B(zL(0), 250 (2.8b)

with E increasing in both of its arguments. What can be said about the
dynamical system (2.8)? Given the level of generality we have kept so far

it seems highly improbable to prove anything specific about the patterns of



evolution of our model economy. We try to show in Section 4 that, indeed,
with a couple of additional assumptions we may deduce a picture of the
state-space that fits with the one we have in mind. But, first, we like to
turn to a simple example where the desired conclusions follow almost

trivially.

3. THE SKELETON OF THE MODEL: A RICARDIAN ECONOMY

We begin by discussing a very simplified model that formalizes, in an
extreme form, our basic intuition. We specify the two production functions
to be linear in the exogenously-supplied factor (labor) as in Lucas [1985,

sect. V]. Set:

i i, 1
X = ax(ﬂ )£x (3.1a)
i i, 1
= 64 3.1b
y ay( ) y ( )

Assume that only labor is used in production and normalize units so that:
i i R s

Bx + Ey = 1 in both countries. For the sake of the example let'’s take a

logarithmic utility function in both countries:

u(ci,c ) = ﬁ!nci + (1-ﬂ)£nc; (3.2)

<& e

with B € (0,1). This will give, upon maximization under budget constraint,

the demand functions:

i
i _pet
c. =P (3.3a)
X
i
c; - (LM (3.3b)

where M~ 1is the total income of country i (at given §) and Px and

Py are the two prices. Denote with W' the wage in country i = 1,2
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(this also will depend on #). Maximization of profits on the part of the

firms under the simple linear technology (3.1) yields the supply rules:

)
wh i
-0 1f 3= > o (67)
X
xi(oi,wi,Px) - it . (3.4a)
€ [0,®) 1if - =a (8)
X
| = @ otherwise.
( i
-0 if Y’I;— > a (o1
y
- - . y
y (8t W P) = ot . (3.4b)
y € [0,0) if - =a (")
3 y
y
| = @ otherwise.

Labor market clearing will imply that in each country the equilibrium wage
will be:

i i i i
w8 ,PX,Py) - max{anx(ﬂ ),Pyay(ﬁ )) (3.5)

Remember that, in equilibrium, also Px and Py will depend on §. It is
clear from (3.5) that, factor-price equalization does not need to hold in
our model. The wages in the two countries will in general be different.

For given 0 = (01,02) the instantaneous competitive equilibrium at
time t is Pareto efficient even if (as noted in Section 2) the whole path
described by such Competitive Equilibria is not a Social Optimum. In any
case, for given #, total income at time t for country i is:

i i i i
M™ (6 ’Px’Py) - max(anx(O ),Pyay(ﬁ )) (3.6)

The competitive equilibrium prices and quantities can finally be found by

solving the international market clearing conditions:
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B l,,1 2,,2 o111 2,2 2 |
Px [M™(8 ’Px’Py) + M(6 ,Px,Py)] X (0" ,w ’Px) + x (8 ,W ’Px) (3.7a)
(1-8) (1,1 2,2 _J1,1 1 2,2 P
o (0T, RLR) + MOGTRLR)] = Y (8N LR +y (00 R) (3.7

y

where (3.4), (3.5) and (3.6) have to be used.
In order to describe the time evolution induced by the solution of

(3.7) we need to specify the learning-by-doing mechanism. Assume it is:
o1 i i
6" = f(lx) + g(ly) - 701 (3.8)

where f£2=0, f' >0, g=0, g’ >0 and bounded above and vy > 0.

To simplify the discussion we have excluded intersectoral influences.
The "depréciation" factor y may raise some doubts; we claim that expertise
and knowledge depreciates. People die or forget what they have learned,
machines wear out and are destroyed, etc. It would be easier to argue this
point if "expertise" was embodied in the factors of production, but, as we
said, it is also very difficult and we prefer at this stage to settle for
less. Let’'s consider (3.7) and (3.8) and draw a phase-plan for the
dynamical system (3.8) in the (01,02) space (Figure 1).

To begin with, let’s show that the diagonal is an invariant set for the
associated flow. Take ol(to) = 02(t0) = § as an initial condition. The

0
solution to (3.7) must be of the form:

Px a (6,.)
0
P* = - X (3.9a)
RGN
ML = M2 = Pra_(8.) = P*(6.) (3.9b)
xx 0 y O )
X' = fa_(8.), x° = pa_(6,) (3.9¢)
x 07 x' 0 ’

v A-pag(dg), P = (1-Ba(8y) (3.94)
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FIGURE 1
and, by substituting into (3.8) we conclude
oi 1 *2 2
67 (t|o7(ty) =65 = 8 (e]6%(ty) = 64)

for all t. Hence: 01(t) = 02(t) forever. Moreover, there exists a
unique, attracting stationary state at (6,6) where 6: [£(8) + g(1-B)]1/~.

This is point A in Figure 1.
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Now let’s consider an asymmetric initial condition, say: ol(to) >

02(t0) and assume x 1is the industrial good. Our basic intuition on the

different speeds of learning-by-doing requires:

(i) for every £ € (0,1]: £(2) > g(4).

(ii) the function a: R+ -+ R, defined as a(§) = ax(0)/ay(0) is
increasing.

Assumption (i) ggarantees that, when initial conditions are different,

comparative advantage will be important. As the technology here is linear

for ol(to) > 02(t country 1 will produce only good x and country 2

0’
only good vy, whereas both goods will be consumed in each country because

of the log utility. Competitive equilibrium quantities and prices at any

time t >t will therefore be:

0

PX ax(al)

px = ¥ - _Eé - (3.10a)
X a (807)

1 1, 2 2

M™ = PXa (67); M = P;ay(ﬂ ) (3.10b)

%L - ax(Bl); x2 =0 (3.10¢)

yl = 0; y2 - ay(oz) (3.104d)

and the two countries will grow according to:

o - £(1) - 701 (3.11a)

52 = g(1) - 462 (3.11b)

Denote with: 6% = £(1)/y and with 9* = g(1)/y, then §#* > §  because of
(i) and §* > 6 if f£(1) > £(8) + g(1l-B). It is also immediate to see
that, in fact, the two new steady state positions B = (#*,6,) and B' =

(6,,8%) are the mirror image of each other and are locally attractive. The

*?

basin of attraction of B 1is given by all the points (01,92) with 01 >
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92 and that of B’ is the other half of the positive orthant.

Notice also that, because of the crude simplifications we have been
using, other two stationary positions in fact exist at (§,0) and (0,8).
When one of the two countries has no expertise at time t (say ﬁl(to) >0
and az(to) = 0) then the other country reverses to autafky and moves to
the steady state level §, whereas the poor country "disappears" from the
scene.

Finally, it is worth noticing that the sense in which one country is
richer than the other in one of the asymmetric steady state needs to be
qualified. At B country 1 is richer than country 2 because it has a
larger level of 4, but it is not necessarily richer in monetary terms. In
fact we have Ml/M2 = B/(1-B) which is larger than one when A > 1/2,

i.e., when the industrial good enters the social utility function with a
larger weight. Once again this is a special consequence of the linear
technology adopted and need net persist under more general conditions. A
better worked out model would require a specification of preferences such
that the industrial good x is substituted for the agricultural good y as
income grows.

Despite all this, Figure 1 contains the bulk of our argument: in
presence of externalities generated by learning-by-doing mechanism and with
differential products, free trade and competitive behavior tend to magnify
small differences in the initial conditions and may easily lead to huge

disparities in the long run.
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4. THE DYNAMICS OF THE GENERAL MODEL

As we said at the end of Section 2, we need a little more structure to
be able to consider the vector-field (2.8). We will do it here in order to
show that the conclusions we have reached in the previous section may indeed
persist under a more general formulatioﬁ. The analysis will not be, in any
case, exhaustive nor will we try to be rigorous in all our assertions. A
formal treatment of the problem in terms of "Proposition-proof" requires
additional work.

From Section 3 we keep the preferences’ specification. The technology
is as described in (T1)-(T2). 1In order to simplify the analysis we find it
more attractive to change variables and consider the dynamic processes in
terms of new variables ai and wi that will soon be defined.

Let a path for Gl(t), 02(t) be given. This will induce a path
ax(ﬁi(t)) and ay(0i(t)), i=1,2. Set ai(t) - ax(ﬁi(t)) and define
a; - h(ai). This is always possible as we are considering monotone
functions. Also set: wi = xi/ai = Fx(zi), ie., wi is an "aggregate
index" of the amount of resources country i invests in the production of

good x. For each wi let

i i i i i i
T(w) = sup{Fy(zy), s.t. w = Fx(zx)’ z, + zy - 1}
i.e., T describes the "Production Possibility Frontier" (PPF) when a; =

a; = 1, a level which may very well not correspond to any 01. We will
directly assume T to be strictly concave and differentiable, but this
could be derived from a slight strengthening of our assumptions in Section
2., For i=1,2 given ai (or equivalently Hi) we may now write yi =

h(ai)T(wl) with h(v) = ay(a;l(v)). As we observed above the
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"instantaneous" competitive equilibrium is Pareto efficient and hence we

must have for interior solutions:

o~

i i
x_ . _bh@) g,y -p (4.1)
P 1 1 i
y dx a

T

for both countries. We will in fact, for simplicity, assume in this section
that interiority prevails. This would follow from (T.1)-(T.2) of Section 2
if we further impose the classical "Inada Conditions".

We need now to redefine our dynamical system. As we have chosen al,a

as the two-state variables, we write:
oi i i
a = ¢(w) -y, 1=1,2. (4.2)

Note that each wi depends on both al and a2 so that the new dynamical
system is not decoupled. Moreover we are not, implicitly, making expertise
sector-specific: wi also determines the amount of resources used in the y-
producing sector so that the form (4.2) amounts to nothing more than a
renormalization. The idea that x 1is the advanced sector is then conveyed
in the new framework by the assumptions:

(A.1) ¢ 1is positive and increasing.

(A.2) h(a)/a 1is decreasing.

In order to avoid unbounded growth (not an undesirable feature, but not our
concern here), we also impose:

(A.3) ¢ 1is bounded and h(a)/a is also bounded.

Once again let's consider what happens when the initial conditions are on
the diagonal. Clearly if al - a2 then also wl - wz. Moreover because of
the homothetic nature of the utility function it is possible to sﬁow that

the level of the wl's are constant over time and equal to the (unique)

solution to the fixed-point problem: T(w)/w = -T'(w), (uniqueness here
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follows from the concavity of T). Call this value w*, the dynamics on

the diagonal is then:
o = $(w*) - ya© 1=1,2, (4.3)

so that a rest point will exist and all the orbits on the diagonal will

converge to it. This is point A in Figure 2.

FIGURE 2
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Before moving ahead and considering asymmetric initial conditions let's
pause and outline our strategy. We want once again to show that A 1is a
saddle point for the vector field (4.3) and that such a ;;ctor field points
inward on the boundaries of some appropriate square [0,a] X [0,a] in the
(al,a?) plane. If this is the case then standard Hopf-Poincare degree
arguments will guarantee that an odd number of equilibria (rest-points) for
(4.3) will exist.

Given the general nature of the functions ¢, Fx' F , @, and o we

y
have no method for computing the number of such equilibria and their dynamic
stability. But this will not affect our qualitative argument: we may have
other saddle points on each side of the diagonal, or a unique attracting
cycle, or even sinks and sources and limit cycles (either stable or
unstable): in any case the competitive equilibrium paths will share the
common feature of being asymmetric either because they converge to an
asymmetric rest point or because they cycle along a closed curve that (being
all on one side of the 45° line) will exhibit average levels of the a's
(8's) that are different across countries. And this qualitative behavior
is exactly what we have in mind.

Set = Fx(zi) (remember that 2l - 22), then:

¢ (w)
¥

a =

(4.4)

is the maximum sustainable level of a for both countries and, clearly, the
vector field (4.3) points inward from any point of the type (&,az) and
(él,&) for ai € [0,&] (see Figure 2). Pointing inward from the other
side requires further assumptions. In fact we may have a situation in which
a point of the type (¢(w*)/y,0) (respectively (0,¢(w*)/v)) will attract

all the trajectories starting in an e-neighborhood of the horizontal axis
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(respectively vertical). Notice that such a feature is not necessarily
harmful to our argument, as such a rest point is, indeed, an equilibrium
where one country is much richer than the other. Nevertheless we may like a
model with less extreme predictions. It is not difficult to see what is
required to guarantee our result. One sufficient condition is the technol-
ogy to be such that you can produée something even when your expertise is
zero and that you in fact choose to do so. This may be obtained either
because some resources are always allocated to the production of good x,
so that w(al,az) > 0 everywhere (i.e., total specialization never occurs)
and/or because ¢(0) > 0, 1i.e., that even if all the resources are employed
in the production of y some (gross) expertise is acquired that can be used
in sector x. Then, as long as ai < ¢(0) /v, &i > 0 1is obtained. Another
more subtle argument can be developed by using the "Inada" conditions
mentioned above, together with the boundedness of h(a)/a, to ensure that
no matter how small ai is, provided aj <a j»=1i, w(ai,a@j) > €. For
then, if o < ¢(e)/y, o> > 0.
We will simply assume the first case to be realized:

(A.4) Either ¢(0) >0 or w(al,az) >0 V(al,az) € Rz and ¢(w) > 0

for w e (O,é].
This understood we may proceéd to the last step. Consider the case in which
al(to) > a2(t

1 2

that w < w at ty- This is our basic comparative advantages intuition

and it follows from (4.1). Therefore al(to) > a2(t0) implies that ¢(w1)

O)’ then as h(a)/a is decreasing and T is concave we have

> ¢(w2) at that point. Next we observe that, under our hypotheses on h
and T, the conditions for applying the implicit function theorem hold in a
neighborhood of (¢(w*)/y, ¢(w*)/vy) = (a*,a*); (they in fact hold every-

where on (0,a] X (0,a] which is why we can define the dynamical system
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(4.2)). Then write wi - fi(al,az), i=1,2, Since w' = w* on the

diagonal we have that:

afi(a*,a*) 8fi(a*,a*)

+ =0 i=1,2 (4.5
aal 8a2

From (4.1) and (4.3) we have that al > a2 implies wl > w2. This and

(4.5) yields:
—= 20, =— =<0 i=j. (4.6)

To exclude that the derivatives in (4.6) are both zero we need to consider

again the Competitive Equilibrium condition (4.1). Write it as:

1 2
Flal a2, ob wl) = lli“—ll T (wb) - tl(—"-é—) T (w2) = 0 (4.7)

s L

a a

and use the implicit function theorem to compute afi/aai - awwi/aai. As we
have assumed h(a)/a to be decreasing this is nonzero, therefore both
derivatives in (4.6) are nonzero in a neighborhood of (a*,a*) and equal in
modulus.

To check under which conditions (a*,a*) is a saddle we need only to
linearize (4.2) around the symmetric equilibrium. The Jacobian computed

there is:

aal * fa

afl(a*,a*) afz(a*,a*)
| )

v {7 - ¢' (w¥)
2

As one roots is certainly positive we need (4.8) to be negative. Notice
that the symmetry of the equilibrium can be used to simplify (4.8) so that

our necessary and sufficient condition reads:
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Bfl(a*,a*)
v < 24’ (w¥) R Po— (4.9)

1

It is easy to construct examples verifying (4.9) since one may for instance
increase ¢'(w*) without altering either a* or <v. If acquired expertise
depreciates too fast with respect to its rate of self-reproduction any
divergent path is bound to snap back eventually. When the learning-by-doing
mechanism is of some relevance (why bother otherwise?) then asymmetric
equilibria are the logical outcome of our simple model. Notice, finally,
that the positive sinergies occurring from trade are reflected in (4.9) by
the fact that the term on the right side sums up the effects from both
countries. This suggests that in a general n-countries m-commodities world
the asymmetric effects are more likely to dominate.

Finally we show that in fact income of the most productive country will
be the largest independent of tastes. Let Mi be the income of country i,

i.e.,
i ii i i
M = P o w + pyh(a YT(w™)
From (4.1) we have that

w2 - B (T(wh) -1 (wh)eh)
he?) (T(w)-T* (@*)o?)

If a1 > a2 then as observed above wl > w2. Further, by the strict

concavity of T:

T(wl) - T'(wl)w1 > T(wz) - T'(wl)w2 > T(wz) - T'(wz)wz.

Since h(al) > h(a2) we have that Ml > M2‘
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5. CONCLUSIONS

We refrain from deriving too many implications from such a simple model

and in particular to discuss the kind of government policies -- production

subsidies, import tariffs -- that could ameliorate the dynamic inefficienc-

ies.

Better insights should come from a more articulated analysis that we

are already developing. We only point out a few remarkable limits of this

exercise, limits we hope to be able to overcome in the near future.

1

2)

3)

4)

One may want more definite predictions. This will require the choice of
"reasonable" functional forms and, very likely, the use of numerical
simulations.

The shortcomings of the log utility functions outlined at the end of
Section 2 must be eliminated by the choice of a more sophisticated and
more flexible specification of the utility function. The linearity of
the Engel curve with respect to income is an especially disturbing
limitation.

The notion of expertise/knowledge must be analyzed more deeply and
cannot be relied upon as the only "engine" of growth. This will amount
to an explicit consideration of the capital accumulation process which
will yield, in turn, a real intertemporal optimizing framework. The
notion of human capital and the ways in which "social knowledge" is
embodied in "objects" and transferred over time is an important, related
topic.

Finally, we may want to allow borrowing-lending to occur across the two
countries. This will enable intertemporal consumption smoothing and may
therefore affect the temporal pattern of demand and prices. The

dynamical system to be considered in this case is a three-dimensional
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one and is not a_priori clear that the same simple conclusions will

replicate.
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