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ABSTRACT

Wage negotiation is modeled as an “oceanic” game. The employer and the union or
unions (if any) are represented as atoms while the unorganized workers form a non-atomic
continuum. The workers are heterogeneous in their outside opportunities but, for simplicity,
are assumed to appear homogeneously in the employer’s production function. The surplus
that each set of participants is capable of generating is a measure of that set’s potentla.l
and a cooperative game in characteristic-function form is thereby defined. Its Shapley-
value solution—the marginal surplus attributable to each player averaged over all possible
alignments—distributes the total surplus among the players so as to yield a plausible long-
run wage settlement. Several different levels of unionization are examined and contrasted.

It is noteworthy that this solution is not tied to any particular set of bargaining rules
or procedures but rests on the coalitional powers inherent in the economic model itself.




1. Introduction

The standard models of wage determination are generally concerned with the technological or
organizational aspects of the labor market and tend 1o obscure the fact that, in the absence of monopoly
on ecither side or governmental controls, both labor and management are in position to bring significant
bargaining power to bear. Recent attempts to use game theory to study the bargaining aspects of wage
determination have mostly considered only simple bilateral bargaining — a game pitting one employer
against one worker (or a sequence of such games) or one employer against one union. Since real labor
markets are seldom that simple, a methodology for dealing with a richer class of institutional structures
would appear to be a worthwhile adjunct to such investigations. ldeally, both actual and potential
employees should be allowed into the game, perhaps represented at the bargaining table by a union or
union(s), or perhaps representing themselves individually but gaining bargaining power from the possi-
bility of ad hoc coalitional action. On the other side of the table there might be one or several
employers, in various postures of association or competition. Our focus in the present paper, however,
will be on the labor side.

In particular, our models allow for a certain amount of heterogeneity among the workers. Though
equally productive on the job in question, they may have different capabilities and opportunities in
other occupations. We represent this differentiation by a parameter called the "alternative wage”; it is
sufficient for our purposes since it gives individual workers a variety of different incentives and fall-
back positions in the bargaining game and similarly makes a union's power depend not only on its size
but also on the composition of its membership.

Animerestingproblemofscalingadseswhcnoncn'iwloaccommodatcintbemcmodelboth
"big" players (e.g. employers or unions) and "little” players (e.g. employees and potential employees).
While the latter ought to have a significant effect on the outcome due o their large numbers, as indivi-
dual actors they must be regarded as infinitesimal. The modeller must steer between two extremes: 1)
insisting on equal negotiating rights for all players, 10 the extent that the influence of the major players
is diluted to the vanishing point, and 2) allowing the minor players to be reduced to passive price-

taking dummies, with no status at all as negotiators. This problem seems first to have been addressed
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by Milnor, Shapiro and Shapley in three Rand Corporation reports (1960-61), in which they borrowed
from measure theory the idea of a mass distribution consisting of a finite set of "atoms” of positive
mass together with a density function defined over an infinite continuum of other points, the latter
calledan"oeean'wwggestunhckofmyaprioria'duoreoh&ionmmgilsmembas. The origi-
nal application was to weighted-majority voting games, as in a large publicly owned corporation!.

An important feature of “occanic game” theary is its focus on capabilities rather than strategies.
Itbegimbyconsu'uctinga'chamcwﬁsticﬁmﬁon'tlmdcxribeswhatmhwbeetofplaymm
accomplish by joint action. But the characteristic function does not incorporate any sssumption about
the procedures for coalition forming or for the subsequent bargaining. Such a cooperative-game model
(which is especially suitable when there are many players) contrasts sharply with the strategic-form or
extensive-form models that are used in Nash equilibrium analyses, where the interactive moves (offers,
responses, compromises, eic.) must all be spelled out explicitly. Such models are inevitably seasitive to
the details of protocol, and this restricts their application. Of course, a price is also paid for omitting
detail. Broader assumptions yicld less specific answers. So our models do not deal with specific wage
disputes and their resolution. But hopefully they can give some indication of the long- or middie-run
mduﬁmdmefmuwakmdwlabamka.bmdmﬂwundedyingwmkmdinﬁmﬁam
dataandd\einhaembcpiningpowa'widdedbymepuﬁcipana.z

Let us skeich some of the results that our models do provide. 1) As different institutional struc-
tmesmwmpamdweﬁnddmdwmmbmofapuﬁalunbnwﬂlundacemincadiﬁon&bmm
always, do better by bargaining collectively than as individuals. But when all workers are organizedv
andbargainasamit,meirwnlpayoffisquitegemllyhighamwhatmeywouldzetwpiningas

1 Shapiro and Shapley (1978) and Milnor and Shapley (1978)reproducethnostverbnﬁmme

still-available Rand reports. For related work see Hart (1973), Guesnerie (1977) and Fogelman
and Quinzii (1980), Models with coatinuum of non-atomic agents arc NOW commonplace in
mathematical economics, following the lecad of Aumann (1964, 1966); sée also Aumann and
Shapley (1974) for value theory and Hildenbrand (1974) for core theory. The term *oceanic
game” howevalmcometodenowmecased\atmixuaomicplayaswithmem-amic
continuum.

2 Qur approach may be compared in its level of abstraction with the classical equilibrium
model of exchange and production, which takes for its data only preferences, endowments and
production possibilities, not the particulars of buying and selling.
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mdividuals.daoug\whwueachwakuisbewoﬁdepmdsmhowﬁedyd\eunioniubletodisui—
bute its total gain. 2) The ability to replace incumbent workers with potential workers definitely
enhances the employer's bargaining position; how effective this will be will naturally depend on the
number of potential employees and their alternative wages. 3) Finally, the individually negotiated
wagaofthewotkascmehwpodﬁwlytotbeiralmaﬁvemgesmdugaﬁvelytolhesiuofihe
total labor force. Whﬂed\aemnobigmprisesinmeabove.itiswvmheleswmhnodngﬂmw
modelsdocapmteﬂ\esceffectsmdnawmineantqumﬁfym.

The paper is organized as follows: Section 2 describes the game-theoretic tools we employ. Sec-
ﬁmeesenumeno-mbnmseinwhichunOMyameManpbymSecﬁon4Muodm

partially-organized and fully-organized labor force; Concluding remarks are given in Section s.

2. Cooperative Games in Coalitional Form

The coalitional form of a game (N,v) is based on a player set N and 8 characteristic function v
dcﬁnedonlhembsetsofN.whctev(S)ismeanttoindicawinsotmwaywlmﬂwphythm
accomplishinheyagmetoactasaconliﬁon. There are several different ways to formulate this, but
thementialingmdimthadescripﬁonofd\casswable&m:.i.e..dnﬁlitylevelsthss can
obtainfailsmemhenaninst'wast—cae‘behlviubylhemanba:ofw. The cooperative solu-
ﬁmdﬂwmmmﬂys&mﬂbumwﬁmmumdmmuyﬁ&m
issimplyﬂnesetofaﬂpnyoffvectmdmmfeasiblemderﬁnllcoopmﬁon-memmptimbeing
that however bitter the dispute over the distribution of surplus, the “grand coalition” will ultimately take

hold and achicve Pareto optimality.

When there is a common unit of utility (e.g..S&S)aswellasawaynumsfaitunongme
playersmomorlcsﬁ'eely.thenthevarimsasmmblesetsmybeso'ﬂs-wpped'inmeumityspace
Mv(S)mbedeﬁnedsimplyaslhemi:nmntoﬂluﬁlityﬂmScmmvedindnewastcase.’ﬁis

3 A detailed account of the players’ strategies is ofien unnecessary in the cooperative theory
whenﬂngamenjoysduso—caﬂedﬁ.ud:hrea:pmpeny,which holds when the worst case oc-
curs for each § when N\S just leaves it alone. This type of "no-externalitics” condition is
familiar from the classical Walras/Edgeworth model, but is also satisfied in bargaining situa-
tions whenever the ."disagreement payoff™ is unique.
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isculleda'l‘U‘chmcwisﬁcﬁmcﬁon(fa'mfaableuﬁlity').mdwhenitsmanbehsﬁﬁed it
represents a great simplification of the models, bothanalyticalmdcomepunl.mdevmbrinpmu

with a continuum of players within reach of elementary mathematical tools.

In our current application the monetary utilities, though interpersonally commensurable, are only
impufecdynnsfenble.mdsolheﬂﬂ‘assumpﬁonmustbeusedwiﬂ:m. In particular, we may
ﬁndlhaxmesoluﬁonofthegamecallsfapaymemstobemadelowa‘bnindwhbapoolwho
inﬂwncethewagesenlanembyﬂwirpmmoebutwlndonaind\emdgethhduﬂwpodncﬁm
level that yields the efficient outcome v(N). These side payments are typically quite small, but it is not
clear bow or whether they might be implemented in practice. One possible interpretation might be to
mguddwmnusxmﬂpnymumbmuu;mmeofmulindwpiningpom.aprmedin
mdmumkmmmmcowcmmumwpﬁmm#mm&my
transferable?. qutpruennlwwever.mnposiﬁonwinbeﬂmmewgsmpﬁoninmhmis
mlyaﬁmpﬁfyhgappothﬁm,sknﬂumdegrwmdeﬁeamvmomawiuﬁomﬂNm
commonplace in abstract microeconomic theory.?

Givenme'mchamwisﬁcﬁmcﬁm.mnsoluﬁoncmeptwiﬂhedwswyvdneniuppliu
t0 oceanic games. This solution has a well-known axiomatic basis in the finite case as well as the
purely non-atomic case (sce Shapley 1953; Aumann and Shapley 1974). But for oceanic games, the
axiounﬁclpptmcllisno(soeffeaive(mﬂan1973).md|beaa'formal&ﬁnitialisobmined
ﬂuoughappmximﬁonsbyﬁnitewnes-ﬂwso—caﬂedsymptoﬁcwmch(seeShapimmdShaplcy
1961, 1978; Fogelman and Quinzii 1980). Faacmalealc\ﬂaﬁons.howevu.lmﬁdwowh-caned
"mndomord«"—isbyfaxdlemosteffective;itdcﬁvesﬁomﬂleobsanﬁoo(Shapleyl%B)ﬂmin

4 Imperfect transferability might also be treated by using the more general “NTU™ value
Mw&dbamﬂhwmmtmdmumwwmfcnw
as strategic options for employer. Thns,ﬂ\ebsicmodeleouldbeehbaaedbyanowiulhe
Mnmmmemdhnﬂmnmmmmmummdm
tial employees, ¢.g., scholarship awards, contribution 0 community amenitics, travel expenses
for job interviews, etc. Bmsuchehbuaﬁmwwldnotﬁcwen-mmhedbﬂwabﬁaa.nm-
strategic character of the basic model

Smmm.wmmxmwtmmummmmmmwm
although more complex in its definition and application, is nevertheless a continuous extension
ofﬂnTUvalw.mismakaitpemisﬁblclomgarddwTUsoluﬁonaanap;mxmaionlo
the NTU solution provided the deviations from perfect transferability are small.
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fmilegam«thevalueofaplayerisjusthismctedmgimlcouribmianwhalﬂiephymenwrme
grand coalition in a random order.®

Unfortunately it is theoretically impossible to randomly order a measurable coatinuum of players
in such & way that measurability is preserved.” For oceanic games, however, a procedure is available
tlmhmmudld\emeﬂ'ect:lmgimmeconﬁnuumofminorphyetslobeordaediniﬁallyinsome
deﬁniwmy—ayqxeadmnﬁnifonnlyind\eunitinmd[0.l]rqxcsmtin¢apa'iodoftimeduring
which the ocean is "flowing” at a constant rate into the grand coalition. Then insert the major players
AL Ay s A, st times 1,02, 0Ll mpectively.whaed\elmcrmmndanvaﬁablesclmen
independently according to the uniform distribution on [0,1]. By this device we suitably randomize the
entry of the major players.

Soﬁrsogood.hnhowdowermdomizetheentryoftlwmirnphm? If the ocean happens
tobehomogeneommexeisnopmblem.sinoemevalmsolutiondoesnotdiscﬁminmmxidenﬁcal
players, anyway. Butemaninhomogeneousoceananbehamledifwhphyumbemny
described by a profile consisting of a finite set of parameters (e.g, reservation wage, productivity,
seniority, ... In that case, if the ocean is sufficienty well mixed® the minor players in any subinterval
of [0,1] of positive length will, with pmbabilityapprmchingl.beascloaeuwepleuetoa'faimful
sample® of the whole population.

Amdingly.aﬂyamﬁnchsofudetswiﬂhsvembecmsidmd. Without loss of generality
wemaymnneﬂmmenndomnmbasqmalldiffaemfmmenchothamdﬁunowl. Let
{pe++* 4, be these numbers amanged in increasing order. “Ihen the only orderings we shall need 10
consider have the following form: First a minor-player block of size ;, with a mix of profiles in exact
ptopaﬁonwﬂwwulmixofpmﬁles-te”afaimﬁﬂmpkofmemuam Denote this

blockby':anp(t,l)'. Then add the first atomic playa'A,lmdpayhimanunomtequhiscomi-
[T RIS 1,“ RN It v : _—

6 The interplay between these three mutually supportive approaches 1o value thear is a re-
curring theme throughout Aumann and Shapley (1974).

7 Op. cit., Chapter 2.

8 Imagine {0,1] chopped up into a large finite number of intervals, which are thea shuffied
like a deck of cards and returned to [0,1] in the new order.
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bution t0 the worth of the growing coalition, namely,

v[mxp(ljlu,l] - v[samp(cil)].
Next add another faithful sample of the ocean, of size 1;,~;,, followed by the second atom A;,, and pay

him

o [samp 1 0 samp 1,4, X A = o same s WA sam 4,
and so on, until all the atoms are accounted for.

The value for any given atomic player'smendeﬁnedwbehisexpectedpnynwmundathis
scheme. To calculate it, integrate that player’s contributions over the p-dimensional unit cube of the
t,'s.takingm(eofmefactﬂmforanyk.ﬂ\emmberl such that j;=k is a random variable that
depends on the relative positions of the ¢;°s in [0,1].

Finally, to obtain the oceanic value density for any given profile, introduce a small set of new
phymofﬁn8>0.en&wmhofﬂmwimdmmﬁk.dmnmeﬂwmlogetherimolsingle.
(p+1)st atom for which we can determine the value as above. To get the desired density, merely divide

this value by 8 and let 8 go to zero.

This whole procedure will be amply illustrated in the sequel.

3. First Model - Unorganized Labor

Consider s market consisting of an employer E and an ocean [0, a] of workers. The assumption
will be that the integer » issolargethatmting[0.u]asamlimervalinommaﬂ\ematialmodelsis
a reasonable approximation. Let f denote the labor demand function and g the labor supply function,
both functions defined on [0, a] or perhaps some larger interval in R,. We assume f 10 be continuous
and strictly decreasing up o some point xo where f(xo) =0, and identically O thereafier, and we
assume g nbenonneganvemdnondecmsmg bmnotneeesmnlyconnnm Widuulosot‘gen—
erality we may assume that g (n) < f (0), since workers x with g(x) > £ (0) always tum out to be dum-

mies in the game.



The characteristic function v defines the worth v(S) of any coalition S 0 be the total surplus it is
capable of achieving by its own efforts. In particular, v(S) = O for any § not containing E,andif § is

the grand coalition E\_J(0, #] thea v(S) is the shaded area in Figure 3.1.
FIGURE 3.1 ABOUT HERE

Consider now a faithful sample of [0, ) of size ;a,0<¢ S 1. SinceAwemlydealwithsmha
sample as a block of players, the internal order is irrelevant and their membership can be described by
a function g, defined on [0, ;n) by g,(x)=g (x/t) as shown in Figure 32. Figure 32 also shows the
curve w(tn), the equilibrium wage associated with the intersection of f and g,; we denote the number
of workers employed at that point by k(). Note that w(r) > f(x) and k(x) <x over the whole

domain [0, n] except for x=0.

FIGURE 32 ABOUT HERE

Wecanmwemﬂwwaﬂnofﬂwtypuofomﬁﬁmmededinowuhuhﬁom.
Speciﬁcaﬂy.dwmrplmavailableloacoaliﬁoncmsisﬁngofs and a faithful sample of size & is given
by

k(m) k(m)
S@t)= L f (x)-,(x))dx = L f (x)-g (x/1)}dx G

This is indicated by the shaded area in Figure 3.2. Of course, as already mentioned, any coalition that
does not include E has worth 0.

Thus.mobtainﬂwShapleyvalutbgofdwemployuwemuelyseleaanndannumbu
tg € [0,1] representing the nme atwluchheenmthecoahnonandawudhmmeexpeaedvﬂmof
S(te) - dusbemg his mctemental contribution. 'I'heexpectcd value is then

1 k(m)

o =iS(:)dx ={ { (f (x)-g (x/t))dxdt. (32)
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Figure 3.1. Illustrating the surplus attainable by the grand coalition E U [0, n).

(t=6)

o {
0 k(tn) Ng tn

Figure 3.2. Surplus attainable by E with a faithful sample of size tn.
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Thisdoubleinwgnlmaybevismlizedintheedimmsimamevolumeo(asolidwlmebasc
is the region in the plane bounded by f and ¢ and the axis x=0 (Figure 3.3), and whose height above
d\eplanevariesfmml(ontheIeftbo\mdary)mO(ondrecwve:).d\elevelseubdnggivenbyﬂ\e
curves g;. lnmisrepmmtaﬁm.wemnd\inkofﬂneheightofthesolidaboveagivenpoimisu\epo-
bability that E willobuind;ebitofrevenmrepmenmdbythatpoin&

Figure 3.3 ABOUT HERE

TheShapleyvalusofﬂwoceanicphyaswiﬂbempmenwdbyacmnnhﬁvedimibuﬁonmm-

tion on [0, n). mus.iftb(x)isd\emalpaybtfmueocwﬁcincrvallo.x],thenmeduivaﬁve

¢(x)=1%ﬂnun'pyoﬁmty'mamwhosenmnﬁveugehga).

Let ¢ be fixed and let § be a fixed altemative wage. We must determine the increment to the
m:pluswlwnasnaﬂmA,misﬁngofaddiﬁonalwakuslnvingalmnﬁvemgeyisaddedto
thesetofworkc:swhomonhandatd\etimel.i.e..thewukmmnwdbyme domain [0, ;] of
the function g,. Let 30 denote the size of A,. There arc two possible configurations. The first is illus-
trated in Figure 3.4; it assumes g(0) S § < w(m). The increment doe 10 A,, sssuming E is presen, is
the shaded area on the left Thisiseqmlbybctizmtalmslaﬁontomesimplushadeduumdw
right which is approximately [w(n) - $18 + o(5). The second configuration (not illustrated) assumes

w(im)sy Sg(n);inthiscased\einaemeudwnA, is nil.

Figure 34 ABOUT HERE

Inordertoobtainthevalue—densityt.letibemewo:kerinlo,n]fa'whomwewishwcvalum

¢, s0 §=g (), and let 1z denote the time of E s arrival. Then, letting 30, we have?

9 The variable ¢ isdwtimeatwhichAw,wmsmgm\dcoaliﬁon. The lower limit ¢ in
the second integral ensures that E is present when this occurs.
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w' """""" : """" )
y ' R 1:’---::---) ' '
v —
— —
s \ th tn+d 5

ATOM AT y A
Figure 3.4. Illustrating the surplus attainable by the grand coalition E U [0, n].
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1 i
)= [ [ Liwen) - g de 63)
I
wherethewperlinﬁt?bmksoutinwmmcasesasshowninﬁgmls. Case 1: If g(£) Sw(n),
then =1, Case2 If w(n) < g(£) Sw(tgn), then i = wi(g (£)Yn.10 Case 3: If w(tgn) < g(2), then
7 = 1y - in other words, the integral collapses. Note that 7 is a function of both £ and tg. From (3.3)

we obtain

1 i 1
o(x)sl J wien)ds dig —8(3)1(7-13)4&- G4

Figure 3.5 ABOUT HERE

In case 1 this simplifies considerably, since f=1:
1 1 1
() =1 fwen)dedig - g m[(l-r.)du
g
1
= ﬂ[wm)-wo;u)w,- 25, L)

where W(x)slw(x)dx and the subscript "h® signifies "hired”. Note that the first term is independent

ot‘f.andtlmﬂ\esecondtemshowsmatd\evalw-densityofmewoltmwhomhitedmas
their alternative wage increases, as one would expect.

Cm2m3mbwtlnndhdbgedm.simeﬂwmsedisdmﬁmwweennmdmdependsm
tg. Againthereisacomidaabbsimpﬁﬁcaﬁomweanitdwdeuikmdmmem:ﬂc

dm®) = ﬂnv(?u)-wozu)ldxz—%x(f)?. 36
where the subscript *nh" signifies "not hired”. At the boundary with case/l/i.e.. when g (£)=w(n) and
=1, we see that (3.5) and (3.6) agree; indeed, if g is continuous, then the value-deasity function ¢ will

be continuous throughout its domain.

10 Note that w is continuous and strictly monotonic, so w™! is well defined.
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9(%)

CASE 1: g(x) < w(n)

9(%)

CASE 2: w(n) < g(xX) SW(tgn)

CASE 3: w(tgn) <g(x)

a.»LVﬂA

5)

nmz

‘Figure 8.5.-Case distinctions in (3.3).
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3.1. First Model - Examples

lnmeﬁmempleu\ewottersmfuﬂyhewogeneominopmuﬁﬁcs.withg as well as f
linear. lnmeseoondexampletheremaﬂytwotypwofwakets:meoneshiredameemcimtpo-
duction level having one alternative wage and the oncs not hired have higher alternative wage. We

omitdledetailsofﬂlealgdniccalcnhﬁonsandmﬂlerudl& _

EXAMPLE I: Let f(x)=1-x (0SxS1), gx)=320Sxsn)andn =2 The value payoff for

the employer is:

1 1
O = lso)a = -l—fz-?dt = -;---:-ms = 0.22535.

Now we compute the value density to the workers. In case 1 we have g(£)Sw(r), that is,
£ <3. Using equation (3.5):

11 2
6. (2)= 2T

Inthexunainingcase(combiningthepreviwscases2md3)wehave?/3$f$2. So, from equation

3.6

Figure 3.6 ABOUT HERE

In Figure 3.6, we have plotted both the supply curve g{x) and the total wage é(x)}+g(x). The
diffémbetweenﬂ\etwoistheoceanicvalm¢(x).whichisadecmsingbutposiﬁveﬁnmionofx.
In addition, the competitive wage is plotted, which in this case is 0.333 for x S 2/3. Also plotted is the
monopolistic solution. In this case, the union wage is 0.6 for 0<x <04. Further discussion of these

mul_tsisgi_vmalmeendd'missectim.

EXAMPLE 2: In this example there are just two altemnative wages. Let f(x)=1-x (0sxs1), let
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/oo
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o 2 4 6 8 10 15

Figure 3.6. Solution of Example 1.

2.0
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c <06, letn 2 0.5, and let

¢ if O0<x<1n2
gix)={ 06 f W2<x<n
o if nmn<x

Figure 3.7 indicates the surplus for faithful samples of various sizes ¢. We see that if £ =1, the

total surplus S (1) is 3/8 - ¢ /2. Omitting the details we state the results

& =0.23- ozsc-%
0(t)=029- £+ 201
2 x

b (2) = w’

As a check, we note that the sum of all the players’ payoffs is

0.01 0.01 0.01

0.23- 0.25c——)+—(029-—+ 2) (n —)( ) ) = 0.375—-2-c.
which is equal to the total surplus S (1).
Figure 3.7 ABOUT HERE

3.2. First Model: Discussion

@an

These examples reveal that the individual worker has bargaining power, which despite being

infinitesimal is not negligible. 'lhoughwa‘kersmunorganiied.themstﬂts still indicate variations in

wages which do not correspond to variations in the workers' productivity on their current job.

Specifically, Example 1 demonstrates the positive relationships between the value of the workers’

outside opportunities and their wage (although the Shapley values of the workers decrease as their alter-

native wage increase, the wage, which includes the value of the opportunities, increases with opportuni-

ties). We analyzed a case where workers are relatively more heterogencous in outside oppartunitics

than on the present job. For such instances, the theory predicts that the wage variations will overstate

variations in productivity (which in this case are zero). For the more general case where warkers may
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havediffmntprodmﬁvityonﬂ\ecmjob.andmhunoguwninou:sideqpommitiu.weconjw
ture that wage variations will understate productivities variations. The model provides a consistent way
foramlyzingmewmuﬁmdmofwtsideoppannﬁﬂa.hdsoapmﬂwobwnﬁmdmh
ceminoecupationswagesmde(emmedonindividmlbmisuanoumneofncgoﬁaﬁmaﬂectcdby
the party’s bargaining powers.

ﬁomaxmpkzwhundmdumhﬁamﬁpbetweeudwempbyq'suyoﬂmdmmﬁm-
tionalstnmne(‘oceanicgame‘vs.compedtive),dependsond\esizeofmelaborfacen and on the
distribution of the workers' opportunities ¢. In particular, if a is small and ¢ large, the worse is the
employer's bargaining payoff relative 1 the competitive solution. Thus, the stronger is the employer’s
incentive 10 keep a competitive structure. This is clearly reversed as we examine the workers’ incen-
tives. The workers’ wage is higher under the bargaining structure if a is small and ¢ large. (Note that
in the classical model, as long as » is greater then the equilibrium employment level, its size does not
haveanyeffectondwmeoumAlso.dwdisuibutionofﬂ:ewabn’oppamniﬁudoen'uﬁea
nwwmpedﬁnw;adyﬂwwmﬁqdmmmmmm.)mmmumm
tobeadixeamncﬁonofoutsideoppamnitiu(foragimunployeandagivenon-ﬂle-jobprodm-
tivity). Nowmaﬂthoughwmodelmogtﬁmﬂtbarpiningpowofdnwkm(mmmwﬂw
mpﬁﬁwnndeb,ﬂnmmmmmﬂymwmnhﬂwmpe&ﬁwmdekwﬂwy
will be Jower when the labor pool is large and the alternative wage is low.

Mhodnenmpbsﬂnwukusnmhhedmauewexmmebanﬁtﬁunmesimﬁm,wm
is not unreasonable because their presence keeps the actual wage below what it would otherwise be.
This extracted benefit is usually very small. Indeed, in equation 3.7 we see that it goes 0 zero in total
amount as the size of the unhired pool goes to infinity. In Equation (3.4) we see that it goes to zero as
n (the total number of workers) goes to infinity. Finally,weemphgsiudmwmodelisnoucom-
petitive structure. mwagesolutionobnhwdisnotstablcinmeompeﬁﬁvem:somem«sm
gettingnmthand\evaluoflheirmarginalptodmﬁvity. The employer is persuaded to agree to such

aoonmbydwdueatofcoalitiomlncﬁonbyﬂwvariompossiblembwsofd\ewakapool
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4. Second Model: Labor Partially Organized

Our second model is an extension of the first. We assume that a certain subset U of the workers
have already formed a union in arder 10 bargain as a unit with the employer. If some but not all of the
watenuesoapniudwesﬁﬂluvemocwﬁcm,bmmwdmemtwom:smdv.

For simplicity, we assume that U consists of the workers who occupy a certain interval [a, b] of
the alternative-wage sule.'l'hisisadminedlyaspecial&unpﬁoa, butitisnotentixe.liwle
since union formation is likely to be a highly selective process. We shall also assume (most of the
time) that

a<b<wy @“.n

where wo=g(no) is the equilibrium wage rate. Thus U consists entirely of people who would be

employed at equilibrium if there were no union.

Figure 4.1 ABOUT HERE

Figure 4.1 displays some further notation. Thus, » is the size of the union, § is the supply func-

tion that characterizes the unorganized workers -- ie.,

( if 0sxsd
i(x)={‘ %) * “2)

glx+u) if d<x <A
and W is the corresponding equilibrium wage rate.

To determine the Shapley value of this two-atom oceanic game by the "random order” method,
we shall require two independent uniformly-distributed random variables, say g and ¢y, representing
the time of entry of the atoms E and U into the ordered continuum of unorganized workers. Our pro-
bability space is thercfore & square, as shown in Figure 4.zmnmnbuofmumi'zed('bmﬁc')
workers who are present when E arrives on the scene is (zA and their altemative wage distribution is
given by the compressed curve §,., defined like the g, of Section 3 (Figure 3.2). Note the discontinuity

along the diagonal. If ty>fz, the union’s entry is responsible for a substantial increase in the surplus,
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Figure 4.1. Notation for the second model.
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Figure 4.2. The probability space for two atoms.
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but if ¢y <z, U brings in nothing. The boundary case ty=ig can be ignored, since it has probability 0.

Figure 42 ABOUT HERE

wnsnowdevebpafamuhfa,nleunion'svalmpq.e;@dinztotbetwo-mmeuethe
gwmmmniquuwewmmn(seeuwdiscmiaiinmﬁonz).'rommm

clutter we shall write ¢ for ty until further notice.

Let‘l’(t)deno(ev'sconu'ibuﬁonmlhesm'plusifitmmstimetmlE is already present,
i.e..c>t,.(Notcdm\P(t)inﬂ\isemisindependentot‘c,.)'l‘henll'svdwiuivenby
1ot 1
oy - L ‘.j-o W(t)dtgdt = 'L W(e . 43)
Flgme4.3wovi¢blageometricrqxua\taﬁonofﬂle function ¥(¢), namely, the arca bounded
by ABCDFA. Here, ABC is a portion of the -compressed version of §, defined by
g.(x)=:(xn).CBinpmionomemphotf.mWinpaﬁonofmemonﬁmmwe
shall call §°;, defined by
&) if 0sx<u

£ ={e(s+(1~1)d) if td Sx <td+u 49
§i(x—u) if d+u Sx SHR+U

whichrepuemsd\elabormpplyntimetwithallmemanbetsoftlincluded.('lms.tlnsegment
AF is not compressed by a factor of ¢.) From the wage level b on up the graphs of §, and §’, are
pamllelwithahaimnulsepnnﬁonofu.“lno:denoobtainmmalytica!expreadou.wehavedivided

the area representing ‘P(¢) into three pans.ushownind;eﬁgm.whosesepamtem:e:

on dén
¥ = .j‘ (b-g"(x)idx = bu~ { g(x)dz,
Wy = b)), )
», ’ -
Yy = j U0 )r47'0)4y.

11 By assumption (4) we ensure that F lies below D in the figure, whatever the value of
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Here w, is the equilibrium wage for §; and W’ is the equilibrium wage for §’;. Combining (4.3)

and (4.5), we obtain

1 1
&y = I‘l‘('u)ludlu = l(‘l’: + ¥y + Yohudiy
N

1 . ‘v
- [y fooerte + U045 0} oo,
Y '

where we have now restored the subscript *U *.

Figure 4.3 ABOUT HERE

Byasimilarcalwlaﬁon,whichweanit.itmnbeshowndmd\ecomspondinaexpmsionfor
the employer is '

1 T
o= [ [vortenms | ] T

'y

where ﬁl=f-16vl) and A°,=f 10%")-

Figure 44 ABOUT HERE

Fmallywecalcuhte«x).ﬂwvﬂwdensityhmﬁmfaﬂwmguﬁudeudmmedax
the end of section 2. mpohbiﬁtyspaceismwmmdimsimhbtuwecmwtitade-
quatelyintwodimemionsbyce:ingt,.mearrivalﬁmofatypialinﬁniwsinnlmﬁcphyux,as
a variable marker on the fz and ty scales, as shown in Figure 4.4. The six possible order of entry of
E, U and the infinitesimal player x mwnvmimﬂygmnpedimodueecasesbyd\e&mblelim If
t,<tg (at the right — total probability 1~,), the oceanic player contributes nothing. If £,>tz but t,<ty
(upper left —~ total probability t,(1-4,)) he contributes max (0, W,.—g(x)}dl,. If t,>z and 6>y

. (lower left - total probability #,?) he contributes max (0, %°, - g (£)}df;. So we obtain, writing "t* for

¢. Without this assumption, additional case distinctions would appear as ¢ approaches 1.



16F

g, 8, 9
f< UNION OUT
N\
Ca c w
W
t UNION IN
n |
W D
il t
b F
1]
& A
8,
0 1
0 td td+u n

Figure 4.3. Guide to (4.5).

A tl<t5<tu

te< tx <ty

tx<tu<tg

tE<tU< tx

tuctx<te

tu<tg<tx

Y

0 tx 1
| ~—-— te —-

Figure 4.4. Adding an infinitesimal atom.
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“," and integrating,

1
o) = !l(t-t’)maxlO. W, — g (x)}+t2max (0, W', - g (x)} }dz.

4.1. Collective vs. Individual Bargaining — I

As an application of this analysis we shall show that it is better for the members of U W
bargain as a union than as individuals — at least if the functions f and g are lincar. Thus, we shall

be comparing @y (above) with

| ¥z, 4.6)

zelU

where § is the value-density function for the "ocean” of our first, un-unionized model.

Figure 4.5 ABOUT HERE

Figure 4.5 shows the comparison. As in Figure 4.3, the integrand (r) where there is 8 union is
given by ABCDFA. The corresponding integrand for an infinitesimal set "dx" of unorganized workers
in our first model is given by a narrow strip along the g curve (scc Figure 3.4). lis vertical extent is
from g,(x) to w, while its horizontal extent is everywhere dx, 30 the area (disregarding second-arder
infinitesimals) is given by (w,—g,(tx))dx. Since g(x) is just g(x), the combined contributions of all
memembersau.anmammnwwdwunmofm.uy%).wmw

horizontal translation simplifies to
Y() = i(w,—x (x))dx,

as shown in inset #. We, must therefore cxamine the difference!? w(e)-¥(:). But this is just the

difference between the two triangles IV, and V,. Our claim is not that IV, is always larger than V,, but

12 In order to set up this comparison we have changed the order of integration, bringing the
[dx integral inside the double integral ffdsydtz -



17F

' gt gt
C
Y B
t 1-u
c g L W,
V¢
| AREA EQUAL TO
D ABC'OFA
. (NON-UNIONIZED
J CASE) 9
............ b
a
td+u 0 d " e INSET #2
~ - —_—
u u
INSET #1

Figure 4.5. Comparison of partial union and no union.
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that it is larger on average whea all values of 1g<t arc taken into account.

Note first that IV, and V, are similar triangles, with bases and (1-t)u respectively. Let

8(‘)"‘0“ , f(x)=w'
where o, B, ¥ are positive constants. Then, as shown in inset #2, we have

T Y (=)
¢ Aavp) ' T Aave)
Our claim is that

1 !

| v,-V, 0.
'L “L[ i~V Jdtg dt

From (4.7) we have

’v‘—V‘=
In particular, for ¢ between O and 1/2 we have,

1=t

IW:'V114‘1= ., and ‘[uvH-van 2ar(-1)

2Aa+y)
The sum of these two expressions is

api-n| ¢ 1 | olwiee-lf
2 arg an(1-)|  2(avrXo1-1)’

-1 apu(1-20)(1~+)

@

which we see is always nonnegative, and in fact is positive everywhere except at ¢=1/2. So we con-

clude:
m 1] ¢ 112
&y-[#r)ds = Lj + ‘ﬂ Juvividigd = [ [ IV-ViHV Vi Mdigds
=0 ig=0 1m0 (=0
12
o ouiu-1y?
- { Ao+ Nary(1- ))d' >0.

This compleics meproohhatinmelhescasethemunbasofvm better off organized than unor-

ganized.13

13 On the basis of several examples we have calculated, we conjecture that this remains
true for all monotonic functions g and f and for any measurable set U consisting of hired
wakmnmweluvefmmdﬂmitisnamingenaﬂifudwdﬁcianpmduaioulevds
some of the workers in U are not hired, even if g and f are lincar. Indeed, forming 8 union
out of such a mixed set is inherently inefficient since it would result in the employer either hir-
mgsomewhoshouldnuhavebeenhhe&anothiringmwhomﬂdlnvewhm
Smhineﬂicienciec-wdncingdxenotal‘wplm-candiminiahmevalnepayoﬂsbmemanbm
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42. Collective vs. Individual Bargaining - II

Weshaﬂmwpmved\atwhmallwakas(hiredandunhired)munioniudandbargainua
unit,theirtotalpayoffishigherdmnwlmd\eygetinModell.whaemmnnionizzdandme

employer E is the aﬂym.'l‘his:emltdo&notmquimﬂmtg_uﬂf be linear functions.

Figwre 4.6 ABOUT HERE

Consider Figure 4.6. The total surplus is

§= {v(x)-g(x»dx. 438)
andthevalueoftheguneford\eunploya'(asdaivedinSecdonS)is
1 L]

L] Ly ]
O = | [UG)aG)dud =m[f(x)-:.(x)ldx + I vu)-:“(x)w}a

tul) z=0
Taking y in place of x as the independeant variable, we can rewrite this as

@ = T(E[A ,+A,de}dn

where

Ay = min(g0). 7O
Az = min(g%0). /7O

There are then three cases:

for 0Syswy,: A =870) Ax= i)
Jor wi Sy Sw: A= ln.‘(Y)- Ay =f-l0).
for wSYySFO: A=f70) A=f7'0)

and we observe that

s
i Wiz

{ 870Xy = [ @020y

of U as well as the other players.
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Figure 4.6. Advantage of one big union.
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So the employer's value payoff may be calculated as follows:

Lt T

& = _iS+ f 60rsdy+ j::‘owj [ oMbl = {sw+£xw-§+§.
where K denotes the sum of the areas of D, E and F in Figm4.6.$ineed\ebtalvaluemn_n
playa'sismeanplms.mevaluelotheworkmmustbe

S-®g =S-KN2
Ontheomulmﬂ.ifmtheworkmguwgemermdwgainasaunit.mitisﬁmatwo—phyasim-
plebargaininggame.ndmevaluepayoﬂ‘beachsideisjustsz.Soifﬂwmﬁrehbmfaceismion-

iud.ﬂwirmnlwageisxnpwadnnifd\edemmﬁonnan.

S. Concluding Remarks
Modekofwageduamimﬁmwndbignaeﬂwfxmmmmdhecdyuindhwlydwm-
come of negotiated contracts between the workers (individually or collectively) and the employers. As
ommopﬁmﬂwmﬁﬂbwhmnﬂnaﬁngemploymmtmhﬁonslﬁps.hmcumw-
gainingpowetgemtedbymeabﬂityofmhsidebinﬂiacos!sond\eodmshmﬂdbeexplicidyeon-
sidered in the analysis of wage determination. Studies that do account for bargaining potentials are
mainlyinmeﬁmmwakofsinxleemployermdsingkworka.'lhecomplexpoblancfn—pusonhu—
gaining has not yet explicitly modeled.
Tlﬁsisinspinﬂwﬁmﬁmdnmofhbamarkmmmtmifmn:dwymﬁomdw
exmedmﬁmwhaeadngleunpbyafwuashgbwmmﬂwodmexumewhmmy
workersfaceasinglehrgeﬁmamanysmallﬁms.Shmmostmalm:cummaneiMexm
butmmetmdﬁnginbetwmwehavedevelopedaﬁamewo:kforwagedﬂmnimﬁonwhichm
dealeﬁecuvelymthmymtamedxmmmmonaconmswmmmmwht the use of “oce-
anic” pmaﬂbmunmpdahbammwmmgwmwhenm&mmhduamm“m
of unorganized but not helpless workers.
Omapprmchmmispapabassmwdthexdeofﬂwworkm'dmaiwwﬁﬁ&ua

result.ommodelsmmu\uabstmct.Wedonotawnpnomprmtuwwgainingprocmsame
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inmwgicfmmwimproponkmwunwrproposdsfonowingwcadingwwﬁxedmml.
Such process-specific models are suitable for formalized bargaining situations (¢.g., auctions), but are
t0o restrictive o do justice to the frec-wheeling and essentially cooperative!4 nature of labor-
management negotiations. Instead, we adopt the viewpoint that the wage determined will be the result
ofthemdaiyingbargai_ningﬁpowmofﬂ\epmicipam.heq:ectiveofucticaloonsidemﬁms.mdmea
coopuaﬁvemeincharacwristicfuncﬁmfamasmebasicmodelwilhﬂ\esmleyvﬂmasmesolu-
tion concept.

In the first model we dealt with unorganized labor. It was shown that for a given employers’
smncmmdagivenon-tlw-jobpmdumivity.meworkmwageisinvenelyrelnedtothesizeofdw
labor force and is positively affected by the workers® outside opportunities. The model is capsble of
predicting wage variations among workers that are independent of productivity variations, even when
workenbarninmulﬁlatemnyasindividmkwiﬂmxufmmlmim. In the second model such a for-
malunionmhmodmed.acﬁngausmumtwwpmemnleumofmm The Shap-
leyvﬂmpayoﬁwmﬂcpnﬁcipanswasdeﬂved.mmeqmﬁondd\emenmeunionmmbets
under different institutional structures was addressed. The major predictions of the first model bold in
the presence of a union as well. In addition it was shown, among other results, that when alf available
wakmwgmmmghadngkunim(bﬂamulﬂﬂwdy).ﬂwkmﬂptyoﬁhhwmm
ﬁey would get as individual negotiators.

Anoﬂlerfmeofo\tapproachismatsomepaymemsmmadetowakminlhehbapool
who do not in the end get hired. The reason is that their presence influences the wage settlement.
'I‘hwesidep.ymentsu'emmllymll(seeforexmnplcequalion(3.7))ltisnotclurlnwﬂmepny—
ments might be implemented in practice, but a possible interpretation might regard them as a measure
ofunreahzedbargammgpower.exptusedmtennsofwhsuwmpwntseouldgeufuuhtywefnely
m:fatble Ummmvﬂwdwywmﬂdum“ymwmuwmm

w.sdmwssedeecnmz.

4 ~Cooperative” in the game theory sense; ic., when the antagonists come to terms, they
canwmeanyconmd\eyplcase - and then are bound by it.
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At a more general level, there is an important distinction betweea the classical model and the
present bargaining model in the factors they capture as affecting the wage outcome: In the classical
models only local properties are important in affecting the outcome. For example, the size of the labor
poolcapnbleofworkinginaparﬁcuhroccmﬁondoesnuaffectdleclmicalwaxeouwomcprovided
that its reservation wages are above the equilibrium employment level In contrast, the size and the
whole distribution of outside opportunities of the labor force (not only around the equilibrium level)
play a significant role in determining the outcome under the present bargaining model.

Finally, in subsequent research we wish to exiend the present model in two directions: to allow
formmedmnmtypeofhba,mdminmﬁgamhmmdaaﬂmevmmﬁmﬁomlmdm
nﬁghtbeadopmdondwempbyu’sside.ﬂmebeingamwhnddicmwmnbesn-nckbetween

cooperation in wage negotiation and competition in the product market.
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