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Devwudfw

Zh suhvhqw dq dowhuqdwlyh h{shfwdwlrq irupdwlrq phfkdqlvp wkdw khosv

udwlrqdol}h zhoo nqrzq dvvhw sulflqj dqrpdolhv/ vxfk dv wkh suhglfwdelolw| ri

�Wklv sdshu zdv flufxodwhg xqghu wkh wlwoh �K4 Iruhfdvwlqj dqg H{fhvv Yrodwlolw| ri Dvvhw
Sulfhv1� L wkdqn iru khosixo frpphqwv Frvwdv D}duldglv/ Rolylhu Eodqfkdug/ Eu|dq Hoolfnvrq/
Guhz Ixghqehuj/ Oduv Kdqvhq/ Plfkdho Kduulvrq/ Nhq Mxgg/ Prqlnd Sld}}hvl/ Hgxdur Vfkzduw}/
Mlp Vwrfn/ Mrkq Wd|oru dqg vhplqdu sduwlflsdqwv dw Kduydug/ PLW dqg wkh QEHU dvvhw sulflqj
jurxs1 L hvshfldoo| wkdqn Wdphu Edvdu dqg Wrp Vdujhqw1 Iru h{fhoohqw uhvhdufk dvvlvwdqfh L
wkdqn Nlw Plqj \dq1 Doo huuruv duh p| rzq1



h{fhvv uhwxuqv/ h{fhvv yrodwlolw|/ dqg wkh htxlw|0suhplxp sx}}oh1 Dv zlwk

udwlrqdo h{shfwdwlrqv +UH,/ wkh h{shfwdwlrq irupdwlrq phfkdqlvp zh frq0

vlghu lv edvhg rq d uljrurxv rswlpl}dwlrq dojrulwkp wkdw grhv qrw suhvxph

plvshufhswlrqv � lw vlpso| ghsduwv iurp vrph ri wkh lpsolflw dvvxpswlrqv

wkdw xqghuolh UH1 Djhqwv ihdu wkh h{lvwhqfh ri plvvshfl�fdwlrq dqg ghvljq

vwudwhjlhv wkdw zloo eh urexvw djdlqvw d yhu| odujh fodvv ri plvvshfl�fdwlrqv1

Wkh qhz hohphqw lv wkdw xqfhuwdlqw| fdqqrw eh prghohg yld suredelolw| glv0

wulexwlrqv1 Zh frqvlghu dq dvvhw sulflqj prgho zkhuh xqfhuwdlqw| lv uhsuh0

vhqwhg e| xqnqrzq glvwxuedqfh vhtxhqfhv/ dv lq wkh K"0frqwuro olwhudwxuh1

Djhqwv pxvw �owhu wkh cshuvlvwhqw* dqg cwudqvlwru|* frpsrqhqwv ri d vhtxhqfh

ri revhuydwlrqv lq rughu wr pdnh frqvxpswlrq dqg sruwirolr ghflvlrqv1 Zh

�qg wkdw K" iruhfdvwv duh pruh vhqvlwlyh wr qhzv wkdq UH iruhfdvwv dqg

htxloleulxp sulfhv h{klelw wkh dqrpdolhv suhylrxvo| phqwlrqhg1



41 Lqwurgxfwlrq

Wkhuh duh vhyhudo vw|ol}hg idfwv lq pdfurhfrqrplfv wkdw fdqqrw hdvlo| eh h{sodlqhg

e| udwlrqdo h{shfwdwlrqv prghov zlwk vwdqgdug wlph0dgglwlyh suhihuhqfhv1 Surpl0

qhqw h{dpsohv duh wkh h{fhvv yrodwlolw| ri dvvhw sulfhv/ wkh suhglfwdelolw| ri h{fhvv

uhwxuqv/ dqg wkh htxlw| suhplxp dqg ulvn0iuhh udwh sx}}ohv1

Lq rughu wr udwlrqdol}h wkhvh dqrpdolhv uhvhdufkhuv kdyh h{whqghg wkh ehqfk0

pdun prgho lq gl�huhqw gluhfwlrqv1 Rqh vwudwhj| kdv ehhq wr nhhs udwlrqdo h{shf0

wdwlrqv/ exw wr frqvlghu pruh frpsoh{ suhihuhqfhv wkdw jhqhudwh wlph0ydu|lqj ulvn

suhpld/ ru wr lqwurgxfh lpshuihfwlrqv lq fuhglw pdunhwv14 Dqrwkhu vwudwhj| kdv

ehhq wr frqvlghu dowhuqdwlyh h{shfwdwlrq irupdwlrq phfkdqlvpv1 D jurzlqj ehkdy0

lrudo olwhudwxuh srvwxodwhv vpdooplvshufhswlrqv rq wkh sduw ri rwkhuzlvh rswlpl}lqj

djhqwv1 Vshfl�fdoo|/ li djhqwv xvh Ed|hv odz wr irup h{shfwdwlrqv exw plvshufhlyh

vkrfnv wr eh pruh shuvlvwhqw wkdq zkdw wkh| dfwxdoo| duh/ wkhq iruhfdvwv zloo eh

pruh vhqvlwlyh wr qhzv wkdq udwlrqdo h{shfwdwlrqv +-., iruhfdvwv1 Dv d uhvxow/

dvvhw sulfhv zloo h{klelw wkh suhylrxvo| phqwlrqhg pdfurhfrqrplf dqrpdolhv15

4Eduehulv/ hw1 do1 +4<<<,/ dqg Fdpsehoo dqg Frfkudqh +4<<<, frqvlghu pruh frpsoh{ suhi0
huhqfhv1 Frqvwdqwlqlghv dqg Gx!h +4<<9,/ dqg Khdwrq dqg Oxfdv +4<<9, frqvlghu lqfrpsohwh
pdunhwv1

5Vhh Eduehulv/ hw1 do1 +4<<;,/ Fhffkhwwl/ hw1 do1 +4<<:,/ Gdqlho/ hw do1 +4<<;,/ Jrxulq0
fkdv dqg Wruqhoo +5333,/ dqg Pxoodlqdwkdq +4<<<,1 Dq dwwudfwlyh ihdwxuh ri wklv olwhudwxuh lv
wkdw wkh plvvshufhswlrqv zklfk duh frqvlghuhg uh hfw vw|ol}hg idfwv hvwdeolvkhg e| sv|fkrorjlfdo
h{shulphqwv +h1j1 Ndkqhpdq dqg Wyhuvn| +4<:5,,1
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Wklv sdshu frqvlghuv dq dowhuqdwlyh h{shfwdwlrq irupdwlrq phfkdqlvp wkdw

ghsduwv iurp wkh dvvxpswlrqv lpsolflw lq -. prghov1 Wkh xsgdwlqj irupxodv

ghulyhg xqghu wklv dowhuqdwlyh phfkdqlvp jhqhudwh wkh vdph h{fhvv vhqvlwlylw|

wr qhzv dv wkh ehkdylrudo iruhfdvwlqj irupxodv1 Krzhyhu/ wkh| duh ghulyhg e| d

uljrurxv rswlpl}lqj dojrulwkp/ zlwkrxw srvwxodwlqj wkh h{lvwhqfh ri plvshufhswlrq

ru luudwlrqdolw|1 Wkh pdlq ghsduwxuh iurp -. lv wkh holplqdwlrq ri wkh dvvxpswlrq

wkdw doo xqfhuwdlqw| fdq eh sdudphwul}hg e| d vwrfkdvwlf surfhvv zkrvh surshuwlhv

duh nqrzq/ ru fdq eh ohduqhg1

Lq wkh urexvw0K" dssurdfk frqvlghuhg lq wklv sdshu/ rswlpl}lqj djhqwv wdnh

vhulrxvo| lqwr dffrxqw wkdw lw lv lpsrvvleoh wr holplqdwh doo plvvshfl�fdwlrqv iurp

wkhlu ghvfulswlrq ri wkh hfrqrp|/ dqg vr ghvljq curexvw* �owhuv dqg srolflhv1 Zh

zloo vhh wkdw/ lq dq rwkhuzlvh vwdqgdug dvvhw sulflqj prgho zlwk wlph0dgglwlyh suhi0

huhqfhv/ urexvw djhqwv ehkdyh dv li wkh| plvshufhlyh vkrfnv wr eh pruh shuvlvwhqw

wkdq zkdw wkh| dfwxdoo| duh1 Dv d uhvxow/ urexvw iruhfdvwv duh pruh vhqvlwlyh

wr qhzv wkdq wkh -. iruhfdvwv dvvrfldwhg zlwk wkh vdph cqrplqdo* prgho ri wkh

hfrqrp|1 Wklv lq wxuq lpsolhv wkdw htxloleulxp sulfhv h{klelw wkh pdfurhfrqrplf

dqrpdolhv phqwlrqhg deryh1

Zh frqvlghu wkh idploldu vhwxs lq zklfk dq djhqw pxvw �owhu wkh shuvlvwhqw

dqg wudqvlwru| frpsrqhqwv ri d vhtxhqfh ri revhuydwlrqv lq rughu wr hvwlpdwh wkh
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xqrevhuydeoh vwdwh ri wkh hfrqrp| dqg pdnh iruhfdvwv dqg sruwirolr ghflvlrqv16

Wkh srlqw ri ghsduwxuh ri wkh urexvw dssurdfk lv wkh uhfrjqlwlrq e| djhqwv wkdw

dowkrxjk wkh| pd| nqrz wkh prgho wkdw jhqhudwhv sd|r�v zlwk d kljk ghjuhh ri

dffxudf|/ wkh| duh qrw shuihfwo| vxuh derxw wklv1 Wkhuh pljkw eh plvvshfl�fdwlrqv

lq wkh surfhvv iroorzhg e| glvwxuedqfhv/ ru lq wkh irupxodwlrq ri wkh prgho17 Ixu0

wkhupruh/ wkhvh plvvshfl�fdwlrqv pljkw iroorz frpsolfdwhg g|qdplf sdwwhuqv wkdw

fdqqrw eh sdudphwul}hg zlwk d suredelolw| glvwulexwlrq1 Wkh urexvw djhqw ghvljqv

iruhfdvwlqj dqg ghflvlrq uxohv wkdw zloo zrun zhoo lq wkh idfh ri doo plvvshfl�fd0

wlrqv wkdw vdwlvi| d fhuwdlq qrup erxqg1 K"0frqwuro rshudwlrqdol}hv wklv lghd e|

prgholqj xqfhuwdlqw| dv wrwdoo| xqnqrzq glvwxuedqfh vhtxhqfhv zlwk d erxqghg

,20qrup +l1h1/ wkh glvwxuedqfhv duh vtxduh vxppdeoh,1 Dq dwwudfwlyh ihdwxuh ri

K"0frqwuro lv wkdw lw ohdgv wr forvhg0irup vroxwlrqv1

Vhyhudo dssurdfkhv wr urexvw frqwuro zhuh ghyhorshg gxulqj wkh 4<;3v1 Lwv

xvh lq hfrqrplfv kdv ehhq slrqhhuhg e| Wrp Vdujhqw dqg Oduv Kdqvhq1 Lq d

vhulhv ri sdshuv wkh| kdyh vkrzq wkdw vljql�fdqw lqvljkw fdq eh jdlqhg e| uhod{lqj

vrph dvvxpswlrqv pdgh lq -. prghov18 Wklv sdshu lv prvw forvho| uhodwhg wr

Kdqvhq/ hw1 do1 +4<<<,/ zkr udwlrqdol}h pdfurhfrqrplf dqrpdolhv e| frqvlghulqj

6Wklv lv wkh vdph vhwxs dv wkh rqh frqvlghuhg e| Oxfdv +4<:6, dqg Pxwk +4<93,1
7Iru lqvwdqfh/ wkhuh duh xqprghoohg qrqolqhdulwlhv/ wkh glvwulexwlrq ri glvwxuedqfhv fkdqjhv

frqwlqxrxvo| lq xqsuhglfwdeoh zd|v/ hwf1
8Vhh Dqghuvrq/ hw1 do1 +4<<<,/ Kdqvhq dqg Vdujhqw +4<<;,/ dqg Kdqvhq/ hw1do1 +4<<<,1
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culvn0vhqvlwlyh* suhihuhqfhv1 Wkhuh duh wzr pdlq gl�huhqfhv1 Iluvw/ wkh| prgho

xqfhuwdlqw| lq whupv ri qrupdoo| glvwulexwhg vkrfnv/ zkloh d pdmru ihdwxuh ri rxu

vhwxs lv wkdw xqfhuwdlqw| fdqqrw eh sdudphwul}hg1 Vhfrqg/ lq wkhlu prgho wkh vwdwh

lv shuihfwo| revhuyhg/ vr wkhuh lv qr vljqdo0h{wudfwlrq sureohp1 Lq wkh olwhudwxuh

uhylhz ehorz/ zh h{sdqg rq wkhvh lvvxhv dqg ghvfuleh rwkhu zrun rq urexvw frqwuro

dqg �owhulqj1

Zkhq dsso|lqj K"0frqwuro wr hfrqrplf sureohpv rqh pxvw wdnh lqwr frq0

vlghudwlrq wkdw/ lq htxloleulxp/ sulfhv dqg djhqwv* ghflvlrqv duh lqwhughshqghqw1

Wkxv wkh h{lvwlqj K" irupxodh duh qrw dssolfdeoh1 D frqwulexwlrq ri wklv sdshu

lv wr frqvwuxfw d frpshwlwlyh htxloleulxp ri dq h{fkdqjh hfrqrp|/ dqg surylgh

forvhg0irup �owhulqj dqg iruhfdvwlqj irupxodh/ dv zhoo dv dvvhw sulflqj htxdwlrqv1

Dowkrxjk wkh irupxodv zh ghulyh duh vshfl�f wr wkh dvvhw sulflqj sureohp zh frq0

vlghu/ wkh iudphzrun dqg wkh phwkrg wr frqvwuxfw htxloleuld fdq eh dssolhg wr

rwkhu hfrqrplf sureohpv lq zklfk djhqwv pxvw vroyh d vljqdo h{wudfwlrq sureohp

lq rughu wr pdnh iruhfdvwv dqg ghflvlrqv1

Wkh uhvxowv lq wklv sdshu duh dovr ri lqwhuhvw iurp d hvwlpdwlrq shuvshfwlyh1 Li

rqh iruhfdvwv d qrlv| revhuydwlrq +vd|/ glylghqgv,/ dqg wkh shuirupdqfh lqgh{ lv d

ixqfwlrq ri wkh iruhfdvw*v phdq vtxduh huuru/ wkhq wkh K"0iruhfdvwv gr qrw h{klelw

h{fhvv vhqvlwlylw| wr qhzv uhodwlyh wr -.� Lq wklv sdshu zh frqvlghu d gl�huhqw
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sureohp1 Glylghqg iruhfdvwv dqg sruwirolr srolflhv duh mrlqwo| ghwhuplqhg lq d

sureohp zkrvh shuirupdqfh lqgh{ lv lqgxfhg e| d txdgudwlf glvfrxqwhg xwlolw|

dqg wkh djhqw*v exgjhw frqvwudlqwv1 Dv zh vkdoo vhh/ wkh K"0iruhfdvwv dvvrfldwhg

zlwk wklv sureohp gr h{klelw h{fhvv vhqvlwlylw| wr qhzv1 Lq rwkhu zrugv/ lq rxu

vlpsoh h{fkdqjh hfrqrp| ehlqj urexvw wr plvvshfl�fdwlrq hqwdlov sxwwlqj pruh

zhljkw rq fxuuhqw lqqrydwlrqv uhodwlyh wr -.1 Wkdw lv/ li wzr djhqwv kdyh wkh

vdph cqrplqdo* prgho ri wkh hfrqrp|/ wkh urexvw djhqw zloo sxw ohvv zhljkw rq

klv sulru/ zkhq xsgdwlqj eholhiv/ wkdq wkh djhqw wkdw xvhv -.� Lw lv lqwhuhvwlqj

wr qrwh wkdw lq wkh ehkdylrudo olwhudwxuh h{fhvv vhqvlwlylw| wr qhzv dulvhv iurp

plvshufhswlrq derxw wkh lpsruwdqfh ri wudqvlwru| dqg shuvlvwhqw vkrfnv/ zkloh lq

wkh K" dssurdfk lw dulvhv iurp d urexvwqhvv frqfhuq djdlqvw plvvshfl�fdwlrq1

Zh shuirup vrph vlpxodwlrqv wr looxvwudwh krz/ li wkh ghjuhh ri urexvwqhvv lv

kljk/ K" sulfhv duh pruh yrodwloh wkdq glylghqgv/ h{fhvv uhwxuqv duh suhglfwdeoh

e| sdvw glylghqg |lhogv/ dqg wkh htxlw| suhplxp lv kljk zkloh pdlqwdlqlqj d orz

ulvn0iuhh lqwhuhvw udwh1 Zh dovr ihhg wkhK" dqg -. sulfh irupxodv zlwk dfwxdo XV

glylghqg gdwd iru wkh shulrg 4;:404<<9 dqg �qg wkdw K" sulfhv wudfn XV1 vwrfn

sulfhv ehwwhu wkdq -. sulfhv1 Dv zh phqwlrqhg hduolhu/ K" sulfhv fdq jhqhudwh

wkhvh dqrpdolhv ehfdxvh lq rxu prgho K" iruhfdvwv duh pruh vhqvlwlyh wr qhzv

wkdq -. iruhfdvwv1
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Wkh wudgh0r� ehwzhhqK" dqg udwlrqdo h{shfwdwlrqv vwudwhjlhv lv wkh iroorzlqj1

K" vwudwhjlhv duh ghvljqhg wr shuirup zhoo xqghu dq| qrup0erxqghg plvvshfl�fd0

wlrq/ zkloh -. vwudwhjlhv duh ghvljqhg wr dwwdlq wkh ehvw shuirupdqfh frqglwlrqdo

rq qr plvvshfl�fdwlrq1 Wkdw lv/ lq wkh vshfldo fdvh lq zklfk wkhuh lv qr plvvshfl�0

fdwlrq/ dqg wkh gdwd lv jhqhudwhg e| d nqrzq vwrfkdvwlf surfhvv/ wkh -. dssurdfk

jhqhudwhv wkh ehvw shuirupdqfh1 Krzhyhu/ lq wkh suhvhqfh ri plvvshfl�fdwlrq/ wkh

K" dssurdfk pd| surylgh ehwwhu uhvxowv1 Iljxuh 4 pdnhv wklv srlqw fohdu1

D ghsduwxuh iurp wkh vroxwlrq phwkrg frpprqo| xvhg lq hfrqrplfv lv wkdw

iruhfdvwv ri h{rjhqrxv yduldeohv duh qrw iruphg lqghshqghqwo| ri djhqwv* srolflhv

e| dsso|lqj Ed|hv odz wr d sulru glvwulexwlrq1 Lqvwhdg/ iruhfdvwv dqg sruwirolr

srolflhv duh mrlqwo| ghwhuplqhg lq d sureohp wkdw fdq eh dqdo|}hg dv d g|qdplf

jdph ehwzhhq wkh djhqw dqg qdwxuh1 Lqwhuhvwlqjo|/ dowkrxjk wkh sureohpv vroyhg

e| djhqwv lq d -. dqg dq K" vhwxsv duh gl�huhqw/ wkh iruhfdvwlqj irupxodv duh

txlwh vlplodu1 Ixuwkhupruh/ lq wkh olplwlqj fdvh lq zklfk djhqwv gr qrw fduh derxw

urexvwqhvv/ iruhfdvwlqj irupxodv duh lghqwlfdo1 Wkh K" dssurdfk lv qrw vr zlog

diwhu doo$

Dq lpsruwdqw surshuw| ri wkh dssurdfk zh xvh lv wkdw wkh ghjuhh ri urexvwqhvv

wkdw djhqwv fdq dwwdlq lv forvho| uhodwhg wr wkh h{lvwhqfh ri htxloleuld1 Urexvwqhvv

fdqqrw eh lqfuhdvhg duelwudulo|1 Wkhuh lv d srlqw eh|rqg zklfk dq lqfuhdvh lq wkh
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ghjuhh ri urexvwqhvv lpsolhv wkdw d vroxwlrq wr wkh g|qdplf jdph ehwzhhq wkh

djhqw dqg qdwxuh fhdvhv wr kdyh d vroxwlrq1 Wkxv/ eh|rqg wkh euhdngrzq srlqw

htxloleuld gr qrw h{lvw1

Zh ghfrpsrvh wkh ruljlqdoK"0frqwuro sureohp lqwr vhyhudo vxe0sureohpv wkdw

duh vroyhg xvlqj phwkrgv idploldu wr hfrqrplvwv/ dqg zh h{sodlq lq ghwdlo hyhu|

vwhs lqyroyhg lq ghulylqj wkh htxloleulxp1 Wklv phdqv wkdw wkh sdshu fdq eh iro0

orzhg zlwkrxw dq| sulru h{srvxuh wr wkh urexvw frqwuro olwhudwxuh1 Ixuwkhupruh/ wr

pdnh fohdu zkdw duh wkh gl�huhqfhv dqg vlplodulwlhv ehwzhhq-. dqgK" irupxodh/

zh dovr suhvhqw d udwlrqdo h{shfwdwlrqv yhuvlrq ri wkh sureohp1

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w wzr vxevhfwlrqv zh suhvhqw

d eulhi uhylhz ri wkh olwhudwxuh/ dqg dq ryhuylhz ri wkh prgho1 Lq Vhfwlrq 5 zh

irupxodwh wkh sureohpv vroyhg e| djhqwv lq -. dqg lq K" vhwxsv/ dqg surylgh

wkh irupxodv iru htxloleulxp dvvhw sulfhv dqg glylghqg*v iruhfdvwv1 Lq vhfwlrq 6

zh ghulyh wkh htxloleulxp lq dq K" hfrqrp|1 Lq Vhfwlrq 7 zh suhvhqw vlpxodwlrq

h{huflvhv1 Lq vhfwlrq 8 zh suhvhqw wkh frqfoxvlrqv1 Ilqdoo|/ lq wkh Dsshqgl{ zh

suhvhqw vrph surriv dqg wkh phwkrgrorj| xvhg lq wkh vlpxodwlrqv1

:



4141 Uhodwhg Olwhudwxuh

Wkh ghyhorsphqw ri wkh udwlrqdo h{shfwdwlrqv dssurdfk lv uhodwhg wr wkh ghyhors0

phqw ri rswlpdo frqwuro1 E| wkh odwh 4<:3v wkhuh zdv zlghvsuhdg glvvdwlvidfwlrq

dprqj sudfwlwlrqhuv zlwk wkh urexvwqhvv surshuwlhv ri rswlpdo frqwuro1 Dowkrxjk

plqlpl}lqj dq h{shfwhg frvw ixqfwlrq ohdgv wr wkh ehvw shuirupdqfh lq wkh fdvh

ri qr plvvshfl�fdwlrq/ lw ohdgv wr edg uhvxowv dqg hyhq lqvwdelolwlhv lq wkh idfh ri

vpdoo plvvshfl�fdwlrqv1 Dqg zkhq |rx sodq wr odxqfk d plvvloh/ |rx zrxog udwkhu

eh vxuh wklv grhv qrw rffxu19

Urexvw frqwuro zdv ghyhorshg lq wkh 4<;3v lq uhvsrqvh wr wkhvh vkruwfrplqjv1

Wklv dssurdfk gluhfwo| dgguhvvhg wkh lvvxh ri krz dffxudwh wkh prgho dqg wkh

ghvfulswlrq ri xqfhuwdlqw| vkrxog eh/ dqg krz wkh shuirupdqfh lqgh{ vkrxog eh

gh�qhg wr jxdudqwhh wkh urexvwqhvv ri wkh frqwuroohg v|vwhp djdlqvw plvvshfl�0

fdwlrqv1 Ydulrxv dssurdfkhv wr urexvw frqwuro kdyh ghyhorshg1 Lq wklv sdshu zh

frqvlghu wkh K" vshfl�fdwlrq slrqhhuhg e| ]dphv +4<;4,1 Lpsruwdqw ghyhors0

phqwv fdq eh irxqg lq Edvdu dqg Ehuqkdug +4<<4,/ dqg ]krx/ Gr|oh/ dqg Joryhu

9Wklv srlqw lv qlfho| pdgh e| Shwhu Kxehu lq dq lq xhqwldo errn rq fodvvlfdo urexvw vwdwlvwfv1
Uhihuulqj wr wkh dvvxpswlrqv rqh pdnhv zkhq xvlqj suredelolw| glvwulexwlrqv kh vd|v +Kxehu
+4<;4,/ sj1 4,= �Wkh dvvxpswlrqv duh qrw vxssrvhg wr eh h{dfwo| wuxh �wkh| duh pdwkhpdwlfdoo|
frqyhqlhqw udwlrqdol}dwlrqv ri dq riwhq ix}}| nqrzohgjh111 rqh mxvwl�hv wkhlu xvh e| dsshdolqj wr
d ydjxh frqwlqxlw| ru vwdelolw| sulqflsoh= d plqru huuru lq wkh pdwkhpdwlfdo prgho vkrxog fdxvh
rqo| d vpdoo huuru lq wkh �qdo frqfoxvlrqv1 Xqiruwxqdwho|/ wklv grhv qrw dozd|v krog1 Gxulqj
wkh sdvw ghfdgh rqh kdv ehfrph lqfuhdvlqjo| dzduh wkdw vrph ri wkh prvw frpprq vwdwlvwlfdo
surfhgxuhv duh h{fhvvlyho| vhqvlwlyh wr vhhplqjo| plqru ghyldwlrqv iurp wkh dvvxpswlrqv111�
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+4<<9,1 Kdqvhq dqg Vdujhqw +4<<;, vkrz krz wr wuhdw urexvw frqwuro sureohpv

zkhq wkhuh lv glvfrxqwlqj1

K"0frqwuro zdv ghyhorshg wr dgguhvv hqjlqhhulqj sureohpv/ dqg wkh h{lvwlqj

frqwuro dqg iruhfdvwlqj irupxodv fdqqrw eh dssolhg gluhfwo| wr hfrqrplf sureohpv1

Iluvw/ wkh shuirupdqfh lqgh{hv duh gl�huhqw1 Lq hfrqrplfv wkh| duh lqgxfhg e|

wkh xqghuo|lqj xwlolw| ixqfwlrq dqg exgjhw frqvwudlqwv1 Vhfrqg/ lq hfrqrplfv rqh

lv w|slfdoo| lqwhuhvwhg lq fkdudfwhul}lqj htxloleuld zkhuh sulfhv fohdu pdunhwv1 D

frqwulexwlrq ri wklv sdshu lv wr frqvwuxfw d frpshwlwlyh htxloleulxp iru d vlp0

soh h{fkdqjh hfrqrp|/ dqg wr surylgh forvhg0irup iruhfdvwlqj dqg dvvhw sulflqj

irupxodh1

Lq wkh K"0�owhulqj olwhudwxuh wkh shuirupdqfh lqgh{ lqfoxghv wkh phdq vtxduh

huuru ri wkh cxqrevhuydeoh vwdwh1* Lq frqwudvw/ lq hfrqrplfv/ sd|r�v duh jhqhu0

doo| ixqfwlrqv ri wkh cqrlv| revhuydwlrq* +h1j1/ glylghqgv/ frqvxpswlrq,1: Lw wxuqv

rxw wkdw wkh K" �owhu ri wkh vwdwh h{klelwv h{fhvv vhqvlwlylw| wr qhzv uhodwlyh wr

-.� Krzhyhu/ wklv lv qrw wuxh iru wkh K" glylghqg*v iruhfdvwv dvvrfldwhg zlwk d

vwdqgdug shuirupdqfh lqgh{ wkdw lqfoxghv wkh iruhfdvw*v PVH1 Dv zh phqwlrqhg

hduolhu/ dq dwwudfwlyh surshuw| ri rxu prgho lv wkdw wkh dvvrfldwhg glylghqg*v iruh0

:Khuh zh duh uhihuulqj wr wkh idploldu vhwxs lq zklfk wkh qrlv| revhuydwlrq htxdov wkh xqre0
vhuydeoh vwdwh soxv vrph qrlvh1
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fdvwv h{klelw h{fhvv vhqvlwlylw| wr qhzv1

Lqghshqghqw ri K"0frqwuro/ ulvn vhqvlwlyh frqwuro zdv ghyhorshg lq wkh 4<:3v

+vhh Zklwoh +4<<3,,1 Wklv dssurdfk frqvlghuv d vwdqgdug Jdxvvldq vhwxs/ zlwk

qr plvvshfl�fdwlrq1 Wkh wzlvw lv wkdw wkh xwlolw| lqgh{ lv �
j
*L}.| Ej�|n�� lqvwhdg

ri .|E�|n��� Lw kdv ehhq irxqg wkdw lq vrph fdvhv ulvn vhqvlwlyh frqwuro |lhogv wkh

vdph irupxodv dv wkh rqhv rewdlqhg zlwk K"0frqwuro +Gr|oh/ Joryhu/ Nkdujrqhndu

dqg Iudqflv +4<;<,,1 Kdqvhq/ hw1 do1 +4<<<, xvh wklv idfw lq d yhu| lqwhuhvwlqj zd|1

Wkh| frqvlghu d ulvn0vhqvlwlyh yhuvlrq ri wkh shupdqhqw lqfrph prgho zlwk kdelw

shuvlvwhqfh dqg txdgudwlf xwlolw|1 Lq wkhlu prgho xqfhuwdlqw| wdnhv wkh irup ri

hqgrzphqw dqg suhihuhqfh vkrfnv1 Wkhvh vkrfnv duh l1l1g1 qrupdoo| glvwulexwhg/

zlwk nqrzq phdq dqg yduldqfh1 Hdfk shulrg/ djhqwv revhuyh wkh cvwdwhc +sdvw frq0

vxpswlrq/ fdslwdo vwrfn dqg wkh vkrfnv,/ dqg fkrrvh frqvxpswlrq dqg lqyhvwphqw1

Wkh| wkhq frqvlghu wkh dvvhw sulflqj lpsolfdwlrqv/ dqg vkrz wkdw d vx!flhqwo| kljk

suhihuhqfh iru urexvwqhvv jhqhudwhv d pdunhw sulfh ri ulvn wkdw lv frpsdwleoh zlwk

XV1 gdwd1 Dqghuvrq/ hw1 do1 +4<<<, frqvlghu pruh jhqhudo xwlolw| ixqfwlrqv dqg

d odujhu fodvv ri shuwxuedwlrqv1 Pdqhkrxw +4<<<, dssolhv wkh prgho ri Dqghuvrq/

hw1 do1 wr d sruwirolr fkrlfh sureohp1

Rqh gl�huhqfh ehwzhhq rxu zrun dqg wkhvh sdshuv uhvlghv lq wkh h{lvwhqfh ri

d �owhulqj sureohp1 Lq rxu prgho djhqwv qhhg wr �owhu wkh wudqvlwru| dqg shuvlv0
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whqw frpsrqhqwv iurp vhtxhqfhv ri sdvw revhuydwlrqv lq rughu wr pdnh iruhfdvwv1

Ixuwkhupruh/ wkhvh iruhfdvwv pxvw eh pdgh mrlqwo| zlwk wkh sruwirolr ghflvlrq1 Lq

wkh sdshuv mxvw phqwlrqhg/ �owhulqj sod|v qr uroh dv djhqwv revhuyh shuihfwo| wkh

vwdwh ri wkh hfrqrp|1 Dqrwkhu gl�huhqfh lv wkdw zh frqvlghu dq K" dssurdfk/

zkloh wkh| frqvlghu d ulvn0vhqvlwlyh dssurdfk1 Rqdwvnl dqg Vwrfn +5333, dovr xvh

wkh urexvw dssurdfk wr wdfnoh dq hfrqrplfv sureohp1

Lq d urexvw vhwxs/ hyhq li djhqwv zhuh wr xsgdwh wkhlu prgho ri wkh hfrqrp|

wkh| zrxog vwloo ihdu plvvshfl�fdwlrq1 Wkxv/ wkhlu hvwlpdwruv zloo qrw frqyhujh wr

wkh -. hvwlpdwruv dvvrfldwhg zlwk wkh vdph qrplqdo prgho ri wkh hfrqrp|1 Lq

wklv vhqvh wkh suhvhqw prgho lv gl�huhqw iurp ohduqlqj prghov/ vxfk dv Pdufhw dqg

Vdujhqw +4<;<, dqg Wlpphupdq +4<<9,1

Ilqdoo|/ zh zrxog olnh wr pdnh wzr frpphqwv derxw wkh xvh ri wkh zrug curexvw*

lq wkh olwhudwxuh1 Iluvw/ lq wkh urexvw frqwuro olwhudwxuh/ urexvw uhihuv wr jxdudq0

whhg shuirupdqfh iru dq| glvwxuedqfh vhtxhqfh wkdw vdwlv�hv d fhuwdlq qrup erxqg1

Lq wkh vwdwlvwlfdo olwhudwxuh lw jhqhudoo| vljql�hv lqvhqvlwlylw| wr vpdoo ghyldwlrqv

iurp wkh dvvxpswlrqv1; Vhfrqg/ zh zrxog olnh wr qrwh wkdw urexvw frqwuro sur0

fhgxuhv kdyh olwwoh ryhuods zlwk qrq0sdudphwulf/ glvwulexwlrq0iuhh/ dqg dgdswlyh

;Lq fodvvlfdo vwdwlvwlfv uhvhdufkhuv duh pdlqo| frqfhuqhg zlwk glvwulexwlrqdo urexvwqhvv +vhh
Kxehu +4<;4,,1 Lq Ed|hvldq vwdwlvwlfv wkh pdlq frqfhuq lv zlwk srvvleoh plvvshfl�fdwlrq ri wkh
sulru ru ri wkh olnholkrrg ixqfwlrq/ dqg zlwk wkh vr fdoohg Ed|hv ulvn urexvwqhvv +vhh Ehujhu
+4<;8,,1
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surfhgxuhv1

4151 Ryhuylhz

Zh frqvlghu dq h{fkdqjh hfrqrp| zlwk rqh frqvxpswlrq jrrg dqg wzr rqh0shulrg

dvvhwv= d vdih dvvhw wkdw sd|v rqh xqlw ri wkh frqvxpswlrq jrrg/ dqg d ulvn| dvvhw

zkrvh ixwxuh glylghqg lv xqfhuwdlq1 Glylghqgv ++|� kdyh d shuvlvwhqw frpsrqhqw

+%|� dqg d wudqvlwru| frpsrqhqw +�|� G +| ' %|nj��|1 Wkh nh| lv wkdw wkh shuvlvwhqw

frpsrqhqw lv xqrevhuydeoh dqg lw lv dxwrfruuhodwhg= %| ' @%|3� n j��|3��

Zh frpsxwh wkh htxloleuld lq dq -. vhwxs dv zhoo dv lq dq K" vhwxs lq rughu

wr pdnh frpsdulvrqv1 Lq erwk vhwxsv djhqwv �owhu wkh wudqvlwru| dqg shuvlvwhqw

frpsrqhqwv iurp glylghqg revhuydwlrqv i+rj|r'� +l1h1/ hvwlpdwh %|�c dqg wkhq pdnh

iruhfdvwv ri ixwxuh sd|r�v1 Lq wkh -. vhwxs djhqwv xvh Ed|hv odz wr jhqhudwh wkh

glvwulexwlrq ri ixwxuh glylghqgv1 Wkh lpsruwdqw srlqw wr qrwh lv wkdw lq wkh -.

vhwxs zh ghulyh iruhfdvwv ri ixwxuh glylghqgv zlwkrxw wdnlqj lqwr frqvlghudwlrq wkh

frqvxpswlrq dqg sruwirolr vwudwhjlhv1 Wklv cvhsdudwlrq* grhv qrw h{lvw lq dq K"

vhwxs ehfdxvh rqh fdqqrw vshdn ri d suredelolw| glvwulexwlrq ri wkh glvwxuedqfhv

wkdw fdswxuhv doo wkdw lv xqnqrzq derxw wkh hqylurqphqw1 Glvwxuedqfhv duh vlpso|

xqnqrzq vtxduh0vxppdeoh vhtxhqfhv1 Wklv lpsolhv wkdw iruhfdvwv dqg sruwirolr

srolflhv pxvw eh ghwhuplqhg mrlqwo|1 Lw wxuqv rxw wkdw wklv sureohp fdq eh dqdo|}hg
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dv d g|qdplf jdph ehwzhhq wkh uhsuhvhqwdwlyh djhqw dqg qdwxuh1 D vljql�fdqw

sduw ri wkh sdshu lv ghyrwhg wr vroyh wklv jdph1

Wkhruhp 614 fkdudfwhul}hv wkh vroxwlrq ri wklv jdph dqg hvwdeolvkhv wkh frq0

glwlrqv iru h{lvwhqfh ri dq htxloleulxp1 Wkh htxloleulxp lv frqvwuxfwhg xvlqj wkh

cK" fhuwdlqw| htxlydohqfh sulqflsoh* +Edvdu dqg Ehuqkdug +4<<4,,1 Wklv sulqfl0

soh euhdnv wkh ruljlqdo sureohp lqwr wkuhh vlpsoh vxe0sureohpv1 Wkh �uvw lv d

idploldu edfnzdug g|qdplf surjudplqj sureohp wkdw fkdudfwhul}hv frqvxpswlrq

dqg sruwirolr vwudwhjlhv iru d jlyhq ydoxh ri wkh vwdwh %|n� ' %1 Wkh vhfrqg vxe0

sureohp lv d iruzdug GS sureohp wkdw doorzv wkh djhqw wr h{wudfw wkh shuvlvwhqw

frpsrqhqw iurp sdvw glylghqg*v revhuydwlrqv/ frqglwlrqdo rq %|n� ' %1 Wkh wklug

vxe0sureohp ghulyhv wkh K" hvwlpdwhv ri %|n� dqg +|n�c dv zhoo dv htxloleulxp dv0

vhw sulfhv1 Wklv lv grqh e| xvlqj wkh ydoxh ixqfwlrqv dvvrfldwhg zlwk wkh iruzdug

dqg edfnzdug GS sureohpv ++6147, dqg +614<,/ uhvshfwlyho|,1

Sursrvlwlrq 515 xvhv Wkhruhp 614 wr fkdudfwhul}h d Pdunry shuihfw htxloleulxp/

dqg h{klelwv wkh K" iruhfdvwlqj irupxodv dqg htxloleulxp dvvhw sulfhv wkdw duh

xvhg lq wkh vlpxodwlrqv +irupxodv +5143,0+5144,,1 Vxusulvlqjo|/ wkhvh irupxodv wxuq

rxw wr eh yhu| vlplodu wr wkh idploldu -. irupxodv +51;,0+51<,1 Ixuwkhupruh/ lq

wkh olplwlqj fdvh lq zklfk djhqwv gr qrw fduh derxw urexvwqhvv/ wkh K" dqg -.

iruhfdvwv duh htxdo1
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D nh| sdudphwhu wkurxjkrxw wkh sdshu lv �c zklfk phdvxuhv wkh ghjuhh ri

glvwxuedqfh dwwhqxdwlrq +l1h1/ wkh orzhu �c wkh juhdwhu wkh ghjuhh ri urexvwqhvv,1

Lw zloo wxuq rxw wkdw wkh g|qdplf jdph ehwzhhq wkh djhqw dqg qdwxuh kdv d vroxwlrq

li dqg rqo| li � lv juhdwhu wkdq d fhuwdlq wkuhvkrog �� Wklv lpsolhv wkdw wkh ghjuhh

ri urexvwqhvv wkdw fdq eh dwwdlqhg lq htxloleulxp fdqqrw eh duelwudulo| odujh1

Lw lv lqwhuhvwlqj wr qrwh wkdw lq wkh h{fkdqjh hfrqrp| zh duh frqvlghulqj/

wkh orzhu �/ wkh juhdwhu wkh vhqvlwlylw| wr qhzv1 Wklv surshuw| lv zkdw doorzv

rxu prgho wr jhqhudwh h{fhvv yrodwlolw|/ suhglfwdelolw| ri h{fhvv uhwxuqv/ dqg wkh

htxlw| suhplxp sx}}oh iru d kljk ghjuhh ri urexvwqhvv1 Lq ixwxuh uhvhdufk zh sodq

wr frqvlghu d vhwxs lq zklfk � ydulhv wkurxjk wlph lq rughu wr jhqhudwh rwkhu

dqrpdolhv wkdw kdyh ehhq lghqwl�hg lq wkh �qdqfh olwhudwxuh1

51 Prgho

Lq rughu wr frqfhqwudwh rq wkh hvvhqwldo ihdwxuhv ri wkh K" dssurdfk/ dqg wr

kljkoljkw lwv gl�huhqfhv zlwk vwdqgdug udwlrqdo h{shfwdwlrqv E-.� prghov/ zh zloo

frqvlghu d vwuhdpolqhg Oxfdv +4<:;, h{fkdqjh hfrqrp|1 Dv zh vkdoo vhh/ lq erwk

vhwxsv djhqwv rswlpl}h dq lqgxfhg remhfwlyh xvlqj doo dydlodeoh lqirupdwlrq1 Wkh

pdlq gl�huhqfh uhvlghv lq wkh zd| xqfhuwdlqw| lv prghohg1

Wkh prgho lv dq ryhuodsslqj jhqhudwlrqv hfrqrp| zlwk rqh shulvkdeoh frq0
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vxpswlrq jrrg dqg wzr rqh0shulrg dvvhwv= d vdih dqg d ulvn|1 D wlph0| vdih dvvhw

sd|v rqh xqlw ri wkh frqvxpswlrq jrrg dw |n�/ zkloh d wlph0| ulvn| dvvhw sd|v +|

xqlwv ri wkh frqvxpswlrq jrrg dw |c dqg +|n� dw |n �� Wkh hfrqrp| lv srsxodwhg

e| d vhtxhqfh ri uhsuhvhqwdwlyh djhqwv wkdw olyh wzr shulrgv1 D |�|rxqj djhqw lv

hqgrzhg zlwk rqh xqlw ri wkh ulvn| dvvhw1 Dw wlph |c wdnlqj sulfhv dv jlyhq/ kh

fkrrvhv frqvxpswlrq S|c dqg wkh dprxqw ri ulvn| dqg vdih dvvhwv E^o| c ^
r
| � kh zlvkhv

wr krog1 Lw iroorzv wkdw klv exgjhw frqvwudlqw lv

S| n Ro|^
o
| n Rr|^

r
| � Ro| n +| +514,

Dw |n �c zkhq rog/ wkh |�djhqw frqvxphv doo klv zhdowk

SJ|n� ' +|n�^
o
| n ^r| +515,

Zh zloo xvh d vwdwh0vsdfh uhsuhvhqwdwlrq iru glylghqgv=

+� ' %� n _� n j����c � � �

%�n� ' @�%� n j����c %f ' f

+516,

Ghyldwlrqv ri glylghqgv iurp wuhqg E+� � _�� kdyh d wudqvlwru| frpsrqhqw j����c
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dv zhoo dv d shuvlvwhqw frpsrqhqw %�� Wkh shuvlvwhqw frpsrqhqw/ zklfk zh zloo

fdoo cwkh vwdwh/* iroorzv dq dxwruhjuhvvlyh surfhvv1<

Dw wlph | d |rxqj djhqw revhuyhv wkh klvwru| ri glylghqgv i+�j|�'� c exw grhv

qrw revhuyh wkh wudqvlwru| dqg shuvlvwhqw frpsrqhqwv ri glylghqgv* ghyldwlrqv

iurp wuhqg1 Zh zloo dvvxph wkdw wkh sdudphwhuv ~@�j|�'�c ~j��j|�'fc ~j��j|n��'� dqg

~_�j|n��'� duh nqrzq/ zkloh wkh glvwxuedqfhv i��j|n��'�c i��j|�'f duh xqnqrzq1 Zh zloo

dovr dvvxph wkdw wkh lqlwldo ydoxh ri wkh xqrevhuydeoh vwdwh %� lv xqnqrzq1 Zh

uhsuhvhqw wklv xqfhuwdlqw| e| vhwwlqj %f ' fc vr wkdw %� lv sursruwlrqdo wr wkh �uvw

hohphqw ri wkh glvwxuedqfh vhtxhqfh= %� ' j�f�f�

D nh| gl�huhqfh ehwzhhq wkh -. dqg wkh K" dssurdfkhv lv wkh zd| lq zklfk

xqfhuwdlqw| lv prghohg1 Xqghu -. lw lv dvvxphg wkdw xqfhuwdlqw| fdq eh vxppd0

ul}hg e| d vwrfkdvwlf surfhvv/ dqg wkdw dq djhqw kdv d xqltxh sulru suredelolw| glv0

wulexwlrq ryhu doo srvvleoh glvwulexwlrqv wkdw pljkw jryhuq wkh vwrfkdvwlf surfhvv1

Lq frqwudvw/ wkh K" dssurdfk prghov xqfhuwdlqw| dv wrwdoo| xqnqrzq glvwxuedqfh

vhtxhqfhv zlwk d erxqghg ,2 qrup1 Ehorz zh zloo eh pruh vshfl�f1

Djhqwv kdyh wlph0dgglwlyh xwlolw|= �ES|� n q�ES|n��c zkhuh �ES|� ' �d6� S|o
2

dqg 6 lv d frqvwdqw1 Dq lqvwdqwdqhrxv txdgudwlf xwlolw| ixqfwlrq zloo doorz xv

<Lq wkh vshfldo fdvh wkdw wkh vwdwh lv d frqvwdqw +{m @ {, dqg gm @ 3> +516, froodvsvhv wr
wkh idploldu vhwxs lq zklfk djhqwv wu| wr hvwlpdwh dq xqrevhuydeoh iurp d qrlv| revhuydwlrq=
|m @ {. �ymym =
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wr rewdlq forvhg0irup vroxwlrqv iru wkh K" sureohp wkdw duh frpsdudeoh wr wkh

vroxwlrq ri wkh -. sureohp1 Dv zloo ehfrph fohdu odwwhu/ wklv xwlolw| ixqfwlrq

lqgxfhv dq remhfwlyh iru wkh K" sureohp zklfk lv dq lqgh�qlwh0txdgudwlf irup lq

wkh glvwxuedqfhv1 Hqvxulqj wkh srvlwlylw| ri vxfk dq lqgh�qlwh irup lv wkh nh| wr

wkh h{lvwhqfh ri htxloleuld1

Lq zkdw iroorzv zh irupxodwh wkh sureohpv vroyhg lq d Udwlrqdo H{shfwdwlrqv

hfrqrp|/ dqg lq dq K" hfrqrp|1 Wkhq lq wkh iroorzlqj vxevhfwlrqv zh fkdudf0

whul}h wkh htxloleuld1

Lq d -. hfrqrp| d |rxqj djhqw dw wlph | vroyhv wkh iroorzlqj sureohp1

Sureohp UH1 Vxssrvh wkdw wkh glvwxuedqfhv i��j|n��'�c i��j|�'f duh l1l1g1 �Efc ��

udqgrp yduldeohv1 Jlyhq sulfhv ERo| c R
r
|� c fkrrvh ES|c ^

o
| c ^

r
| � wr pd{lpl}h

.
��d6� S|o

2 � qd6� SJ|n�o
2 m U|

�
+517,

vxemhfw wr exgjhw frqvwudlqwv +514,/ +515,/ wr wkh surfhvv iroorzhg e| glylghqgv

+516,/ dqg wr wkh lqirupdwlrq vhw U| ' i+�c ���c +|c Ro| c Rr|j �

Lq wkh urexvw dssurdfk wkh uhsuhvhqwdwlyh djhqw wdnhv vhulrxvo| lqwr dffrxqw wkh

idfw wkdw klv glylghqg prgho pljkw eh plvvshfl�hg/ dqg kh kdv qr zd| wr holplqdwh

wklv plvvshfl�fdwlrq1 Iru lqvwdqfh/ hlwkhu wkh ydoxh ri wkh dxwruhjuhvvlyh frh!flhqw
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lq +516, lv voljkwo| r�/ wkh yduldqfhv ri wkh glvwxuedqfhv pd| fkdqjh frqvwdqwo| lq

xqsuhglfwdeoh zd|v/ wkhuh pljkw eh vrph xqprghoohg qrq0olqhdulwlhv/ hwf1 Lq wkh

vwdqgdugK" vhwxs plvvshfl�fdwlrq sdwwhuqv duh prghohg dv xqnqrzq glvwxuedqfh

vhtxhqfhv wkdw duh vtxduh vxppdeoh +l1h1/ i��c ��j|n��'f 5 ,2dfc|n�o�� Lq rwkhu zrugv/

cqrw dq|wklqj jrhv1* Zh zloo ghqrwh e| l wkh vhw ri doo vxfk vhtxhqfhv zkrvh

hohphqwv duh qrw doo }hur43

l �
q
i��c ��j|n��'f 9' f

��� [|n�

�'f

�
�2� n �2

�

�
	 4

r
+518,

Wklv ghvfulswlrq ri xqfhuwdlqw| lv txlwh gl�huhqw iurp wkh suredelolvwlf rqh xvhg

lq vwdqgdug udwlrqdo h{shfwdwlrqv prghov1 Zh zloo wdnh d eulhi ghwrxu wr frpphqw

rq lw1 Lq -. prghov/ dqg lq rswlpdo frqwuro sureohpv lq jhqhudo/ rqh ghvfulehv

xqfhuwdlqw| lq whupv ri suredelolw| glvwulexwlrqv/ dqg rswlpl}hv wkh h{shfwhg ydoxh

ri fhuwdlq remhfwlyh ixqfwlrq1 Gxulqj wkh 4<:3v uhvhdufkhuv qrwhg wkdw/ zkhq wkh

vwdwh pxvw eh hvwlpdwhg/ wkh uhvxowlqj rswlpdo frqwuroohuv gr qrw srvvhv jrrg ur0

exvwqhvv surshuwlhv/ dqg pljkw lqgxfh lqvwdelolwlhv lq wkh frqwuroohg v|vwhp1 Lq

43Qrwh wkdw vlqfh wkh �uvw glylghqg revhuydwlrq lv |4> lw iroorzv wkdw y3 @ 3= Qrwh dovr wkdw
wkh qrup frqvlghuhg lq +518, fruuhvsrqgv wr wkh vshfl�fdwlrq lq +516,/ lq zklfk zh kdyh vhw
{3 @ 3 dqg z3 ehorqjv wr wkh glvwxuedqfh vhtxhqfh1 Dowhuqdwlyho|/ zh frxog vshfl�f| {4 dv
xqnqrzq dqg vhw z3 @ 3= Lq wklv fdvh wkh o5�qrup ri wkh glvwxuedqfhv zrxog eh= n $ n55>^4>w.4`@
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wkh 4<;3v K"0frqwuro zdv ghyhorshg lq rughu wr eh deoh wr wdfnoh sureohpv lq

zklfk rqh fdqqrw prgho yld d suredelolw| glvwulexwlrq doo wkdw lv xqnqrzq derxw

wkh v|vwhp lq txhvwlrq1 Wkh lvvxh wkhq ehfdph zkdw zrxog eh dq dssursuldwh

remhfwlyh dqg ghvfulswlrq ri xqfhuwdlqw| wkdw zrxog jhqhudwh d wudfwdeoh sureohp/

dqg zrxog doorz wkh ghvljqhu wr dwwdlq urexvwqhvvB Lq d vhplqdo sdshu Jhrujh

]dphv +4<;4, sursrvhg wr ghvfuleh xqfhuwdlqw| lq whupv ri glvwxuedqfhv wkdw vdw0

lvi| d frqglwlrq vxfk dv +518,/ dqg wr frqvlghu dv wkh remhfwlyh wkh K" qrup ri

wkh g|qdplf v|vwhp wkdw pdsv glvwxuedqfhv wr rxwsxw1 Vlqfh wkhq/ K"0frqwuro

kdv ehfrph d yhu| dfwlyh duhd ri uhvhdufk dqg kdv irxqg vhyhudo dssolfdwlrqv1

Ohw xv uhwxuq wr rxu h{fkdqjh hfrqrp|1 Lq rughu wr nhhs wkh suhvhqwdwlrq

vlpsoh zh zloo qrw pdnh uhihuhqfh wr wkh whup K" qrup144 Wkh sureohp ri dq

djhqw lq dq K" hfrqrp| lv wr ghylfh d frqvxpswlrq dqg sruwirolr vwudwhj| wkdw

zloo shuirup zhoo lq wkh idfh ri doo srvvleoh glvwxuedqfh vhtxhqfhv i��c ��j|n��'f zlwk

erxqghg ,2 qrup1 Qrz wkh lvvxh ehfrphv/ krz vkrxog wkh lqgxfhg remhfwlyh eh

gh�qhg wr jxdudqwhh urexvwqhvvB Vlqfh lq dq K" vhwxs glvwxuedqfhv duh qrw

uhvwulfwhg wr kdyh dq| vshfl�f suredelolw| glvwulexwlrq/ zh fdqqrw srvwxodwh wkdw

wkh djhqw pd{lpl}hv dq h{shfwhg xwlolw| dv lq wkh -. Sureohp1 Lqvwhdg/ zh zloo

frqvlghu d cqrupdol}hg* xwlolw|= wkh udwlr ri glvfrxqwhg xwlolw| wr wkh ,20qrup ri

44Lq Vhfwlrq 6 zh zloo gh�qh wklv whup/ dqg pdnh fohdu lwv olqn zlwk Sureohp K vwdwhg ehorz1
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glvwxuedqfhv1 Wkdw lv/ wkh lqgxfhg remhfwlyh lv �
�

d63S|o2nqd63SJ|n�o
2

S|n�
�'fd�2�n�2� o

�
� Fohduo|/

wkh vpdoohu wkh udwlr lq eudfhv/ wkh ehwwhu wkh shuirupdqfh ri wkh frqvxpswlrq

dqg sruwirolr vwudwhjlhv1

Dv zh vkdoo vhh/ dowkrxjk wkh lqgxfhg remhfwlyhv dqg wkh ghvfulswlrqv ri xqfhu0

wdlqw| xqghu dq -. dqg dq K" hfrqrp| duh gl�huhqw/ wkh iruhfdvwlqj irupxodv

wkdw djhqwv xvh lq htxloleulxp zloo wxuq rxw wr eh yhu| vlplodu1 Wkh sureohp vroyhg

dw wlph | e| dq djhqw lq dq K" hfrqrp| lv wkh iroorzlqj1

Sureohp K� Jlyhq dvvhw sulfhv ERo| c R
r
|� dqg glylghqgv* klvwru| i+�j|�'�

41 Fkrrvh ES|c ^
o
| c ^

r
| � wr hqvxuh

d6� S|o
2 n qd6� SJ|n�o

2S|n�
�'f

�
�2
� n �2�

� � �2|n� +519,

iru doo qrq}hur glvwxuedqfhv i��c ��j|n��'f 5 ,2dfc|n�o wkdw duh frqvlvwhqw

zlwk glylghqg klvwru| i+� � _�j|�'� 9' f� Wkh wulsohw ES|c ^
o
| c ^

r
| � pxvw

vdwlvi| exgjhw frqvwudlqwv +514, dqg +515,1

51 Ilqg wkh orzhvw ydoxh ri wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu �
|n�

:

f/ vxfk wkdw +519, krogv iru doo �|n� : �
|n�

�

Lq dq K" vhwxs wkh lqgxfhg remhfwlyh ri dq djhqw lv wr ghvljq frqvxpswlrq
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dqg sruwirolr vwudwhjlhv wkdw zloo dwwhqxdwh wkh h�hfwv ri doo glvwxuedqfh vhtxhqfhv/

zlwk erxqghg ,2 qrup/ rq wkh ,2 jdlq +519,1 Orrvho| vshdnlqj/ zkhq wkhuh lv olwwoh

qrlvh +l1h1/ wkh ghqrplqdwru lv vpdoo,/ rqh zrxog olnh wr dwwdlq kljk glvfrxqwhg

xwlolw| +l1h1/ wkh qxphudwru vkrxog eh vpdoo,1 Zkhq wkhuh lv d orw qrlvh rqh fdqqrw

h{shfw wr dwwdlq kljk glvfrxqwhg xwlolw|1 Krzhyhu/ rqh zrxog olnh wr erxqg wkh

udwh dw zklfk xwlolw| ghwhulrudwhv dv wkh ,2 qrup ri wkh glvwxuedqfhv lqfuhdvhv1

Wklv udwh lv phdvxuhg e| wkh vr fdoohg cglvwxuedqfh dwwhqxdwlrq sdudphwhu* �|n�c

zklfk zloo sod| d nh| uroh lq zkdw iroorzv1 Qrwh wkdw lw zrxog qrw pdnh vhqvh wr

vlpso| frqvlghu wkh qxphudwru lq +519, dv wkh remhfwlyh ehfdxvh lw lv ghshqghqw/

wkurxjk wkh exgjhw frqvwudlqw/ rq wkh ,2 qrup ri wkh glvwxuedqfhv1

Qrwh wkdw �|n� lv dq lqgh{ ri urexvwqhvv1 Wkh juhdwhu �|n�c wkh vpdoohu wkh

ghjuhh ri urexvwqhvv1 Zh zloo vkrz wkdw lq wkh olplw/ zkhq djhqwv gr qrw fduh

dw doo derxw urexvwqhvv +l1h1/ �|n� $ 4�c wkh K" iruhfdvwlqj irupxodv frlqflgh

zlwk wkh -. irupxodv1 Zh zloo dovr vkrz wkdw lq htxloleulxp �|n� fdqqrw eh duel0

wudulo| vpdoo1 Lq idfw/ sduw 5 ri Sureohp K frqvlvwv lq ghwhuplqlqj wkh pd{lpxp

glvwxuedqfh dwwhqxdwlrq udwh wkdw fdq eh dwwdlqhg145

45Lq d fodvvlfdo vwdwlvwlfdo vhwxs rqh frxog lqwurgxfh glvwulexwlrqdo urexvwqhvv e| dvvxplqj
wkdw fhuwdlq sdudphwhuv ri wkh suredelolw| glvwulexwlrq duh xqnqrzq/ dqg fdq eh gudzq iurp d
odujh fodvv +h1j1 Kxehu +4<;4,,1 Lq d Ed|hvldq vhwxs rqh hqvxuhv srvwhulru urexvwqhvv wkurxjk
vhqvlwlylw| dqdo|vlv ru zlwk pruh irupdo phwkrgv/ vxfk dv wkh xvh ri clqkhuhqwo| urexvw sulruv/*
ru e| frqvlghulqj gl�huhqw sulruv wkdw ehorqj wr hlwkhu d fodvv ri d jlyhq ixqfwlrqdo irup/ ru
ehorqj wr wkh vr fdoohg %� frqwdplqdwlrq fodvv ri sulruv +h1j1 Ehujhu +4<;8,,1 Qrwh wkdw wkhvh
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Lq rughu wr forvh wkh prgho zh dvvxph wkdw wkh vxsso| ri wkh ulvn| dvvhw lv rqh/

dqg wkdw ri wkh vdih dvvhw lv }hur1 Dq htxloleulxp lv gh�qhg dv iroorzv1

Gh�qlwlrq 5141 Dq htxloleulxp ri dq -. +uhvshfwlyho|/ K", hfrqrp| lv d fro0

ohfwlrq ieS|c 	̂o| c 	̂r| c 	Ro| c 	Rr|j vxfk wkdw= +l,jlyhq glylghqg klvwru| dqg sulfhv/ wkh uhs0

uhvhqwdwlyh djhqw vroyhv Sureohp -. +uhvshfwlyho|/ K,> dqg +ll,dvvhwv dqg jrrgv

pdunhwv fohdu= eS| ' +|c 	̂
o
| ' �c 	̂r| ' f�

Lq wkh uhpdlqghu ri wklv vhfwlrq zh zloo fkdudfwhul}h htxloleuld lq dq -. dqg

dqK" hfrqrp|1 Wkhq zh zloo frpsduh wkh surshuwlhv ri wkh iruhfdvwlqj irupxodv1

5141 Htxloleulxp lq dq UH Hfrqrp|

Wkh vroxwlrq wr Sureohp -. lv zhoo nqrzq +h1j1 Oxfdv +4<:;,,1 Khuh zh zloo

vlpso| hpskdvl}h vrph dvshfwv ri wkh vroxwlrq zkhuh wkh nh| gl�huhqfhv ehwzhhq

udwlrqdo h{shfwdwlrqv dqg K" olh1 Wklv vxevhfwlrq fdq eh vnlsshg zlwkrxw orvv ri

frqwlqxlw|1

Lq rughu wr vroyh Sureohp -. d |rxqj djhqw frpsxwhv wkh glvwulexwlrq ri

qh{w shulrg*v glylghqgv xvlqj Ed|hv odz1 Vlqfh dw wlph | wkh vhtxhqfh ri sdvw

glylghqgv i+�j|�'� ehorqjv wr wkh lqirupdwlrq vhw/ d |rxqj djhqw iruhfdvwv wkdw

surfhgxuhv gr qrw jxdudqwhh urexvw vwdelolw| wr cdq| qrup0erxqghg plvvshfl�fdwlrq* ehfdxvh
wkh ghvljqhu lv vwloo pdnlqj vwurqj dvvxpswlrqv derxw wkh qdwxuh ri xqfhuwdlqw|1
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+|n� lv Qrupdoo| glvwulexwhg zlwk phdq dqg yduldqfh jlyhq e|

.E+|n�mU|� ' 	%|n� n _|n� �@oE+|n�mU|� ' ~|n� n j2�|n� +51:,

zkhuh 	%|n� dqg ~|n� duh wkh phdq dqg yduldqfh ri wkh xqrevhuydeoh vwdwh %|n�c

frqglwlrqdo rq lqirupdwlrq i+�j|�'�� Wkh| duh jlyhq e| wkh ||�0hohphqwv ri wkh

idploldu uhfxuvlrq

	%�n� ' @�	%� n ��d+� � _� � 	%�o

~�n� '
@2�

~3�
� n j32��

n j2��c �� '
@�~�

~� n j2��

~� ' j2�fc 	%� ' f� +51;,

Wkh lqwxlwlrq lv dv iroorzv= vlqfh wudqvlwru| glvwxuedqfhv kdyh }hur phdq/ suh0

glfwhg glylghqgv htxdo wkh wuhqg frpsrqhqw _|n� soxv wkh h{shfwhg ydoxh ri wkh

xqrevhuydeoh vwdwh/ frqglwlrqdo rq i+�j|�'�= 	%|n�� Irupxod +51;, vkrzv wkdw 	%|n�

lv rewdlqhg uhfxuvlyho| e| dgglqj wr 	%� wkh lqqrydwlrq d+� � _� � 	%�o pxowlsolhg

e| wkh cjdlq* ��� Qrwh wkdw �� lv ghfuhdvlqj lq wkh yduldqfh ri wkh wudqvlwru| glv0

wxuedqfh1 Lq wkh olplw/ dv j2�� $ 4c �� frqyhujhv wr }hur1 Vlqfh doo glvwxuedqfhv

duh wudqvlwru|/ glylghqgv* revhuydwlrqv frqyh| qr lqirupdwlrq derxw wkh shuvlvwhqw
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frpsrqhqw %�1 Wkxv/ wkh| duh xvhohvv lq suhglfwlqj ixwxuh glylghqgv146

Wkh uhfxuvlrq wkdw jhqhudwhv 	%|n� lv ghulyhg xvlqj Ed|hvldq xsgdwlqj lq wkh

iroorzlqj zd|1 Frqglwlrqdo rq %�c wkh revhuydwlrq +� � _� lv qrupdoo| glvwulexwhg

zlwk phdq %� dqg yduldqfh j2��� Ohw wkh sulru glvwulexwlrq ri %� eh Qrupdo zlwk

phdq %���3� dqg yduldqfh '���3�� Xvlqj wkh idploldu Ed|hvldq xsgdwlqj irupxod

zh vhh wkdw wkh srvwhulru glvwulexwlrq ri %� lv Qrupdo zlwk phdq %��� ' %���3�n

&�d+� � _�� %���3�oc dqg yduldqfh '��� ' d'3�
���3�n j32�� o

3�� Wkh jdlq lv jlyhq e| wkh

idploldu udwlr ri yduldqfhv &� '
'���3�

'���3�nj
2
��

� Wr ghulyh wkh qh{w sulru qrwh wkdw vlqfh

shuvlvwhqw glvwxuedqfhv kdyh }hur phdq/ wkh sulru ri %�n� lv Qrupdo zlwk phdq

%�n��� ' @�%���/ dqg yduldqfh '�n��� ' @2�'��� n j2��� Wr rewdlq wkh uhfxuvlrq lq

+51;, vlpso| ohw 	%�n� G' %�n��� dqg ~�n� G' '�n����

Dv lv zhoo nqrzq/ wkh sulfh ri dvvhw � vdwlv�hv= R�| ' .|

�
qd63SJ|n�o

63S|
Z�|n�

�
c zkhuh

wkh sulflqj nhuqho q
63SJ|n�
63S|

lv wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq/ dqg

Z�|n� lv wkh sd|r� ri dvvhw � dw wlph |n�� Lq htxloleulxp/ dvvhw sulfhv pxvw lqgxfh

wkh uhsuhvhqwdwlyh djhqw wr krog wkh vxsso| ri hdfk dvvhw dqg wr frqvxph doo wkh

glylghqgv1 Wkdw lv/ 	̂o| ' �c 	̂r| ' fc eS| ' +| dqg eSJ|n� ' +|n�� Vlqfh wkh ulvn| dvvhw

sd|v +|n� dw |n�c dqg wkh vdih dvvhw sd|v rqh xqlw ri wkh frqvxpswlrq jrrg/ wkhlu

46Wkh uhfxuvlrq +51;, lv dovr wkh fhoheudwhg Ndopdq �owhu/ zklfk plqlpl}hv wkh phdq vtxduh
huuru ri wkh vwdwh hvwlpdwlrq huuru dprqj doo fdxvdo hvwlpdwruv +h1j1 Nzdnhuqddn dqg Vlydq
+4<:5,,1
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htxloleulxp sulfhv duh

	Ro| E+
|� ' .

�
q
+|n� �6

+| �6
� +|n� mU|

�
' q

�
d	%|n� n _|n� �6o d	%|n� n _|n�o n ~|n� n j2�|n�

+| �6

�

	Rr|E+
|� ' .

�
q
+|n� �6

+| �6
mU|

�
' q

�
	%|n� n _|n� �6

+| �6

�
+51<,

Wkh vhfrqg htxdolw| lq wkh �uvw urz ri +51<, iroorzv iurp +51:, dqg .|E+
2
|n�� '

.|E+|n��
2 n �@o|E+|n���

5151 Htxloleulxp lq dq K" Hfrqrp|

Lq wklv vxevhfwlrq zh zloo suhvhqw wkh htxloleulxp ri dq K" hfrqrp|/ dqg glvfxvv

wkh lqwxlwlrq ehklqg lw1 Wr idflolwdwh uhdglqj zh zloo suhvhqw wkh ghulydwlrq ri wkh

uhvxowv lq Vhfwlrq 61

Lq rughu wr vroyh Sureohp K dq djhqw pxvw frph xs zlwk d iruhfdvw ri ixwxuh

glylghqgv +zh zloo ghqrwh lw e| I|E+|n���� Dv zh vkdoo vhh/ kh xvhv doo dydlodeoh

lqirupdwlrq +U| ' i+�c ���c +|c Ro| c Rr|j� wr ghulyh vxfk dq hvwlpdwh1 Krzhyhu/ kh grhv

qrw xvh wkh surfhgxuh ri wkh suhylrxv vxevhfwlrq/ lq zklfk glylghqgv* iruhfdvwv duh

frqvwuxfwhg xvlqj wkh xqghuo|lqj suredelolw| glvwulexwlrqv/ dqg zlwkrxw frqvlghu0

lqj wkh sruwirolr vwudwhj|1 Vlqfh lq dq K" hfrqrp| wkh djhqw kdv qr lqirupdwlrq
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derxw wkh glvwxuedqfhv/ rwkhu wkdq wkh| kdyh d erxqghg ,2 qrup/ klv iruhfdvwv

dqg sruwirolr fkrlfhv duh mrlqwo| ghwhuplqhg1

Dv zh vkdoo vhh/ htxloleulxp glylghqgv* iruhfdvwv dqg sruwirolr vwudwhjlhv vroyh

sureohp +615,1 Lqwhuhvwlqjo|/ wklv sureohp fdq eh dqdo|}hg dv d g|qdplf jdph

ehwzhhq wkh djhqw dqg qdwxuh1 Lq wklv jdph wkh djhqw iruhfdvwv glylghqgv/ dqg

fkrrvhv klv frqvxpswlrq dqg sruwirolr/ zkloh qdwxuh fkrrvhv glvwxuedqfh vhtxhqfhv1

Wkh vroxwlrq ri wklv jdph lv wkh vxemhfw ri Vhfwlrq 61 Wkh qh{w Sursrvlwlrq vxp0

pdul}hv wkh uhvxowv1

Sursrvlwlrq 5151 Ohw �
|n�

'
t
q
�
~|n� n j2�|n�

�
c zkhuh ~|n� lv wkh ||� hohphqw

ri uhfxuvlrq +51;,1 Wkhq

� Li �|n� � �
|n�

c wkhuh h{lvwv qr htxloleulxp1

� Li �|n� : �
|n�

/ wkhuh h{lvwv dq htxloleulxp lq zklfk wkhK" rqh0shulrg0dkhdg

iruhfdvw ri glylghqgv lv

I|E+|n�� ' %W|n� n _|n� n
%W|n� n _|n� �6

�2|n�q
3�j32�|n� � �

c +5143,
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dqg wkh hvwlpdwh ri wkh xqrevhuydeoh vwdwh lv=

%W|n� '
	%|n� n ~|n�d_|n� �6o

�
�2|n�q

3� � j2�|n�
�3�

�� ~|n�

�
�2|n�q

3� � j2�|n�
�3� c +5144,

zkhuh 	%|n� dqg ~|n� duh wkh ||� hohphqwv ri uhfxuvlrq +51;,1 Wkh htxloleulxp

sulfhv ri wkh ulvn| dqg vdih dvvhwv duh=

RoW| E+
|� ' q

I|E+|n���6

+| �6
� I|E+|n��c RrW| E+

|� ' q
I|E+|n���6

+| �6
+5145,

Wkh surri lv lq Vhfwlrq 61 Khuh zh vlpso| pdnh vrph uhpdunv1 Iluvw/ lq

dq K" vhwxs djhqwv duulyh dw dq hvwlpdwh ri wkh xqrevhuydeoh vwdwh %W|n� xvlqj

d uhfxuvlrq wkdw kdv wkh vdph crevhuyhu* irup dv wkh rqh zh xvhg lq wkh -.

hfrqrp|1 Wr vhh wklv qrwh wkdw %W|n� lv d olqhdu ixqfwlrq ri 	%|n�c zklfk lv rewdlqhg

uhfxuvlyho| e| dgglqj wr 	%� d whup sursruwlrqdo wr wkh lqqrydwlrq +l1h1/ 	%�n� '

@�	%� n ��d+� � _� � 	%�o�� Wkh iruhfdvw ri glylghqgv +I|E+|n��� lv wkhq rewdlqhg e|

dgglqj wr %W|n� wkh wuhqg frh!flhqw _|n�c dqg wkh iruhfdvw ri wkh glvwxuedqfh �|n��

D qrq0}hur hvwlpdwh ri �|n� uh hfwv wkh idfw wkdw urexvw djhqwv wdnh lqwr dffrxqw

wkdw wkh glvwxuedqfh pljkw eh kljko| fruuhodwhg zlwk wkh vwdwh1

Uhfdoo wkdw wkh sdudphwhu �|n� lv dq lqgh{ ri urexvwqhvv1 Wkh orzhu �|n�c wkh
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juhdwhu wkh ghjuhh ri urexvwqhvv +vhh +519,,1 Qrwh wkdw zkhq djhqwv lq dq K"

hfrqrp| gr qrw fduh derxw urexvwqhvv/ wkhlu iruhfdvwv duh htxdo wr wkh udwlrqdo

h{shfwdwlrqv iruhfdvwv1 Wkdw lv/ li �|n� $ 4c wkh K" rqh0shulrg0dkhdg glylghqg

iruhfdvw I|E+|n�� frlqflghv zlwk wkh h{shfwhg ydoxh ri glylghqgv lq dq-. hfrqrp|

.|E+|n��� Wr vhh wklv wdnh wkh olplw ri +5143, dqg +5144, dv �|n� $ 4 wr jhw

*�4
�|n�<"

I|E+|n��� _|n� ' *�4
�|n�<"

%W|n� ' 	%|n�

D frpsdulvrq zlwk +51:, uhyhdov wkdw *�4�|n�<"I|E+|n�� ' .|E+|n��� Wklv vlplodu0

lw| lv qrwhzruwk| dqg vxusulvlqj/ jlyhq wkdw wkh sureohpv dqg lqgxfhg remhfwlyhv

duh txlwh gl�huhqw1

Wkh vhfrqg srlqw zh zrxog olnh wr hpskdvl}h lv wkdw wkh ghjuhh ri urexvwqhvv

wkdw fdq eh dwwdlqhg lq htxloleulxp fdqqrw eh duelwudulo| odujh1 Sursrvlwlrq 515

vd|v wkdw dq htxloleulxp h{lvwv rqo| li �2|n� : �2
|n�

� Vlqfh �2
|n�

' q
�
~|n� n j2�|n�

�
c

lw iroorzv wkdw fhwhulv sdulexv/ wkh pd{lpxp ghjuhh ri urexvwqhvv wkdw fdq eh

dwwdlqhg lv lqyhuvho| uhodwhg wr wkh clqwhqvlwlhv* ri wkh wudqvlwru| glvwxuedqfh j�|n�c

dqg ri wkh shuvlvwhqw glvwxuedqfh j�| +uhfdoo wkdw +|n� ' _|n�n %|n�n j�|n��|n�c

dqg ~|n� ' @2|
~3�
| nj32�|

n j2�|�� Dv lw zloo ehfrph fohdu lq Vhfwlrq 6/ wkh uhdvrq iru

wkh h{lvwhqfh ri wklv orzhu erxqg rq �|n� iroorzv iurp wkh idfw wkdw wkh ydoxh ri
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wkh jdph ehwzhhq wkh djhqw dqg qdwxuh lv erxqghg rqo| li �|n� : �
|n�

�

Ilqdoo|/ zh zrxog olnh wr hpskdvl}h wkdw wkh irupdo vlplodulwlhv zh kdyh qrwhg

klgh lpsruwdqw gl�huhqfhv lq wkh zd| vroxwlrqv duh ghulyhg1 Lq wkh -. hfrqrp|

zh pdgh iruhfdvwv ri xqfhuwdlq yduldeohv zlwkrxw uhihuhqfh wr wkh djhqwv* frqwuro

srolflhv1 Wkdw lv/ zh ghulyhg wkh suredelolw| glvwulexwlrq ri +|n� zlwkrxw wdnlqj

lqwr frqvlghudwlrq wkh djhqwv* sruwirolr dqg frqvxpswlrq srolflhv1 Wklv cvhsd0

udwlrq* grhv qrw krog lq dq K" vhwxs1 Vlqfh glvwxuedqfh vhtxhqfhv duh wrwdoo|

xqnqrzq/ iruhfdvwv dqg djhqwv* frqwuro srolflhv pxvw eh mrlqwo| ghwhuplqhg1 Lq

Vhfwlrq 6 zh zloo pdnh fohdu wkh qdwxuh ri wklv lqwhughshqghqf|1

5161 Wudgh0r�= Urexvwqhvv yv1 Frqglwlrqdo Rswlpdolw|

Lq rughu wr looxvwudwh wkh wudgh0r� lqyroyhg lq xvlqj wkh -. dqg K" iruhfdvw0

lqj irupxodv/ zh zloo gr vrph vlpxodwlrqv dqg frpsduh wkhlu shuirupdqfh xqghu

d idploldu phwulf= wkh phdq vtxduh huuru +PVH, ri rqh0shulrg0dkhdg glylghqg

iruhfdvwv1 Zh zloo vhh wkdw li wkhuh lv qr0plvvshfl�fdwlrq/ -. iruhfdvwlqj irupx0

odv jhqhudwh wkh orzhvw PVH/ dv h{shfwhg1 Krzhyhu/ lq wkh suhvhqfh ri d odujh

plvvshfl�fdwlrq K" irupxodv jhqhudwh d orzhu PVH1

Frqvlghu wkh iroorzlqj frxqwhuidfwxdo h{shulphqw lq zklfk glvwxuedqfhv duh

gudzq iurp d vshfl�f zklwh qrlvh surfhvv1 Fohduo|/ li wkh sdudphwhuv +ghqrwh
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wkhp e| �w� xvhg lq wkh iruhfdvwlqj irupxodv zhuh htxdo wr wkh sdudphwhuv wkdw

fkdudfwhul}h wkh gdwd jhqhudwlqj surfhvv +ghqrwh wkhp e| w|o�e�/ wkhq wkh PVH

ri wkh -. iruhfdvwv zrxog eh orzhu wkdq wkh PVH ri wkh K" iruhfdvwv1 Wklv lv

ehfdxvh wkh -. iruhfdvwlqj irupxodv +51;, fruuhvsrqg wr wkh Ndopdq �owhu/ zklfk

lq wklv fdvh plqlpl}hv wkh PVH ri wkh vwdwh hvwlpdwlrq huuru1 Vxssrvh lqvwhdg

wkdw K" dqg -. iruhfdvwv duh frqvwuxfwhg xvlqj �w lq wkh iruhfdvwlqj irupxodv/

exw wkdw wkh gdwd jhqhudwlqj surfhvv lv fkdudfwhul}hg e| w|o�e ' �w n {|o�e� Wkh

vlpxodwlrqv zh shuirup vkrz wkdw li wkh plvvshfl�fdwlrq m{|o�em lv odujh/ wkhq K"

iruhfdvwv kdyh d orzhu PVH wkdq -. iruhfdvwv1

Sdqho +d, lq Iljxuh 4 frqvlghuv wkh fdvh lq zklfk wkh lqwhqvlw| ri wkh shuvlvwhqw

glvwxuedqfh pljkw eh plvvshfl�hg +j|o�e� ' �j�n{|o�e�c exw -. dqg K" glylghqg

iruhfdvwv duh frqvwuxfwhg vhwwlqj j� ' �j� lq iruhfdvwlqj irupxodv +51;, dqg +5143,1

Dv zh fdq vhh/ zkhq wkhuh lv qr plvvshfl�fdwlrq +l1h1 {|o�e ' fc vr wkdw j|o�e� '

�j��c wkh -. iruhfdvwv surgxfh d orzhu PVH wkdq wkh K" iruhfdvwv1 Krzhyhu/ li

m{|o�em lv elj/ wkh PVH ri wkh K" iruhfdvwv lv orzhu wkdw wkh PVH ri -. iruhfdvwv1

Sdqhov +e, dqg +f, vkrz wkdw wkh vdph krogv wuxh lq wkh fdvh zkhuh wkh lqwhqvlw|

ri wkh revhuydwlrq qrlvh lv plvvshfl�hg +j|o�e� ' �j� n{|o�e�c ru wkh dxwruhjuhvvlyh

sdudphwhu lv plvvshfl�hg +@|o�e ' �@ n{|o�e�c uhvshfwlyho|1

Lw lv lqwhuhvwlqj wr qrwh wkdw dowkrxjk wkh K" iruhfdvwlqj irupxod +5143, kdv
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ehhq ghvljqhg wr vroyh Sureohp K/ lw kdv jrrg urexvwqhvv surshuwlhv xqghu wkh

PVH phwulf1
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61 Ghulydwlrq ri Htxloleulxp lq dq K4 Hfrqrp|

Lq wklv vhfwlrq zh frqyhuw Sureohp K lqwr d g|qdplf jdph ehwzhhq wkh djhqw

dqg qdwxuh/ dqg vkrz krz wr vroyh lw1 Zh dovr ghwhuplqh qhfhvvdu| dqg vx!0

flhqw frqglwlrqv iru dq htxloleulxp wr h{lvw/ dqg ghulyh wkh htxloleulxp gh�qhg

lq Sursrvlwlrq 5151 Rq d �uvw sdvv wkh uhdghu pljkw zlvk wr vnls dkhdg wr wkh

vlpxodwlrqv ri Vhfwlrq 71 Krzhyhu/ wr ixoo| dssuhfldwh wkh lqwxlwlrq ehklqg wkh

K" dssurdfk wkh uhdghu vkrxog frph edfn wr wklv vhfwlrq1

Lq rughu wr vlpsoli| qrwdwlrq zh zloo h{suhvv glvwxuedqfhv/ sulfhv dqg dvvhwv*

ghpdqgv dv iroorzv=

/� G' E��c ��� R G' ERo| c R
r
|� ^ G' E^o| c ^

r
| �

Dovr/ iru dq| vhtxhqfh i5�j|�'f zh zloo riwhq xvh wkh iroorzlqj qrwdwlrq= 5 G'

i5�j|�'f dqg 5? G' i5�j?�'f iru dq| ? 	 |� Dgplvvleoh sruwirolr vwudwhjlhv fdq

ghshqg rqo| rq dydlodeoh lqirupdwlrq U| ' i+�c ���c +|c Ro| c Rr|j� Ixuwkhupruh/ wkh
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txdqwlw| ghpdqghg ri hdfk dvvhw pxvw olh lq ^3/4`1 Wkdw lv/

^ ' �E+�c ���c +|c R
o
| c R

r
|�

zkhuh � G U|n2 :�$ dfc �o2�Zh zloo ghqrwh e|T wkh vsdfh ri vxfk sruwirolr srolflhv1

Lq htxloleulxp wkh uhsuhvhqwdwlyh djhqw vroyhv Sureohp K wdnlqj sulfhv dv

jlyhq/ dqg dvvhw dqg jrrgv pdunhwv fohdu1 Xvlqj exgjhw frqvwudlqwv +514, dqg

+515, wr vxevwlwxwh rxw S| dqg SJ|n�c lw iroorzv wkdw +519, lq Sureohp K lv htxlydohqw

wr=

a E^c /( R� G' uE^c +|n�( R� n
[|n�

�'f
}�E/�� � f +614,

zkhuh

uE^c +|n�( R� G ' d6� +| � Ro| d�� ^o| o n Rr|^
r
| o
2 n qd6� ^o| +|n� � ^r| o

2

}�E/�� G ' ��2|n�
�
�2
� n �2�

�

Vlqfh wkh ghqrplqdwru lq +519, lv srvlwlyh/ iru jlyhq sulfhv/ d sruwirolr srolf|

^ ' �EU|� 5 T vroyhv Sureohp K li dqg rqo| li a E^c /( R� � f iru doo qrq}hur

glvwxuedqfh vhtxhqfhv / 5 l wkdw duh frqvlvwhqw zlwk lqirupdwlrq vhw U|� Fohduo|/
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wklv krogv li dqg rqo| li KER�c gh�qhg ehorz/ lv erxqghg deryh e| }hur=

KER� G' �?u�M% t�T/Ml a E^c /( R� � f

vxemhfw wr �� '
+� � _� � %�

j��
c � ' �c ���c |

+615,

Qrwh wkdw wkh frqvwudlqw lpsrvhg e| glylghqgv* revhuydwlrqv i+�j|�'� rq glvwxu0

edqfh vhtxhqfhv lv jlyhq e| wkh vhtxhqfh i�� ' +�3_�3%�
j��

j|�'�1 Wr vhh wkh forvh olqn

ehwzhhq wkh h{lvwhqfh ri d vroxwlrq wr Sureohp K dqg wkh h{lvwhqfh ri d vdggoh0

srlqw vroxwlrq wr +615,/ ghqrwh e| E�WEU|�c /
WEU|�� d vwdwlrqdu| srlqw ri aE^c /( R��

Wkhq lw lv vwudljkwiruzdug wkdw KER� � f lv qhfhvvdu| iru Sureohp K wr kdyh

d vroxwlrq ehfdxvh a E�EU|�c /
WEU|�( R� � KER� iru dq| �EU|� 9' �WEU|�� Wkxv/ li

iru ^W ' �WEU|� wkh vxsuhpxp lq +615, lv xqerxqghg/ wkhuh h{lvwv d glvwxuedqfh

vhtxhqfh iru zklfk wkh udwlr lq +519, lv juhdwhu wkdq �|n�� Qh{w/ KER� � f lv vxi0

�flhqw iru Sureohp K wr kdyh d vroxwlrq ehfdxvh ^ ' �WEU|� lv d sruwirolr srolf|

wkdw hqvxuhv wkh udwlr lq +519, lv ohvv ru htxdo wkdq �|n� iru doo vtxduh vxppdeoh

glvwxuedqfh vhtxhqfhv +l1h1/ KER� ' a E�WEU|�c /
WEU|�( R� � aE�WEU|�c /( R���

Lw iroorzv wkdw dq htxloleulxp h{lvwv li dqg rqo| li wkhuh lv d sulfh yhfwru

RWE+�c ���c +|� wkdw lqgxfhv wkh uhsuhvhqwdwlyh djhqw wr ghpdqg wkh dydlodeoh qhw
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vxsso| ri dvvhwv +l1h1/ �WEU|� ' E�c f��c dqg KERWE+�c ���c +|�� lv erxqghg1 Dv zh

vkdoo vhh/ vlqfh aE^c /( R� lv dq lqghwhuplqdwh txdgudwlf irup lq // wkh ydoxh ri

wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu �|n� lv wkh nh| wr zkhwkhu KER
WE+�c ���c +|��

lv erxqghg1 Wklv revhuydwlrq vkrxog pdnh fohdu wkh frqyhqlhqfh ri d txdgudwlf

xwlolw|1

Qrwh wkdw sureohp +615, fdq eh dqdo|}hg dv d g|qdplf jdph ehwzhhq wkh

uhsuhvhqwdwlyh djhqw dqg qdwxuh1 Lq wklv jdph wkh djhqw fkrrvhv klv sruwirolr/

zkloh qdwxuh fkrrvhv glvwxuedqfh vhtxhqfhv1 Fohduo|/ wklv lv vlpso| dq dqdorj|/ dv

qrw pdq| ri xv eholhyh wkdw qdwxuh dfwxdoo| fduhv derxw rxu sruwirolr vwudwhjlhv1

Krzhyhu/ wklv revhuydwlrq kdv ehhq xvhixo ehfdxvh lw kdv doorzhg uhvhdufkhuv wr

vroyh frpsolfdwhg K"0frqwuro sureohpv xvlqj g|qdplf jdph wkhru|1

Dv lw vwdqgv/ sureohp +615, vhhpv txlwh frpsolfdwhg1 Iluvw/ sruwirolr vwudwhjlhv

fdq eh vhohfwhg iurp d yhu| odujh fodvv ri ixqfwlrqv +^ ' �E+�c ���c +|c R
o
| c R

r
|��� Vhfrqg/

glvwxuedqfh vhtxhqfhv +i��j|n��'f c i��j|n��'f� duh qrw uhvwulfwhg wr iroorz dq| vshfl�f

surfhvv/ dqg fdq eh kljko| fruuhodwhg1 Wkhruhp 614 ehorz vd|v wkdw zh fdq euhdn

Sureohp +615, lqwr wkuhh vlpsoh vxe0sureohpv1 Wklv lqvljkw/ zklfk zh pljkw fdoo

wkh cK" fhuwdlqw| htxlydohqfh sulqflsoh/* lv gxh wr Edvdu dqg Ehuqkdug +4<<4,1

Wkh nh| srlqw lv wr dvvxph whpsrudulo| wkdw sod|huv duh dfwlqj dv li wkh|

nqhz wkh vwdwh %|n� htxdov d fhuwdlq ydoxh %� Wkh �uvw vxe0sureohp lv wr �qg
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wkh pd{lpdoo| pdohyrohqw vhtxhqfh ri sdvw glvwxuedqfhv +iurp wkh shuvshfwlyh ri

remhfwlyh +615,, wkdw duh frqvlvwhqw zlwk glylghqg klvwru| i+�j|�'� dqg wkdw eulqj

wkh xqrevhuydeoh vwdwh iurp %f ' f wr d fhuwdlq ydoxh % dw wlph |n�� Wkh vhfrqg

vxe0sureohp ghwhuplqhv wkh frqvxpswlrq dqg sruwirolr vwudwhjlhv/ dv zhoo dv wkh

glvwxuedqfh /|n� xqghu wkh dvvxpswlrq wkdw wkh xqrevhuydeoh vwdwh %|n� wdnhv wkh

ydoxh %� Odvwo|/ wkh wklug vxe0sureohp jhqhudwhv wkh hvwlpdwh ri wkh vwdwh +%W|n��

dqg wkh sulfh yhfwru wkdw fohduv dvvhw pdunhwv RWE%W|n���

Wklv ghfrpsrvlwlrq fdq eh fduulhg rxw ehfdxvh wkh g|qdplf v|vwhp zh duh

frqvlghulqj lv Pdunryldq1 Uhfdoo wkdw wkh xqrevhuydeoh vwdwh vdwlv�hv %|n� ' @|%|n

j�|�|/ dqg wkdw glylghqgv duh +|n� ' _|n� n %|n� n j�|n��|n�� Orrvho| vshdnlqj/

frqglwlrqdo rq %|n� ' %c sdvw glvwxuedqfhv i/�j|�'f gr qrw d�hfw uE^c +|n�( R� n

}|n�E/|n�� lq +615,1 Vlploduo|/ frqglwlrqdo rq %|n� ' %c wkh fkrlfh ri E^c /|n��

grhv qrw d�hfw
S|

�'f }�E/��� Wkhuhiruh/ frqglwlrqdo rq %|n� ' %c wkh �uvw wzr

vxesureohpv fdq eh vroyhg lqghshqghqwo| ri hdfk rwkhu1 Wkh wklug vxesureohp

xvhv wkh ydoxh ixqfwlrqv dvvrfldwhg zlwk wkh �uvw wzr vxe0sureohpv wr jhqhudwh

wkh hvwlpdwh ri %|n��

Zh surfhhg e| irupdoo| vwdwlqj wkh wkuhh vxesureohpv1 Lq rughu wr gh�qh wkh

�uvw vxe0sureohp zh zloo ghqrwh wkh vwdwh*v dqg glylghqgv* wudmhfwrulhv jhqhudwhg
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e| wkh glvwxuedqfh vxevhtxhqfh /r G' i/�jr�'f dv iroorzv=

%r ' frE/
r3��c +r ' trE/

r�c r � � +616,

Zh fdq wkhq gh�qh wkh iroorzlqj vxevhwv ri l +vhh +518,,

lr G' ii/�j|n��'f 5 l m t�
�
/�

�
' +� iru doo � � rj +617,

Wkdw lv/ lr lv wkh vhw ri glvwxuedqfh vhtxhqfhv i/�j|n��'f wkdw duh frpsdwleoh zlwk

revhuyhg glylghqgv i+�jr�'�� Xvlqj wklv qrwdwlrq dqg +615, zh fdq h{suhvv wkh �uvw

vxe0sureohp lq whupv ri wkh iroorzlqj cfrvw0wr0frph ixqfwlrq*

`|n�E%� ' t�T
t/��|�'fMl|

��2|n�
S

|

�'f

�
�2

� n �2�
�

vxemhfw wr %|n� ' %

+618,

Wkh rqo| lqirupdwlrq dq djhqw kdv derxw wkh glvwxuedqfhv i/�j|�'f lv wkdw wkh|

duh vtxduh vxppdeoh vhtxhqfhv/ dqg wkdw wkh| kdyh jhqhudwhg d glylghqg klv0

wru| i+�j|�'� dffruglqj wr wkh g|qdplf v|vwhp +516,1 Vroylqj sureohp +618, lv dq

lqwhuphgldwh vwhs wkdw doorzv wkh djhqw wr hvwlpdwh %|n�� Lw fkdudfwhul}hv wkh glv0

wxuedqfh vhtxhqfhv wkdw pdnh +614, ohvv olnho| wr krog/ jlyhq wkdw wkh| eulqj wkh

vwdwh iurp %f ' f wr %|n� ' %c dqg duh frqvlvwhqw zlwk glylghqg klvwru|1

6;



Frqvlghu qrz wkh vhfrqg vxe0sureohp1 Lq dq K" vhwxs hyhq li dq djhqw nqhz

wkh ydoxh ri wkh xqrevhuydeoh vwdwh %|n�c kh zrxog qrw iruhfdvw wkdw glylghqgv

++|n�� zloo eh %|n� n _|n�� Wklv lv ehfdxvh wkhuh lv qr uhdvrq wr h{shfw wkdw wkh

glvwxuedqfh �|n� zloo eh lghqwlfdoo| }hur1 Lq idfw wkh djhqw iruhfdvwv �|n� mrlqwo|

zlwk wkh fkrlfh ri klv sruwirolr dqg frqvxpswlrq1 Wklv lv irupdol}hg e| wkh iro0

orzlqj sureohp lq zklfk wkh xqrevhuydeoh vwdwh %|n� lv djdlq dvvxphg wr wdnh wkh

ydoxh %�

T|n�E%( R� ' �?u
��M%%

t�T
��MO%

�
uE^c +|n�( R�� �2|n��

2
|n�

�
vxemhfw wr %|n� ' %

+|n� ' %|n� n _|n� n j�|n��|n�

+619,

Wkh vhw ri dgplvvleoh sruwirolr vwudwhjlhv T% frqvlvwv ri wkh cPdunry vwudwhjlhv*

wkdw duh frqglwlrqdo rq wkh vwdwh %|n� ehlqj htxdo wr %� Wkdw lv/ ^ ' ��E%c R� zlwk

�� G U� :�$ dfc �o2� Wkh vhw ri dgplvvleoh vwudwhjlhv iru wkh glvwxuedqfh Y% frqvlvwv

ri wkh Pdunry vwudwhjlhv �|n� ' ��E%c ^� zlwk �� G U��dfc �o2 :�$ U�47

Irxu revhuydwlrqv duh lq rughu1 Iluvw/ d pdmru vlpsol�fdwlrq uhodwlyh wr wkh

ruljlqdo sureohp +615, lv wkdw vwudwhjlhv duh ixqfwlrqv ri E%c R�c qrw ri wkh hqwluh

47Pdunry vwudwhjlhv duh dovr nqrzq dv ihhgedfn vwudwhjlhv1 Wkhvh vwudwhjlhv duh forvhg0orrs
vwudwhjlhv lq zklfk klvwru| pdwwhuv rqo| wkurxjk lwv h�hfw rq wkh fxuuhqw vwdwh1 Vhh Edvdu dqg
Rovghu +4<<8,1
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klvwru| ri revhuydwlrqv +i+�j|�'�c R�� Wkh qdph cK" fhuwdlqw| htxlydohqfh sulqflsoh*

ghulyhv iurp wkh idfw wkdw lq wklv vxe0sureohp djhqwv pdnh iruhfdvwv/ dv zhoo dv

frqvxpswlrq dqg sruwirolr ghflvlrqv/ dfwlqj dv li wkh vwdwh %|n� wdnhv wkh ydoxh

ri %� Vhfrqg/ qrwh wkdw wkh glvwxuedqfh �|n� kdv dffhvv wr wkh uhdol}dwlrq ri ^ lq

rughu wr hqvxuh wkdw wkh sruwirolr srolf| lv urexvw1 Wklug/ qr kdug erxqg kdv ehhq

lpsrvhg rq wkh glvwxuedqfh �|n�1 Dv zh vkdoo vhh/ li sureohp +619, kdv d vroxwlrq/

wkh glvwxuedqfh zloo eh erxqghg lq htxloleulxp1 Ilqdoo|/ qrwh wkdw �|n� grhv qrw

dsshdu lq +619,1 Uhfdoo wkdw wkurxjkrxw wkh sdshu zh kdyh vhw �|n� ' f ehfdxvh

lw d�hfwv qhlwkhu %|n� qru +|n��

Wkh wklug vxe0sureohp lv wr ghwhuplqh wkh K" iruhfdvw ri %|n� +fdoo lw %W|n�,/

dqg ri glylghqgv +W|n�� Wr vroyh wklv vxe0sureohp zh zloo ghqrwh wkh sulfh yhfwru

wkdw fohduv dvvhwv dqg jrrgv pdunhwv* zkhq %|n� ' % e| RWE%� G' ERoW| E%�c R
rW
| E%��c

dqg wkh ydoxh ri wkh �frvw0wr0jr� ydoxh ixqfwlrq +619, hydoxdwhg dw wkhvh sulfhv e|

T|n�E%�� Wkdw lv/

T|n�E%� G' T|n�E%( R
WE%�� +61:,

Dv wkh qh{w Wkhruhp vwdwhv/ li lw h{lvwv/ wkh K" hvwlpdwh ri wkh vwdwh lv

%W|n� 5 @h}4@ iT|n�E%� n`|n�E%�j +61;,
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Uhsodflqj %W|n� lq wkh srolflhv wkdw vroyh +619, zh zloo rewdlq wkh sulfh yhfwru wkdw

fohduv dvvhwv dqg jrrgv pdunhwv/ dqg wkh K" iruhfdvwv ri glylghqgv

I|E+|n�� ' %W|n� n _|n� n j�|n��
WE%W|n��� +61<,

Wkh iroorzlqj Wkhruhp surylghv qhfhvvdu| dqg vx!flhqw frqglwlrqv iru dq htxl0

oleulxp wr h{lvw/ dqg vwdwhv wkdw li dq htxloleulxp h{lvwv/ lw fdq eh frqvwuxfwhg

xvlqj wkh dojrulwkp zh kdyh mxvw ghvfulehg1

Wkhruhp 6141 Frqvlghu dq hfrqrp| lq zklfk glvwxuedqfhv vdwlvi| +518,/ wkh uhs0

uhvhqwdwlyh djhqw revhuyhv E+�c ���c +|c R
o
| c R

r
|�c dqg klv remhfwlyh lv +519,1 Wkhq/ iru

d jlyhq ghjuhh ri urexvwqhvv �|n�=

l1 Wkhuh h{lvwv dq htxloleulxp li dqg rqo| li wkhuh duh erxqghg ixqfwlrqv T|n�E%�

dqg `|n�E%�c jlyhq e| +619, dqg +618,/ zklfk vdwlvi|

t�T
%

\E%� G' t�T
%

iT|n�E%� n`|n�E%�j 	 4 +6143,

ll1 +Fhuwdlqw| Htxlydohqfh, Li +6143, krogv dqg \E%� lv vwulfwo| frqfdyh/ wkhuh h{0

lvwv d xqltxh Pdunry shuihfw htxloleulxp1 Frqvxpswlrq ESW| �c dvvhw ghpdqgv

E^oW| c ^rW| � dqg iruhfdvwhg glylghqgv I|E+|n�� duh mrlqwo| ghwhuplqhg e| wkh vrox0
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wlrq wr sureohp +619, wdnlqj wkh vwdwh wr eh %W|n� ' @h}4@ \E%�� Htxloleulxp

dvvhw sulfhv duh vxfk wkdw SW| ' +|c ^
oW
| ' � dqg ^rW| ' f�

Wklv Wkhruhp lpsolhv wkdw rqh fdq ghwhuplqh zkhwkhu dq htxloleulxp h{lvwv

e| frqvlghulqj rqo| Pdunry vwudwhjlhv +l1h1/ vwudwhjlhv wkdw rqo| ghshqg rq wkh

hvwlpdwh ri wkh vwdwh %|n�c dqg sulfhv,1 Li d Pdunry shuihfw htxloleulxp +PSH,

ri wkh jdph ehwzhhq wkh djhqw dqg qdwxuh grhv qrw h{lvw/ wkhq wkhuh h{lvwv qr

rwkhu forvhg0orrs htxloleulxp lq zklfk sruwirolr dqg glvwxuedqfh vwudwhjlhv duh

pruh frpsolfdwhg ixqfwlrqv ri klvwru| i+�j|�'�� Qrwh/ krzhyhu wkdw wklv Wkhruhp

grhv qrw vd| wkdw wkhuh lv d xqltxh forvhg0orrs htxloleulxp1 Li dq PSH h{lvwv/

wkhuh pljkw h{lvw rwkhu htxloleuld lq zklfk vwudwhjlhv kdyh wkh vdph rshq0orrs

uhsuhvhqwdwlrq dv wkh Pdunry vwudwhjlhv148

Lq rughu wr yhuli| wkh frqglwlrqv vwdwhg lq Wkhruhp 614/ dqg rewdlq d forvhg0

irup irupxod iru wkh glylghqg*v iruhfdvw dqg iru dvvhw sulfhv zh qhhg wr ghulyh

lq forvhg irup wkh ydoxh ixqfwlrqv `|n�E%� dqg T|n�E%�� Zh zloo surfhhg e| �uvw

48Lq wklv irrwqrwh zh pdnh d eulhi ghwrxu dqg h{sodlq zk| wkh qdph K
4

lv xvhg1 Ohw J" eh d
olqhdu rshudwru wkdw pdsv dq lqsxw vhtxhqfh i$mjw.4m@3 wr d fhuwdlq remhfwlyh xqghu frqwuro srolf|
"= Wkh K

4
lqgxfhg qrup ri wkh rshudwru J" lv wkhq gh�qhg dv

n J"$ n4@ vxs
$5o5>^3>w.4`>$ 9@3

n J"$ n5^3>w.4`
n $ n5^3>w.4`

zkhuh n $ n5^3>w.4` lv wkh o5�qrup ri wkh vhtxhqfh $= Li zh ohw wkh qxphudwru eh htxdo wr wkh
�uvw wzr whupv lq M+"+Lw,> $> s, lq +614,/ zh fdq uhvwdwh Sureohp K dv �qglqj sruwirolr srolflhv
wkdw dfklhyh n J"$ n4? �> dqg �qglqj � @ lqi"5T n J"$ n4 =
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ghulylqj wkhvh ixqfwlrqv/ dqg wkhq dsso|lqj sduw +ll, ri wkh Wkhruhp wr ghulyh wkh

irupxodv vwdwhg lq Sursrvlwlrq 5151 Dv zh vkdoo vhh/ h{lvwhqfh frqglwlrq +6143,

krogv li dqg rqo| li wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu vdwlv�hv= �|n� : �
|n�

�

6141 Ghulydwlrq ri wkh Frvw0wr0Frph Ydoxh Ixqfwlrq Z|n�E%�

Zh zloo ghulyh `|n�E%� e| uhsuhvhqwlqj +618, dv d uhfxuvlyh sureohp1 Lq rughu wr

gr wklv ohw lrE%m+r� eh wkh vhw ri dgplvvleoh glvwxuedqfh vhtxhqfhv wkdw eulqj wkh

vwdwh wr ohyho % dw wlph rn�c dqg wkdw duh frqvlvwhqw zlwk glylghqg klvwru| i+�jr�'�

lrE%m+r� G'
�
/ 5 lr m % ' frE/

r3��
�
c r 5 i�c ���c |j +6144,

Dqdorjrxvo| wr +618, zh fdq wkhq gh�qh wkh frvw0wr0frph ydoxh ixqfwlrq/ frqgl0

wlrqdo rq lqirupdwlrq xs wr wlph r dv

`rn�E%� ' t�T
/rMlrE%�+r�

��2|n�

t[
�'f

�
�2

� n �2�
�
c r 5 i�c ���c |j +6145,

Li +6145, kdv d �qlwh vroxwlrq/ lw vdwlv�hv wkh iroorzlqj iruzdug g|qdplf surjudplqj

htxdwlrq
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`rn�E%� '

;AAAAAA?AAAAAA=

4@ 
E1c�c��

�
`rE1�� �2|n� d�

2 n �2o
�

vxemhfw wr
% ' @r1 n j�r�

+r ' 1 n _r n j�r�

r 5 i�c ���c |j +6146,

`�E%� ' � %2�2|n�j
32
�f

Qrwh wkdw E1c �c �� fruuhvsrqgv wr E%rc �rc �r� dqg wkdw % fruuhvsrqgv wr %rn��

Iruzdug g|qdplf surjudplqj sureohpv duh vroyhg lq d vlplodu zd| wr vwdqgdug

edfnzdug GS sureohpv1 Wkh gl�huhqfh lv wkdw wkh| duh vroyhg vwduwlqj dw lqlwldo

wlph/ qrw whuplqdo wlph1 Wr vroyh sureohp +6146, zh qhhg wr �qg d forvhg irup

vroxwlrq iru wkh ydoxh ixqfwlrq `rn�E%�� Vlqfh `rn�E%� lv wkh vxsuhpxp ri d

txdgudwlf ixqfwlrq vxemhfw wr dq d!qh frqvwudlqw/ lw lv txdgudwlf lq %� Wkh qh{w

Ohppd/ zklfk lv suryhg lq wkh Dsshqgl{/ surylghv wkh vroxwlrq1

Ohppd 615 +Frvw0wr0Frph Ydoxh Ixqfwlrq,1 Iru dq| �|n� : f wkh vroxwlrq

wr +6146, lv

`rn�E%� ' �d%� �%rn�o
2grn� n ,rn�c r 5 i�c ���c |j +6147,
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zkhuh ,rn� lv lqghshqghqw ri %/ dqg Egrn�c �%rn�� vdwlvi| wkh uhfxuvlrq= g� '

�2|n�j
32
�f/ �%� ' fc dqg iru r 5 i�c ���c |j

�%rn� ' @r�%r n
@r

� n j2
�r�

32
|n�gr

d+r � _r � �%ro

grn� '

�
@2r
�r

n �32|n�j
2
�r

�
3�

c zlwk �r ' �2|n�j
32
�r ngr +6148,

Qrwlfh wkh vlplodulw| ehwzhhq uhfxuvlrq +6148, dqg �owhulqj irupxod +51;, wkdw

zh xvhg lq wkh -. hfrqrp|1

6151 Ghulydwlrq ri wkh Frvw0wr0Jr Ydoxh Ixqfwlrq Y|n�E%�

Zh fdq wklqn ri sureohp +619, dv d }hur0vxp jdph ehwzhhq wkh djhqw dqg qdwxuh

lq zklfk wkh djhqw fkrrvhv ^o| dqg ^r| c zkloh qdwxuh fkrrvhv wkh glvwxuedqfh �|n��

Lq wklv jdph wkh vwdwh +%|n� ' %� lv shuihfwo| revhuyhg e| erwk sod|huv/ dqg qdwxuh

kdv dffhvv wr ^o| dqg ^r| � Lq d Pdunry shuihfw htxloleulxp ri wklv jdph wkh vwudwhjlhv

vdwlvi|=

��W|n�E%c ^( R� '

;AA?AA=
d63^o| _|n�3^

o
| %3^

r
| o^

o
| j�|n�

^o2| j2�|n�3q
3��2|n�

li �2|n� : q^o2| j2
�|n�

4 rwkhuzlvh

+6149,
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��oW
| E%( R� '

Ro| d+| n Ro| �6� ��rW
| Rr| o n q d6� ��rW

| o +
W

|n�E%�

Ro2| n q+W|n�E%�
2

+614:,

��rW
| E%( R� '

Rr| d+| n Ro| �6� ��oW
| Ro| o n q

�
6� ��oW

| +W|n�E%�
�

Rr2| n q
+614;,

Iru dq| jlyhq ydoxh ri %|n� +vd| %�c htxloleulxp sulfhv RWE%� lqgxfh wkh uhs0

uhvhqwdwlyh djhqw wr vhw ��oW
| E%c R

WE%�� ' � dqg ��rW
| E%c R

WE%�� ' f1 Lw iroorzv iurp

+6149, wkdw dw htxloleulxp sulfhv wkh glvwxuedqfh lv �W|n�E%� '
d63_|n�3%oj�|n�
j2�|n�3q

3��2|n�
� Uh0

sodflqj wklv lq +619, zh kdyh wkdw dw htxloleulxp sulfhv wkh frvw0wr0jr ydoxh ixqfwlrq

T|n�E%( R
oW
| E%�c R

rW
| E%�� lv htxdo wr

T|n�E%� '

;AA?AA=
d63_|n�3%o

2

q3�3�32|n�j
2
�|n�

n d6� +|o
2 li �2|n� : qj2

�|n�

4 rwkhuzlvh
+614<,

D nh| srlqw wr qrwlfh lv wkdw wkh nhuqho lq +619, lv dq lqgh�qlwh txdgudwlf irup lq

�|n�� Ghshqglqj rq wkh ydoxh ri �|n�c lw pljkw ru pljkw qrw eh frqfdyh lq �|n�� Wklv

lqgh�qlwhqhvv lv nh| lq slqqlqj grzq wkh ehvw shuirupdqfh �
|n�

� Li wkh frqglwlrq

rq �|n� vshfl�hg lq +6149, lv qrw vdwlv�hg/ wkhq lq htxloleulxp wkh nhuqho ri +619, lv

qrw frqfdyh lq �|n�c dqg Sureohp K kdv qr vroxwlrq1 Vlqfh dw htxloleulxp sulfhv

^oW| ' � dqg ^rW| ' fc lw iroorzv iurp +6149, wkdw d qhfhvvdu| frqglwlrq iru wkh K"

glvwxuedqfh �W|n� dqg wkh ydoxh ixqfwlrq T|n�E%� wr eh erxqghg lq htxloleulxp lv
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wkdw �2|n� : qj2
�|n��

6161 Ghulydwlrq ri %W|n� dqg Surri ri Sursrvlwlrq 515

Wkh �uvw wzr vxe0sureohpv zhuh vroyhg xqghu wkh dvvxpswlrq wkdw wkh vwdwh %|n�

kdg d sduwlfxodu ydoxh %� Wkh ydoxh ixqfwlrqv dvvrfldwhg zlwk wkhvh vxe0sureohpv

duh T|n�E%� dqg `|n�E%�� Wkh wklug vxe0sureohp lv wr rewdlq dq hvwlpdwh ri %|n��

Wkhruhp +614, vd|v wkdw %W|n� ' @h}4@ iT|n�E%� n`|n�E%�j � Xvlqj +6147, dqg

+614<, zh kdyh wkdw

%W|n� '

;AA?AA=
63_|n�3dq3�3�32|n�j2�|n�og|n��%|n�

�3dq3�3�32|n�j2�|n�og|n�

li �2|n� : �2
|n�

G'
j2�|n�

q3�3g3�|n�

4 li �2|n� � �2
|n�

+6153,

Qrwh wkdw ^T|n�E%� n `|n�E%�o lv frqfdyh lq % li dqg rqo| li g|n� : dq3� �

�32|n�j
2
�|n�o

3�� Uhfdoo wkdw wkh ixqfwlrq T|n�E%� lv erxqghg li dqg rqo| li �2|n� :

qj2
�|n�� Vlqfh wklv odvw frqglwlrq lv lpsolhg e| wkh frqfdylw| ri ^T|n�E%�n`|n�E%�oc

lw iroorzv wkdw %W|n� lv �qlwh li dqg rqo| li �2|n� : �2
|n�

�

Qrwh wkdw wkh h{suhvvlrq iru %W|n� lq +6153, kdv gl�huhqw whupv wkdq +5144,

lq Sursrvlwlrq 5151 Wkh iruphu frqwdlqv +g|n�c �%|n��/ zkloh wkh odwwhu frqwdlqv

+~|n�c 	%|n��� Lq rughu wr vkrz wkdw +6153, dqg +5144, duh lqghhg lghqwlfdo vlpso|

pdnh wkh vxevwlwxwlrq ~r G' �2|n�g
3�
r lq uhfxuvlrq +6148, dqg lq +6153,1 Lw lv

7:



vwudljkwiruzdug wr yhuli| wkdw �%r ' 	%r iru doo r 5 i�c ���c |j dqg wkdw �2|n� :
j2�|n�

q3�3g3�|n�

lv htxlydohqw wr �2|n� : qd~|n� n j2
�|n�o�

Qh{w/ zh yhuli| wkdw �2|n� : �2
|n�

hqvxuhv wkdw wkh ydoxh ixqfwlrqv T|n�E%�

dqg `|n�E%� duh erxqghg1 Zh vkrz lq wkh surri ri Ohppd 615 wkdw iru doo

�|n� : f wkh ydoxh ixqfwlrq `|n�E%� lv erxqghg dqg wkdw g|n� : f� Wr vkrz

wkdw T|n�E%� lv erxqghg li �2|n� : �2
|n�

qrwh wkdw ~|n� ' �2|n�g
3�
|n� : f� Wkxv/

�2
|n�

G' q
�
~|n� n j2

�|n�

�
: qj2

�|n�� Vlqfh T|n�E%� lv erxqghg li dqg rqo| li �2|n� :

qj2
�|n�c wkh uhvxow iroorzv1

Htxloleulxp sulfhv duh ghwhuplqhg e| vxevwlwxwlqj %W|n� lq +614:, dqg +614;,

dqg lpsrvlqj dvvhw pdunhw fohdulqj1 Wkdw lv/ htxloleulxp sulfhv duh vxfk wkdw

�oW
| E%

W

|n�c R
WE%W|n��� ' � dqg �rW

| E%
W

|n�c R
WE%W|n��� ' f1 Wklv v|vwhp ri htxdwlrqv kdv

d xqltxh vroxwlrq jlyhq e| +5145, lq Sursrvlwlrq 5151 Glylghqgv* iruhfdvw lq +5143,

duh rewdlqhg e| uhsodflqj +6153, dqg �W|n�E%� '
d63_|n�3%oj�|n�
j2�|n�3q

3��2|n�
lq +516,1

Vxpplqj xs/ zh kdyh vkrzq wkdw iru hyhu| �2|n� : �2
|n�

wkhuh lv d xqltxh

Pdunry sulfh yhfwru RWE%W|n��c vxfk wkdw ��
oW
| E%

W

|n�c R
WE%W|n��� ' � dqg ��rW

| E%
W

|n�c R
WE%W|n��� '

f vroyh SureohpK1 Ixuwkhupruh/ jlyhq pdunhw fohdulqj/ wkh frqglwlrq �2|n� : �2
|n�

lv qhfhvvdu| dqg vx!flhqw iru wkh glvwxuedqfh vhtxhqfh i��c ��j|n�
�'f wr eh vtxduh

vxppdeoh1 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 5151
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71 Dvvhw Sulflqj Sx}}ohv

Lq wklv Vhfwlrq zh vlpxodwh glylghqg gdwd e| gudzlqj vkrfnv iurp d udqgrp

qxpehu jhqhudwru/ dqg frqvwuxfwlqj duwl�fldo -. dqg K" sulfh vhtxhqfhv1 Zh

wkhq yhuli| zkhwkhu wkhvh sulfh vhtxhqfhv h{klelw suhglfwdelolw| ri h{fhvv uhwxuqv/

h{fhvv yrodwlolw|/ dqg d kljk htxlw| suhplxp zkloh pdlqwdlqlqj d orz ulvn0iuhh

lqwhuhvw udwh1 Odvwo|/ lqvwhdg ri xvlqj vlpxodwhg glylghqgv/ zh ihhg wkh -. dqg

K" sulfh irupxodh zlwk klvwrulfdo XV glylghqg gdwd/ dqg dqdo|}h krz zhoo wkh|

wudfn wkh dfwxdo XV vwrfn pdunhw149

Wkurxjkrxw wklv vhfwlrq zh zloo dvvxph wkdw wkh gdwd jhqhudwlqj surfhvv lv

jlyhq e| +516,/ wkdw wkh glvwxuedqfhv i��j|n�
�'fc i��j|n�

�'f duh l1l1g1 �Efc ��c dqg wkdw

wkh sdudphwhuv ri wkh gdwd jhqhudwlqj surfhvv E@c _c j�c j�� duh frqvwdqw1 Zh

vhw wkhp htxdo wr wkhlu pd{lpxp olnholkrrg hvwlpdwhv dvvrfldwhg zlwk XV vwrfn

pdunhw gdwd iru wkh shulrg 4;:404<<: +vhh +919,,1 Zh wkhq frqvwuxfw vhtxhqfhv

ri iruhfdvwv dqg sulfhv xvlqj irupxodv +51<, dqg +5145, vhwwlqj wkh glvfrxqw idfwru

q ' f�bDc dqg wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu htxdo wr d frqvwdqw � : �
|n�

�

49Dv zh phqwlrqhg lq wkh Lqwurgxfwlrq/ wkhvh dqrpdolhv fdq eh udwlrqdol}hg zlwkrxw lqyrnlqj
K
4

iruhfdvwlqj1 Iru lqvwdqfh/ Fdpsehoo dqg Frfkudqh +4<<<, uhsurgxfh wkh deryh0phqwlrqhg
sx}}ohv e| dgglqj dq h{whuqdo wlph0ydu|lqj kdelw wr wkh vwdqgdug srzhu xwlolw| ixqfwlrq1 Edu0
ehulv/ hw1 do1 +4<<<, frqvlghu suhihuhqfhv wkdw duh ghshqghqw rq sulru rxwfrphv/ dqg wkdw duh
pruh vhqvlwlyh wr uhgxfwlrqv lq zhdowk wkdq wr lqfuhdvhv1 Frqvwdqwlqlghv dqg Gx!h +4<<9,/ dqg
Khdwrq dqg Oxfdv +4<<9, frqvlghu wkh fdvh ri pdunhw lqfrpsohwqhvv/ zkloh Wlpphupdq +4<<9,
frqvlghuv d ohuqlqj vhwxs1
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Odvwo|/ zh fkrrvh wkh ydoxh ri wkh xwlolw| ixqfwlrq*v sdudphwhu 6 vr wkdw wkh

dyhudjh vlpxodwhg ulvn0iuhh udwh lq rxu -. hfrqrp| htxdov wkh dyhudjh 709 prqwk

frpphufldo sdshu udwh ryhu wkh shulrg 4;:404<<:1 Wkh ghwdlov duh lq wkh Dsshqgl{1

7141 Suhglfwdelolw| ri H{fhvv Uhwxuqv

D �qglqj lq wkh hpslulfdo pdfurhfrqrplfv olwhudwxuh lv wkdw vwrfn uhwxuqv fdq

eh suhglfwhg xvlqj sdvw lqirupdwlrq1 Vhyhudo uhvhdufkhuv kdyh uhjuhvvhg h{fhvv

uhwxuqv/ ryhu ydulrxv krul}rqv/ rqwr sdvw udwlrv ri glylghqgv ru hduqlqjv wr sulfhv1

Wkh| kdyh irxqg wkdw wkh hvwlpdwhv ri wkh frh!flhqwv fruuhvsrqglqj wr wkhvh

udwlrv duh vljql�fdqwo| gl�huhqw iurp }hur dw wkh xvxdo vljql�fdqfh ohyhov +vhh/ iru

lqvwdqfh Idpd dqg Iuhqfk +4<;;,,1 Lq rxu vlpxodwlrqv zh frqvlghu wkh iroorzlqj

uhjuhvvlrq htxdwlrq

4|n� ' kf n k�
+|
Ro|

n �|n� +714,

zkhuh h{fhvv uhwxuqv +4|n�� dqg wkh vdih uhwxuq +� n or| � duh jlyhq e|

4|n� �
+|n� � d� n or| oR

o
|

Ro|
c � n or| '

�

Rr|
+715,

Xvlqj wkh vlpxodwhg glylghqg vhtxhqfhv zh frqvwuxfw 433 vhtxhqfhv ri sulfhv dqg

h{fhvv uhwxuqv1 Zh wkhq uhjuhvv h{fhvv uhwxuqv rqwr wkh sdvw udwlr ri glylghqgv
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wr sulfhv1 Wkh uhjuhvvlrqv wkdw fruuhvsrqg wr udwlrqdo h{shfwdwlrqv duh edvhg rq

sulfh irupxodv +51<,/ zkloh wkrvh wkdw fruuhvsrqg wr K" duh edvhg rq +5145,1

Wdeoh 4 uhsruwv wkh vlpxodwlrq uhvxowv1 Zh �qg wkdw xvlqj wkh -. sulfh vh0

txhqfhv wkh hvwlpdwhg frh!flhqw 	k� lv gl�huhqw iurp }hur/ dw wkh 4( vljql�fdqfh

ohyho/ lq rqo| SI ri wkh uhjuhvvlrqv1 Wkh dyhudjh |�vwdwlvwlf dfurvv wkh 433 uhjuhv0

vlrqv lv rqo| f�..c zkloh wkh |�vwdwlvwlf ri wkh uhjuhvvlrq wkdw xvhv dfwxdo XV gdwd

lv ��.��

Wkh uhjuhvvlrq uhvxowv xvlqj K" iruhfdvwv zlwk d glvwxuedqfh dwwhqxdwlrq sd0

udphwhu � ' 4 duh vlplodu wr wkrvh uhsruwhg iru wkh udwlrqdo h{shfwdwlrqv fdvh1

Wklv vkrxog frph dv qr vxusulvh/ jlyhq wkh htxlydohqfh ri wkh -. dqg wkhK" iruh0

fdvwlqj irupxodh zkhq � ' 4� Qrwh/ krzhyhu/ wkdw zkhq � lv vhw dw d vx!flhqwo|

orz ohyho +vd| � ' f�D�c wkh sursruwlrq ri fdvhv lq zklfk 	k� lv vljql�fdqw lqfuhdvhv

wr HfI/ dqg wkh dyhudjh -2 lv 73(1 Uhfdoo wkdw � fdqqrw eh vhw duelwudulo| vpdoo1

Sursrvlwlrq 515 vwdwhv wkdw lwv lq�pxp lv jlyhq e| �
|n�

G' d~|n� n j2
�oq ' f��2� Li

� � �
|n�

c dq htxloleulxp grhv qrw h{lvw1
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7151 H{fhvv Yrodwlolw|

OhUr| dqg Sruwhu +4<;4, dqg Vkloohu +4<;4, kdyh vkrzq wkdw vwrfn sulfhv duh

wrr yrodwloh wr eh jhqhudwhg e| udwlrqdo h{shfwdwlrqv iruhfdvwv zlwk d frqvwdqw

glvfrxqw idfwru1 Wkh| frpsduh wkh yduldqfh ri dfwxdo sulfhv zlwk wkh yduldqfh

ri wkh sulfh vhtxhqfhv wkdw zrxog suhydlo li wkh glvfrxqw idfwru zhuh frqvwdqw

dqg djhqwv kdg shuihfw nqrzohgjh ri ixwxuh glylghqgv +ghqrwh lw e| �R|�� Vlqfh d

udwlrqdo h{shfwdwlrqv iruhfdvw fdqqrw kdyh d juhdwhu yduldqfh wkdq wkh txdqwlw| lw

lv iruhfdvwlqj/ �@oERoe| � � �@oE�R|��

Vhyhudo uhvhdufkhuv kdyh irxqg wkdw wkh yduldqfh ri dfwxdo vwrfn sulfhv lq wkh

X1V1 kdv ehhq vhyhudo wlphv juhdwhu wkdq �@oE�R|�� Wklv ylrodwlrq ri yduldqfh erxqgv/

lv qrw d uhmhfwlrq ri wkh k|srwkhvlv ri h!flhqw pdunhwv/ dv lw fdq eh fdxvhg e| wkh

h{lvwhqfh ri wlph ydu|lqj glvfrxqw idfwruv/ ohduqlqj/ hwf1 Wkh vlpxodwlrqv ri wklv

vxevhfwlrq vkrz wkdw/ li wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu � lv orz hqrxjk/

K" sulfhv ylrodwh wkh yduldqfh erxqgv +l1h1/ �@oER�| � : �@oE�R|���

Wdeoh 5 uhsruwv wkh uhvxowv ri rxu vlpxodwlrqv1 Wkh gdwd jhqhudwlqj surfhvv lv

wkh vdph dv wkh rqh lq wkh suhylrxv vxevhfwlrq1 Djdlq/ zh jhqhudwh 433 glylghqg

vhtxhqfhv1 Wkhq/ iru hdfk ydoxh ri � vkrzq lq wkh wdeoh/ zh frqvwuxfw 433 sulfh
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vhtxhqfhv xvlqj irupxod +5145,/ dqg frpsxwh wkh phdq yduldqfh j2ER��1 Zh dovr

frpsxwh 433 vhtxhqfhv ri cVkloohu sulfhv/* xqghu wkh dvvxpswlrq wkdw djhqwv kdyh

shuihfw nqrzohgjh ri qh{w shulrg*v glylghqgv/ e| vxevwlwxwlqj +|n� iru I|E+|n�� lq

+5145,1 Wkh phdq yduldqfh ri wkhvh sulfh vhtxhqfhv lv ghqrwhg e| j2E�R� lq wkh

wdeoh1 Iru wkh udwlrqdo h{shfwdwlrqv froxpq zh xvh sulfh irupxod +51<,1

Dv h{shfwhg/ xqghu udwlrqdo h{shfwdwlrqv/ wkh yduldqfh udwlr
�
j2ERoe�
j2E�R|�

�
lv pxfk

vpdoohu wkdq wkh udwlr jhqhudwhg e| XV gdwd= ���D yhuvxv ��2S� Ixuwkhupruh/

lq doo vlpxodwlrqv j2ERoe� 	 j2E�R|� dv irxqg e| Vkloohu +4<;4, dqg vhyhudo rwkhu

uhvhdufkhuv1 Vlplodu uhvxowv rewdlq zkhq zh xvh wkh K" sulflqj irupxod zlwk

� ' 4 +l1h1/ djhqwv gr qrw fduh derxw urexvwqhvv,1 Krzhyhu/ dv � lv uhgxfhg/ wkh

udwlr j2ER��
j2E�R|�

lqfuhdvhv prqrwrqlfdoo|1 Iru � ' f�Dc wkh dyhudjh yduldqfh udwlr htxdov

51571 Ixuwkhupruh/ iru � ' f��� wklv udwlr lv H�H. dqg wkh sursruwlrq ri fdvhv lq

zklfk j2ER�� � ej2E�R|� htxdov <3(1
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7161 Wkh Htxlw| Suhplxp Sx}}oh

Klvwrulfdoo|/ wkh dyhudjh h{fhvv uhwxuq rq XV vwrfnv ryhu vkruw0whup ghew kdv ehhq

durxqg 9( shu |hdu1 Wkh chtxlw| suhplxp sx}}oh* ri Phkud dqg Suhvfrww +4<;8,

lv wkdw/ lq d vwdqgdug wlph0dgglwlyh srzhu xwlolw| prgho/ dq htxlw| suhplxp ri

9( lv frqvlvwhqw zlwk wkh kljko| vprrwk X1V1 frqvxpswlrq vhtxhqfhv rqo| li wkh

frh!flhqw ri uhodwlyh ulvn dyhuvlrq lv xquhdvrqdeo| odujh1 Wkh dvvrfldwhg culvn0iuhh

udwh sx}}oh* lv wkdw/ lq wkh vwdqgdug prgho/ wkh ulvn0iuhh udwh kdv wr eh yhu| odujh

lq rughu wr jhqhudwh revhuyhg htxlw| suhpld1

Wdeoh 6 uhsruwv wkh uhvxowv ri rxu vlpxodwlrqv1 Wkh gdwd jhqhudwlqj surfhvv

lv wkh vdph dv wkh rqh lq suhylrxv vxevhfwlrqv1 Djdlq/ zh jhqhudwh 433 glylghqg

vhtxhqfhv1 Iru hdfk ydoxh ri � vkrzq lq Wdeoh 6/ zh frqvwuxfw 433 sulfh vhtxhqfhv

xvlqj irupxod +5145,1 Wkhq/ zh frpsxwh 433 vhtxhqfhv ri ulvn iuhh udwhv or| '
�
Rr|
��/

ri udwhv ri uhwxuq rq htxlw| o| '
+|n�3R

o
|

Ro|
c dqg ri htxlw| suhpld +o| � or| �� Lq wkh

udwlrqdo h{shfwdwlrqv fdvh zh iroorz wkh vdph surfhgxuh xvlqj +51<, lqvwhdg ri

+5145,1

Lq Wdeoh 6 zh uhsruw/ iru hdfk �c wkh dyhudjh htxlw| suhplxp +7o� 7or� dqg wkh

dyhudjh ulvn iuhh udwh 7o1 Dv zh h{sodlqhg ehiruh/ zh fkrvh6 vr wkdw/ lq wkh udwlrqdo
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h{shfwdwlrqv fdvh/ wkh vlpxodwhg dyhudjh ulvn0iuhh lqwhuhvw udwh htxdov wkh dyhudjh

lqwhuhvw udwh rq frpphufldo sdshu ryhu wkh shulrg 4;:404<<:1 Dv h{shfwhg/ lq wkh

-. fdvh wkh htxlw| suhplxp lv pxfk vpdoohu wkdq wkh rqh revhuyhg lq wkh gdwd=

414:( yhuvxv 81:8(1 Lq wkh K" fdvh wkh dyhudjh htxlw| suhplxp lv dovr yhu|

vpdoo li djhqwv gr qrw fduh derxw urexvwqhvv +l1h1/ � ' 4�� Krzhyhu/ wkh htxlw|

suhplxp lqfuhdvhv dv � idoov1 Iru wkh fdvh � ' f�D lw dwwdlqv d ydoxh ri 81<(/ zkloh

pdlqwdlqlqj d orz ulvn0iuhh lqwhuhvw udwh1

8:
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7171 Wudfnlqj wkh XV Vwrfn Pdunhw

Lq wklv vxevhfwlrq zh ihhg wkh -. dqg K" sulfh irupxodh zlwk klvwrulfdo XV

glylghqg gdwd/ dqg dqdo|}h krz zhoo wkh| wudfn wkh dfwxdo XV vwrfn pdunhw ryhu

wkh shulrg 4;:404<<91

Wkh vrolg olqh lq Iljxuh 5 sorwv wkh dfwxdo XV vwrfn sulfh1 Wkh grwwhg olqh fruuh0

vsrqgv wr wkh sulfh vhtxhqfh wkdw zrxog kdyh ehhq revhuyhg li sulfhv zhuh rewdlqhg

xvlqj wkh K" irupxod +5145, vhwwlqj � ' f���� Wkh eurnhq olqh fruuhvsrqgv wr wkh

udwlrqdo h{shfwdwlrqv sulfh irupxod +51<,1 Zh frqvwuxfw wkh -. dqg K" sulfh

vhtxhqfhv e| ihhglqj irupxodv +51<, dqg +5145,/ uhvshfwlyho|/ zlwk sdvw revhuyhg

glylghqgv lq wkh X1V1 vwrfn pdunhw1 Zh vhw wkh sdudphwhuv E@c _c j�c j�c qc6�

htxdo wr wkh ydoxhv wkh| wdnh lq Wdeohv 4061

Sdqho +d, lq Iljxuh 5 sorwv wkh sulfh vhtxhqfhv iru wkh shulrg 4;:404<<9/ zkloh

sdqho +e, sorwv sulfhv iru wkh vxe0shulrg 4<:804<<91 Dv fdq eh vhhq/ wkh K" sulfh

vhtxhqfh wudfnv wkh dfwxdo V)S833 lqgh{ ehwwhu wkdq wkh -. sulfh vhtxhqfh1

Iljxuh 6 pdnhv wklv srlqw fohdu1 Lw sorwv wkh phdq vtxduh gl�huhqfh ehwzhhq wkh

V)S 833 lqgh{ dqg K" sulfhv iru gl�huhqw ydoxhv ri � : � ' f��2 ryhu wkh shulrg

4;:404<<91 Wkh PVH lv plqlpl}hg dw � ' f���c zklfk lv wkh ydoxh xvhg lq Iljxuh

8<
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7181 Vhqvlwlylw| ri Iruhfdvwv wr Qhzv dqg wkh Ehkdylrudo Olwhudwxuh

Wkh delolw| ri K" sulfhv wr jhqhudwh dqrpdolhv h{klelwhg e| X1V1 pdfurhfrqrplf

gdwd uh hfwv wkh idfw wkdw/ lq rxu h{fkdqjh hfrqrp|/ K" iruhfdvwv duh pruh vhqvl0

wlyh wr glylghqg qhzv wkdq -. iruhfdvwv1 Ixuwkhupruh/ wklv vhqvlwlylw| lv juhdwhu/

wkh juhdwhu lv wkh ghjuhh ri urexvwqhvv +l1h1/ wkh vpdoohu lv wkh glvwxuedqfh dwwhq0

xdwlrq sdudphwhu ���

Wkh olqn ehwzhhq vhqvlwlylw| wr qhzv dqg wkh ghjuhh ri urexvwqhvv fdq eh

dssuhfldwhg lq wkh lpsxovh uhvsrqvh ixqfwlrqv ri Iljxuh 71 Wklv Iljxuh ghslfwv/

iru gl�huhqw ydoxhv ri �c wkh hyroxwlrq ri wkh rqh0shulrg0dkhdg glylghqg iruhfdvw

I|3�E+|� lq uhvsrqvh wr d shuvlvwhqw vkrfn dw wlph f� Dv fdq eh vhhq/ dw doo wlph

krul}rqv wkh iruhfdvwv* uhvsrqvh fruuhvsrqglqj wr � ' f�. duh juhdwhu wkdq wkrvh

iru � ' f�bc zklfk lq wxuq duh juhdwhu wkdq wkh -. iruhfdvwv +l1h1/ � ' 4��

Lq zkdw iroorzv zh zrxog olnh wr olqn wkh h{fhvv vhqvlwlylw| ri K" iruhfdvwv

wr wkh ehkdylrudo olwhudwxuh1 Wklv olwhudwxuh kdv udwlrqdol}hg d qxpehu ri dqrp0

dolhv e| srvwxodwlqj wkdw djhqwv duh erxqghgo| udwlrqdo1 Wkdw lv/ dowkrxjk djhqwv

rswlpl}h dq remhfwlyh ixqfwlrq dqg �owhu lqirupdwlrq xvlqj Ed|hv odz/ wkh| plv0

shufhlyh wkh wuxh prgho ri wkh hfrqrp|1 Dq dsshdolqj ihdwxuh ri wklv olwhudwxuh lv
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wkdw lw frqvlghuv plvshufhswlrqv wkdw uh hfw uhjxodulwlhv hvwdeolvkhg e| sv|fkrorj0

lfdo h{shulphqwv +h1 j1 Ndkqhpdq dqg Wyhuvn| +4<:5,14:

Iru lqvwdqfh/ lq rughu wr udwlrqdol}h h{fhvv yrodwlolw| dqg orqj0whup uhyhuvdov/

uhvhdufkhuv kdyh dvvxphg wkdw djhqwv plvshufhlyh vkrfnv dv ehlqj pruh shuvlv0

whqw wkdq zkdw wkh| dfwxdoo| duh1 Dv d uhvxow/ wkhlu iruhfdvwv duh pruh vhqvlwlyh

wr qhzv wkdq udwlrqdo h{shfwdwlrqv* iruhfdvwv +l1h1/ wkh| ryhuuhdfw,1 Wklv ehkdy0

lrudo dvvxpswlrq fdswxuhv sv|fkrorjlfdo uhjxodulwlhv vxfk dv ryhufrq�ghqfh dqg

dvvrfldwlyhqhvv14;

Wkh srlqw zh zdqw wr pdnh lv wkdw/ lq d vlpsoh dvvhw sulflqj prgho/ h{fhvv

vhqvlwlylw| wr qhzv fdq uhvxow iurp hlwkhu= +d,plvshufhswlrq ri wkh gxudwlrq ri

vkrfnv lq d ehkdylrudo vhwxs/ ru +e,iurp d ghvluh iru urexvwqhvv lq dqK" vhwxs1 Wr

looxvwudwh wklv srlqw frqvlghu wkh prgho ri Gdqlho/ Kluvkohlihu dqg Vxeudkpdq|dp

+4<<;/ khqfhiruwk GKV,1 Lq GKV djhqwv duh ryhufrq�ghqw derxw wkh suhflvlrq ri

wkhlu sulydwh vljqdov1 Diwhu revhuylqj d vljqdo djhqwv hvwlpdwh/ xvlqj Ed|hv odz/

wkh xqrevhuydeoh vwdwh wkdw zloo ghwhuplqh wkh sd|r� ri wkh dvvhw dw whuplqdo wlph

4:Vhh Eduehulv/ hw1do1 +4<<;,/ Fhffkhwwl/ hw1 do1 +4<<:,/ Gdqlho/ hw do1 +4<<;,/ dqg Pxoodlqdwkdq
+4<<<,1

4;Ryhufrq�ghqw djhqwv ylhz wkhpvhoyhv dv pruh deoh wr ydoxh dvvhwv wkdq zkdw wkh| dfwxdoo|
duh/ vr wkdw wkh| xqghuhvwlpdwh wkhlu iruhfdvw huuru yduldqh1 Dvvrfldwlyhqhvv lpsolhv wkdw d vljqdo
d�hfwv eholhiv qrw rqo| wkurxjk wkh lqirupdwlrq lw frqyh|v/ exw dovr wkurxjk wkh phprulhv lw
hyrnhv1
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+fdoo lw %�1 Wkh sulfh dw wlph | lv wkh hvwlpdwh ri % dw wlph |�4<

Wr vhh wkh olqn ehwzhhq rxu vhwxs dqg wkdw ri GKV qrwh wkdw lq wkhlu vhwxs

djhqwv revhuyh d vhtxhqfh ri vljqdov dqg hvwlpdwh wkh xqrevhuydeoh vwdwh/ zklfk lv

d frqvwdqw1 Xvlqj rxu qrwdwlrq wklv lv htxlydohqw wr +| ' %nj��| +vhh +516,,/ zkhuh

% � �Efc j�� dqg �| � �Efc ��1 Lw iroorzv wkdw wkhlu ryhufrq�ghqfh dvvxpswlrq lv

htxlydohqw wr d vlwxdwlrq lq zklfk djhqwv shufhlyh wkh qrlvh0wr0vljqdo udwlr E�? ' �j2�
�j2�
�

wr eh orzhu wkdq zkdw lw dfwxdoo| lv +l1h1/ �? 	 ? G' j2�
j2�
�� Frqvlghu qrz dq hfrqrp|

olnh wkh rqh ri vxevhfwlrq 514/ exw zkhuh djhqwv duh ryhufrq�ghqw +l1h1/ �? 	 ?�� Lw

wkhq iroorzv iurp wkh -. iruhfdvwlqj irupxodh +51;, wkdw wkh jdlq zloo eh juhdwhu

+l1h1/ �E�?� : �E?��/ dqg wkhuh zloo eh h{fhvv vhqvlwlylw| wr qhzv153 Wr frpsohwh wkh

dqdorj|/ uhfdoo wkdw wkh K" glylghqg iruhfdvwv duh ghfuhdvlqj lq wkh glvwxuedqfh

dwwhqxdwlrq sdudphwhu �c dqg wkdw wkh| duh htxdo wr wkh -. iruhfdvw li � $ 4�

Frqvhtxhqwo|/ zh fdq vxjjhvw wkdw juhdwhu vhqvlwlylw| wr qhzv uh hfwv hlwkhu

juhdwhu urexvwqhvv lq dq K" vhwxs/ ru plvvshufhswlrq lq d ehkdylrudo vhwxs1 D

4<Ryhuuhdfwlrq wr qhzv rffxuv lq rwkhu sdshuv iru vlplodu uhdvrqv1 Lq Pxoodlqdwkdq +4<<<,
fxuuhqw hyhqwv hyrnh phprulhv1 Wklv uhgxfhv wkh qrlvh0wr0vljqdo udwlr shufhlyhg e| djhqwv1 Lq
Eduehulv/ hw1 do1 +4<<;, ryhufrq�ghqfh frphv derxw ehfdxvh/ diwhu revhuylqj vhyhudo vljqdov
srlqwlqj lq wkh vdph gluhfwlrq/ dq djhqw ehohlyhv wkdw hduqlqjv iroorz d vwhdg| wuhqg/ zkloh wkh|
dfwxdoo| iroorz d udqgrp zdon1

53Iru frqfuhwhqhvv/ frqvlghu wkh iruhfdvw ri |5 dqg dvvxph wkdw �q ? q1 Lq dq UH hfrqrp|
dq djhqw irupv klv rqh0shulrg dkhdg glylghqg iruhfdvw +l1h1/ e|5, xvlqj wkh �owhu +51;,1 Vlqfh wkh
h{shfwhg ydoxh ri y5 lv }hur/ klv iruhfdvw lv= e|5+�q, @ a{5+�q, @

d4

4.�q
|4= Fohduo|/ vlqfh wkh shufhlyhg

qrlvh0wr0vljqdo udwlr lv vpdoohu wkdq wkh wuxh rqh +�q ? q,/ lw iroorzv wkdw e|5+�q, A e|5+q,=
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nh| gl�huhqfh lv wkdw lq dq K" vhwxs djhqwv xvh wkh vdph cqrplqdo* prgho dv

-. djhqwv/ zkloh lq d ehkdylrudo vhwxs djhqwv xvh d gl�huhqw qrplqdo prgho +l1h1/

�? 9' ?��

Zh zrxog olnh wr srlqw rxw wkdw wkh srvlwlyh uhodwlrqvkls ehwzhhq wkh ghjuhh ri

urexvwqhvv dqg vhqvlwlylw| wr qhzv lv qrw dq lqkhuhqw surshuw| ri K" iruhfdvwv1 Lw

vkrxog eh fohdu/ iurp wkh ghulydwlrq lq Vhfwlrq 6/ wkdwK" iruhfdvwlqj irupxodv duh

mrlqwo| ghwhuplqhg zlwk wkh sruwirolr vwudwhj|/ dqg duh ghshqghqw rq wkh djhqw*v

suhihuhqfhv dqg exgjhw frqvwudlqwv1 Wkxv/ rqh frxog rewdlq gl�huhqw uhvsrqvh

sdwwhuqv e| fkdqjlqj wkh hfrqrplf hqylurqphqw lq vxlwdeoh zd|v1

Ilqdoo|/ qrwh wkdw wkhuh duh vhyhudo rwkhu dvvhw sulflqj dqrpdolhv wkdw zh kdyh

qrw frqvlghuhg1 Rxu sxusrvh kdv ehhq vlpso| wr looxvwudwh krz wkh urexvw dssurdfk

fdq khos h{sodlq vrph dqrpdolhv1 Lq wklv uhvshfw/ d surplvlqj gluhfwlrq iru ixwxuh

uhvhdufk lv wr frqvlghu hqylurqphqwv lq zklfk wkh K" dssurdfk jhqhudwhv ulfkhu

sulfh g|qdplfv154

54Gdqlho/ hw1 do1 +4<<;, suhvhqw dq h{whqvlyh vxuyh| ri dvvhw sulflqj dqrpdolhv1 D surplqhqw
dqrpdo|/ suhvhqw pdlqo| lq furvv0vhfwlrqv/ lv wkh vkruw0whup prphqwxp dqg orqj0whup uhyhuvdov
ri uhwxuqv +l1h1/ wkh xqghuuhdfwlrq0ryhuuhdfwlrq dqrpdo|,1 Wkdw lv/ d srvlwlyh dxwrfruuhodwlrq
ri uhwxuqv ryhu krul}rqv vkruwhu wkdq 45 prqwkv/ dqg d qhjdwlyh dxwrfruuhodwlrq ryhu orqjhu
krul}rqv1 GKV jhqhudwh wklv sdwwhuq e| dvvxplqj wkdw ryhufrq�ghqfh lqfuhdvhv ryhu wlph1 Wklv
jhqhudwhv d uhvsrqvh ri iruhfdvw wr qhzv wkdw lqfuhdvhv ryhu wlph +l1h1/ xqghuhdfwlrq uhodwlyh wr wkh
ixwxuh,1 Lq rxu vhwxs wklv fruuhvsrqgv wr d uhgxfwlrq ri wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu
ryhu wlph1 Eduehulv hw1 do1 +4<<;, dvvxph wkdw diwhu revhuylqj vhyhudo vljqdov wkdw srlqw lq wkh
vdph gluhfwlrq wkdw djhqwv vzlwfk wkhlu shufhswlrq derxw wkh gdwd jhqhudwlqj surfhvv iurp phdq
uhyhuwlqj wr d vwhdg| wuhqg1 Krzhyhu/ wkh wuxh surfhvv lv d udqgrp zdon1
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81 Frqfoxvlrqv

Wkh vljqdo0h{wudfwlrq sureohp fxwv dfurvv vhyhudo �hogv lq hfrqrplfv1 W|slfdoo|/

dq djhqw kdv dydlodeoh d vhtxhqfh ri revhuydwlrqv dqg wulhv wr xqwdqjoh wkh cshu0

vlvwhqw* dqg cwudqvlwru|* frpsrqhqwv +h1j1/ Pxwk +4<93,,/ ru kh pljkw zdqw wr

vhsdudwh wkh cixqgdphqwdo* dqg cqrlv|* frpsrqhqwv +h1j1 Oxfdv +4<:6,,1 Wklv

sureohp kdv ehhq wdfnohg e| srvwxodwlqj wkdw revhuydwlrqv duh jhqhudwhg e| vh0

txhqfhv ri glvwxuedqfhv wkdw iroorz d zhoo vshfl�hg vwrfkdvwlf surfhvv dqg wkdw

djhqwv hlwkhu nqrz wklv surfhvv ru fdq ohduq lw1 Ixuwkhupruh/ li glvwxuedqfhv duh

l1l1g1 Qrupdo zlwk nqrzq yduldqfhv/ rqh dssolhv wkh idploldu Ed|hvldq xsgdwlqj

irupxod wkdw zhljkwv lqqrydwlrqv lq dffrugdqfh wr wkh yduldqfhv ri shuvlvwhqw dqg

wudqvlwru| glvwxuedqfhv1

Lq pdfurhfrqrplfv wkhuh duh vhyhudo lqvwdqfhv zkhuh djhqwv vhhp wr irup h{0

shfwdwlrqv lq zd|v wkdw duh qrw frqvlvwhqw zlwk wkh suhglfwlrqv ri prghov wkdw

frpelqh Ed|hv odz zlwk vwdqgdug wlph0dgglwlyh suhihuhqfhv1 Wklv kdv ohdg vrph

uhvhdufkhuv wr frqvlghu erxqghgo| udwlrqdo djhqwv wkdw dfw dv li wkh| frqixvh wkh

wudqvlwru| dqg shuvlvwhqw frpsrqhqwv ri d jlyhq vhtxhqfh ri revhuydwlrqv1 Wkhvh

djhqwv irup wkhlu h{shfwdwlrqv dsso|lqj Ed|hv odz exw xvlqj wkh zurqj cqrplqdo*
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prgho1 Wkdw lv/ wkh| xvh wkh zurqj udwlr ri yduldqfhv zkhq dsso|lqj wkh idplo0

ldu Ed|hvldq xsgdwlqj irupxod uhihuuhg wr deryh1 Wklv vpdoo ghyldwlrq iurp ixoo

udwlrqdolw| kdv suryhq wr eh txlwh xvhixo lq udwlrqdol}lqj vhyhudo dqrpdolhv1

Lq wklv sdshu zh kdyh vkrzq wkdw iruhfdvwlqj irupxodv wkdw ihdwxuh h{fhvv

vhqvlwlylw| wr qhzv fdq eh rewdlqhg lq d vhwxs zkhuh djhqwv kdyh wkh vdph qrp0

lqdo prgho dv udwlrqdo h{shfwdwlrqv +-.� djhqwv/ exw ihdu plvvshfl�fdwlrq1 Wkh

vwudljkwmdfnhw ri rswlpdo hvwlpdwlrq lpsrvhg e| -. prghov lv qrw orrvhqhg> lw lv

vlpso| uhsodfhg e| dqrwkhu vwudljkwmdfnhw1 Urexvw djhqwv hvwlpdwh xqrevhuydeoh

yduldeohv xvlqj doo dydlodeoh lqirupdwlrq1 Krzhyhu/ wr ghulyh wkh rswlpdo vwudwh0

jlhv/ lqvwhdg ri zrunlqj zlwk suredelolw| glvwulexwlrqv rqh zrunv zlwk d g|qdplf

jdph ehwzhhq wkh djhqw dqg qdwxuh1 Wklv lv ehfdxvh wkh dvvxpswlrq wkdw xqfhu0

wdlqw| fdq eh prghoohg lq whupv ri suredelolw| glvwulexwlrqv lv holplqdwhg1 Lqvwhdg/

K"0frqwuro prghov xqfhuwdlqw| dv wrwdoo| xqnqrzq vhtxhqfhv ri glvwxuedqfhv1 Ri

frxuvh/ qrw dq|wklqj jrhv/ dv wkhvh vhtxhqfhv pxvw eh vtxduh vxppdeoh1

Zh kdyh frpelqhg wklv ghvfulswlrq ri xqfhuwdlqw| zlwk d vlpsoh Oxfdv w|sh

h{fkdqjh hfrqrp|1 Iruhfdvwv ri glylghqgv lq wklv hfrqrp| h{klelw h{fhvv vhqvl0

wlylw| wr qhzv/ uhodwlyh wr -. iruhfdvwv1 Dv d uhvxow/ li wkh ghjuhh ri urexvwqhvv lv

kljk/ htxloleulxp sulfhv duh pruh yrodwloh wkdq glylghqgv/ uhwxuqv duh suhglfwdeoh/

dqg wkh htxlw| suhplxp lv odujh/ zkloh nhhslqj d orz ulvn0iuhh lqwhuhvw udwh1
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Wkhuh duh vwloo pdq| rshq txhvwlrqv1 Zkdw ghwhuplqhv wkh ghjuhh ri urexvwqhvv

fkrvhq e| djhqwvB Krz gr djhqwv ohduq wkurxjk wlphB Zkdw duh vhqvleoh zd|v wr

h{whqg wkh prgho lq rughu wr udwlrqdol}h rwkhu dqrpdolhvB Wklv sdshu lv mxvw rqh

h{dpsoh ri wkh srwhqwldo ri urexvw frqwuro wr dgguhvv hfrqrplf sureohpv1

91 Dsshqgl{

Surri ri Wkhruhp 6141 Dq htxloleulxp h{lvwv li dqg rqo| li wkhuh h{lvwv d sulfh

yhfwru vxfk wkdw Sureohp K kdv d vroxwlrq/ dqg dvvhw dqg jrrgv pdunhwv fohdu1

Zh kdyh vkrzq wkdw Sureohp K kdv d vroxwlrq li dqg rqo| li wkh ydoxh ixqfwlrq

dvvrfldwhg zlwk +615, lv erxqghg1 Lq zkdw iroorzv zh zloo ghwhuplqh wkh frqglwlrqv

xqghu zklfk wklv lv wuxh dw htxloleulxp sulfhv1 Xvlqj wkh gh�qlwlrq ri lr lq +617,

zh fdq uhzulwh +615, dv

KER� ' �?u
�M%

t�T
/Ml|

+
uE^c +|n�( R� n

|n�[
�'f

}�E/��

,
� f +914,

Ohw 	RE+� eh dq htxloleulxp sulfh yhfwru jlyhq glylghqg klvwru| i+�j|�'� G' +� Vlqfh

wkh vxssolhv ri ulvn| dqg vdih dvvhwv duh 3 dqg 4/ uhvshfwlyho|/ lw iroorzv iurp +914,
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wkdw dw htxloleulxp sulfhv Sureohp K kdv d vroxwlrq rqo| li

KE	RE+�� ' t�T
/Ml|

+
uE�c fc +|n�( 	RE+�� n

|n�[
�'f

}�E/��

,
	 4 +915,

Wkh g|qdplf v|vwhp +516, iroorzhg e| glylghqgv lpsolhv wkdw sdvw glvwxuedqfhv

i/�j|�'f d�hfw +|n� rqo| wkurxjk %|n�� Wkxv/ frqglwlrqdo rq %|n� ' % G +l,uE^c +|n�c R�n

}|n�E/|n�� lv lqghshqghqw ri i/�j|�'fc dqg +ll,
S|

�'f }�E/�� lv lqghshqghqw ri E^c /|n���

Wkxv/ li KE	RE+�� lv �qlwh/ zh fdq fduu| rxw wkh iroorzlqj h{sdqvlrq ri +915,=

KE	RE+�� ' 4@ 
%

4@ 
E��MO%�

4@ 
E/|Ml|�%|n�'%�

+
uE�c fc +|n�( 	R� n }|n�E/|n�� n

|[
�'f

}�E/��

,

' 4@ 
%

+
4@ 
��MO%

EuE�c fc +|n�( 	R� n }|n�E/|n��� n 4@ 
/|Ml|�%|n�'%

|[
�'f

}�E/��

,
' 4@ 

%
iT|n�E%� n`|n�E%�j G' 4@ 

%
\E%� +916,

Wkh ixqfwlrqv `|n�E%� dqg T|n�E%� duh gh�qhg lq +6147, dqg +614<,/ uhvshfwlyho|1

Uhfdoo wkdw wkh vhw Y% ri dgplvvleoh vwudwhjlhv iru �|n� frqvlvwv ri ixqfwlrqv ri

E%c ^c R�c vhh +619,1 Wkh vhw l|c gh�qhg lq +617,/ frqvlvwv ri doo glvwxuedqfh vhtxhqfhv

wkdw ehorqj wr wkh vhw l dqg wkdw duh frqvlvwhqw zlwk glylghqg klvwru| i+�j|�'��

Wkh crqo| li* lq sduw +l, ri Wkhruhp 614 iroorzv iurp wkh idfw wkdw KE	R�	4 li

dqg rqo| li T|n�E%� dqg `|n�E%� duh erxqghg/ dqg \E%� lv frqfdyh1 Khqfh/ li rqh
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ri wkhvh frqglwlrqv grhv qrw krog/ wkhuh h{lvwv qr sulfh yhfwru vxfk wkdw Sureohp

K kdv d vroxwlrq zlwk ^ ' E�c f�1 Wkxv/ dq htxloleulxp grhv qrw h{lvw1

Wr suryh sduw +ll, dqg wkh cli* lq sduw +l,/ lw vx!fhv wr vkrz wkdw wkhuh lv d

xqltxh %W dqg d xqltxh Pdunry sulfh yhfwru +RWE%W�� wkdw lqgxfh ^W ' E�c f�� Vlqfh

KERW� lv �qlwh +ehfdxvh sduw l ri Wkhruhp 614 krogv,/ zh fdq fduu| rxw wkh iroorzlqj

h{sdqvlrq ri +914,=

KERW� ' 4@ 
%

4�?
E��M%%�

4@ 
E��MO%�

4@ 
E/|Ml|�%|n�'%�

+
uE^c +|n�( R� n }|n�E/|n�� n

|[
�'f

}�E/��

,
+917,

Il{ %|n� ' % dqg uhfdoo wkdw +|n� ' %|n� n j�|n��|n� +e| +516,,1 Frqglwlrqdo rq

%|n� ' %c wkh sureohp 4�?��M%%
4@ ��MO%iuE^c +|n�c R�n }|n�E/|n��j fdq eh dqd0

o|}hg dv d vwdqgdug }hur0vxp jdph lq zklfk wkh vwdwh lv shuihfwo| revhuyhg1 Wr

ghwhuplqh zkhwkhu d vroxwlrq h{lwv uhfdoo wkdw �|n� ' fc dqg qrwh wkdw wkh nhuqho

lv dq lqgh�qlwh txdgudwlf irup lq �|n�c dqg wkdw lw lv vwulfwo| frqyh{ lq ^� Lw iro0

orzv wkdw iru d jlyhq sdlu E%c R� wkhuh lv d vroxwlrq li dqg rqo| li uE^c +|n�E%�c R�n

}|n�Efc �|n�� lv frqfdyh lq �|n�� Wklv lv wkh fdvh li dqg rqo| li �2|n� : q^o2| j2�|n�� Li

wklv frqglwlrq krogv/ wkh vroxwlrq lv xqltxh dqg jlyhq e| +6149,0+614;,1

Wr ghulyh wkh K" hvwlpdwh ri wkh whuplqdo vwdwh +%W� ghqrwh e| RWE%� wkh

sulfh yhfwru wkdw htxloleudwhv dvvhw pdunhwv/ frqglwlrqdo rq %|n� ' %� Wklv sulfh
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yhfwru lv xqltxho| ghwhuplqhg e| ��oW
| E%c R

WE%�� ' � dqg ��rW
| E%c R

WE%�� ' fc zkhuh

dvvhw ghpdqgv duh jlyhq e| +614:, dqg +614;,1 Vxevwlwxwh ^WERWE%�� ' Efc �� dqg

��WE%c RWE%�c E�c f�� lq +917, dqg xvh +6147, wr rewdlq KERWE%�� ' 4@ %iT|n�E%�n

`|n�E%�j G' 4@ % \E%�� Qrwh wkdw ��WE%c RWE%�c E�c f�� lv erxqghg dqg xqltxh li

dqg rqo| li �2|n� : qj2�|n�� Wklv frqglwlrq lv lpsolhg e| sduw +l, ri Wkhruhp 6141

Wr vhh wklv qrwh wkdw \E%� lv frqfdyh li dqg rqo| li �2|n� � �2
|n�

' qdj2�|n� n~|n�oc

dqg ~|n� : f +vhh wkh surri ri Ohppd 615,1 Wkh qh{w vwhs lv wr qrwh wkdw +917,

lpsolhv wkdw %W 5 @h}4@ \E%��

Odvwo|/ li \E%� lv vwulfwo| frqfdyh/ wkhuh lv d xqltxh PSH ehfdxvh wkhuh lv d

xqltxh sdlu E%Wc RWE%W�� wkdw fohduv dvvhwv dqg jrrgv pdunhwv +l1h1/ ^W ' E�c f� dqg

SW| ' +|�� Wkh Pdunry htxloleulxp sulfh yhfwru RWE%W� lv jlyhq e| +5145,/ dqg wkh

dvvrfldwhg iruhfdvwhg glylghqgv duh +W|n� ' %Wn_|n�nj�|n��
W
|n�E%

Wc RWE%W�c E�c f����

Surri ri Ohppd +615,1 Vlqfh `rn�E%� lv wkh vxsuhpxp ri d txdgudwlf

ixqfwlrq xqghu dq d!qh frqvwudlqw/ lw pxvw eh txdgudwlf lq % li d pd{lpxp h{lvwv1

Wkdw lv/ lw pxvw eh ri wkh irup `rn�E%� ' �grn�d%� �%rn�o
2 n ,rn�czkhuh grn�c

�%rn� dqg ,rn� duh xqghwhuplqhg frh!flhqwv1 Wr ghulyh `�E%� qrwh wkdw wkhuh lv

qr revhuydwlrq +f� Vlqfh wkh vwdwh vdwlv�hv %|n� ' @|%| n j�|�|c dqg %f ' f +e|
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+516,,/ zh kdyh wkdw %� ' j�f�f� Wkxv/ iru r ' f Sureohp +6145, ehfrphv

`�E%� ' 4@ 
/f

��2|n�
�
�2
f n �2f

�
v1w1 % ' j�f�f

Wkh vroxwlrq wr wklv sureohp lv �W
f ' %j3��fc dqg �Wf ' f� Wkhuhiruh/ `�E%� '

�%2�2|n�j
32
�f� Wklv lpsolhv wkdw �%� ' f dqg g� ' �2|n�j

32
�f�

Uhsodflqj `rn�E%� ' �grn�d%� �%rn�o
2 n ,rn� lq +6146, dqg uhjurxslqj whupv

zh kdyh wkdw/ iru r � �c `rn�E%� lv wkh vroxwlrq wr wkh sureohp

`rn�E%� ' 4@ 
1c/

���r1
2 n 2d+r�

2
|n�j

32
�r ngr�%ro1 � �2|n��

2 n ,r
�

vxemhfw wr @r1 n j�r� ' %

+918,

zkhuh wkh lqghshqghqw whupv duh lqfoxghg lq ,rc dqg �r lv jlyhq e| +6148,1 Li

�r 9' fc wkh pd{lpxp lv �qlwh rqo| li wkh erughuhg Khvvldq ri wkh dvvrfldwhg

Odjudqjldq lv qrq0qhjdwlyh= @2r�
2
|n� n j2�r�r � f� Lq wklv fdvh `rn�E%� lv jlyhq e|

Ohppd +615,1

Odvwo|/ vlqfh g� : fc zh kdyh wkdw �� ' �2|n�j
32
�� ng� : f� Wklv lq wxuq lpsolhv

wkdw g2 '
k
@2
�

��
n �32|n�j

2
��

l3�
: f� Wkxv/ �r : f dqg grn� : f iru doo r 5 d�c |o�

Vlqfh �r : f iru doo r � |c wkh erughuhg Khvvldq ri wkh Odjudqjldq dvvrfldwhg zlwk

+918, +l1h1/ @2r�
2
|n� n j2�r�r� lv srvlwlyh iru doo r � |� Khqfh/ Sureohp +918, kdv d

:7



erxqghg vroxwlrq iru doo r � |��

Vlpxodwlrqv iru Iljxuhv 4/ 5 dqg 61

Wr frqvwuxfw Iljxuh 4d zh jhqhudwh duwl�fldo glylghqgv* revhuydwlrqv xvlqj

+516,1 Wkh glvwxuedqfhv i��j|n��'f dqg i��j|n��'f duh l1l1g1 �Efc ��c dqg wkh sdudphwhuv

duh vhw htxdo wr= @ ' f�fSf.c _ ' f�eH�c j� ' f�ffb.c dqg �j� ' ���� 55 Zh vhohfw

78 ydoxhv ri {� lq wkh lqwhuydo d�f�fSbHc f�fSH.o/ dqg iru hdfk ydoxh ri j|o�e� '

i�j� n {�c ���c �j� n {eDj zh jhqhudwh 433 glylghqg vhtxhqfhv/ hdfk frqvlvwlqj ri

433 revhuydwlrqv1 Iru hdfk ydoxh ri {� zh wkhq frqvwuxfw -. dqg K" rqh0shulrg0

dkhdg glylghqg iruhfdvwv +l1h1/ .�E+�n�� dqg I�E+�n��� xvlqj irupxodv +51;, dqg

+5143, zlwk {� ' f� Wkh rwkhu sdudphwhuv duh vhw htxdo wr wkh ydoxhv wkh| wdnh lq

gdwd jhqhudwlqj surfhvv/ zkloh 6 ' f�.H dqg � ' f��� Wkh fxuyh fruuhvsrqglqj

wr wkh K" iruhfdvwv lq Iljxuh 4d lv frqvwuxfwhg lq wkh iroorzlqj zd|1 Iru hdfk

ydoxh ri {|o�e zh frpsxwh 433 phdq vtxduh huuruv ri wkh K" iruhfdvwv xvlqj wkh

irupxod=�7.�E�j�n{|o�e� '
Sbb

�'�E+�n��I�E+�n���
2*�ff� Wkhq zh frpsxwh wkh

dyhudjh PVH dv �7.E�j� n {|o�e� '
S�ff

�'��7.�E�j� n {|o�e�*�ff� Iljxuh 4d

sorwv �7.E�j� n{|o�e� iru gl�huhqw ydoxhv ri {|o�e� Wkh fxuyh fruuhvsrqglqj wr

wkh -. iruhfdvwv lv frqvwuxfwhg lq wkh vdph zd| xvlqj +51;,1

55Zh gudz glvwxuedqfhv iurp d Qrupdo glvwulexwlrq wr hqvxuh wkdw UH iruhfdvwlqj irupxodv
+51;, fruuhvsrqg zlwk wkh udwlrqdo h{shfwdwlrqv iruhfdvwv lq wkh devhqfh ri plvvshufhswlrq1
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Iljxuh 4e lv frqvwuxfwhg lq wkh vdph zd| dv Iljxuh 4d1 Wkh rqo| gl�huhqfh lv

wkdw j|o�e� ' �j�/ dqg j|o�e� ' �j�n{|o�ec zkhuh �j� ' f�ffb. dqg {� wdnhv ydoxhv rq

d�f�ffb�c f�ffbDo� Lq Iljxuh 4f @|o�e ' �@ n{|o�ec zkhuh �@ ' f�fSf. dqg {� wdnhv

ydoxhv rq d�f�2�H.c f��Do�

Iljxuh 5 lv frqvwuxfwhg lq wkuhh vwhsv1 Iluvw/ zh ghwuhqg uhdo dqqxdo glylghqgv

shu vkduh xvlqj d irxuwk ghjuhh sro|qrpldo1 Vhfrqg/ zh frpsxwhK" dqg-. sulfh

vhtxhqfhv e| ihhglqj sulfh htxdwlrqv +51<, dqg +5145, zlwk ghwuhqghg glylghqgv1

Zh vhw wkh glvwxuedqfh dwwhqxdwlrq sdudphwhu � ' f���� Wkh rwkhu sdudphwhuv

duh vhw htxdo wr wkhlu ydoxhv lq Wdeohv 4/ 5 dqg 61 Odvwo|/ zh hvwlpdwh d wlph wuhqg

iru wkh dfwxdo vwrfn sulfhv/ dqg dgg lw wr wkh sulfhv zh jhqhudwhg lq wkh vhfrqg

vwhs1 Wr frqvwuxfw Iljxuh 6 zh frpsxwh K" sulfhv iru gl�huhqw ydoxhv ri �� Wkhq

zh frpsxwh/ iru hdfk ydoxh ri �c wkh phdq vtxduh gl�huhqfh ehwzhhq wkh dfwxdo

V)S833 lqgh{ dqg wkh K" sulfh vhtxhqfh1

Gdwd

Gdwd iru wkh shulrg 4;:404<;8 lv iurp Vkloohu +4<;<,1 Iru wkh shulrg 4<;904<<:

zh xvhg GdwdVwuhdp dqg wkh Lqwhuqdwlrqdo Ilqdqfldo Vwdwlvwlfv iurp wkh LPI1 Zh

xvhg wkh iroorzlqj vhulhv=

� Wkh qrplqdo vwrfn sulfh lqgh{ +�|� lv wkh dqqxdo dyhudjh Vwdqgdug dqg

Srru*v frpsrvlwh vwrfn sulfh lqgh{1
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� Wkh frqvxpswlrq vhulhv fruuhvsrqgv wr uhdo frqvxpswlrq ri qrq0gxudeohv

dqg vhuylfhv1 Zh ghqrwh wkh frqvxpswlrq gh dwru e| ��|�

� Wkh uhdo vwrfn sulfh lqgh{ +R@S|�@,| � lv rewdlqhg e| glylglqj �| e| ��|�

� (| duh wkh qrplqdo dqqxdo glylghqgv ri wkh �upv lq wkh V)S lqgh{1

� +@S|�@,| ghqrwhv uhdo ghwuhqghg dqqxdo glylghqgv fruuhvsrqglqj wr wkh �upv

lq wkh V)S lqgh{1

� o@S|�@,| ghqrwhv wkh uhdo uhwxuq rq vwrfnv1 Lw lv jlyhq e| o@S|�@,| ' �|n�n(|3�|
�|

�
��|n�3��|

��|

�

� orc@S|�@,| ghqrwhv wkh uhdo ulvnohvv lqwhuhvw udwh1 Lw lv frpsxwhg e| vxewudfwlqj

wkh lq dwlrq udwh iurp wkh qrplqdo lqwhuhvw udwh rq 709 prqwkv frpphufldo

sdshu +-|�� Wkdw lv/ o@S|�@,| ' -| � ��|n�3��|

��|

�

Pd{lpxp Olnholkrrg Hvwlpdwhv ri Sdudphwhuv

Lq wkh vlpxodwlrqv zh dvvxph wkdw wkh sdudphwhuv +@c j�c j�c _� duh frqvwdqw1

Zh rewdlq wkh pd{lpxp olnholkrrg hvwlpdwhv e| dvvxplqj wkdw wkh gdwd jhqhudw0

lqj surfhvv lv jlyhq e| +516,/ zlwk �|��Efc ��c �|��Efc ��� Zh vhw %� htxdo wr wkh

ydoxh ri uhdo glylghqgv lq 4;:4/ zklfk lv wkh lqlwldo revhuydwlrq lq rxu gdwd vhw1

::



Gh�qlqj wkh lqirupdwlrq vhw dv U| ' i+|3�j|3��'f dqg 	%|n� ' .d%|n�mU|oc zh fdq

zulwh wkh frqglwlrqdo olnholkrrg ri +|n� dv=

*L}Es+|n��|E+|n�mU|�� ' *L}
�
E2Z�3

A

2 d~|n� n j2�o
3 �

2

�
� �

2

d+|n� � _� %|n�o
2

~|n� n j2�

' *L}

#
d2Zo3

A

2

�
@2

~3�
| n j32�

n j2� n j2�

�3�

2

$
��

2

d+|n� � _� @	%| � @

�n~3�
|

j2
�

E+| � _� 	%|�o
2

@2

~3�
|

nj32�
n j2� n j2�

zkhuh 	%| lv jhqhudwhg e| uhfxuvlrq +51;,1 Zh uhsodfh i+�jA�'� e| dfwxdo X1V1

glylghqg gdwd iru wkh shulrg 4;:404<<: dqg fkrrvh +@c j�c j�c _� wr pd{lpl}hSA

|'� *L}Es+|n��|E+|n�mU|��c xvlqj wkh POH ixqfwlrq ri WVS1 Wkh lqlwldo jxhvvhv

iru wkh xqnqrzq sdudphwhuv duh= @ ' f�SDSSc j2� ' f��efbc j2� ' f�fDfS dqg

_ ' f�DD.� WVS pd{lpl}hv wkh orj olnholkrrg ixqfwlrq xvlqj wkh vwdqgdug judglhqw

phwkrg1 Wkh pd{lpxp olnholkrrg hvwlpdwhv dqg vwdqgdug huuruv duh=

@ '
f�.f2��

Ef�f2���

c _ '
f�Dfe�S

Ef�f�2H�

c j2� '
f�f.HHH

Ef�f�D��

c j2� '
f�f2�eb

Ef�f�fe�

+919,

Uhihuhqfhv

Dqghuvrq/ H1/ O1 Kdqvhq/ dqg W1 Vdujhqw/ 4<<</ �Ulvn dqg Urexvwqhvv lq Htxl0

oleulxp/� zrunlqj sdshu/ Vwdqirug Xqlyhuvlw|1

:;



Eduehulv/ Q1/ D1 Vkohlihu/ dqg U1 Ylvkq|/ 4<<;/ �D Prgho ri Lqyhvwru Vhqwlphqw/�

Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 7<+6,/ ss1 63:0761

Eduehulv/ Q1/ P1 Kxdqj/ dqg W1 Vdqwrv/ 4<<</ �Survshfw Wkhru| dqg Dvvhw

Sulfhv/� plphr/ Xqlyhuvlw| ri Fklfdjr1

Edvdu/ W1 dqg S1 Ehuqkdug/ 4<<4/ K"0Rswlpdo Frqwuro dqg Uhodwhg Plqlpd{

Ghvljq Sureohpv/ Elunkdxvhu1

Edvdu/ W1 dqg J1 Rovghu/ 4<<</ G|qdplf Qrqfrrshudwlyh Jdph Wkhru|/ VLDP1

Ehujhu/ M1/ 4<;8/ Vwdwlvwlfdo ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv/ Vsulqjhu0

Yhuodj1

Fdpsehoo/ M1 dqg M1 Frfkudqh/ 4<<</ �E| Irufh ri Kdelw= D Frqvxpswlrq0

Edvhg H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru/� Mrxuqdo ri Sr0

olwlfdo Hfrqrp|1

Fhffkhwwl/ V1/ S1 Odp/ dqgP1 Qhovrq/ 4<<:/ �Dvvhw Sulflqj zlwk Glvwruwhg Eholhiv=

Duh Htxlw| Uhwxuqv wr Jrrg wr eh WuxhB/� plphr1

Frqvwdqwlqlghv/ J1 dqg G1 Gx!h/ �Dvvhw Sulflqj zlwk Khwhurjhqrxv Frqvxphuv/�

Mrxuqdo ri Srolwlfdo Hfrqrp|/ 437/ 54<05731

:<



Gdqlho/ N1/ Kluvkohlihu/ G1/ dqg D1 Vxeudkpdq|dp/ 4<<;/ �Lqyhvwru Sv|fkrorj|

dqg Vhfxulw| Pdunhw Xqghu0 dqg Ryhuuhdfwlrqv/� Wkh Mrxuqdo ri Ilqdqfh/

86+9,/ ss14;6<04;;81

Gr|oh/ M1/ N1 Joryhu/ S1 Nkdujrqhndu dqg E1 Iudqflv/ 4<;</ �Vwdwh Vsdfh Vrox0

wlrqv wr Vwdqgdug K2 dqg K"Frqwuro Sureohpv/� LHHH Wudqvdfwlrqv rq

Dxwrpdwlf Frqwuro/ yro1 DF067/ ;640;7:1

Idpd H1/ dqg N1 Iuhqfk/ 4<;;/ �Glylghqg \lhogv dqg H{shfwhg Vwrfn Uhwxuqv/�

Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 55/ 605:1

Jrxulqfkdv/ S1 dqg D1 Wruqhoo/ 5333/ �H{fkdqjh Udwh G|qdplfv dqg Plvshufhs0

wlrq/� plphr XFOD1

Kdqvhq/ O1/ W1 Vdujhqw dqg W1 Wdoodulql/ 4<<</ �Urexvw Shupdqhqw Lqfrph dqg

Sulflqj/� Uhylhz ri Hfrqrplf Vwxglhv/ 99+7,/ ss1 ;:60<3:1

Kdqvhq/ O1/ dqg W1 Vdujhqw/ 4<<;/ �Glvfrxqwhg Urexvw Olqhdu Ghflvlrq dqg Hv0

wlpdwlrq lq wkh Iuhtxhqf| Grpdlq/� plphr1

Khdwrq M1/ dqg G1 Oxfdv/ 4<<9/ �Hydoxdwlqj wkh H�hfwv ri Lqfrpsohwh Pdunhwv

rq Ulvn Vkdulqj dqg Dvvhw Sulflqj/� Mrxuqdo ri Srolwlfdo Hfrqrp|/ 437/

99;0:451

;3



Kxehu/ S1 4<;4/ Urexvw Vwdwlvwlfv/ Mrkq Zloh|1

Nzdnhuqddn/ K1 dqg U1 Vlydq/ 4<:5/ Olqhdu Rswlpdo Frqwuro V|vwhpv/ Mrkq

Zloh|1

Ndkqhpdq/ G1 dqg D1 Wyhuvn|/ �Rq wkh Sv|fkrorj| ri Suhglfwlrq/� Sv|fkrorjlfdo

Uhylhz/ ;3+7,/ ss156:05841

OhUr| dqg Sruwhu/ 4<;4/ �Wkh Suhvhqw Ydoxh Uhodwlrq= Whvwv Edvhg rq Yduldqfh

Erxqgv/� Hfrqrphwulfd/ 7</ 88808::1

Oxfdv/ U1/ 4<:6/ �Vrph Lqwhuqdwlrqdo Hylghqfh rq Rxwsxw0Lq dwlrq Wudgh0r�v/�

Wkh Dphulfdq Hfrqrplf Uhylhz/ Yro1 96/ Qr1 6/ ss1 65906671

Oxfdv/ U1/ 4<:;/ �Dvvhw Sulfhv lq dq H{fkdqjh Hfrqrp|/� Hfrqrphwulfd/ 79/

475<047781

Pdqhkrxw/ S1/ 4<<</ �Urexvw Sruwirolr Uxohv dqg Dvvhw Sulflqj/� plphr/ Kdu0

ydug Xqlyhuvlw|1

Pdufhw/ D1/ dqg W1 Vdujhqw/ 4<;</ �Frqyhujhqfh ri Ohdvw0Vtxduhv Ohduqlqj lq

Hqylurqphqwv zlwk Klgghq Vwdwh Yduldeohv dqg Sulydwh Lqirupdwlrq/� Mrxu0

qdo ri Srolwlfdo Hfrqrp|/ <:+9,/ ss1 46390551
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Phkud/ U1 dqg H1 Suhvfrww/ 4<;8/ �Wkh Htxlw| Suhplxp= D Sx}}oh/� Mrxuqdo ri

Prqhwdu| Hfrqrplfv/ 48/ 47804941

Pxoodlqdwkdq/ V1/ 4<<;/ �D Phpru| Edvhg Prgho ri Erxqghg Udwlrqdolw|/�

plphr/ PLW1

Pxwk/ M1/ 4<93/ �Rswlpdo Surshuwlhv ri H{srqhqwldoo|Zhljkwhg Iruhfdvwv/� Mrxu0

qdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Yro1 88/ Qr1 5<3/ ss1 5<<06391

Rqdwvnl/ D1 dqg M1 Vwrfn/ 5333/ �Urexvw Prqhwdu| Srolf| Xqghu Prgho Xqfhu0

wdlqw| lq d Vpdoo Prgho ri wkh X1V1 Hfrqrp|/� QEHU zrunlqj sdshu Qr1

:7<31

Vkloohu/ U1/ 4<;4/ �Gr Vwrfn Sulfhv Pryh Wrr Pxfk wr eh Mxvwl�hg E| Vxevhtxhqw

Fkdqjhv lq GlylghqgvB/ Dphulfdq Hfrqrplf Uhylhz/ :4/ 75407691

Vkloohu/ U1/ 4<;</ Pdunhw Yrodwlolw|/ PLW Suhvv1

Wlpphupdq/ D1/ 4<<9/ �H{fhvv Yrodwlolw| dqg Suhglfwdelolw| ri Vwrfn Sulfhv lq

Dxwruuhjuhvvlyh Glylghqg Prghov zlwk Ohduqlqj/� Uhylhz ri Hfrqrplf Vwxg0

lhv/ 96+7,/ ss1 856088:1

Zklwoh/ S1/ 4<<3/ Ulvn Vhqvlwlyh Rswlpdo Frqwuro/ M1 Zloh|1
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]dphv/ J1/ 4<;4/ �Ihhgedfn dqg Rswlpdo Vhqvlwlylw|= Prgho Uhihuhqfh Wudqv0

irupdwlrqv/ Pxowlsolfdwlyh Vhplqrupv/ dqg Dssur{lpdwh Lqyhuvhv/� LHHH

Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ yro DF059/ 63406531

]krx/ N1/ M1 Gr|oh dqg N1 Joryhu/ 4<<9/ Urexvw dqg Rswlpdo Frqwuro/ Suhqwlfh0

Kdoo1

;6


