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$EVWUDFW

7KLV SDSHU EXLOGV D JHQHUDO HTXLOLEULXP PRGHO RI �QLWH HFRQRPLHV ZLWK H[�

FKDQJH DQG FOXE IRUPDWLRQ� $JHQWV WUDGH PXOWLSOH SULYDWH JRRGV ZLGHO\ LQ

WKH PDUNHW� FDQ EHORQJ WR VHYHUDO FOXEV� DQG FDUH DERXW WKH FKDUDFWHULVWLFV RI

RWKHU FOXE PHPEHUV� %HFDXVH FOXE PHPEHUVKLSV DUH LQGLYLVLEOH DQG FKRLFHV

RI FOXE PHPEHUVKLSV PXVW EH FRRUGLQDWHG DFURVV WKH SRSXODWLRQ� WKH FRUH

RI VXFK DQ HFRQRP\ PD\ EH HPSW\ DQG HTXLOLEULXP PD\ QRW H[LVW� +RZ�

HYHU� IRU ODUJH �QLWH FOXE HFRQRPLHV� DQ DSSUR[LPDWH FRUH LV QRW HPSW\ DQG

VWDWHV LQ WKLV DSSUR[LPDWH FRUH FDQ EH DSSUR[LPDWHO\ GHFHQWUDOL]HG E\ SULFHV

IRU SULYDWH JRRGV DQG IRU FOXE PHPEHUVKLSV� 7KH DUJXPHQWV XVH FRQYH[L��

FDWLRQ WRROV IDPLOLDU IURP WKH OLWHUDWXUH RQ SULYDWH JRRGV HFRQRPLHV� DQG D

QHZ WRRO� RI VRPH LQGHSHQGHQW LQWHUHVW� WKDW DGGUHVVHV WKH VSHFLDO SUREOHPV

FUHDWHG E\ WKH QDWXUH RI FOXE PHPEHUVKLSV� -RXUQDO RI (FRQRPLF /LWHUDWXUH

&ODVVL�FDWLRQ 1XPEHUV� '�� '�� +�

.H\ZRUGV� FOXEV� ��FRUHV� DSSUR[LPDWH FRUHV� DSSUR[LPDWH HTXLOLEULXP�

DSSUR[LPDWH GHFHQWUDOL]DWLRQ�



� ,QWURGXFWLRQ

&OXE WKHRU\ GHDOV ZLWK JURXS IRUPDWLRQ� ZKLOH JHQHUDO HTXLOLEULXP WKHRU\

GHDOV ZLWK PDUNHWV DQG SULFHV� %XW JURXSV DQG PDUNHWV DUH LQWHUGHSHQGHQW�

WKH FRPSDQ\ ZH NHHS D�HFWV RXU GHPDQG IRU SULYDWH JRRGV� DQG RXU FRQ�

VXPSWLRQ RI SULYDWH JRRGV D�HFWV WKH FRPSDQ\ ZH VHHN� 7KLV SDSHU DQG WKH

FRPSDQLRQ (OOLFNVRQ� *URGDO� 6FRWFKPHU DQG =DPH ������ �KHQFHIRUZDUG

(*6=� LQWHJUDWH FOXE WKHRU\ DQG JHQHUDO HTXLOLEULXP WKHRU\� 2XU WKHRU\

EXLOGV RQ WKH LQWXLWLRQ WKDW FOXE PHPEHUVKLSV DQG SULYDWH JRRGV VKRXOG EH

UHJDUGHG DV SDUDOOHO REMHFWV RI FKRLFH DQG REMHFWV WR EH SULFHG� +RZHYHU� WKH

SDUDOOHO RQO\ JRHV VR IDU� FOHDULQJ WKH PDUNHWV IRU FOXE PHPEHUVKLSV UHTXLUHV

D OHYHO RI FRRUGLQDWLRQ RI LQGLYLGXDO FKRLFHV FRQVLGHUDEO\ PRUH GHPDQGLQJ

WKDQ WKDW RUGLQDULO\ DVVRFLDWHG ZLWK SULYDWH JRRGV�

2XU FRPSDQLRQ SDSHU EXLOGV D PRGHO RI D FOXE HFRQRP\ ZLWK D FRQWLQXXP

RI DJHQWV� DQG VKRZV WKDW VXFK FOXE HFRQRPLHV VKDUH PDQ\ RI WKH SOHDVDQW

IHDWXUHV RI H[FKDQJH HFRQRPLHV ZLWK D FRQWLQXXP RI DJHQWV� ,Q SDUWLFXODU�

WKH FRUH LV QRW HPSW\� DQG FRUH VWDWHV FDQ EH GHFHQWUDOL]HG E\ SULFHV� %XW

GRHV WKH FRQWLQXXP PRGHO UHSUHVHQW D JRRG LGHDOL]DWLRQ RI D �QLWH FOXE HFRQ�

RP\ ZLWK D ODUJH QXPEHU RI DJHQWV" ,Q WKH SUHVHQW SDSHU� ZH DQVZHU WKLV

TXHVWLRQ LQ WKH D�UPDWLYH E\ VKRZLQJ WKDW� LI WKH QXPEHU RI DJHQWV LV ODUJH

HQRXJK� DQ DSSURSULDWH DSSUR[LPDWH FRUH �IRU UHDVRQV GLVFXVVHG EHORZ� ZH

XVH WKH FOXE DQDORJ RI $QGHUVRQ
V ������ IDW ��FRUH� LV QRW HPSW\� DQG HY�

HU\ VWDWH LQ WKLV DSSUR[LPDWH FRUH FDQ EH DSSUR[LPDWHO\ GHFHQWUDOL]HG E\

SULFHV� 0RUHRYHU� WKH ?UDWH RI FRQYHUJHQFH� LQ HDFK RI WKHVH DSSUR[LPDWLRQV

LV LQYHUVHO\ SURSRUWLRQDO WR WKH QXPEHU RI DJHQWV LQ WKH HFRQRP\� MXVW DV IRU

H[FKDQJH HFRQRPLHV� 5RXJKO\ VSHDNLQJ� WKHUHIRUH� WKH SUHVHQW SDSHU EHDUV

WKH VDPH UHODWLRQVKLS WR (*6= DV WKH ZRUN RI .DQQDL ������� +LOGHQEUDQG�

6FKPHLGOHU DQG =DPLU ������� *URGDO� 7URFNHO� DQG :HEHU ������ DQG $Q�

GHUVRQ ������ EHDU WR $XPDQQ
V ������ ����� DQDO\VLV RI H[FKDQJH HFRQRPLHV

ZLWK D FRQWLQXXP RI DJHQWV�

:H GHVFULEH D FOXE W\SH E\ WKH H[WHUQDO FKDUDFWHULVWLFV RI LWV PHPEHUV

�WKRVH FKDUDFWHULVWLFV WKDW PDWWHU WR RWKHUV� DQG WKH DFWLYLW\ LQ ZKLFK WKH
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FOXE LV HQJDJHG� $ FOXE PHPEHUVKLS LV DQ RSHQLQJ LQ D SDUWLFXODU W\SH RI FOXE

DYDLODEOH WR DQ DJHQW ZLWK D VSHFL�HG H[WHUQDO FKDUDFWHULVWLF� :H DOORZ DJHQWV

WR EHORQJ WR PDQ\ FOXEV� VR LI WKH HFRQRP\ KDV Q GLYLVLEOH SULYDWH JRRGV DQG

P W\SHV RI FOXE PHPEHUVKLSV WKHQ LQGLYLGXDO FKRLFH VHWV OLH LQ ,5Q�P� %HFDXVH

FOXE PHPEHUVKLSV DUH LQGLYLVLEOH� VXFK D FOXE HFRQRP\ UHVHPEOHV D SULYDWH

JRRGV H[FKDQJH HFRQRP\ ZLWK Q GLYLVLEOH JRRGV DQG P LQGLYLVLEOH JRRGV�

,QGLYLVLELOLW\ SUHVHQWV D FRPSOLFDWLRQ� EXW LW LV D FRPSOLFDWLRQ IDPLOLDU IURP

WKH H[FKDQJH FDVH� DQG QRW SDUWLFXODUO\ WURXEOHVRPH� �,W LV QRW WURXEOHVRPH

DW DOO ZLWK D FRQWLQXXP RI DJHQWV�� %HFDXVH LQGLYLVLELOLW\ LPSOLHV WKDW WKH FRUH

RI D FOXE HFRQRP\ PD\ EH HPSW\� ZH RI QHFHVVLW\ HPSOR\ D QRWLRQ RI WKH FRUH

WKDW LV DSSUR[LPDWH� $ PXFK PRUH VXEWOH _ DQG WURXEOHVRPH_ FRPSOLFDWLRQ

LV WKDW DJHQWV
 FKRLFHV RI FOXE PHPEHUVKLSV PXVW EH FRQVLVWHQW DFURVV WKH

SRSXODWLRQ�� )RU H[DPSOH� LI ZH WKLQN RI D �KHWHURVH[XDO� PRQRJDPRXV�

PDUULDJH DV D FOXE� WKHQ WKH VDPH QXPEHUV RI PDOHV DV RI IHPDOHV PXVW

FKRRVH PDUULDJH�

7R XQGHUVWDQG ZK\ WKLV FRQVLVWHQF\ UHTXLUHPHQW LV WURXEOHVRPH� LW LV XVH�

IXO WR RXWOLQH D FRQVWUXFWLRQ� LQ WKH VSLULW RI +LOGHQEUDQG� 6FKPHLGOHU DQG

=DPLU ������� RI D VWDWH LQ DQ DSSUR[LPDWH FRUH RI D �QLWH H[FKDQJH HFRQRP\

ZLWK Q GLYLVLEOH JRRGV DQG P LQGLYLVLEOH JRRGV� %HJLQ ZLWK D FRQWLQXRXV

UHSUHVHQWDWLRQ RI ( _ DQ HFRQRP\ ZLWK D FRQWLQXXP RI DJHQWV UHSUHVHQWLQJ

HDFK DJHQW LQ ( � 8VH $XPDQQ
V ������ H[LVWHQFH WKHRUHP WR �QG DQ HTXLOLE�
ULXP IRU WKLV FRQWLQXRXV UHSUHVHQWDWLRQ� $YHUDJH WKH FKRLFHV IRU HDFK W\SH�

REWDLQLQJ FKRLFHV [ IRU WKH RULJLQDO �QLWH HFRQRP\ WKDW OLH LQ WKH FRQYH[ KXOO

RI LQGLYLGXDO GHPDQG VHWV DW WKH JLYHQ SULFHV� 8VH WKH 6KDSOH\^)RONPDQ

WKHRUHP WR FRQVWUXFW QHZ FKRLFHV A[ WKDW NHHS WKH VXP XQFKDQJHG� NHHS WKH

FKRLFHV LQ WKH FRQYH[ KXOOV RI WKH GHPDQG VHWV� DQG KDYH WKH SURSHUW\ WKDW

WKDW WKH FKRLFHV RI DOO EXW DW PRVW Q � P H[FHSWLRQDO DJHQWV OLH LQ WKH GH�

PDQG VHWV WKHPVHOYHV� 6HW WKH FKRLFHV RI WKH H[FHSWLRQDO DJHQWV HTXDO WR ��

REWDLQLQJ FKRLFHV �[� %HFDXVH WKH VXP RI DOO HQGRZPHQWV PLJKW H[FHHG WKH

VXP RI DOO FRQVXPSWLRQV� �[ QHHG QRW EH H[DFWO\ IHDVLEOH� GLVWULEXWH WKH H[FHVV

DUELWUDULO\ WR REWDLQ D FKRLFH YHFWRU [� LQ WKH IDW ��FRUH�

�&RQVLVWHQF\� LW VHHPV� LV WKH KREJREOLQ RI �VPDOO� FOXEV�
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&RQVLGHU QRZ D FOXE HFRQRP\ ( ZLWK Q GLYLVLEOH SULYDWH JRRGV DQG P

W\SHV RI FOXE PHPEHUVKLS� DQG WU\ WR PLPLF WKH DUJXPHQW DERYH� %HJLQ

ZLWK D FRQWLQXRXV UHSUHVHQWDWLRQ RI (� 8VH WKH H[LVWHQFH WKHRUHP LQ (*6=

WR �QG DQ HTXLOLEULXP IRU WKLV FRQWLQXRXV UHSUHVHQWDWLRQ� $YHUDJH WKH FKRLFHV

IRU HDFK W\SH� REWDLQLQJ SULYDWH JRRG FKRLFHV [ DQG FOXE PHPEHUVKLS FKRLFHV

� IRU WKH RULJLQDO �QLWH HFRQRP\ VXFK WKDW IRU HYHU\ DJHQW �[� �� LV LQ WKH

FRQYH[ KXOO RI KLV GHPDQG VHW DW WKH JLYHQ SULFHV� 8VH WKH 6KDSOH\^)RONPDQ

WKHRUHP WR FRQVWUXFW QHZ FKRLFHV �A[� A�� WKDW NHHS WKH VXP XQFKDQJHG� NHHS

WKH FKRLFH RI HYHU\ DJHQW LQ WKH FRQYH[ KXOO RI KLV GHPDQG VHW� DQG KDYH

WKH SURSHUW\ WKDW WKH FKRLFHV RI DOO EXW Q �P H[FHSWLRQDO DJHQWV OLH LQ WKH

GHPDQG VHWV WKHPVHOYHV� 6HW WKH FKRLFHV RI WKHVH Q �P H[FHSWLRQDO DJHQWV

HTXDO WR �� REWDLQLQJ D FKRLFH YHFWRU ��[� ���� +RZHYHU� ��[� ��� PD\ QRW EH

D IHDVLEOH VWDWH RI WKH HFRQRP\� 7KH GL�FXOW\ LV QRW ZLWK SULYDWH JRRGV

FRQVXPSWLRQ� EXW UDWKHU ZLWK FOXE PHPEHUVKLS FKRLFHV� ,Q WKH FRQWLQXRXV

UHSUHVHQWDWLRQ RI WKH HFRQRP\� WKH UHSUHVHQWDWLYHV RI WKH Q �P H[FHSWLRQDO

DJHQWV DQG WKH UHSUHVHQWDWLYHV RI VRPH RI WKH QRQ�H[FHSWLRQDO DJHQWV PLJKW

EHORQJ WR WKH VDPH FOXEV� �3XW GL�HUHQWO\� WKH QRQ�H[FHSWLRQDO DJHQWV PLJKW

�QG WKDW VRPH RI WKH FOXEV WKH\ ZLVK WR MRLQ KDYH QRW �OOHG WKHLU PHPEHUVKLS

TXRWDV�� ,I WKLV LV WKH FDVH� WKH FOXE PHPEHUVKLS FKRLFHV UHSUHVHQWHG LQ �� QHHG

QRW EH FRQVLVWHQW� 7KLV GL�FXOW\ LV QRW HDVLO\ KDQGOHG� EHFDXVH QR REYLRXV

SHUWXUEDWLRQ RI �� ZLOO PDNH WKHVH FOXE PHPEHUVKLS FKRLFHV FRQVLVWHQW�

/HPPD ��� _ RXU PDLQ WHFKQLFDO LQQRYDWLRQ_ SURYLGHV D ZD\ DURXQG WKLV

GL�FXOW\� $OWKRXJK WKH FOXE PHPEHUVKLS FKRLFHV UHSUHVHQWHG E\ �� DUH QRW

FRQVLVWHQW� WKH FRQVWUXFWLRQ RI �� JXDUDQWHHV WKDW WKH\ DUH QHDUO\ VR� /HPPD

��� JXDUDQWHHV WKDW ZH FDQ �QG D ODUJH VXEVHW $� RI WKH VHW RI QRQ�H[FHSWLRQDO

DJHQWV �WKRVH ZKRVH FKRLFHV DUH LQ WKHLU GHPDQG VHWV� VR WKDW WKH FOXE PHP�

EHUVKLSV RI DJHQWV LQ $� DUH FRQVLVWHQW� 6HWWLQJ WKH FOXE PHPEHUVKLSV RI

DJHQWV QRW LQ $� HTXDO WR ]HUR �DQG DGMXVWLQJ SULYDWH JRRG FRQVXPSWLRQ VR

WKDW WKH VXP RI HQGRZPHQWV HTXDOV WKH VXP RI FRQVXPSWLRQ�� ZH REWDLQ D

VWDWH LQ WKH IDW ��FRUH�

/LNH WKH H[LVWHQFH WKHRUHP� RXU GHFHQWUDOL]DWLRQ WKHRUHP SDUDOOHOV DQ DU�

JXPHQW IURP WKH H[FKDQJH FDVH� DQG DJDLQ UHOLHV RQ /HPPD ���� *LYHQ DQ
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DOORFDWLRQ LQ WKH IDW ��FRUH RI DQ HFRQRP\ (� OHW = GHQRWH WKH VHW RI VXPV

�RYHU DOO FRDOLWLRQV� RI QHW SUHIHUUHG VHWV� $V LQ $QGHUVRQ ������������ D GH�

FHQWUDOL]LQJ SULFH LV FRQVWUXFWHG E\ VHSDUDWLQJ WKH FRQYH[ KXOO RI = IURP D

WUDQVODWH RI DQ DSSURSULDWH FRQH� 7KHUH DUH WKUHH VXEWOHWLHV� )LUVW� LQ $Q�

GHUVRQ ������� D QHW WUDGH LV D FRQVXPSWLRQ YHFWRU QHW RI HQGRZPHQW� ,Q WKH

FOXE FRQWH[W� ZH QHHG WR DFFRXQW IRU WKH FRVW RI IRUPLQJ FOXEV� ZH GR VR E\

GH�QLQJ D QHW WUDGH WR EH D FRQVXPSWLRQ YHFWRU QHW RI HQGRZPHQW DQG WKH

VKDUH RI WKH LQSXW UHTXLUHPHQWV RI WKH FOXEV FKRVHQ� 6HFRQG� LQ $QGHUVRQ

������ WKH IHDVLEOH FRQH IURP ZKLFK = PXVW EH VHSDUDWHG LV D WUDQVODWH RI

WKH QHJDWLYH RUWKDQW� ,Q WKH FOXE FRQWH[W� WKH DQDORJRXV FRQH ZRXOG EH WKH

SURGXFW RI D WUDQVODWH RI WKH QHJDWLYH RUWKDQW DQG WKH VXEVSDFH UHSUHVHQWLQJ

FRQVLVWHQW PHPEHUVKLS FKRLFHV� +RZHYHU� VHSDUDWLQJ = IURP WKDW FRQH PLJKW

QRW JXDUDQWHH WKDW SULYDWH JRRGV SULFHV DUH QRQ�]HUR� 7R HQVXUH WKDW SULYDWH

JRRG SULFHV DUH QRQ�]HUR� ZH PXVW VHSDUDWH IURP D ELJJHU FRQH� 7KHVH WZR

VXEWOHWLHV DOVR DULVH LQ (*6=� 7KH WKLUG VXEWOHW\ LV VSHFLDO WR RXU �QLWH FOXE

HFRQRP\ DQG HFKRHV WKH FRQVLVWHQF\ SUREOHP GHVFULEHG DERYH� 7R VKRZ WKDW

= LV GLVMRLQW IURP WKH DSSURSULDWH WUDQVODWH RI WKH QHJDWLYH RUWKDQW� $QGHUVRQ

������ XVHV WKH 6KDSOH\�)RONPDQ WKHRUHP WR VKRZ WKDW WKH FRQWUDU\ VXSSRVL�

WLRQ OHDGV WR D EORFNLQJ FRDOLWLRQ IRUPHG E\ H[FOXGLQJ WKH H[FHSWLRQDO DJHQWV

IURP WKH SRSXODWLRQ� +RZHYHU� LQ WKH FOXE FRQWH[W� H[FOXGLQJ WKH H[FHS�

WLRQDO DJHQWV QHHG QRW OHDG WR DQ DOORFDWLRQ WKDW LV IHDVLEOH� $Q DGGLWLRQDO�

DQG PRUH VXEWOH� DUJXPHQW EDVHG RQ /HPPD ��� DOORZV XV WR SURYH WKDW E\

H[FOXGLQJ HYHQ PRUH DJHQWV ZH FDQ FRQVWUXFW D EORFNLQJ FRDOLWLRQ�

$V PHQWLRQHG DERYH� RXU QRWLRQ RI WKH DSSUR[LPDWH FRUH LV WKH IDW ��FRUH�

LQ ZKLFK WKH UHVRXUFHV XVHG WR IRUP D EORFNLQJ FRDOLWLRQ DUH SURSRUWLRQDO WR

WKH WRWDO QXPEHU RI DJHQWV LQ WKH HFRQRP\� .DQQDL ������� +LOGHQEUDQG�

6FKPHLGOHU DQG =DPLU ������ DQG *URGDO ������ XVH WKH ZHDN ��FRUH� LQ

ZKLFK WKH UHVRXUFHV XVHG WR IRUP D EORFNLQJ FRDOLWLRQ DUH SURSRUWLRQDO WR

WKH VL]H RI WKH FRDOLWLRQ� 7KH UHDVRQ ZH XVH WKH IDW ��FRUH LV WKDW WKH ZHDN

��FRUH RI D FOXE HFRQRP\ PLJKW HDVLO\ EH HPSW\� QR PDWWHU KRZ ODUJH WKH

HFRQRP\� �6HH ([DPSOH ����� 0RUHRYHU� DV VHHQ IURP $QGHUVRQ ������ DQG

RXU GHFHQWUDOL]DWLRQ WKHRUHP� WKH IDW ��FRUH LV WKH QDWXUDO FRQFHSW WR XVH

ZKHQ GHFHQWUDOL]LQJ DSSUR[LPDWH FRUH DOORFDWLRQV� 6LQFH WKH ZHDN ��FRUH LV
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FRQWDLQHG LQ WKH IDW ��FRUH� RXU UHVXOWV LPSO\ WKDW DOORFDWLRQV LQ WKH IRUPHU

FDQ DOVR EH GHFHQWUDOL]HG� EXW WKH UDWH RI FRQYHUJHQFH IRU GHFHQWUDOL]DWLRQ

RI WKH ZHDN ��FRUH LV QR GL�HUHQW IURP WKH UDWH IRU WKH IDW ��FRUH �LQYHUVHO\

SURSRUWLRQDO WR WKH QXPEHU RI DJHQWV LQ WKH HFRQRP\��

7KLV SDSHU LV UHODWHG WR D YDVW OLWHUDWXUH RQ JURXS IRUPDWLRQ WKDW IROORZV

%XFKDQDQ ������ DQG 7LHERXW ������� 7KH SDSHUV RI WKDW OLWHUDWXUH GL�HU

ZLGHO\ LQ WKH ZD\ LQ ZKLFK WKH\ FRQFHLYH DQG PRGHO HQWU\� JHRJUDSKLF VSDFH�

SROLWLFDO SURFHVVHV� SULFH PHFKDQLVPV� DQG WKH PHDQLQJ RI HTXLOLEULXP� HYHQ

D EULHI VXPPDU\ ZRXOG EH EH\RQG WKH VFRSH RI WKLV ,QWURGXFWLRQ� +RZHYHU�

WKH FRQFHUQV RI WKDW OLWHUDWXUH DOVR KDYH PXFK LQ FRPPRQ ZLWK WKRVH RI WKH

SUHVHQW SDSHU� SDUWLFXODUO\ QRQ�H[LVWHQFH RI HTXLOLEULXP� HPSWLQHVV RI WKH

FRUH� DQG WKH QHHG WR DSSHDO WR DSSUR[LPDWLRQ LQ RUGHU WR MXVWLI\ D FRPSHWL�

WLYH VROXWLRQ�� :KHUH WKLV SDSHU DQG LWV FRPSDQLRQ GL�HU PRVW VKDUSO\ IURP

PXFK RI WKDW OLWHUDWXUH LV LQ RXU IRFXV RQ WKH PRGHO ZLWK D FRQWLQXXP RI

DJHQWV DV WKH SURSHU LGHDOL]DWLRQ RI SHUIHFW FRPSHWLWLRQ DQG DV WKH SURSHU

LGHDOL]DWLRQ RI D ?UHDO� HFRQRP\ ZLWK D ODUJH �QLWH QXPEHU RI DJHQWV�

6HYHUDO IHDWXUHV RI RXU PRGHO DUH ZRUWK UHLWHUDWLQJ� )LUVW� WKH VHW RI

SRVVLEOH W\SHV RI FOXEV LV JLYHQ H[RJHQRXVO\� EXW WKH QXPEHU RI FOXEV WKDW

DFWXDOO\ IRUP LV GHWHUPLQHG HQGRJHQRXVO\� DQG PDQ\ FOXEV RI HDFK W\SH PD\

IRUP� 2XU FOXEV DUH QRW GH�QHG E\ SUH�VSHFL�HG ERXQGDULHV� QRU DUH WKH\

?MXULVGLFWLRQV� LQ WKH SROLWLFDO VHQVH� 6HFRQG� ZH DOORZ HDFK DJHQW WR EHORQJ

WR PDQ\ FOXEV� DV LV QDWXUDO LI D FOXEV LV LQWHUSUHWHG DV D PDUULDJH� D �UP� D

VFKRRO� RU D VRFLDO JURXS� �,W PLJKW EH QDWXUDO WR FRQVWUDLQ DJHQWV WR EHORQJ

WR D VLQJOH FOXE LI D FOXE ZHUH LQWHUSUHWHG DV D QDWLRQ RU D FLW\ RU D SROLWLFDO

MXULVGLFWLRQ�� 7KLUG� ZH SULFH DOO PHPEHUVKLSV LQ DOO W\SHV RI FOXEV _ HYHQ

WKRVH ZKLFK DUH QRW FKRVHQ� )RXUWK� ZH DOORZ DJHQWV WR WUDGH ZLWK WKH PDUNHW�

DQG QRW MXVW ZLWKLQ WKH FOXEV WKH\ MRLQ�

)ROORZLQJ WKLV ,QWURGXFWLRQ� 6HFWLRQ � SUHVHQWV WKH IRUPDO GHVFULSWLRQ RI

�)RU D UHSUHVHQWDWLYH� EXW KDUGO\ H[KDXVWLYH� OLVW VHH 3DXO\ ������� (OOLFNVRQ ������

������ %HZOH\ ������� 6FRWFKPHU ������ ������ 6FRWFKPHU DQG :RRGHUV ������� :RRGHUV

������� (QJO DQG 6FRWFKPHU ������� &ROH DQG 3UHVFRWW ������� &RQOH\ DQG:RRGHUV �������

*LOOHV DQG 6FRWFKPHU �������
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D FOXE HFRQRP\� 6HFWLRQ � GLVFXVVHV RXU PDLQ WHFKQLFDO LQQRYDWLRQ DQG WKH

LQWHJHU SURJUDPPLQJ SUREOHP RQ ZKLFK LW UHVWV� 6HFWLRQ � SUHVHQWV RXU PDLQ

UHVXOWV� DSSUR[LPDWH GHFHQWUDOL]DWLRQ RI VWDWHV LQ WKH IDW ��FRUH DQG QRQ�

HPSWLQHVV RI WKH IDW ��FRUH� 6HFWLRQ � SUHVHQWV VRPH LOOXVWUDWLYH H[DPSOHV�

0RVW RI WKH SURRIV DUH FROOHFWHG LQ 6HFWLRQ ��

�



� &OXE (FRQRPLHV

��� 3ULYDWH JRRGV

7KHUH DUH 1 � � SHUIHFWO\ GLYLVLEOH� SXEOLFO\ WUDGHG SULYDWH JRRGV� 7KXV� WKH
VSDFH RI SULYDWH JRRGV LV ,51 DQG WKH VSDFH RI SULYDWH JRRG SULFHV LV DOVR ,51 �

:ULWH �  ��� � � � � �� � ,51 IRU WKH EXQGOH RI � XQLW RI HDFK SULYDWH JRRG� DQG

ZULWH

�  IS � ,51�� � MSM  �J
IRU WKH RSHQ VLPSOH[ RI QRUPDOL]HG SULYDWH JRRG SULFHV�

)RU [� [� � ,5- ZH ZULWH [ � [� WR PHDQ [M � [�M IRU HDFK M� [ ! [� WR

PHDQ WKDW [ � [� EXW [ � [�� DQG [ !! [� WR PHDQ WKDW [M ! [�M IRU HDFK M�

:H ZULWH M[M  3-
M � M[MM� ,I % LV D �QLWH VHW ZH ZULWH M%M IRU LWV FDUGLQDOLW\�

,I I � % � ,5- LV D IXQFWLRQ ZH ZULWH

I%  
;
E�%

I�E�

��� &OXEV

$V LQ (*6=� ZH GHVFULEH D FOXE W\SH E\ WKH QXPEHU DQG FKDUDFWHULVWLFV RI LWV

PHPEHUV DQG WKH DFWLYLW\ LQ ZKLFK WKH FOXE LV HQJDJHG�

/HW � EH D �QLWH VHW RI H[WHUQDO FKDUDFWHULVWLFV RI SRWHQWLDO PHPEHUV RI

D FOXE DQG OHW � EH D �QLWH VHW RI FOXE DFWLYLWLHV� $Q HOHPHQW � � � LV D
FRPSOHWH GHVFULSWLRQ RI WKH H[WHUQDO FKDUDFWHULVWLFV RI DQ LQGLYLGXDO WKDW DUH

UHOHYDQW IRU WKH RWKHU PHPEHUV RI D FOXE� $ SUR�OH �RI D FOXE� LV D IXQFWLRQ

� � � � =�  I�� �� � � �J� )RU � D SUR�OH DQG � � �� ���� LV WKH QXPEHU RI
PHPEHUV RI WKH FOXE KDYLQJ H[WHUQDO FKDUDFWHULVWLF �� DQG M�M  3

��� ����

LV WKH WRWDO QXPEHU RI PHPEHUV LQ WKH FOXE�

$ FOXE W\SH LV D SDLU ��� �� FRQVLVWLQJ RI D SUR�OH DQG DQ DFWLYLW\ � �
�� :H WDNH DV JLYHQ D �QLWH VHW RI SRVVLEOH FOXE W\SHV &OXEV  I��� ��J��

�%HFDXVH WKH VHW RI FOXE W\SHV LV �QLWH� WKHUH LV D ERXQG RQ WKH QXPEHU RI PHPEHUV RI

�



)RUPDWLRQ RI WKH FOXE ��� �� UHTXLUHV D WRWDO LQSXW RI SULYDWH JRRGV HTXDO WR

LQS��� �� � ,51� �
$ FOXE PHPEHUVKLS LV DQ RSHQLQJ LQ D SDUWLFXODU FOXE W\SH IRU DQ DJHQW

ZLWK D SDUWLFXODU H[WHUQDO FKDUDFWHULVWLF� L�H�� D WULSOH P  ��� �� �� VXFK WKDW

��� �� � &OXEV DQG ���� � �� :ULWH 0 IRU WKH VHW RI FOXE PHPEHUVKLSV�

(DFK DJHQW PD\ EHORQJ WR PDQ\ FOXEV RU WR QRQH� $ OLVW LV D IXQFWLRQ

C � 0 � I�� �� � � �J� C��� �� �� VSHFL�HV WKH QXPEHU RI PHPEHUVKLSV RI W\SH
��� �� ��� :ULWH /LVWV IRU WKH VHW RI OLVWV� /LVWV LV D VHW RI IXQFWLRQV IURP 0
WR I�� �� � � �J� EXW ZH IUHTXHQWO\ YLHZ LW DV D VXEVHW RI ,50� ZKLFK LV WKH VHW
RI IXQFWLRQV IURP 0 WR ,5� )RU DQ DUELWUDU\ OLVW C ZH GH�QH�

¡�C�  
;

��������0

C��� �� ��
�

M�M LQS��� ��

¡�C� � ,51
� LV WKH WRWDO EXQGOH RI LQSXWV WKDW DQ DJHQW FKRRVLQJ OLVW C ZRXOG

KDYH WR FRQWULEXWH LI LQSXWV WR HYHU\ FOXE ZHUH LPSXWHG HTXDOO\ WR HDFK PHP�

EHU RI WKDW FOXE�

��� $JHQWV

$ FRPSOHWH GHVFULSWLRQ RI DQ DJHQW D FRQVLVWV RI KLV�KHU H[WHUQDO FKDUDFWHU�

LVWLFV� FKRLFH VHW� HQGRZPHQW RI SULYDWH JRRGV� DQG XWLOLW\ IXQFWLRQ�

7KH H[WHUQDO FKDUDFWHULVWLF RI DQ DJHQW D LV DQ HOHPHQW �D � ��
7KH FKRLFH VHW RI DQ DJHQW D� ZKLFK VSHFL�HV WKH IHDVLEOH EXQGOHV RI SULYDWH

JRRGV DQG FOXE PHPEHUVKLSV� LV D VXEVHW ;D � ,51 � /LVWV� )RU VLPSOLFLW\�

ZH DVVXPH WKDW WKH RQO\ UHVWULFWLRQ RQ SULYDWH JRRG FRQVXPSWLRQ LV WKDW LW EH

QRQ�QHJDWLYH� VR WKDW ;D  ,5
1
� �/LVWV�D� IRU VRPH VXEVHW /LVWV�D� � /LVWV�

:H DVVXPH WKDW � � /LVWV�D� IRU HYHU\ D �VR DJHQWV PD\ FKRRVH WR EHORQJ WR

QR FOXEV� DQG WKDW C��� �� ��  � LI ��� �� �� � 0 DQG � � �D �VR WKDW QR

LQGLYLGXDO PD\ FKRRVH PHPEHUVKLS LQ DQ\ FOXE W\SH FRQWDLQLQJ QR PHPEHUV

DQ\ FOXE�

�



RI KLV�KHU H[WHUQDO FKDUDFWHULVWLF�� :H DVVXPH WKDW WKHUH LV D ERXQG 0 RQ

WKH QXPEHU RI PHPEHUVKLSV DQ\ DJHQW PD\ FKRRVH� :ULWH

/LVWV0  IC � /LVWV � MCM � 0J

VR /LVWV�D� � /LVWV0 IRU HDFK D�

7KH HQGRZPHQW RI DJHQW D LV D EXQGOH HD � ,51
� RI SULYDWH JRRGV� DJHQWV

DUH QRW HQGRZHG ZLWK FOXE PHPEHUVKLSV�

7KH XWLOLW\ IXQFWLRQ RI DJHQW D LV GH�QHG RYHU FRQVXPSWLRQ RI SULYDWH

JRRGV DQG FOXE PHPEHUVKLSV� XD � ;D  ,5
1
� � /LVWV�D�� ,5� :H DVVXPH

WKURXJKRXW WKDW XWLOLW\ IXQFWLRQV DUH FRQWLQXRXV DQG VWULFWO\ PRQRWRQH LQ

SULYDWH JRRGV� WKDW LV� IRU HDFK OLVW C � /LVWV�D�� XD��� C� � ,51� � ,5 LV

FRQWLQXRXV DQG VWULFWO\ PRQRWRQH� :H PDNH QR DVVXPSWLRQ DERXW WKH XWLOLW\

RI FKRLFHV �[� C�� �[�� C�� ZKHQ C � C�� ,Q SDUWLFXODU� FOXE PHPEHUVKLSV PD\ EH

GHVLUDEOH RU XQGHVLUDEOH� DQG FOXE PHPEHUVKLSV DQG SULYDWH JRRGV PD\ EH

FRPSOHPHQWV RU VXEVWLWXWHV�

��� &OXE (FRQRPLHV

$ FOXE HFRQRP\ ( LV VSHFL�HG E\ D �QLWH VHW RI SULYDWH JRRGV� D �QLWH VHW RI
FOXE W\SHV DQG FRUUHVSRQGLQJ LQSXWV� D �QLWH VHW RI DJHQWV $� DQG D PDS�

SLQJ D �� ��D�;D� HD� XD� WKDW DVVLJQV WR HDFK DJHQW D � $ KLV�KHU H[WHUQDO

FKDUDFWHULVWLF� FKRLFH VHW� HQGRZPHQW� DQG XWLOLW\ IXQFWLRQ�

��� )HDVLEOH 6WDWHV

$ VWDWH RI WKH FOXE HFRQRP\ ( LV D PDSSLQJ �[� �� � $ � ,51� � /LVWV�

[ � $ � ,51 VSHFL�HV FRQVXPSWLRQ RI SULYDWH JRRGV DQG � � $ � /LVWV VSHF�

L�HV FKRLFHV RI FOXE PHPEHUVKLSV� )HDVLELOLW\ RI D VWDWH �[� �� HQWDLOV IHDVLELO�

LW\ RI LQGLYLGXDO FKRLFHV� PDUNHW FOHDULQJ IRU SULYDWH JRRGV� DQG IHDVLELOLW\ RI

WKH OLVW DVVLJQPHQW �� LQ WKH VHQVH RI WKH IROORZLQJ GH�QLWLRQ�

�



'H�QLWLRQ 7KH OLVW DVVLJQPHQW � � % � /LVWV LV IHDVLEOH IRU % LI IRU

HYHU\ FOXE W\SH ��� �� WKHUH LV D �SRVVLEO\ HPSW\� IDPLO\ RI VXEVHWV �FOXEV�

&�� � � � � &N RI % �QRW QHFHVVDULO\ GLVMRLQW� VXFK WKDW

��� IRU HDFK � � � DQG HDFK M�

����  
���ID � &M � �D  �J

���
�VR WKH SUR�OH RI WKH FOXE &M FRLQFLGHV ZLWK WKH SUR�OH � RI WKH FOXE

W\SH�

��� IRU HDFK D � %�

�D��� �� ��  

� MIM � D � &MJM LI �  �D
� LI � � �D

�VR �D��� �� �� LV WKH QXPEHU RI FOXEV WR ZKLFK FRQVXPHU D EHORQJV��

*LYHQ WKH GH�QLWLRQ RI IHDVLELOLW\ IRU OLVW DVVLJQPHQWV� WKH GH�QLWLRQ RI

IHDVLELOLW\ IRU VWDWHV LV VWUDLJKWIRUZDUG�

'H�QLWLRQ $ VWDWH �[� �� LV IHDVLEOH IRU % � $ LI �

��� LQGLYLGXDO FKRLFHV EHORQJ WR FRQVXPSWLRQ VHWV�

�[D� �D� � ;D IRU HDFK D � %

�LQGLYLGXDO FKRLFHV DUH IHDVLEOH�

��� SULYDWH FRQVXPSWLRQ DQG LQSXWV WR FOXE IRUPDWLRQ VXP WR WKH WRWDO

HQGRZPHQW RI DJHQWV LQ %�;
D�%

[D �
;
D�%

¡ ��D�  
;
D�%

HD

�PDUNHWV IRU SULYDWH JRRGV FOHDU�

��� WKH OLVW DVVLJQPHQW � LV IHDVLEOH IRU %

:H VD\ WKH VWDWH �[� �� LV IHDVLEOH LI LW LV IHDVLEOH IRU WKH VHW $ LWVHOI�

��



��� &RQVLVWHQF\

$Q DOWHUQDWLYH IRUPXODWLRQ RI IHDVLELOLW\ IRU OLVW DVVLJQPHQWV ZLOO SURYH WR

EH YHU\ FRQYHQLHQW� 6D\ WKDW D YHFWRU �� � ,50 �ZKLFK ZLOO UHSUHVHQW WKH

DJJUHJDWLRQ RI LQGLYLGXDO PHPEHUVKLS FKRLFHV� LV FRQVLVWHQW LI IRU HDFK FOXE

W\SH ��� �� DQG H[WHUQDO FKDUDFWHULVWLF � ZLWK ���� ! � WKH UDWLR

Q��� ��  
����� �� ��

����

LV LQGHSHQGHQW RI � � �� 6D\ WKDW �� LV LQWHJHU FRQVLVWHQW LI LW LV FRQVLVWHQW

DQG� IRU HDFK FOXE W\SH ��� ��� WKH UDWLR Q��� �� LV D QRQ�QHJDWLYH LQWHJHU�

:ULWH &RQV � ,50 IRU WKH OLQHDU VXEVSDFH RI FRQVLVWHQW PHPEHUVKLS YHFWRUV

DQG &RQV� IRU WKH VHW RI LQWHJHU FRQVLVWHQW PHPEHUVKLS YHFWRUV� 1RWH WKDW

&RQV LV WKH OLQHDU VXEVSDFH VSDQQHG E\ &RQV��

,I % � $� ZH VD\ WKDW WKH OLVW DVVLJQPHQW � � % � /LVWV LV FRQVLVWHQW

LI �D��� �� ��  � ZKHQHYHU � � �D �VR LQGLYLGXDOV FKRRVH PHPEHUVKLSV

RQO\ LQ FOXEV WR ZKLFK WKH\ PLJKW EHORQJ� DQG WKH FRUUHVSRQGLQJ DJJUHJDWH

PHPEHUVKLS YHFWRU

�%  
;
D�%

�D � ,50

LV FRQVLVWHQW� 6LPLODUO\� � LV LQWHJHU FRQVLVWHQW LI � LV FRQVLVWHQW DQG �% LV

LQWHJHU FRQVLVWHQW�

,W LV HDV\ WR VHH WKDW D IHDVLEOH OLVW DVVLJQPHQW LV LQWHJHU FRQVLVWHQW� EXW

DQ LQWHJHU FRQVLVWHQW OLVW DVVLJQPHQW QHHG QRW EH IHDVLEOH� 7KH GL�FXOW\ LV

WKDW LQWHJHU FRQVLVWHQF\ DOORZV IRU WKH SRVVLELOLW\ WKDW D SDUWLFXODU LQGLYLGXDO

LV DVVLJQHG VHYHUDO PHPEHUVKLSV LQ WKH VDPH FOXE� �)RU LQVWDQFH� VXSSRVH

WKHUH LV D VLQJOH H[WHUQDO FKDUDFWHULVWLF DQG D VLQJOH FOXE W\SH� FRQVLVWLQJ RI

� LQGLYLGXDOV� $ OLVW DVVLJQPHQW LQ ZKLFK RQH DJHQW FKRRVHV � PHPEHUVKLSV

DQG WKH RWKHU FKRRVHV QRQH LV LQWHJHU FRQVLVWHQW� EXW FRXOG RQO\ DULVH IURP

IRUPDWLRQ RI FOXEV LI ZH ZHUH WR DOORZ D VLQJOH DJHQW WR RFFXS\ ERWK PHP�

EHUVKLSV LQ WKH VDPH FOXE�� 7KH IROORZLQJ SURSRVLWLRQ VKRZV KRZ WR UXOH RXW

SUHFLVHO\ WKLV SUREOHP�

��



3URSRVLWLRQ ��� 7KH OLVW DVVLJQPHQW � � % � /LVWV LV IHDVLEOH LI DQG RQO\

LI LW LV LQWHJHU FRQVLVWHQW DQG

�E��� �� �E� � Q��� ��  
�%��� �� ��

����

IRU HYHU\ DJHQW E � % DQG HYHU\ FOXE W\SH ��� ��� �7KDW LV� QR DJHQW LV

DVVLJQHG PRUH FOXEV RI D JLYHQ W\SH WKDQ DUH IRUPHG E\ WKH HQWLUH SRSXODWLRQ��

3URRI /HW � EH DQ LQWHJHU FRQVLVWHQW OLVW DVVLJQPHQW IRU ZKLFK WKH JLYHQ

LQHTXDOLWLHV DUH VDWLV�HG� )L[ D FOXE W\SH ��� ��� ,I Q��� ��  �� WKH GHVLUHG

IDPLO\ I&MJ LV WKH HPSW\ IDPLO\� VR ZH KHQFHIRUWK DVVXPH Q��� �� ! ��
:H FRQVWUXFW WKH IDPLO\ I&MJ E\ DQ LQGXFWLYH SURFHGXUH� 7RZDUG WKLV

HQG� GH�QH

Q�  Q��� �� ���

J��E� ��  �E��� �� �� IRU HDFK E � %� ��� �� �� � 0 ���

2XU GH�QLWLRQV DQG WKH DVVXPHG LQHTXDOLW\ JXDUDQWHH WKDW

;
E�%

J��E� ��  Q� ���� IRU HDFK � � � ���

J��E� �� � Q� IRU HDFK E � %� � � � ���

)RU HDFK � � � IRU ZKLFK ���� ! �� OHW

%��  IE � % � �E  �� J��E� �� ! �J

7KH SURSHUWLHV ���� ��� JXDUDQWHH WKDW M%��M � ����� &KRRVH GLVWLQFW LQGLYLG�

XDOV E�� � � � � � E
�
���� � %�� WR PD[LPL]H WKH VXP

����;
L �

J��E�L � ��

'H�QH &�  IE�L � ���� ! �J� 2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW� IRU HDFK ��

&� FRQWDLQV H[DFWO\ ���� GLVWLQFW LQGLYLGXDOV ZKRVH H[WHUQDO FKDUDFWHULVWLF

��



LV �� DQG WKDW �E��� �� �� ! � IRU HDFK VXFK LQGLYLGXDO� +HQFH� &� KDV WKH

GHVLUHG SUR�OH�

,I Q�  � ZH DUH GRQH� ,I Q� ! �� ZH FRQWLQXH E\ GH�QLQJ

Q�  Q� � � ���

J��E� ��  

�
J��E� ��� � LI E � &�

J��E� �� LI E  � &�
���

2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW;
E�%

J��E� ��  
;
E�%

J��E� ��� ;
E�&�

�

 
;
E�%

J��E� ��� ����

 Q� ����� ����

 Q� ����

,I F � &� WKHQ

J��F� ��  J��F� ��� � � Q� � �  Q�

,I G � % Q &� DQG J��G� �� ! Q� WKHQ

J��G� ��  J��G� �� � Q�

%HFDXVH IE�� � � � � E�����J ZHUH FKRVHQ WR PD[LPL]H
3

J��EL� ��� LW IROORZV WKDW

J��F� �� � J��G� �� IRU HYHU\ F � &�� +HQFH J��F� �� � Q� IRU HYHU\ F � &��

%XW WKHQ ;
E�%

J��E� �� � ;
E�&�>IGJ

J��E� �� � Q� >���� � �@

ZKLFK FRQWUDGLFWV ���� :H FRQFOXGH WKDW;
E�%

J��E� ��  Q� ���� IRU HDFK � � � ���

J��E� �� � Q� IRU HDFK E � %� � � � ���

+HQFH ZH PD\ UHSHDW WKH FRQVWUXFWLRQ RI &� WR REWDLQ &�� Q�� J�� $IWHU Q�

LWHUDWLRQV� Q����  �� J���� � � DQG WKH SURFHVV VWRSV� :H KDYH FRQVWUXFWHG

WKH GHVLUHG IDPLO\ RI FOXEV &�� � � � � &Q������

7KH FRQYHUVH LV VWUDLJKWIRUZDUG DQG OHIW WR WKH UHDGHU�

��



��� 3ULFHV

,Q WKH FOXE FRQWH[W� ZH SULFH FOXE PHPEHUVKLSV DV ZHOO DV SULYDWH JRRGV� VR

SULFHV DUH SDLUV �S� T� � ,51 � ,50�� %HFDXVH ZH DVVXPH WKDW SUHIHUHQFHV DUH

VWULFWO\ PRQRWRQH LQ SULYDWH JRRGV� SULFHV RI SULYDWH JRRGV PXVW EH VWULFWO\

SRVLWLYH� +RZHYHU� ZH GR QRW DVVXPH WKDW SUHIHUHQFHV DUH PRQRWRQH LQ FOXE

PHPEHUVKLSV� VR SULFHV RI FOXE PHPEHUVKLSV PD\ EH SRVLWLYH� QHJDWLYH RU

]HUR� �3ULFHV IRU FOXE PHPEHUVKLSV LQFRUSRUDWH WUDQVIHUV EHWZHHQ DJHQWV LQ

D JLYHQ FOXE�� $V QRWHG HDUOLHU� ZH �QG LW FRQYHQLHQW WR QRUPDOL]H SULYDWH

JRRG SULFHV VR WKDW WKH\ OLH LQ WKH RSHQ VLPSOH[ �� :H GR QRW QRUPDOL]H

FOXE PHPEHUVKLS SULFHV�

��� (TXLOLEULXP

'H�QLWLRQ $ FOXE HTXLOLEULXP FRQVLVWV RI D IHDVLEOH VWDWH �[� �� DQG SULFHV

�S� T� � �� ,50� S � �� VDWLVI\LQJ

��� %XGJHW )HDVLELOLW\ IRU ,QGLYLGXDOV )RU HDFK D � $�

�S� T� � �[D� �D�  S � [D � T � �D � S � HD

��� 2SWLPL]DWLRQ )RU HDFK D � $�

�[�D� �
�
D� � ;D DQG XD�[

�
D� �

�
D� ! XD�[D� �D�� S � [�D � T � ��D ! S � HD

��� %XGJHW %DODQFH IRU &OXE 7\SHV )RU HDFK ��� �� � &OXEV�

;
���

����T��� �� ��  S � LQS��� ��

�1RWH WKDW FOXE PHPEHUVKLS SULFHV GHSHQG RQ WKH FOXE W\SH DQG RQ WKH H[WHUQDO FKDU�

DFWHULVWLFV� EXW QRW RQ HQGRZPHQWV RU SUHIHUHQFHV�

��



7KXV� DW DQ HTXLOLEULXP� LQGLYLGXDOV RSWLPL]H VXEMHFW WR WKHLU EXGJHW FRQ�

VWUDLQWV DQG WKH VXP RI PHPEHUVKLS SULFHV LQ D JLYHQ FOXE W\SH LV MXVW HQRXJK

WR SD\ IRU WKH LQSXWV WR FOXEV RI WKDW W\SH� $ FOXE TXDVL�HTXLOLEULXP FRQVLVWV

RI D IHDVLEOH VWDWH �[� �� DQG SULFHV �S� T� � � � ,50� S � �� VDWLVI\LQJ ����
��� DQG�

���� 4XDVL�2SWLPL]DWLRQ )RU DOO D � $�

�[�D� �
�
D� � ;D DQG XD�[

�
D� �

�
D� ! XD�[D� �D�� �S� T� � �[�D� ��D� � S � HD

7KDW LV� QRWKLQJ IHDVLEOH DQG VWULFWO\ SUHIHUUHG FRVWV VWULFWO\ OHVV WKDQ DJHQW

D
V ZHDOWK�

1RWH WKDW DQ HTXLOLEULXP LV QHFHVVDULO\ D TXDVL�HTXLOLEULXP� EXW QRW YLFH

YHUVD� (*6= SUHVHQWV FRQGLWLRQV WKDW JXDUDQWHH WKDW HYHU\ TXDVL�HTXLOLEULXP

LV DQ HTXLOLEULXP�

��



� )HDVLEOH DQG 1HDU�)HDVLEOH $VVLJQPHQWV

$V QRWHG LQ WKH ,QWURGXFWLRQ� RXU DUJXPHQWV GHSHQG RQ D FRQVWUXFWLRQ WKDW

H[WUDFWV D OLVW DVVLJQPHQW WKDW LV IHDVLEOH IURP D OLVW DVVLJQPHQW WKDW LV RQO\

?QHDUO\� IHDVLEOH� 7R PDNH WKLV VWDWHPHQW SUHFLVH� �[ D FOXE VWUXFWXUH &OXEV

DQG D ERXQG 0 RQ WKH QXPEHU RI FOXEV WR ZKLFK DQ LQGLYLGXDO PD\ EHORQJ�

/HPPD ��� 7KHUH DUH FRQVWDQWV� .��&OXEV�0��.��&OXEV�0� VXFK WKDW�

,I � � % � /LVWV0 LV DQ\ OLVW DVVLJQPHQW� WKHQ WKHUH LV D VXEVHW

%� � % VXFK WKDW �M%� LV IHDVLEOH DQG

M% Q% �M � .��&OXEV�0� GLVW��%�&RQV� �.��&OXEV�0�

$ WKRXJKW H[HUFLVH ZLOO KHOS WR XQGHUVWDQG ZKDW WKLV UHVXOW GRHV QRW VD\�

6XSSRVH � � % � /LVWV0 LV D IHDVLEOH OLVW DVVLJQPHQW� IRU HDFK FOXE W\SH

��� �� OHW I&�����L J EH D IDPLO\ RI FOXEV ZKRVH H[LVWHQFH LV JXDUDQWHHG E\ WKH
GH�QLWLRQ RI IHDVLELOLW\� &KRRVH DQ DUELWUDU\ E � % DQG VHW %�  % Q IEJ� ,W
LV HYLGHQW WKDW WKH GLVWDQFH IURP �%� WR &RQV LV DW PRVW 0 � VR /HPPD ���

JXDUDQWHHV WKDW WKHUH LV D VXEVHW %� � %� VXFK WKDW M%� Q%�M � .�0 �.�

DQG IRU ZKLFK WKH UHVWULFWLRQ �M%� LV IHDVLEOH� $JDLQ� WKHUH DUH IDPLOLHV RI FOXEV

I'�����
M J DV JXDUDQWHHG E\ WKH GH�QLWLRQ RI IHDVLELOLW\� +RZHYHU� /HPPD ���

GRHV QRW JXDUDQWHH WKDW I'�����
M J LV D VXEIDPLO\ RI I&�����L J� RU WKDW WKHUH LV

DQ\ SDUWLFXODU UHODWLRQVKLS EHWZHHQ WKH IDPLOLHV� $V LOOXVWUDWHG LQ ([DPSOH

���� WR FRQVWUXFW WKH IDPLO\ I'�����
M J RI FOXEV PHHWLQJ WKH UHTXLUHPHQWV RI

IHDVLELOLW\ RI �M%�� LW PD\ EH QHFHVVDU\ WR GLVVROYH DOO RI WKH FOXEV &
�����
L DQG

IRUP D FRPSOHWHO\ GL�HUHQW IDPLO\�

7KH KHDUW RI WKH FRQVWUXFWLRQ LQ /HPPD ��� LV DQ LQWHJHU SURJUDPPLQJ

SUREOHP RI VRPH LQGHSHQGHQW LQWHUHVW� 7R IRUPXODWH WKLV SUREOHP� ZH QHHG

VRPH GH�QLWLRQV� 7KH QRQ�HPSW\ VXEVHW + � =P
� LV FORVHG XQGHU DGGLWLRQ LI

�:H GHULYH WKH FRQVWDQWV ODWHU� 7KHVH FRQVWDQWV GHSHQG RQ &OXEV DQG 0 LQ D FRPSOL�

FDWHG DQG DSSDUHQWO\ QRQ�FRQVWUXFWLYH ZD\�

��



[� [� � + � [ � [� � +� + LV UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ LI [� [� �
+� [� [� � =P

� � [� [� � +� �1RWH WKDW &RQV� � ,50 HQMR\V ERWK WKHVH

SURSHUWLHV��

/HPPD ��� ,I + � =P
� LV FORVHG XQGHU DGGLWLRQ DQG UHODWLYHO\ FORVHG XQGHU

VXEWUDFWLRQ� DQG / � =P
� LV D �QLWH VHW� WKHQ WKHUH LV D FRQVWDQW F �P�+�/�

VXFK WKDW�

*LYHQ FRH�FLHQWV I�C � C � /J � =� WKHUH DUH FRH�FLHQWV

I��C � C � /J � =� VXFK WKDW

��� � �C � �C IRU DOO C � /

���
3

��C C � +

���
3 M�C � � �CM � F �P�+�/� GLVW �

3
�C C�+�

7KH FRQFOXVLRQ RI /HPPD ��� GHSHQGV FUXFLDOO\ RQ WKH DVVXPSWLRQ WKDW

+ LV UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ� DQG QHHG QRW REWDLQ ZLWKRXW WKLV

DVVXPSWLRQ� )RU LQVWDQFH� LI P  �� �+  I��� ��J > I�L� M� � =�� � L ! MJ
�ZKLFK LV FORVHG XQGHU DGGLWLRQ EXW QRW UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ��

C  ��� �� DQG /  ICJ� WKHQ GLVW �� C� �+�  � IRU HYHU\ � � =�� EXW LI

� � � =� DQG � � C � �+ WKHQ ��  ��

��



� $SSUR[LPDWH &RUH DQG 'HFHQWUDOL]DWLRQ

0DQ\ QRWLRQV RI DSSUR[LPDWH FRUH KDYH EHHQ XVHG LQ WKH OLWHUDWXUH� RXUV LV

WKH DQDORJ RI RQH XVHG LQ WKH H[FKDQJH VHWWLQJ E\ $QGHUVRQ �������

'H�QLWLRQ /HW �[� �� EH D IHDVLEOH VWDWH IRU WKH FOXE HFRQRP\ ( DQG OHW
� � �� :H VD\ �[� �� LV LQ WKH IDW ��FRUH RI ( LI WKHUH GRHV QRW H[LVW D

QRQ�HPSW\ FRDOLWLRQ % � $ DQG D VWDWH �\� �� VXFK WKDW

��� XD�\D� �D� ! XD�[D� �D� IRU DOO D � %

��� � LV IHDVLEOH IRU %

��� \% � ¡ ��%� � H% � �M$M�

:H VD\ �[� �� LV LQ WKH ZHDN ��FRUH RI ( LI WKHUH GRHV QRW H[LVW D QRQ�HPSW\
FRDOLWLRQ % � $ DQG D VWDWH �\� �� VDWLVI\LQJ ��� DQG ��� DERYH DQG

���� \% � ¡ ��%� � H% � �M%M�

:H VD\ �[� �� LV LQ WKH VWURQJ ��FRUH RI ( LI WKHUH GRHV QRW H[LVW D QRQ�HPSW\
FRDOLWLRQ % � $ DQG D VWDWH �\� �� VDWLVI\LQJ ��� DQG ��� DERYH DQG

����� \% � ¡ ��%� � H% � ��

1RWH WKDW WKH IDW ��FRUH FRQWDLQV WKH ZHDN ��FRUH� WKH ZHDN ��FRUH FRQWDLQV

WKH VWURQJ ��FRUH� DQG WKH VWURQJ ��FRUH FRQWDLQV WKH FRUH� (DFK RI WKHVH ��

FRUHV VKULQN DV � � �� DQG DOO FRLQFLGH ZLWK WKH FRUH ZKHQ �  �� :H

VKRZ EHORZ WKDW WKH IDW ��FRUH RI D FOXE HFRQRP\ LV QRW HPSW\ SURYLGHG

WKDW WKH HFRQRP\ FRQWDLQV VX�FLHQWO\ PDQ\ LQGLYLGXDOV� $V ([DPSOH ���

GHPRQVWUDWHV� ERWK WKH ZHDN DQG VWURQJ ��FRUHV PD\ EH HPSW\� QR PDWWHU

KRZ PDQ\ LQGLYLGXDOV WKH HFRQRP\ PD\ FRQWDLQ�

��



��� $SSUR[LPDWH 'HFHQWUDOL]DWLRQ

2XU QRWLRQ RI DSSUR[LPDWH GHFHQWUDOL]DWLRQ SDUDOOHOV WKDW RI $QGHUVRQ ������

������ )ROORZLQJ $QGHUVRQ� ZH FRQVWUXFW WZR PHDVXUHV RI KRZ ZHOO D JLYHQ

SULFH V\VWHP �S� T� � � � ,50 DSSUR[LPDWHO\ GHFHQWUDOL]HV D IHDVLEOH VWDWH

�[� �� IRU DQ HFRQRP\ (� )RU D � $ GH�QH

��D�[� �� S� T�  >�S� T� � �[D� �D�� S � HD@�
��D�[� �� S� T�  VXS

Q
>S � HD � �S� T� � �[�� ���@� � XD�[�� ��� ! XD�[D� �D�

R

�ZKHUH U�  PD[IU� �J LV WKH SRVLWLYH SDUW RI WKH UHDO QXPEHU U�� 7KH

QXPEHU ��D�[� �� S� T� PHDVXUHV KRZ IDU �[D� �D� OLHV RXWVLGH DJHQW D
V EXGJHW

VHW� WKH QXPEHU ��D�[� �� S� T� PHDVXUHV KRZ PXFK OHVV WKDQ WKH YDOXH RI KLV

LQLWLDO HQGRZPHQW WKH DJHQW D FDQ VSHQG DQG VWLOO REWDLQ VRPHWKLQJ SUHIHUUHG

WR �[D� �D�� 1RWH WKDW �
�
D�[� �� S� T�  � LI DQG RQO\ LI �[D� �D� OLHV LQ DJHQW

D
V EXGJHW VHW DQG WKDW ��D�[� �� S� T�  � LI DQG RQO\ LI �[D� �D� LV D TXDVL�

RSWLPL]LQJ EXQGOH IRU DJHQW D� 2XU PHDVXUHV RI DSSUR[LPDWH GHFHQWUDOL]DWLRQ

DUH WKH DYHUDJHV�

���[� �� S� T�  
�

M$M
;
D�$

��D�[� �� S� T�

���[� �� S� T�  
�

M$M
;
D�$

��D�[� �� S� T�

'H�QLWLRQ )RU � � �� WKH IHDVLEOH VWDWH �[� �� FDQ EH �^GHFHQWUDOL]HG E\

SULFHV LI WKHUH H[LVW �S� T� � �� ,50 VXFK WKDW

��� ���[� �� S� T� � �

��� ���[� �� S� T� � �

��� IRU HDFK ��� �� � &OXEV�

;
���

����T��� �� ��  S � LQS��� ��

��



7KDW LV� WKH DYHUDJH GHYLDWLRQ IURP LQGLYLGXDO EXGJHW VHWV LV VPDOO� WKH DY�

HUDJH GHYLDWLRQ IURP LQGLYLGXDO RSWLPL]DWLRQ LV VPDOO� DQG EXGJHWV RI FOXEV

EDODQFH H[DFWO\�

1RWH WKDW LI �[� �� LV �^GHFHQWUDOL]HG E\ SULFHV �S� T� WKHQ �S� T�� �[� ��

FRQVWLWXWH D TXDVL�HTXLOLEULXP IRU ( �

,Q ZKDW IROORZV� .��&OXEV�0��.��&OXEV�0� DUH WKH FRQVWDQWV GHWHU�

PLQHG LQ /HPPD ���� ZKLFK GHSHQG RQO\ RQ WKH FOXE VWUXFWXUH DQG WKH

QXPEHU RI FOXEV WR ZKLFK DQ LQGLYLGXDO PD\ EHORQJ� �,Q SDUWLFXODU� WKHVH

FRQVWDQWV GR QRW GHSHQG RQ WKH QXPEHU RI DJHQWV LQ WKH HFRQRP\�� ,W LV

FRQYHQLHQW WR VHW

.��&OXEV�0�1�  >� �0 .��&OXEV�0�@ >1 � M0M@ �.��&OXEV�0�

,I &OXEV�0�1 DUH XQGHUVWRRG� ZH VLPSOLI\ QRWDWLRQ E\ ZULWLQJ .� UDWKHU

WKDQ .��&OXEV�0�1�� ,I ( LV D FOXE HFRQRP\� ZULWH

: �(�  PD[ IHDQ � D � $� � � Q � 1J

7KHRUHP ��� ,I ( LV D FOXE HFRQRP\ DQG � � �� WKHQ HYHU\ VWDWH LQ WKH IDW

��FRUH FDQ EH .�: �(� M$M�� � � ^ GHFHQWUDOL]HG E\ SULFHV�

%HFDXVH WKH IDW ��FRUH FRLQFLGHV ZLWK WKH FRUH ZKHQ �  �� WKH IROORZLQJ

LV DQ LPPHGLDWH FRUROODU\�

&RUROODU\ ��� ,I ( LV D FOXE HFRQRP\� WKHQ HYHU\ VWDWH LQ WKH FRUH RI ( FDQ

EH .�: �(� M$M�� ^ GHFHQWUDOL]HG E\ SULFHV�

1RWH WKDW WKHVH UHVXOWV JLYH D ?UDWH RI FRQYHUJHQFH� IRU GHFHQWUDOL]DWLRQ

RI M$M��� H[DFWO\ DV LQ WKH H[FKDQJH FDVH� FI� $QGHUVRQ ������ ������

��



��� ([LVWHQFH

7KH GHFHQWUDOL]DWLRQ 7KHRUHP ��� LV RI OLWWOH LQWHUHVW ZKHQ WKH IDW ��FRUH LV

HPSW\� )RUWXQDWHO\� WKH IDW ��FRUH LV QRW HPSW\ ZKHQHYHU WKH QXPEHU RI

DJHQWV LQ WKH HFRQRP\ LV VX�FLHQWO\ ODUJH� /HW .�� .� GHQRWH WKH FRQVWDQWV

.��&OXEV�0��.��&OXEV�0� LGHQWL�HG LQ /HPPD ���� /HW

.��&OXEV�0�1�  �.�0 � ��>�.�0 � ���1 � M0M� �.�@ �.�

$JDLQ� LI &OXEV�0�1 DUH XQGHUVWRRG� ZH VLPSOLI\ QRWDWLRQ E\ ZULWLQJ .�

UDWKHU WKDQ .��&OXEV�0�1��

7KHRUHP ��� ,I ( LV D FOXE HFRQRP\ DQG � ! .�: �(� M$M��� WKHQ WKH IDW

��FRUH RI ( LV QRW HPSW\�

$JDLQ� WKH ?UDWH RI FRQYHUJHQFH� LV M$M��� DV LQ WKH H[FKDQJH FDVH� FI�
*URGDO� 7URFNHO DQG :HEHU �������

��



� ([DPSOHV

:H EHJLQ ZLWK DQ H[DPSOH WKDW LOOXVWUDWHV WKH PHDQLQJ RI DSSUR[LPDWH GH�

FHQWUDOL]DWLRQ�

([DPSOH ��� $SSUR[LPDWLRQ GHFHQWUDOL]DWLRQ

&RQVLGHU DQ HFRQRP\ ( ZLWK RQH SULYDWH JRRG� RQH H[WHUQDO FKDUDFWHULVWLF
�� DQG RQH FOXE W\SH F  ��� ��� ZLWK ����  � DQG LQS�F�  �� (DFK DJHQW

LV HQGRZHG ZLWK � XQLWV RI WKH SULYDWH JRRG� FDQ FKRRVH DW PRVW WZR FOXE

PHPEHUVKLSV� DQG KDV XWLOLW\ IXQFWLRQ

X�[� C�  

�!�
!�
[ LI QR FOXE PHPEHUVKLSV DUH FKRVHQ�

�[ LI RQH FOXE PHPEHUVKLS LV FKRVHQ�

�[ LI WZR FOXE PHPEHUVKLSV DUH FKRVHQ�

1RUPDOL]H WKH SULYDWH JRRG SULFH S  �� ,I HTXLOLEULXP H[LVWV� EXGJHW

EDODQFH UHTXLUHV T��� F�  � IRU DQ\ FOXE ZKLFK IRUPV� $W WKHVH SULFHV�

RSWLPL]DWLRQ UHTXLUHV WKDW HDFK DJHQW FKRRVH � XQLW RI WKH SULYDWH JRRG DQG

� FOXE PHPEHUVKLSV� 7KHVH FKRLFHV GH�QH D IHDVLEOH VWDWH�� ,I M$M � �� WKLV

LV WKH RQO\ VWDWH LQ WKH FRUH _ VR WKLV HFRQRP\ GLVSOD\V FRUH HTXLYDOHQFH�

+RZHYHU� LQ FOXE HFRQRPLHV ZLWK D �QLWH QXPEHU RI DJHQWV� ERWK FRUH DQG

HTXLOLEULXP DUH YHU\ IUDJLOH� 6XSSRVH FKRRVLQJ � PHPEHUVKLSV \LHOGV XWLOLW\

X�[� C�  �[� DOO HOVH UHPDLQLQJ WKH VDPH� 2QFH DJDLQ� LI DQ HTXLOLEULXP

H[LVWV ZH PXVW KDYH S  T��� F�  �� )DFLQJ WKHVH SULFHV� HDFK DJHQW FKRRVHV

� XQLWV RI FRQVXPSWLRQ DQG � PHPEHUVKLS� ,I M$M LV HYHQ� WKHVH FKRLFHV GH�QH
D IHDVLEOH VWDWH� �$JHQWV SDLU LQWR M$M � FOXEV�� $QG LI M$M � �� WKLV LV WKH

RQO\ VWDWH LQ WKH FRUH� VR WKLV HFRQRP\ DJDLQ GLVSOD\V FRUH HTXLYDOHQFH� %XW

LI M$M LV RGG DQG M$M � �� WKH FRUH LV HPSW\� DQG QR HTXLOLEULXP H[LVWV��
�:LWK UHVSHFW WR OLVW DVVLJQPHQWV� RQH SRVVLELOLW\ LV� DJHQW � HQWHUV LQWR D FOXE ZLWK

DJHQW � DQG D FOXE ZLWK DJHQW M$M� DJHQW M$M HQWHUV LQWR D FOXE ZLWK DJHQW M$M � � DQG D
FOXE ZLWK DJHQW �� DQG HYHU\ DJHQW D ZLWK � � D � M$M HQWHUV LQWR RQH FOXE ZLWK DJHQW
D� � DQG DQRWKHU ZLWK DJHQW D� ��

�,QGHHG WKH FRUH LV HPSW\ LI M$M  �� EXW WKH DUJXPHQW LV VRPHZKDW GL�HUHQW�

��



,I DJHQWV ZHUH SHUPLWWHG WR FKRRVH DW PRVW RQH FOXE PHPEHUVKLS �DV LQ

PRVW RI WKH FOXE OLWHUDWXUH�� WKLV ZRXOG EH HDV\ WR VHH� 6XSSRVH �[� �� LV D

FRUH VWDWH DQG VXSSRVH WKDW WZR DJHQWV� VD\ D  � DQG D  �� FKRRVH QR

PHPEHUVKLSV� ,QGLYLGXDO UDWLRQDOLW\ LPSOLHV [� � � DQG [� � �� %XW QRZ

�[� �� ZLOO EH 3DUHWR GRPLQDWHG LI DJHQWV � DQG � IRUP D FOXE �LQ DGGLWLRQ

WR WKH H[LVWLQJ FOXEV� DQG FRQVXPH [��  [� � � DQG [��  [� � �� 7KXV�
�D  � H[FHSW IRU H[DFWO\ RQH DJHQW� VD\ DJHQW �� ,QGLYLGXDO UDWLRQDOLW\

LPSOLHV [� � �� WKH LQDELOLW\ RI $ Q I�J WR EORFN LPSOLHV [� � �� +HQFH

[�  �� )RU HDFK D � $ Q I�J� WKH LQDELOLW\ RI I�� DJ WR EORFN LPSOLHV WKDW
[� ��[D � �� VR [D � � �� %HFDXVH WKLV LQHTXDOLW\ KROGV IRU HYHU\ D � $QI�J�
LW IROORZV WKDW WKH WRWDO FRQVXPSWLRQ RI DJHQWV LQ $QI�J LV DW OHDVW �M$M����

�
�

%HFDXVH WKHVH DJHQWV DOO EHORQJ WR D FOXE� WKHLU WRWDO FRVW RI FOXE IRUPDWLRQ

LV �
�
�M$M����  M$M��� %XW WKHQ WKH WRWDO RI SULYDWH JRRG FRQVXPSWLRQ SOXV

WKH LQSXW WR FOXE IRUPDWLRQ IRU DOO DJHQWV LV DW OHDVW � � �M$M � ���
�
ZKLOH WKH

WRWDO HQGRZPHQW RI DOO DJHQWV LV �M$M� %XW ���M$M����
�
! �M$M �WKLV UHTXLUHV

RQO\ WKDW M$M ! ��� VR ZH KDYH DUULYHG DW D FRQWUDGLFWLRQ� :H FRQFOXGH WKDW
WKH FRUH LV HPSW\�

6LQFH ZH DOORZ DJHQWV WR FKRRVH WZR PHPEHUVKLSV� WKH DUJXPHQW LV PRUH

VXEWOH� 6XSSRVH �[� �� LV D FRUH VWDWH� $V DERYH WKHUH LV DW PRVW RQH DJHQW

ZKR GRHV QRW FKRRVH D FOXE PHPEHUVKLS� 6XSSRVH WKHUH DUH WZR DJHQWV� VD\

� DQG �� ZKR HDFK FKRRVH WZR PHPEHUVKLSV� ,I [� � [� � �� WKHQ� EHFDXVH

M$M � �� WKH DJHQWV LQ $ Q I�� �J FRXOG� XVLQJ RQO\ WKHLU RZQ UHVRXUFHV� IRUP
FOXEV DPRQJ WKHPVHOYHV� HDFK FRQVXPH WKH VDPH QXPEHU RI PHPEHUVKLSV DV

LQ �� DQG REWDLQ SULYDWH JRRG FRQVXPSWLRQ DV LQ [ �VHH 3URSRVLWLRQ ����� 7KDW

LV� $ Q I�� �J FRXOG EORFN �[� ��� 6LQFH �[� �� LV LQ WKH FRUH� ZH FRQFOXGH WKDW
[�� [� � �� %XW WKHQ I�� �J FDQ EORFN E\ IRUPLQJ RQH FOXE DQG GLVWULEXWLQJ
FRQVXPSWLRQ DSSURSULDWHO\� WKLV LV D FRQWUDGLFWLRQ� +HQFH WKHUH LV DW PRVW

RQH DJHQW ZKR EHORQJV WR WZR FOXEV�

$V ZH KDYH VKRZQ DERYH� WKHUH DUH QR FRUH VWDWHV LQ ZKLFK DOO DJHQWV KDYH

DW PRVW RQH PHPEHUVKLS� &RQVLVWHQF\ RI PHPEHUVKLS FKRLFHV LPSOLHV WKDW LW

LV LPSRVVLEOH WKDW RQH DJHQW EHORQJV WR QR FOXEV� RQH DJHQW EHORQJV WR WZR

FOXEV� DQG DOO RWKHU DJHQWV EHORQJ WR RQH FOXE� +HQFH LQ D SXWDWLYH FRUH VWDWH

��



�[� �� LW PXVW EH WKH FDVH WKDW RQH DJHQW� VD\ �� EHORQJV WR WZR FOXEV DQG DOO

RWKHU DJHQWV EHORQJ WR RQH FOXE� %HFDXVH $ Q I�J FDQ EORFN� ZH FDQ DUJXH
DV DERYH WR VKRZ WKDW [� � �� )RU HDFK D � $ Q I�J� WKH LQDELOLW\ RI I�� DJ
WR EORFN LPSOLHV WKDW �[� � �[D � � DQG KHQFH WKDW [� � � �� $V EHIRUH�

WKLV PHDQV WKDW WKH WRWDO RI SULYDWH JRRG FRQVXPSWLRQ SOXV FOXE PHPEHUVKLS

FRVW IRU DOO DJHQWV H[FHHGV WKH VRFLDO HQGRZPHQW� ZKLFK LV D FRQWUDGLFWLRQ�

:H FRQFOXGH WKDW WKH FRUH LV HPSW\� DV DVVHUWHG�

+RZHYHU� ZH FDQ �QG VWDWHV LQ WKH IDW ��FRUH DQG WKHVH VWDWHV DUH DOPRVW

GHFHQWUDOL]DEOH E\ SULFHV� SURYLGHG WKH QXPEHU RI DJHQWV LV ODUJH HQRXJK�

&RQVLGHU WKH VWDWH �\� �� LQ ZKLFK DOO EXW RQH DJHQW FKRRVHV RQH FOXE PHP�

EHUVKLS DQG FRQVXPHV � XQLWV RI WKH SULYDWH JRRG� ZKLOH WKH UHPDLQLQJ DJHQW�

VD\ DJHQW �� FKRRVHV QR FOXE PHPEHUVKLSV DQG FRQVXPHV � XQLWV RI WKH SULYDWH

JRRG� 7KH EHVW EORFNLQJ RSSRUWXQLWLHV DUH E\ WZR�SHUVRQ FRDOLWLRQV� 6XSSRVH

DJHQW � DQG DJHQW D � � IRUP D FRDOLWLRQ DQG DUH UHTXLUHG WR SD\ D FRDOLWLRQ
IRUPDWLRQ FRVW RI �M$M LQ DGGLWLRQ WR SURYLGLQJ WKH LQSXW �� 7KH\ FDQ REWDLQ
XWLOLWLHV VXPPLQJ WR � � ��M$M� 6LQFH WKHLU XWLOLWLHV LQ WKH VWDWH �\� �� VXP
WR �� WKHVH DJHQWV FDQQRW ERWK LPSURYH LI �M$M � � �� 3XW GL�HUHQWO\� �\� ��
LV LQ WKH IDW ��FRUH LI �M$M � � � RU M$M � � ��� �1RWH WKDW WKH QXPEHU RI

DJHQWV QHFHVVDU\ LV LQYHUVHO\ SURSRUWLRQDO WR ��� $W SULFHV S  T��� F�  ��

DOO DJHQWV H[FHSW DJHQW � DUH RSWLPL]LQJ� VR RXU PHDVXUHV RI GHFHQWUDOL]DWLRQ

DUH

���\� �� S� T�  � DQG ���\� �� S� T�  
�

�M$M
7KDW LV� �\� �� LV � �M$M�GHFHQWUDOL]HG E\ WKH JLYHQ SULFHV�
$OWKRXJK WKLV VWDWH LV ?DOPRVW� DQ HTXLOLEULXP �RQO\ RQH DJHQW LV QRW RS�

WLPL]LQJ�� WKHUH LV QR UHDVRQ WR DWWDFK VSHFLDO VLJQL�FDQFH WR WKLV SDUWLFXODU

PHPEHU RI WKH IDW�� FRUH� RWKHU VWDWHV LQ WKH IDW�� FRUH PLJKW EH PRUH SODX�

VLEOH� &RQVLGHU IRU H[DPSOH WKH VWDWH �\�� � �� LQ ZKLFK DJHQW � LV DJDLQ WKH

RQO\ RQH OHIW RXW RI D FOXE� EXW DJHQWV LQ FOXEV WUDQVIHU HQRXJK RI WKH SULYDWH

JRRG WR DJHQW � VR WKDW HYHU\RQH DFKLHYHV WKH VDPH OHYHO RI XWLOLW\� 7KDW LV�

SULYDWH JRRG FRQVXPSWLRQV DUH

\��  � �
M$M � �
M$M� �

��



\�D  �� �

M$M� � LI D � �

:H OHDYH WR WKH UHDGHU WR FKHFN WKDW WKLV VWDWH LV LQ WKH IDW ��FRUH LI � �
�M$M � �� �M$M�M$M � ���� LQ WKH ZHDN ��FRUH LI � � � �M$M � ��� LQ WKH VWURQJ
��FRUH LI � � �M$M � �� �M$M � �� DQG WKDW� DW SULFHV S  � DQG T��� F�  ��

WKH PHDVXUHV RI DSSUR[LPDWH GHFHQWUDOL]DWLRQ DUH

���[� �� S� T�  ���[� �� S� T�  
M$M � �

M$M� � M$M �
�

M$M

,Q WKH H[DPSOH DERYH� WKH ZHDN ��FRUH LV QRW HPSW\� SURYLGHG WKH QXPEHU

RI DJHQWV LV VX�FLHQWO\ ODUJH� ,Q WKH IROORZLQJ H[DPSOH� WKH ZHDN ��FRUH LV

HPSW\� QR PDWWHU KRZ ODUJH WKH QXPEHU RI DJHQWV LV� EXW WKH IDW ��FRUH LV QRW

HPSW\�

([DPSOH ��� (PSW\ DSSUR[LPDWH FRUHV

&RQVLGHU DQ HFRQRP\ ( ZLWK RQH SULYDWH JRRG� RQH H[WHUQDO FKDUDFWHULVWLF
�� DQG RQH FOXE W\SH F  ��� ��� ZLWK ����  � DQG LQS�F�  �� (DFK DJHQW

LV HQGRZHG ZLWK � XQLW RI WKH SULYDWH JRRG� FDQ FKRRVH DW PRVW RQH FOXE

PHPEHUVKLS� DQG KDV XWLOLW\ IXQFWLRQ

X�[� ��  

�
�� H�[ LI QR PHPEHUVKLS LV FKRVHQ

�[ LI RQH PHPEHUVKLS LV FKRVHQ

:H DVVHUW WKDW LI WKH QXPEHU RI DJHQWV M$M LV RGG WKHQ WKH ZHDN ��FRUH

LV HPSW\ IRU DOO � � � �� UHJDUGOHVV RI WKH VL]H RI WKH HFRQRP\� 7R VHH WKLV�

FRQVLGHU D IHDVLEOH VWDWH �[� ��� %HFDXVH WKHUH DUH DQ RGG QXPEHU RI DJHQWV�

DW OHDVW RQH� VD\ DJHQW �� LV QRW LQ D FOXE� 6LQFH KH FDQQRW ZHDNO\ ��EORFN�

[� � �� �� %HFDXVH WKH VWDWH LV IHDVLEOH� WKHUH H[LVWV DQ DJHQW� VD\ DJHQW ��

VXFK WKDW [� � ���� 6LQFH FOXEV UHTXLUH QR LQSXWV DQG � ������� � �����
DJHQWV � DQG � FDQ IRUP D FOXE DQG FRQVXPH [�� � � �� [�� ! � � �� %HFDXVH

ERWK DJHQWV JHW KLJKHU XWLOLW\ WKDQ LQ WKH VWDWH �[� ��� WKH FRDOLWLRQ I�� �J FDQ

��



ZHDNO\ ��EORFN WKH VWDWH� :H FRQFOXGH WKDW WKH ZHDN ��FRUH �DQG D IRUWLRUL

WKH VWURQJ ��FRUH� LV HPSW\� UHJDUGOHVV RI WKH QXPEHU RI DJHQWV�

+RZHYHU� IRU DQ\ � ! � WKH IDW ��FRUH LV QRQHPSW\ SURYLGHG WKH QXPEHU

RI DJHQWV LV VX�FLHQWO\ ODUJH� ,QGHHG� GLUHFW FDOFXODWLRQ VKRZV WKDW WKH VWDWH

LQ ZKLFK HDFK DJHQW FRQVXPHV KLV HQGRZPHQW DQG DV PDQ\ DJHQWV DV SRVVLEOH

FKRRVH FOXEV �RQH DJHQW EHLQJ OHIW�RXW LI WKH QXPEHU RI DJHQWV LV RGG� LV LQ

WKH IDW ��FRUH SURYLGHG M$M � � ��

2XU �QDO H[DPSOH LOOXVWUDWHV WKH PHDQLQJ RI /HPPD ��� �VHH HVSHFLDOO\

WKH GLVFXVVLRQ RI WKH WKRXJKW H[SHULPHQW��

([DPSOH ��� )HDVLEOH OLVW DVVLJQPHQWV�

&RQVLGHU DQ HFRQRP\ SRSXODWHG E\ DJHQWV ZLWK WZR GLVWLQFW H[WHUQDO FKDU�

DFWHULVWLFV� PDOH DQG IHPDOH� �  I0�)J� 7KHUH LV D VLQJOH SULYDWH JRRG�
7KUHH FOXEV DUH SRVVLEOH� GLVWLQJXLVKHG E\ WKH FOXE SUR�OH�

� F�  ���� ���� ���0�  � DQG ���) �  �

� F�  ���� ���� ���0�  � DQG ���) �  �

� F�  ���� ���� ���0�  � DQG ���) �  �

$OO FOXEV UHTXLUH � XQLWV RI LQSXW� DJHQWV FDQ EHORQJ WR DW PRVW WZR FOXEV�

DQG HYHU\RQH LV HQGRZHG ZLWK � XQLWV RI WKH SULYDWH JRRG�

$VVXPH WKDW DJHQWV FKRRVLQJ QR FOXE PHPEHUVKLS KDYH XWLOLW\ IXQFWLRQ

X0�[� ��  X) �[� ��  [

�7KH VXEVFULSW 0 RU ) LQGLFDWHV WKDW WKH DJHQW LV PDOH RU IHPDOH�� $JHQWV

FKRRVLQJ RQH FOXE PHPEHUVKLS KDYH XWLOLW\ IXQFWLRQ

X0�[� F��  X0�[� F��  X) �[� F��  X) �[� F��  �[�

��



DJHQWV FKRRVLQJ WZR FOXE PHPEHUVKLSV ZLWK PHPEHUV RI WKH VDPH VH[ KDYH

XWLOLW\ IXQFWLRQ

X0�[� �F��  X) �[� �F��  �[�

DQG DJHQWV FKRRVLQJ WZR PHPEHUVKLSV� DW OHDVW RQH ZLWK D PHPEHU RI WKH

RSSRVLWH VH[� KDYH XWLOLW\ IXQFWLRQ

X0�[� F� � F��  X0�[� �F��  X) �[� �F��  X) �[� F� � F��  �[

)LJXUH � JRHV KHUH

6XSSRVH M$M  � ZLWK WKUHH PDOHV DQG WKUHH IHPDOHV� 7KHUH DUH PDQ\

HTXLOLEULXP VWDWHV� EXW DOO DVVLJQ HYHU\ DJHQW RQH RI WKHLU WRS�UDQNHG OLVWV�

L�H�� WZR PHPEHUVKLSV� DW OHDVW RQH ZLWK D PHPEHU RI WKH RSSRVLWH VH[� 7KH

OHIW�KDQG GLDJUDP LQ )LJXUH � LOOXVWUDWHV RQH RI WKHVH HTXLOLEULXP DVVLJQPHQWV

FRUUHVSRQGLQJ WR � FOXE RI W\SH F�� � FOXE RI W\SH F� DQG � FOXEV RI W\SH F�
ZLWK

�$��� F�  

�!!!!�
!!!!�

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

6XSSRVH ZH IRUP D FRDOLWLRQ %� E\ GURSSLQJ WKH PDOH RQ WKH OHIW� WKH DVVLJQ�

PHQWV DUH DV LQ WKH PLGGOH GLDJUDP LQ )LJXUH �� 7KH UHVWULFWLRQ �M%� LV QRW

IHDVLEOH VLQFH

�%���� F�  

�!!!!�
!!!!�

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

��



VR WKHUH LV D PLVPDWFK LQ WKH QXPEHU RI PDOH DQG IHPDOH PHPEHUVKLSV LQ

FOXEV RI W\SH F�� /HPPD ��� VHHNV D %
� � %� IRU ZKLFK WKH UHVWULFWLRQ �%� LV

IHDVLEOH� :H FDQ FRQVWUXFW %� E\ GHOHWLQJ D VLQJOH DJHQW� WKH IHPDOH RQ WKH

ULJKW� REWDLQLQJ

�%���� F�  

�!!!!�
!!!!�

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

� LI ��� F�  �0� F��

� LI ��� F�  �)� F��

+RZHYHU� DFWXDO DVVLJQPHQWV WR FOXEV PXVW QRZ EH TXLWH GL�HUHQW� VHH WKH

ULJKW�KDQG GLDJUDP LQ )LJXUH ��

��



� 3URRIV

��� )HDVLEOH DQG 1HDU�)HDVLEOH $VVLJQPHQWV

7R HVWDEOLVK /HPPD ���� ZKLFK ZLOO EH XVHG UHSHDWHGO\ LQ WKH SURRI RI /HPPD

����� ZH QHHG D SUHOLPLQDU\ QRWLRQ DQG UHVXOW�

/HW + � =P
� EH D QRQ�HPSW\ VXEVHW WKDW LV FORVHG XQGHU DGGLWLRQ DQG

UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ� DQG OHW * � + EH D �QLWH VXEVHW� :H

VD\ WKDW + LV JHQHUDWHG E\ * LI HYHU\ HOHPHQW RI + LV WKH VXP RI HOHPHQWV RI

*� WKDW LV� IRU HYHU\ [ � + WKHUH DUH QRQ�QHJDWLYH LQWHJHUV I�J�[� � J � *J
VXFK WKDW [  

3
J�* �J�[� J�

/HPPD ��� (YHU\ VXEVHW + � =P
� WKDW LV FORVHG XQGHU DGGLWLRQ DQG UHOD�

WLYHO\ FORVHG XQGHU VXEWUDFWLRQ LV JHQHUDWHG E\ D �QLWH VHW�

3URRI )RU HDFK LQWHJHU N ! �� ZULWH +N  I[ � + � M[M � NJ� :H DVVHUW WKDW
WKHUH LV DQ LQWHJHU N ZLWK WKH SURSHUW\ WKDW HYHU\ HOHPHQW RI + GRPLQDWHV

VRPH HOHPHQW RI +N� WKDW LV� IRU HDFK [ � + WKHUH LV D \ � +N� \ � � VXFK
WKDW [ � \� 6XSSRVH LW ZHUH QRW VR� 7KHQ IRU HDFK LQWHJHU N WKHUH ZRXOG

EH DQ [N � + ZKLFK GRHV QRW GRPLQDWH DQ\ HOHPHQW RI +N� ,Q SDUWLFXODU�

[N  � +N� VR M[NM ! N� )RU HDFK FRRUGLQDWH � � L � P� WKH VHTXHQFH �[NL � LV

HLWKHU ERXQGHG RU QRW� ,I LW LV ERXQGHG ZH PD\ XVH WKH IDFW WKDW HOHPHQWV

RI + KDYH QRQ�QHJDWLYH LQWHJHU FRRUGLQDWHV WR H[WUDFW D VXEVHTXHQFH WKDW LV

FRQVWDQW� LI LW LV XQERXQGHG ZH PD\ H[WUDFW D VXEVHTXHQFH WKDW LV VWULFWO\

LQFUHDVLQJ WR LQ�QLW\� $SSO\LQJ WKH VDPH UHDVRQLQJ WR HDFK FRRUGLQDWH LQ

WXUQ� ZH PD\ H[WUDFW D VXEVHTXHQFH �[NM� WKDW LV QRQ�GHFUHDVLQJ� [NM � [NM��

IRU HDFK M� 6HW N�  M[N�M� %HFDXVH NM � �� WKHUH LV DQ LQGH[ M� VXFK WKDW

NM� ! N�� 6LQFH [NM � [N� IRU HYHU\ M� LW IROORZV WKDW [NM� � [N�� %HFDXVH

[N� LV DQ HOHPHQW RI +N� DQG +N� LV D VXEVHW RI +NM� � LW IROORZV WKDW [
NM�

GRPLQDWHV DQ HOHPHQW RI +NM� � 7KLV LV D FRQWUDGLFWLRQ� VR ZH FRQFOXGH WKH

H[LVWHQFH RI VXFK DQ LQWHJHU N� DV DVVHUWHG�

:H FODLP WKDW+N �ZKLFK LV D �QLWH VHW� JHQHUDWHV+� WKDW LV� HYHU\ HOHPHQW

��



RI + LV D VXP RI HOHPHQWV RI +N� 7R VHH WKLV� ZH SURFHHG E\ LQGXFWLRQ RQ M[M�
7KH DVVHUWLRQ LV HYLGHQWO\ WUXH ZKHQ M[M � N �EHFDXVH WKHQ [ � +N�� $VVXPH

WKHQ WKDW WKH DVVHUWLRQ LV WUXH IRU DOO [ � + ZLWK M[M � U �ZLWK U � N� DQG

FRQVLGHU DQ HOHPHQW \ � + ZLWK M\M  U� ,Q YLHZ RI WKH DVVHUWLRQ HVWDEOLVKHG

LQ WKH SUHYLRXV SDUDJUDSK� WKHUH LV D QRQ]HUR HOHPHQW ] � +N ZLWK \ � ]�

%HFDXVH + LV FORVHG XQGHU FRQGLWLRQDO VXEWUDFWLRQ� LW IROORZV WKDW \� ] � +�

DQG LW LV HYLGHQW WKDW M\� ]M � M\M  U� 2XU LQGXFWLRQ K\SRWKHVLV JXDUDQWHHV

WKDW \� ] LV WKH VXP RI HOHPHQWV RI +N� %HFDXVH \  �\� ]�� ] DQG ] � +N�

\ LV DOVR WKH VXP RI HOHPHQWV RI +N� 7KH FRQFOXVLRQ IROORZV E\ LQGXFWLRQ�

:H QRWH WKDW� DV ZLWK /HPPD ���� WKH FRQFOXVLRQ RI /HPPD ��� GHSHQGV

FUXFLDOO\ RQ WKH DVVXPSWLRQ WKDW + LV UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ�

2XU FRXQWHUH[DPSOH LQ 6HFWLRQ � ZLOO ZRUN KHUH WRR� LW LV HDVLO\ VHHQ WKDW
�+  I��� ��J > I�L� M� � =�� � L ! MJ LV QRW �QLWHO\ JHQHUDWHG�
:LWK WKLV UHVXOW LQ KDQG� ZH WXUQ WR RXU LQWHJHU SURJUDPPLQJ SUREOHP�

3URRI RI /HPPD ��� 6HW

/�  I\ � + � �C � /� \ � CJ

%HFDXVH + � =P
� DQG / LV �QLWH� /� LV DOVR �QLWH� 9LHZ HOHPHQWV C � /�

DV XQLW YHFWRUV �C � ,5/�

� :H ZRUN LQ ,5/ DQG LQ ,5/
�

� LW LV FRQYHQLHQW WR

XVH /DWLQ OHWWHUV IRU HOHPHQWV RI ,5/ DQG *UHHN OHWWHUV IRU HOHPHQWV RI ,5/
�

�

'H�QH WKH OLQHDU PDS 7 � ,5/
� � ,5P E\ 7 ��C�  C DQG VHW

�  I¢ � =/
�

� � 7 �¢� � +J

'H�QH V � =P
� �   � =/

�

� E\

V  
;
C�/

�C C �    
;
C�/

�C �C

2XU XOWLPDWH JRDO LV WR FRQVWUXFW � � � ZLWK � �   IRU ZKLFK M � �M LV VPDOO�
%HFDXVH   LV D VXP RI XQLW EDVLV YHFWRUV� VR LV �� ZH ZLOO WKHUHIRUH EH DEOH WR

�QG FRH�FLHQWV � �C � �C VXFK WKDW �  
3

��C �C DQG
3 M�C� � �CM  M � �M� 7KH

��



GH�QLWLRQV RI 7 DQG RI � HQWDLO WKDW 7 ��� � +� DQG EHFDXVH RXU HVWLPDWH RI

M ��M HQWDLOV DQ HVWLPDWH IRU MV�7 ���M� WKLV ZLOO \LHOG WKH UHTXLUHG HVWLPDWH�
%HFDXVH WKH FRQVWUXFWLRQ RI � UHTXLUHV VHYHUDO LQWHUPHGLDWH FRQVWUXFWLRQV

DQG HVWLPDWLRQV� WKH SURRI LV LQ VHYHUDO VWHSV� �� FKRRVH VHWV RI JHQHUDWRUV

IRU +�� DQG� IURP WKHVH VHWV RI JHQHUDWRUV� GH�QH F�P�+�/� � �� FRQVWUXFW

[ � + ZLWK [ � V� DQG HVWLPDWH MV � [M� �� IURP [� FRQVWUXFW ¤ � � ZLWK
7 �¤�  [� DQG HVWLPDWH M  � ¤M� �� IURP ¤� FRQVWUXFW �� DQG GHULYH WKH

UHTXLUHG HVWLPDWH�

6WHS � :H KDYH DVVXPHG + LV FORVHG XQGHU DGGLWLRQ DQG UHODWLYHO\ FORVHG

XQGHU VXEWUDFWLRQ� LW LV HYLGHQW WKDW � � =/�

� DOVR HQMR\V WKHVH SURSHUWLHV�

8VH /HPPD ��� WR FKRRVH �QLWH VHWV RI JHQHUDWRUV *�� IRU +���� 'H�QH

F�P�+�/�  �
�
PD[
J�*

MJM� �
��
PD[
���

M�M� �
�

6WHS � :H ZLVK WR FRQVWUXFW [ � + ZLWK V � [ IRU ZKLFK MV � [M LV VPDOO�
7R WKLV HQG� �[ DQ HOHPHQW Z � + VXFK WKDW MV� ZM  GLVW �V�+�� ,I Z � V�

WDNH [  Z� ,I Z �� V� XVH /HPPD ��� WR ZULWH

Z  
;
J�*

�J�Z� J

%HFDXVH Z �� V� WKHUH LV DQ LQGH[ L ZLWK ZL ! VL� 3LFN J� � * VXFK WKDW

�J��Z� ! � DQG J�L ! �� DQG VHW

[�  >�J��Z�� �@ J� �
;
J � J�

�J�Z� J

%\ FRQVWUXFWLRQ� [� � +� [� � Z DQG [�L � ZL� ,I [
� � V� VHW [  [��

2WKHUZLVH FRQWLQXH LQ WKLV ZD\ WR FRQVWUXFW D GHFUHDVLQJ VHTXHQFH [�� [� � � � RI

HOHPHQWV RI+� $IWHU DW PRVW MV�ZM LWHUDWLRQV� ZH REWDLQ D YHFWRU [  [M � +

�,Q RXU DSSOLFDWLRQ� +  &RQV�� $V ZH VKDOO VHH ODWHU �VHH SDUDJUDSK EHIRUH /HPPD

����� LW LV HDV\ WR ZULWH GRZQ D VLPSOH VHW RI JHQHUDWRUV IRU &RQV�� EXW LW GRHV QRW VHHP

HDV\ WR ZULWH GRZQ D VHW RI JHQHUDWRUV IRU WKH FRUUHVSRQGLQJ VHW ��

��



ZLWK [ � V� 6LQFH ZH VXEWUDFW DQ HOHPHQW RI * DW HDFK LWHUDWLRQ� LW IROORZV

WKDW

MZ � [M � MV� ZM
�
PD[
J�*

MJM
�

ZKHQFH

MV� [M � MV� ZM� MZ � [M � MV� ZM
�
PD[
J�*

MJM� �
�

���

6WHS � *LYHQ [ ZH ZLVK WR FRQVWUXFW ¤ � � ZLWK 7 �¤�  [� DQG HVWLPDWH

M �¤M� 7R FRQVWUXFW ¤� OLVW WKH HOHPHQWV RI /� ZLWK HDFK HOHPHQW C RFFXUULQJ
�C WLPHV� C�� C�� � � � � CQ� ZKHUH Q  

3
�C� 1RZ SURFHHG LQGXFWLYHO\ WR GH�QH

\�� \�� � � � � \Q � /��

\�  PLQIC�� [J
\�  PLQIC�� [� \�J

���

\Q��  PLQICQ��� [�
Q��;
L �

\LJ

\Q  [�
Q��;
L �

\L

7KLV FRQVWUXFWLRQ JXDUDQWHHV WKDW

[�
N;
L �

\L �
Q;

M N��

CM

IRU HDFK N� KHQFH � � \L � CL IRU HDFK L DQG
3Q

L � \L  [� 6HW

¤  
Q;
L �

�\L

7KH GH�QLWLRQ RI 7 HQWDLOV WKDW 7 �¤�  [ VR ¤ � ��
/HW ,  IL � � � L � Q� \L  CLJ DQG OHW -  IL � � � L � Q� \L � CLJ

EH WKH FRPSOHPHQWDU\ VHW RI LQGLFHV� %HFDXVH � � \L � CL IRU HDFK L DQG

��



CL � \L � =P
� � LW IROORZV WKDW

MCL � \LM  � LI L � ,

MCL � \LM � � LI L � -

7KH GLVWDQFH EHWZHHQ GLVWLQFW XQLW EDVLV YHFWRUV LQ ,5/
�

LV �� VR M�CL � �\LM  �
ZKHQHYHU L � - � %HFDXVH    

3
�C C  

3
�CL � LW IROORZV WKDW

M  � ¤M  �M- M ����

DQG

M- M � ;
L�-

MCL � \LM  
Q;
L �

MCL � \LM  MV� [M ����

6WHS � :H SURFHHG H[DFWO\ DV LQ 6WHS � WR FRQVWUXFW � � � VXFK WKDW � �  

DQG

M� �  M � M  � ¤M
�
PD[
���

M�M� �
�

����

)RU HDFK C� VHW � �C  ��C� QRWH WKDW �  
3

� �C �C� %HFDXVH � �  � LW IROORZV

WKDW

��C  ��C �  �C  �C

IRU HDFK C� %\ FRQVWUXFWLRQ� � � � VR 7 ��� � +� /LQHDULW\ RI 7 HQWDLOV WKDW

7 ���  7

�
#;
C�/

��C �C

�
$  ;

C�/

��C C

0RUHRYHU ;
C�/

M�C � � �CM  
;
C�/

M �C � ��CM  M  � �M ����

&RPELQLQJ ��� ^ ����� H[SDQGLQJ� VXEVWLWXWLQJ WKH GH�QLWLRQ RI F �P�+�/��

DQG UHFDOOLQJ WKDW MV� ZM  GLVW �V�+� \LHOGV�
;
C�/

M�C � ��CM  M  � �M

� M  � ¤M
�
PD[
���

M�M� �
�

��



 �M- M
�
PD[
���

M�M� �
�

� �MV� [M
�
PD[
���

M�M� �
�

� �MV� ZM
�
PD[
J�*

MJM� �
��
PD[
���

M�M� �
�

 F�P�+�/� GLVW �V�+�

ZKLFK LV WKH UHTXLUHG HVWLPDWH�

8VLQJ /HPPD ���� ZH GHULYH /HPPD ��� LQ WKUHH VWHSV� �� JLYHQ DQ DU�

ELWUDU\ OLVW DVVLJQPHQW� H[WUDFW DQ LQWHJHU FRQVLVWHQW OLVW DVVLJQPHQW DQG

HVWLPDWH WKH QXPEHU RI DJHQWV H[FOXGHG� �� JLYHQ DQ LQWHJHU FRQVLVWHQW OLVW

DVVLJQPHQW� H[WUDFW D IHDVLEOH OLVW DVVLJQPHQW DQG HVWLPDWH WKH QXPEHU RI

DJHQWV H[FOXGHG� �� FRPELQH WKH HVWLPDWHV� 7KH IROORZLQJ GLUHFW DSSOLFDWLRQ

RI /HPPD ��� DFFRPSOLVKHV WKH �UVW RI WKHVH VWHSV�

/HPPD ��� ,I � � % � /LVWV0 LV DQ DUELWUDU\ OLVW DVVLJQPHQW WKHQ WKHUH LV

D VXEVHW %� � % VXFK WKDW �M%� LV LQWHJHU FRQVLVWHQW DQG

M% Q%�M � F �M0M�&RQV��/LVWV0� GLVW ��%�&RQV��

3URRI 1RWH �UVW WKDW &RQV� LV QRW HPSW\ DQG LV FORVHG XQGHU DGGLWLRQ DQG

UHODWLYHO\ FORVHG XQGHU VXEWUDFWLRQ� )RU HDFK C � /LVWV0 � VHW %C  IE � % �

�E  CJ DQG �C  M%CM� $SSO\LQJ /HPPD ��� ZLWKP  M0M� +  &RQV��/  

/LVWV0 SURYLGHV QRQ�QHJDWLYH FRH�FLHQWV ��C � �C VXFK WKDW
3

�CC � &RQV�

DQG ; M�C � � �CM � F �M0M�&RQV��/LVWV0� GLVW �
;

�C C�&RQV�� ����

�ERWK VXPPDWLRQV DUH RYHU C � /LVWV0�� )RU HDFK C� FKRRVH D VXEVHW %�
C � %C

ZLWK M%�
CM  �C� DQG VHW %

�  
6
%�
C� 2EVHUYLQJ WKDW �%  

3
�C C DQG WKDW

�%�  
3

��C C DQG VXEVWLWXWLQJ LQWR WKH LQHTXDOLW\ ���� \LHOGV WKH GHVLUHG

FRQFOXVLRQ�

7KH QH[W OHPPD DFFRPSOLVKHV WKH VHFRQG VWHS�

��



/HPPD ��� ,I � � % � /LVWV0 LV DQ LQWHJHU FRQVLVWHQW OLVW DVVLJQPHQW WKHQ

WKHUH LV D VXEVHW %� � % VXFK WKDW �%� LV IHDVLEOH DQG

M% Q%�M � >F �M0M�&RQV��/LVWV0� � �@ 0
�

;
������&OXEV

M�M

3URRI )RU HDFK FOXE W\SH ��� ��� OHW Q��� ��  �%��� �� �� ����� �%HFDXVH �

LV LQWHJHU FRQVLVWHQW� WKH ULJKW KDQG VLGH LV LQGHSHQGHQW RI ��� 7KLV LV WKH WRWDO

QXPEHU RI FOXEV RI W\SH ��� �� WKDW DUH DVVLJQHG E\ �� ,I �D��D� �� �� � Q��� ��

IRU DOO D� DOO ��� �� WKHQ � LV IHDVLEOH� 6XSSRVH ��� �� LV D FOXE W\SH IRU ZKLFK

�D��D� �� �� ! Q��� �� IRU VRPH D � %� /HW

%�  IE � % � �E��E� �� ��  �J

,QGLYLGXDOV LQ % Q%� DUH DVVLJQHG PHPEHUVKLSV LQ WKH FOXE W\SH ��� ��� 7KH
QXPEHU RI VXFK PHPEHUVKLSV LV DW PRVW Q��� ��M�M� %HFDXVH QR LQGLYLGXDO
LV DVVLJQHG PRUH WKDQ 0 PHPEHUVKLSV DQG WKHUH H[LVWV DQ DJHQW IRU ZKLFK

�D��D� �� �� ! Q��� ��� LW IROORZV WKDW Q��� �� � 0 � +HQFH

M% Q%�M � 0 M�M

%HFDXVH � LV LQWHJHU FRQVLVWHQW DQG QR LQGLYLGXDO LV DVVLJQHG PRUH WKDQ 0

PHPEHUVKLSV�

GLVW ��%��&RQV�� � 0�M�M

/HPPD ��� JXDUDQWHHV WKDW WKHUH LV D VXEVHW %� � %� VXFK WKDW WKH

UHVWULFWLRQ �M%� LV LQWHJHU FRQVLVWHQW DQG

M%� Q%�M � F �M0M�&RQV��/LVWV0�0
� M�M

DQG KHQFH

M% Q%�M � >F �M0M�&RQV��/LVWV0� � �@ 0
� M�M ����

%\ FRQVWUXFWLRQ� �M%� DVVLJQV QR PHPEHUVKLSV LQ WKH FOXE W\SH ��� ��� ,I

�M%� LV QRW IHDVLEOH� ZH QHHG RQO\ UHSHDW WKLV DUJXPHQW RQFH �DW PRVW� IRU

��



HDFK FOXE W\SH LQ WXUQ� HYHQWXDOO\ DUULYLQJ DW D VXEVHW %� � % VXFK WKDW �M%�

LV IHDVLEOH� $SSO\LQJ WKH HVWLPDWH ���� DW HDFK VWDJH DQG VXPPLQJ RYHU DOO

SRVVLEOH FOXE W\SHV \LHOGV

M% Q%�M � >F �M0M�&RQV��/LVWV0� � �@ 0
�

;
������&OXEV

M�M

ZKLFK LV WKH GHVLUHG UHVXOW�

7R WDNH WKH WKLUG VWHS LQ RXU SURRI RI /HPPD ���� ZH QHHG D IHZ PRUH

QRWLRQV� )RU HDFK FOXE W\SH ��� ��� GH�QH WKH YHFWRU J����� � ,50 E\

J�����  
;
���

������������

1RWH WKDW LI ��� �� � ���� � �� WKHQ WKH YHFWRUV J����� DQG J��
����� DUH RUWKRJRQDO�

,Q SDUWLFXODU� * � IJ����� � ��� �� � &OXEVJJ LV D OLQHDUO\ LQGHSHQGHQW
FROOHFWLRQ� $V ZH KDYH QRWHG� [ � ,50 EHORQJV WR &RQV LI DQG RQO\ LI WKH

TXRWLHQWV [��� �� �� ���� DUH LQGHSHQGHQW RI �� ,W IROORZV LPPHGLDWHO\ WKDW

[ � &RQV LI DQG RQO\ LI

[  
;
�����

[��� �� ��

����
J�����

,Q SDUWLFXODU� *  IJ�����J LV DQ RUWKRJRQDO EDVLV IRU &RQV� 1RWH WKDW [ � �
LI DQG RQO\ LI [��� �� �� ���� � � IRU HDFK �� �� �� 0RUHRYHU� RUWKRJRQDOLW\ RI

WKH EDVLV * HQWDLOV WKDW [ � &RQV� LI DQG RQO\ LI [��� �� �� ���� LV D SRVLWLYH

LQWHJHU IRU HDFK �� �� �� ,Q SDUWLFXODU� * LV D VHW RI JHQHUDWRUV IRU &RQV��

7KH WKLUG VWHS LQ RXU SURJUDP IROORZV HDVLO\ IURP WKHVH FRQVLGHUDWLRQV�

/HPPD ��� ,I [ � &RQV ? ,50� WKHQ

GLVW �[�&RQV�� � ;
�����

M�M

��



3URRI %HFDXVH [ � &RQV ZH FDQ ZULWH

[  
;
�����

[��� �� ��

����
J�����

%HFDXVH [ � �� WKH FRH�FLHQWV [��� �� �� ���� DUH QRQ�QHJDWLYH� )RU HDFK

��� �� ��� OHW ������ EH WKH JUHDWHVW LQWHJHU OHVV WKDQ RU HTXDO WR [��� �� �� �����

6HW

�[  
;
�����

������ J�����

,W LV HYLGHQW WKDW �[ � &RQV� DQG

GLVW �[�&RQV�� � M[� �[M � ;
�����

MJ�����M

6LQFH MJ�����M  M�M� WKH QXPEHU RI PHPEHUV RI WKH FOXE ��� ��� ZH REWDLQ WKH
GHVLUHG UHVXOW�

$OO WKDW UHPDLQV EHIRUH WXUQLQJ WR WKH SURRI RI /HPPD ��� LV WR GH�QH

WKH FRQVWDQWV�

.��&OXEV�0�  F �M0M�&RQV��/LVWV0�

.��&OXEV�0�  >�� �.��&OXEV�0��0� �.��&OXEV�0�@
;

������&OXEV

M�M

3URRI RI /HPPD ��� $SSO\LQJ /HPPD ��� JXDUDQWHHV WKDW WKHUH LV D VXEVHW

%� � % VXFK WKDW �M%� LV LQWHJHU FRQVLVWHQW DQG

M% Q%�M � .��&OXEV�0� GLVW��%�&RQV�� ����

/HPPD ��� JXDUDQWHHV WKDW

GLVW��%�&RQV�� � GLVW��%�&RQV� �
;

������&OXEV
M�M ����

/HPPD ��� JXDUDQWHHV WKDW WKHUH LV D VXEVHW %� � %� VXFK WKDW �M%� LV IHDVLEOH

DQG

M%� Q%�M � >� �.��&OXEV�0�@0�
;

������&OXEV
M�M ����

&RPELQLQJ WKH LQHTXDOLWLHV ����� ���� DQG ����� DQG VXEVWLWXWLQJ WKH GH�QL�

WLRQV RI WKH YDULRXV FRQVWDQWV \LHOGV WKH GHVLUHG UHVXOW�

��



��� $SSUR[LPDWH 'HFHQWUDOL]DWLRQ

:H QRZ XVH WKH 6KDSOH\�)RONPDQ 7KHRUHP DQG /HPPD ��� DV WKH PDLQ WRROV

WR VKRZ WKDW DSSUR[LPDWH FRUH VWDWHV FDQ EH DSSUR[LPDWHO\ GHFHQWUDOL]HG� $V

ZH KDYH GLVFXVVHG HDUOLHU� WKH SURRI IROORZV $QGHUVRQ ������ UDWKHU FORVHO\�

EXW ZLWK VRPH VXEWOH GL�HUHQFHV�

$Q DGGLWLRQDO QRWLRQ ZLOO EH FRQYHQLHQW� 6D\ WKDW T � ,50 LV D SXUH

WUDQVIHU LI T � �  � IRU HDFK � � &RQV� 1RWH WKDW T LV D SXUH WUDQVIHU LI DQG

RQO\ LI ;
���

����T��� �� ��  �

:ULWH 7UDQV IRU WKH VSDFH RI SXUH WUDQVIHUV�

3URRI RI 7KHRUHP ��� /HW �[�� ��� EH D VWDWH LQ WKH IDW ��FRUH RI (� :H
FRQVWUXFW D SXUH WUDQVIHU E\ VHSDUDWLQJ WKH QHW SUHIHUUHG VHW IURP DQ DS�

SURSULDWH FRQH� DQG XVH WKLV SXUH WUDQVIHU WR FRQVWUXFW WKH DSSUR[LPDWHO\

GHFHQWUDOL]LQJ SULFH� 7KH DUJXPHQW LV LQ � VWHSV�

6WHS � )RU HDFK DJHQW D � $� ZULWH


�D�  I�[� C� � ;D � XD�[� C� ! XD�[
�
D� �

�
D�J

IRU DJHQW D
V SUHIHUUHG VHW DQG

¥�D�  I�]� C� � ,51 � ,50 � �] � HD � ¡ �C�� C� � 
�D�J
IRU DJHQW D
V SUHIHUUHG VHW QHW RI HQGRZPHQW DQG VKDUH RI FOXE LQSXW UHTXLUH�

PHQWV� 6HW ��D�  ¥�D� > I�J DQG OHW
=  

;
D�$

��D�

1RWH WKDW � � =�

6WHS � :H KHQFHIRUWK VXSSUHVV WKH GHSHQGHQFH RI WKH FRQVWDQWV .��.��.�

RQ &OXEV�0�1 � /HW :  : �(� DQG GH�QH
&�  I��[� ��� � ,51 � ,50 � [� >:.� � �M$M@� ¡ �:.�GLVW ���&RQV� �J

��



1RWH WKDW &� LV DQ RSHQ FRQYH[ FRQH� WKH YHUWH[ RI WKLV FRQH LV WKH SRLQW

��>:.� � �M$M@� � ��� :H ZDQW WR VHSDUDWH &� IURP =� WR DFFRPSOLVK WKLV�

ZH VKRZ �UVW WKDW &� ? FRQY=  ��
6XSSRVH WKDW ��]� ��� � &�?FRQY=� ZH UHDFK D FRQWUDGLFWLRQ E\ FRQVWUXFW�

LQJ D EORFNLQJ FRDOLWLRQ� 7KH 6KDSOH\�)RONPDQ WKHRUHP JXDUDQWHHV WKDW ZH

FDQ FKRRVH HOHPHQWV �]D� �D� � FRQY��D� IRU HDFK D � $ VXFK WKDW�

��]� ���  
;
D�$

�]D� �D�

MID � $ � �]D� �D�  � ��D�JM � 1 � M0M
6HW %�  ID � $ � �]D� �D� � ��D�J� $JHQWV LQ %� DUH DVVLJQHG EXQGOHV LQ

��D�� DJHQWV LQ $ Q %� DUH DVVLJQHG EXQGOHV LQ FRQY��D�� %\ DVVXPSWLRQ�

DJHQWV DUH FRQVWUDLQHG WR FKRRVH QR PRUH WKDQ 0 PHPEHUVKLSV� %HFDXVH

M$ Q%�M � 1 � M0M LI IROORZV WKDW
GLVW ��%�

� &RQV� � GLVW ��$�&RQV� � �1 � M0M�0
:H FDQ WKHUHIRUH XVH /HPPD ��� WR FKRRVH D VXEVHW %� � %� VXFK WKDW WKH

UHVWULFWLRQ �M%�
LV IHDVLEOH DQG

M%� Q%�M � .� GLVW ��%�
� &RQV� �.�

� .� >GLVW ��$�&RQV� � �1 � M0M�0 @ �.�

+HQFH

M$ Q%�M � .� >GLVW ��$�&RQV� � �1 � M0M�0 @ �.� �1 � M0M ����

'H�QH WKH FRDOLWLRQ

%  ID � %� � �]D� �D� � ��� ��J
:H DVVHUW WKDW % LV D EORFNLQJ FRDOLWLRQ� 7R VHH WKLV� ZH QHHG WR YHULI\ WKUHH

FRQGLWLRQV�

�L� 2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW �]E� �E� � ¥�E� IRU HDFK E � %� VR

XE�]E � HE � ¡ ��E�� �E� ! XE�[
�
E � �

�
E�

IRU HDFK E � %�

��



�LL� %HFDXVH �M%�
LV IHDVLEOH DQG DJHQWV LQ % Q %� DUH DVVLJQHG QR FOXE

PHPEHUVKLSV� �M% LV DOVR IHDVLEOH�

�LLL� %\ FRQVWUXFWLRQ� ��]� ���  
3
�]D� �D� � &�� VR

;
D�$

]D �� >��:.� � �M$M��:.�GLVW ��$�&RQV��@� ����

)RU HDFK D � $� ]D � �HD � �:�� WRJHWKHU ZLWK ���� WKLV \LHOGV

;
D�$Q%�

]D � �I.�>�1� M0M�0�GLVW ��$�&RQV�@�.��1� M0MJ:�

8VLQJ ���� DQG WKH GH�QLWLRQ RI .�� DQG NHHSLQJ LQ PLQG WKDW DJHQWV

LQ % Q%� DUH DVVLJQHG � QHW WUDGHV� ZH REWDLQ

]%  
;
E�%

]E  
;
D�%�

]D  
;
D�$

]D �
;

D�$Q%�

]D �� ��M$M��

7KH ODVW LQHTXDOLW\ FHUWDLQO\ LPSOLHV WKDW % LV QRW HPSW\� VR ZH FRQFOXGH

WKDW % LV D EORFNLQJ FRDOLWLRQ� WKLV FRQWUDGLFWV WKH DVVXPSWLRQ WKDW WKH VWDWH

�[�� ��� LV LQ WKH IDW ��FRUH� :H FRQFOXGH WKDW &� ? FRQY=  �� DV DVVHUWHG�
6WHS � :H QRZ XVH WKH VHSDUDWLRQ WKHRUHP WR �QG SULFHV �S� T� � ,51�,50�
�S� T�� � ��� �� DQG D UHDO QXPEHU V VXFK WKDW

�S� T�� � ��]� ��� � V IRU HDFK ��]� ��� � &�

�S� T�� � ��]� ��� � V IRU HDFK ��]� ��� � =

%HFDXVH � � =� LW IROORZV WKDW V � �� %HFDXVH &� FRQWDLQV D WUDQVODWH RI

�,51
�� � I�J� LW IROORZV WKDW S � �� %HFDXVH &� FRQWDLQV D WUDQVODWH RI

I�J�&RQV� LW IROORZV WKDW T� YDQLVKHV RQ &RQV� ,Q SDUWLFXODU� IRU HDFK FOXE

W\SH ��� ��� ;
���

����T��������  �

7KXV� T� UHSUHVHQWV SXUH WUDQVIHUV ZLWKLQ HDFK FOXE�

��



:H DVVHUW WKDW S � �� 7R VHH WKLV� VXSSRVH WR WKH FRQWUDU\ WKDW S  ��
%\ FRQVWUXFWLRQ� �S� T�� � ��� �� VR T� � �� +HQFH WKHUH LV D �� � ,50 VXFK

WKDW T� � �� ! �� )RU U VX�FLHQWO\ ODUJH� ��U�� ��� EHORQJV WR &�� VR

�S� T�� � ��U�� ��� � V � �
%HFDXVH S  �� LW IROORZV WKDW

�S� T�� � ��U�� ���  T� � �� ! �

7KLV LV D FRQWUDGLFWLRQ� VR ZH FRQFOXGH WKDW S � �� DV DVVHUWHG�
1RUPDOL]H S VXFK WKDW S � �� 7KH SULFH T� UHSUHVHQWV SXUH WUDQVIHUV

ZLWKLQ HDFK FOXE� WR GH�QH PHPEHUVKLS SULFHV T� VHW

T�������  T�������� �
�

M�M S � LQS��� ��

1RWH WKDW LI �\� C� � ,51 � /LVWV0 �

�S� T� � �\� C�  �S� T�� � �\ � ¡�C�� C�

6WHS �� ,W UHPDLQV WR VKRZ WKDW �[�� ��� LV .�: M$M�� � ��GHFHQWUDOL]HG

E\ WKH SULFHV �S� T��

7KH FRQVWUXFWLRQ RI T IURP WKH SXUH WUDQVIHU T� JXDUDQWHHV WKDW EXGJHWV

RI FOXEV EDODQFH H[DFWO\� 0RUHRYHU� EHFDXVH ��>:.�� �M$M�@�� �� EHORQJV WR
WKH FORVXUH RI &�� LW IROORZV WKDW

V � �S� T�� � ��>:.� � �M$M@�� ��  �>:.� � �M$M@ ����

7R HVWLPDWH ���[�� ��� S� T�� ZULWH

(�  ID � $ � �S� T� � �[�D� ��D� ! S � HDJ
IRU WKH VHW RI LQGLYLGXDOV IRU ZKRP H[SHQGLWXUH H[FHHGV LQFRPH� DQG (�  

$ Q (� IRU WKH FRPSOHPHQWDU\ VHW� %HFDXVH �[
�� ��� LV IHDVLEOH IRU $ DQG T�

LV D SXUH WUDQVIHU�

�S� T� � �[�$� ��$�  S � �[�$ � ¡ ���$��  S � H$

��



6LQFH $  (� >(� DQG (� ? (�  �� LW IROORZV WKDW
�S� T� � �[�(�

� ��(�
�� S � H(�

 �
K
�S� T� � �[�(�

� ��(�
�� S � H(�

L
����

)RU HDFK D� WKH QHW WUDGH �[�D � ¡ ���D�� HD� �
�
D� LV LQ WKH FORVXUH RI ��D�� 7KH

VHSDUDWLRQ SURSHUW\ RI SULFHV DQG HTXDWLRQ ���� WKHUHIRUH HQWDLO�

�S� T� � �[�(�
� ��(�

�� S � H(�
� �:.� � �M$M ����

8VLQJ HTXDWLRQV ���� DQG ���� DQG NHHSLQJ LQ PLQG WKDW H[SHQGLWXUH PLQXV

LQFRPH LV SRVLWLYH IRU DJHQWV LQ (� DQG QR RWKHUV \LHOGV�

���[�� ��� S� T�  
�

M$M
;
D�$

��D�[
�� ��� S� T�

 
�

M$M
;
D�(�

>�S� T� � �[�D� ��D�� S � HD@

 � �

M$M >�S� T� � �[
�
(�
� ��(�

�� S � H(�
@

� :.�

M$M �
�M$M
M$M

 
:.�

M$M � �

7KLV LV WKH UHTXLUHG HVWLPDWH IRU ���

7R HVWLPDWH ��� OHW (� EH WKH VHW RI DJHQWV IRU ZKRP WKHUH LV D FKRLFH

YHFWRU �\D� ¢D� LQ WKH EXGJHW VHW VXFK WKDW XD�\D� ¢D� ! XD�[
�
D� �

�
D�� $V EHIRUH�

VHSDUDWLRQ LPSOLHV

�S� T� � >�\(�
� ¢(�

�� �H(�
� ��@ � �:.� � �M$M

5HDUUDQJLQJ \LHOGV

�

M$M�S� T� � >�H(�
� ��� �\(�

� ¢(�
�@ � :.�

M$M �
�M$M
M$M

 
:.�

M$M � �

7KLV LV WKH UHTXLUHG HVWLPDWH IRU ��� VR WKH SURRI LV FRPSOHWH�

��



��� ([LVWHQFH

$V GLVFXVVHG LQ WKH ,QWURGXFWLRQ� ZH FRQVWUXFW D VWDWH LQ WKH IDW ��FRUH IURP

D TXDVL�HTXLOLEULXP IRU D FRQWLQXXP HFRQRP\� /HPPD ��� HQWHUV FUXFLDOO\ LQ

WKH FRQVWUXFWLRQ RI WKH GHVLUHG VWDWH DQG LQ WKH YHUL�FDWLRQ WKDW LW EHORQJV

WR WKH IDW ��FRUH�

3URRI RI 7KHRUHP ��� &RQVLGHU WKH FRQWLQXRXV UHSUHVHQWDWLRQ (F RI WKH
�QLWH HFRQRP\ ( � 7KH VSDFH RI DJHQWV LQ (F LV $F  $ � >�� �@� ZH HTXLS $F

ZLWK WKH SURGXFW RI FRXQWLQJ PHDVXUH RQ $ DQG /HEHVJXH PHDVXUH RQ >�� �@�

$JHQW �D� W� � $F KDV WKH H[WHUQDO FKDUDFWHULVWLF� HQGRZPHQW� DQG XWLOLW\

IXQFWLRQ RI DJHQW D � $� (*6= JXDUDQWHHV WKDW (F KDV D TXDVL�HTXLOLEULXP
�S� T�� �[� ���

)RU HDFK D � $� GH�QH

�[�D� �
�
D�  

=
>���@
�[�D�W�� ��D�W��G��W�

%HFDXVH DJHQW �D� W� FKRRVHV LQ KLV TXDVL�GHPDQG VHW DQG KDV WKH HQGRZPHQW

DQG XWLOLW\ IXQFWLRQ RI DJHQW D� WKH DYHUDJH FKRLFH �[�D� �
�
D� EHORQJV WR WKH

FRQYH[ KXOO FRQY'D RI DJHQW D
V TXDVL�GHPDQG VHW 'D�

%HFDXVH
3

D�$ FRQY'D  FRQY
3

D�$'D� ZH FDQ XVH WKH 6KDSOH\�)RONPDQ

WKHRUHP WR �QG FKRLFHV �[�D� �
�
D� � FRQY'D DQG DQ H[FHSWLRQDO VHW ( � $

VXFK WKDW �[�D� �
�
D� � 'D IRU DOO D � $ Q ( DQG;

D�$

�[�D� �
�
D�  

;
D�$

�[�D� �
�
D�

M(M � 1 � M0M
2XU FRQVWUXFWLRQ JXDUDQWHHV WKDW

��$  ��$  
;
D�$
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