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$EVWUDFW

2QH RI WKH FHQWUDO IHDWXUHV RI FODVVLFDO PRGHOV RI FRPSHWLWLYH PDU�

NHWV LV WKH JHQHULF GHWHUPLQDF\ RI FRPSHWLWLYH HTXLOLEULD� )RU VPRRWK

HFRQRPLHV ZLWK D �QLWH QXPEHU RI FRPPRGLWLHV DQG D �QLWH QXPEHU RI

FRQVXPHUV� DOPRVW DOO LQLWLDO HQGRZPHQWV DGPLW RQO\ D �QLWH QXPEHU

RI FRPSHWLWLYH HTXLOLEULD� DQG WKHVH HTXLOLEULD YDU\ �ORFDOO\� VPRRWKO\

ZLWK HQGRZPHQWV� WKXV HTXLOLEULXP FRPSDUDWLYH VWDWLFV DUH ORFDOO\ GH�

WHUPLQDWH� 7KLV SDSHU HVWDEOLVKHV SDUDOOHO UHVXOWV IRU HFRQRPLHV ZLWK

�QLWHO\ PDQ\ FRQVXPHUV DQG LQ�QLWHO\ PDQ\ FRPPRGLWLHV� 7KH PRVW

LPSRUWDQW QHZ FRQGLWLRQ ZH LQWURGXFH� TXDGUDWLF FRQFDYLW\� UXOHV RXW
SUHIHUHQFHV LQ ZKLFK JRRGV DUH SHUIHFW VXEVWLWXWHV JOREDOO\� ORFDOO\�

RU DV\PSWRWLFDOO\� 2XU IUDPHZRUN LV VX�FLHQWO\ JHQHUDO WR HQFRP�

SDVV PDQ\ RI WKH PRGHOV WKDW KDYH SURYHG LPSRUWDQW LQ WKH VWXG\ RI

FRQWLQXRXV�WLPH WUDGLQJ LQ �QDQFLDO PDUNHWV� WUDGLQJ RYHU DQ LQ�QLWH

WLPH KRUL]RQ� DQG WUDGLQJ RI �QHO\ GL�HUHQWLDWHG FRPPRGLWLHV�

-(/ &ODVVL�FDWLRQ 1XPEHUV� &��� '��� '��� '��� *��

.H\ZRUGV� GHWHUPLQDF\� LQ�QLWH�GLPHQVLRQDO FRPPRGLW\ VSDFHV�

FRPSHWLWLYH HTXLOLEULD� FRQWLQXRXV�WLPH �QDQFH� FRPPRGLW\ GL�HUHQWL�

DWLRQ� LQ�QLWH KRUL]RQ HFRQRPLHV� /LSVFKLW] HFRQRPLHV



� ,QWURGXFWLRQ

2QH RI WKH FHQWUDO IHDWXUHV RI FODVVLFDO PRGHOV RI FRPSHWLWLYH PDUNHWV LV WKH
JHQHULF GHWHUPLQDF\ RI FRPSHWLWLYH HTXLOLEULD� )RU VPRRWK HFRQRPLHV ZLWK
D �QLWH QXPEHU RI FRQVXPHUV DQG D �QLWH QXPEHU RI FRPPRGLWLHV� DOPRVW
DOO LQLWLDO HQGRZPHQWV \LHOG DQ HFRQRP\ WKDW DGPLWV RQO\ D �QLWH QXPEHU
RI FRPSHWLWLYH HTXLOLEULD� DQG WKHVH HTXLOLEULD YDU\ �ORFDOO\� VPRRWKO\ ZLWK
HQGRZPHQWV� 7KHVH UHVXOWV� EDVHG RQ 'HEUHX
V ������ ����� VHPLQDO ZRUN�
JXDUDQWHH WKDW HTXLOLEULXP DQG ORFDO FRPSDUDWLYH VWDWLFV LQ WKH :DOUDVLDQ
PRGHO DUH PHDQLQJIXO�

,Q WKLV SDSHU ZH HVWDEOLVK SDUDOOHO UHVXOWV IRU HFRQRPLHV ZLWK �QLWHO\ PDQ\
FRQVXPHUV DQG LQ�QLWHO\ PDQ\ FRPPRGLWLHV� 2XU IUDPHZRUN LV VX�FLHQWO\
JHQHUDO WR HQFRPSDVV PRVW RI WKH PRGHOV WKDW KDYH SURYHG LPSRUWDQW LQ WKH
VWXG\ RI FRQWLQXRXV�WLPH WUDGLQJ LQ �QDQFLDO PDUNHWV� WUDGLQJ RYHU DQ LQ�QLWH
WLPH KRUL]RQ� DQG WUDGLQJ RI �QHO\ GL�HUHQWLDWHG FRPPRGLWLHV�

'HEUHX
V DSSURDFK WR GHWHUPLQDF\ LQ WKH �QLWH�GLPHQVLRQDO VHWWLQJ UHOLHV
RQ WKH IDPLOLDU FKDUDFWHUL]DWLRQ RI HTXLOLEULXP DV D ]HUR RI DJJUHJDWH H[FHVV
GHPDQG� +LV DVVXPSWLRQV _ WKDW SUHIHUHQFHV DUH GL�HUHQWLDEO\ VWULFWO\ FRQ�
YH[ DQG VDWLVI\ D ERXQGDU\ FRQGLWLRQ _ JXDUDQWHH WKDW DJJUHJDWH H[FHVV
GHPDQG LV D VPRRWK PDSSLQJ RQ WKH RSHQ GRPDLQ RI VWULFWO\ SRVLWLYH SULFHV�
VR WKH PDFKLQHU\ RI VPRRWK DQDO\VLV _ WKH LPSOLFLW IXQFWLRQ WKHRUHP DQG
WKH WUDQVYHUVDOLW\ WKHRUHP LQ SDUWLFXODU _ PD\ EH DSSOLHG� %\ QRZ LW LV
ZHOO�XQGHUVWRRG WKDW WKLV DSSURDFK FDQQRW ZRUN LQ JHQHUDO LQ WKH LQ�QLWH�
GLPHQVLRQDO VHWWLQJ IRU PDQ\ UHDVRQV� LQFOXGLQJ WKH IDFW WKDW GHPDQG PD\
EH XQGH�QHG IRU PDQ\ SULFHV� WKH GRPDLQ RI VWULFWO\ SRVLWLYH SULFHV LV QRW
RSHQ� DQG GHPDQG PD\ QRW EH VPRRWK HYHQ ZKHUH LW LV GH�QHG����

7R DGGUHVV VRPH RI WKHVH SUREOHPV� .HKRH DQG /HYLQH ������ SLRQHHUHG
DQ DSSURDFK WR GHWHUPLQDF\ LQ WKH LQ�QLWH�GLPHQVLRQDO VHWWLQJ WKDW UHOLHV RQ
WKH 1HJLVKL FKDUDFWHUL]DWLRQ RI HTXLOLEULXP DV D ]HUR RI WKH H[FHVV VSHQGLQJ
PDS� %HFDXVH WKH\ FRQVLGHU FRQVXPSWLRQ RYHU D GLVFUHWH LQ�QLWH KRUL]RQ

�6HH 6KDQQRQ �����D� IRU D PRUH GHWDLOHG GLVFXVVLRQ�
�.HKRH� /HYLQH� 0DV�&ROHOO� DQG =DPH ������ WUHDW D PRGHO LQ ZKLFK VPRRWK DQDO\VLV

FDQ EH DSSOLHG� 7KH\ WDNH WKH FRPPRGLW\ VSDFH WR EH D +LOEHUW VSDFH� VSHFLI\ D FRQVXPHU
E\ D VPRRWK GHPDQG IXQFWLRQ �UDWKHU WKDQ E\ D SUHIHUHQFH UHODWLRQ�� DQG UHTXLUH WKDW SULFH
DQG FRQVXPSWLRQ VHWV EH RSHQ� +RZHYHU� WKH ODVW UHTXLUHPHQW PHDQV WKDW WKH\ DOORZ IRU
QHJDWLYH FRQVXPSWLRQV DQG QHJDWLYH SULFHV� ZKLFK DUH GL�FXOW WR LQWHUSUHW HFRQRPLFDOO\�

�



DQG DVVXPH WKDW XWLOLW\ IXQFWLRQV DUH DGGLWLYHO\ VHSDUDEOH DFURVV WLPH� WKH\
FDQ GHFRPSRVH WKH LQ�QLWH�GLPHQVLRQDO SODQQHU
V SUREOHP LQWR DQ LQGHSHQ�
GHQW VHTXHQFH RI �QLWH�GLPHQVLRQDO SODQQLQJ SUREOHPV� %HFDXVH WKH\ DVVXPH
SHULRG XWLOLW\ IXQFWLRQV DUH GL�HUHQWLDEO\ VWULFWO\ FRQFDYH DQG VDWLVI\ ,QDGD
FRQGLWLRQV� WKH VROXWLRQV WR WKHVH �QLWH�GLPHQVLRQDO SODQQLQJ SUREOHPV DUH
VPRRWK� )URP WKLV LW IROORZV WKDW WKH H[FHVV VSHQGLQJ PDS LV VPRRWK� VR WKH
PDFKLQHU\ RI VPRRWK DQDO\VLV DJDLQ DSSOLHV WR \LHOG JHQHULF GHWHUPLQDF\ LQ
D IDLUO\ VWUDLJKWIRUZDUG IDVKLRQ�

0XFK RI WKH UHODWLYHO\ VPDOO ERG\ RI H[LVWLQJ ZRUN RQ GHWHUPLQDF\ LQ
LQ�QLWH�GLPHQVLRQDO PRGHOV DGRSWV ERWK .HKRH DQG /HYLQH
V DSSURDFK RI
XVLQJ WKH H[FHVV VSHQGLQJ PDS DQG WKHLU DVVXPSWLRQ RI DGGLWLYHO\ VHSDUD�
EOH SUHIHUHQFHV �VHH .HKRH� /HYLQH� DQG 5RPHU ������� %DODVNR ������� DQG
&KLFKLOQLVN\ DQG =KRX �������� $GGLWLYH VHSDUDELOLW\ LV FOHDUO\ HFRQRPLFDOO\
UHVWULFWLYH� UXOLQJ RXW KDELW IRUPDWLRQ� DQ\ GLVHQWDQJOLQJ RI ULVN DYHUVLRQ DQG
LQWHUWHPSRUDO VXEVWLWXWLRQ� RU LQWHUSUHWDWLRQ RI QHDUE\ FKDUDFWHULVWLFV DV FORVH
VXEVWLWXWHV IRU H[DPSOH� \HW LW LV FUXFLDO IRU WKHLU UHVXOWV�

6KDQQRQ �����D� JLYHV WKH �UVW GHWHUPLQDF\ UHVXOWV LQ LQ�QLWH GLPHQ�
VLRQV DSSOLFDEOH WR D EURDG FODVV RI QRQ�VHSDUDEOH SUHIHUHQFHV� $V 6KDQQRQ
�����D� SRLQWV RXW� VXFK UHVXOWV PXVW RYHUFRPH WZR PDLQ SUREOHPV� 7KH
,QDGD RU ERXQGDU\ FRQGLWLRQV RQ XWLOLW\ IXQFWLRQV XVHG E\ 'HEUHX ������
����� DQG .HKRH DQG /HYLQH ������ DUH LQFRQVLVWHQW ZLWK WKH DVVXPSWLRQV
�?SURSHUQHVV�� JHQHUDOO\ UHTXLUHG WR JXDUDQWHH WKH H[LVWHQFH RI HTXLOLEULXP
LQ LQ�QLWH�GLPHQVLRQDO PRGHOV� :LWKRXW WKHVH DVVXPSWLRQV� KRZHYHU� WKH VR�
OXWLRQ WR WKH SODQQHU
V SUREOHP� DQG KHQFH WKH H[FHVV VSHQGLQJ PDS� QHHG
QRW EH VPRRWK� 7R DGGUHVV WKLV SUREOHP� 6KDQQRQ �����D� LQWURGXFHV WHFK�
QLTXHV IURP QRQVPRRWK DQDO\VLV DQG GHPRQVWUDWHV WKDW /LSVFKLW] FRQWLQXLW\
RI WKH H[FHVV VSHQGLQJ PDS LV VX�FLHQW WR \LHOG JHQHULF GHWHUPLQDF\� $ PRUH
IXQGDPHQWDO SUREOHP LQYROYHV �QGLQJ FRQGLWLRQV RQ JHQHUDO SUHIHUHQFHV LQ
LQ�QLWH GLPHQVLRQV VX�FLHQW WR HQVXUH WKDW GLVWLQFW JRRGV DUH QRW SHUIHFW
VXEVWLWXWHV HLWKHU ORFDOO\ RU DV\PSWRWLFDOO\� DQG WKDW WKH SODQQHU
V SURE�
OHP ^ DQG KHQFH H[FHVV VSHQGLQJ PDS ^ LV /LSVFKLW] FRQWLQXRXV� 6KDQQRQ
�����D� JLYHV RQH VXFK VHW RI FRQGLWLRQV� 7KH PHWKRG 6KDQQRQ �����D� XVHV
WR DQDO\]H WKH SODQQHU
V SUREOHP LQYROYHV DSSUR[LPDWLRQ E\ LQFUHDVLQJ �QLWH
WUXQFDWLRQV RI WKH FRPPRGLW\ VSDFH� KRZHYHU� DQG WKH UHVXOWV DSSO\ RQO\ LI
WKH QXPEHU RI FRPPRGLWLHV LV FRXQWDEOH� 6KDQQRQ �����D� WKHUHIRUH GRHV
QRW DSSO\ WR D YDULHW\ RI LPSRUWDQW FRPPRGLW\ VSDFHV� LQFOXGLQJ WKRVH WKDW
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DULVH LQ FRQWLQXRXV�WLPH PRGHOV RI �QDQFH� ZKLFK KDYH SURYHG WR EH DPRQJ
WKH PRVW XVHIXO DQG VXFFHVVIXO DSSOLFDWLRQV RI JHQHUDO HTXLOLEULXP WKHRU\� RU
LQ PRGHOV RI FRPPRGLW\ GL�HUHQWLDWLRQ�

,Q WKLV SDSHU� ZH LQWURGXFH VLPSOH DQG QDWXUDO UHVWULFWLRQV RQ XWLOLW\ IXQF�
WLRQV WKDW JHQHUDOL]H 'HEUHX
V GL�HUHQWLDEOH VWULFW FRQFDYLW\ WR WKH LQ�QLWH�
GLPHQVLRQDO VHWWLQJ� 7KH PRVW LPSRUWDQW RI WKHVH UHVWULFWLRQV LV D FRQGLWLRQ
ZH FDOO TXDGUDWLF FRQFDYLW\� ZKLFK UHTXLUHV WKDW QHDU DQ\ IHDVLEOH EXQGOH�
XWLOLW\ GL�HUV IURP WKH OLQHDU DSSUR[LPDWLRQ E\ DQ DPRXQW WKDW LV DW OHDVW
TXDGUDWLF LQ WKH GLVWDQFH WR WKH JLYHQ EXQGOH� 4XDGUDWLF FRQFDYLW\ SURYLGHV
D TXDQWLWDWLYH PHDVXUH RI WKH H[WHQW WR ZKLFK GLVWLQFW FRPPRGLWLHV DUH QRW
SHUIHFW VXEVWLWXWHV _ JOREDOO\� ORFDOO\� RU DV\PSWRWLFDOO\� :H XVH TXDGUDWLF
FRQFDYLW\ WR JLYH D GLUHFW DQDO\VLV RI 3DUHWR RSWLPD DQG VXSSRUWLQJ SULFHV�
$ VLPSOH JHRPHWULF DUJXPHQW VKRZV WKDW WKH VROXWLRQ WR WKH SODQQHU
V SURE�
OHP LV /LSVFKLW]� D SDUDOOHO DQDO\VLV RI VXSSRUWLQJ SULFHV HVWDEOLVKHV WKDW WKH
H[FHVV VSHQGLQJ PDSSLQJ LV /LSVFKLW]� *HQHULF GHWHUPLQDF\ WKHQ IROORZV E\
DUJXPHQWV VLPLODU WR WKRVH LQ 6KDQQRQ �����D�� 7KH GLUHFW� JHRPHWULF QDWXUH
RI RXU DUJXPHQWV PHDQV ZH UHTXLUH QHLWKHU D FRXQWDEOH QXPEHU RI FRPPRGL�
WLHV QRU VHSDUDELOLW\ RI SUHIHUHQFHV� 2XU PHWKRGV DOVR DOORZ XV WR DSSHDO WR
WKH LQ�QLWH�GLPHQVLRQDO JHQHULFLW\ QRWLRQ GHYHORSHG E\ $QGHUVRQ DQG =DPH
������� &KULVWHQVHQ ������ DQG +XQW� 6DXHU� DQG <RUNH ������� DQG DSSO\
WKH WUDQVYHUVDOLW\ UHVXOWV RI 6KDQQRQ �����E� WR HVWDEOLVK WKDW GHWHUPLQDF\
LV JHQHULF ZLWK UHVSHFW WR WKH �LQ�QLWH�GLPHQVLRQDO� VHW RI DOO SRVVLEOH HQGRZ�
PHQW GLVWULEXWLRQV�

%HFDXVH RXU DSSURDFK GRHV QRW GHSHQG RQ WKH QXPEHU RI FRPPRGLWLHV�
RXU UHVXOWV DSSO\ HTXDOO\ ZHOO WR DOO FRPPRGLW\ VSDFHV� UHJDUGOHVV RI ZKHWKHU
WKH\ KDYH D �QLWH� FRXQWDEO\ LQ�QLWH� RU XQFRXQWDEO\ LQ�QLWH QXPEHU RI FRP�
PRGLWLHV� 2XU UHVXOWV HQFRPSDVV WKH UHVXOWV RI 'HEUHX ������ ����� DQG
6KDQQRQ ������ IRU �QLWH�GLPHQVLRQDO FRPPRGLW\ VSDFHV� WKH UHVXOWV RI .H�
KRH DQG /HYLQH ������ IRU C�� DQG WKH UHVXOWV RI 6KDQQRQ �����D� IRU C�� 2XU
UHVXOWV DUH QRW VWULFWO\ FRPSDUDEOH WR WKH UHVXOWV RI 6KDQQRQ �����D� IRU C��
DOWKRXJK LQ VSLULW ERWK RXU DVVXPSWLRQV DQG RXU FRQFOXVLRQV DUH ZHDNHU��

7KH UHPDLQGHU RI WKH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ � ZH GHWDLO

�,Q SDUWLFXODU� 6KDQQRQ �����D� XVHV D VWURQJHU QRWLRQ RI GL�HUHQWLDELOLW\ DQG D GL�HUHQW
QRWLRQ RI JHQHULFLW\� EXW REWDLQV GHWHUPLQDF\ ZLWK UHVSHFW WR WKH C� QRUP� ZKLOH ZH REWDLQ
GHWHUPLQDF\ ZLWK UHVSHFW WR WKH 0DFNH\ WRSRORJ\� :H GLVFXVV WKLV LQ PRUH GHWDLO LQ 6HFWLRQ
��
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WKH EDVLF DVVXPSWLRQV PDLQWDLQHG WKURXJKRXW� ,Q 6HFWLRQ � ZH LQWURGXFH WKH
QRWLRQ RI TXDGUDWLF FRQFDYLW\� ,Q 6HFWLRQ � ZH FKDUDFWHUL]H HTXLOLEULXP LQ
WHUPV RI ZHOIDUH ZHLJKWV DV WKH ]HURHV RI WKH H[FHVV VSHQGLQJ PDSSLQJ� ,Q
6HFWLRQ � ZH VWXG\ WKH VRFLDO SODQQHU
V SUREOHP FKDUDFWHUL]LQJ 3DUHWR RSWLPDO
DOORFDWLRQV� DQG LQ 6HFWLRQ � ZH VWXG\ VXSSRUWLQJ SULFHV DQG VKRZ WKDW WKH
H[FHVV VSHQGLQJ PDS LV /LSVFKLW]� :H XVH WKHVH UHVXOWV LQ 6HFWLRQ � WR VKRZ
WKDW HTXLOLEULD DUH JHQHULFDOO\ GHWHUPLQDWH� ,Q 6HFWLRQ � ZH GLVFXVV VHYHUDO
LOOXVWUDWLYH H[DPSOHV� LQFOXGLQJ PRGHOV RI FRQWLQXRXV�WLPH WUDGLQJ� WUDGLQJ
LQ GL�HUHQWLDWHG FRPPRGLWLHV� DQG WUDGLQJ RYHU DQ LQ�QLWH KRUL]RQ� 6RPH RI
WKH PRUH WHFKQLFDO SURRIV DUH UHOHJDWHG WR WKH $SSHQGL[�

� 7KH (FRQRP\

:H FRQVLGHU DQ H[FKDQJH HFRQRP\ ( ZLWK P FRQVXPHUV� 7KURXJKRXW ZH
PDLQWDLQ WKH IROORZLQJ TXLWH VWDQGDUG DVVXPSWLRQV RQ WKH FRPPRGLW\ DQG
SULFH VSDFHV DQG RQ FRQVXPHU FKDUDFWHULVWLFV�

$� WKH FRPPRGLW\ VSDFH ; LV D YHFWRU ODWWLFH HQGRZHG ZLWK D +DXVGRU��
ORFDOO\ FRQYH[ WRSRORJ\ ¡ �

$� WKH SULFH VSDFH ;� LV WKH WRSRORJLFDO GXDO RI ; DQG LV D VXEODWWLFH RI
WKH RUGHU GXDO RI ; �

$� RUGHU LQWHUYDOV LQ ; DUH ZHDNO\ FRPSDFW

$� HDFK FRQVXPHU
V FRQVXPSWLRQ VHW LV WKH SRVLWLYH FRQH ;�

$� HDFK LQGLYLGXDO HQGRZPHQW HL LV SRVLWLYH DQG WKH VRFLDO HQGRZPHQW
�H  

3
HL LV VWULFWO\ SRVLWLYH

�

�)ROORZLQJ 0DV�&ROHOO DQG 5LFKDUG ������� ZH GR QRW DVVXPH ; LV D WRSRORJLFDO YHFWRU
ODWWLFH� VR WKH ODWWLFH RSHUDWLRQV PD\ QRW EH FRQWLQXRXV�

�,Q SDUWLFXODU� SULFHV DUH ¡ �FRQWLQXRXV DQG WKH VXSUHPXP DQG LQ�PXP RI SULFHV LQ ;�

DUH DJDLQ LQ ;��
�5HFDOO WKDW �H � ;� LV VWULFWO\ SRVLWLYH LI WKH RUGHU LGHDO I[ � ; � �N ! �� M[M � N�HJ

LV ZHDNO\ GHQVH LQ ;� ,I ; LV D WRSRORJLFDO YHFWRU ODWWLFH� WKLV LV HTXLYDOHQW WR WKH PRUH
IDPLOLDU UHTXLUHPHQW WKDW S � �H ! � IRU HYHU\ S � ;�

� Q I�J�
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$� HDFK FRQVXPHU
V XWLOLW\ IXQFWLRQ 8L � ;� � 5 LV ¡ �FRQWLQXRXV� VWULFWO\
PRQRWRQH� DQG VWULFWO\ FRQFDYH

:H YLHZ WKH VRFLDO HQGRZPHQW DV �[HG DQG WUHDW WKH GLVWULEXWLRQV RI HQ�
GRZPHQWV DV SDUDPHWHUV� /HW 3 ��H� � ;P GHQRWH WKH VHW RI IHDVLEOH 3DUHWR
RSWLPDO DOORFDWLRQV RI WKH VRFLDO HQGRZPHQW �H DQG 3 ���H� � 3 ��H� WKH VXEVHW
RI DOORFDWLRQV �[�� � � � � [P� IRU ZKLFK HDFK [L � �� /HW 3L��H� DQG 3 �L ��H� GHQRWH
WKH SURMHFWLRQV RI 3 ��H� DQG 3 ���H� RQWR WKH L�WK FRRUGLQDWH� ,Q DGGLWLRQ WR
WKH DERYH ZH DVVXPH�

$� IRU HDFK L� 8L LV *DWHDX[ GL�HUHQWLDEOH DW HDFK [ � 3 �L ��H� DQG WKH
*DWHDX[ GHULYDWLYH '8L�[� � ;�

��
�

:H FDOO DQ HFRQRP\ VDWLVI\LQJ DVVXPSWLRQV $��$� D EDVLF HFRQRP\�

7KHVH DVVXPSWLRQV UHSUHVHQW VWDQGDUG FRQGLWLRQV QHHGHG WR HQVXUH H[�
LVWHQFH RI HTXLOLEULXP LQ HFRQRPLHV ZLWK LQ�QLWHO\ PDQ\ FRPPRGLWLHV� 7KH
DVVXPSWLRQ WKDW FRQVXPHUV
 XWLOLWLHV DUH *DWHDX[ GL�HUHQWLDEOH SOD\V WKH UROH
RI XQLIRUP SURSHUQHVV KHUH LQ HQVXULQJ WKH H[LVWHQFH RI SULFHV VXSSRUWLQJ HDFK
3DUHWR RSWLPDO DOORFDWLRQ� :KLOH LW PLJKW VHHP VWUDQJH WR UHTXLUH GL�HUHQ�
WLDELOLW\ RQO\ RQ WKH 3DUHWR VHW� UDWKHU WKDQ RQ WKH HQWLUH FRQVXPSWLRQ VHW�
RXU ZHDNHU UHTXLUHPHQW DOORZV XV WR LQFOXGH SUHIHUHQFHV VDWLVI\LQJ ,QDGD FRQ�
GLWLRQV� ZKLFK PLJKW RWKHUZLVH EH H[FOXGHG�� 2I FRXUVH GL�HUHQWLDELOLW\ RQ
WKH HQWLUH FRQVXPSWLRQ VHW RU RQ WKH RUGHU LQWHUYDO >�� �H@ ZRXOG VX�FH�

� 4XDGUDWLF &RQFDYLW\

7R PRWLYDWH WKH FHQWUDO QHZ QRWLRQV ZH XVH� FRQVLGHU WKH VLPSOHVW H[DPSOHV
RI UREXVW LQGHWHUPLQDF\ RI HTXLOLEULXP� D WZR SHUVRQ� WZR FRPPRGLW\ (GJH�
ZRUWK VTXDUH LQ ZKLFK ERWK FRQVXPHUV �QG WKH WZR FRPPRGLWLHV WR EH SHUIHFW

�5HFDOO WKDW 8L LV *DWHDX[ GL�HUHQWLDEOH DW [ � ;� LI WKHUH LV D FRQWLQXRXV OLQHDU
IXQFWLRQDO '8L�[� VXFK WKDW�

OLP
K���

8L�[� K\�� 8L�[�

K
�'8L�[� � \

�
 �

IRU HDFK \ � ; KDYLQJ WKH SURSHUW\ WKDW [� K\ � ;� IRU K VX�FLHQWO\ VPDOO�
�)RU PRUH RQ WKLV SRLQW VHH 'X�H DQG =DPH ������ DQG $UDXMR DQG 0RQWHLUR �������
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FRPSOHPHQWV RU ERWK FRQVXPHUV �QG WKH WZR FRPPRGLWLHV WR EH SHUIHFW VXE�
VWLWXWHV� 6PRRWKQHVV RI XWLOLW\ IXQFWLRQV UXOHV RXW SHUIHFW FRPSOHPHQWV� ZKLOH
GL�HUHQWLDO VWULFW FRQFDYLW\ UXOHV RXW SHUIHFW VXEVWLWXWHV� 0RUHRYHU� LQ �QLWH
GLPHQVLRQV WKHVH DVVXPSWLRQV DUH VX�FLHQW WR UXOH RXW QRW RQO\ WKHVH VLPSOH
H[DPSOHV RI UREXVW LQGHWHUPLQDF\ EXW DOO UREXVW LQGHWHUPLQDFLHV� 2XU DV�
VXPSWLRQV DUH LQWHQGHG WR KDYH WKH VDPH H�HFW� EXW WKH SUHFLVH IRUPXODWLRQ
UHTXLUHV VRPH FDUH LQ RXU LQ�QLWH�GLPHQVLRQDO VHWWLQJ� $ OLWWOH EDFNJURXQG
ZLOO KHOS WR XQGHUVWDQG RXU GH�QLWLRQV�

/HW 8 � 5Q
� � 5 EH WZLFH FRQWLQXRXVO\ GL�HUHQWLDEOH DQG GL�HUHQWLDEO\

VWULFWO\ FRQFDYH� OHW < � 5Q
� EH D FRPSDFW VHW DQG OHW = � 5Q

� EH D ERXQGHG
VHW� )RU RXU SXUSRVHV� WKHVH DVVXPSWLRQV KDYH WKUHH LPSRUWDQW LPSOLFDWLRQV�
&RQWLQXLW\ RI WKH �UVW GHULYDWLYH LPSOLHV WKDW LW LV ERXQGHG RQ FRPSDFW VHWV�
WKXV�

�L� WKHUH LV D FRQVWDQW % VXFK WKDW� IRU HDFK [ � < DQG ] � 5Q

M'8�[� � ]M � % N]N

&RQWLQXLW\ RI WKH VHFRQG GHULYDWLYH LPSOLHV WKDW WKH JUDGLHQW PDS [ �� '8�[�
LV /LSVFKLW] RQ < � 7KDW LV� WKHUH LV D FRQVWDQW F VXFK WKDW

N'8�[��'8�\�N � F N[� \N

IRU DOO [� \ � < �� ,Q SDUWLFXODU� IRU ] � =�

M'8�[� � ] �'8�\� � ]M � N'8�[��'8�\�N N]N � F N]N N[� \N

%HFDXVH = LV D ERXQGHG VHW� ZH FRQFOXGH�

�LL� WKHUH LV D FRQVWDQW & VXFK WKDW� IRU HDFK [� \ � < DQG ] � =�

M'8�[� � ] �'8�\� � ]M � & N[� \N
�7R VHH WKLV� DSSO\ 7D\ORU
V WKHRUHP WR WKH �UVW GHULYDWLYH� *LYHQ [� \ � < � WKHUH LV

VRPH a[ RQ WKH OLQH VHJPHQW IURP [ WR \ VXFK WKDW '8�[� � '8�\�  '�8�a[��[ � \��
+HQFH N'8�[��'8�\�N � N'�8�a[�N N[� \N� %HFDXVH a[ �� '�8�a[� LV FRQWLQXRXV DQG
< LV FRPSDFW� WKHUH LV D FRQVWDQW F VXFK WKDW N'8�[��'8�\�N � F N[� \N�

�



,Q RWKHU ZRUGV� WKH HYDOXDWLRQ PDS [ �� '8�[��] LV /LSVFKLW] RQ < � XQLIRUPO\
IRU ] � =�

)LQDOO\� 7D\ORU
V WKHRUHP LPSOLHV WKDW IRU [� \ � < �

8�\�  8�[� �'8�[� � �\ � [� �
�

�
>'�8�A[��\ � [�@ � >\ � [@

IRU VRPH A[ RQ WKH OLQH VHJPHQW EHWZHHQ [ DQG \� 6WULFW GL�HUHQWLDO FRQFDY�
LW\ WRJHWKHU ZLWK FRQWLQXLW\ RI WKH VHFRQG GHULYDWLYH PHDQV WKDW WKH VHFRQG
GHULYDWLYH PDWUL[ LV VWULFWO\ QHJDWLYH GH�QLWH� XQLIRUPO\ RQ FRPSDFW VHWV� VR�

�LLL� WKHUH LV D FRQVWDQW . ! � VXFK WKDW� IRU HDFK [� \ � < �

8�\� � 8�[� �'8�[� � �\ � [��.N\ � [N�

7KH SURSHUWLHV �L���LLL� DOO UHIHU WR D SDUWLFXODU QRUP RQ 5Q� EXW WKH\ DUH
LQ IDFW XQDPELJXRXV EHFDXVH DOO QRUPV RQ 5Q DUH HTXLYDOHQW� ,Q DQ LQ�QLWH�
GLPHQVLRQDO VHWWLQJ� WKH JLYHQ FRPPRGLW\ VSDFH ; PD\ QRW DGPLW DQ\ QRUP
RU PD\ DGPLW PDQ\ LQHTXLYDOHQW QRUPV� 2XU NH\ DVVXPSWLRQV DEVWUDFW WKH
SURSHUWLHV �L���LLL� RI GL�HUHQWLDEO\ VWULFWO\ FRQFDYH IXQFWLRQV LQ 5Q� EXW D
FUXFLDO IHDWXUH RI RXU DSSURDFK LV WKDW ZH GR QRW UHTXLUH WKDW ; EH QRUPHG�
RU WKDW WKH FRQGLWLRQV EH VDWLV�HG ZLWK UHVSHFW WR WKH JLYHQ QRUP RI ; HYHQ LI
; LV QRUPHG� 5DWKHU� ZH UHTXLUH RQO\ WKDW WKHUH EH VRPH QRUP ZLWK UHVSHFW
WR ZKLFK WKHVH FRQGLWLRQV DUH VDWLV�HG� WKDW DOVR LQGXFHV WKH JLYHQ WRSRORJ\
¡ RQ WKH VHW >�� �H@ RI IHDVLEOH FRQVXPSWLRQV�

7KH IROORZLQJ WZR GH�QLWLRQV DEVWUDFW WKH SURSHUWLHV ZH QHHG�

'H�QLWLRQ /HW 8 � ;� � 5 EH *DWHDX[ GL�HUHQWLDEOH RQ < � ;�� :H VD\
WKH QRUP N�N LV DGDSWHG WR 8 RQ < LI WKH WRSRORJ\ LQGXFHG E\ N�N FRLQFLGHV
ZLWK ¡ RQ WKH RUGHU LQWHUYDO >�� �H@��� DQG

�L� WKHUH LV D FRQVWDQW % VXFK WKDW� IRU HDFK [ � < DQG ] � ;�

M'8�[� � ]M � %N]N
��)RU PRVW RI RXU SXUSRVHV� LW ZRXOG VX�FH WR DVVXPH WKDW WKH WRSRORJ\ LQGXFHG E\ N�N

LV VWURQJHU WKDQ ¡ RQ WKH RUGHU LQWHUYDO >�� �H@�

�



�LL� WKHUH LV D FRQVWDQW & VXFK WKDW IRU HDFK [� \ � < DQG ] � >�� �H@

M'8�[� � ] �'8�\� � ]M � &N[� \N

7KDW LV� WKH HYDOXDWLRQ PDS [ �� '8�[� � ] � < � 5 LV /LSVFKLW] RQ < �
XQLIRUPO\ IRU ] � >�� �H@���

1H[W ZH DGDSW FRQGLWLRQ �LLL� DERYH� 7KLV FRQGLWLRQ LPSOLHV WKDW D VLJQLI�
LFDQW FKDQJH LQ FRQVXPSWLRQ� PHDVXUHG E\ N[� \N� PXVW KDYH D VLJQL�FDQW
H�HFW RQ PDUJLQDO XWLOLW\��� ZKLFK LQ WXUQ SURYLGHV D PHDVXUH RI WKH H[WHQW
WR ZKLFK GLVWLQFW JRRGV DUH QRW SHUIHFW VXEVWLWXWHV HLWKHU ORFDOO\ RU JOREDOO\�
7KH IROORZLQJ DEVWUDFWLRQ RI WKLV FRQGLWLRQ ZLOO EH FHQWUDO IRU RXU GHWHUPLQDF\
UHVXOWV�

'H�QLWLRQ /HW 8 � ;� � 5 EH D FRQFDYH IXQFWLRQ DQG OHW N�N EH D QRUP
RQ ;� :H VD\ 8 LV TXDGUDWLFDOO\ FRQFDYH RQ < � ;� ZLWK UHVSHFW WR N�N LI 8
LV *DWHDX[ GL�HUHQWLDEOH RQ < DQG WKHUH LV D FRQVWDQW . ! � VXFK WKDW IRU
HDFK [� \ � < �

8�\� � 8�[� �'8�[� � �\ � [��. N\ � [N�

7R XQGHUVWDQG WKLV FRQGLWLRQ� UHFDOO WKDW D GL�HUHQWLDEOH FRQFDYH IXQFWLRQ
LV ERXQGHG DERYH E\ WKH OLQHDU DSSUR[LPDWLRQ JLYHQ E\ WKH JUDGLHQW� WKDW LV�
8�\� � 8�[��'8�[���\�[� IRU DOO [� \ � ;�� 4XDGUDWLF FRQFDYLW\ UHTXLUHV
LQ DGGLWLRQ WKDW WKH HUURU LQ WKLV OLQHDU DSSUR[LPDWLRQ LV DW OHDVW TXDGUDWLF�
XQLIRUPO\ IRU [� \ � < �

��$V LQ WKH �QLWH�GLPHQVLRQDO VHWWLQJ� WKH VHFRQG FRQGLWLRQ LV LPSOLHG E\ HLWKHU RI WKH
VLPSOHU DQG PRUH IDPLOLDU FRQGLWLRQV�

�LLD� WKH JUDGLHQW PDS [ �� '8�[� � ; � ;� LV /LSVFKLW] RQ <

�LLE� 8 LV WZLFH FRQWLQXRXVO\ *DWHDX[ GL�HUHQWLDEOH RQ < DQG '�8�[� LV XQLIRUPO\
ERXQGHG ZLWK UHVSHFW WR N�N RQ <

:H XVH WKH OHVV UHVWULFWLYH� DOWKRXJK PRUH FRPSOLFDWHG� FRQGLWLRQ JLYHQ UDWKHU WKDQ HLWKHU
RI WKHVH VLPSOHU FRQGLWLRQV EHFDXVH WKH GL�HUHQFH LV LPSRUWDQW LQ D QXPEHU RI DSSOLFDWLRQV�
,Q SDUWLFXODU� " SUHVHQWV DQ H[DPSOH RI DQ HQYLURQPHQW LQ ZKLFK WKH QDWXUDO XWLOLW\
IXQFWLRQV VDWLVI\ RXU FRQGLWLRQV EXW DUH QRW WZLFH GL�HUHQWLDEOH DQG IRU ZKLFK WKH JUDGLHQW
PDSSLQJV DUH QRW /LSVFKLW]�

��6HH DOVR WKH GLVFXVVLRQ LQ ([DPSOH ����

�



$V D VLPSOH LOOXVWUDWLRQ� QRWH WKDW TXDGUDWLF FRQFDYLW\ LV LPSOLHG E\ GL�HU�
HQWLDO VWULFW FRQFDYLW\� ,QGHHG� LI 8 � ;� � 5 LV WZLFH FRQWLQXRXVO\ *DWHDX[
GL�HUHQWLDEOH DQG GL�HUHQWLDEO\ VWULFWO\ FRQFDYH RQ D FRQYH[ VHW < � ;��
WKHQ WKHUH LV D FRQVWDQW . ! � VXFK WKDW ] � '�8�\�] � �.N]N� IRU DOO
] � ; DQG \ � < � ,W IROORZV LPPHGLDWHO\ IURP 7D\ORU
V WKHRUHP WKDW 8 LV
TXDGUDWLFDOO\ FRQFDYH RQ < � DV ZH DUJXHG DERYH� 2Q WKH RWKHU KDQG� PDQ\
QDWXUDO XWLOLW\ IXQFWLRQV LQ VRPH RI WKH PRVW EDVLF LQ�QLWH�GLPHQVLRQDO PRG�
HOV DUH TXDGUDWLFDOO\ FRQFDYH EXW QRW GL�HUHQWLDEO\ VWULFWO\ FRQFDYH� 6HH "
IRU H[DPSOHV RI TXDGUDWLFDOO\ FRQFDYH XWLOLW\ IXQFWLRQV LQ HQYLURQPHQWV WKDW
DGPLW QR GL�HUHQWLDEO\ VWULFWO\ FRQFDYH XWLOLW\ IXQFWLRQV�

6KDQQRQ �����D� LQWURGXFHV D GL�HUHQW FRQGLWLRQ� FDOOHG XQLIRUP FRQFDY�
LW\� WKDW LV DOVR PHDQW WR JHQHUDOL]H GL�HUHQWLDO VWULFW FRQFDYLW\ WR LQ�QLWH
GLPHQVLRQV� )RU WKH FRPPRGLW\ VSDFH C� RU /�� XQLIRUP FRQFDYLW\ LV HVVHQ�
WLDOO\ HTXLYDOHQW WR GL�HUHQWLDO VWULFW FRQFDYLW\� DV LW DPRXQWV WR UHTXLULQJ
WKH XWLOLW\ IXQFWLRQ WR EH &� ZLWK XQLIRUPO\ VWULFWO\ QHJDWLYH GH�QLWH VHFRQG
GHULYDWLYH� 7KXV LQ C� RU /� TXDGUDWLF FRQFDYLW\ LV LPSOLHG E\ XQLIRUP FRQFDY�
LW\� DQG RXU UHVXOWV HQFRPSDVV WKRVH RI 6KDQQRQ �����D�� )RU WKH FRPPRGLW\
VSDFH C�� XQLIRUP FRQFDYLW\ UHTXLUHV LQVWHDG WKDW WKH XWLOLW\ IXQFWLRQ KDYH D
VHFRQG GHULYDWLYH WKDW� DIWHU DQ DSSURSULDWH UHVFDOLQJ� LV XQLIRUPO\ QHJDWLYH
GH�QLWH� 7KLV UHVFDOLQJ HVVHQWLDOO\ DPRXQWV WR D ORFDO UHQRUPDOL]DWLRQ VLPLODU
LQ VSLULW WR WKH JOREDO UHQRUPDOL]DWLRQ ZH SHUPLW ZLWK TXDGUDWLF FRQFDYLW\�
7KH FRQGLWLRQV DUH QRW GLUHFWO\ FRPSDUDEOH� KRZHYHU� ,Q VSLULW TXDGUDWLF
FRQFDYLW\ LV D ZHDNHU FRQGLWLRQ� DQG \LHOGV ZHDNHU FRQFOXVLRQV� DV ZH REWDLQ
GHWHUPLQDF\ ZLWK UHVSHFW WR WKH 0DFNH\ WRSRORJ\ ZKLOH 6KDQQRQ �����D�
REWDLQV GHWHUPLQDF\ ZLWK UHVSHFW WR WKH C� QRUP� 7KH DGGLWLRQDO JHQHUDOLW\
ZH JHW E\ VWDWLQJ RXU FRQGLWLRQ RQO\ LQ WHUPV RI WKH GLUHFWLRQDO GHULYDWLYHV
DQG WKH �UVW�RUGHU DSSUR[LPDWLRQ HUURU ZLOO EH YHU\ XVHIXO� DV RXU H[DPSOHV
LOOXVWUDWH�

:H ZLOO DVVXPH WKDW HDFK FRQVXPHU
V XWLOLW\ IXQFWLRQ LV TXDGUDWLFDOO\
FRQFDYH RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �L ��H� ZLWK UHVSHFW WR VRPH QRUP N�NL
WKDW LV DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3

�
L ��H�� 7KH �H[LELOLW\ ERWK

WR FKRRVH D QRUP GL�HUHQW IURP WKH XQGHUO\LQJ QRUP ZKHQ ; LV D QRUPHG
VSDFH� DQG WR FKRRVH D GL�HUHQW QRUP IRU HDFK FRQVXPHU� ZLOO EH LPSRUWDQW
LQ D QXPEHU RI DSSOLFDWLRQV� DV WKH IROORZLQJ H[DPSOH LOOXVWUDWHV� VHH DOVR
([DPSOHV ��� DQG ��� DQG "� ([DPSOH ����

�



([DPSOH ��� /HW ;  C�� WKH VSDFH RI ERXQGHG UHDO VHTXHQFHV� ZLWK WKH
0DFNH\ WRSRORJ\� /HW X � 5� � 5 EH WZLFH FRQWLQXRXVO\ GL�HUHQWLDEOH DQG
GL�HUHQWLDEO\ VWULFWO\ FRQFDYH� )L[ � ZLWK � � � � �� DQG GH�QH

8�[�  
�;
W �

�WX�[W�

:H FODLP WKDW 8 LV QRW TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR WKH C� QRUP
N�N� RQ >�� �H@ IRU DQ\ SRVLWLYH VRFLDO HQGRZPHQW �H�

7KH LQWXLWLRQ LV VLPSOH� 'LVFRXQWLQJ PHDQV WKDW ELJ FKDQJHV LQ FRQ�
VXPSWLRQ LQ WKH GLVWDQW IXWXUH KDYH VPDOO H�HFWV RQ XWLOLW\ DQG RQ PDUJLQDO
XWLOLW\� 'LVFRXQWLQJ WKXV JHQHUDWHV WKH VDPH LQVHQVLWLYLW\ RI PDUJLQDO XWLO�
LW\ WR FKDQJHV LQ FRQVXPSWLRQ RUGLQDULO\ DVVRFLDWHG ZLWK JRRGV ZLWK D KLJK
GHJUHH RI VXEVWLWXWDELOLW\� DQG WKHUHIRUH VXJJHVWV WKH SRWHQWLDO IRU UREXVW LQ�
GHWHUPLQDFLHV�

7R PDNH WKH SRLQW PRUH IRUPDOO\� QRWH WKDW *DWHDX[ GL�HUHQWLDELOLW\ DQG
TXDGUDWLF FRQFDYLW\ RI D IXQFWLRQ 8 RQ VRPH VHW < UHTXLUH WKDW WKHUH H[LVW
VRPH . ! � VXFK WKDW IRU HDFK [� \ � <

8�[� � 8�\� �'8�\� � �[� \��.N[� \N� DQG
8�\� � 8�[� �'8�[� � �\ � [��.N\ � [N�

&RPELQLQJ DQG VLPSOLI\LQJ \LHOGV WKH IROORZLQJ LQHTXDOLW\ IRU DOO [� \ � < �

>'8�\��'8�[�@ � �[� \� � �.N[� \N� ���

2Q WKH RWKHU KDQG� GLVFRXQWLQJ HQWDLOV WKDW WKH GLUHFWLRQDO GHULYDWLYHV
'8�\� � �[ � \� DQG '8�[� � �[ � \� ZLOO EH FORVH� HYHQ LI WKH FRQVXPSWLRQ
EXQGOHV [ DQG \ DUH IDU DSDUW� SURYLGHG WKH FKDQJH LQ FRQVXPSWLRQ [ � \
RFFXUV IDU LQ WKH IXWXUH� 7KDW LV� WKH OHIW KDQG VLGH LQ ��� PD\ EH VPDOO
ZKLOH WKH ULJKW KDQG VLGH LV ODUJH� SURYLGHG WKH FKDQJH RFFXUV LQ WKH GLVWDQW
IXWXUH� 7R VHH WKLV IRUPDOO\� VHW [  ��� �� � � ��� )RU HDFK 7 � OHW ¤7 � C�
EH WKH VHTXHQFH ZKLFK KDV � LQ WKH 7 �WK FRRUGLQDWH DQG � HOVHZKHUH� :ULWH
\7  [ � ¤7 � DQG QRWH WKDW N\7 � [N  � IRU HDFK 7 � $SSO\LQJ 7D\ORU
V
WKHRUHP DQG QRWLQJ WKDW '8�[� � �\7 �[�  �7X����� ZH FRQFOXGH WKDW WKHUH
H[LVWV � � ��� �� VXFK WKDW

8�\7 �  8�[� � �7 �X���� X����

��



 8�[� � �7X���� �
�

�
�7X�����

 8�[� �'8�[� � �\7 � [�� �

�
�7 MX�����MN\7 � [N�

�

%HFDXVH X�� LV ERXQGHG RQ WKH LQWHUYDO >�� �@� �7X�����N\7 � [N�
�

� � DV
7 � �� ,Q SDUWLFXODU� 8 LV FHUWDLQO\ QRW TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW
WR WKH C� QRUP�

1RQHWKHOHVV WKHUH LV DQ DGDSWHG QRUP ZLWK UHVSHFW WR ZKLFK 8 LV TXDGUDW�
LFDOO\ FRQFDYH��� 7KH DSSURSULDWH QRUP LV WKH � ZHLJKWHG QRUP GH�QHG� IRU
] � C�� E\

N]N�  
�;
W �

�WM]WM

7KLV QRUP UH�HFWV WKH VDPH LPSDWLHQFH DV WKH XWLOLW\ IXQFWLRQ� PHDVXULQJ DV
FORVH EXQGOHV WKDW GL�HU RQO\ LQ WKH GLVWDQW IXWXUH�

)L[ WKH VRFLDO HQGRZPHQW �H � C��� 7KH FRPSXWDWLRQV UHTXLUHG WR YHULI\
WKDW N�N� LV DGDSWHG WR 8 RQ >�� �H@ DUH VWUDLJKWIRUZDUG� DQG OHIW WR WKH UHDGHU�
7R VHH WKDW 8 LV TXDGUDWLFDOO\ FRQFDYH RQ >�� �H@ ZLWK UHVSHFW WR N�N�� �[
[� \ � >�� �H@� $SSO\LQJ 7D\ORU
V WKHRUHP WR XWLOLW\ LQ SHULRG W \LHOGV

X�\W�  X�[W� � X��[W��\W � [W� �
�

�
X���]W��\W � [W�

�

IRU VRPH ]W EHWZHHQ [W DQG \W� %HFDXVH X LV GL�HUHQWLDEO\ VWULFWO\ FRQFDYH�
WKHUH LV D FRQVWDQW F ! � VXFK WKDW X����� � �F IRU � � VXSW HW� +HQFH

8�\�� 8�[�  
;

�W�X�\W�� X�[W��

 
;
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�
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;
�WX���]W��\W � [W�
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;
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 '8�[� � �\ � [�� FEN\ � [N��
��6HH DOVR ([DPSOH ��� LQ 6HFWLRQ ��

��



IRU VRPH E ! �� ZKHUH WKH VHFRQG LQHTXDOLW\ IROORZV IURP WKH IDFW WKDW LQ D
�QLWH PHDVXUH VSDFH� WKHUH H[LVWV % ! � VXFK WKDW NIN� � %NIN� IRU DOO I �
ZKHUH N�NS GHQRWHV WKH /S QRUP IRU � � S � �� 7KXV 8 LV TXDGUDWLFDOO\
FRQFDYH ZLWK UHVSHFW WR N�N� RQ >�� �H@�

� (TXLOLEULXP DQG WKH ([FHVV 6SHQGLQJ 0DS

*LYHQ D GLVWULEXWLRQ H  �H�� � � � � HP� RI WKH VRFLDO HQGRZPHQW �H� DQ HTXLOLE�
ULXP FDQ EH FKDUDFWHUL]HG� XVLQJ WKH ZHOIDUH WKHRUHPV� DV D 3DUHWR RSWLPDO
DOORFDWLRQ [ DQG D VXSSRUWLQJ SULFH S IRU ZKLFK WKH EXGJHW HTXDWLRQV

S � �[� � H��  �
���

S � �[P � HP�  �

DUH VDWLV�HG� %HFDXVH [ LV D IHDVLEOH DOORFDWLRQ� ZH KHQFHIRUWK VXSSUHVV WKH
ODVW �UHGXQGDQW� HTXDWLRQ� &HQWUDO WR RXU DSSURDFK LV DQ DPSOL�FDWLRQ RI WKLV
FKDUDFWHUL]DWLRQ� IROORZLQJ 1HJLVKL� LQ ZKLFK SDLUV FRQVLVWLQJ RI 3DUHWR RSWL�
PDO DOORFDWLRQV DQG VXSSRUWLQJ SULFHV DUH SDUDPHWUL]HG XQLTXHO\ E\ ?ZHOIDUH
ZHLJKWV�� 7KH SDUDPHWUL]DWLRQ RI 3DUHWR RSWLPD LV RI FRXUVH YHU\ IDPLOLDU�
ZKLOH� VXUSULVLQJO\� WKH SDUDPHWUL]DWLRQ RI DOORFDWLRQ�SULFH SDLUV VHHPV WR
KDYH HVFDSHG DWWHQWLRQ� HYHQ LQ WKH �QLWH�GLPHQVLRQDO VHWWLQJ�

7KH �UVW VWHS LQ WKLV SURJUDP LQYROYHV WKH IDPLOLDU SDUDPHWUL]DWLRQ RI
3DUHWR RSWLPD DV WKH VROXWLRQV WR D VRFLDO SODQQHU
V SUREOHP� *LYHQ D VR�
FLDO HQGRZPHQW EXQGOH �H DQG D YHFWRU RI ?ZHOIDUH ZHLJKWV� � � 5P

� ZLWK3
�L  �� WKH VRFLDO SODQQHU
V SUREOHP LV WR FKRRVH D IHDVLEOH DOORFDWLRQ [���  

�[����� � � � � [P���� WR PD[LPL]H WKH ZHLJKWHG VXP RI XWLOLWLHV
3

�L8L�[L�� 7KH
IROORZLQJ UHVXOW UHFRUGV VHYHUDO EDVLF SURSHUWLHV RI WKH VROXWLRQ WR WKH SODQ�
QHU
V SUREOHP XQGHU RXU DVVXPSWLRQV� ZH RPLW WKH IDPLOLDU SURRI� :H ZULWH

� � I� � 5P
� �

;
�L  �J

�� � I� � � � �L ! � IRU DOO LJ
IRU WKH VHWV RI ZHOIDUH ZHLJKWV DQG VWULFWO\ SRVLWLYH ZHOIDUH ZHLJKWV�

/HPPD ��� ,I ( LV D EDVLF HFRQRP\ WKHQ

��



�L� IRU HDFK � � � WKH SODQQHU
V SUREOHP KDV D XQLTXH VROXWLRQ [��� � 3 ��H�

�LL� WKH PDSSLQJ [ � � � 3 ��H� LV FRQWLQXRXV ZKHQ 3 ��H� LV HTXLSSHG ZLWK
WKH ZHDN WRSRORJ\ RI ;P

�LLL� [���  3 ��H� DQG [����  3 ���H�

7KH VHFRQG VWHS LV WKH FKDUDFWHUL]DWLRQ RI VXSSRUWLQJ SULFHV LQ WHUPV RI
ZHOIDUH ZHLJKWV� 2XU DVVXPSWLRQV LPSO\ WKDW HYHU\ 3DUHWR RSWLPXP [���
FDQ EH VXSSRUWHG E\ VRPH SULFH� ,I [  [��� LV LQWHULRU� WKH XQLTXH VXS�
SRUWLQJ SULFH� XS WR QRUPDOL]DWLRQ� LV �L'8L�[L� IRU DQ\ L� ,I [��� LV QRW
LQWHULRU� KRZHYHU� LW PD\ DGPLW PDQ\ VXSSRUWLQJ SULFHV� D GL�FXOW\ WKDW LV
SDUWLFXODUO\ DFXWH LQ WKH LQ�QLWH�GLPHQVLRQDO VHWWLQJ� DQG DQ\ RQH RI WKHVH
PLJKW EH DQ HTXLOLEULXP SULFH� 0DV�&ROHOO DQG 5LFKDUG ������ VKRZ WKDW:
L �L'8L�[L� LV DOZD\V RQH VXSSRUWLQJ SULFH� EXW WKHUH PD\ EH PDQ\ RWKHU
VXSSRUWLQJ SULFHV��� %HFDXVH ZH VHHN WR VKRZ WKDW D JLYHQ HFRQRP\ DGPLWV
RQO\ �QLWHO\ PDQ\ HTXLOLEULD� ZH PXVW EH VXUH WR LGHQWLI\ DOO RI WKH HTXLOLEULD�
7KH IROORZLQJ OHPPD� ZKLFK VKRZV WKDW SDLUV FRQVLVWLQJ RI 3DUHWR RSWLPD
DQG VXSSRUWLQJ SULFHV FDQ EH SDUDPHWUL]HG XQLTXHO\ E\ WKH ZHOIDUH ZHLJKWV�
LV MXVW ZKDW ZH QHHG� :H GHIHU WKH SURRI WR WKH $SSHQGL[�

/HPPD ��� ,I ( LV D EDVLF HFRQRP\� [ LV D IHDVLEOH DOORFDWLRQ IRU ZKLFK
[L � � IRU HDFK L� DQG T � ;�

� LV D QRQ�]HUR SULFH� WKHQ WKH IROORZLQJ VWDWH�
PHQWV DUH HTXLYDOHQW�

�L� [ LV D 3DUHWR RSWLPDO DOORFDWLRQ DQG T VXSSRUWV [

�LL� WKHUH LV D YHFWRU RI ZHOIDUH ZHLJKWV � � �� DQG D FRQVWDQW � ! � VXFK
WKDW [ VROYHV WKH SODQQHU
V SUREOHP IRU WKH ZHLJKWV � DQG

T  �
B
L

�L'8L�[L�

��,QGHHG� LI WKH PDS IURP ZHOIDUH ZHLJKWV WR 3DUHWR RSWLPD LV QRW RQH�WR�RQH� VR WKDW
[���  [���� IRU VRPH � � ��� WKHQ

:
L
�L'8L�[L� DQG

:
L
��
L
'8L�[L� DUH FHUWDLQO\ GLVWLQFW

SULFHV VXSSRUWLQJ WKH 3DUHWR RSWLPDO DOORFDWLRQ [  [���  [����� /HPPD ��� VKRZV WKDW
WKLV LV WKH RQO\ SRVVLEOH PXOWLSOLFLW\�

��



,Q RWKHU ZRUGV� WKH PDS � ��
�
[����

:
L �L'8L�[L�

�
LV D SDUDPHWUL]DWLRQ

RI SDLUV FRQVLVWLQJ RI 3DUHWR RSWLPD DQG VXSSRUWLQJ SULFHV E\ QRQ�]HUR ZHO�
IDUH ZHLJKWV� DQG WKLV SDUDPHWUL]DWLRQ LV RQH�WR�RQH DQG RQWR �XS WR VFDODU
PXOWLSOLFDWLRQ RI SULFHV��

,Q YLHZ RI /HPPD ��� DQG WKH UHGXQGDQF\ RI WKH EXGJHW HTXDWLRQV� ZH
REWDLQ LPPHGLDWHO\ WKH IROORZLQJ FKDUDFWHUL]DWLRQ RI HTXLOLEULXP LQ WHUPV RI
ZHOIDUH ZHLJKWV�

/HPPD ��� /HW ( EH D EDVLF HFRQRP\� 7KH DOORFDWLRQ [ DQG WKH SULFH S
FRQVWLWXWH DQ HTXLOLEULXP LI DQG RQO\ LI WKHUH H[LVWV D YHFWRU RI ZHOIDUH ZHLJKWV
� � �� VXFK WKDW

�D� [ VROYHV WKH SODQQHU
V SUREOHP ZLWK ZHLJKWV �

�E� S  �
:
L �L'8L�[L���� IRU VRPH � ! �

�F� WKH EXGJHW HTXDWLRQV

S � �[����� H��  �
���

S � �[P������ HP���  �

DUH VDWLV�HG

*LYHQ WKHVH UHVXOWV� ZH FDQ FKDUDFWHUL]H HTXLOLEULXP LQ WHUPV RI WKH ]HURHV
RI WKH H[FHVV VSHQGLQJ PDSSLQJ� *LYHQ WKH VRFLDO HQGRZPHQW� ZULWH

'���H� �
Q
H � ;P

� � HL � � IRU HDFK L DQG
;

HL  �H
R

IRU WKH VHW RI GLVWULEXWLRQV RI WKH VRFLDO HQGRZPHQW WKDW JLYH QR FRQVXPHU ]HUR
HQGRZPHQW� :ULWH S���  

:
L �L'8L�[L����� DQG GH�QH WKH H[FHVV VSHQGLQJ

PDSSLQJ
6 � �� �'���H�� 5P��

E\ 6L��� H�  S��� � �[L���� HL� IRU HDFK L� ,I H LV D GLVWULEXWLRQ RI WKH VRFLDO
HQGRZPHQW �H� ZULWH (�H� IRU WKH HFRQRP\ ZLWK HQGRZPHQW SUR�OH H� ,Q
YLHZ RI WKH GLVFXVVLRQ DERYH� ZH PD\ LGHQWLI\ DQ HTXLOLEULXP RI WKH HFRQRP\
(�H� ZLWK D ]HUR RI 6��� H�� ,Q WKH IROORZLQJ VHFWLRQV� ZH �UVW VKRZ WKDW WKH
SODQQHU
V SUREOHP LV /LSVFKLW] DQG WKHQ WKDW WKH H[FHVV VSHQGLQJ PDSSLQJ
LV /LSVFKLW]� ZH WKHQ XVH YHUVLRQV RI 6DUG
V WKHRUHP DQG WKH WUDQVYHUVDOLW\
WKHRUHP IRU /LSVFKLW] IXQFWLRQV WR REWDLQ RXU JHQHULF GHWHUPLQDF\ UHVXOWV�

��



� 7KH 6RFLDO 3ODQQHU
V 3UREOHP

,Q WKLV VHFWLRQ� ZH FDUU\ RXW WKH �UVW VWHS LQ RXU SURJUDP� DQDO\]LQJ WKH
VROXWLRQ WR WKH VRFLDO SODQQHU
V SUREOHP� $V ZH VKRZ EHORZ� XQGHU WKH DGGL�
WLRQDO DVVXPSWLRQ RI TXDGUDWLF FRQFDYLW\ ZLWK UHVSHFW WR DQ DGDSWHG QRUP�
WKH VROXWLRQ WR WKH SODQQHU
V SUREOHP LV ORFDOO\ /LSVFKLW] FRQWLQXRXV� 7KLV
UHVXOW ZLOO EHFRPH WKH NH\ WR DOO RI RXU GHWHUPLQDF\ UHVXOWV�

/HPPD ��� ,I ( LV D EDVLF HFRQRP\ DQG IRU HDFK L WKHUH LV D QRUP N�NL VXFK
WKDW

�D� N�NL LV DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �L ��H�

�E� 8L LV TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR N�NL RQ ZHDNO\ FRPSDFW VXE�
VHWV RI 3 �L ��H�

WKHQ WKH VROXWLRQ [��� WR WKH SODQQHU
V SUREOHP LV ORFDOO\ /LSVFKLW] RQ �� ZLWK
UHVSHFW WR WKHVH QRUPV DQG FRQWLQXRXV ZLWK UHVSHFW WR WKH WRSRORJ\ ¡ �

3URRI� :H �UVW VKRZ WKDW HDFK 8L LV /LSVFKLW] RQ ZHDNO\ FRPSDFW VXEVHWV RI
3 �L ��H�� )RU � ! � VHW �� � I� � � � �L � � IRU DOO LJ� ZULWH 3 ���H�  [�����
DQG OHW 3 �

L ��H� EH WKH SURMHFWLRQ RI 3
���H� RQWR WKH L�WK FRRUGLQDWH� /HPPD

��� JXDUDQWHHV WKDW 3 �
L ��H� LV ZHDNO\ FRPSDFW� VR E\ DGDSWHGQHVV� IRU HDFK L

WKHUH LV D FRQVWDQW %L VXFK WKDW

M'8L�[� � ]M � %LN]NL
IRU HDFK [ � 3 �

L ��H� DQG ] � ;� ,I [� \ � 3 �
L ��H� WKHQ FRQFDYLW\ RI 8L JXDUDQWHHV

WKDW
8L�\�� 8L�[� � '8L�[� � �\ � [� � %LN\ � [NL

5HYHUVLQJ WKH UROHV RI [ DQG \ \LHOGV

M8L�\�� 8L�[�M � PD[ �M'8L�[� � �\ � [�M� M'8L�\� � �[� \�M� � %LN\ � [NL
ZKLFK LV WKH GHVLUHG /LSVFKLW] HVWLPDWH�

1RZ �[ � ! � DQG OHW �� �� � ��� :ULWH [  [��� DQG [�  [����� )RU
HDFK L� TXDGUDWLF FRQFDYLW\ RI 8L ZLWK UHVSHFW WR N � NL RQ 3 �

L ��H� PHDQV WKHUH
LV D FRQVWDQW &L ! � VXFK WKDW

8L�[
�

L� � 8L�[L� �'8L�[L� � �[�L � [L�� &LN[�L � [LN�L

��



0XOWLSO\LQJ E\ �L DQG VXPPLQJ RYHU L \LHOGV;
�L8L�[

�

L� �
;

�L8L�[L� �
;

�L'8L�[L� � �[�L � [L��
;

&L�LN[�L � [LN�L ���
%\ DVVXPSWLRQ� [ VROYHV WKH VRFLDO SODQQHU
V SUREOHP IRU ZHLJKWV �� VR WKH

�UVW RUGHU FRQGLWLRQV LPSO\ WKDW
3

�L'8L�[L� � �[�L � [L� � �� 6XEVWLWXWLQJ
LQWR ��� JLYHV;

�L8L�[
�

L� �
;

�L8L�[L��
;

&L�LN[�L � [LN�L ���

%HFDXVH [� VROYHV WKH VRFLDO SODQQHU
V SUREOHP IRU ZHLJKWV ��� ZHLJKWHG XWLOLW\
LV QR JUHDWHU DW [� VR�

� �;��L8L�[
�

L��
;

��L8L�[L� ���

$GGLQJ ��� DQG ��� \LHOGV�;
�L8L�[

�

L� � ;
�L8L�[L��

;
&L�LN[�L � [LN�L �

;
��L8L�[

�

L��
;

��L8L�[L�

5HDUUDQJLQJ WHUPV JLYHV;
&L�LN[�L � [LN�L � ;

��L � ��L�>8L�[L�� 8L�[
�

L�@

� ; M��L � �LM M8L�[
�

L�� 8L�[L�M ���

%HFDXVH XWLOLW\ IXQFWLRQV DUH /LSVFKLW] RQ 3 �
L ��H�  [����� IRU HDFK L WKHUH

LV D FRQVWDQW .L ! � VXFK WKDW M8L�[
�

L��8L�[L�M � .LN[�L � [LNL� 6XEVWLWXWLQJ
LQWR ��� \LHOGV ;

&L�LN[�L � [LN�L �
;

.LM��L � �LM N[�L � [LNL ���

/HW &  PLQ&L DQG .  PD[.L� 7KH OHIW KDQG VLGH RI ��� LV WKH
VXPPDWLRQ RI P SRVLWLYH WHUPV� VR LV DW OHDVW DV ODUJH DV DQ\ RQH RI WKHP�
%HFDXVH �� �� � ��� LW IROORZV WKDW

&�
�
PD[

L
N[�L � [LNL

��
� .PD[

L
N[�L � [LNL

�; M��L � �LM
�

5HDUUDQJLQJ WHUPV \LHOGV

PD[
L

N[�L � [LNL � .

&�

; M��L � �LM
ZKLFK JLYHV WKH GHVLUHG /LSVFKLW] HVWLPDWH�

)LQDOO\� EHFDXVH WKH WRSRORJ\ LQGXFHG E\ HDFK RI WKH QRUPV N�NL FRLQFLGHV
ZLWK WKH WRSRORJ\ ¡ RQ WKH VHW >�� �H@ RI IHDVLEOH FRQVXPSWLRQV� WKH VROXWLRQ
[��� WR WKH SODQQHU
V SUREOHP LV FRQWLQXRXV LQ WKH WRSRORJ\ ¡ DV ZHOO� (

��



� 6SHQGLQJ� :HDOWK DQG ([FHVV 6SHQGLQJ

,Q WKLV VHFWLRQ ZH WXUQ WR WKH VHFRQG VWHS LQ RXU SURJUDP� GHPRQVWUDWLQJ WKH
/LSVFKLW] FRQWLQXLW\ SURSHUWLHV RI WKH VSHQGLQJ PDS� WKH ZHDOWK PDS DQG WKH
H[FHVV VSHQGLQJ PDS� 7KH SURRI LV GHIHUUHG WR WKH $SSHQGL[�

/HPPD ��� ,I ( LV D EDVLF HFRQRP\ DQG IRU HDFK L WKHUH LV D QRUP N�NL VXFK
WKDW

�D� N�NL LV DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �
L
��H�

�E� 8L LV TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR N�NL RQ ZHDNO\ FRPSDFW VXE�
VHWV RI 3 �

L ��H�

WKHQ

�L� IRU HDFK L WKH VSHQGLQJ PDS � �� S��� � [L��� LV ORFDOO\ /LSVFKLW] RQ ��

�LL� WKH ZHDOWK PDS � �� S��� � Z LV ORFDOO\ /LSVFKLW] RQ ��� XQLIRUPO\ IRU
Z � >�� �H@

�LLL� 6��� H� LV ORFDOO\ /LSVFKLW] RQ ��� XQLIRUPO\ IRU H � '���H�

�LY� 6��� �� LV MRLQWO\ FRQWLQXRXV RQ �� �'���H�

� *HQHULF 'HWHUPLQDF\

,Q WKLV VHFWLRQ ZH XVH WKH UHVXOWV RI 6HFWLRQV � DQG � WR HVWDEOLVK JHQHULF
GHWHUPLQDF\ RI HTXLOLEULD� :H WUHDW WKH EDVLF IHDWXUHV RI WKH HFRQRP\ (
_ FRPPRGLW\ VSDFH� SULFH VSDFH� XWLOLW\ IXQFWLRQV� VRFLDO HQGRZPHQW _ DV
�[HG� DQG FRQVLGHU YDULDWLRQV LQ WKH LQLWLDO HQGRZPHQW SUR�OH H RYHU WKH VHW
RI DOO GLVWULEXWLRQV RI WKH VRFLDO HQGRZPHQW �H� $V EHIRUH� ZH ZULWH '���H� IRU
WKH VHW RI QRQ�]HUR HQGRZPHQW GLVWULEXWLRQV� )RU H � '���H�� OHW (�H� GHQRWH
WKH HFRQRP\ ( ZLWK LQLWLDO HQGRZPHQW SUR�OH H� DQG OHW (�H� GHQRWH WKH
VHW RI HTXLOLEULXP DOORFDWLRQV RI (�H�� 2XU EDVLF QRWLRQ RI GHWHUPLQDF\ LQ�
YROYHV �QLWHQHVV RI WKH QXPEHU RI HTXLOLEULD DQG FRQWLQXLW\ RI WKH HTXLOLEULXP
DOORFDWLRQ FRUUHVSRQGHQFH� )RUPDOO\�

��



'H�QLWLRQ 7KH HFRQRP\ (�H� LV GHWHUPLQDWH LI WKH QXPEHU RI HTXLOLEULD
LV �QLWH DQG WKH HTXLOLEULXP DOORFDWLRQ FRUUHVSRQGHQFH ( � '���H� � ;P

� LV
FRQWLQXRXV DW H�

,Q YLHZ RI RXU GLVFXVVLRQ DW WKH HQG RI 6HFWLRQ �� ZH PD\ LGHQWLI\ DQ
HTXLOLEULXP RI (�H� ZLWK D ]HUR RI 6��� H�� ,W LV FRQYHQLHQW WR GH�QH WKH
HTXLOLEULXP ZHLJKW FRUUHVSRQGHQFH (� � '

���H�� � E\

(��H� � I� � � � 6��� H�  �J
6LQFH /HPPD ��� JXDUDQWHHV WKDW WKH VROXWLRQ WR WKH SODQQHU
V SUREOHP [ LV
FRQWLQXRXV ZLWK UHVSHFW WR WKH WRSRORJ\ ¡ � (�H� LV GHWHUPLQDWH LI DQG RQO\ LI
(��H� LV �QLWH DQG (� LV FRQWLQXRXV DW H�

��

2XU JRDO LV WR VKRZ WKDW� JLYHQ RXU DVVXPSWLRQV� DOPRVW DOO HQGRZPHQW
GLVWULEXWLRQV OHDG WR GHWHUPLQDWH HFRQRPLHV� 7R PDNH WKLV VWDWHPHQW SUHFLVH�
ZH QHHG WR H[SODLQ ZKDW ZH PHDQ E\ ?DOPRVW DOO� HQGRZPHQW GLVWULEXWLRQV�
,Q D �QLWH�GLPHQVLRQDO VHWWLQJ� LW LV QDWXUDO WR LQWHUSUHW ?DOPRVW DOO� WR PHDQ
KDYLQJ IXOO /HEHVJXH PHDVXUH LQ WKH VHW RI DOO HQGRZPHQW GLVWULEXWLRQV� ,Q DQ
LQ�QLWH�GLPHQVLRQDO VHWWLQJ� KRZHYHU� WKHUH LV QR QDWXUDO PHDVXUH RQ WKH VHW
RI HQGRZPHQW GLVWULEXWLRQV� :H SURYLGH WZR DOWHUQDWLYHV� WKH �UVW PDNHV XVH
RI D �QLWH�GLPHQVLRQDO SDUDPHWHUL]DWLRQ RI HQGRZPHQW GLVWULEXWLRQV� ZKLOH
WKH VHFRQG XVHV DQ LQ�QLWH�GLPHQVLRQDO DQDORJXH RI /HEHVJXH PHDVXUH ��

)RU RXU �UVW GHWHUPLQDF\ UHVXOW� �[ D SUR�OH H�  �H��� � � � � H
�

P
� � ;P IRU

ZKLFK
3

H�L  �H DQG D YHFWRU Y � ;� Q I�J��� 6HW

$�H�� Y�  
Q
� � 5P � H�

L
� �LY ! � DOO L DQG

;
�L  �

R
7R HDFK YHFWRU � � $�H�� Y� FRUUHVSRQGV DQ LQLWLDO HQGRZPHQW GLVWULEXWLRQ
H� RI WKH VRFLDO HQGRZPHQW �H GH�QHG E\ H�L  HL � �LY IRU HDFK L� :H YLHZ
H� DV D SHUWXUEDWLRQ RI WKH LQLWLDO SUR�OH H�� &RQVLGHULQJ WKH IDPLO\ RI VXFK
SHUWXUEDWLRQV JLYHV XV D VLPSOH �QLWH�GLPHQVLRQDO SDUDPHWHUL]DWLRQ RI LQLWLDO
HQGRZPHQWV LQGH[HG E\ $�H�� Y�� 2XU �UVW GHWHUPLQDF\ UHVXOW VKRZV WKDW

��:H GR QRW LQVLVW WKDW WKH HTXLOLEULXP SULFH FRUUHVSRQGHQFH EH FRQWLQXRXV� WKLV PD\
EH D GHOLFDWH LVVXH� +RZHYHU� LW IROORZV IURP /HPPD ��� DQG 7KHRUHP ��� WKDW LI (�H� LV
GHWHUPLQDWH WKHQ WKH ?HYDOXDWLRQ� FRUUHVSRQGHQFH 3] � '

���H� � 5 GH�QHG E\ 3]�H�  
IS��� � ] � � � (��H�J LV FRQWLQXRXV DW H IRU HDFK ] � >�� �H@�

��)RU DSSOLFDELOLW\ LQ 7KHRUHP ���� ZH DOORZ IRU WKH SRVVLELOLW\ WKDW H� LV QRW SRVLWLYH
DQG HYHQ WKDW $�H�� Y� PD\ EH HPSW\ IRU VRPH H� DQG Y�

��



WKRVH SHUWXUEDWLRQV IRU ZKLFK WKH HFRQRP\ (�H�� LV GHWHUPLQDWH IRUP D VHW
RI IXOO �P� ���GLPHQVLRQDO /HEHVJXH PHDVXUH�

7KHRUHP ��� ,I ( LV D EDVLF HFRQRP\ DQG IRU HDFK L WKHUH LV D QRUP N�NL
VXFK WKDW

�D� N�NL LV DGDSWHG RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �
L
��H�

�E� 8L LV TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR N�NL RQ ZHDNO\ FRPSDFW VXE�
VHWV RI 3 �

L
��H�

WKHQ IRU HDFK H� � ;P ZLWK
3

H�L  �H DQG HDFK Y � ;� Q I�J� DOPRVW DOO
SDUDPHWHUV � � $�H�� Y� OHDG WR D GHWHUPLQDWH HFRQRP\� L�H��

$G�H
�� Y� � I� � $�H�� Y� � (�H�� LV GHWHUPLQDWH J

LV D VHW RI IXOO �P� ���GLPHQVLRQDO /HEHVJXH PHDVXUH LQ $�H�� Y��

3URRI� 1RUPDOL]H SULFHV E\ GH�QLQJ

ES���  ¥ �

S��� � Y
�
S���

IRU HDFK � � �� /HW E6 � ���'���H�� 5P�� EH WKH FRUUHVSRQGLQJ QRUPDOL]HG
H[FHVV VSHQGLQJ PDSSLQJ ZKRVH L�WK FRRUGLQDWH LV�

E6L��� H�  ES��� � >[L���� HL@

1RWH WKDW 6 DQG E6 KDYH WKH VDPH ]HURHV� 'H�QH   � �� � 5P�� E\  ���  E6��� H��� 1RWH WKDW
E6L��� H��  E6L��� H��� �L   L���� �L

IRU HDFK L� 1RZ IRU HDFK � � $�H�� Y�� ZULWH ��P  ���� � � � � �P��� � 5P���
1RWH WKDW E6��� H��   ��� � ��P� /HPPD ��� JXDUDQWHHV WKDW WKH H[FHVV
VSHQGLQJ PDS 6��� H� LV ORFDOO\ /LSVFKLW] RQ �� IRU HDFK H� DQG WKDW � �� S����Y
LV ORFDOO\ /LSVFKLW] RQ ��� ,W IROORZV WKDW E6��� H� LV ORFDOO\ /LSVFKLW] RQ �� IRU
HDFK H DQG WKXV WKDW   LV ORFDOO\ /LSVFKLW] RQ ���

��



,I 8 LV DQ RSHQ VXEVHW RI5P�� DQG I � 8 � 5P�� LV D PDSSLQJ� UHFDOO WKDW
� � 5P�� LV VDLG WR EH D UHJXODU YDOXH RI I LI 'I��� H[LVWV DQG LV QRQVLQJXODU
ZKHQHYHU � � 8 DQG I���  �� 6DUG
V WKHRUHP IRU ORFDOO\ /LSVFKLW] IXQFWLRQV
�VHH 5DGHU ������ /HPPD �� JXDUDQWHHV WKDW LI I LV ORFDOO\ /LSVFKLW] WKHQ
DOPRVW HYHU\ HOHPHQW RI 5P�� LV D UHJXODU YDOXH RI I � %HFDXVH   LV ORFDOO\
/LSVFKLW]� LW IROORZV WKDW DOPRVW HYHU\ � � 5P�� LV D UHJXODU YDOXH RI  �
&OHDUO\ ��P LV D UHJXODU YDOXH RI   LI DQG RQO\ LI � LV D UHJXODU YDOXH RIE6��� H��� VR WKH VHW

$U�H
�� Y� �

Q
� � $�H�� Y� � � LV D UHJXODU YDOXH RI E6��� H��R

KDV IXOO �P� ���GLPHQVLRQDO /HEHVJXH PHDVXUH�
7R FRPSOHWH WKH SURRI LW UHPDLQV RQO\ WR VKRZ WKDW $U�H

�� Y� � $G�H
�� Y��

WKDW LV� LI � LV D UHJXODU YDOXH RI E6��� H�� WKHQ (�H�� LV D GHWHUPLQDWH HFRQRP\�
7R VHH WKLV� �[ DQ � � $U�H

�� Y�� :H PXVW VKRZ WKDW (�H�� KDV RQO\ �QLWHO\
PDQ\ HTXLOLEULD DQG WKDW (� LV FRQWLQXRXV DW H

��

7R VHH WKDW (�H�� KDV �QLWHO\ PDQ\ HTXLOLEULD� QRWH WKDW HDFK HTXLOLEULXP
FRUUHVSRQGV WR D YHFWRU RI ZHLJKWV � � �� E\ LQGLYLGXDO UDWLRQDOLW\� (DFK
HTXLOLEULXP YHFWRU RI ZHLJKWV LV ORFDOO\ XQLTXH EHFDXVH � LV D UHJXODU YDOXH
RI E6��� H�� �VHH 6KDQQRQ �������� 7KHQ WR VKRZ WKHUH DUH RQO\ �QLWHO\ PDQ\
HTXLOLEULD LW VX�FHV WR VKRZ WKDW

�,5 � I� � � � 8L�[L���� � 8L�H
�

L
� IRU DOO LJ

LV D FRPSDFW VXEVHW RI �R� 7R WKDW HQG� �UVW QRWH WKDW EHFDXVH [��� LV ZHDNO\
FRQWLQXRXV RQ � DQG 8L��� LV ZHDNO\ XSSHU VHPL�FRQWLQXRXV� �,5 LV D FRPSDFW
VHW� 0RUHRYHU� EHFDXVH XWLOLWLHV DUH VWULFWO\ PRQRWRQH� [L���  � LI �L  ��
6LQFH H�

L
! � IRU HDFK L� 8L�H

�

L
� ! 8L��� IRU HDFK L� DJDLQ XVLQJ WKH VWULFW

PRQRWRQLFLW\ RI XWLOLWLHV� ZKLFK LPSOLHV WKDW �,5 � ��� 1RZ HDFK HTXLOLEULXP
YHFWRU RI ZHOIDUH ZHLJKWV LV ORFDOO\ XQLTXH DQG FRQWDLQHG LQ WKH FRPSDFW VHW
�,5� VR WKHUH DUH RQO\ �QLWHO\ PDQ\ HTXLOLEULD LQ (�H���
8SSHU KHPL�FRQWLQXLW\ RI (� DW H� �DQG LQGHHG� DW HYHU\ H � '���H��

IROORZV LPPHGLDWHO\ IURP WKH MRLQW FRQWLQXLW\ RI 6 RQ �� � '���H�� 7R VHH
WKDW (� LV ORZHU KHPL�FRQWLQXRXV DW H

�� �[ �� � (��H
�� DQG D QHLJKERUKRRG

9 � RI �� LQ ��� :H PXVW �QG D QHLJKERUKRRG : RI H� LQ '���H� VXFK WKDW
LI H � : WKHQ E6��� H�  � IRU VRPH � � 9 �� 7R DFFRPSOLVK WKLV� ZH XVH WKH
LQYDULDQFH RI %URXZHU GHJUHH XQGHU VPDOO SHUWXUEDWLRQV� ,I 1 � �� LV DQ

��



RSHQ VHW DQG I � 1 � 5P�� LV D FRQWLQXRXV PDSSLQJ� ZULWH GHJ �I�1� �� IRU
WKH %URXZHU GHJUHH RI I RQ 1 DW ��

/HW �� � (��H
��� &KRRVH D QHLJKERUKRRG 9 RI �� LQ �� VXFK WKDW (��H

��?
9  I��J� %HFDXVH � LV D UHJXODU YDOXH RI E6��� H��� MGHJ � E6��� H��� 9 �� ��M  �
IRU HYHU\ QHLJKERUKRRG 9 � � 9 RI �� �VHH 6KDQQRQ ������� 7KHRUHP ��� 7KHQ
IRU HDFK VXFK QHLJKERUKRRG 9 � � 9 RI �� WKHUH H[LVWV D QHLJKERUKRRG %� RI
JUDSK E6��� H��M9 � VXFK WKDW MGHJ �I� 9 �� ��M  � IRU DQ\ FRQWLQXRXV IXQFWLRQ
I � 9 � � 5P�� IRU ZKLFK JUDSK I � %�� ,Q SDUWLFXODU� IRU DQ\ VXFK IXQFWLRQ
I WKHUH H[LVWV � � 9 � VXFK WKDW I���  �� 7R HVWDEOLVK RXU UHVXOW� LW WKXV
VX�FHV WR VKRZ WKDW JLYHQ D QHLJKERUKRRG %� RI JUDSK E6��� H��M9 � WKHUH H[LVWV
D QHLJKERUKRRG : RI H� LQ '���H� VXFK WKDW JUDSK E6��� H�M9 � � % � IRU HDFK
H � : �

7R VHH WKLV� QRWH WKDW IRU DQ\ H � '���H� DQG � � 9 ��

E6L��� H�� E6L��� H��  AS��� � �HL � H�L �

1RZ OHW � ! � EH JLYHQ� 7KH PDS ��� Y� �� S��� � Y LV MRLQWO\ FRQWLQXRXV RQ
�� � >�� �H@ E\ /HPPD ���� 7KXV IRU HDFK � � 9

�

WKHUH H[LVWV D QHLJKERUKRRG
9� RI � DQG D QHLJKERUKRRG :� RI H

� LQ '���H� VXFK WKDW IRU HDFK H � :�

DQG a� � 9� ZH KDYH MAS�a�� � �HL � H�L �M � �� 6LQFH I9�J LV DQ RSHQ FRYHU RI 9 �

DQG 9
�

LV FRPSDFW� WKHUH LV D �QLWH VXEFRYHU I9��� � � � � 9�1J� 6HW :  ?:�M �
7KHQ IRU H � : � M E6L��� H� � E6L��� H��M � � IRU HDFK � � 9 �� 7KXV JLYHQ D
QHLJKERUKRRG %� RI JUDSK E6��� H��M9 � WKHUH H[LVWV D QHLJKERUKRRG : RI H� LQ
'���H� VXFK WKDW JUDSK E6��� H�M9 � � %� IRU HDFK H � : � +HQFH IRU HDFK H � :
WKHUH H[LVWV � � 9 � VXFK WKDW E6��� H�  �� WKDW LV� VXFK WKDW � � (��H�� :H
FRQFOXGH WKDW (� LV ORZHU�KHPL�FRQWLQXRXV DW H

�� VR WKH SURRI LV FRPSOHWH� (

%HFDXVH RI WKH �QLWH�GLPHQVLRQDO QDWXUH RI WKLV SDUDPHWHUL]DWLRQ� WKLV UH�
VXOW LV QRW HQWLUHO\ VDWLVIDFWRU\� 7R REWDLQ D PRUH VDWLVIDFWRU\ UHVXOW� ZH ZRXOG
OLNH WR SDUDPHWHUL]H RYHU WKH �LQ�QLWH�GLPHQVLRQDO� VHW RI DOO SRVVLEOH HQGRZ�
PHQW GLVWULEXWLRQV� WKXV ZH QHHG D QRWLRQ RI JHQHULFLW\ VXLWDEOH IRU XVH LQ
DQ LQ�QLWH�GLPHQVLRQDO VHWWLQJ� 8QIRUWXQDWHO\� WKHUH LV QR QDWXUDO DQDORJXH
RI /HEHVJXH PHDVXUH LQ DQ LQ�QLWH�GLPHQVLRQDO VSDFH� $ IUHTXHQWO\ XVHG
DOWHUQDWLYH WRSRORJLFDO QRWLRQ RI JHQHULFLW\ ZRXOG UHTXLUH WKDW WKH VHW RI HQ�
GRZPHQW GLVWULEXWLRQV OHDGLQJ WR GHWHUPLQDWH HFRQRPLHV EH WKH LQWHUVHFWLRQ
RI D FRXQWDEOH IDPLO\ RI RSHQ VHWV WKDW LV GHQVH LQ WKH VSDFH RI DOO HQGRZPHQW
GLVWULEXWLRQV� 7KH VHW RI HQGRZPHQW GLVWULEXWLRQV OHDGLQJ WR GHWHUPLQDWH

��



HFRQRPLHV LV GHQVH� DV D FRQVHTXHQFH RI 7KHRUHP ��� EHORZ� EXW EHFDXVH
WKH QDWXUH RI UHJXODULW\ IRU /LSVFKLW] IXQFWLRQV LV ZHDNHU WKDQ IRU VPRRWK
HFRQRPLHV� WKH VHW RI UHJXODU HFRQRPLHV LV QRW RSHQ QRU LV LW WKH LQWHUVHFWLRQ
RI D FRXQWDEOH IDPLO\ RI RSHQ VHWV _ HYHQ LQ WKH �QLWH�GLPHQVLRQDO VHWWLQJ�
,QVWHDG ZH WXUQ WR D PHDVXUH�WKHRUHWLF DQDORJXH RI ?IXOO /HEHVJXH PHDVXUH�
GHYHORSHG E\ &KULVWHQVHQ ������� +XQW� 6DXHU� DQG <RUNH ������� DQG $QGHU�
VRQ DQG =DPH ������� &KULVWHQVHQ ������ DQG +XQW� 6DXHU� DQG <RUNH ������
KDYH GHYHORSHG DQDORJXHV RI /HEHVJXH PHDVXUH � DQG IXOO /HEHVJXH PHDVXUH
IRU LQ�QLWH�GLPHQVLRQDO VSDFHV� FDOOHG VK\QHVV DQG SUHYDOHQFH� 7KHLU QRWLRQV
DUH QRW GLUHFWO\ DSSOLFDEOH LQ RXU SUREOHP� KRZHYHU� VLQFH RXU SDUDPHWHUV
DUH GUDZQ QRW IURP WKH ZKROH VSDFH EXW IURP WKH VHW RI GLVWULEXWLRQV RI D
�[HG VRFLDO HQGRZPHQW� LWVHOI D VK\ VXEVHW RI WKH DPELHQW VSDFH� $QGHUVRQ
DQG =DPH ������ KDYH H[WHQGHG WKH ZRUN RI +XQW� 6DXHU DQG <RUNH DQG
&KULVWHQVHQ WR QRWLRQV RI SUHYDOHQFH DQG VK\QHVV UHODWLYH WR D FRQYH[ VXEVHW
WKDW PD\ EH D VPDOO VXEVHW RI WKH DPELHQW VSDFH� 7KHLU QRWLRQ RI UHODWLYH
SUHYDOHQFH� JLYHQ EHORZ� LV WKH FRQFHSW RI LQ�QLWH�GLPHQVLRQDO GHWHUPLQDF\
ZH XVH�

'H�QLWLRQ /HW < EH D WRSRORJLFDO YHFWRU VSDFH DQG OHW & � < EH D FRQYH[
%RUHO VXEVHW ZKLFK LV FRPSOHWHO\ PHWUL]DEOH LQ WKH UHODWLYH WRSRORJ\� /HW
F � &� $ XQLYHUVDOO\ PHDVXUDEOH VXEVHW ( � < LV VK\ LQ & DW F LI IRU HDFK
� ! � DQG HDFK QHLJKERUKRRG: RI � LQ < � WKHUH LV D UHJXODU %RUHO SUREDELOLW\
PHDVXUH � RQ < ZLWK FRPSDFW VXSSRUW VXFK WKDW VXSS� � ���& � F� � F� ?
�: � F� DQG ��( � \�  � IRU HYHU\ \ � < ��� 7KH VHW ( LV VK\ LQ & LI LW LV
VK\ DW HDFK SRLQW F � &� $ �QRW QHFHVVDULO\ XQLYHUVDOO\ PHDVXUDEOH� VXEVHW
) � & LV VK\ LQ & LI LW LV FRQWDLQHG LQ D VK\ XQLYHUVDOO\ PHDVXUDEOH VHW� $
VXEVHW ( � & LV SUHYDOHQW LQ & LI LWV FRPSOHPHQW & Q ( LV VK\ LQ &�

$QGHUVRQ DQG =DPH ������ VKRZ WKDW� OLNH VK\QHVV DQG SUHYDOHQFH� UHO�
DWLYH VK\QHVV DQG SUHYDOHQFH KDYH WKH SURSHUWLHV ZH RXJKW WR UHTXLUH RI
PHDVXUH�WKHRUHWLF QRWLRQV RI ?VPDOOQHVV� DQG ?ODUJHQHVV�� ,Q SDUWLFXODU� WKH
FRXQWDEOH XQLRQ RI VK\ VHWV LV VK\� QR UHODWLYHO\ RSHQ VXEVHW LV VK\� SUHYDOHQW
VHWV DUH GHQVH� DQG D VXEVHW RI 5Q LV VK\ LQ 5Q LI DQG RQO\ LI LW KDV /HEHVJXH
PHDVXUH �� 7KH\ DOVR SURYLGH WKH IROORZLQJ VLPSOH VX�FLHQW FRQGLWLRQV IRU
UHODWLYH VK\QHVV DQG SUHYDOHQFH�

��5HFDOO WKDW D VHW ( � < LV XQLYHUVDOO\ PHDVXUDEOH LI IRU HYHU\ %RUHO PHDVXUH � RQ < �
( EHORQJV WR WKH FRPSOHWLRQ ZLWK UHVSHFW WR � RI WKH VLJPD DOJHEUD RI %RUHO VHWV�

��



'H�QLWLRQ /HW < EH D WRSRORJLFDO YHFWRU VSDFH DQG OHW & � < EH D FRQ�
YH[ %RUHO VXEVHW ZKLFK LV FRPSOHWHO\ PHWUL]DEOH LQ WKH UHODWLYH WRSRORJ\� $
XQLYHUVDOO\ PHDVXUDEOH VHW ( � & LV �QLWHO\ VK\ LQ & LI WKHUH LV D �QLWH GL�
PHQVLRQDO VXEVSDFH 9 � < VXFK WKDW �(� \�?9 KDV /HEHVJXH PHDVXUH � LQ
9 IRU HYHU\ \ � < � $ XQLYHUVDOO\ PHDVXUDEOH VHW ( � & LV �QLWHO\ SUHYDOHQW
LQ & LI LWV FRPSOHPHQW & Q ( LV �QLWHO\ VK\�

6HWV WKDW DUH �QLWHO\ VK\ DUH VK\� KHQFH VHWV WKDW DUH �QLWHO\ SUHYDOHQW DUH
SUHYDOHQW �VHH $QGHUVRQ DQG =DPH �������� 8VLQJ WKHVH IDFWV OHDGV WR PRUH
VDWLVIDFWRU\ LQ�QLWH�GLPHQVLRQDO GHWHUPLQDF\ UHVXOWV�

7KHRUHP ��� ,I ( LV D EDVLF HFRQRP\ DQG IRU HDFK L WKHUH LV D QRUP N�NL
VXFK WKDW

�D� N�NL LV DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �L ��H�

�E� 8L LV TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR N�NL RQ ZHDNO\ FRPSDFW VXE�
VHWV RI 3 �L ��H�

WKHQ DOPRVW DOO HQGRZPHQW GLVWULEXWLRQV OHDG WR D GHWHUPLQDWH HFRQRP\� L�H��

'�
G��H�  

Q
H � '���H� � (�H� LV GHWHUPLQDWH

R
LV SUHYDOHQW LQ '���H��

3URRI� :H ZLOO VKRZ WKDW '�
G��H� LV �QLWHO\ SUHYDOHQW LQ '���H�� $V EHIRUH�

ZH XVH WKH IDFW WKDW (�H� LV GHWHUPLQDWH H[DFWO\ LI (��H� LV �QLWH DQG (� LV
FRQWLQXRXV DW H�

,W LV HYLGHQW WKDW '���H� LV D %RUHO VHW� 7R VHH WKDW LW LV FRPSOHWHO\ PHWUL]�
DEOH� GH�QH D QRUP RQ ;P E\ N�[�� � � � � [P�N  PD[L N[LNL� $GDSWHGQHVV RI
N�NL LPSOLHV WKDW WKH WRSRORJ\ LQGXFHG E\ N�NL DJUHHV ZLWK WKH WRSRORJ\ ¡
RQ WKH RUGHU LQWHUYDO >�� �H@� VR WKH WRSRORJ\ LQGXFHG E\ N�N DJUHHV ZLWK WKH
SURGXFW WRSRORJ\ ¡P RQ WKH VHW '��H�  IH � ;P

� �
3

HL  �HJ� %HFDXVH RUGHU
LQWHUYDOV DUH ZHDNO\ FRPSDFW LQ ;� '��H� LV ZHDNO\ FRPSDFW LQ ;P� ,W IROORZV
WKDW '��H� LV FRPSOHWH LQ WKH PHWULF LQGXFHG E\ WKH QRUP N�NPD[�

�� %HFDXVH

��/HW H;P EH WKH FRPSOHWLRQ RI ;P ZLWK UHVSHFW WR WKH WRSRORJ\ ¡ � 1RWH WKDW ;P DQGH;P KDYH WKH VDPH GXDO VSDFHV� +HQFH '��H� LV ZHDNO\ FORVHG LQ H;P� 6LQFH ¡ LV D VWURQJHU
WRSRORJ\� '��H� LV DOVR ¡ �FORVHG LQ H;P� 1RZ EHFDXVH H;P LV FRPSOHWH� '��H� LV ¡ �FRPSOHWH
DV ZHOO�

��



'���H� LV D UHODWLYHO\ RSHQ VXEVHW RI '��H�� WKHUH LV D FRPSOHWH PHWULF RQ '���H�
KDYLQJ WKH SURSHUW\ WKDW WKH PHWULF WRSRORJ\ FRLQFLGHV ZLWK WKH WRSRORJ\ ¡P�

:H QH[W VKRZ WKDW '�
G��H� LV D %RUHO VHW� 7RZDUG WKLV HQG� ZULWH '�

I ��H�
IRU WKH HQGRZPHQW GLVWULEXWLRQV H IRU ZKLFK (�H� LV �QLWH �HTXLYDOHQWO\� IRU
ZKLFK (��H� LV �QLWH�� DQG '�

F��H� IRU WKH HQGRZPHQW GLVWULEXWLRQV H DW ZKLFK
WKH HTXLOLEULXP FRUUHVSRQGHQFH ( LV FRQWLQXRXV �HTXLYDOHQWO\� DW ZKLFK WKH
HTXLOLEULXP ZHLJKW FRUUHVSRQGHQFH (� LV FRQWLQXRXV�� $V '

�
G��H�  '�

I��H� ?
'�

F��H�� LW VX�FHV WR VKRZ WKDW WKHVH DUH %RUHO VHWV�

7R VHH WKDW '�
I��H� LV D %RUHO VHW� ZULWH 4� IRU WKH VHW RI VWULFWO\ SRVLWLYH

UDWLRQDO QXPEHUV� )RU HDFK SRVLWLYH LQWHJHU Q� OHW 5Q  �4P
� ? ���Q EH WKH

VHW RI Q�WXSOHV RI SRLQWV LQ �� ZLWK UDWLRQDO FRRUGLQDWHV� )RU UM � 4P
� ? ��

DQG �M � 4�� OHW %�UM� �M� EH WKH RSHQ EDOO LQ 5P ZLWK FHQWHU UM DQG UDGLXV
�M� $Q HQGRZPHQW GLVWULEXWLRQ H � '���H� OHDGV WR DQ HFRQRP\ ZLWK DW PRVW
Q HTXLOLEULD H[DFWO\ LI WKH VHW RI HTXLOLEULXP ZHLJKWV LV FRQWDLQHG LQ WKH XQLRQ
RI Q EDOOV ZLWK UDWLRQDO FHQWHUV DQG DUELWUDULO\ VPDOO UDWLRQDO UDGLL� +HQFH

'�
I ��H�  

�>
Q �

?
U�5Q

>
��4Q

�

���H � '���H� � (��H� �
Q>

M �

%�UM� �M�

� �
%HFDXVH (� LV XSSHU KHPL�FRQWLQXRXV �VHH WKH SURRI RI 7KHRUHP ����� HDFK
RI WKH VHWV LQ FXUO\ EUDFNHWV LV LV RSHQ� VR '�

I��H� LV D %RUHO VHW�

7R VHH WKDW '�
F��H� LV D %RUHO VHW� OHW K GHQRWH WKH +DXVGRU� GLVWDQFH

EHWZHHQ FRPSDFW VXEVHWV RI ��� 7KH FRUUHVSRQGHQFH (� LV FRQWLQXRXV DW H
H[DFWO\ LI IRU HDFK LQWHJHU Q WKHUH LV D QHLJKERUKRRG: RI H ZLWK WKH SURSHUW\
WKDW K�(��H

��� (��H
���� � � Q IRU H�� H�� � : � +HQFH

'�
F ��H�  

�?
Q �

IH � '���H� � � RSHQ : � '���H� V�W� H � :

DQG K�(��H
��� (��H

���� � � Q IRU DOO H�� H�� � :J

7KXV� '�
F��H� LV WKH FRXQWDEOH LQWHUVHFWLRQ RI RSHQ VHWV� DQG LQ SDUWLFXODU LV D

%RUHO VHW�

1RZ OHW '�
QG��H�  '���H� Q'�

G��H�� 7R VKRZ WKDW '
�
QG��H� LV �QLWHO\ VK\� VHW

Y  �

P
�H� DQG OHW 9 � ;P EH WKH �P� ���GLPHQVLRQDO VXEVSDFH

9  I���Y� � � � � �PY� �
;

�L  �J

��



,I ��  �Y� � � � � Y� WKHQ

9 ? >'���H�� ��@  I���Y� � � � � �PY� �
;

�L  � DQG �L ! �� DOO L J

VR 9 ? >'���H� � ��@ FHUWDLQO\ KDV SRVLWLYH PHDVXUH LQ 9 � 1RZ OHW � � ;P

DQG FRQVLGHU 9 ? >'�
QG��H� � �@� ,I \ � 9 ? >'�

QG��H� � �@� WKHQ WKHUH H[LVWV
H � '�

QG��H� DQG � VXFK WKDW
3

�L  � IRU ZKLFK \L  �LY  HL � �L IRU HDFK
L� ,Q SDUWLFXODU� HL  �L � �LY ! � IRU HDFK L DQG (�H� LV QRW GHWHUPLQDWH�
7KXV � � $QG��� Y�� ZKLFK KDV �P� ���GLPHQVLRQDO /HEHVJXH PHDVXUH � E\
7KHRUHP ���� 7KXV

9 ? >'���H�� ��@  I���Y� � � � � �PY� � � � $QG��� Y�J

KDV �P� ���GLPHQVLRQDO PHDVXUH �� :H FRQFOXGH WKDW '�
QG��H� LV �QLWHO\ VK\�

DQG WKXV WKDW '�
G��H� LV �QLWHO\ SUHYDOHQW� LQ '���H� DV DVVHUWHG� (

6LQFH SUHYDOHQW VHWV DUH GHQVH� WKLV UHVXOW DOORZV XV WR FRQFOXGH LPPH�
GLDWHO\ WKDW WKH VHW RI HQGRZPHQW GLVWULEXWLRQV WKDW OHDG WR D GHWHUPLQDWH
HFRQRP\ LV GHQVH LQ '���H� DV ZHOO�

6WURQJHU DVVXPSWLRQV RQ FRQVXPHUV
 XWLOLW\ IXQFWLRQV OHDG WR D VWURQJHU
FRQFOXVLRQ DERXW ORFDO FRPSDUDWLYH VWDWLFV� 7R PDNH WKLV VWDWHPHQW SUHFLVH
ZH QHHG WZR DGGLWLRQDO QRWLRQV� 7KH �UVW LV D VWURQJHU QRWLRQ RI GHWHUPLQDF\�

'H�QLWLRQ 7KH HFRQRP\ (�H� LV /LSVFKLW] GHWHUPLQDWH ZLWK UHVSHFW WR N�N
LI LW LV GHWHUPLQDWH DQG IRU HYHU\ HTXLOLEULXP [ � (�H� WKHUH H[LVW QHLJK�
ERUKRRGV 2 RI [ DQG : RI H VXFK WKDW RQ : HYHU\ VHOHFWLRQ IURP 2 ? ( LV
SRLQWZLVH /LSVFKLW] DW H ZLWK UHVSHFW WR N�N���

)RU WKLV UHVXOW ZH ZLOO QHHG WR VSHFLI\ D VLQJOH QRUP RQ WKH FRPPRGLW\
VSDFH� 7R WKLV HQG� IRU HDFK [ � ; GH�QH

N[NPD[  PD[
L

N[NL�

,I HDFK LQGLYLGXDO QRUP N�NL LV DEVROXWH� WKDW LV LI NM[MN  N[N IRU HYHU\ [ � ;�
WKHQ /LSVFKLW] GHWHUPLQDF\ ZLWK UHVSHFW WR N�NPD[ KROGV IRU D SUHYDOHQW VHW

��5HFDOO WKDW LI ;�< DUH QRUPHG VSDFHV� WKHQ I � ; � < LV SRLQWZLVH /LSVFKLW] RQ ; DW
�] � ; LI WKHUH H[LVWV . ! � VXFK WKDW NI�]�� I��]�N � .N] � �]N IRU DOO ] � ;�

��



RI HQGRZPHQW GLVWULEXWLRQV���

7KHRUHP ��� ,I ( LV D EDVLF HFRQRP\ DQG IRU HDFK L WKHUH LV DQ DEVROXWH
QRUP N�NL VXFK WKDW

�D� N�NL LV DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �
L
��H�

�E� 8L LV TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR N�NL RQ ZHDNO\ FRPSDFW VXE�
VHWV RI 3 �

L
��H�

WKHQ DOPRVW DOO HQGRZPHQW GLVWULEXWLRQV OHDG WR DQ HFRQRP\ WKDW LV /LSVFKLW]
GHWHUPLQDWH ZLWK UHVSHFW WR WKH QRUP N�NPD[ RQ ;� 7KDW LV�

'�
OG
��H�  

Q
H � '���H� � (�H� LV /LSVFKLW] GHWHUPLQDWH ZLWK UHVSHFW WR N�NPD[

R
LV SUHYDOHQW LQ '���H��

3URRI� )L[ D FRPSDFW VXEVHW �� � ��� :H �UVW VKRZ WKDW� IRU � � ���
VXSSRUWLQJ SULFHV S��� DUH XQLIRUPO\ ERXQGHG LQ WKH N�NPD[ QRUP� 7R WKLV
HQG� QRWH WKDW N�NPD[ LV DQ DEVROXWH QRUP� DV

NM[MNPD[  PD[
L

NM[MNL  PD[
L

N[NL  N[NPD[

0RUHRYHU� E\ GH�QLWLRQ�

NS���NPD[  VXS
N]NPD[��

MS��� � ]M

%HFDXVH S��� LV SRVLWLYH DQG N�NPD[ LV DEVROXWH�

NS���NPD[  VXS
N]NPD[��

MS��� � ]M  VXS
N]NPD[��
]�;�

S��� � ]

��5HTXLULQJ WKDW D QRUP EH DEVROXWH LV QRW LQQRFXRXV� )RU LQVWDQFH� WKHUH DUH PDQ\
QRUPV RQ0 >�� �@ �WKH VSDFH RI VLJQHG PHDVXUHV RQ WKH XQLW LQWHUYDO� IRU ZKLFK WKH WRSRORJ\
LQGXFHG E\ WKH QRUP FRLQFLGHV ZLWK WKH ZHDN VWDU WRSRORJ\ �YLHZLQJ 0 >�� �@ DV WKH GXDO
RI WKH VSDFH & >�� �@ RI FRQWLQXRXV IXQFWLRQV� RQ RUGHU LQWHUYDOV� EXW WKHUH LV QR DEVROXWH
QRUP ZLWK WKLV SURSHUW\� 6HH " IRU IXUWKHU GLVFXVVLRQ�
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IRU VRPH FRQVWDQWV %L ! ��

:H QRZ VKRZ WKDW WKH H[FHVV VSHQGLQJ PDS 6 LV MRLQWO\ ORFDOO\ /LSVFKLW]
RQ �� �'���H�� )L[ D FRQVXPHU L� )RU �� �� � �� DQG H� H� � '���H�
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&RQVLGHU WKH ODVW WKUHH WHUPV� /HPPD ��� JXDUDQWHHV WKDW WKHUH LV D FRQVWDQW
&� VXFK WKDW

MS��� � [L���� S���� � [L����M � &�M�� ��M
7KH ERXQG REWDLQHG LQ WKH SUHYLRXV SDUDJUDSK JXDUDQWHHV WKDW

NS����NPD[NH�L � HLNPD[ �;%LNH�L � HLNPD[

/HPPD ��� JXDUDQWHHV WKHUH LV D FRQVWDQW &� VXFK WKDW

M>S����� S���@ � HLM � &�M�� ��M
3XWWLQJ WKHVH WRJHWKHU� ZH FRQFOXGH WKDW 6 LV /LSVFKLW] RQ �� �'���H�� DQG
LQ SDUWLFXODU� LV ORFDOO\ /LSVFKLW] RQ ���'���H�� DV DVVHUWHG� 7KH UHVXOW QRZ
IROORZV IURP WKH WUDQVYHUVDOLW\ UHVXOWV LQ 7KHRUHP ��� DQG 7KHRUHP ��� LQ
6KDQQRQ �����E�� (
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� ([DPSOHV

,Q WKLV VHFWLRQ ZH GHYHORS H[DPSOHV LOOXVWUDWLQJ RXU UHVXOWV LQ WKH VHWWLQJ RI
FRQWLQXRXV WLPH WUDGLQJ LQ �QDQFLDO PDUNHWV DQG RI WUDGH RYHU DQ LQ�QLWH
KRUL]RQ� )RU H[DPSOHV LQ WKH VHWWLQJ RI FRPPRGLW\ GL�HUHQWLDWLRQ� VHH "�

([DPSOH ��� &RQWLQXRXV�7LPH 7UDGLQJ LQ )LQDQFLDO 0DUNHWV� 7KH
VWDQGDUG PRGHO�� RI FRQWLQXRXV WLPH WUDGLQJ EHJLQV ZLWK D SUREDELOLW\ VSDFH
���) � 3 � DQG D �OWUDWLRQ I)W � � � W � 7J RI VXE�VLJPD�DOJHEUDV RI )
VXFK WKDW )�  I���J�)7  ) DQG )W � )W� LI W � W�� 7KH �OWUDWLRQ
I)WJ UHSUHVHQWV UHYHODWLRQ RI LQIRUPDWLRQ RYHU WKH WLPH LQWHUYDO >�� 7 @� )W

LV WKH VLJPD�DOJHEUD RI HYHQWV REVHUYDEOH DW WLPH W� &RPPRGLW\ EXQGOHV DUH
VTXDUH LQWHJUDEOH SUHGLFWDEOH VWRFKDVWLF SURFHVVHV� WKXV WKH FRPPRGLW\ VSDFH
LV /����>�� 7 @�3� ��� ZKHUH 3 LV WKH SUHGLFWDEOH VLJPD DOJHEUD DQG �  3��
LV WKH SURGXFW RI 3 ZLWK �QRUPDOL]HG� /HEHVJXH PHDVXUH RQ >�� 7 @�

(DFK FRQVXPHU L LV FKDUDFWHUL]HG E\ DQ LQLWLDO HQGRZPHQW HL DQG D XWLOLW\
IXQFWLRQ� XVXDOO\ DVVXPHG WR KDYH DQ H[SHFWHG XWLOLW\ UHSUHVHQWDWLRQ
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ZKHUH XL��� W� � 5� � 5 LV VWULFWO\ LQFUHDVLQJ DQG VWULFWO\ FRQFDYH IRU HDFK W�
,W LV XVXDOO\ DVVXPHG WKDW XWLOLW\ IXQFWLRQV VDWLVI\ ,QDGD FRQGLWLRQV� VR WKDW
WKH SDUWLDO GHULYDWLYHV XL

F
�[� W� � � DV [ � �� XQLIRUPO\ LQ W� DQG WKDW WKH

VRFLDO HQGRZPHQW �H LV ERXQGHG DERYH DQG XQLIRUPO\ ERXQGHG DZD\ IURP ��

8QGHU WKHVH DVVXPSWLRQV IRU HDFK FRQVXPHU� LW LV HDVLO\ YHUL�HG WKDW HY�
HU\ 3DUHWR RSWLPDO DOORFDWLRQ LQ 3 ���H� LV XQLIRUPO\ ERXQGHG DZD\ IURP ��
$ VWUDLJKWIRUZDUG FRPSXWDWLRQ WKHQ VKRZV WKDW IRU HDFK L WKH /� QRUP LV
DGDSWHG WR 8L RQ ZHDNO\ FRPSDFW VXEVHWV RI 3

�
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,I LQ DGGLWLRQ XL��� W� LV &� DQG GL�HUHQWLDEO\ VWULFWO\ FRQFDYH� XQLIRUPO\
LQ W� WKHQ 8 L LV TXDGUDWLFDOO\ FRQFDYH RQ ZHDNO\ FRPSDFW VXEVHWV RI 3 �

L
��H�

ZLWK UHVSHFW WR WKH /� QRUP� 7R VHH WKLV� QRWH WKDW IRU HDFK E� � 5� WKHUH
LV D FRQVWDQW .L ! � VXFK WKDW
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ZKLFK LV WKH UHTXLUHG LQHTXDOLW\�

%HFDXVH WKH /� QRUP LV DEVROXWH� 7KHRUHP ��� JXDUDQWHHV WKDW DOPRVW DOO
HQGRZPHQW GLVWULEXWLRQV OHDG WR HFRQRPLHV ZKLFK DUH /LSVFKLW] GHWHUPLQDWH
ZLWK UHVSHFW WR WKH /� QRUP�

,Q WKH IUDPHZRUN DERYH� D FRPPRGLW\ EXQGOH [ UHSUHVHQWV D UDWH RI FRQ�
VXPSWLRQ� +LQG\� +XDQJ� DQG .UHSV ������ �VHH DOVR +LQG\ DQG +XDQJ
������ ������ DUJXH WKDW LQWHUWHPSRUDO FRQVXPSWLRQ SDWWHUQV VKRXOG DGPLW
WKH SRVVLELOLW\ RI FRQVXPSWLRQ LQ GLVFUHWH OXPSV �?JXOSV��� DV ZHOO DV LQ UDWHV
�?VLSV��� )RU FRQVXPSWLRQ RYHU WKH WLPH LQWHUYDO >�� �@� WKH\ VXJJHVW WKDW
FRPPRGLWLHV VKRXOG EH UHSUHVHQWHG E\ SRVLWLYH� LQFUHDVLQJ� ULJKW FRQWLQXRXV
IXQFWLRQV 
 � >�� �@ � 5�� ZKHUH 
�W� JLYHV WRWDO FRQVXPSWLRQ DW RU EHIRUH
WLPH W� ,Q WKLV IRUPXODWLRQ� FRQVXPSWLRQ RFFXUV LQ ?JXOSV� DW SRLQWV ZKHUH 

KDV DQ XSZDUG MXPS DQG LQ ?VLSV� DW SRLQWV RI FRQWLQXLW\ RI 
� )RU RXU SXU�
SRVHV LW LV FRQYHQLHQW WR DGRSW DQ HTXLYDOHQW IRUPXODWLRQ LQ ZKLFK FRPPRGLW\
EXQGOHV DUH QRQ�QHJDWLYH PHDVXUHV [ RQ >�� �@� VR WKDW [>�� W@ UHSUHVHQWV WRWDO
FRQVXPSWLRQ RQ WKH LQWHUYDO >�� W@� ,Q RXU IRUPXODWLRQ� FRQVXPSWLRQ RFFXUV
LQ ?JXOSV� DW DWRPV RI [ DQG LQ ?VLSV� HOVHZKHUH� (TXLYDOHQWO\� QRWH WKDW WKH
IXQFWLRQV WKDW UHSUHVHQW FRPPRGLW\ EXQGOHV LQ WKH +LQG\� +XDQJ DQG .UHSV
IRUPXODWLRQ DUH MXVW WKH FXPXODWLYH GLVWULEXWLRQ IXQFWLRQV RI WKH PHDVXUHV
WKDW UHSUHVHQW FRPPRGLW\ EXQGOHV LQ RXU IRUPXODWLRQ� 7KLV DOWHUQDWLYH IRU�
PXODWLRQ OHDGV WR WKH FRPPRGLW\ VSDFH0 >�� �@� WKH VSDFH RI VLJQHG PHDVXUHV

��6PRRWKQHVV DQG TXDGUDWLF FRQFDYLW\ RI XL��� W� ZRXOG VX�FH�
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RQ >�� �@� $V WKH IROORZLQJ H[DPSOH VKRZV� PRGHOV VXFK DV WKRVH GHYHORSHG
E\ +LQG\� +XDQJ DQG .UHSV DOVR VDWLVI\ RXU UHTXLUHPHQWV�

([DPSOH ��� /XPS\ &RQVXPSWLRQ� 7KH FRPPRGLW\ VSDFH LV 0 >�� �@�
HQGRZHG ZLWK WKH ZHDN VWDU WRSRORJ\ ZKHQ YLHZHG DV WKH GXDO RI WKH VSDFH
RI FRQWLQXRXV IXQFWLRQV &>�� �@� 7R FDSWXUH WKH LGHD WKDW FRQVXPSWLRQV DW
QHDUE\ GDWHV VKRXOG EH QHDUO\ SHUIHFW VXEVWLWXWHV DW WKH PDUJLQ� +LQG\�
+XDQJ� DQG .UHSV ������ DVVXPH WKDW SUHIHUHQFHV DUH FRQWLQXRXV LQ WKH ZHDN
VWDU WRSRORJ\ DQG XQLIRUPO\ SURSHU ZLWK UHVSHFW WR RQH RI D SDUWLFXODU IDPLO\
RI QRUPV RI WKH IRUP
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IRU S � �� $ W\SLFDO XWLOLW\ IXQFWLRQ VDWLVI\LQJ WKHLU DVVXPSWLRQV LV�
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ZKHUH X��� W� � 5� � 5 LV &�� VWULFWO\ LQFUHDVLQJ DQG VWULFWO\ FRQFDYH IRU HDFK
W DQG Y � 5� � 5 LV &�� VWULFWO\ LQFUHDVLQJ� DQG VWULFWO\ FRQFDYH� 6XSSRVH
LQ DGGLWLRQ WKDW Y���F� � � IRU HDFK F DQG WKDW XFF�F� W� � � IRU HDFK F� W��� :H
DVVHUW WKDW WKH QRUP N�N� LV DGDSWHG WR 8 RQ HYHU\ RUGHU LQWHUYDO >�� �H@� DQG
WKDW 8 LV TXDGUDWLFDOO\ FRQFDYH RQ HYHU\ RUGHU LQWHUYDO >�� �H@ ZLWK UHVSHFW WR
WKLV QRUP���

+LQG\� +XDQJ� DQG .UHSV ������ VKRZ WKDW WKH WRSRORJ\ LQGXFHG E\ N�N�
�RU LQGHHG DQ\ RI WKHLU QRUPV� FRLQFLGHV ZLWK WKH ZHDN VWDU WRSRORJ\ RQ RUGHU
LQWHUYDOV� 7R YHULI\ WKDW WKH QRUP N�N� LV DGDSWHG WR 8 � WKHUHIRUH� ZH PXVW
RQO\ YHULI\ WKH UHOHYDQW SURSHUWLHV RI GHULYDWLYHV� 7R WKLV HQG� QRWH WKDW RXU
DVVXPSWLRQV SURYLGH D FRQVWDQW & VXFK WKDW Y��F� � & DQG XF��� W� � & IRU
HYHU\ F � �H>�� �@� 7KXV
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��$JDLQ� VPRRWKQHVV DQG TXDGUDWLF FRQFDYLW\ RI X DQG Y ZRXOG VX�FH�
��1RWH WKDW N�N� LV QRW DQ DEVROXWH QRUP� LI [ � 0 >�� �@ WKHQ N[N� � NM[MN�� EXW HTXDOLW\

KROGV H[DFWO\ ZKHQ [ � � RU [ � �� ,QGHHG� DV ZH KDYH QRWHG LQ IRRWQRWH ��� QR DEVROXWH
QRUP RQ 0 >�� �@ KDV WKH SURSHUW\ WKDW WKH QRUP WRSRORJ\ FRLQFLGHV ZLWK WKH ZHDN VWDU
WRSRORJ\ RQ RUGHU LQWHUYDOV� 7KH WRWDO YDULDWLRQ QRUP LV DQ DEVROXWH QRUP RQ 0 >�� �@ _
EXW WKHVH XWLOLW\ IXQFWLRQV DUH QRW TXDGUDWLFDOO\ FRQFDYH ZLWK UHVSHFW WR WKH WRWDO YDULDWLRQ
QRUP�
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IRU [ � >�� �H@ DQG \ � 0 >�� �@� 6LPLODUO\� WKHUH H[LVWV & � ! � VXFK WKDW
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IRU \� \�� ] � >�� �H@� VR N�N� LV DGDSWHG WR 8 RQ >�� �H@�

7R VHH WKDW 8 LV TXDGUDWLFDOO\ FRQFDYH� �[ [� \ � >�� �H@� 'L�HUHQWLDO VWULFW
FRQFDYLW\ RI Y DQG X SURYLGHV D FRQVWDQW & �� ! � VXFK WKDW�

X�F�� W�� X�F� W� � XF�F� W��F
� � F�� & ��MF� � FM�

Y�F��� Y�F� � Y��F��F� � F�� & ��MF� � FM�

IRU HDFK F� F� � �H>�� �@ DQG IRU HDFK W� +HQFH
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ZKHUH WKH ODVW LQHTXDOLW\ LV D FRQVHTXHQFH RI -HQVHQ
V LQHTXDOLW\�

,Q�QLWH KRUL]RQ HFRQRPLHV DUH SHUKDSV WKH PRVW IDPLOLDU H[DPSOHV RI PRG�
HOV ZLWK LQ�QLWHO\ PDQ\ FRPPRGLWLHV� ,Q WKH IROORZLQJ H[DPSOH� ZH FRQVLGHU
VXFK D PRGHO ZLWK QRQ�VHSDUDEOH KDELW IRUPDWLRQ SUHIHUHQFHV�

([DPSOH ��� ,Q�QLWH�+RUL]RQ (FRQRPLHV� &RQVLGHU D GLVFUHWH WLPH LQ�
�QLWH KRUL]RQ HFRQRP\ LQ ZKLFK WKH FRPPRGLW\ VSDFH LV C� HQGRZHG ZLWK
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WKH 0DFNH\ WRSRORJ\� &RQVXPHU L LV FKDUDFWHUL]HG E\ DQ HQGRZPHQW HL DQG
D XWLOLW\ IXQFWLRQ WKDW GLVSOD\V KDELW IRUPDWLRQ RI WKH IRUP�
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ZKHUH �L � ��� �� LV D GLVFRXQW IDFWRU� :H DVVXPH WKDW YL � 5� � 5 DQG
XL � 5

�
� � 5 DUH &�� VWULFWO\ LQFUHDVLQJ DQG GL�HUHQWLDEO\ VWULFWO\ FRQFDYH�

$V LQ ([DPSOH ���� VXFK XWLOLW\ IXQFWLRQV DUH QRW TXDGUDWLFDOO\ FRQFDYH RQ
DQ\ ERXQGHG VHW ZLWK UHVSHFW WR WKH C� QRUP� +RZHYHU� LW LV TXDGUDWLFDOO\
FRQFDYH RQ ERXQGHG VHWV ZLWK UHVSHFW WR WKH ZHLJKWHG QRUP�
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7R VHH WKLV� OHW �H � C�� EH JLYHQ DQG OHW [� \ � >�� �H@� 7R VLPSOLI\ QRWDWLRQ�
IRU HDFK ] � C� DQG IRU HDFK W OHW ]�W�  �]W��� ]W�� 7KHQ
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IRU VRPH F� E ! �� +HUH WKH �UVW LQHTXDOLW\ IROORZV IURP WKH TXDGUDWLF FRQFDY�
LW\ RI X� DQG WKH ODVW LQHTXDOLW\ XVHV WKH IDFW WKDW LQ D �QLWH PHDVXUH VSDFH�
WKH /� QRUP GRPLQDWHV D PXOWLSOH RI WKH /� QRUP� L�H�� WKHUH LV D FRQVWDQW
% ! � VXFK WKDW NIN� � %NIN� IRU DOO I �
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6LPLODUO\� LW LV VWUDLJKWIRUZDUG WR YHULI\ WKDW WKLV ZHLJKWHG QRUP LV DGDSWHG
WR WKH XWLOLW\ IXQFWLRQ 8L RQ ERXQGHG VHWV� 1RWH� KRZHYHU� WKDW LI GL�HUHQW
LQGLYLGXDOV GLVFRXQW IXWXUH FRQVXPSWLRQ DW GL�HUHQW UDWHV WKHQ ZH PXVW XVH
GL�HUHQW QRUPV IRU HDFK FRQVXPHU� %HFDXVH HDFK RI WKHVH ZHLJKWHG QRUPV LV
DEVROXWH� 7KHRUHP ��� JXDUDQWHHV WKDW DOPRVW DOO HQGRZPHQW GLVWULEXWLRQV
OHDG WR /LSVFKLW] GHWHUPLQDWH HFRQRPLHV�

$SSHQGL[

3URRI RI /HPPD ���� �L� � �LL�� /HW [ EH D 3DUHWR RSWLPDO DOORFDWLRQ DQG OHW T
EH D VXSSRUWLQJ SULFH� :H �UVW HVWDEOLVK WKH GHVLUHG UHSUHVHQWDWLRQ RI T�

)RU HDFK L� VHW
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T � [L
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7KH IDFW WKDW XWLOLW\ IXQFWLRQV DUH VWULFWO\ PRQRWRQH JXDUDQWHHV WKDW WKH GHQRPL�

QDWRU LV VWULFWO\ SRVLWLYH� 7KH IDFW WKDW T LV D VXSSRUWLQJ SULFH JXDUDQWHHV WKDW WKH
QXPHUDWRU� DQG KHQFH �L� LV VWULFWO\ SRVLWLYH� 2XU JRDO LV WR VKRZ WKDW
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IRU HYHU\ \ � ;� IURP ZKLFK ZH ZLOO HDVLO\ REWDLQ WKH GHVLUHG UHSUHVHQWDWLRQ� :H

SURFHHG E\ YHULI\LQJ WKLV HTXDOLW\ �UVW ZKHQ � � \ � [L IRU VRPH L� WKHQ ZKHQ
� � \ � �H� WKHQ ZKHQ \ LV LQ WKH RUGHU LGHDO JHQHUDWHG E\ �H� DQG �QDOO\ IRU DUELWUDU\
\ � ;�

)L[ D FRQVXPHU L� 6XSSRUWLQJ SULFHV HTXDWH PDUJLQDO UDWHV RI VXEVWLWXWLRQ VR
LI \ � ;� WKHQ
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ZLWK HTXDOLW\ LI \ � [L� 5HDUUDQJLQJ \LHOGV
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IRU HYHU\ \ � ;�� ZLWK HTXDOLW\ LI \ � [L� 8VLQJ WKH GH�QLWLRQ RI �L DQG VXEVWLWXW�
LQJ� ZH KDYH

T � \ � �L'8L�[L� � \ IRU DOO \ � ;��ZLWK HTXDOLW\ LI \ � [L ���
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,I \ � ;� DQG \ � [M IRU L � M� WKHQ WZR DSSOLFDWLRQV RI ��� LPSO\ WKDW
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E\ WKH GH�QLWLRQ RI WKH VXSUHPXP RI OLQHDU IXQFWLRQDOV� 7KXV�B
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