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Abstract

This paper argues that the reliance on collateral to secure loans has a
profound impact on the allocation of commodities, on the efficiency of mar-
kets, on the prices of commodities and assets, and on the volatility of these
prices. These effects can be clearly seen even in situations in which there is
no default.

Among the reasons for these effects are: i) collateral is scarce; ii) the
necessity for sellers to purchase collateral imposes an endogenous borrow-
ing constraint; iii) the necessity for sellers to purchase collateral distorts
consumption decisions; iv) the possibility of surrendering collateral limits
deliveries on promises and hence inhibits lending; v) collateral may entail a
dead-weight loss.

To make these points, this paper formulates an extension of intertem-
poral general equilibrium theory that incorporates durable goods, collateral
and the possibility of default, and establishes the existence of collateral equi-
librium under standard assumptions. A variety of examples and theorems
demonstrate the impact of collateral on economic variables.



1 Introduction

What enforces intertemporal contracts? Although many different mecha-
nisms have been in use in various times and places, a large fraction of all
loans in modern economies are secured by some form of collateral that will
be forfeit in the event of default. The variety of such collateralized lend-
ing is enormous: pawn shop loans, home mortgages, corporate stocks and
bonds, margin purchases of stock, overnight repurchase agreements, deriva-
tives, and many others. The collateral used to secure such loans may be a
watch, a house, a factory, stock in a firm, government debt, or even other
collateralized contracts. The collateral may be kept in a warehouse, or held
for use by the borrower or by the lender. The total of all such collateralized
loans is many trillions of dollars. (For example, the total value of the U.S.
residential mortgage market exceeds $5 trillion, and the total value of pub-
lically traded stock exceeds $10 trillion.) Remarkably, however, most of the
attention paid to collateralized borrowing has been in the financial literature,
where the emphasis has been on the pricing of collateralized instruments, es-
pecially derivatives, and in the popular press, where the emphasis has been
on the dangers of such derivatives.

In this paper we argue that the reliance on collateral to secure loans has
a profound impact on the allocation of commodities, on the efficiency of
markets, on the prices of commodities and assets, and on the volatility of
these prices — in short, on every aspect of the economy. Moreover, these
effects can be clearly seen even in situations in which there is no default.

Perhaps the most important reason for these effects is that collateral is
scarce. Even in a world in which every conceivable asset is available for trade,
the scarcity of collateral means that some assets will not be traded, and that
smoothing of consumption and sharing of risk will be correspondingly inhib-
ited. The scarcity of collateral creates incentives to find innovations that
economize on collateral. Indeed, much of the financial engineering that has
rapidly accelerated in the last decade is designed explicitly to cope with this
problem of scarce collateral. Scarce collateral can be stretched by permitting
the same physical collateral to be used many times: allowing the same col-
lateral to back many different promises (tranching), or permitting assets to
be collateralized by other assets (pyramiding). These two innovations are at



the bottom of the securitization and derivatives boom on Wall Street, and
have greatly expanded the scope of financial markets.

Even when collateral is not scarce, however, reliance on collateral may
have enormous effects. Because sellers of assets (borrowers) must purchase
the collateral which secures the promises they are making, the collateral re-
quirement both imposes an endogenous borrowing constraint and distorts
consumption decisions. Because buyers of assets (lenders) know that deliver-
ies on these assets are limited by the value of the collateral that secures them,
the reliance on collateral inhibits lending. And because collateral may not be
held by the agents who value the collateral most, the collateral requirement
entails a potential dead-weight loss to society.

To make these points, we formulate and analyze a straightforward exten-
sion of intertemporal general equilibrium theory that incorporates durable
goods, collateral and the possibility of default. (We distinguish between
goods such as gold, which are durable in the sense of being usable many
times, and tobacco, which can be stored but can be used only once.) Al-
though default is suggestive of disequilibrium, we show that imposing collat-
eral requirements and allowing for default pose no special technical problems;
under the hypotheses on agent behavior and foresight that are standard in
the general equilibrium literature, collateral equilibrium always exists. In-
deed, our model is better behaved in this regard than is the standard general
equilibrium model with asset markets; see the discussion in Section 3.

As is usual in general equilibrium theory, we view individuals as anony-
mous price-takers. Anonymity in particular might appear strange in an en-
vironment in which individuals might default. In our context, however, indi-
viduals will default when the value of promises exceeds the value of collateral
and not otherwise; thus lenders do not care about the identity of borrowers,
but only about the collateral they bring. In particular, we do not require a
pooling interpretation, as in Dubey, Geanakoplos, and Shubik (1990). For
simplicity, we build a model with a finite number of agents; the assumptions
of anonymity and price-taking could be made more transparent by building a
model with a continuum of individuals, but that would complicate the model
without adding anything of substance. Alternatively, the reader might wish
to imagine a continuum of consumers of each type.

To focus the discussion, we assume here that agents may default on some
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promises and not on others, and that the only consequence of default is for-
feiture of collateral. For pawn shop loans, overnight repurchase agreements,
margin loans, and home mortgages — at least in California — these assump-
tions are a reasonably close approximation of reality. But our work should
probably not be interpreted as providing a model of bankruptcy, which will
typically involve default on all promises followed by a broad spectrum of
consequences in addition to forfeiture of collateral. Hellwig (1981b) and
Sabarwal (1999) provide theoretical models of bankruptcy that encompass
various consequences, and Fay, Hurst, and White (forthcoming) and Lin and
White (forthcoming) provide an interesting empirical treatment.

In most present-day Western societies, the consequences of default are
primarily economic — seizure of possessions and partial or total exclusion
from credit markets in addition to forfeiture of collateral — but it is use-
ful to recall that in other times and places extra-economic consequences as
extreme as hanging (12th Century France) or exile to the colonies (18th Cen-
tury England) have played an important role. Indeed, debtor’s prisons were
in widespread use in Western societies into the middle of the 19th Century.
See Dubey, Geanakoplos, and Shubik (1990) and Zame (1993) for a general
equilibrium treatment of extra-economic penalties and Sabarwal (1999) for
a general equilibrium treatment of exclusion. Kehoe and Levine (1993) treat
a world in which the possibility of default constrains borrowing, although
default does not occur at equilibrium. For a model driven by strategic con-
siderations, see Hart and Moore (1995).

Because promises are collateralized, borrowers and lenders must take into
account the future value of commodities. We assume here that durable goods
held by the borrower and durable goods held by the lender will have the same
value tomorrow, but it would be a simple matter (requiring only a notational
change) to distinguish such goods. Importantly, doing so would not violate
the anonymity that we wish to retain in our general equilibrium framework,
nor create any problem of adverse selection, because the transaction itself
would reveal the use to which the commodity is being put.

We take the set of assets available for trade as given exogenously; to avoid
the difficulties inherent in treating infinite portfolios, we assume that this set
of assets is finite. However, this set of assets might be very large; indeed, we
might imagine that many assets, or even all possible assets are available for



trade. Of course, not all assets need be traded at equilibrium, and the set
of assets traded — as opposed to the set of assets potentially available for
trade — will be determined endogenously. In particular, we may view the
market as determining the asset structure — and collateral requirements in
particular. For a different view of the endogenous determination of collateral
requirements, see Araujo, Barbachan, and Pascoa (2001).

A few final remarks:

e It is important to keep in mind that, while asset promises are given
exogenously, actual deliveries are determined endogenously in equilib-
rium. Of course, having solved for equilibrium, one could respecify
asset promises to equal actual deliveries, so that there would be no
default — but such a respecification would depend on the particular
equilibrium.

e If one thinks of pawn shop loans as prototypical of collateralized bor-
rowing, it might be tempting to think that a collateralized loan is
equivalent to a sale and a future repurchase, and thus to think that
the principle function of collateral is to economize on transaction costs.
Even for pawn shop loans, however, this is quite wrong when — as
is usually the case — there is uncertainty about asset promises or the
future price of the collateral. Moreover, in many instances (home mort-
gages and consumer durables being the most obvious examples), the

collateral that secures the loan is held and enjoyed by the borrower
him/herself.

e Because borrowers can choose to surrender the collateral rather than
keep the promise, a collateralized asset is an option, and our model
shares a number of features with other models that incorporate options.
In particular, the pricing of collateralized securities, like the pricing of
options, is not generally linear. Since the celebrated Modigliani and
Miller (1958) theorem on the irrelevance of capital structure depends
on linear pricing, it need not hold in an environment in which assets
are collateralized; the value of a firm may well depend on the way in
which it chooses to finance its undertakings. For a slightly different
take on this point, see Hellwig (1981a)



In the following sections, we address these various issues through several
theorems and propositions and especially through a large collection of exam-
ples. Section 2 presents the formal model of an economy with durable goods
and collateralized assets. In Section 3, Theorem 1 is our basic existence result,
and Example 1 illustrates the way in which collateral requirements may limit
borrowing and distort consumption choices. Section 4 explores the effects of
collateral requirements by asking when a given Walrasian equilibrium can be
supported as a collateral equilibrium for some family of assets. Theorem 2
gives a complete solution to this question for environments with no uncer-
tainty; Example 2 presents a simple illustration. Example 3 shows that the
situation is much more complicated in environments with uncertainty, and
illustrates the usefulness of tranching. Example 4 in Section 5 illustrates the
way in which the shortage of collateral determines the set of assets traded at
equilibrium, and also that, in the presence of uncertainty, collateralized loans
are not equivalent to sales and repurchases. Section 6 discusses the market
choice of assets to be traded; Examples 5 and 6 illustrate the way in which
the market chooses the assets that are traded, and Theorem 3 identifies a
circumstance in which the market chooses the asset structure efficiently. As
Example 7 shows, the question of whether, in general, the market chooses
the asset structure efficiently is complicated by the possibility of multiple
equilibria; a given economy may admit several collateral equilibria, of which
one is efficient and one is not. Section 7 discusses the way in which margin
requirements impact on the volatility of prices; Example 8 illustrates that
lowering margin requirements can lead to a market crash. The Appendix
records the rather messy proof of Theorem 1.



2 Durable Goods and Collateralized Assets

As in the canonical model of securities trading, we consider a world with
two dates, where agents know the present but face an uncertain future. In
date 0 (the present) a finite set of agents trade in a finite set of commodities
and assets. Between date 0 and date 1 (the future) the state of nature is
revealed. In date 1 assets pay off and commodities are traded once again.
Our framework is formalized below.

2.1 Time and Uncertainty

There are two dates, 0 and 1, and a finite number S of exogenously given
possible states of nature at date 1.

2.2 Durable Goods

There are L > 1 commodities available for trade and consumption at each
date and state of nature, so the commodity space is R x RS = R(StDL . For
a commodity bundle € RS*tYL and indices s, £, we write z, for the vector
of spot s consumption specified by z, and x4, for the quantity of commodity
¢ specified in spot s. We abuse notation and view R’ as the subspace of
RGHTDL consisting those vectors which are 0 except in the first L coordinates;
thus we identify a vector # € R” with (z,0,...,0) € RTDL Similarly we
view R as the subspace of R(“"D% consisting those vectors which are 0 in
the first I coordinates. We write 5 € RETDL for the commodity bundle
consisting of one unit of commodity ¢ in spot s and nothing else. We write
x > y to mean that xg > y, for each s, ¢, r > y to mean that x > y and

x #y and x >> y to mean that z, > y, for each s, /.
Since the commodity space is RTDE 5o is the price space. In parallel
with our notation for commodity bundles, we write ps for the vector of prices

in spot s and py, for the price of commodity ¢ in spot s.

We depart from the usual intertemporal models by supposing that com-



modities may be durable and/or storable.! If the services of a (possibly
durable) commodity bundle z € R’ are used (consumed) at date 0, we write
FU(z) € R* for what remains in state s at date 1. If commodity bundle
r € R is warehoused (stored) at date 0, we write FYY (z) € Rl for what
remains in state s at date 1. We assume throughout that for each state s,
the mappings F7, F}" : R — R* are linear and positive, so map R to
R%.? The commodity 0¢ is durable if FY(dy) # 0 for some s, storable if
FY (80¢) # 0 for some s, non-perishable if it is either durable or storable, and
perishable otherwise.

2.3 Consumers

There are N consumers. Consumer ¢ is described by a consumption set,
which we take to be RfH)L, an endowment ¢ € RTDL and a utility
function u*: RtYL - R. Standard assumptions about endowments and

utility functions are collected below.

2.4 Assets

A collateralized asset, or just asset for short, is a pair (A, C'); A is the promise
or face value, C' is the collateral requirement. If no confusion is likely, we
abuse notation and write A for short. The promise A specifies units of
account to be delivered in each state in date 1, as a function of the vector
of all commodity prices, and so is a function A : S x R(+S+1)L — R.3 We
assume that asset promises are non-negative (so that A(s, p) > 0 for each s, p)
and depend continuously on prices. This formulation is sufficiently general
to encompass a wide variety of assets, including nominal assets, real assets,
options and derivatives.

1Recall the distinction between durability and storability discussed in the Introduction.

%It would suffice to assume that FV, FYV are concave; this would be particularly natural
for an alternative interpretation of FU, F"W as production functions.

3More generally, we could allow the face value of A; to be a function of asset prices
as well; this would be especially natural if we expanded the model to allow assets to be
collateralized by other assets.



The collateral requirement C' is a triple
C=(CB ctcV) e R xRY x RY

which the seller of asset A must own. Of this requirement, C'® will be held
by the borrower (the seller of the asset), C’* will be held by the lender (the
buyer of the asset), and C"V will be warehoused (stored). In our framework,
the collateral requirement is the only means for enforcing promises, so no
agent will ever make positive deliveries on uncollateralized assets. Hence
equilibrium prices for such assets will necessarily be 0 and trade in such
assets will be irrelevant. It therefore involves no loss of generality to assume
that collateral requirements are non-zero: C% 4+ C* + C" > 0. Moreover,
optimization by agents implies that the yield (delivery) per unit of asset A;
in state s will not be the face value A;(s,p) but rather the minimum of the
face value and the value of the collateral in state s:

Yi(s,p) = min{A;(s,p) , ps - [V (C}) + FY(CP) + FU(CP)]}

We take as given a set of J assets (but recall from the discussion in the
Introduction that J might be very large). Write ¢, € R:] for the portfolios
of asset purchases and sales, respectively, and § = ¢ — 1) € R’ for the net
portfolio of purchases minus sales. (In our model there is no advantage to
buying and selling the same asset, so we could just as well take p, to be
the positive and negative parts of 6, but keeping purchases separate from
sales is notationally convenient.) We assume that buying and selling prices
for assets are identical, so asset prices belong to R/. The buyer of ¢; units
of asset j will obtain the use of the collateral bundle gij’jL . The seller of 9,
units of asset j will have to own the collateral bundle v;(C} + C7 + C}")
and will enjoy the use of @Z)]CJB :

2.5 The Economy
An economy & with collateralized assets consists of a finite family of con-
sumers {(e’,u') : i = 1,..., N}, use and storage technologies FV, 'V, and

a finite family of assets {(A;,C;) : j = 1,...J}. Write € = 2%, ¢’ for the
social endowment. The following assumptions are always in force:

9



A1 for each agent i: €' > 0

A2 ¢y >>0

A3 for each state s: e5 + F(eg) + F)V (&9) >> 0

A4 for each agent i: ' is continuous and quasi-concave (for each )
A5 for each agent i: if x >y > 0 then u'(x) > u'(y)

A6 for each agent i: if x >y > 0 and x4 > y4 for some s # 0 and some /,
then u'(z) > u'(y)

AT for each agent u: if x >y > 0, oy > yor, and commodity 0¢ is perish-
able, then u'(z) > u'(y)

Assumptions A1-A3 say that that individual endowments are non-zero and
that all goods are represented in the aggregate. (Note that some goods —
used cars or vintage wine, for instance — may come into being at date 1
only if they are used or stored at date 0.) Assumptions A4-A6 say that util-
ity functions are continuous, quasi-concave, weakly monotone, and strictly
monotone in date 1 consumption; these are standard assumptions. The last
assumption A7 says that utility functions are strictly monotone in perishable
date 0 goods. We do not require strict monotonicity in non-perishable date 0
goods because we allow for the possibility that claims to date 1 consumption
are traded at date 0; of course, such claims would typically provide no utility
at date 0.

2.6 Budget Sets

Given commodity prices, each agent makes plans for consumption, for stor-
age, for asset purchases and sales, and for deliveries against promises. In
view of our earlier comments, we assume that deliveries are precisely the
minimum of promises and the value of collateral, so we henceforward sup-
press the choice of deliveries. We therefore define the budget set B'(p, q) for
consumer 7, given commodity prices p and asset prices ¢ to be the set of plans
7 = (2%, 9", ©', 9") that satisfy the budget constraints at date 0 and in each
state at date 1. This entails:
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e At date O:

po-zh+po-y +po- D vH(CP+CE+CY) gt < po-eft g
J

That is, expenditures (for consumption, storage, collateral, and asset
purchases) do not exceed income (from endowment and asset sales).

e In state s:
J

pe - FIV (Ol
J
+ s B QU UC7) + s - B QU 5C5)

+ps - FU () + > V(s p)
7

That is, expenditures (for consumption and deliveries on promises)
do not exceed income (from endowment, goods removed from storage,
return of warehoused collateral, return of used collateral, used goods
held by the consumer, and collections on others’ promises).

Of course agents know date 0 prices but must make forecasts about date 1
prices. Our equilibrium notion implicitly incorporates the requirement that
price forecasts be correct, so we take the familiar shortcut of suppressing
forecasts and treating all prices as known to agents at date 0. For a model
in which forecasts might be incorrect, see Barrett (2000).

2.7 Utility and Optimization

Consumers choose plans to maximize their utility subject to the budget con-
straints. Given the plan 7 = (2%, 3", ©', 1), consumer ¢ enjoys utility from
consumption, from borrower-held collateral on assets he sells (loans he takes
out) and from lender-held collateral on assets he buys (loans he makes).
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Abusing notation to view u’ as a function of plans, this means that i’s total
utility will be:

u'(r) = ui(wg +Z¢§CJB +Z<,0§LCJ-L, T ,xs) (1)
J J

2.8 Equilibrium

Given an economy & a collateral equilibrium consists of commodity prices
p E Rf H)L, asset prices ¢ € R and consumer plans (7") satisfying the

usual conditions:

e Commodity Markets Clear in Date 0

S|z +y 2 W(CF+CF O] =26
J 1

K2

Commodity Markets Clear in State s
Sal = le+ PV (v Do vy ) + FY (ah + Do wi(cf + )
{ { J J

Asset Markets Clear

IR

Plans are Budget Feasible

7 € B'(p,q)

Consumers Optimize

n' € B'(p,q) = u'(7") > u'(n")
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2.9 Rental Markets

Note that the services of a commodity at date 0 and at date 1 may not be
marketed separately (as is usually assumed in the general equilibrium frame-
work). Rental markets could be created by marketing date 0 and date 1
services separately, but the same effect can be achieved through the asset
market, because a rental is precisely the purchase of a durable and the si-
multaneous sale of a promise to deliver the durable back again at the end
of the rental period, collateralized by the durable itself. If py, is the date O
price of the durable and ¢ is the date O price of this asset, then the cost of
this transaction is pgs — ¢, which may be interpreted as the rental price of
the commodity 0/.

2.10 Walrasian Equilibrium with Durable Goods

Because we are interested in the impact of collateral requirements, it will
be useful to give a formal definition of Walrasian equilibrium in the present
durable goods context; see Dubey, Geanakoplos, and Shubik (1992) for more
details. We continue to treat a world with 2 dates 0,1, with S states of
nature at date 1, with L. commodities available for trade at each date and
state, and with NV consumers. A durable goods economy is a tuple

E= ((eiv ui>7 (Fst FsW>>

where €', u® are the endowment and utility function of agent ¢ (consumption

sets taken to be R SH)L) and FY, FY specify the durable/storable goods
technologies, as above. If commodity prices are p, the budget set B'(p) for
consumer 4 consists of plans z*,y* for consumption and storage such that

p-a+pyy <p-é

(S+1)L

A Walrasian equilibrium consists of commodity prices p € RY and plans

(2%, y%) such that:

e Commodity Markets Clear in Date 0

Z%WLy Zeo

13



¢ Commodity Markets Clear in State s
Sal = e+ Y (ah) + Y ()]
e Plans are Budget Feasible
(«',y") € B'(p)
e Consumers Optimize

(@",9') € B'(p) = v'(3") < u'(a")

14



3 Equilibrium

Under the maintained assumptions discussed in Section 2, collateral equilib-
rium always exists. We defer the rather messy proof to the Appendix.

Theorem 1 Fvery economy satisfying the assumptions A1 - AT set forth
in Section 2 admits a collateral equilibrium.

For those familiar with the incomplete markets literature, this may seem
a surprising result, because we allow for real assets, options, derivatives, and
even more complicated non-linear assets. In the standard framework, the
presence of such assets implies that the space of feasible income transfers
does not depend continuously on commodity prices, whence equilibrium may
not exist. (See Hart (1975) for an example of non-existence of equilibrium,
Duffie and Shafer (1985) and Duffie and Shafer (1986) for generic existence
with real assets, and Ku and Polemarchakis (1996) for a robust example of
non-existence of equilibrium with options.) In our framework, however, the
requirement that asset sales be collateralized places an endogenous bound on
short sales. As in the standard incomplete markets framework — see Radner
(1972) for instance — a bound on short sales eliminates the discontinuity
and guarantees the existence of equilibrium.

A simple home mortgage example contrasts collateral equilibrium with
Walrasian equilibrium and illustrates the way in which collateral require-
ments limit borrowing and distort consumption choices.

Example 1 Consider a world with no uncertainty (S = 1), two consumers
1,2 and two goods F' (food) and H (housing) at each date. Food is perishable
(1 unit of food at date 0, when stored or used, yields nothing at date 1),
housing is perfectly durable (1 unit of housing at date 0, when stored or
used, yields 1 unit of housing at date 1).

Consumer 1 owns the housing stock; consumer 2 is poor at date 0 but
wealthy at date 1:

61 - (6(1)F7 e(l)Hu e%F? eiH) - (207 17 207 0)

62 (e(Q)Fu egH? e%F? e%H) - (47 07 507 O)
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Consumer 1 finds housing and food to be perfect substitutes, and is perfectly
patient; consumer 2 likes housing much more than consumer 1:

1
u (Top, Tom, T1r, T1g) = Tor + Tom + Tip + Tig

u* (op, Top, Tip, T1g) = 9%op — 2(xop)? + 1570y + T1p + 1531y

We compare equilibrium prices, consumptions, and utilities for the Wal-
rasian equilibrium, the collateral equilibrium in which no assets are available
for trade, and the collateral equilibrium in which a single asset A, promising
the value of 15 units of food and collateralized by 1 house, is available for
trade. We omit the straightforward but somewhat messy computations.

e Walrasian Equilibrium

P - (pOF7p0H7p1F7p1H) - (17307 1715)
= (ff(l)Fa 55(1)Ha ‘T%Fv l‘%H) = (22,0,48,0)
? = (fE%Fa 553}1’ ‘T%Fv m%H) = (2,1,22,1)

Equilibrium utilities are u! = 70, u? = 62.
e No Assets Equilibrium

p = (porpom,prir,pa) = (1, 1677117 15) . s
z = (mévaéHvxiFaléH) (%70+731_2a - 32—71161’535 - 32:—16’ O)
? = (25, Yo, Tip, ¥Ty) = (35 376 90+ 55760 L)

Equilibrium utilities are (approximately) u! = 56, u* ~ 64.

e Collateral Equilibrium

p - (pOF,pOH,plF,le) - (171871715)
¢ =1

xl - (x(1JF7x(1)H7x%F7x%H) - (23707 3570)
552 = (‘T(QJFaiL‘?)Ha‘T%F::E%H) - (1707 357 1)

(In words: consumer 2 borrows the value of 15 units of date 0 food
which he uses, together with 3 units he already owns, to buy a house
which collateralizes the loan; at date 1, consumer 2 repays the loan.)

Equilibrium utilities are u' = 58, u? = 72.4

4Recall that our notation keeps collateral separate from consumption, but that con-
sumer 2 enjoys the use of the housing at date 0.
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Figure 1 (below) displays the Pareto frontier and equilibrium utilities. Several
points are worth making:

e The collateral equilibrium is Pareto inefficient: consumer 2 would be
glad to trade 2 units of date 1 food for 1 unit of date 0 food and con-
sumer 1 would be glad to oblige. This inefficiency has two sources.
The first is that the requirement that borrowing be collateralized lim-
its consumer 2’s borrowing power. The second is that the requirement
that borrowing be collateralized distorts consumer 2’s consumption de-
cision. In the collateral equilibrium, consumer 2 borrows 15 units of
account; this borrowing must be collateralized by 1 house, which con-
sumer 2 must purchase. If consumer 2 could borrow the same 15 units
of account but were free to spend her wealth in any way she chose (sub-
ject only to the constraint that she repay the loan in full at date 1),
she would choose to purchase less than 1 house at date 0; her optimal
consumption bundle would be (%, ?—S, 35,1). At the collateral equilib-
rium, consumer 2’s consumption decision is distorted, because she can
borrow to purchase housing but not to purchase food.

e Another way to make the same point is to compare consumer 2’s con-
sumption in the collateral equilibrium with her consumption in a Wal-
rasian environment with a borrowing limit. If the borrowing limit is
A > 0 and prices are p, the budget set Bj(p) for consumer i consists
of plans 2,y for consumption and storage satisfying the Walrasian
budget constraint

p-attpo-y <p-é

and the borrowing constraint
Po-xy+po-y <po-eh+ A

The easy but slightly messy calculation of equilibrium is left to the
reader. If \ < % then consumer 1 purchases some housing, if \ > %
then consumer 2 purchases all the housing — but in either case con-
sumer 2’s consumption of date 0 food is a weakly increasing function
of the borrowing limit A\, and lies between her consumption in the
no-assets equilibrium (equivalently, the equilibrium with A\ = 0) and

her consumption in the Walrasian equilibrium with no borrowing limit
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Figure 1: The Mortgage Market
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(equivalently, the equilibrium with A > 28): g—; < 2%, <2. In par-
ticular, consumer 2’s consumption of date 0 food always exceeds her
consumption in the collateral equilibrium.

e The collateral equilibrium dominates the no-asset equilibrium. The
possibility to use housing as collateral for its own purchase drives up
the price of housing — which benefits sellers — and enlarges the budget
set — which benefits buyers. Thus, both sellers and buyers have an
incentive to see that houses can be used as collateral.

e Neither the collateral equilibrium nor the no asset equilibrium is domi-
nated by the Walrasian equilibrium. Thus, there is no reason to suppose
that borrowers and lenders would agree on perfect, frictionless enforce-
ment of contingent contracts, rather than collateralized borrowing.

It is instructive to compute Walrasian and collateral equilibrium from an
alternative distribution of the social endowment. Suppose that consumer 2
is endowed with the housing but no food:

et = (24,0,20,0)
¢ = (0,1,50,0)

Walrasian equilibrium and collateral equilibrium are unique, and yield the
same consumptions and commodity prices:

1= (22,0,22,0)
2 = (2,1,48,1)
~ (1,30, 1, 15)

= 8
|

In the collateral equilibrium, consumer 2 borrows the price of two units of
date 0 food, using % of his house as collateral, and repays the loan at 0
interest at date 1; consumer 1 takes the opposite position. <
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4 Supporting Walrasian Equilibrium

One way to understand the effect of collateral requirements is to ask whether
a given Walrasian equilibrium can be realized as a collateral equilibrium. For-
mally, say that the Walrasian equilibrium (p, (7%, %)) for the durable goods
economy E can be supported as a collateral equilibrium if there is a family
of assets {(A;,C;)} and a collateral equilibrium (p, q, (2, y", ¢',¢")) for the
economy (E, {(A;,C})}) such that

e spot prices coincide: p = p
e date 1 consumptions coincide: ! = a” for each i, s

e date 0 usages coincide: 7* = x° + > cpé-C]L +3; w;C']B for each 7

e date 0 storages coincide: 7' = y' + Y, gpé-CJW for each ¢

For environments in which there is no uncertainty, we can provide a simple
characterization of Walrasian equilibria that can be supported as collateral
equilibria.

Theorem 2 Assume that S = 1 (so there is no uncertainty). Let E be a
durable goods economy and let p, (z", 4"*) be a Walrasian equilibrium for E. In
order that p, (", ") be supportable as a collateral equilibrium it is necessary
and sufficient that

Pzt >p-e for each 1

It is convenient to isolate a part of the argument that does not depend
on the absence of uncertainty.

Proposition If p,q, (7%) is a collateral equilibrium for the economy E then
ps - a2t > pg - €l for each consumer i and state s.

Proof If p,- 2’ < p,-¢ for some consumer ¢ and state s, then i could default
on all his promises in state s, surrender all the collateral, and still afford more
than z’. Since this would contradict optimality of i’s equilibrium plan, we
obtain the desired conclusion. B
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We now turn to the proof of Theorem 2.

Proof of Theorem 2 Necessity follows immediately from the Proposition.

To prove sufficiency, assume that p; - 2} > p; - €} for each i. For each i, write
my = Po- (2 +y) —Po-eo

my = pr-[FU(xp) + FY(y)] +pref —pr-ay

The first quantity is the excess of expenditure over income in date 0, the
second quantity is excess of income over expenditure in date 0. Because
the Walrasian budget constraint is satisfied with equality, it follows that
mi +m} = 0 for each agent i. Market clearing for commodities entails that
Simb =3,mi =0. Write Z = {i : m{, > 0} for the set of consumers who
borrow at date 0, K = {k : mk < 0} for the set of consumers who lend at
date 0, and 7 = {¢ : m}, = 0} for the set of consumers who do neither. For
each i € Z, define a “personalized” asset with promise A; = m! and collateral
requirement is CF = zi, CV = ¢!, CF = 0.

Define the data of a collateral equilibrium in the following way:

®ep=p

° Qi:m6

e consmers ¢ € Z consumer x, store y', sell one unit of the asset A;,
secured by z},v", and make full delivery at date 1

e agents k € K buy z*, store y*, and buy the portfolio
k
k my
=10
DieT MY

agents t € T buy x', store y*, and neither buy nor sell assets

It is easy to see that the budget sets with these collateralized assets, given
the spot prices and asset prices, are no larger than the budget sets in the
Walrasian equilibrium but still contain the Walrasian consumption plans —
which are therefore optimal in these budget sets. Hence these data define a
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collateral equilibrium. (Note that the argument works equally well if more
assets are available — indeed, if all assets are available.) We conclude that
the given Walrasian equilibrium can be supported as a collateral equilibrium,
as asserted. This completes the proof. B

Theorem 2 anwers a natural question, but one might ask other ques-
tions as well. For instance, one might ignore the coincidence of prices and
ask whether the allocations of a given Walrasian equilibrium are support-
able as the allocations of a collateral equilibrium for some family of assets.
If equilibrium allocations are at kinks or on the boundary, such questions
seem difficult to answer, but when preferences are smooth and allocations
are interior, supporting prices are unique, so coincidence of prices follows
automatically.

A variation on Example 1 provides a useful illustration of Theorem 2.

Example 2 As in Example 1, consider a world with no uncertainty (S = 1),
two consumers 1,2 and two goods I (food) and H (housing) at each date.
Food is perishable, housing is perfectly durable. Utility functions are

1
w (Top, Tom, T1p, 1) = Top + Tog + Tip + X1y

UQ(J,’QF, ToH, T1F, LL’lH) = 91’0}7 — 2(1’0]:‘)2 —+ 151’0}[ + I p + 153}1}[

Consumer 1 owns the housing stock; we treat the division of the social en-
dowment of date 0 food as a parameter, so endowments are:.

et = (24 -1,1;20,0)
e = (t,0;50,0)

It is easily checked that the unique Walrasian prices are p = (1, 30, 1, 15) and
Walrasian consumptions are:

T = (22,0;52 —1,0)

2 = (2,1;18 4 ¢,1)
In view of Theorem 2, this Walrasian equilibrium can be supported as a

collateral equilibrium exactly when ¢ > 17; the only asset required is the one
promising the price of 15 units of food, collateralized by one house.
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In the presence of uncertainty, the condition identified in Theorem 2 is
no longer sufficient to guarantee that a Walrasian equilibrium can be sup-
ported as a collateral equilibrium; the following example illustrates precisely
the problem — and how tranching (allowing the same goods to collateralize
several assets) solves it.

Example 3 Consider a world with two states, three consumers 1,2, 3, and
two goods F' (food) and H (housing) at each date. Food is perishable, housing
is perfectly durable. Consumer 1 is endowed with the housing but poor at
date 0; consumers 2, 3 are wealthy at different states at the terminal date:

el = (4,0;3,0;1,0)
e = (4,0;1,0;3,0)
¢ = (1,1;5,0;5,0)

All consumers are risk averse in food and risk neutral in housing; consumer
3 likes housing more than consumers 1, 2:

U1($0F, Tom; T1p, T Top, Tof) = +/Top + %iUOH + %(\/m + %%H)
(VT + grm)

U2(5E0F, Tom; T1p, T Top, Tof) = +/Top + %iUOH + %(\/m + %%H)
(VT + grm)

U3(5E0F, Tom; T1p, T Top, Tof) = +/Top + Tom + %(\/ﬂ + 21p)
J%(@* T1)

It is easily checked that in the unique Walrasian equilibrium, consumer 1
owns the housing and all consumers perfectly smooth food consumption:

o= (3,1;3,1;3,1)
T = (3,0;3,0;3,0)
= (3,0;3,0;3,0)
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Equilibrium prices are p = (1, 1; %, %; %; %)

At the Walrasian equilibrium, p,-z% > p,-¢ for each state s and consumer
1. However, the Walrasian equilibrium cannot be supported as a collateral
equilibrium (for any specification of assets). For to support the Walrasian
equilibrium as a collateral equilibrium, consumer 3 would need to borrow
from both consumers 1, 2, and in order to guarantee repayment, each of
these loans would need to be collateralized by an entire house — but only

one house is available.

Note that this problem would disappear if we allowed the house to col-
lateralize two (Arrow) securities, one promising payment only in state 1, the
other promising payment only in state 2. Of course, this is precisely what
tranching accomplishes.
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5 The Shortage of Collateral

Here we present a simple example that illustrates two points:

e the shortage of collateral influences the choice of assets that are traded
at equilibrium and hence influences risk sharing

e in an environment with uncertainty, collateralized borrowing is not
equivalent is not equivalent to a sale and repurchase, even if collat-
eral is warehoused

Example 4 Consider a world with two dates and three states of nature at
the second date. There are two goods available at date 0, F' (food) and ¢
(government debt); only food F' is available in any state at date 1. Food is
perfectly perishable; government debt, if stored, yields one unit of food in
each state at date 1. Government debt yields no utility to either consumer
at date 0; for simplicity, we therefore omit government debt as an argument
in utility functions.

The two consumers hold common priors, and assign equal probability
to each state. Consumer 1 is risk neutral and indifferent to the timing of
consumption; consumer 2 is risk averse:

1 1
u (wg, T1, T, T3) = 1’0+§[l’1 + w9 + 23]
1
u?(z, 1, 9, 13) = \/ZL‘0+§[ V1 4+ /To + /13 ]

(Recall that we omit government debt as an argument in utility functions, so
each z; is a quantity of food.) Consumer 1 is endowed with all the government
debt; consumer 2 has both a saving and and an insurance motive:

e! = (10,7;10 — 4,10 — 7,10 — )
e = (9,0;1,3,5)

We treat ~, the amount of government debt in the economy, as a param-
eter; for our purposes, we consider the range 0 <~ < 7.
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We first consider Walrasian equilibrium. Since government debt yields
no utility at date 0 and yields consumption at date 1, “real wealth” in this
economy is independent of the level of government debt. The economy admits
a unique Walrasian equilibrium which is independent of 7. Normalizing so
that the price of date 0 food por = 1, equilibrium prices and consumptions
are

1
poc = 1, pir = par = psr = 3
rr = (13;5,7,9)
2* = (6;6,6,6)
Equilibrium utilities are u' = 20, u? = 21/6.

Now suppose Arrow securities are traded: for j = 1,2,3, A; promises 1
unit of food in state 7, collateralized by 1 unit of government debt; collateral is
warehoused. (Since government debt yields no utility at date 0, it is irrelevant
who holds the collateral.) It is easy to see that consumer 1 sells, and consumer
2 purchases, assets and/or government debt. Solving for the equilibrium as
a function of v is a simple but tedious exercise in manipulating first-order
conditions, which we leave to the reader. We find 4 regimes, according to
the supply of government debt; equilibrium asset trades and consumptions
in each regime are described below.

e 0<y<2
Ay is traded; Ay, A3 and government debt 0G are not traded.
9y
1
= (10 ;10 — v, 10,10
x ( _'_ 3 + 47’ 77 Y )
9y
2
= (9— i1 3,5
T ( 3 +4’y’ _'_77 Y )
Equilibrium is inefficient.
e 2<~v<6
Ay, Ay are traded; Az and government debt 0G are not traded.
18y gl gl
L' = (10 19— = 11— =10
18
2 = (9 L R )

124577 2 2
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Equilibrium is inefficient.

e 6<y<T
Ay, Ay and government debt 0G are traded; As is not traded.

9
—6)——;12 —~v,14 — v,16 —

—(y—6)

o' = (10+6

2
= (9-6 — iy —1,y=1,7-1
x ( 5 by- Ly )

6y — 15
Equilibrium is inefficient.
e v=17
Ay, Ay and government debt 0G are traded; Az is not traded.

rr = (13;5,7,9)
2* = (6;6,6,6)

Equilibrium coincides with Walrasian equilibrium and is efficient.

(For v > 7 there are multiple equilibria, in which different quantities of
As are traded, but equilibrium prices and consumptions coincide with the
equilibrium when v =7.)
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6 Which Assets are Traded?

If many assets are potentially available for trade, which ones will actually be
traded at equilibrium? An example, built around Example 1 of Section 3,
may help to illuminate the question.

Example 5 Consider a world with 2 states of nature 1,2 and two goods F
(food) and H (housing) at each date and state. Food is perfectly perishable,
housing is perfectly durable. The (objective) probability that state 1 occurs
is 1 — ¢, the probability that state 2 occurs is €; to make calculation easy, we
take 0 < e < 31—0. Endowments of the two consumers are state-independent:

el = (e(l)Fve(lJH;e%Fve%H;e%Fueéfﬂ = (207152070;2070)
2

e = (efp, m eim i eimein) = (4,0;50,0;50,0)
Consumer 2 likes housing more than consumer 1 but less in state 2 than in
state 1:

u(zop, Tom, T1F, T1H, Tap, Tog) = Top + Tom
+ (1 - E)CL‘lF + (1 - €)£L‘1H
+exop + X2y

u*(Top, Tom, T1p, 1, Top, Tor) = o — 2(xop)? + 15x0
+ (1 —e)ap + (1 — )1y
+ Exop —|—€5LL‘2H

For each real number ¢ > 0, let A; be the asset whose promise in each state
at date 1 is the value of t units of food, and which is collateralized by 1 unit of
housing, held by the borrower. We suppose that all the assets A; are available
for trade. (Of course, this is not entirely consistent with our framework,
since we have insisted that the number of assets available be finite. That
assumption, however, was made only to avoid the inconvenience of infinite
portfolios, which would not occur in the present example. Alternatively, we
could insist that the promises ¢ be chosen from a fine — but discrete — grid.)

This economy has a trivial multiplicity of equilibria, but they are all
equivalent, in the sense of having the same prices and consumptions, to the
unique equilibrium in which only the asset A5 is traded. To see this, fix an
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arbitrary equilibrium; normalize so that the price of food in each date and
state is 1. It is easy to see that housing prices coincide with the marginal
utility of consumer 2, so p1g = 15, pay = 5. It follows that, for ¢ > 15, the
asset A;, which promises ¢ units of account in each state, will in fact yield
only 15 units of account in state 1 and 5 units of account in state 2 (the value
of the collateral). It is easy to see that asset prices are determined by the
marginal utility of consumer 1, so it follows that for each ¢ > 15, the price
of A; will be its expected yield, so ¢ = 15 — 10e. Thus, the assets A, t > 15
are perfect substitutes, so every equilibrium is equivalent to one in which, of
the assets A;,t > 15, only the asset A5 is traded. On the other hand, for
t < 15, the asset A;, which promises ¢ units of account in each state, will in
fact yield ¢ units of account in state 1 and min{¢,5} units of account in state
2. The price of A; will be its expected yield in date 1, so ¢; < (1 —&)t+ (¢)5.
Suppose consumer 2’s plan involves the sale of a strictly positive quantity
of A; for some ¢t < 15. An alternate plan for consumer 2 would be to sell
0 fewer units of A; and 0 more units of A;5, for some small § > 0; such a
plan would require precisely the same collateral, increase wealth at date 0
by at least (1 —¢), and decrease wealth at each state in date 1 by ¢. If the
marginal utility for consumption of food in date 0 exceeds 1 — e — which is
easily seen to be the case at equilibrium — then this alternative plan would
be preferred to the equilibrium plan, which would contradict optimality of
the equilibrium plan. We conclude that for every ¢ < 15, the asset A; is not
traded at equilibrium.

At the unique equilibrium in which only the asset A5 is traded, spot
prices are p = (1,18 —10¢; 1, 15; 1, 5). Equilibrium plans are easily described:
consumer 2 borrows 1 unit of the asset and uses the loan, together with
3 — 10¢ units of her date 0 food endowment, to buy all the housing at date 0,
repays the face value of the loan in state 1, but defaults in state 2; consumer
1 takes the complementary positions. Equilibrium utilities are

u' =58 — 10e , u® = 72 + 50e — 200¢?

As this example illustrates, the market may choose levels of collateral
which lead to default at equilibrium. One might suppose that lenders, left to
their own devices, would prefer that the collateral requirement be sufficiently
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high that loans would be perfectly safe and there would be no default. The
truth, however, is more complicated: ceteris parabus, lenders prefer to make
safer loans, but they also prefer to make more loans, and there is a tension
between these two objectives. As the following example (another variation
on the same theme) illustrates, collateral requirements sufficiently high to
guarantee the absence of default may discourage borrowing to such an extent
that both borrowers and lenders are harmed.

Example 6 To illustrate this point, suppose that everything is as in Exam-
ple 5, except that only the asset As is available. An easy calculation shows
that, at equilibrium, consumer 1 buys, and consumer 2 sells, approximately
.21 units of A5 and that consumptions are (approximately):

vt~ (22.3,.79;(32.9,0), (25,0))
2* o~ (1.7,0;(37.1,1), (45, 1))

Equilibrium utilities are (approximately):
u' ~ 56, u? ~ 57

Since £ < 3—10, equilibrium utilities here are lower than equilibrium utilities in
Example 5; thus, the higher collateral requirement leads to safer loans but

to a Pareto inferior equilibrium. <

Given that the market chooses the asset structure, we are compelled to ask
whether the market chooses the asset structure efficiently. Put differently,
could a social planner effect a Pareto improvement by sequestering assets?
Unfortunately we don’t know the answer to this question. Indeed, because
of the possibility of multiple equilibia, it is not absolutely clear how the
question should be formulated; as the following example shows, an economy
may admit both Pareto optimal and Pareto suboptimal equilibria.

Example 7 We begin with a 2 consumer Edgeworth box economy with two
goods OF,0H. Endowments are: Endowments are:

e = (9.1)
& = (1,9)
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We choose utility functions v!,v? so that the economy is regular (see Mas-

Colell (1985)) and has multiple equilibria, including ones in which allocations
are:

= (55 , @ = (55
o= (28, @ = (8,2)

We now consider a world with 2 states of nature, two consumers and two
goods F' (food) and H (housing) at each date and state. Food is perfectly
perishable, housing is perfectly durable. Endowments are:

et = (9,1,(51),(1,1))

62 - (1797 (17 I 57 1))
Utility functions are:
ut = v (aep, zon) + B (\/xur + 215 + Vrer + sz)
u? = v (xop, zon) + 3 (\/5151F + @1 + Vaop + 5152H)

where the date 0 utility functions v!, v? are as in the Edgeworth box economy,
and [ is a small parameter, to be chosen.

Finally, we assume that all conceivable assets, with all conceivable col-
lateral requirements are available for trade. Regularity entails that, for suf-
ficiently small values of 3, there are collateral equilibria arbitrarily close to
the equilibria of the Edgeworth box economy.

Note that the collateral equilibrium close to the (z!,z?%) equilibrium of
the Edgeworth box economy is Pareto optimal — indeed it has the same
consumptions. However, the the collateral equilibrium close to the (!, 2?%)
equilibrium of the Edgeworth box economy is Pareto suboptimal. To see this,
not that because date 1 utility functions are identical and strictly concave and
there is no aggregate risk, Pareto optimality entails that agents share date 1
risk perfectly. At the collateral equilibrium close to the (%!, 4?) equilibrium,
date 1 risk can be shared perfectly because both agents hold enough housing
to secure large loans. However, at the collateral equilibrium close to the
(#,2?) equilibrium, consumer 1 holds too little collateral to secure a loan
big enough to enable him to smooth date 1 consumption.
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Note that the collateral equilibrium allocation for equilibrium B is Pareto
dominated by a feasible allocation, but not by a collateral equilibrium allo-
cation. <)

In one circumstance, however, we can be sure that the market chooses
the collateral structure efficiently.

Theorem 3 Fuvery set of collateral equilibrium plans is Pareto optimal among
all sets of plans which (1) are socially feasible; (2) given whatever date 0 de-
cisions are assigned, respect each consumer’s budget set al every state s at
date 1 at the given equilibrium prices; (3) call for deliveries on assets that
are the minimum of the promise and the value of collateral. In particular,
sequestering assets cannot lead to a Pareto improvement unless date 1 prices
change; if date 1 prices do not change, the market chooses the asset structure

efficiently.

Proof Let p,q,(7") be an equilibrium, and suppose that (7%) is a set of
plans meeting the given conditions that Pareto dominates the equilibrium
set of plans (7%). By assumption, all the alternative plans are feasible, meet
the budget constraints at each state at date 1, and call for deliveries that
are the minumum of promises and the value of collateral, Optimality of the
equilibrium plans 7’ at prices p, ¢ means, therefore, that all the alternative
plans 7* fail the budget constraints at date 0. Because the alternative set of
plans is socially feasible, summing over consumers yields a contradiction. B
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7 Volatility and Market Crashes

We have seen that the collateral requirement can have a profound effect on
prices and consumptions. In this section, we show that the collateral re-
quirement can have a profound effect on price volatility as well. Of coure,
the idea that collateral requirements can affect price volatility is not new. It
has been widely argued, for instance, that low margin requirements were in
part responsible for the stock market crash of 1929 (and for various crashes
in real estate markets). The argument usually made is of the following sort:
Optimistic speculators buy stock on margin; bad news about stock funda-
mentals causes the price of stock to fall, triggering margin calls from brokers;
speculators who had purchased stock on margin are unable to meet these
margin calls, causing their stock to be offered for sale — driving the price
still lower, leading to another round of margin calls, and so forth.

Of course, this is crucially a partial equilibrium story. In a general equi-
librium story, all commodities are offered for sale at every moment, so the
crucial step in which the borrowers are forced to offer the collateral for sale
would have no bite. More importantly, it seems to us that usual story does
not address the central question: Given that there is bad news about stock
fundamentals, why is the stock price lower in an environment in which mar-
gin requirements are low that it would be in an environment in which margin
requirements are high?

We argue here that collateral requirements magnify shifts in the wealth
distribution, and that it is these shifts in the wealth distribution that provide
the missing link between collateral requirements and market crashes. Prices
are determined by the marginal utility of the marginal buyer. When the
most optimistic agents are wealthy, it is they who are most likely to be the
marginal purchasers, so the stock price will be higher. Conversely, when the
most optimistic agents are poor, the marginal purchaser of the stock is more
likely to be someone less optimistic, so the stock price will be lower. The
ability to buy stock on margin leverages purchasing power, in effect making
the most optimistic agents wealthier, and driving up the stock price initially.
Following bad news about stock fundamentals, however, margin purchasers of
stock will be poorer than they would otherwise have been, precisely because
their margin purchases of stock leave them with larger debt and a larger
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fraction of their wealth in stock. Because the more optimistic agents are
poorer, the more pessimistic agents are more likely to be the marginal buyers
of stock. It is this shift in ownership, from the optimists to the pessimists,
with its attendant shift in prices, that is the hallmark of a margin crash.’

An example will make the point quite sharply. In the interests of simplic-
ity and parallelism with the usual story of optimistic speculators, we offer an
example which is driven by differences of opinion about the distribution of
stock dividends, but the example could be recast in such a way that it would
be driven by differences in risk aversion.

We consider a world with three dates 0, 1, 2, three states of nature H, M, L
(high, medium, low) at the terminal date, a single consumption good, and a
stock which yields dividends only at the terminal date: 10 in the high state,
8 in the middle state, 0 in the low state. There are two agents 1,2 (pessimist
and optimist, respectively) who are risk neutral and indifferent to the timing
of consumption, but have different priors:

T'(H) = 5 (M) = .125 (L) = .375
mH) = .9 7w(M) = 074 7YL) = .025

Between date 0 and date 1, there is news about the terminal state. If the
news is good, the terminal state will be H for certain; if the news is bad the
terminal state will be either M or L.

To recast this story into our simple 2 date framework, we fold date 2 into
date 1 by taking expectations. This leads to the following formal description.

Example 8 Consider a market with 2 dates 0, 1, 2 states g,b (good, bad), 2
goods F, S (food, stock) available at each date and state, 2 agents 1,2 (pes-
simists, optimists). Food is perfectly perishable, stock is perfectly durable.
Utility functions are:

u(xop, Tos, (Ter, Tes), (Tor, Tps)) = Top + 5(xgr + 1024)
+ 5(£L‘bF + Q‘TbS)

w?(Tor, Tos, (Tgr; Tgs), (Tor, Tes)) = xor + 9(zgr + 102,9)
+ 1(l’bF + 61‘55)

®See Kubler and Schmedders (2001) for other work on the influence of collateral on asset
prices, and Aiyagarai and Gertler (1995), Kiyotaki and Moore (1997) and Geanakoplos
(2001) for other work on the influence of collateral on volatility.
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(Optimists assess the good state as more likely and have higher marginal
utility for stock in the bad state — because they have more optimistic ex-
pectations about the future even when the bad state occurs.) Endowments
are:

el = (40,4;40,0;40,0)
e = (24,0:;7,0;7,0)

(Pessimists are wealthy and own the stock.)

Suppose first that there are no assets, so that the stock cannot be pur-
chased on margin. The allocation of stock and food in the good state is
indeterminate; aside from that, the equilibrium is unique, and easy to calcu-

late:
p = (1,81,10;1,6)
2\ = (64,1;40,1;47,0)
2 = (0,3;3,3;1,4)

At date 0, the optimists trade all their food for 3 shares of stock; they would
be happy to buy all the stock, but are too poor to do so. At the date 0
price of 8, pessimists are exactly indifferent between the stock and food,
since their marginal utility for stock is 10 in the good state, and the stock
will sell for 6 in the bad state, an event to which they assign probability .5.
In the bad state, optimists value the stock more highly than do pessimists,
and so purchase the remaining 1 share at the equilibrium price of 6, leaving
them enough income to purchase 1 unit of food. In the good state, both
agents value the stock equally, so the allocation of stock and food in the
good state is indeterminate. Because the allocation of food and stock in
the good state affects neither equilibrium prices nor equilibrium utilities, we
henceforth ignore it.

Now suppose we allow the stock to be purchased on margin. There is
a single asset Ag which promises delivery of 3 times the price of food in
each state, collateralized by a share of stock. We treat the promise [ as
an exogenous parameter, and consider the range 0 < § < 3.6 Since stock
yields no utility at date 0, it doesn’t matter who holds the collateral. When

6In practice, margin requirements, which are set by the Federal Reserve, are usually
expressed in terms of a cash down payment as a fraction of the sale price. As a fraction

of the sale price, the margin requirement on the asset Ag is poso—;q”}
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(# = 0 we are back in the environment in which stock cannot be purchased
on margin.

The following simple observations facilitate the analysis:

e Write M for the collateral agent 2 buys at date 0. The optimist will
always find it advantageous to borrow to the limit of his capacity, and
hence will buy stock entirely on margin. Because one share of stock is
required to secure one unit of the asset, M = 92, the number of shares
of stock sold by agent 2.

e The price of the stock in the good state will always be p;s = 10.
e The price of the stock in the bad state will be at least pyg > 2.

e Because the pessimists (the lenders) are risk neutral and indifferent
to the timing of consumption, the price gz of Ag will be exactly the
pessimists’ expectation of its delivery. Because deliveries will be the
minimum of promises and the value of collateral, and the value of col-
lateral will be 10 in the good state, it follows that:

B it B> pes

4g =
5(B+ms) i B <pus

e At date 0, the implicit marginal utility of stock to optimists is at least
their expectation of the stock price at date 1, which is at least 9.2.

e At date 0, the implicit marginal utility of stock to pessimists is their
expectation of the stock price at date 1, which is at most 8. Hence the
pessimists will not buy any stock at date 0 if ppg > 8.

e The pessimists will not buy any stock in the bad state if pys > 2.
We focus on pps and ppg, the price of stock at date 0 and the price of
stock in the bad state, as functions of the asset promise 3. There are phase

transitions at § = % and # = 2 and a singularity at § = %; we analyze the
parameter intervals delimited by these points separately.
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~I|00

[0,2]: At date 0, optimists sell all their food and borrow to buy stock on

=T

margin, but they cannot afford to buy all the stock; the pessimists
buy the remaining stock, whence the equilibrium price is pgg = 8.
Recalling that M = 1% is the total stock purchase of the optimist,
the date 0 income/expenditure identity for the optimist is 24 + M =
8M, whence M = %. In the bad state, optimists spend GM to
repay their loans, obtain M shares of stock that had been held as
collateral, spend 6(4 — M) to purchase the remaining 4 — M shares
of stock at the equilibrium price of 6, and use the remainder of their
income 7 — M — 6(4 — M) to purchase food. (For 3 = &, no income

7
remains to buy food.) Stock prices are:

Pos =8, prs =6

Note that prices are constant on this interval.

Optimists value the stock in the bad state more highly than do pes-
simists, their endowment in the bad state is no longer large enough to
pay of all the remaining stock at a price of 6, so the price pyg falls —
just enough so that it remains possible for the optimists to buy all the
remaining stock. The optimists cannot borrow enough to buy all the
stock at date 0, so the pessimists hold some stock, and the price pyg is
the pessimist’s expectation of the date 1 price. Hence pys also falls, to:
1

Pos = 5(10 + Pos)

Equating the income and expenditure of the optimists at date 0 gives
24 + ﬂM = pOSM

Equating the income and expenditure of the optimists at the bad state
gives

pbg<4—M> == 7—5M
Solving the last 3 equations yields the prices:

15+ 83+ /(15 + 83)2 — 16(628 — 70)
+ 16

Pos

15+ 83 + /(15 + 83)* — 16(623 — 70)
8

DPos =

37



Note that prices are falling on this interval, and that

1imp05 =7.75 y 1impbs =5.5
p11 811

: Now the optimists can purchase all 4 shares of stock on margin at date

0. The budget equation for optimists at date 0 is:
4pog = 24 + 4qg
The budget equation for optimists in the bad state is:
PrsTig + 468 = T+ 4dpys

whence
0<48—7=(4—a55)pes <1

Hence 2} < 4 and zjg > 0; pessimists buy some of the stock in the
bad state. Hence prices are:

pos =6+ 05, pps =2

: Now optimists default completely in the bad state, delivering the stock

instead, and then buying back 3.5 shares at the equilibrium price of 2.
Since the price of the asset Ag is ¢z = %(ﬁ + 2), the optimists’ date 0
budget constraint is:

1
dpos — 24 +4qs = 24 + 4(5)(6 +2)

Hence stock prices are:

pOS—7+§7pr—2

Figure 2 displays pos (the price of the stock at date 0) and p,s (the price of
the stock in the bad state at date 1) as functions of 3. There is a crash as the
margin parameter (3 crosses the threshold § = %. Just below this threshold,
the optimists buy all the stock in the bad state. Just above this threshold,
the optimists have acquired so much debt that they cannot afford to buy
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Figure 2: A Margin Crash
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all the stock in the bad state. Hence, below the threshold, the price pyg is
determined by the marginal utility of the optimists; above the threshold, the
price pps is determined by the marginal utility of the pessimists. It is the
shift in the distribution of income—and subsequently in ownership—that
leads to the dramatic fall in prices and that we identify as the hallmark of a
margin crash.

A final point of this example is worth noting: Following a margin crash,
there may be unusually good investment opportunities. More formally, sup-
pose we add to the preceding example a third agent, infinitesimal in scale
(so that his presence has no effect on prices), with preferences identical to
that of the optimist, but wealthy in the bad state. Following the crash, this
agent’s marginal utility for stock will be 8, the price of stock will be 2 — and
he will have sufficient wealth to make use of the opportunity.
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Appendix

To prove Theorem 1, fix an economy & = ((ei,ui), (FU,FY), (A, Cj)>. In
constructing an equilibrium for £, we must confront the possibility that asset
prices are 0; because of this, the argument is a bit delicate.” We first con-
struct, for each p > 0, an auxiliary economy £ in which asset deliveries are
bounded below by p; in these auxiliary economies, equilibrium asset prices
will be bounded away from 0. We then construct an equilibrium for £ by
taking limits as p — 0.

We can choose the price normalization in each spot completely arbitrarily.

For each s =0,1,...,.5, choose and fix an arbitary 3s > 0; write
L
A = {lpa) €RE, 2D pu = Gi}
=1

A = Agx...xAg

+

We construct equilibria (for the auxiliary economies and then for our original
economy) with commodity prices in A and asset prices in Q).

For each p > 0, let £ be the economy which differs from £ only in that
asset promises are defined by:

A?ZA]‘—FP

We first construct truncated budget sets and demand and excess demand
correspondences in this auxiliary economy. By assumption, collateral re-
quirements for each asset are non-zero. Choose a constant M so large that,

for each 7,
MCj g €9

"In fact, the equilibrium price of any asset whose yield is 0 in every state will necessarily
be 0, and asset yields may well be identically 0 at some prices. For instance, an option to
purchase an ounce of gold at $800 will be worthless if the price of gold never exceeds $799.
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(Thus, to sell M units of the asset A? would require more collateral than is
actually available to the entire economy.) For each (p,q) € A x @ and each
consumer ¢, define the truncated budget set

By(p,q) ={m € B'(p,q) : 0< ¢} < NM , 0 <) < NM for each j}
and the individual truncated demand correspondence

Di(p,q) = {7 = (2,9, ,%) € Bi(p,q) : 7 is utility optimal in Bj(p,q)}

(Note that truncated demand exists at every price (p, q), because we bound
asset purchases and sales. Absent such a bound, demands would certainly be
undefined at some prices. For instance, if ¢; = 25p1¢ - C;, agents could sell
A? for enough to finance the purchase of its collateral requirement, so there
would be an unlimited arbitrage. Bounding asset sales bounds the arbitrage.)

Write
N

D(p,q) =>_D'(p,q)

1=1

for the aggregate demand correspondence.

We now define excess demand ((7) for each plan 7. Because goods are
durable, we must take care that excess demand reflects date 1 commodi-
ties that come into being as the result of date 0 activities. Given a plan
m = (z,y,p, 1), the commodity excess demand at date 0 is the sum of con-
sumption, storage, and collateral, minus endowments:

Co(m) = a0 +y+ Y _ 1;C5 — é
j

The commodity excess demand in state s is consumption minus endowment
minus goods that come into being as the result of date 0 activities:

o) = sy )12 (S |- e (St )
J J
Finally, the asset excess demand is

Ca(ﬂ') = (P_,QZ)
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Write
((m) = (Co(m), ..., Cs(m); Cu(m)) € REGTD x RY

and define the aggregate excess demand correspondence
Z:AxQ— R xR/

by
Z(p,q) = ¢(D(p,q))

It is easily checked that Z(p,q) is non-empty, compact, and convex for
each p, ¢ and that the correspondence Z is upper hemi-continuous. Because
consumptions asset sales are bounded, Z is also bounded below.

We assert that Z satisfies the usual boundary condition:

1Z(p, q)|| — o0 as (p,q) — bdyA x Q (2)

(It doesn’t matter which norm we use; to be definite, use the supremum
norm.) To establish the boundary condition for Z, it suffices to establish the
corresponding boundary condition for D:

1D(p, q)|| — o0 as (p,q) — bdyA x Q (3)

To see this, suppose not, so that there is a sequence (p™,¢") € A x ) and
aggregate demands " € D(p", ¢") such that

(", q") = (p",q¢") € bdyA x Q

but ||p™|| is bounded. Because individual demands are non-negative, bound-
edness of aggregate demand implies that individual demands are also bounded.
Hence (passing to a subsequence if necessary), we may assume that for each
i we can find 7', € D*(p",q") such that 7/ — 7 as n — oco. By assump-
tion, pj, = 0 for some commodity tk. We distinguish 4 cases and reach a
contradiction (to optimality of 7%) in each.

Case 1 t = 0 and commodity Ok is perishable. By assumption, the date 0
aggregate endowment is strictly positive, €y >> 0, so there is some consumer
i such that pj-ef, > 0. Consider the plan 7'+ (dg, 0, 0, 0) which coincides with
7’ except that it calls for greater consumption of commodity Ok. Because
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0k is perishable, strict monotonicity in perishable commodities guarantees
that u' (7" + (0gx,0,0,0)) > w*(7?). Continuity of utilities implies that we
can choose 7 > 0 sufficiently small that u*((1 — r)7" + (dox, 0,0, 0)) > u'(7?).
Because pg. = 0 and p} - €5 > 0, the plan (1 — r)7" + (dgx, 0,0, 0) belongs
to the truncated budget set Bj(p",¢") for n sufficiently large. Moreover,
for n sufficiently large, continuity of utilities implies that u'((1 — r)7* +
(dok,0,0,0)) > u'(7). This contradicts optimality of 7.

Case 2 t = 0 and commodity Ok is non-perishable. As in Case 1, there is
some consumer ¢ for whom pj, - €} > 0. Write

i = (0o + U(dor) + W (o), do, 0, 0)

By assumption, FY(dox) + F¥ (0gx) > 0 for some s. Now we can reason
exactly as in Case 1: Strict monotonicity of utilities in date 1 commodities
entails that u'(7" + p) > u'(7'). We can choose r sufficiently small that
u' (1 —r)mt + p) > u'(r?). For n sufficiently large, u*((1 — )7 +p) > u(7t)
and (1 —r)7’ + pu € Bi(p™, q"). This contradicts optimality of 7.

Since we have obtained a contradiction in Cases 1 and 2, we conclude
that pj >> 0.

Case 3 t > 1and p, -& > 0. Fix any consumer i for whom p; - € > 0.
Again we can reason as in Case 1: Stict monotonicity of utilities implies
that u(7" + (0%, 0,0,0)) > u'(7'). We can choose r > 0 sufficiently small
that w'((1 — r)7" + (0%,0,0,0)) > u'(7*). For n sufficiently large u’((1 —
r)wl + (04, 0,0,0)) > u'(7) and (1 — )7’ + (0, 0,0,0) € Bi(p"™,¢"). This
contradicts optimality of 7',

Case 4 t>1and p,-e =0. Set

v = (0u4,0,0,0)
7= (5067 60& 07 0)

Strict monotonicity in date 1 commodities implies that we can choose r > 0
sufficiently small that u!((1—7r)7*+v) > u'(7"). Having chosen 7, we can then
choose v’ > 0 sufficiently small that (1 —r)7t + 7'y +v € Bf(p*, q*). Having
chosen r, 1/, if n is sufficiently large then u*((1 — )7 +r'y +v) > ui(7’) and
(1 —r)7t + 1’y + v € Bi(p™, q"). This contradicts optimality of 7.
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Having reached a contradiction in all 4 cases, we conclude that D sat-
isfies the boundary condition (3), and hence that Z satisfies the boundary
condition (2).

Now fix € > 0, and set
A® ={p e A:py > ¢ for each s, (}

Because Z is an upper hemi-continuous correspondence, it is bounded on

A% x (Q); set

K*={zeRFSW xR’ ||z|| < sup ||Z(p,9)||}
(P)EATXQ

Define the correspondence

FPrA* X QXK — A°xQx K*
F(p,q,2) = argmax {(p",¢") - z: (p",¢") € A* x Q} x Z(p, q)

For prices (p,q) € A x @ and a vector of excess demands z € RV(5T1) x R,
(p,q) - z is the value of excess demands. We caution the reader that, in this
setting, Walras’ law need not hold for arbitrary prices: given (p,q) € A x Q,
z € Z(p, q), the value of excess demand (p, ¢) - z need not be 0. We shall see,
however, that Walras’ law does hold at the prices we identify as candidate
equilibria.

Our construction guarantees that I is an upper-hemicontinuous corre-
spondence, with non-empty, compact convex values. Kakutani’s theorem
guarantees that [ has a fixed point. We assert that for some g3 > 0 suffi-
ciently small, the correspondences F*¢,0 < € < ¢ have a common fized point.
To see this, write I'* C A® x @ x K* for the set of all fixed points of F*;
['* is a non-empty compact set. We show that for some ¢y > 0 sufficiently
small, the sets ['* are nested and decrease as ¢ decreases; that is, I'** C ['*2
whenever 0 < g7 < g9 < &.

To see this, note first that asset yields are bounded, because yields never
exceed the value of collateral. Hence individual expenditures at budget
feasible plans (and in particular at plans in the truncated demand set)
are bounded, independent of prices, because income from endowments is
bounded, asset prices and sales are bounded, and asset purchases and yields
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are bounded. Choose an upper bound / > 0 on individual expenditures at
budget feasible plans. Because commodity demands are non-negative, indi-
vidual excess demands are bounded below; choose a lower bound —R < 0 on
individual exess demands.

Because excess demand is the sum of individual demands less the sum of
endowments, it follows that if z € Z(p, ¢) then

zge > —R for each commodity s/

The boundary condition tells us that the norm of aggregate excess demand
blows up as prices tend to the boundary of A x (); because asset demands are
bounded, it is the norm of commodity excess demand that blows up. Hence
we can find g9 > 0 so that if (p,q) € A X Q and py < &g for some commodity
tk and z € Z(p, q) then there is some commodity ¢k’ such that

2y

1

We assert that if 0 < & < gy then I'* C A% x @ x K*. To see this,
suppose that (p,q,z) € I and p ¢ A®. Define p € A by

€ ifs=t,0+£k
ﬁsﬁz ﬁt/—(L—l)E lfS:t,gzk
Bs/ L otherwise

Direct calculation using equation (4)shows that
(p,0)- 2> NI

which is a contradiction. We conclude that p € A% and hence that (p, q, z) €
I'; as desired.

The definition of F° implies immediately that if 0 < e; < g5 and ' C
A2 x () x K¢ then I'** C I'*2. We conclude therefore that for 0 < ¢ < gq
the sets I'* are nested and decrease as £ decreases.

A nested family of non-empty compact sets has a non-empty intersection
so

L= (T°#0

e<gg
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Let (p,q,z) € T'; we assert that z = 0 and that p, ¢ constitute equilibrium
prices for the economy £°.

We first show that excess asset demand z, = 0. If the excess demand
for asset j is positive, the requirement that (p,q) maximize the value of
excess demand implies that g; is as big as possible: ¢; = 25p1¢ - C;. But
then agents can sell A7 for enough to finance the purchase of the collateral
requirement, so there would be an unlimited arbitrage, whence the excess
demand for A? must be negative, a contradiction. We conclude that asset
excess demand must be non-positive. If the excess demand for asset j is
negative, the requirement that (p,q) maximize the value of excess demand
implies that ¢; is as small as possible: g; = 0. But if the price of A? is 0 then
every agent will wish to buy it because its yield is the minimum of p and the
value of collateral, which is strictly positive. Hence the excess demand for
A? must be positive, a contradiction.® We conclude that z, = 0.

We show next that Walras’ law holds for the prices p, ¢ and the excess
demand z: (p, q)-z = 0. To see this, choose individual demands ¢ € D(p, q)
with the property that the corresponding aggregate excess demand is z:

(o) =2

For each agent 4, the plan 7* lies in the budget set at prices (p, q), so the date
0 expenditure required to carry out the plan 7 is no greater than the value of
date 0 endowment. Because utility is strictly monotone in date 0 perishable
commodities and in all commodities in state s, optimization implies that all
individuals spend all their income at date 0, so we conclude that the date 0
expenditure required to carry out the plan 7 is precisely equal to the value
of date 0 endowment. Put differently, the value of date 0 excess demand is
0 for each individual. Summing over all individuals, we conclude that the
value of date 0 aggregate excess demand is 0: py - 20 + ¢ - 2, = 0.

Now consider any state s > 1 at date 1. For individual 7, we can argue
exactly as above to conclude that the value of individual excess demand is
equal to the net of deliveries on purchases and sales of assets. Thus, the value
of aggregate excess demand in state s is the net of deliveries on aggregate

8Note that we could not obtain this conclusion in the original economy, because, at the
prices (p,q) the asset A; might promise 0 in every state.
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purchases and sales of assets. However, z, = 0 so aggregate purchases and
sales of assets are equal. We conclude that the value of aggregate excess
demand in state s is 0.

Summing over all spots we conclude that (p, q) - z = 0, as asserted.

We show next that z = 0. If not, Walras’ law entails that excess demand
for some commodity is positive; say z; > 0. Define commodity prices p by:

Dse if S#t
ﬁsﬂz 9 if S:t,f%/{}
1—(L—1)e if s=tl=Fk

Because (p,q)-z = 0 and zy > 0, (p, q) - z will be strictly positive if ¢ is small
enough. However, this would contradict our assumption that (p,q,z) € T
and hence is a fixed point of F* for every sufficiently small . We conclude
tha 2 = 0. It is clear that the prices p,q and plans (7') identified above
constitute an equilibrium for the economy E”.

It remains to construct an equilibrium for the original economy £. To
this end, let p(p), q(p), (7'(p)) be equilibrium prices and plans for £” and
let p — 0. By construction, prices and plans lie in bounded sets, so we
may choose a sequence (p,) — 0 for which the corresponding prices and
plans converge; let the limits be p, ¢, (7*). Commodity prices p do not lie on
the boundary of A (for otherwise the excess demands at prices p(p,), ¢(pn)
would be unbounded, rather than 0). It follows that 7%(p) is utility optimal
in consumer i’s budget set at prices (p,q). Because the collection of plans
(7?) is the limit of collections of socially feasible plans, it follows that they are
socially feasible and hence that the artificial bounds on asset purchases and
sales do not bind at the prices p, q. Hence p, ¢, (7*) constitute an equilibrium
for £. This completes the proof. B

48



References

ATYAGARAIL S. R., AND M. GERTLER (1995): “Overreaction of Asset Prices
in General Equilibrium,” NYU Working Paper.

ArAuJO, A., J. F. BARBACHAN, AND M. PAscoA (2001): “Endogenous
Collateral: Arbitrage and Equilibrium without Bounded Short Sales,”
IMPA Working Paper.

BARRETT, R. (2000): “Collateral in Temporary Equilibrium,” UCLA Dis-
sertation.

DUBEY, P., J. GEANAKOPLOS, AND M. SHUBIK (1990): “Default and Effi-
ciency in a General Equilibrium Model with Incomplete Markets,” Cowles
Foundation Discussion Paper.

(1992): “Is Gold an Efficient Store of Value?,” Cowles Foundation
Discussion Paper.

DurFiE, D., AND W. SHAFER (1985): “Equilibrium in Incomplete Mar-
kets, I: A Basic Model of Generic Existence,” Journal of Mathematical
Economics, 14, 285-300.

(1986): “Equilibrium in Incomplete Markets, II: Generic Existence
in Stochastic Economies,” Journal of Mathematical FEconomics, 15, 199—

216.

Fay, S., E. HUurst, AND M. WHITE (forthcoming): “The Household
Bankruptcy Decision,” American Fconomic Review.

GEANAKOPLOS, J. (2001): “Liquidity, Default and Crashes: Endogenous
contracts in General Equilibrium,” Cowles Foundation Discussion Paper.

HArT, O. (1975): “On the Optimality of Equilibrium when the Market
Structure is Incomplete,” Journal of Economic Theory, 11, 418-443.

HART, O., AND J. MOORE (1995): “Debt and Seniority: An Analysis of the
Role of Hard Claims in Constraining Management,” American Fconomic

Review, 85, 567-585.

49



HeLowia, M. F. (1981a): “Bankruptcy, Limited Liability and the
Modigliani-Miller Theorem,” American Fconomic Review, 72, 155-170.

(1981b): “A Model of Borrowing and Lending with Bankruptcy,”
Econometrica, 45, 1879-1905.

KEHOE, T., AND D. K. LEVINE (1993): “Debt Contstrained Asset Mar-
kets,” Review of Fconomic Studies, 60, 865—888.

KiyoTAkI, N., AND J. MOORE (1997): “Credit Cycles,” Journal of Political
Economy, 105, 211-248.

Ku, A., AND H. POLEMARCHAKIS (1996): “Self-Fulfilling Equilibria: An
Existence Theorem for a General State Space,” Journal of Mathematical
Economics, 26, 51-62.

KUBLER, F., AND K. SCHMEDDERS (2001): “Stationary Equilibria in Asset-
Pricing Models with Incomplete Markets and Collateral,” Stanford Uni-
versity Working Paper.

LiN, E., AND M. WHITE (forthcoming): “Bankruptcy and the Market for
Mortgage and Home Improvement Loans,” Journal of Urban Economics.

MAs-CoOLELL, A. (1985): The Theory of General Fconomic Equilibrium: A
Differentiable Approach. Cambridge: Cambridge University Press.

MODIGLIANI, F., AND M. H. MILLER (1958): “The Cost of Capital, Cor-
poration Finance and the Theory of Investment,” American FEconomic

Review, 48, 261-297.

RADNER, R. (1972): “Existence of Equilibrium of Plans, Prices and Price
Expectations,” Fconomeltrica, 40, 289-303.

SABARWAL, T. (1999): “Bankruptcy in General Equilibrium,” U.C. Berkeley
Working Paper.

ZAME, W. R. (1993): “Efficiency and the Role of Default when Security
Markets are Incomplete,” American Fconomic Review, 83, 1142-1164.

50



