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Abstract

Genericity analysis is widely used to show that desirable properties that fail in cer-
tain “knife-edge” economic situations nonetheless obtain in “typical” situations.
For finite-dimensional spaces of parameters, the usual notion of genericity is full
Lebesgue measure. For infinite dimensional spaces of parameters (for instance,
the space of preferences on a finite-dimensional commodity space), no analogue
of Lebesgue measure is available; the lack of such an analogue has prompted
the use of less compelling topological notions of genericity. Christensen (1974)
and Hunt, Sauer and Yorke (1992) have proposed a measure-theoretic notion of
genericity, which Hunt, Sauer and Yorke call prevalence, which coincides with full
Lebesgue measure in Euclidean space and which extends to infinite-dimensional
vector spaces. This notion is not directly applicable in most economic settings
because the relevant parameter sets are small subsets of vector spaces — especially
cones or order intervals—mnot vector spaces themselves. We adapt the notion to
economically relevant environments by defining two notions of prevalence relative
to a convex set in a topological vector space. The first notion is very easy to
understand and apply, and has all of the properties one would desire except that
it is not closed under countable unions; the second notion contains the first and
has all the good properties of the first notion except simplicity; it is closed under
countable unions.

We provide four economic applications: 1) generic existence of equilibrium in fi-
nancial models, 2) generic finiteness of the number of pure strategy Nash equilibria
and Pareto inefficiency of “non-vertex” Nash equilibria for games with a contin-
uum of actions and smooth payoffs, 3) generic regularity of exchange economies
when some agents are constrained to have 0 endowment of some goods, 4) generic
single-valuedness of the core of transferable utility games.

JEL Classification Numbers D41, D51

Keywords genericity, prevalence, shyness, finance, Consumption-Based Capital

Asset Pricing Model, regular economies, comparative statics, Nash equilibrium



1 Introduction

Comparative statics analysis— whether in game theory or in general equi-
librium theory —is possible and meaningful only when equilibria exist, are
locally unique, and depend nicely on underlying parameters. Unfortunately,
there are many economically important circumstances in which these crite-
ria are not met. Even nonpathological exchange economies with two goods
and nice preferences, or simple two-person games, may possess a contin-
uum of equilibria, or equilibria that do not depend continuously on underly-
ing parameters. If we expand our horizons to include rational expectations
economies, or incomplete markets economies, or economies with an infinite
number of commodities, we are faced with situations in which equilibria do
not even exist. In such circumstances, we may be content with a “second
best” theory: that equilibria exist, that equilibria are locally unique, and
that equilibria depend nicely on parameters—not for all parameter values
but rather for a set of parameter values which is “large” or “generic” in
some appropriate sense. Diverse examples in the literature include a) the
work of Debreu (1970) on determinacy of Walrasian equilibrium for generic
finite-dimensional exchange economies; b) the work of Debreu (1975), Gro-
dal (1975), H. Dierker (1975) and Geller (1987) on the rate and form of core
convergence for generic sequences of finite economies; ¢) the work of Duffie
and Shafer (1985,1986) on the existence of equilibrium for generic incom-
plete markets economies; d) the work of Wilson (1971), Harsanyi (1973) and
Dubey (1986) on generic finiteness and Pareto inefficiency of the set of Nash
equilibria for games in normal form.

When the parameter space is finite dimensional, it is common to iden-
tify “generic” sets as those whose complements have Lebesgue measure 0.
When the parameter space is infinite dimensional, however, there is no nat-
ural analogue of Lebesgue measure to which we might appeal.! Indeed, no

1Lest the reader think that infinite-dimensional parameter spaces seem like an ar-
cane concern, it should be kept in mind that spaces of preferences are usually infinite-
dimensional. Indeed, as noted by Chichilnisky (1976), the space of smooth strictly convex
preferences on Ri is already infinite-dimensional.



infinite dimensional Banach space admits any translation invariant measure
which assigns finite, strictly positive measure to each open set. Because of
this, much of the literature has appealed to an alternative, topological no-
tion of genericity. Recall that a subset of a complete metric space is first
category if it is contained in the countable union of closed sets with empty
interior; a subset is second category or residual if its complement is first cat-
egory. Because the Baire Category theorem guarantees that first category
sets have empty interior, first category sets are usually regarded as small
and second category (residual) sets are usually considered large. However,
it should be kept in mind that this topological notion of genericity is very
different from the measure-theoretic notion of genericity. In particular, there
are second category subsets of R" which have measure 0 and full measure
subsets of R™ which are first category. Because our formulation of probabil-
ity theory is measure-theoretic, not topological, the measure-theoretic notion
of genericity corresponds much more closely to the idea that a “typical” or
“random” element lies in the generic set. As Mas-Colell (1985, page 318)
writes, topological genericity “has to be thought of as much less sharp than
the measure-theoretic concept available in the finite-dimensional case.”

In this paper, we develop a measure-theoretic notion of typicality and
exceptionality for infinite-dimensional spaces. To demonstrate the usefulness
of this notion, we go on to apply this notion to four economic problems:

1) the generic existence of equilibrium in financial models with continuous
trading

2) the generic finiteness of the number of pure strategy Nash equilibria,
and Pareto inefficiency of “non-vertex” Nash equilibria in games with
continuum action spaces and smooth payoff functions

3) the generic finiteness of equilibria in exchange economies with a finite
number of commodities in which some consumers may have 0 endow-
ment of some goods

4) the generic single-valuedness of the core of transferable utility games
with a continuum of players



Our notions of typicality and exceptionality generalize notions due (in-
dependently) to Christensen (1974) and Hunt, Sauer and Yorke (1992). Mo-
tivation for all of these notions comes from an observation about Lebesgue
measure in R™. Translation-invariance of Lebesgue measure implies that a
subset ¥ C R™ has Lebesgue measure 0 if and only if all its translates have
Lebesgue measure 0. Less obviously, I has Lebesgue measure 0 if and only
if there is some positive measure p on R™ such that F and all its translates
have p-measure 0. Christensen and Hunt, Sauer and Yorke therefore define
a Borel subset I of a complete metric topological vector space X to be shy
if there is some positive Borel measure p with the property that the set and
all its translates have measure 0; a set is prevalent if its complement is shy.?
Hunt, Sauer and Yorke show that shyness and prevalence have the essential
properties that one should demand for notions of small and large, and go on
to demonstrate a wide variety of genericity results.

Unfortunately, the parameter spaces of interest in economics are fre-
quently not vector spaces, or open subsets of vector spaces, but rather small
subsets of the ambient vector spaces, and these small subsets are typically
shy in the ambient vector spaces. In our first application, for instance, the
parameter space is the space of endowments of a continuous time economy
(the fundamental model in modern finance). Because endowments must be
nonnegative, the space of endowments is the cone of nonnegative random
variables (with finite mean and variance) —a shy cone in the vector space
of all random variables (with finite mean and variance). In our third appli-
cation, the parameter space is the space of smooth concave utility functions
satisfying a boundary condition—a shy cone in the space of all smooth util-
ity functions. In our fourth application, the parameter space is the space of
nonnegative population distributions (measures) that are absolutely contin-
uous with respect to a given population distribution (measure) —a shy cone
in the vector space of all measures absolutely continuous with respect to the
given measure. Without a relative notion of shyness it would make no sense
to ask whether “most” endowments lead to economies for which equilibrium

2Christensen works in the more general framework of topological groups, and uses
different terminology.



exists, or whether “most” utility functions lead to economies for which equi-
libria are regular, or whether “most” population distributions lead to games
for which the core is a singleton. To address these questions, one must either
modify the economic model to bring it into a domain on which shyness is
applicable or modify the notion of shyness to make it applicable.?

Our contribution is precisely the latter: we provide, in Section 2, notions
of shyness and prevalence relative to a convex subset C' of a topological vec-
tor space X. Unfortunately, this is not a straightforward matter, and the
“correct” relativizations are subtle and not easy to grasp. (As various exam-
ples in Appendix B demonstrate, the difficulty is intrinsic in the problem.)
For most purposes, however, we do not need to use the definitions of these
notions, but only the following few basic properties.

Fact 1 Every subset of a set that is shy in C' is shy in C.

Fact 2 If I is shy in C then F + x is shy in C' + z for each z € X.
Fact 3 The countable union of sets shy in (' is shy in C.

Fact 4 No relatively open subset of C' is shy in C.

Fact 5 If X = R"” and C' C R" is a convex subset with nonempty interior,
then Y C (' is shy in C' if and only if the Lebesgue measure of F is 0.

Fact 6 If there is a finite dimensional subspace L C X such that LN (E —x)
has zero Lebesgue measure in L for every € X and LN (C —y) has positive
Lebesgue measure in L for some y € X (we say that F is finitely shy in C')
then F' is shy in C.

Facts 1-5 embody the basic properties one would desire of any measure-
theoretic notion of “smallness;” Fact 6 provides a useful sufficient condition
for shyness. As the reader will see, a natural method for establishing that a
set is shy in C' is to exhibit it as a countable union of sets that are finitely

3In his work on generic determinacy of Walrasian equilibrium, Araujo (1985) takes the
former route. Because the machinery of Christensen and Hunt, Sauer and Yorke applies
only to open subsets of a vector space (in this case, the space of C? functions), Araujo
necessarily makes assumptions about preferences that are quite different from Debreu’s.



shy in C' (much as a natural method for establishing that a set is Borel is to
exhibit it as a countable union of closed sets, or a countable intersection of
such countable unions, and so forth). Indeed, our own heuristic is to think
of shyness as obtained from finite shyness by closing under countable unions,
but we warn the reader that this heuristic is not literally true; see Example
1 in Appendix B.

Our first application, to the general equilibrium foundations of continuous-
time finance, is in Section 3. Just as the ordinary Capital Asset Pricing
Model (CAPM) is the most fundamental model in discrete-time finance, so
Breeden’s continuous-time version (CCAPM) is the most fundamental model
in continuous-time finance. Duffie and Zame (1989) found sufficient condi-
tions on primitives (utilities and endowments) for existence of an equilibrium
satisfying Breeden’s requirements (especially nonvanishing consumptions):
separable utilities, Inada conditions (infinite marginal utility at 0 consump-
tion), aggregate endowment bounded away from 0. Unfortunately, the last
of these conditions is nongeneric in the topological sense. Indeed, Araujo
and Monteiro (1991) showed that, given separable utility functions satisfying
Inada conditions, the set of endowments for which equilibrium fails to exist
is residual; in this sense, “most” endowments lead to an economy for which
equilibrium does not exist. This appears to be very unfortunate, since the
assumptions used in Duffie and Zame (and related papers by Araujo and
Monteiro (1989), Karatzas, Lehoczky, and Shreve (1990), Dana and Pontier
(1992) and Dana (1993)) are the only ones known to guarantee existence of
an equilibrium satisfying the conditions required in finance. Our measure-
theoretic notions, however, yield exactly the opposite result about generic
existence: the set of endowments which are bounded away from 0, and in
particular the set of endowments for which equilibrium exists, is prevalent
(indeed, finitely prevalent). To the extent that prevalence is the more sat-
isfactory notion, this result reverses the very negative result of Araujo and
Monteiro (1991).

Our second application, to games with a continuum of actions, is pre-
sented in Section 4. Recall that a game form consists of a finite set of agents
and a corresponding action space for each agent; a game consists of a game



form and an assignment of a payoff profile to each action profile. When ac-
tion spaces are finite, these payoff assignments can be identified with vectors
in R™. It is well known (Wilson (1971); Harsanyi (1973)) that, for a set of
payoff assignments that is open and dense and has full measure, the resulting
game has only a finite number of (mixed strategy) Nash equilibria. Here we
consider a game form in which action spaces are compact polyhedra in Eu-
clidean space® and we consider payoff functions that are smooth in actions.
Dubey (1986) showed that, for an open and dense set of payoff functions,
the resulting game has finitely many pure strategy Nash equilibria. We show
that for a finitely prevalent set of such payoff functions, the resulting game
has at most a finite number of pure strategy Nash equilibria.

Our third application, to regular economies, is presented in Section 5.
Debreu (1970) defined an economy to be regular if the aggregate excess de-
mand function is smooth and its derivative is of maximal rank at every Wal-
rasian equilibrium (which is a zero of aggregate excess demand). A regular
economy has only a finite number of Walrasian equilibria, and the equilib-
ria depend (locally) smoothly on the underlying parameters of the economy
(endowments in particular). Thus, for regular economies, comparative stat-
ics are meaningful. It is easy to construct nonpathological economies which
are not regular, but Debreu (1970) showed that, if preferences are smooth
and indifference surfaces have nonvanishing Gaussian curvature and satisfy
a boundary condition, then the set of endowments which lead to a regular
economy contains an open set of full Lebesgue measure in the space RV
of all endowment profiles. (Here K is the number of commodities and N
is the number of consumers.) However, Debreu’s Theorem has nothing to
say about the situation in which consumers’ endowments of some goods are
restricted a priori to be 0. This is a situation of great interest; as Mas-
Colell (1985, page 336) writes, “ ...it does not make sense in a reasonably
rich model to allow the initial endowment vectors to be perturbed in any
direction (implying that for a consumer to have a zero endowment of some
commodity is a pathological situation!)” Here we show that, even when we
allow for some consumers to have 0 endowments of some commodities, the

4More generally, we can allow for action spaces that are stratified by smooth manifolds.



regular economies form an open prevalent set. Indeed, if we fix endowments
of all consumers and the utility functions of all but a single consumer, then
the set of utility functions for that consumer for which the resulting economy
is regular is open and prevalent.’

Our fourth application, to the cores of transferable utility games, is pre-
sented in Section 6. Following Ostroy (1984), Makowski and Ostroy (1992)
and Gretsky, Ostroy and Zame (1992, 1999), we give a formulation of trans-
ferable utility games in terms of population distributions that abstracts a
more familiar description of transferable utility economies in terms of pop-
ulation distributions. The core of such a game can be identified with the
subdifferential of the total gains function at the population distribution, so
the core is a singleton exactly when the gains function is Gateaux differ-
entiable. By establishing an infinite dimensional version of Rademacher’s
theorem (generic differentiability of Lipschitz functions), we show that the
set of population distributions for which the gains function is differentiable,
and hence the core is a singleton, is prevalent; within this set, the core is a
continuous function of the population distribution.

We caution the reader that, in the infinite dimensional context, preva-
lence does not correspond to any obvious notion of beliefs. As Stinchcombe
(2001) points out, every regular Borel probability measure on an infinite
dimensional Banach space lives on a set which is the countable union of com-
pact sets. Since compact sets in infinite dimensional Banach spaces are shy,
and countable unions of shy sets are shy, this means that every regular Borel
probability measure on an infinite dimensional Banach space lives on a shy
set. But we think that, in this case, failure to correspond to any obvious
notion of beliefs is a virtue. To see why, it is useful to think about the
interpretation of genericity in various contexts.

e Consider first a model that involves some parameter x € R. Sup-

5We treat economies with a finite number of commodities. Determinacy with an
infinite-dimensional commodity space is a more difficult problem; see Kehoe and Levine
(1985), Kehoe, Levine, Mas-Colell and Zame (1989), Chichilnisky and Zhou (1996), and
especially Shannon (1999) and Shannon and Zame (1999).



pose the model exhibits some particular nice behavior when z is not
an integer. Because the set Z of integers has Lebesgue measure 0 in
R, it might seem natural to conclude that the model “typically” ex-
hibits this nice behavior. But economics is full of instances in which
the parameters are necessarily integer-valued. In such a circumstance
viewing non-integer values of the parameter as typical and integer val-
ues as exceptional would make no sense at all. Whatever notion of
typicality and exceptionality we use in a particular circumstance must
be informed by economic modeling; we cannot expect one notion to
suit all circumstances.

Consider next a model in which the initial conditions include the supply
of two commodities. If the model exhibits some particular nice behavior
except for a set of initial conditions having two-dimensional Lebesgue
measure 0, it might seem natural to conclude that this particular nice
behavior is “typical.” But such a conclusion could be very misleading if
the commodities in question occur only in matched pairs — new pairs of
shoes for instance. The suitability of 2-dimensional Lebesgue measure
as a criterion for typicality depends on a presumption — that initial
holdings could “just as well” be (1,3) as (3,1) or (2,2) or anywhere
else in the positive orthant, that we don’t know any prior restrictions
on the parameters.

Finally, consider a model that involves some parameter x whose values
are in some infinite dimensional Banach space X. If the presumption
is that = lies in some sigma-compact set, then of course we should
use a notion of typicality that takes this into account. But sigma-
compact subsets of infinite dimensional Banach spaces are very small.
In particular, if G C X is sigma-compact then there exists an infinite
set {x;} C X having the property that G and all the translates G + z;
are pairwise disjoint. A presumption that x lies in some sigma-compact
set is therefore inconsistent with the presumption that the values of the
parameter could “just as well” be anywhere in X. As we have noted,
every regular Borel measure on X lives on some sigma-compact set,



so a presumption that the parameter x is belongs to this set is again
inconsistent with the presumption that the values of the parameter
could “just as well” be anywhere in X.

The preceding considerations might have lead one to guess that there
is no notion of typicality that is consistent with the presumption that the
values of the parameter could “just as well” be anywhere in X. Being a
residual set (in the sense of the Baire category theorem) provides such a
notion of typicality — but it is a notion that is quite different from any
measure-theoretic notion (even in the finite-dimensional context), and hence
is not generally regarded as completely satisfactory. It seems all the more
remarkable, therefore, that prevalence provides a notion of typicality that is
one the one hand grounded in a measure-theoretic approach and on the other
hand consistent with the presumption that the values of the parameter could
“just as well” be anywhere in the space.

2 Shyness and Prevalence in a Convex Set

Hunt, Sauer and Yorke (1992) make the following definitions. (The setting
in Christensen (1974) is more general and the terminology is different, but
the notions are equivalent.)

Definition 2.1 Let X be a completely metrizable topological vector space.
A Borel set I/ C X is shy if there exists a regular® Borel probability measure
p on X with compact support such that u(E + z) = 0 for every 2 € X. A
(not necessarily Borel) subset F' C X is shy if it is contained in a shy Borel
set. A subset Y C X is prevalent if X \ Y is shy.

6A Borel measure y is regular if, for every Borel set B,

w(B) = sup{u(C) : C C B,C compact} = inf{u(D) : D D B, D open}.



As we have noted in the Introduction, these definitions are not satisfactory

for our purposes because we are interested in parameter spaces which are
themselves small subsets of the ambient topological vector space. What we

want, therefore, are definitions of shyness and prevalence relative to a subset

C C X. However, it is not at all obvious what these definitions should be.

It seems obvious that we should require that the measure p be supported

on C, but that will not be enough to yield the properties we desire. To
understand the difficulties it is useful to consider the Hunt, Sauer and Yorke
(1992) proofs that the union of two shy sets is shy and that the union of
countably many shy sets is shy:

)

Let F4y, Es C X be shy Borel sets. To show that the union ;U FE; is shy,
choose compactly supported measures py, s such that py (Fy + x) =
0 = po(FEy + x) for every z € X. The convolution p = py * pg is the
measure defined by:

p(A) = [ (A= 2)dps()

It is easily checked that p; * po is a compactly supported measure and
that (u1 * pe)(F 4+ x) = 0 for every x € X. Hence Fy U Fj is shy.

Let Fy, Fs,... C X be shy Borel sets. To show that the union U F,
is shy, choose for each n a compactly supported measure p, such that
tn(Eyn + x) = 0 for every x € X. The infinite convolution py * ps .. .
may not converge, but we can remedy this situation by modifying the
measures f,. Choose, for each n, a point y, € supp u, and define
pr, by ph (A) = pn(A — yyn), so 0 € supp pul,. Write B,, for the closed
ball of center 0, radius 2~™ and let v, be the restriction of u!, to B,
normalized to have total mass 1. It is now easily checked that the
infinite convolution v = vy x1y*. .. does converge and that v(F+z) =0
for each x € X.

If we attempt to relativize the definition of shyness simply by adding the
requirement that the measure be supported on C', we encounter difficulties
in each of these arguments. In the first argument, the difficulty is that the

10



support of the convolution of two measures is the sum of the supports; hence
if 1, o are supported on C' then the convolution gy * po is supported on
C + C and not on C. In the second argument, one difficulty is that the
translates y;, might not be supported in C. A second difficulty is that, even
if the translates p/, happen to be supported in C, the infinite convolution
vy % Vg % ... will not be supported in C'.

These considerations point the way to the following definition.

Definition 2.2 Let X be a topological vector space and let C' C X be a
convex subset which is completely metrizable in the relative topology induced
from X.” Let ¢ € C. We say that a set &/ C C which is universally measurable
in X®is shy in C at c if for each § > 0 and each neighborhood W of 0 in X,
there is a regular Borel probability measure p on X with compact support
such that supp u C [0(C'—¢)+c] N (W 4 ¢) and p(E + z) = 0 for every
z € X.7 [Note that convexity of C' entails that §(C' — ¢) + ¢ = dC + (1 — d)c
is a subset of C'.] We say that E' is shy in C' if it is shy at each point ¢ € C.
An arbitrary subset F' C C'is shy in C' if it is contained in a shy universally
measurable set. A subset Y C C'is prevalent in C' if its complement C'\ Y

7Although the definition would make perfectly good sense if C were not complete
or metrizable, we will see below that, without these restrictions, we would be unable
to establish the desired properties. If X is competely metrizable then C will also be,
provided that C' is open, or closed, or the intersection of a closed set and a open set, or the
intersection of a closed set and countable many open sets (see Christensen (1974), page
56). We prefer to make assumptions directly on C rather than on X because that is more
general, and the generality is useful. For instance, if K is a compact metric space then
the cone M. (K) of nonnegative measures on K is completely metrizable in the weak star
topology, but the entire space M (K) of all measures on K is not.

8Recall that a subset C' C X is universally measurable if it is measurable with respect
to the completion of every regular Borel probability measure on X. The extension to uni-
versally measurable sets is useful in some applications (see Shannon (1998), for instance)
because the continuous image of a Borel set (indeed the projection of a Borel set) need
not be Borel, but is always universally measurable.

9Since p is supported on C, and E is universally measurable, C' and E are measurable
with respect to the completetion of . To ease the notation, we shall not distinguish
between p and its completion.
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is shy in C.1°

When there is no danger of confusion, we omit the explicit reference to
C', and simply say that a set is shy or prevalent.

The definition seems awkward because the point ¢ seems to play a special
role; as the following Fact shows, however, the special role is an illusion. We
defer the proof of this and the other Facts to Appendix A.

Fact 0 If I is shy at some point of C' then it is shy at every point of C'" and
hence shy in C.

The following Facts record that shyness and prevalence in a convex set ('
satisfy all the properties we should expect of a measure-theoretic definition
of smallness.

Fact 1 Every subset of a set that is shy in C' is shy in C.
Fact 2 If I is shy in C' then I/ + z is shy in C' + x for every x € X.

Fact 3 The countable union of sets that are shy in C is shy in C.

1%When C' = X, shyness for Borel subsets of C' is equivalent to shyness for Borel sets in
the sense of Hunt, Sauer and Yorke: If F is Borel and shy in the sense of Hunt, Sauer and
Yorke, there is a compactly supported probability measure p such that u(FE + x) = 0 for
each x € X. Given ¢ € X, § > 0 and a neighborhood W of 0 € X, pick any ¢’ € supp
and define the translate u’ by

p'(A) = p(A+cd —c

Clearly, p/(FE+x) = 0 for every . Because W is a neighborhood of 0 € X and ¢’ € supp i
it follows that u(W 4 ¢’) > 0, so p/(W + ¢) > 0. Since pu is regular, so is p/, so we may
choose a compact set K C W + ¢ such that p/(K) > 0; let p”’ = ,uTK be the restriction,
normalized to have total mass 1. It is evident that

supp p/ CK CW+c=[6(X —c)+ N (W +¢)

and that ¢/ (E + z) = 0 for every « € X. Hence F satisfies our definition of shyness.

12



Fact 4 No relatively open subset of C' is shy in C'.

Fact 5 If X = R™ and (' has nonempty interior in X, then £ C C'is shy
in C' if and only if the Lebesgue measure of FE is 0.

Demonstrating that a set is shy might be a difficult task, but there is a
simple sufficient condition. If V' C X is a finite dimensional subspace, we
write \y for Lebesgue measure on V.11

Definition 2.3 A universally measurable subset I/ C C'is finitely shy in C'
if there is a finite-dimensional subspace V' C X such that Ay (C' +a) > 0
for some a € X2 and Ay (E + ) = 0 for every z € X. An arbitrary subset
F C X is finitely shy in C'if it is contained in a finitely shy universally
measurable set.

Fact 6 Every set that is finitely shy in C' is shy in C.

Taken together, Facts 3 and 6 provides a simple but powerful method for
demonstrating that a set is shy: exhibit it as the countable union of finitely
shy sets. As an easy illustration, we demonstrate the shyness of the every-
where differentiable concave functions in the cone of all concave functions.
Let K be a compact convex subset of R™ with nonempty interior. Write C'(K)
for the space of continuous real-valued functions on K, equipped with the
sup norm topology, and Ce.,(K) C C(K) for the subset of concave functions;
note that Ceon(K) is a closed convex cone. Gruber (1977) and Howe (1982)
showed (independently) that the subset CUf(K) C C.on(K) consisting of

con

functions that are everywhere differentiable on the interior of K is a residual

" Since V is finite dimensional, there is a continuous linear isomorphism 7" : V — RF for
some k. If )\, is Lebesgue measure on R¥, we may define Ay (A) = A\ (T(A)) for every Borel
set A C V. Of course this definition of Ay depends on the choice of linear isomorphism
T, but different choices lead to measures which are mutually absolutely continuous and
hence have the same sets of measure 0. Since we are interested only in sets of measure 0,
we find it convenient to abuse notation in this way.

12We allow the possibility that Ay (C + a) = oo.
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subset of Ceon(K). (By contrast, the nowhere differentiable continuous func-
tions form a residual subset of C'(K’).) However, in our measure-theoretic
sense, the everywhere differentiable concave functions form a small set.

Theorem 2.4 Let K be a compact convex subset of R™ with nonempty inte-
rior. The set CYT(K) of concave functions differentiable everywhere on the

interior of K is shy (in fact finitely shy) in the cone Ceon(K) C C(K) of

concave functions.

Proof Choose a point xy in the interior of K and write D C Ceon(K) for
the subset of functions which are differentiable at x5. We assert that D is a
Borel set and is finitely shy in Cion(K).

To see that D is a Borel set (which is much the harder part), choose a
countable dense subset {z; : i € N} of the interior of K with x; # x; for
7 > 1 and a countable dense subset ) C R™ A function [ : K — R is
differentiable at x( if and only if there is a vector v € R™ such that

lim |f(z) — f(xo) — 7+ (¥ — 20)]

@20 [l = ol

=0

Equivalently, f is differentiable at xy if and only if for each integer £ > 0
there is an integer £ > 0 and a vector ¢ € @) such that

|f (@) — [(z0) — q - (xi — 20)] <1
|; — o| k
whenever |z; — zo| < %. For each k, /. q, 1, set
A - (s — 1
D(k’,f,q,i) _ {f c Ccon(K> . ‘f(mz) f(mO) q (‘Tz ZL‘())‘ < _}
[|; = ol k

Note that D(k, ¢, q,1) is an open subset of C.,(K) and that

p=AUU( N Dlktg)

k=10=14€Q 0<\xi—zo|<%
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so that D is a Borel set.
To see that D is finitely shy in C, define a function h € C'(K) by

W) = =z = wo|

Note that h is continuous and concave, but is not differentiable at xq. Let
V C C(K) be the one-dimensional space spanned by h. Since th is concave
for each t > 0, it is evident that Ay (Ceon(K)) > 0. On the other hand,
we claim that Ay (D + g) = 0 for every g € C(K). To see this, it suffices
to show that (V' — ¢g) N D is empty or a singleton. If this were not so, we
could find distinct real numbers t; # t3 and distinct functions dy,dy € D
so that d; = t1h — g,ds = toh — g. The difference of two functions that
are differentiable at a given point is again differentiable at that point, so
dy — dy is differentiable at xy. On the other hand, d; — dy = (t; — t2)h,
which, by construction, is not differentiable at x,. This is a contradiction, so
(V —g)N D is empty or a singleton, and hence D is finitely shy in Ceo,(K).
Because CYf(K) C D and every subset of a finitely shy set is finitely shy,

con

we conclude that CYf(K) is finitely shy, as desired. W

con

Two more Facts will be useful. The first asserts that a prevalent subset
of a prevalent set is prevalent.

Fact 7 If F is prevalent in F' and F'is prevalent in GG then F is prevalent
in G.

Finally we show that, just as the special role of the distinguished point ¢
is an illusion, so is the special role of the ambient vector space X.

Fact 8 Let X,Y be topological vector spaces, let C' C X and C' C Y such
that X and Y induce the same topology on C'; and this topology is completely
metrizable.!® Let F C C. Then F is shy in C' (viewed within X) if and only
if I/ is shy in C' (viewed within V).

13In particular, we might have C' C X and X a subspace of Y.
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3 Equilibrium in Financial Models

We recall the standard continuous-time financial model; for more detail see
Duffie and Huang (1985), Duffie (1986) or Duffie and Zame (1989). Our
economy evolves over a finite time interval [0,7]. Let (Q,F,(F;), P) be
a filtered probability space, so that (F;) is an increasing family of sub-o-
algebras of F, indexed by t € [0,7], having the property that Fr = F.
We interpret J; as representing information available up to time ¢. The
consumption space L? consists of square integrable predictable stochastic
processes; that is, functions x : Q x [0,7] — R for which the consumption
rate z(-,t) depends only on information available up to time ¢, and for which

E [/oTx("t>2dt

(All expectations are with respect to P.) Write L2 for the cone of nonnega-

< 00

tive functions in L2.!%

We consider a pure exchange economy with n agents. Agent ¢ is described
by a consumption set, which we take to be L2, an endowment ¢; € L2, and
a utility function U; : L2 — R, which we assume to be of the form

Uy(z) = E VOT v (2(t, ), ) dt]

where, for each t € T, the function v;(-,¢) : R, — R is smooth, strictly
concave, increasing, and satisfies the uniform Inada condition:

%(1‘, t) — oo asz\, 0, uniformly for ¢ € [0, 7]
x

Duffie and Zame (1989) establish the following theorem.

Theorem 3.1 If, in addition to the assumptions above, the aggregate endow-
ment Y e; is uniformly bounded away from 0, then there exists a Walrasian
equiltbrium, and every Walrasian equilibrium has the property that consump-
tions x; are uniformly bounded away from 0.

11 A5 usual, we identify functions which are equal almost everywhere.
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Inada conditions are assumed in order to guarantee that equilibrium con-
sumptions are everywhere nonvanishing, a requirement for Breeden’s CAPM.
However, imposing Inada conditions means that utility functions will neces-
sarily fail to admit supporting prices at some points; see Mas-Colell (1985)
and Mas-Colell and Zame (1991). Assuming that the aggregate endowment is
uniformly bounded away from 0 guarantees the existence of supporting prices
at the “right” allocations, and hence the existence of equilibrium. However,
this is a strong assumption. Indeed, the set of functions in L3 which are
bounded away from 0 is first category, and thus exceptional in the topolog-
ical sense. Araujo and Monteiro (1989) have shown that, for given utility
functions satisfying Inada conditions, the set of endowments (e, ...,e,) for
which an equilibrium exists is first category in (L3)™.

We show, however, that our measure-theoretic notion of typicality leads

to exactly the opposite conclusion.

Theorem 3.2 The set of endowments

{(e1,...,€,) € (L2)™: D e; is uniformly bounded away from 0}

=1

(and a fortiori the set of endowments for which equilibrium exists) is finitely
prevalent in (L%)".

This result follows immediately from the following abstract result.

Theorem 3.3 For every Banach lattice® X and every e € X, the set
P.={xeli:3>0,x>ce}

1s finitely prevalent in X .

Proof Note first that P, = U,en {x T > %} is a countable union of closed
sets, and hence is a Borel set. Let K = X \ P.. Let V C X be the one-
dimensional subspace spanned by e, and let © € X. We claim Ay (F+x) = 0;

15See Aliprantis and Burkinshaw (1985) for instance.
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indeed, we claim that VN (E+x) is empty or a singleton. To see this, suppose
not. Then we can find real numbers ¢; > t; and elements wq,ws € F such
that tie = wy + x,tse = wy + x. Then

W) = Wy + (tl - tg)e 2 (tl - t2)€

so that wy € P, which is a contradiction. We conclude that V' N (F + z) is
empty or a singleton, so that A\, (F +x) = 0, as asserted. Since Ay (X ) > 0,
it follows that P is finitely prevalent in X, as asserted. B

If we take X = (L*)" and e = (1,...,1) (where 1 is the function which
is identically 1), it follows immediately that

{(617"'7€n)€([’i)n:3€>07 (61;---,€n) 266}

is finitely prevalent. Since the set of endowment profiles for which the social
endowment is bounded away from 0 contains this set, Theorem 3.2 follows
immediately.

4 Pure Strategy Nash Equilibria

Fix a set of N > 1 players and strategy spaces Ai,..., Ay. For simplic-
ity, assume that each A, C R*" is a compact convex polyhedron (i.e., the
intersection of a finite number of closed half-spaces), and (without loss)
has nonempty interior. (As we discuss below, these assumptions are much
stronger than necessary; all we need is that strategy spaces are nice unions
of smooth manifolds of various dimensions.) Write K = k; + ... + ky, so
that A = A; x ... x Ay C RE is the space of action profiles. Let C%(A)
be the space of functions from A to R that have twice continuously differ-
entiable extensions to some neighborhood of A, equipped with the C? norm
(supremum of the absolute value of the function and its first and second
derivatives); this is a Banach space.'® Let G = C%(A)" denote the set of C?
payoff functions u = (uy,...,uy) : A — R”Y. Each u € G defines a game

Iu=({1,... N}, (An),u)

16See Malgrange (1966) and Dunford and Schwartz (1957, 11.4.13, page 72).
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Dubey (1986)!7 showed that there is an open, dense set (¢ C G such that
for all u € G,

e [, has finitely many pure strategy Nash equilibria

o if (21,...,2,) is a Nash equilibrium of T';, and no z; is a vertex of A;
then (z1,...,z,) is Pareto inefficient

Here we refine Dubey’s result by showing that G may also be chosen to be
finitely prevalent.

Theorem 4.1 There is an open and finitely prevalent set G C G such that
for allu € G,

o 'y has a finite number of pure strateqy Nash equilibria®

o if (x1,...,2,) is a Nash equilibrium of I, and no z; is a vertex of A;
then (xy,...,x,) is Pareto inefficent

Proof By assumption, A, is a polyhedron of dimension k,, and hence has
a (unique) partition into open faces, each of which is an open polyhedron
(i.e., the intersection of a subspace and a finite number of open halfspaces).
The unique open face of dimension k, is the interior of A,, and the faces of
dimension 0 are the vertices of A,. It is convenient to consider equilibrium

I"Dubey’s setting differs in minor ways from ours. He required that the strategy space
of each player be a simplex, and he considered payoffs that are C2? on a fixed open set

VoA
18Gince we do not assume payoff functions are concave in own strategy, the number of

pure strategy equilibria may in fact be zero. However, the set G.o, of payoff functions with
the property that, for each i, the second derivative of player i’s payoff is negative definite
in player i’s strategy (everywhere on A) is a convex open set in G. If u € G.op , the game
', admits at least one pure strategy Nash equilibrium. G.., is completely metrizable
(Christensen (1974), page 56). It follows immediately from Theorem 4.1 that there is a
prevalent subset of G.,, such that games with payoff functions in this set admit at least
one but only a finite number of pure strategy Nash equilibria.
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profiles in each array of open faces (one for each player) because, in an open
face, we can analyze equilibrium through the first order conditions.

We therefore let B, be the set of open faces of A, and let B = II5,, be
the set of profiles of open faces. If § = (By,...,By) € B, let £, be the
dimension of B,,. Write B = B; X ...x By and L = {1 + --- + {5. We
may assume without loss of generality that each 5, is an open subset of R
(which we identify as the subspace of R¥" consisting of vectors whose last
k, — ¢, coordinates vanish), and that 0 € B,,. For each n write B,, for the
closure of B, and B = By x ... x By (the closure of B).

We first show that the set of pure strategy Nash equilibria is generically

finite. For a = (al,...,a) € RY, define a perturbation'® 7 : R* — RY
by
In
(2,2 =) afal

1=1

Given u € G and 3 € B, define F,5 : B x Rf — RE by

o(u + 7 o(u + ¢
Fuﬁ(.T,O[) = <(T1>1”(T]V>JV>

Note that for all w € G and all 3 € G, F'is C" on a neighborhood of B x RE.

(z,2)

Consider the I x L matrix

Tl ) = B

(z,0)

Set G(B) = {u: Fug(2,0) = 0= det (Jus(,0)) # 0} and G = Ngep G(F).
We claim that

e cvery game u € (G has finitely many pure strategy Nash equilibria

e (5 is open

YDubey (1986) uses similar perturbations. Our perturbations affect the dependence of
player i’s payoff on player i$ strategy, while Dubey’s perturbations affect the dependence
of each player’s payoff on the strategies of all the players.
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e (7 is finitely prevalent, hence prevalent (Fact 6)

To see the first claim, note that if u € G(f3), the inverse function theorem
guarantees that the x € B for which F,3(x,0) = 0 are locally isolated; since
B is compact, there are only finitely many such x € B. Hence, there are
only finitely many pure strategy equilibria of I',, in B.2° Any pure strategy
Nash equilibrium of I, either occurs at a vertex (i.e. a 0-dimensional face of
A) — of which there are only a finite number — or in the interior of some
face (i.e. in B for some § € B), so if u € G then u has only finitely many
pure strategy Nash equilibria.

To establish the second claim, we show that G\ G() is closed for each
(3 € B. To this end, suppose that v, € G\ G(5) and v, — u € G. Find
x, € B such that F, g(x,,0) = 0 and det (J,, s(2,,0)) = 0. Since B is
compact, choose a convergent subsequence x,, — 0. Then F,s(z,0) =
lim; o Funjﬁ(mnj,O) = 0 and det J,p(z,0) lim;_. det(Junjg(:Enj,O)) =0, so
u € G\ G(B), proving the second claim.

To establish the third claim, set E(3) = G\ G(f) for each 3. Each 7
belongs to G, so
H={r":aeR'}Cg

is an L-dimensional subspace of G. Obviously Ay(G) > 0; we show that
A (E(B) —u) =0 for every u € G. To this end, write

H,={a e R':u+7"c E(B)}

for each u € G. Since Ay is supported on H, it will suffice to show that
Ag(H,) = 0 for each u € G. To this end, consider the Jacobian matrix of
F,s. Thisisan L x 2L matrix of the form (J,3|I), where [ is an L x L identity
matrix, and so has has rank L for every (z,a). By the Thom Transversality
theorem, there is a subset W C R’ of full Lebesgue measure such that if

20This argument does not establish that there are only a finite number of pure strategy
Nash equilibria of I, in B, because boundary equilibria need not satisfy the first order
conditions. This will not be a problem, however, because boundary equilibria of a face are
interior equilibria of lower dimensional faces.
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a € W and Fyg(z,a) = 0 then det(Jys(z,a)) # 0, ie. u+ 7% & E(B).
Since W has full Lebesgue measure, we conclude that Ay (H,) = 0. Hence
G((3) is finitely prevalent. Since we are concerned with finite prevalence in
the ambient space, our notion coincides with that of Hunt, Sauer and York
(1992); these authors show that the finite intersection of finitely prevalent sets
is finitely prevalent, so we conclude that GG is finitely prevalent, as claimed.
This establishes generic finiteness of the set of Nash equilibria.

Now, we turn to the proof of generic Pareto inefficiency. The structure of
the proof is similar to that of the proof of generic finiteness of equilibrium,
but the perturbations are different. To highlight the common elements of
the two proofs, we use the same notation for an object here as was used for
the corresponding object in the proof of generic Pareto inefficiency. Given
u € Gand f € Bwith £, >1 (1 <n < N), define ug to be the restriction
of u to B, so ug : B — RY. The Jacobian Jug| is an N X L matrix.
Let M,s(x) be the N x N submatrix consisting of the columns of Jug|
corresponding to 1, 2%,... 27, the first strategy direction for each player;
let fug() = det Mys(z). Let F,3: B — RN™! be the function whose first N
components are the diagonal entries of M,z(x), and whose N+ 1% component
is fus(z).*! Note two things:

e If x € B is a Nash equilibrium then the diagonal entries of M,z are all
zero.

o If x € B is a Pareto optimum then the rows of Jug| are linearly
dependent. (If they were linearly independent then the matrix Jug|
would define an onto map from RY to RV, so 1 = (1,...,1) would be
in the range of this map; say 1 = Jug| (7). But then, for sufficiently
small ¢ > 0, x 4+ 7 would be a strategy profile yielding a higher payoff
than z to all players, contradicting Pareto optimality.) Hence, Jug|,
has rank less than IV, so M, 5(x) has rank less than N, whence f,3(z) =
0.

Thus, if x € B is a Pareto optimal Nash equilibrium, then F,z(z) = 0.

21Since u has a C? extension to an open neighborhood of A, J,5 extends uniquely to B.

22



Set G(B) = {u € G:0¢ F,3(B)} and H(B) = G\ G(B). Since B is
compact, H([3) is closed, so GG(/3) is open.

RL><N 22

Given a matrix a € , we can define an element of G by v, (z) = ax.
Let Vi = {vy : @ € RF*Y} and let pg denote the extension to G of Lebesgue
measure on V. Then p3(G) = 0o # 0. For any w € G,

ps((H(B) +w)) = ps((H(3) +w)NVp)
= pp(H(B)N (Vs —w))
= ps({v € V5 :0 € Fiyu)s(B)})

From the proof of generic finiteness of equilibrium, we know that for almost
all v, € V3, there are finitely many solutions x € B to the equations

Flowwp(®) =0 1<n <N

(va—w

Moreover, these solutions depend only on the diagonal terms of a. Fix the
diagonal terms of such an «a, and let the solutions be z1,...,x,,. Now vary
the off-diagonal terms of a and note that f(,,_u)s(2;) is (holding x; and the
diagonal terms of « fixed) a polynomial in the off-diagonal elements of «; it is
not the identically zero polynomial, since there are terms in the determinant
that do not involve any of the diagonal entries of «, so the set of zeroes
of this polynomial is a null set with respect to Lebesgue measure on the
off-diagonal elements of o (see Bochnak, Coste and Roy (1987)). Thus, for
almost all choices of off-diagonal elements of «, f,, _w(z;) # 0, and hence

Joa—w(zi) #0 (1 <@ <m). Thus, pg({v € Vg : 0 € Fly_w)s(B)}) = 0, so
pe((H(B) +w)) =0, so H(f) is closed and finitely shy, so G(/5) is open and
finitely prevalent.

Set ¢ = N3 G(B). Since G is a finite intersection of open, finitely preva-
lent sets, (G is open and finitely prevalent. If u € (G, and x is a pure strategy
Nash equilibrium, then either x; is a vertex of A; for some 7 or x lies in the
interior of some face 3 of A whose dimension is L = > 4, > Y 1= N,

in which case x cannot be Pareto optimal B

220z denotes multiplication of the matrix o times the column vector z. This gives a

map from B to RY, which is extended to all of A in the obvious way.
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Two extensions of Theorem 4.1 are worth noting. The first follows from
the observation that the polyhedral nature of strategy sets is not required.
What is required is that each of the strategy sets A,, be stratified by smooth
manifolds, in the sense that

ke
=0

where each A’ is a (possibly empty) smooth j-dimensional submanifold of
some open subset of R*» A7 N A% = () if j # k, and for each k, the union

?:0 AJ is closed in A,. (Because AY is is a O-dimensional manifold and
compact it must then be finite.) This will certainly be the case if A, is a
polyhedron, or a compact manifold, or a compact manifold with boundary,
or the finite intersection of compact manifolds with boundaries that intersect
transversally, or a semi-algebraic set, or a finitely sub-analytic set; see Blume
and Zame (1993). Abusing terminology, we refer to elements of AY as vertices.

The second extension of Theorem 4.1 follows from the observation that the
only requirements on the space of payoff functions are that they be completely
metrizable and contain the affine functions. Thus we have the following more
general result.

Theorem 4.2 Assume thal each strateqy space A, is stratified by smooth
manifolds. Let G' C G be a subspace of payoff functions on K which contains
the affine functions and is completely metrizable in some topology for which
the inclusion mapping G' — G is continuous. There is an open and finitely
prevalent set G C G’ such that for all u € G,

o [', has a finite number of pure strateqy Nash equilibria
o if (x1,...,2,) is a Nash equilibrium of 'y, and no z; is a vertez of A;

then (z1,...,x,) is Pareto inefficent

For example, G’ might be the space of affine functions, or the space of
polynomials of degree at most d, or the space of C” functions, or the space
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of real analytic functions on a fixed neighborhood of K.?* Note that in this
setting, it is possible that A% = () for each n (so that strategy spaces have
no vertices) in which case generically all equilibria are Pareto inefficient.

For a game with finite action spaces, payoff functions on the product
of the spaces of pure strategies extend affinely to affine functions on the
product of the simplices of mixed strategies (which are finite polyhedra), so
Theorem 4.2 contains the familiar Wilson (1971) and Harsanyi (1973) result
that generic games with finite strategy spaces have a finite number of mixed
strategy equilibria.

It would be extremely interesting to have extensions of Theorems 4.1 and
4.2 to mixed strategy equilibria.

5 Regular Exchange Economies

As we have noted in the Introduction, Debreu’s (1970) theorem, which asserts
that generic exchange economies are regular, has nothing to say about the
situation in which some consumers’ endowments of some goods are restricted
a priori to be 0. Even the most casual empiricism, however, suggests that
it is common for most consumers to be endowed with a rather small number
of commodities which they trade for the much larger number of commodi-
ties they consume. It had been conjectured that the conclusions of Debreu’s
theorem would still obtain even if some agents were constrained to have
zero endowment of certain goods, as long as the number of degrees of free-
dom is at least as large as the number of commodities. However, Minehart
(1997) provided a surprising example to show that at least the most natural
version of this conjecture is false.?* On the other hand, Mas-Colell (1985;
Proposition 8.7.3 and pages 341-2) showed that, parameterizing economies
by endowments and preferences, and constraining some consumers’ endow-
ments of some commodities to be 0, the set of regular economies is an open

23See Malgrange (1966) for the appropriate topology.
24*Whether a stronger condition on the number of degrees of freedom would suffice to
restore generic regularity is unknown.
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and dense set.

Here we obtain an analogue of Mas-Colell’s result using our measure-
theoretic notion of genericity. We show that, even when we constrain some
consumers’ endowments of some commodities to be 0, the regular economies
form an open prevalent set. Indeed, even if we fix endowments of all con-
sumers and utility functions of all but one consumer, the set of utility func-
tions for that consumer for which the resulting economy is regular is open
and prevalent.

Although our work is closely related to Araujo (1985), there are impor-
tant differences. Araujo fixes a compact box B in the commodity space
and considers utility functions in Ug, the set of differentiably strictly mono-
tone, differentiably strictly concave utility functions on this box. Because
Up is an open subset of C?(B), Araujo is able to appeal to prevalence in
C?*(B). However, Araujo’s assumptions on utility functions are incompatible
with Debreu’s, and do not rule out equilibria with boundary consumptions;
Araujo therefore defines an economy to be regular if all of its Walrasian equi-
libria with interior consumptions are regular. Araujo shows that, for fixed
strictly positive individual endowments, the set of utility functions which
lead to economies that are regular in this sense is a prevalent subset of Up.
Since we use a notion of relative prevalence, we are able to work directly in
Debreu’s setting, and also to consider individual endowments that are 0 in
some commodities.

Our formulation will be slightly unusual in two ways. First, we take util-
ity functions — rather than preferences —as primitives. We need to take this
step because, while there is a natural vector space structure on the space of
utility functions, there is no obvious vector space structure on the space of
preferences. In our context, however, the difference between utility functions
and preferences is not large one: Mas-Colell (1985, Propositions 2.3.5 and
2.3.9) shows that every C" preference relation on R, with connected indif-
ference surfaces admits a C" utility representation u with no critical point
and that every C" utility function u : RY, — R with no critical point rep-
resents a C" preference. The utility representation is not unique: if u is a
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C" utility function with no critical point, and A : R — R is any C" func-
tion with A/(¢) > 0, then hou is a C" utility function with no critical point
representing the same preference as u. On the other hand, if we normalize
utility representations by requiring u(t,---,t) = ¢ for all ¢ > 0, then the
space of (" monotonic preferences is homeomorphic under the natural map
to the space of normalized monotonic C" utility functions with no critical

points (in the topology of C" convergence on compact subsets of Rff 1 ); see
Mas-Colell (1985, Proposition 2.4.3).

The second unusual element of our formulation is that we restrict atten-
tion to concave utility functions, rather than to quasiconcave utility func-
tions. The reason is that we need the ambient space of utility functions to be
convex and, while a convex combination of two concave functions is concave, a
convex combination of two quasiconcave functions need not be quasiconcave.
This is a restriction, but not a stringent one. Mas-Colell (1985, Proposition
2.6.4) shows that, given any C? monotone differentiably strictly convex pref-
erence relation > and any compact X C R, there is a C* utility function
1 with no critical point representing > and such that the restriction of 4 to
X is differentiably strictly concave. Given fixed endowments e(1),...,e(N)
and strongly monotonic preferences >, ..., >y, there is a compact set P in
the open simplex of strictly positive prices such that no price outside of P
can be an equilibrium (because there is some good such that the demand of
agents 2, ..., N for that good exceeds the social endowment of that good).
Then as long as e(1) # 0, there is a consumption vector y € Rf , such that
p-y <p-e(l) for all p € D. Then whether or not >, results in a regular
economy depends only on the behavior of »=; on {z : p-x < p-e(1) for all
p € D,z =1 y}, which, under our assumptions, is a compact subset of Ri{ 4
so =1 has a utility representation which is concave on this set.

We consider exchange economies with K goods £k = 1,..., K and N
agents n = 1,..., N. We define the relevant spaces of utilities below.

Definition 5.1 Let D be the vector space of functions u : Rf — R which
are continuous on Rf , twice continuously differentiable on Ri{ +» and identi-
cally 0 on Rf \ R%,. We equip D with the topology of uniform convergence
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on compact subsets of Rf and uniform C? convergence on compact subsets of
RX; this is a complete separable metric topology. Let d be any (translation
invariant) metric for this topology.

Let U be the set of functions u € D which are differentiably monotone on
RY, (ie., Vu|, > 0for all 2 € RY,) and differentiably concave on RE, (i.e.,
the Hessian matrix of second partial derivatives of u is negative semi-definite
at each point of Rf +)- Note that ¢ is a closed convex cone in D, and hence
is a complete separable metric space in the relative topology.

Let U° be the set of functions u € U which are differentiably strictly
monotone on RE, (i.e., Vul, > 0 for all z € R ) and differentiably strictly
concave on Ri{ + (i.e., the Hessian matrix of second partial derivatives of u is
negative definite at every point of R ). Note that ° is a countable inter-
section of open sets in U, and hence is completely metrizable (Christensen

(1974), page 56).

In our framework, a consumer is described as an endowment e, and a
utility function u, and the data of an exchange economy is a set finite set
{(en,un) :mn=1,..., N} of consumer. Our main result is:

Theorem 5.2 Fix N endowment vectors ey, ... ey with e; 0 and N — 1
utility functions us, ... uy € U°. The set U* of utility functions u, € U for
which the exchange economy {(e,,u,) :n =1,..., N} is reqular is open and
prevalent in U°. Moreover, U° is prevalent in U, so U* is also prevalent in

U.

Proof We show first that ¢ is finitely prevalent in /. To this end, write
Ut = U\ U°; we show that U? is finitely shy in U.

We assert first of all that U' is a Borel set. Choose a countable family
{Ly : k € N} such that U,enLy = RY,. Define

o
ukn_{ueu:w\z» <5—) foralleLk} (1)

n
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Observe that each U, is open, and that the set of differentiably strictly
monotonic functions u is Ny U, Uy, which is therefore a Borel set. Similarly,
we see that the set of differentiably strictly concave utility functions is a Borel
set. Hence U°, which is the intersection of the set of differentiably strictly
monotonic utility functions with the set of differentiably strictly concave
utility functions, is a Borel set, so its complement, U, is also Borel.

Choose and fix uy € U°, and let V C D be the one-dimensional space
spanned by wug. Clearly Ay (U) > 0. Fix w € D. We claim that (U +w) NV
contains at most one point. If not, we can find u;,uy € U' such that

u+w = tjug
Uy +wW = tQ’U,O
with t; > 19, so
U — Uy = (tl — tQ)UO € Z/{O (2)

We are in one of two cases:

1: Vu|, % 0 for some x € R, . Then since Vus|, >0, V(u; — us)|, %

0, a contradiction.

2: the Hessian of u; is not negative definite at some = € Rf +: but since
the Hessian of uy is negative semidefinite, the Hessian of u; — uy is not
negative definite at x, again a contradiction.

These contradictions show that (U' + w) NV contains at most one point,
whence Ay (U +w) = 0 so U is finitely shy, as desired.

The remainder of the proof makes use of perturbations of utility functions.
This is a familiar idea; see Allen (1981), Araujo (1985) and Mas-Colell (1985)
for instance. However, linear perturbations (as these authors use) will not
work for our purposes because we require that utility functions be 0 on the
boundary. We therefore use Cobb-Douglas perturbations.

Let

K
A={(ag,...,ax) ERET 1oy >0(0<k <K), > ap=1}
k=1
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be the set of parameters of Cobb-Douglas utility functions on R, and define
p0:A— Dby

olag, ..., ax)(r) = apet -+ - 23
Then C = ¢(A) is the set of Cobb-Douglas utility functions on R. Because
the convergence notion in D is uniform convergence on compact sets in Rff

and uniform C? convergence on compact sets in R{f +, p s continuous.

In order to show that * is prevalent in °, fix a neighborhood W of
0 € D and a real number ¢ > 0; we construct the required measure y. For
p > 0, write

Ap={(ao,...,ax) € Arag € [p,2p], 0. > p (1 <k < K)}

The image ¢(A,) is a compact subset of D; choose p > 0 so small that
C, = p(A,) C W. Let A\, be normalized Lebesgue measure on A, and let p
be the direct image measure:

p(l) = )‘p<90_1<E) NA)

By construction, pu is a probability measure with compact support supp p =
C, C W. Of course supp o C 0U =U.

For u € U, let x(u) denote the exchange economy in which agent 1
has utility function u, agent n has utility function u, (2 < n < N), and
agent n has endowment e(n) (1 < n < N). In this economy, let D, (p,u)
denote the demand of agent n at the prices p. (Strict concavity implies
that demand is a singleton.) It will be convenient to normalize prices using
the Euclidean length, i.e. |p| = 1. For n > 1, the characteristics of agent
n do not depend on wu, so D,(p,u) is independent of u for n > 1. Let
C={uel: x(u)is a critical economy}.

Fix a compact set L C Rf 1, and let

C, = {ue C: thereis a critical equilibrium

price p such that Dy(p,u) € L}

We will show that Cj, is shy for each compact set L; because C is a countable
union of sets Cy,, shyness of C will be an easy consequence.
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We need to show that ;(Cr+w) = 0 for every translation w € D; fix such
aw. Observe that u(Cp+w) =0 if and only if u({c € C: c—w € C.}) = 0.
Let U) = {u € D : wu is differentiably strictly monotonic and differentiably
strictly concave on L}. Observe that U is open in D. Therefore, (U)+w)NC
is an open subset of C in the relative topology, and hence ¢! ([UY — w]| N C)
is an open subset of A. Observe also that (Cp) C U° C UY.

Notice that if u = ¢(a) —w with @ € A and u € U}, then for all x € L,

Vul, = Ve(a)l, — Vwl,

_ ol QK _
= (el (2. 2 = Tul,
so that small changes in « allow us to perturb the normalized gradient®
V(p(e) —w)le
[z, a) =
IV (p(a) = w)la]

in any direction on the (K — 1)-sphere, where K is the number of goods?®; in
other words, the Jacobian J,(f(z, «)) has rank K —1 for all 2 € L and all a in
the open set ¢ 1 ([UY +w] N C). Since D;(p, p(a) —w) satisfies the equation
f(z,a) = p, and the Jacobian J,(f(x,«)) (with x € L restricted to satisfy
p-z = ¢(1)) has rank K —1 because p(a) —w = u € U, the Implicit Function
Theorem guarantees that the Jacobian J,(D1(p, ¢(«) — w)) has rank K —1
provided that D;(p, p(a) —w) € L. Since D,, is independent of ¢ = ¢(«) for
2 <n < N, the Jacobian J,(D(p, p(a) —w)) = Jo(D1(p, ¢(a) —w)) has rank

#Since p(a) —w=u € UY and x € L, V(p(a) — w)|, > 0, and in particular V(p(a) —
W), 0.

26 Assume first that the normalized gradient of w, (Vw|;) /|Vw|,|, is not equal to the
normalized gradient of p(a), (Vo(a)|z) / [Ve(a)|z|. For directions on the geodesic joining
— (Vwl|y) / [Vwl| to (Ve(a)lz) / |Ve(a)|z|, adjusting the parameter o suffices. For all
directions in the tangent to the sphere of normalized gradients which are perpendicular
to this geodesic, adjusting the parameters «;,...,ax suffices to move Vp(a)|, in the
desired direction; adjusting ag to counteract the effect of the changes in ay, ..., ax on the
scale factor (p())(z) which appears in Vo(a)|,., will keep the weightings on —Vw|,, and
Vp(a)|, which appear in the normalized gradient f(z,«) unchanged. If the normalized
gradients of w and ¢(«) are equal, simply adjust the parameters ay, ..., ax to move Vul,
in the desired direction.
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K —1forall a € ot (U +w| N C) and all p satisfying D;(p, p(a) — w) €
L. Hence, the full Jacobian J,,(D(p, ¢(a) —w)) has rank K — 1 whenever

€ (U +w)NC) and D;(p, (o) —w) € L. Note that ¢~ ([U) +w] N C)
is an open set in A, and A is diffeomorphic to an open subset of R¥. Hence
we can apply the Thom Transversality Theorem to conclude that the set
of @ € 7 ([U) +w| N C) for which the Jacobian J,(D(p, p(a) — w)) has
rank K — 1 whenever D(p, p(a) —w) = 0 and Di(p,¢(a) — w) € L is
of full Lebesgue measure. In other words, for almost all choices of «, the
economy X(¢(a) — w) has no critical price p with D;(p, (o) — w) € L.
Thus, p({c€C:c—w e Cr}) =0,s0 u(Cp+w) =0, so Cy, is shy.

K
Now write L,, = [%, m} . If u € U° then Dy (p,u) € RE, for all strictly
positive p, so

c= cy.,

meN

Hence C is shy in ¢, and the set of utility functions u which induce regular
economies is prevalent in °.

Next, we show that C is Closed in U°, so that U* is open in U°. Note
that since ua, . .., u, € U°, ‘ o Dn(p,u ) — 00 as p tends to the boundary
of the price snnplex Thus, there is a compact set K of strictly positive
prices such that p ¢ K implies ‘Zn o Dn(p,u ) )Zn Le(n ), sop & K
implies that p is not an equilibrium price for x(u) for any v € U°. Now
suppose u,, — u, and let p,, be an equilibrium price vector for x(u,,) which
is not regular. Since p,, € K, we can (by taking a subsequence) assume
that p,, — p for some p € K. Since p,, — p >> 0, there is a compact set
containing U,en{z € Rf D Pm < pm - e(1)}, so u,, converges uniformly
to u on this set, and hence Di(pp,um) — Di(p,u). Consequently, p is an
equilibrium price for y(u). Since u € U°, Di(p,u) € RE,, so the second
partial derivatives of wm|p,(p,.uy) converge to those of u|p,(p.); hence the
Jacobian of S, D, (P, U,) converges to the Jacobian of "%, D, (p,u), so
p is a nonregular equilibrium price for x(u). Thus, C is closed in U°.

Finally, since U* is prevalent in A° and U° is prevalent and Borel in U,
U* is prevalent in U by Fact 7. B
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6 Differentiability of Lipschitz Functions and
the Core of a Game

In this Section we establish the generic differentiability of Lipschitz functions
in infinite dimensional Banach spaces and use this result to establish the
generic single-valuedness of the core for a class of transferable utility games
with a continuum of players.

To motivate our description of the class of games of interest, consider
a familiar description of a transferable utility economy with a continuum
of consumers. We take as given a measurable space (A,.A) of consumer
characteristics — endowments and utility functions. A positive measure
i on (A, A) defines a population distribution. Given any such population
distribution pu, the total gains available to the population y are

o) = sup{ [ walwa)dp(a) : [ wudu(@) = [ codpla)}

(the assumption of transferable utility making this a meaningful quantity).
It is easily checked that ¢ is super-additive and homogeneous of degree 1 —
hence concave. Moreover, familiar assumptions (see Aumann and Shapley
(1974), Hart (1977), and Gretsky, Ostroy and Zame (1992)) guarantee that
g is Lipschitz; i.e., there is a constant K such that if u, us are population
distributions then

lg(p1) — g(p2)] < K| — peo|

We can describe a transferable utility game with a continuum of players
in a similar way. We take as given a measurable space (A,.A) of players, or
player characteristics; for technical reasons, we assume A is generated as a
o-algebra by some countable subset. As before, we interpret a positive mea-
sure p on (A, A) as a population distribution. We take as given a reference
population distribution A, and consider all population distributions that are
absolutely continuous with respect to A. In view of the Radon-Nikodym the-
orem, we may identify the set of such population distributions with measures
with the positive cone L'(\); C L'(\); we find it convenient to view the el-
ements of L'(\); as measures rather than as functions. Because (A, .A) is
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countably generated, L'()) is a separable Banach space. We take as given
a total gains function ¢ : L} (\) — R. By analogy with tranferable utility
economies, we assume that ¢ is super-additive and homogenous of degree
1 (hence concave) and Lipschitz. Each population distribution p € L} ())
induces a game with player set A and characteristic function v, defined by:

v,(B) = g(u|g) for B e A

The core of v, may be identified with the subdifferential of g at the population
distribution p. (See Ostroy (1984), Makowski and Ostroy (1992) and Gretsky,
Ostroy and Zame (1992).) In particular, the core of v, is a singleton if and
only if g is Gateaux differentiable at f.27

The main result of this section is that for a prevalent set of population
distributions the core is a singleton.

Theorem 6.1 The set of population distributions € LY (X) for which the
core of v, is a singleton is a prevalent subset of L1 ().

Because the core of v, is a singleton exactly when g is Gateaux differ-
entiable at p, Theorem 6.1 is equivalent to the assertion that g is Gateaux
differentiable at every point of a prevalent set, which is an immediate conse-
quence of the following infinite dimensional version of Rademacher’s theorem

(almost everywhere differentiability of Lipschitz functions on R").?

27If C is a convex subset of a Banach space X, the function u : C — R is Gateaux
differentiable at x € C' if there is a continuous linear functional ¢ € X* such that

1
lim —|u(x + ey) — u(z) — ¢(ey)| =0
e—0 ¢

for each y € X having the property that « + ty € C for ¢ > 0 sufficiently small. If u is
Gateaux differentiable at ¢, the linear functional ¢ is uniquely determined on the smallest
closed subspace of X containing C' — z, but indeterminate elsewhere.

28Verona (1989) establishes the weaker result that concave Lipschitz functions are
Gateaux differentiable at every point of a residual set.

34



Theorem 6.2 Let X be a separable Banach space, let C' C X be a closed
convex subset, and let v : C'— R be a Lipschilz function. The sel

{z € C:u is Gateauz differentiable at x}

is a prevalent subset of C'.

Proof The proof is in three steps: 1) construct a sufficiently large countable
set of finite dimensional subspaces of X; 2) for each finite dimensional sub-
space V' in this collection, use Rademacher’s theorem to show that the set
of points in C' at which u is Gateaux differentiable in directions in V' is a
prevalent set; 3) use the Lipschitz nature of u to conclude that u is Gateaux
differentiable at every point of the intersection of this countable family of
prevalent sets, which is again a prevalent set.

Step 1 Choose and fix a countable dense subset {x,} of C'. For each pair
(t,7) of indices with i # j, set z;; = z; — ;, let V;; be the one-dimensional
subspace spanned by z;;, and let

Zij ={x € C:x+tz; € C for some t > 0}

Let 7 be the set of all finite subsets of the set of all index pairs {(i,7) : i # j},
and let J be the subset of Z consisting of symmetric sets (so (i,j) € J =
(j,1) € J). Foreach J € J ,let V; C X be the linear subspace of X spanned

by {@i;: (i,5) € J}.
Step 2 For each J € J, we analyze the set of points at which u is Gateaux

differentiable in directions in V;. Because we restrict attention to points at
which small translations in the directions in V; remain in C', we write

ZJ: ﬂ Zij

(3,7)ed

and define

Y;={y € Z;s : uljv,+y)nc) is Gateaux differentiable at y}
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Informally speaking, y € Y, just when u is Gateaux differentiable at y in the
directions in the subspace V;. We show that each Y is finitely prevalent in

C.

It is convenient to show first that each Z;; is finitely prevalent in C.
To see this, note first that z;,z; € C, so 0, (z; — z;) € C — z;; of course
0,(z; —x;) = z; € V;j. Because C is convex and V;; is a 1-dimensional
subspace, it follows that (C' — x;) N Vj; contains a relatively open subset
of Vj;; in particular, Ay, (C' — z;) > 0. On the other hand, we claim that
Av, ((C’ \ Zij) +y> = 0 for each y € X; indeed, we assert that the intersection

Vi;N ((C \ Zij) —|—y) is either empty or a singleton. If not, choose two distinct
points ¢, ¢» in the intersection, and write

G1=c+y=Uz2y, o =C+y=1lozy
Without loss of generality, we may suppose t; > to, whence
Ci = Cy + (tl — tQ)Zij

But this implies that ¢, € Z;;, so o € Z;; + y, which is a contradiction. We
conclude that V;; N ((C’ \ Zij) + y) is either empty or a singleton, and hence
that Ay, ((C’\ Zij) + y) = 0, for each y € X, so that Z;; is finitely prevalent,
as asserted.

To see Y is finitely prevalent in C, note first that, because each Z;; is
finitely prevalent in C, so is each Z;; in particular, Z; # (). Now write
E;=Z;\Yy; we show that F; is finitely shy. To this end, write

Fr={we (Vs+y)NZ;: ulv,4y)nz, is not Gateaux differentiable at w}

Convexity of C' and symmetry of J imply that (V;+y)NZ, is a relatively open
subset (possibly empty) of V;+vy. Rademacher’s theorem (see Federer (1969,
3.1.6), for instance) guarantees that a locally Lipschitz function defined on
an open set in a finite dimensional space is Gateaux differentiable almost
everywhere, so Ay, (Fy) = 0. Hence \y,(E; —y) = Ay, ((VJ +y)N EJ> =0.
Since this is true for each y € X, we conclude that £ is finitely shy in C'
and hence that Y} is finitely prevalent in C, as asserted.
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Step 3 Write
Yo=Y,
Jeg
Because it is the countable intersection of sets that are finitely prevalent in
C, Yy is prevalent in C' (Facts 3 and 6). To complete the proof it suffices to
show that u is Gateaux differentiable at each point of Yj.

To this end, fix y € Y. For each J € J, write ¢; for the Gateaux
derivative of u|v,1y)nz,] at y. By assumption, w is locally Lipschitz, so
there is a neighborhood @ of y in C' such that u is Lipschitz on @) with
constant K. It follows that the norm of ¢; (which is a linear functional on
the finite dimensional subspace V; C X) is at most K. Write

©;={v e X" ¥y, =9 V] < K}

The Hahn-Banach theorem guarantees that ¢; has an extension to all of X
having the same norm, so ®; # (). Alaoglu’s theorem guarantees that each
®; is a weak star compact subset of the dual space X*. Because the Gateaux
derivative is unique when it exists, it follows that ®; D & if J C J'. Hence
Nses s # 0; let ¢ be any point in the intersection.

We show that ¢ is a Gateaux derivative of u at y.2 To this end, let z € X
and suppose that y + tgz € C for some ty > 0. Replaying z by {3z, we may
assume y + z € C; by convexity of C, y +tz € C for all t € [0,1]. Fix § > 0.

Because {z,} is a dense subset of (', we can choose x;,x; such that

5 5 b
|7; — yll < g5 and [Ja; — (y + 2)|| < M‘)ﬂa SRIT
Because Yy C Z; for every J, it follows that y + €z;; € C for sufficiently

small € > 0. Using the fact that u is Lipschitz with constant K and that ¢

whence ||z;; — z|| <

is linear and has norm bounded by K, we can estimate:

lu(y +ez) —uly) — p(e2)|
= |u(y +ez) —uly +ezy) +uly + czy)
—u(y) — p(ezy) + plezy) — plezy)|

29As we have noted, the Gateaux derivative at y is uniquely determined only on the
closed subspace spanned by C' — y.
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< u(y +e2) —u(y +eziy)|
+luly +eziy) — uly) — w(ezy)]
+ [p(e2) — p(eziy)|

< Kellz — 24|

+ uly + e2i5) — u(y) — p(ezi;)|

+ Ke||lz — 2|
2Ked
< o ey +ez) —uly) - elezy)]

If (,4) € J, our construction guarantees that the restriction of ¢ to V7 is the
Gateaux derivative of (v, 44)nz,), so the second term will be smaller than

%, provided that ¢ is small enough. We conclude that
— — 2K0 )
[uly +e2) —uly) — p(ez)] _ o 0 _5
€ 2K +1 2K +1

provided that ¢ is small enough, which is the desired estimate. Hence ¢ is a
Gateaux derivative of u at y, as asserted. B

Appendix A: Proofs of Facts 0 - 8

Here we collect the proofs of Facts 0-8.

Proof of Fact 0 Suppose that F is shy at ¢y € C; let ¢ € C' be any other
point. Assume without loss that E is a universally measurable set. Given
0 > 0 and a neighborhood W of 0 in X, use continuity of addition to choose
a neighborhood W} of 0 such that Wy + Wy C W and use continuity of scalar
multiplication to choose a dp,0 < dy < 0 such that dg(co —¢) € Wy. T he
definition of shyness at ¢y provides a compactly supported Borel probability
measure fig such that

supp po C ((50(0 — ) + Co) N (Wo + ) (3)

and po(E + ) = 0 for every € X. Set ¢; = (1 — dp)c + 0o, and define a
probability measure p by:

1(A) = oA+ co — 1)
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for each universally measurable set A C X. It is easily checked that

SUPP j4 = SUpp fip — Co + 1 (4)

Because translation is a homeomorphism, (4) implies that supp p is compact.
Combining (3), (4), the convexity of C' and the fact that ¢; = (1 —dg)c+ doco
yields

SUpp fi = Supp jg — o + 1
C 0o(C'—co)+co—co+c
= 00(C' — ) + (1 = dg)c+ doco
= 0o(C—c)+c
C 0(C—c)+c
Moreover, because dy(co — ¢) € Wy and Wy + Wy C W it follows that

SUPD (1 = Supp fig — Co + €1
C Wo+c)—cp+a
= Wy + (1 —=3dg)c+ dgco
= Wy +do(co—c)+c
Cc W+e

Combining these last two calculations we see that:
supp pu C (6(6’—0)—1—0) N (W +c)

Because p is a translation of pg, u(F + x) = 0 for every x € X. Since o, W
were arbitrary, we conclude that F is shy in C' at ¢, as asserted. B

Proof of Fact 1 Obvious. B
Proof of Fact 2 Obvious. B

Proof of Fact 3 The argument is adapted from Hunt, Sauer and Yorke
(1992). Let {E,} be a countable family of sets, each shy in C'; we show
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that the union F = U F, is shy in C. There is no loss in assuming that
0 € C and that each £, is a universally measurable set, and it suffices (in
view of Fact 0) to establish that I is shy in C' at 0. Fix 6 > 0 and an
open neighborhood W of 0 € X; we construct a measure that satisfies the
support condition and has the property that every translate of I/ has measure
0. The measure we construct is an infinite convolution; guaranteeing that
this infinite convolution is well-defined (that is, that the sequence defining it
converges) requires some care.

By assumption, C' is completely metrizable. Choose and fix a complete
metric d* on C. (If C = X, we could choose d* to be translation invariant.
In general, however, C' is a proper subset of X so it may not be possible
to choose d* to be translation invariant. This makes the construction below
rather fussy.) Define the metric d on §C' by

d(z,y) =d*(6 'z, 'y)

Because multiplication by ¢ is a homeomorphism from C' to §C' and d* is a
complete metric on C, it follows that d is a complete metric on 0C'.

Write Wy = W. We use induction to construct a sequence (W,,) of open
neighborhoods of 0 € X and a sequence (u,) of regular Borel probability
measures on X such that for every n > 1:

(i) K, = supp p, is compact
(i) K, Cc W, n27"5C
(iV Wn -+ Wn C Wn—l
(v

(vi

)
)
(ili) pn(Fn +x) =0 for every z € X
)
yifre Ki+...+ K, and w € W, N (6C) then d(z,z +w) < 27"
)

pn(Fn+2) =0 forall z € X

To construct Wy, uq, choose open neighborhoods )y, Qs of 0 € X such
that Q, C Wy and Qs + Q2 C Qq; set W, = Q; N Q,. Now use shyness of
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FE7 in C' to choose a compactly supported probability measure p; such that
p1(Fy 4+ x) =0 for every z € X and

K1 =supp 1 € Wi nN2716C

Now suppose that pq, ..., u, and Wy, ..., W, have been chosen satisfying
(i)—(vi). Use compactness of K7 + --- + K, and continuity of the distance
function d to choose open neighborhoods (1, Q2, Q3 of 0 € X such that
QL C Wy, Qs+ QyCQ,andifr € Kj +...+ K, and ¢ € Q3N (6C) then
x+q € 0C and d(z,z+q) < 27™. Set W11 = Q1NQ2N Q3. Because F,, is
shy in C' at 0 there is a compactly supported probability measure , 1 such
that g, 11(Eni1 +x) =0 for all x € X and

K1 = supp pny C W, N2 50

It is easily checked that py, ..., pn1 and Wy, ..., W, satisfy (i)-(vi), so the
inductive construction is complete.
In order to define the infinite convolution p = pq * g * - - - write
K=1[ K.
n=1

In the product topology, Kisa compact metric space (because each K, is).
Moreover, the Borel o-algebra on K coincides with the product o-algebra.®”

30By definition, the product o-algebra is generated by sets of the form [I,°; Br, where
each B,, is a Borel subset of K,, and B,, = K, for all but a finite number of indices n. Each
of the generating sets is in the o-algebra generated by sets of the form [[° | 7%, where
each T, is an open subset of K,, and T}, = K,, for all but a finite number of the indices n;
since these sets are open in the product topology, the product o-algebra is contained in
the Borel g-algebra generated by the product topology. To see that the Borel o-algebra
generated by the product topology is contained in the product o-algebra, note that since
each K, is compact metric, there is a countable collection 7, (with K,, € 7,,) which forms
a base for the topology on K,,. A base for the product topology is given by sets of the
form [[°, T, where T,, € 7, for all n and T,, = K, for all but finitely many values
of n. Notice that this base is countable, and consists entirely of sets that are product
measurable, so every product open set is product measurable, and hence every Borel set
is product measurable.
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Let -
f= H Hn
n=1

be the product measure on K. Thus
f (H Bn) = H fin(Bn)
n=1 n=1

Define 7' : K — 6C by
T(zn) =)z,
n=1

We assert that 7" is well-defined (i.e., for each (x,,), the infinite sum converges

A

to an element of JC'), that 1" is continuous, and that 7'(K) C 0C' N W.

To see that the T'(z,) is well-defined, consider the partial sums s, =

k

w1 Tn. Fix n,m. The triangle inequality implies that

m—n—1
d(5p, 8m) < Z d(Sntky Snthi1)
k=0

By definition, s x+1 = Spik = Tnikil, Stk € Ki+. ..+ Kyppand @441 €
Kpiki1 C Wiiky1 so (v) guarantees that

d<5n+k7 5n+k+1) < 2_(n+k)

Hence
d(Sn, Spim) < 9~ (n—1)

In particular, the sequence of partial sums is Cauchy. Because 0C'is complete,
the sequence of partial sums converges to an element of 0C, so T is well-

defined.

To see that 1" is continuous, fix = € K and £ > 0. Choose an index N so
that 2=(V=1 < ¢/4. Define TV : K — §C by

™ (2) = z_:l Tn
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(the N-th partial sum). Continuity of addition guarantees that there is a

neighborhood V' of = in K such that
d (TN (z). TN €

whenever y € V. Combining this with the triangle inequality and the calcu-
lations of the preceding paragraph, we find that if y € V' then

d(T(2),T(y))

IN

d(T(2), T(2)) +d (T (@), TV (y)) + d (T (). T(y))

< 2™ 4 d (TN (@), TV (y)) + 2
g g g

< 44z

= 17373

= ¢

Hence T is continuous.

~

Write K = T(K); continuity of 7" implies that K is a compact subset
of X. By construction, K, C 27")C' for each n. Because C' is convex and
0 € C it follows that

271 o 27N —1
9-1
Since elements of K are limits of Cauchy sequences in 0C', they therefore

belong to §C; thus K C §C. Combining (ii) with repeated applications of
(iv) yields that

Ki+- 4+ KyC 50:(1—2—N)5Cc50

Ki+---+KyCWi+---+Wy W +W;
so K cWi+W CcWy=W.
We define the infinite convolution measure

=% [n

n=1



for each Borel set B C X. Notice that p is a probability measure and that
pu(K) =1, so that supp p C K C dCNW.

Now fix y € X. For each m, let [A(m = [Lntm Kn and [t = [lpoim fin- B
is universally measurable, hence so are all of its translates, so their charac-
teristic functions are measurable in the completion of the product measure
(fomy fn) ON K,, x K,,, so Fubini’s Theorem applies. Thus,

(B +y) = /K 15,4y (Z xn) dji
n=1
- /f( K. 1Em+y (nzl mn) dumdﬂm
= 1 m )AL d o,
/Am/m (B, o) () dpmdii

- /  0djin,
Km
0
Because p is countably additive and I = UL,

p(l+y) < iu(Eery):O

m=1

Hence F is shy in C' at 0; in view of Fact 0, I is shy in (', as desired. B

Proof of Fact 4 Suppose that () C C' is relatively open and shy in C. In
view of Fact 2, there is no loss in assuming that 0 € (). Choose an open set

U C X such that UNC' = Q.

We show first that, for each positive integer n, nQ)Q N C' is shy in C at 0.
Given 0 > 0 and a neighborhood W of 0 in X, choose a compactly supported
probability measure p such that

) 1
supp p C —C'N =W
n n
and p(Q + x) = 0 for every € X. Define a measure v by

V(A)_u(lA)

n
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It is immediate that v is a probability measure, that
supp ¥ =nsupp p C 0C "W

and that v has compact support. If y € X, then
1 1
V((QNC) +y) = u(5mQNC)+—y)

- rf(n)ey

< u(@+%y>
0

Hence n@Q) N C'is shy in C' at 0 and hence (by Fact 0) shy in C.

We now obtain a contradiction. Because 0 € C' and C' is convex, C'/n C

C, so
nQﬂC-n(Qﬂ%)-n(Uﬂ%)-nUﬂC

Because U is a neighborhood of 0 in X, Uy~ nU = X, so

C = (U nU)ﬂC
n=1

= JUwUn<o)

n=1
[eS)

= U@enao)
n=1
Hence C' is the union of countably many subsets that are shy in C'. Since
this contradicts Fact 3, we conclude that @ is not shy in ', as desired. B

Proof of Fact 5 Suppose F is shy in . Choose a universally measurable
set Z D F and a probability measure v with v(C) = 1 such that v(Z+z) =0
for all z € R*. Then

AZ) = (Z)dv(z)

A
RFE
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MNZ — z)dv(z)

k

17(x + 2)d\(x)dv(z)

k k

TSI

17(x + 2)dv(z)d\(x)

k

v(Z — x)d\(x)

k

S—F— 55—

= 0dA(xz) =0
RF

so Z is a set of Lebesgue measure zero, whence F is a set of Lebesgue measure
zero. As in the proof of Fact 3, the use of Fubini’s Theorem is justified because
Z is universally measurable, hence 1z(z + 2) is measurable in the completion
of the product measure.

If the Lebesgue measure of F is 0 then F is finitely shy in C'; Fact 6 below
tells us that F is shy in (', as desired. B

Proof of Fact 6 Let ¥ C C be finitely shy, so there is a finite dimensional
subspace V' and a point @ € X such that Ay (C'+a) > 0 and A\y(E+2) =0
for every x € X. In view of Fact 2, there is no loss in assuming that a = 0, so
Av(C) > 0. Because (' is convex and V' is finite dimensional, V N C' contains
a convex relatively open subset ) of V; there is again no loss in assuming
0 € Q. Given 0 > 0 and a neighborhood W of 0 in X, the set 0Q N (W NV)
is a neighborhood of 0 in V, so it contains a compact set K with 0 in its

relative interior. Define
AV ik

M)
By construction, p is a regular compactly supported probability measure
and supp p C 0Q NW C 0C NW. Because p is absolutely continuous with
respect to Ay, it follows that u(E + ) = 0 for every z € X. Because 9, W
were arbitrary, it follows that F is shy in C' at 0, and hence (Fact 0) that F
is shy in C, as desired. B

Before turning to the proofs of Facts 7 and 8, we need to establish the
following technical result. This may well be known, but we have not been
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able to find a reference.

Proposition 6.3 If X is a Hausdorff topological space and C C X 1is com-
pletely metrizable in the relative topology, then C' is a G5 subset of its closure

C C X. In particular, C' is a Borel subsel of X.

Proof Choose and fix a complete metric d on C. For A C C, write diam (A) =
sup{d(z,y) : x,y € A} for the diameter of A with respect to the metric d.
For x € X define the oscillation of C' at X to be

w(z) = inf diam (U N C')

where the infimum is taken over all open neighborhoods U of x (with respect
to X). Note that w(x) = 0 if € C and that w(z) = —oc if ¢ C (for
then there is a neighborhood U of z which misses C', whence U N C' = () and
diam (U N C') = diam (§) = —o0).

We assert that if x € C and w(x) = 0 then z € C. To see this, note that
every open neighborhood U of z meets C, so for each U we can choose a
point x; € UNC'. The open neighborhoods of = are directed by set inclusion
so {zy} is a net in C. The assumption that w(z) = 0 implies that for every
e > 0 there is an open neighborhood V' of z with diam (V N C) < ¢, so if
U,U" C V then d(xy,xyr) < . That is, {xy} is a Cauchy net in C'. Because
(' is complete in the metric d, this net converges to a point 2’ € C'. On the
other hand, the construction of {z;} guarantees that it converges to = € X,
and X is Hausdorff, so limits of nets are unique. Hence z = 2/ € C as
asserted.

Let W, = {z € X : w(x) < 1/n}. If © € W, then there is a neighborhood
U of x such that diam (U N C) < 1/n. For any other y € U, w(y) <
diam (U N C) < 1/n, so y € W,. Therefore, W, is an open subset of X, so

C={zeC:wlx)=0}=0Cn ﬁ{meX:w(m)<1/n}

n=1

is a G5 subset of C, as asserted. W
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Proof of Fact 7 Suppose that F is prevalent in F' and F' is prevalent in G.
F'\ E is shy in F, so there is a universally measurable set H C F' that is
shy in F' and (FF\ £) C H. Fix f € F, 0 > 0, and a neighborhood W of 0
in X. There is a regular Borel probability measure pz with compact support
C ([6(F = f)+ f]N (W + f)) such that u(H +2) =0 forallz € X. F C G
so [ €Gand (5(F — f)+ /|0 (W + 1) € (8(G = ) + f]0 (W + £), 50
H is shy at f in G; by Fact 0, H is shy in G. G\ F is shy in G, so there is
a universally measurable set I C (& that is shy in G and (G'\ F)) C I. Then
G\E=(F\E)U(G\ F) C HUI, since this is the union of two shy sets in
(7, it is shy in G, so G'\ E is shy in GG. Therefore, E is prevalent in G. B

Proof of Fact 8 Because X and Y induce the same topology on C' and
this topology is completely metrizable, Proposition 6.3 guarantees that (' is
a Borel subset of X and of Y. If F is shy in C' with respect to X, there is a
universally measurable (with respect to X) set F' C C such that £ C F' and
F' is shy in C' with respect to X.

We show first that F' is universally measurable with respect to Y. Let v
be a regular Borel measure on Y'; we want to show that [’ is measurable with
respect to the completion of v. To this end, let v be the restriction of v to
C; since C'is a Borel subset of Y, v¢ is a regular Borel measure on C'. Define
vx to be the trivial extension of vo to X; vy is a regular Borel measure on
X. Since F'is universally measurable with respect to X, F' is measurable
with respect to the completion of vx, so there exist Borel sets A, B in X with
ACF C Bandvx(B\A)=0. Aand BNC are Borel sets in C, hence Borel
setsinY, ACFCBNC,and v((BNC)\ A) =vx(B\ A) =0. Hhence I
is measurable with respect to the completion of nu. Since v is arbitary, F' is
a universally measurable subset of Y.

Fix c € (', § > 0, and a neighborhood V of 0 in Y. Then (¢+ V)N C'is
a neighborhood of ¢ in C| so there exists a neighborhood W of 0 in X such
that (c+W)NC C (ec+ V)N C. Since F is shy in C' with respect to X,
there is a regular Borel probability measure p on X with compact support
C[0(C—=ec)+cN(W+e¢) and p(F +z) =0 for every x € X. Define a Borel
probability measure on Y by uy (B) = u(BNC). py is compactly supported,
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with support C ([0(C' —¢) + N (W +¢)) C (0(C —c)+N(V +¢)). If
reXNY, py(F+a)=pF+2)=0 IfyeY\X,(F+y)NnX =0, so
py (F +y) = 0. Thus, F is shy in C' with respect to Y, whence E is shy in
C with respect to Y. The converse follows by interchanging the roles of X
and V. H

Appendix B: Examples

We present here four examples. The first example delineates the difference
between shyness and finite shyness by providing a shy set that is not con-
tained in the union of countably many finitely shy sets. The second and
third examples provide motivation for our definitions by showing that if the
support conditions were weakened then the desired properties would not ob-
tain. The fourth example shows that prevalence does not satisfy the obvious
analog of Fubini’s theorem.

Before beginning, it is useful to collect some notation and a few facts
that will be used repeatedly. Let A be Lebesgue measure on the unit interval
[0,1]. Recall that L' = L'()) is the Banach space of (equivalence classes) of
Lebesgue integrable functions on [0,1]. For f € L't € [0,1] we write f; for
the rotation of [ by ¢:

fi(s) = f(s =)
(We carry out subtraction modulo 1.) Translation-invariance of Lebesgue
measure implies that f, € L! for each t. We need 2 lemmas.

Lemma A The rotation map t — f; : [0,1] — L' is continuous.
Proof See Rudin (1990, page 3). &

Lemma B Let U C [0,1] be a dense open set with AN(U) < 1, and let f =
1 — xu be the characteristic function of the complement of U. If A C [0, 1] is
a set of positive Lebesgue measure, then inf,c4 f, = 0 (the infimum computed

in L').
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Proof We show first that if B C [0, 1] is any dense set and A C [0, 1] is any
set of positive Lebesgue measure, then A + B has Lebesgue measure 1. To
see this, choose a countable subset By C B which is dense in [0, 1]. Because
By is countable, it is certainly measurable, so A 4+ By is the countable union
of translates of A and is thus measurable. Suppose A(A + By) < 1, so that
D = [0,1] \ (A + Bp) has positive measure. Choose points of density of
a € A,d € D respectively.®" Find ¢ > 0 such that

NDNd-sdta) > 2
NANfa—datd) > 2

Since By is dense, we can find b € By N (d— a— g,d —a+ %) Then

N3 b
M(A+b)N[d—0,d+0]) > 5 =0

> 36 5
M(A+ By) N D) >0+ —20=5>0

In particular, (A4 By) N D # (). This is a contradiction, so we conclude that
AMA + By) = 1. Because By C B and every superset of a set of Lebesgue
measure 1 is Lebesgue measurable, we conclude that \(A + B) = 1.

To show that inf,c4 f, = 0, take B = U and conclude from the above
argument that \(A + U) = 1. Because f, is zero on a + U, it follows that
inf,c4 fa(c) = 0 for almost every ¢ € [0, 1]. It would be tempting to conclude
that inf,c4 f = 0, but it would be wrong®? because this infimum is to be
computed in L#, not pointwise. Instead, suppose inf,c4 f, # 0. Then there

31Recall that z is a point of density of E C [0,1] if

o1 _
hg%l+%A((x—h7x+h)ﬂE)—1

The Density Theorem (see Aliprantis and Burkinshaw (1990, Theorem 29.5)) asserts that
almost every point of F is a point of density of E.
32We are grateful to Richard M. Nixon for pointing this out.
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exists a set I of positive measure such that inf,c 4 f, is positive almost ev-
erywhere on E. Because A(A+U) =1, A\(EN(A+U)) = A(F) > 0, so we
can find e € (FN (A+ U)) and d; > 0 such that A(F N (e —d,e+9)) >0
whenever § < §;. Since e € A+ U, we can find a € A such that e € a + U.
Since U is open, we can find do > 0 such that (e — g, e+ 3d3) C a+U. Setting
0 = min{dy, d2}, we see that f, is zero almost everywhere on (e — d, e + 9),
so inf,c 4 f, is zero almost everywhere on (e — 0, €+ 0), which contradicts the
fact that A(F'N (e — dy,€e + d1)) > 0. We conclude that inf,c4 f, =0. B

With the preliminaries out of the way, we turn to our examples. We begin
with an example of a set that is shy but not finitely shy and not contained
in the union of a countable family of finitely shy sets.

Example 1 We assert that the positive cone L1 ([0,1]) € L'([0,1]) is shy,
but is not contained in a countable union of finitely shy sets.

Because the Hunt, Sauer and Yorke notion of shyness coincides with our
notion of shyness in X, to verify that L is shy in L', we need only construct
a compactly supported probability measure p such that p(Lt + z) = 0 for
each x € L'. To accomplish this, define [ € L! by

f(s) = —[min{s, 1 — s}|7/2

and let F' = {f; : t € [0,1]} be the set of rotations of f. Because rotation
is a continuous map (Lemma A), F'is compact. Let p be the image in F' of

Lebesgue measure on [0,1]: for A C T, u(A) = AX({t €[0,1] : fy € A}).

Suppose that (L1 +x) =~ > 0 for some 2 € L. Let 2 = 2t —2~ be the
decomposition of x into its positive and negative parts. Let A = {a € [0,1] :
fo € LY +2}; thus, a € A if and only if f, > « if and only if —z~ < f,.
Fix an integer NV and partition the interval [0, 1] into N equal subintervals

I, = {ﬂ ”—H) (n = 1,...,N). Because \(A) = ~, at least N7 of these

N> N
subintervals must contain a point of A. If I, is one of these subintervals and

a € ANI,, then

/(—gr)dA < [ fas
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1
- ———d\(s
f =)
1
< —2—
- v N
Hence

1
—27d\N < Nvy|[—2—] = —2vV'N
/[0,1] 7 dh < N7 \/N] 7

Because N is arbitrary, we conclude that

/ —27d\ = —0
[0,1]

so x ¢ L', which is a contradiction. Hence p(Ll + x) = 0 for every z € L',
SO Lﬂr is shy, as asserted.

It remains to show that L! is not contained in the countable union of
finitely shy sets. Suppose it were. Without loss of generality, we may as-
sume these finitely shy sets are universally measurable; since L% is closed,
their intersections with L1 are finitely shy universally measurable sets, whose
union equals L1+. Thus, we suppose (in order to derive a contradiction) that
LY =32, A, where each A, is a finitely shy universally measurable set. In
order to derive a contradiction, we show first that each A, is finitely shy in
L#. To accomplish this, use the definition of finite shyness to choose a finite
dimensional subspace V' C L' for which Ay(L') > 0 but Ay (A, +x) = 0 for
each 2 € X. To show that A is finitely shy in L) we need only show that
Av (LY +y) > 0 for some y € L'. To this end, choose a basis fi,..., f;, of
V. For each 4, decompose f; = f;" — f:' as the difference of its positive and
negative parts, and set y = —(f; + ...+ f..). Because fi,..., f, form a
basis for V| the set

Z—{Zaifiioﬁaigl}
i=1
contains a relatively open subset of V. However,

arfi e danfn = (aff o danf) = (i + -+ anfy)
—(fr 4+ 1)
Y

Vv
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Hence Z C L! +y, whence Ay (Lt +y) > A\v(Z) > 0. We conclude that A,
is finitely shy in L} for each n.

In view of Fact 6, A, is shy in Lﬂr for each n, so Ll+ is the countable union
of sets, each of which is shy in L1+, and hence (Fact 3) Lﬂr is shy in itself, a
contradiction. We conclude that Ll+ is not contained in a countable union of
finitely shy sets.

The next two examples show why the definition of shyness makes such
stringent requirements on the supports of the measures. Example 2 shows
that if the requirement that the support of the measure be contained in
arbitrarily small contractions of C' toward a point ¢ € C' were eliminated from
the definition, then it would be possible to find a set ' and two relatively
shy subsets whose union is all of C'.

Example 2 Choose an open dense set U C [0, 1] with \(U) < 1. Let xy
be the characteristic function of U and let f/ = 1 — yy be the characteristic
function of the complement of U. Set

K={fi:tel0,1]} c L}

Because rotation is continuous (Lemma A), K is the continuous image of a
compact set, and hence is compact. Let (' = convK be the closed convex
hull of K. Because L' is a Banach space, C' is compact® and (of course)
convex. Write Y = C'\ K.

We construct probability measures \,, Ag supported on C' for which

M(g+Y) = 0 foreveryge L! (6)
As(g+K) = 0 foreveryge L (7)

On the other hand, there is certainly no probability measure supported on
C for which C' has measure 0.

33See Dunford and Schwartz (1957), Theorem V.2.6, page 416.
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To construct the desired measures \,, A3, define mappings «, 3 : [0, 1] —

C by

a(t) = fi
B = 2hithie

and let A\,, A\g be the direct image measures:

We first establish Equation (6). Let g € L'; we are to show that A\,(g +
Y) = 0. If g = 0 there is nothing to prove (because )\, is supported on K,
which is disjoint from Y = C'\ K). Suppose therefore that g # 0 and that
Aa(g +Y) > 0. Write

A={tel0,1]: fi—geY}

By construction, A(A) = A\y(¢g +Y) > 0. Decompose g as the sum of its
positive and negative parts: g = g* — ¢~. Because Y C L} it follows that

fi—g=fi—g +g >0

foreach t € A. Because f; > 0and gt Ag~ = 0, it follows that f;—g¢g" > 0, and
hence that f; > gt for each ¢t € A. Because A\(A) > 0, it follows from Lemma
B that inf;c4 f; = 0, whence gt = 0. Thus, for each t € A we have f; — g =
fi + g~ Because f, g~ are positive, it follows that ||f; — gl = ||/l + |lg”]I-
On the other hand, the norm of each element of K is 1 — A\(U) > 0, so
ft + g~ can only belong to K if g~ = 0. We conclude that g = 0, which is a
contradiction. This establishes Equation (6).

The argument that establishes Equation (7) is almost the same, except
for one point: The image of (# certainly is not disjoint from K’; in particular,
£3(0), 5(1/2), 5(1) all belong to K. We assert, however, that 5(t) € K =
is rational; in particular, {¢t € [0,1] : G(t) € K} has measure 0. To see this,

2

suppose f3(t) = 5 f; + % f1-+ € K. Since K consists entirely of characteristic
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functions, it follows that ((¢) must also be a characteristic function. Hence
fi(s) = 0 < fi_4(s) = 0, from which it follows that U +¢ = U + (1 — t),
or equivalently that U = U + (1 — 2t). Because U is an open set, it can
be written in a unique way as a countable union of disjoint open intervals
U = Upen Un. Because U = U+ (1—2t), each of the translation U 4 (1 —2t)
must coincide with one of the intervals Uy, Uy, ....>* In particular, for every
n,m > 0 the translates U; +n(1 — 2t) and U; +m(1 — 2¢) must be identical
or disjoint. Since any two such translates are subsets of [0, 1] and have the
same positive measure, they cannot all be disjoint. That is, there are positive
integers n # m for which Uy +n(1 —2t) = U; +m(1 — 2t), which implies that
(n —m)(1 —2t) is congruent to zero modulo 1; in particular, 1 — 2¢ must be
rational, whence ¢ must also be rational. We conclude that §(t) € K = t is
rational; in particular, {¢ € [0,1] : 4(¢) € K} has measure 0. Equation (7)
now follows by essentially the same argument as we used for Equation (6).

We note that the measures A, and \g have supports which are curves but
are not contained in translates of small neighborhoods of 0 € L', but this
additional requirement is easily satisfied: For £ > 0, let A, Aj be the direct
images of the restriction of Lebesgue measure to the interval [0, e] (suitably
normalized).

Example 3 shows that if the assumption that the support of the measure
be contained in an arbitrarily small neighborhood of 0 € X were eliminated
from the definition, then it would be possible to find a set C' and a countable
family of relatively shy subsets whose union is all of C'

Example 3 For each n, let p, = X0,1/5 and let
Co={yeLl:p,-y<1}

It is clear that each (), is a closed subset of L1+, that C,, C C,41, and that
> C,=1L.
n=1“n +

We construct compactly supported probability measures pu, for which
tn(Cy + ) = 0 for every x € L', and for which the supports supp p, all lie

34 As always, we compute translations modulo 1.
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in a bounded subset of L1+. To accomplish this, fix an index n, and choose a
dense open set U, C [0, 1] such that

Pn = >‘<Unm[07%])
Op = >‘<Unm[%71])

Define f, € L! by

(1 (s) i s<
fn(s) =
n—ls—nnan (1 = XUn (S)) if s > %
Note that ||f,|| = 6 and that p, - f,, = 3. Because rotation is continuous

(Lemma A), we can find =, with 0 < ~,, < 1/n such that ||(f,):]| = 6 and
Pu - (fu)e > 2 for each t € [0,7,]. Define ay, : [0,7,] — L by an(t) = (fu)s
and let A\, be the direct image of (1/7,)A:

Ml(A) = At € [0,7%] : (fu)e € A})

n

Note that A, is a probability measure and that supp A, = a,([0,7,]) is
a compact subset of L#. Arguing exactly as in Example 2, we see that
inf,ea(fn)a = 0 for every set A C [0, ;] of positive measure, and hence that
A (Cp + x) = 0 for every x € L.

Obviously, however, there is no probability measure ;1 supported on L1 =
Usey By, for which p(L) = 0.

A final comment about this example: We can choose a point ¢ € L such
that for each n and each ¢ > 0, there is a compactly supported probability
measure fi, with supp p, C 6(LL — ¢) + ¢ and p, (Lt + 2) = 0 for every
x € L'. And, for every n, we can choose a point z, € L such that for each
neighborhood W of 0, there is a compactly supported probability measure
v, with supp v,, C W + z, and v,(L} + 2) = 0 for every € L'. But we
cannot choose the z,’s to coincide with ¢ (nor with each other).

Because shyness is an analogue of Lebesgue measure 0, it is natural to
conjecture that an analogue of Fubini’s theorem should be true. As our last
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example demonstrates, however, the obvious analogue of Fubini’s theorem
for shyness is false. First recall Fubini’s theorem. Let (A, A, «), (B, B, 3) be
o-finite measure spaces and let ¥ C A x B belong to the product o-algebra
A x B. For each b € B, define the section

E,={a€ A: (a,b) € E}

Fubini’s theorem says that

(ax B)(E) = [ al()ds

Hence if a(F,) = 0 for almost every b € B, it follows that (a x 3)(F) = 0.
A natural analogous conjecture for shyness would be:

Conjecture If X,Y are Banach spaces, ¥ C X x Y is a Borel
set, and the sections

E,={re X :(z,y) € F}
are shy in X for each y € Y, then F is shy in X x Y.

As the following example shows, however, this conjecture is false.?

Example 4 Let X = R and let Y be the (separable) Banach space of real-
valued Lipschitz functions on [0, 1].%% Let

E={(x,f) €(0,1) x Y : f is not differentiable at =}

We assert that F is a Borel set. To see this, we proceed as in the proof of
Theorem 2.4. Choose a countable dense subset {z;} C [0, 1] and a countable
dense subset () C R. For positive integers k, ¢, ¢ € () and index ¢ write

E(k, £,q,7) = {@f,f) €(0,1) x Y : i) = f@) —q- (@i —2)] _ 1}

|z; — x| k

35Hunt, Sauer and Yorke (1992, Fact 4, page 224) show that E is shy under the much
stronger assumption that there is a single measure v such that v(E, + z) = 0 for all z.
36 A norm on Y is given by

/1l = sup{lf ()] : # € [0,1]} +inf{c > 0 : | f(z) = f(y)| < clz —y[ ,Va,y € [0,1]}
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Each of the sets F(k, ¥, q,i) is open in (0,1) x Y C R x Y, and

:Uﬂﬂ N Bk L q,0)

14=1q€Q |z, ac|<(

so F is a Borel set, as asserted.

Rademacher’s theorem (see Federer (1969, 3.1.6), for instance) tells us
that a Lipschitz function is differentiable almost everywhere. Hence, for each
y € Y, the section

E, ={x € R: y is not differentiable at =}

has Lebesgue measure 0, and in particular is shy in X = R.

The complement of F is
F ={(z,y) € X x Y :y is differentiable at z}

Arguing just as in Theorem 2.4, we see that, for each x € X the section F,
is shy in Y.

On the other hand, Y and F' cannot both be shy subsets of X x Y since
their union is all of X x Y.3" Thus the conjecture cannot hold for both
E F.$

37In fact, we believe — but are not certain — that neither E nor F is shy.
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