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$EVWUDFW

*HQHULFLW\ DQDO\VLV LV ZLGHO\ XVHG WR VKRZ WKDW GHVLUDEOH SURSHUWLHV WKDW IDLO LQ FHU�

WDLQ ?NQLIH�HGJH� HFRQRPLF VLWXDWLRQV QRQHWKHOHVV REWDLQ LQ ?W\SLFDO� VLWXDWLRQV�

)RU �QLWH�GLPHQVLRQDO VSDFHV RI SDUDPHWHUV� WKH XVXDO QRWLRQ RI JHQHULFLW\ LV IXOO

/HEHVJXH PHDVXUH� )RU LQ�QLWH GLPHQVLRQDO VSDFHV RI SDUDPHWHUV �IRU LQVWDQFH�

WKH VSDFH RI SUHIHUHQFHV RQ D �QLWH�GLPHQVLRQDO FRPPRGLW\ VSDFH�� QR DQDORJXH

RI /HEHVJXH PHDVXUH LV DYDLODEOH� WKH ODFN RI VXFK DQ DQDORJXH KDV SURPSWHG

WKH XVH RI OHVV FRPSHOOLQJ WRSRORJLFDO QRWLRQV RI JHQHULFLW\� &KULVWHQVHQ ������

DQG +XQW� 6DXHU DQG <RUNH ������ KDYH SURSRVHG D PHDVXUH�WKHRUHWLF QRWLRQ RI

JHQHULFLW\� ZKLFK +XQW� 6DXHU DQG <RUNH FDOO SUHYDOHQFH� ZKLFK FRLQFLGHV ZLWK IXOO

/HEHVJXH PHDVXUH LQ (XFOLGHDQ VSDFH DQG ZKLFK H[WHQGV WR LQ�QLWH�GLPHQVLRQDO

YHFWRU VSDFHV� 7KLV QRWLRQ LV QRW GLUHFWO\ DSSOLFDEOH LQ PRVW HFRQRPLF VHWWLQJV

EHFDXVH WKH UHOHYDQW SDUDPHWHU VHWV DUH VPDOO VXEVHWV RI YHFWRU VSDFHV_ HVSHFLDOO\

FRQHV RU RUGHU LQWHUYDOV_QRW YHFWRU VSDFHV WKHPVHOYHV� :H DGDSW WKH QRWLRQ WR

HFRQRPLFDOO\ UHOHYDQW HQYLURQPHQWV E\ GH�QLQJ WZR QRWLRQV RI SUHYDOHQFH UHODWLYH

WR D FRQYH[ VHW LQ D WRSRORJLFDO YHFWRU VSDFH� 7KH �UVW QRWLRQ LV YHU\ HDV\ WR

XQGHUVWDQG DQG DSSO\� DQG KDV DOO RI WKH SURSHUWLHV RQH ZRXOG GHVLUH H[FHSW WKDW

LW LV QRW FORVHG XQGHU FRXQWDEOH XQLRQV� WKH VHFRQG QRWLRQ FRQWDLQV WKH �UVW DQG

KDV DOO WKH JRRG SURSHUWLHV RI WKH �UVW QRWLRQ H[FHSW VLPSOLFLW\� LW LV FORVHG XQGHU

FRXQWDEOH XQLRQV�

:H SURYLGH IRXU HFRQRPLF DSSOLFDWLRQV� �� JHQHULF H[LVWHQFH RI HTXLOLEULXP LQ ��

QDQFLDO PRGHOV� �� JHQHULF �QLWHQHVV RI WKH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD

DQG 3DUHWR LQH�FLHQF\ RI ?QRQ�YHUWH[� 1DVK HTXLOLEULD IRU JDPHV ZLWK D FRQWLQ�

XXP RI DFWLRQV DQG VPRRWK SD\R�V� �� JHQHULF UHJXODULW\ RI H[FKDQJH HFRQRPLHV

ZKHQ VRPH DJHQWV DUH FRQVWUDLQHG WR KDYH � HQGRZPHQW RI VRPH JRRGV� �� JHQHULF

VLQJOH�YDOXHGQHVV RI WKH FRUH RI WUDQVIHUDEOH XWLOLW\ JDPHV�

-(/ &ODVVL�FDWLRQ 1XPEHUV '��� '��

.H\ZRUGV JHQHULFLW\� SUHYDOHQFH� VK\QHVV� �QDQFH� &RQVXPSWLRQ�%DVHG &DSLWDO

$VVHW 3ULFLQJ 0RGHO� UHJXODU HFRQRPLHV� FRPSDUDWLYH VWDWLFV� 1DVK HTXLOLEULXP



� ,QWURGXFWLRQ

&RPSDUDWLYH VWDWLFV DQDO\VLV_ZKHWKHU LQ JDPH WKHRU\ RU LQ JHQHUDO HTXL�

OLEULXP WKHRU\_LV SRVVLEOH DQG PHDQLQJIXO RQO\ ZKHQ HTXLOLEULD H[LVW� DUH

ORFDOO\ XQLTXH� DQG GHSHQG QLFHO\ RQ XQGHUO\LQJ SDUDPHWHUV� 8QIRUWXQDWHO\�

WKHUH DUH PDQ\ HFRQRPLFDOO\ LPSRUWDQW FLUFXPVWDQFHV LQ ZKLFK WKHVH FULWH�

ULD DUH QRW PHW� (YHQ QRQSDWKRORJLFDO H[FKDQJH HFRQRPLHV ZLWK WZR JRRGV

DQG QLFH SUHIHUHQFHV� RU VLPSOH WZR�SHUVRQ JDPHV� PD\ SRVVHVV D FRQWLQ�

XXP RI HTXLOLEULD� RU HTXLOLEULD WKDW GR QRW GHSHQG FRQWLQXRXVO\ RQ XQGHUO\�

LQJ SDUDPHWHUV� ,I ZH H[SDQG RXU KRUL]RQV WR LQFOXGH UDWLRQDO H[SHFWDWLRQV

HFRQRPLHV� RU LQFRPSOHWH PDUNHWV HFRQRPLHV� RU HFRQRPLHV ZLWK DQ LQ�QLWH

QXPEHU RI FRPPRGLWLHV� ZH DUH IDFHG ZLWK VLWXDWLRQV LQ ZKLFK HTXLOLEULD GR

QRW HYHQ H[LVW� ,Q VXFK FLUFXPVWDQFHV� ZH PD\ EH FRQWHQW ZLWK D ?VHFRQG

EHVW� WKHRU\� WKDW HTXLOLEULD H[LVW� WKDW HTXLOLEULD DUH ORFDOO\ XQLTXH� DQG

WKDW HTXLOLEULD GHSHQG QLFHO\ RQ SDUDPHWHUV_QRW IRU DOO SDUDPHWHU YDOXHV

EXW UDWKHU IRU D VHW RI SDUDPHWHU YDOXHV ZKLFK LV ?ODUJH� RU ?JHQHULF� LQ

VRPH DSSURSULDWH VHQVH� 'LYHUVH H[DPSOHV LQ WKH OLWHUDWXUH LQFOXGH D� WKH

ZRUN RI 'HEUHX ������ RQ GHWHUPLQDF\ RI :DOUDVLDQ HTXLOLEULXP IRU JHQHULF

�QLWH�GLPHQVLRQDO H[FKDQJH HFRQRPLHV� E� WKH ZRUN RI 'HEUHX ������� *UR�

GDO ������� +� 'LHUNHU ������ DQG *HOOHU ������ RQ WKH UDWH DQG IRUP RI FRUH

FRQYHUJHQFH IRU JHQHULF VHTXHQFHV RI �QLWH HFRQRPLHV� F� WKH ZRUN RI 'X�H

DQG 6KDIHU ����������� RQ WKH H[LVWHQFH RI HTXLOLEULXP IRU JHQHULF LQFRP�

SOHWH PDUNHWV HFRQRPLHV� G� WKH ZRUN RI :LOVRQ ������� +DUVDQ\L ������ DQG

'XEH\ ������ RQ JHQHULF �QLWHQHVV DQG 3DUHWR LQH�FLHQF\ RI WKH VHW RI 1DVK

HTXLOLEULD IRU JDPHV LQ QRUPDO IRUP�

:KHQ WKH SDUDPHWHU VSDFH LV �QLWH GLPHQVLRQDO� LW LV FRPPRQ WR LGHQ�

WLI\ ?JHQHULF� VHWV DV WKRVH ZKRVH FRPSOHPHQWV KDYH /HEHVJXH PHDVXUH ��

:KHQ WKH SDUDPHWHU VSDFH LV LQ�QLWH GLPHQVLRQDO� KRZHYHU� WKHUH LV QR QDW�

XUDO DQDORJXH RI /HEHVJXH PHDVXUH WR ZKLFK ZH PLJKW DSSHDO�� ,QGHHG� QR

�/HVW WKH UHDGHU WKLQN WKDW LQ�QLWH�GLPHQVLRQDO SDUDPHWHU VSDFHV VHHP OLNH DQ DU�

FDQH FRQFHUQ� LW VKRXOG EH NHSW LQ PLQG WKDW VSDFHV RI SUHIHUHQFHV DUH XVXDOO\ LQ�QLWH�

GLPHQVLRQDO� ,QGHHG� DV QRWHG E\ &KLFKLOQLVN\ ������� WKH VSDFH RI VPRRWK VWULFWO\ FRQYH[

SUHIHUHQFHV RQ 5�
� LV DOUHDG\ LQ�QLWH�GLPHQVLRQDO�

�



LQ�QLWH GLPHQVLRQDO %DQDFK VSDFH DGPLWV DQ\ WUDQVODWLRQ LQYDULDQW PHDVXUH

ZKLFK DVVLJQV �QLWH� VWULFWO\ SRVLWLYH PHDVXUH WR HDFK RSHQ VHW� %HFDXVH RI

WKLV� PXFK RI WKH OLWHUDWXUH KDV DSSHDOHG WR DQ DOWHUQDWLYH� WRSRORJLFDO QR�

WLRQ RI JHQHULFLW\� 5HFDOO WKDW D VXEVHW RI D FRPSOHWH PHWULF VSDFH LV �UVW

FDWHJRU\ LI LW LV FRQWDLQHG LQ WKH FRXQWDEOH XQLRQ RI FORVHG VHWV ZLWK HPSW\

LQWHULRU� D VXEVHW LV VHFRQG FDWHJRU\ RU UHVLGXDO LI LWV FRPSOHPHQW LV �UVW FDW�

HJRU\� %HFDXVH WKH %DLUH &DWHJRU\ WKHRUHP JXDUDQWHHV WKDW �UVW FDWHJRU\

VHWV KDYH HPSW\ LQWHULRU� �UVW FDWHJRU\ VHWV DUH XVXDOO\ UHJDUGHG DV VPDOO

DQG VHFRQG FDWHJRU\ �UHVLGXDO� VHWV DUH XVXDOO\ FRQVLGHUHG ODUJH� +RZHYHU�

LW VKRXOG EH NHSW LQ PLQG WKDW WKLV WRSRORJLFDO QRWLRQ RI JHQHULFLW\ LV YHU\

GL�HUHQW IURP WKH PHDVXUH�WKHRUHWLF QRWLRQ RI JHQHULFLW\� ,Q SDUWLFXODU� WKHUH

DUH VHFRQG FDWHJRU\ VXEVHWV RI 5Q ZKLFK KDYH PHDVXUH � DQG IXOO PHDVXUH

VXEVHWV RI 5Q ZKLFK DUH �UVW FDWHJRU\� %HFDXVH RXU IRUPXODWLRQ RI SUREDELO�

LW\ WKHRU\ LV PHDVXUH�WKHRUHWLF� QRW WRSRORJLFDO� WKH PHDVXUH�WKHRUHWLF QRWLRQ

RI JHQHULFLW\ FRUUHVSRQGV PXFK PRUH FORVHO\ WR WKH LGHD WKDW D ?W\SLFDO� RU

?UDQGRP� HOHPHQW OLHV LQ WKH JHQHULF VHW� $V 0DV�&ROHOO ������ SDJH ����

ZULWHV� WRSRORJLFDO JHQHULFLW\ ?KDV WR EH WKRXJKW RI DV PXFK OHVV VKDUS WKDQ

WKH PHDVXUH�WKHRUHWLF FRQFHSW DYDLODEOH LQ WKH �QLWH�GLPHQVLRQDO FDVH��

,Q WKLV SDSHU� ZH GHYHORS D PHDVXUH�WKHRUHWLF QRWLRQ RI W\SLFDOLW\ DQG

H[FHSWLRQDOLW\ IRU LQ�QLWH�GLPHQVLRQDO VSDFHV� 7R GHPRQVWUDWH WKH XVHIXOQHVV

RI WKLV QRWLRQ� ZH JR RQ WR DSSO\ WKLV QRWLRQ WR IRXU HFRQRPLF SUREOHPV�

�� WKH JHQHULF H[LVWHQFH RI HTXLOLEULXP LQ �QDQFLDO PRGHOV ZLWK FRQWLQXRXV

WUDGLQJ

�� WKH JHQHULF �QLWHQHVV RI WKH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD�

DQG 3DUHWR LQH�FLHQF\ RI ?QRQ�YHUWH[� 1DVK HTXLOLEULD LQ JDPHV ZLWK

FRQWLQXXP DFWLRQ VSDFHV DQG VPRRWK SD\R� IXQFWLRQV

�� WKH JHQHULF �QLWHQHVV RI HTXLOLEULD LQ H[FKDQJH HFRQRPLHV ZLWK D �QLWH

QXPEHU RI FRPPRGLWLHV LQ ZKLFK VRPH FRQVXPHUV PD\ KDYH � HQGRZ�

PHQW RI VRPH JRRGV

�� WKH JHQHULF VLQJOH�YDOXHGQHVV RI WKH FRUH RI WUDQVIHUDEOH XWLOLW\ JDPHV

ZLWK D FRQWLQXXP RI SOD\HUV

�



2XU QRWLRQV RI W\SLFDOLW\ DQG H[FHSWLRQDOLW\ JHQHUDOL]H QRWLRQV GXH �LQ�

GHSHQGHQWO\� WR &KULVWHQVHQ ������ DQG +XQW� 6DXHU DQG <RUNH ������� 0R�

WLYDWLRQ IRU DOO RI WKHVH QRWLRQV FRPHV IURP DQ REVHUYDWLRQ DERXW /HEHVJXH

PHDVXUH LQ 5Q� 7UDQVODWLRQ�LQYDULDQFH RI /HEHVJXH PHDVXUH LPSOLHV WKDW D

VXEVHW ( � 5Q KDV /HEHVJXH PHDVXUH � LI DQG RQO\ LI DOO LWV WUDQVODWHV KDYH

/HEHVJXH PHDVXUH �� /HVV REYLRXVO\� ( KDV /HEHVJXH PHDVXUH � LI DQG RQO\

LI WKHUH LV VRPH SRVLWLYH PHDVXUH � RQ 5Q VXFK WKDW ( DQG DOO LWV WUDQVODWHV

KDYH ��PHDVXUH �� &KULVWHQVHQ DQG +XQW� 6DXHU DQG <RUNH WKHUHIRUH GH�QH

D %RUHO VXEVHW ( RI D FRPSOHWH PHWULF WRSRORJLFDO YHFWRU VSDFH ; WR EH VK\

LI WKHUH LV VRPH SRVLWLYH %RUHO PHDVXUH � ZLWK WKH SURSHUW\ WKDW WKH VHW DQG

DOO LWV WUDQVODWHV KDYH PHDVXUH �� D VHW LV SUHYDOHQW LI LWV FRPSOHPHQW LV VK\��

+XQW� 6DXHU DQG <RUNH VKRZ WKDW VK\QHVV DQG SUHYDOHQFH KDYH WKH HVVHQWLDO

SURSHUWLHV WKDW RQH VKRXOG GHPDQG IRU QRWLRQV RI VPDOO DQG ODUJH� DQG JR RQ

WR GHPRQVWUDWH D ZLGH YDULHW\ RI JHQHULFLW\ UHVXOWV�

8QIRUWXQDWHO\� WKH SDUDPHWHU VSDFHV RI LQWHUHVW LQ HFRQRPLFV DUH IUH�

TXHQWO\ QRW YHFWRU VSDFHV� RU RSHQ VXEVHWV RI YHFWRU VSDFHV� EXW UDWKHU VPDOO

VXEVHWV RI WKH DPELHQW YHFWRU VSDFHV� DQG WKHVH VPDOO VXEVHWV DUH W\SLFDOO\

VK\ LQ WKH DPELHQW YHFWRU VSDFHV� ,Q RXU �UVW DSSOLFDWLRQ� IRU LQVWDQFH� WKH

SDUDPHWHU VSDFH LV WKH VSDFH RI HQGRZPHQWV RI D FRQWLQXRXV WLPH HFRQRP\

�WKH IXQGDPHQWDO PRGHO LQ PRGHUQ �QDQFH�� %HFDXVH HQGRZPHQWV PXVW EH

QRQQHJDWLYH� WKH VSDFH RI HQGRZPHQWV LV WKH FRQH RI QRQQHJDWLYH UDQGRP

YDULDEOHV �ZLWK �QLWH PHDQ DQG YDULDQFH�_D VK\ FRQH LQ WKH YHFWRU VSDFH

RI DOO UDQGRP YDULDEOHV �ZLWK �QLWH PHDQ DQG YDULDQFH�� ,Q RXU WKLUG DSSOL�

FDWLRQ� WKH SDUDPHWHU VSDFH LV WKH VSDFH RI VPRRWK FRQFDYH XWLOLW\ IXQFWLRQV

VDWLVI\LQJ D ERXQGDU\ FRQGLWLRQ_D VK\ FRQH LQ WKH VSDFH RI DOO VPRRWK XWLO�

LW\ IXQFWLRQV� ,Q RXU IRXUWK DSSOLFDWLRQ� WKH SDUDPHWHU VSDFH LV WKH VSDFH RI

QRQQHJDWLYH SRSXODWLRQ GLVWULEXWLRQV �PHDVXUHV� WKDW DUH DEVROXWHO\ FRQWLQ�

XRXV ZLWK UHVSHFW WR D JLYHQ SRSXODWLRQ GLVWULEXWLRQ �PHDVXUH�_D VK\ FRQH

LQ WKH YHFWRU VSDFH RI DOO PHDVXUHV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR WKH

JLYHQ PHDVXUH� :LWKRXW D UHODWLYH QRWLRQ RI VK\QHVV LW ZRXOG PDNH QR VHQVH

WR DVN ZKHWKHU ?PRVW� HQGRZPHQWV OHDG WR HFRQRPLHV IRU ZKLFK HTXLOLEULXP

�&KULVWHQVHQ ZRUNV LQ WKH PRUH JHQHUDO IUDPHZRUN RI WRSRORJLFDO JURXSV� DQG XVHV

GL�HUHQW WHUPLQRORJ\�

�



H[LVWV� RU ZKHWKHU ?PRVW� XWLOLW\ IXQFWLRQV OHDG WR HFRQRPLHV IRU ZKLFK HTXL�

OLEULD DUH UHJXODU� RU ZKHWKHU ?PRVW� SRSXODWLRQ GLVWULEXWLRQV OHDG WR JDPHV

IRU ZKLFK WKH FRUH LV D VLQJOHWRQ� 7R DGGUHVV WKHVH TXHVWLRQV� RQH PXVW HLWKHU

PRGLI\ WKH HFRQRPLF PRGHO WR EULQJ LW LQWR D GRPDLQ RQ ZKLFK VK\QHVV LV

DSSOLFDEOH RU PRGLI\ WKH QRWLRQ RI VK\QHVV WR PDNH LW DSSOLFDEOH��

2XU FRQWULEXWLRQ LV SUHFLVHO\ WKH ODWWHU� ZH SURYLGH� LQ 6HFWLRQ �� QRWLRQV

RI VK\QHVV DQG SUHYDOHQFH UHODWLYH WR D FRQYH[ VXEVHW & RI D WRSRORJLFDO YHF�

WRU VSDFH ;� 8QIRUWXQDWHO\� WKLV LV QRW D VWUDLJKWIRUZDUG PDWWHU� DQG WKH

?FRUUHFW� UHODWLYL]DWLRQV DUH VXEWOH DQG QRW HDV\ WR JUDVS� �$V YDULRXV H[DP�

SOHV LQ $SSHQGL[ % GHPRQVWUDWH� WKH GL�FXOW\ LV LQWULQVLF LQ WKH SUREOHP��

)RU PRVW SXUSRVHV� KRZHYHU� ZH GR QRW QHHG WR XVH WKH GH�QLWLRQV RI WKHVH

QRWLRQV� EXW RQO\ WKH IROORZLQJ IHZ EDVLF SURSHUWLHV�

)DFW � (YHU\ VXEVHW RI D VHW WKDW LV VK\ LQ & LV VK\ LQ &�

)DFW � ,I ( LV VK\ LQ & WKHQ ( � [ LV VK\ LQ & � [ IRU HDFK [ � ;�

)DFW � 7KH FRXQWDEOH XQLRQ RI VHWV VK\ LQ & LV VK\ LQ &�

)DFW � 1R UHODWLYHO\ RSHQ VXEVHW RI & LV VK\ LQ &�

)DFW � ,I ;  5Q DQG & � 5Q LV D FRQYH[ VXEVHW ZLWK QRQHPSW\ LQWHULRU�

WKHQ ( � & LV VK\ LQ & LI DQG RQO\ LI WKH /HEHVJXH PHDVXUH RI ( LV ��

)DFW � ,I WKHUH LV D �QLWH GLPHQVLRQDO VXEVSDFH / � ; VXFK WKDW /?�(�[�

KDV ]HUR /HEHVJXH PHDVXUH LQ / IRU HYHU\ [ � ; DQG /? �&�\� KDV SRVLWLYH

/HEHVJXH PHDVXUH LQ / IRU VRPH \ � ; �ZH VD\ WKDW ( LV �QLWHO\ VK\ LQ &�

WKHQ ( LV VK\ LQ &�

)DFWV ��� HPERG\ WKH EDVLF SURSHUWLHV RQH ZRXOG GHVLUH RI DQ\ PHDVXUH�

WKHRUHWLF QRWLRQ RI ?VPDOOQHVV�� )DFW � SURYLGHV D XVHIXO VX�FLHQW FRQGLWLRQ

IRU VK\QHVV� $V WKH UHDGHU ZLOO VHH� D QDWXUDO PHWKRG IRU HVWDEOLVKLQJ WKDW D

VHW LV VK\ LQ & LV WR H[KLELW LW DV D FRXQWDEOH XQLRQ RI VHWV WKDW DUH �QLWHO\

�,Q KLV ZRUN RQ JHQHULF GHWHUPLQDF\ RI :DOUDVLDQ HTXLOLEULXP� $UDXMR ������ WDNHV WKH

IRUPHU URXWH� %HFDXVH WKH PDFKLQHU\ RI &KULVWHQVHQ DQG +XQW� 6DXHU DQG <RUNH DSSOLHV

RQO\ WR RSHQ VXEVHWV RI D YHFWRU VSDFH �LQ WKLV FDVH� WKH VSDFH RI &� IXQFWLRQV�� $UDXMR

QHFHVVDULO\ PDNHV DVVXPSWLRQV DERXW SUHIHUHQFHV WKDW DUH TXLWH GL�HUHQW IURP 'HEUHX
V�

�



VK\ LQ & �PXFK DV D QDWXUDO PHWKRG IRU HVWDEOLVKLQJ WKDW D VHW LV %RUHO LV WR

H[KLELW LW DV D FRXQWDEOH XQLRQ RI FORVHG VHWV� RU D FRXQWDEOH LQWHUVHFWLRQ RI

VXFK FRXQWDEOH XQLRQV� DQG VR IRUWK�� ,QGHHG� RXU RZQ KHXULVWLF LV WR WKLQN

RI VK\QHVV DV REWDLQHG IURP �QLWH VK\QHVV E\ FORVLQJ XQGHU FRXQWDEOH XQLRQV�

EXW ZH ZDUQ WKH UHDGHU WKDW WKLV KHXULVWLF LV QRW OLWHUDOO\ WUXH� VHH ([DPSOH

� LQ $SSHQGL[ %�

2XU �UVW DSSOLFDWLRQ� WR WKH JHQHUDO HTXLOLEULXP IRXQGDWLRQV RI FRQWLQXRXV�

WLPH �QDQFH� LV LQ 6HFWLRQ �� -XVW DV WKH RUGLQDU\ &DSLWDO $VVHW 3ULFLQJ

0RGHO �&$30� LV WKH PRVW IXQGDPHQWDO PRGHO LQ GLVFUHWH�WLPH �QDQFH� VR

%UHHGHQ
V FRQWLQXRXV�WLPH YHUVLRQ �&&$30� LV WKH PRVW IXQGDPHQWDO PRGHO

LQ FRQWLQXRXV�WLPH �QDQFH� 'X�H DQG =DPH ������ IRXQG VX�FLHQW FRQGL�

WLRQV RQ SULPLWLYHV �XWLOLWLHV DQG HQGRZPHQWV� IRU H[LVWHQFH RI DQ HTXLOLEULXP

VDWLVI\LQJ %UHHGHQ
V UHTXLUHPHQWV �HVSHFLDOO\ QRQYDQLVKLQJ FRQVXPSWLRQV��

VHSDUDEOH XWLOLWLHV� ,QDGD FRQGLWLRQV �LQ�QLWH PDUJLQDO XWLOLW\ DW � FRQVXPS�

WLRQ�� DJJUHJDWH HQGRZPHQW ERXQGHG DZD\ IURP �� 8QIRUWXQDWHO\� WKH ODVW

RI WKHVH FRQGLWLRQV LV QRQJHQHULF LQ WKH WRSRORJLFDO VHQVH� ,QGHHG� $UDXMR

DQG 0RQWHLUR ������ VKRZHG WKDW� JLYHQ VHSDUDEOH XWLOLW\ IXQFWLRQV VDWLVI\LQJ

,QDGD FRQGLWLRQV� WKH VHW RI HQGRZPHQWV IRU ZKLFK HTXLOLEULXP IDLOV WR H[LVW

LV UHVLGXDO� LQ WKLV VHQVH� ?PRVW� HQGRZPHQWV OHDG WR DQ HFRQRP\ IRU ZKLFK

HTXLOLEULXP GRHV QRW H[LVW� 7KLV DSSHDUV WR EH YHU\ XQIRUWXQDWH� VLQFH WKH

DVVXPSWLRQV XVHG LQ 'X�H DQG =DPH �DQG UHODWHG SDSHUV E\ $UDXMR DQG

0RQWHLUR ������� .DUDW]DV� /HKRF]N\� DQG 6KUHYH ������� 'DQD DQG 3RQWLHU

������ DQG 'DQD ������� DUH WKH RQO\ RQHV NQRZQ WR JXDUDQWHH H[LVWHQFH RI

DQ HTXLOLEULXP VDWLVI\LQJ WKH FRQGLWLRQV UHTXLUHG LQ �QDQFH� 2XU PHDVXUH�

WKHRUHWLF QRWLRQV� KRZHYHU� \LHOG H[DFWO\ WKH RSSRVLWH UHVXOW DERXW JHQHULF

H[LVWHQFH� WKH VHW RI HQGRZPHQWV ZKLFK DUH ERXQGHG DZD\ IURP �� DQG LQ

SDUWLFXODU WKH VHW RI HQGRZPHQWV IRU ZKLFK HTXLOLEULXP H[LVWV� LV SUHYDOHQW

�LQGHHG� �QLWHO\ SUHYDOHQW�� 7R WKH H[WHQW WKDW SUHYDOHQFH LV WKH PRUH VDW�

LVIDFWRU\ QRWLRQ� WKLV UHVXOW UHYHUVHV WKH YHU\ QHJDWLYH UHVXOW RI $UDXMR DQG

0RQWHLUR �������

2XU VHFRQG DSSOLFDWLRQ� WR JDPHV ZLWK D FRQWLQXXP RI DFWLRQV� LV SUH�

VHQWHG LQ 6HFWLRQ �� 5HFDOO WKDW D JDPH IRUP FRQVLVWV RI D �QLWH VHW RI DJHQWV

DQG D FRUUHVSRQGLQJ DFWLRQ VSDFH IRU HDFK DJHQW� D JDPH FRQVLVWV RI D JDPH

�



IRUP DQG DQ DVVLJQPHQW RI D SD\R� SUR�OH WR HDFK DFWLRQ SUR�OH� :KHQ DF�

WLRQ VSDFHV DUH �QLWH� WKHVH SD\R� DVVLJQPHQWV FDQ EH LGHQWL�HG ZLWK YHFWRUV

LQ 5Q� ,W LV ZHOO NQRZQ �:LOVRQ ������� +DUVDQ\L ������� WKDW� IRU D VHW RI

SD\R� DVVLJQPHQWV WKDW LV RSHQ DQG GHQVH DQG KDV IXOO PHDVXUH� WKH UHVXOWLQJ

JDPH KDV RQO\ D �QLWH QXPEHU RI �PL[HG VWUDWHJ\� 1DVK HTXLOLEULD� +HUH ZH

FRQVLGHU D JDPH IRUP LQ ZKLFK DFWLRQ VSDFHV DUH FRPSDFW SRO\KHGUD LQ (X�

FOLGHDQ VSDFH� DQG ZH FRQVLGHU SD\R� IXQFWLRQV WKDW DUH VPRRWK LQ DFWLRQV�

'XEH\ ������ VKRZHG WKDW� IRU DQ RSHQ DQG GHQVH VHW RI SD\R� IXQFWLRQV�

WKH UHVXOWLQJ JDPH KDV �QLWHO\ PDQ\ SXUH VWUDWHJ\ 1DVK HTXLOLEULD� :H VKRZ

WKDW IRU D �QLWHO\ SUHYDOHQW VHW RI VXFK SD\R� IXQFWLRQV� WKH UHVXOWLQJ JDPH

KDV DW PRVW D �QLWH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD�

2XU WKLUG DSSOLFDWLRQ� WR UHJXODU HFRQRPLHV� LV SUHVHQWHG LQ 6HFWLRQ ��

'HEUHX ������ GH�QHG DQ HFRQRP\ WR EH UHJXODU LI WKH DJJUHJDWH H[FHVV GH�

PDQG IXQFWLRQ LV VPRRWK DQG LWV GHULYDWLYH LV RI PD[LPDO UDQN DW HYHU\ :DO�

UDVLDQ HTXLOLEULXP �ZKLFK LV D ]HUR RI DJJUHJDWH H[FHVV GHPDQG�� $ UHJXODU

HFRQRP\ KDV RQO\ D �QLWH QXPEHU RI :DOUDVLDQ HTXLOLEULD� DQG WKH HTXLOLE�

ULD GHSHQG �ORFDOO\� VPRRWKO\ RQ WKH XQGHUO\LQJ SDUDPHWHUV RI WKH HFRQRP\

�HQGRZPHQWV LQ SDUWLFXODU�� 7KXV� IRU UHJXODU HFRQRPLHV� FRPSDUDWLYH VWDW�

LFV DUH PHDQLQJIXO� ,W LV HDV\ WR FRQVWUXFW QRQSDWKRORJLFDO HFRQRPLHV ZKLFK

DUH QRW UHJXODU� EXW 'HEUHX ������ VKRZHG WKDW� LI SUHIHUHQFHV DUH VPRRWK

DQG LQGL�HUHQFH VXUIDFHV KDYH QRQYDQLVKLQJ *DXVVLDQ FXUYDWXUH DQG VDWLVI\

D ERXQGDU\ FRQGLWLRQ� WKHQ WKH VHW RI HQGRZPHQWV ZKLFK OHDG WR D UHJXODU

HFRQRP\ FRQWDLQV DQ RSHQ VHW RI IXOO /HEHVJXH PHDVXUH LQ WKH VSDFH 5.1
�

RI DOO HQGRZPHQW SUR�OHV� �+HUH . LV WKH QXPEHU RI FRPPRGLWLHV DQG 1

LV WKH QXPEHU RI FRQVXPHUV�� +RZHYHU� 'HEUHX
V 7KHRUHP KDV QRWKLQJ WR

VD\ DERXW WKH VLWXDWLRQ LQ ZKLFK FRQVXPHUV
 HQGRZPHQWV RI VRPH JRRGV DUH

UHVWULFWHG D SULRUL WR EH �� 7KLV LV D VLWXDWLRQ RI JUHDW LQWHUHVW� DV 0DV�

&ROHOO ������ SDJH ���� ZULWHV� ? � � � LW GRHV QRW PDNH VHQVH LQ D UHDVRQDEO\

ULFK PRGHO WR DOORZ WKH LQLWLDO HQGRZPHQW YHFWRUV WR EH SHUWXUEHG LQ DQ\

GLUHFWLRQ �LPSO\LQJ WKDW IRU D FRQVXPHU WR KDYH D ]HUR HQGRZPHQW RI VRPH

FRPPRGLW\ LV D SDWKRORJLFDO VLWXDWLRQ��� +HUH ZH VKRZ WKDW� HYHQ ZKHQ ZH

DOORZ IRU VRPH FRQVXPHUV WR KDYH � HQGRZPHQWV RI VRPH FRPPRGLWLHV� WKH

�0RUH JHQHUDOO\� ZH FDQ DOORZ IRU DFWLRQ VSDFHV WKDW DUH VWUDWL�HG E\ VPRRWK PDQLIROGV�

�



UHJXODU HFRQRPLHV IRUP DQ RSHQ SUHYDOHQW VHW� ,QGHHG� LI ZH �[ HQGRZPHQWV

RI DOO FRQVXPHUV DQG WKH XWLOLW\ IXQFWLRQV RI DOO EXW D VLQJOH FRQVXPHU� WKHQ

WKH VHW RI XWLOLW\ IXQFWLRQV IRU WKDW FRQVXPHU IRU ZKLFK WKH UHVXOWLQJ HFRQRP\

LV UHJXODU LV RSHQ DQG SUHYDOHQW��

2XU IRXUWK DSSOLFDWLRQ� WR WKH FRUHV RI WUDQVIHUDEOH XWLOLW\ JDPHV� LV SUH�

VHQWHG LQ 6HFWLRQ �� )ROORZLQJ 2VWUR\ ������� 0DNRZVNL DQG 2VWUR\ ������

DQG *UHWVN\� 2VWUR\ DQG =DPH ������ ������ ZH JLYH D IRUPXODWLRQ RI WUDQV�

IHUDEOH XWLOLW\ JDPHV LQ WHUPV RI SRSXODWLRQ GLVWULEXWLRQV WKDW DEVWUDFWV D

PRUH IDPLOLDU GHVFULSWLRQ RI WUDQVIHUDEOH XWLOLW\ HFRQRPLHV LQ WHUPV RI SRS�

XODWLRQ GLVWULEXWLRQV� 7KH FRUH RI VXFK D JDPH FDQ EH LGHQWL�HG ZLWK WKH

VXEGL�HUHQWLDO RI WKH WRWDO JDLQV IXQFWLRQ DW WKH SRSXODWLRQ GLVWULEXWLRQ� VR

WKH FRUH LV D VLQJOHWRQ H[DFWO\ ZKHQ WKH JDLQV IXQFWLRQ LV *ADWHDX[ GL�HU�

HQWLDEOH� %\ HVWDEOLVKLQJ DQ LQ�QLWH GLPHQVLRQDO YHUVLRQ RI 5DGHPDFKHU
V

WKHRUHP �JHQHULF GL�HUHQWLDELOLW\ RI /LSVFKLW] IXQFWLRQV�� ZH VKRZ WKDW WKH

VHW RI SRSXODWLRQ GLVWULEXWLRQV IRU ZKLFK WKH JDLQV IXQFWLRQ LV GL�HUHQWLDEOH�

DQG KHQFH WKH FRUH LV D VLQJOHWRQ� LV SUHYDOHQW� ZLWKLQ WKLV VHW� WKH FRUH LV D

FRQWLQXRXV IXQFWLRQ RI WKH SRSXODWLRQ GLVWULEXWLRQ�

:H FDXWLRQ WKH UHDGHU WKDW� LQ WKH LQ�QLWH GLPHQVLRQDO FRQWH[W� SUHYD�

OHQFH GRHV QRW FRUUHVSRQG WR DQ\ REYLRXV QRWLRQ RI EHOLHIV� $V 6WLQFKFRPEH

������ SRLQWV RXW� HYHU\ UHJXODU %RUHO SUREDELOLW\ PHDVXUH RQ DQ LQ�QLWH

GLPHQVLRQDO %DQDFK VSDFH OLYHV RQ D VHW ZKLFK LV WKH FRXQWDEOH XQLRQ RI FRP�

SDFW VHWV� 6LQFH FRPSDFW VHWV LQ LQ�QLWH GLPHQVLRQDO %DQDFK VSDFHV DUH VK\�

DQG FRXQWDEOH XQLRQV RI VK\ VHWV DUH VK\� WKLV PHDQV WKDW HYHU\ UHJXODU %RUHO

SUREDELOLW\ PHDVXUH RQ DQ LQ�QLWH GLPHQVLRQDO %DQDFK VSDFH OLYHV RQ D VK\

VHW� %XW ZH WKLQN WKDW� LQ WKLV FDVH� IDLOXUH WR FRUUHVSRQG WR DQ\ REYLRXV

QRWLRQ RI EHOLHIV LV D YLUWXH� 7R VHH ZK\� LW LV XVHIXO WR WKLQN DERXW WKH

LQWHUSUHWDWLRQ RI JHQHULFLW\ LQ YDULRXV FRQWH[WV�

� &RQVLGHU �UVW D PRGHO WKDW LQYROYHV VRPH SDUDPHWHU [ � 5� 6XS�

�:H WUHDW HFRQRPLHV ZLWK D �QLWH QXPEHU RI FRPPRGLWLHV� 'HWHUPLQDF\ ZLWK DQ

LQ�QLWH�GLPHQVLRQDO FRPPRGLW\ VSDFH LV D PRUH GL�FXOW SUREOHP� VHH .HKRH DQG /HYLQH

������� .HKRH� /HYLQH� 0DV�&ROHOO DQG =DPH ������� &KLFKLOQLVN\ DQG =KRX ������� DQG

HVSHFLDOO\ 6KDQQRQ ������ DQG 6KDQQRQ DQG =DPH �������

�



SRVH WKH PRGHO H[KLELWV VRPH SDUWLFXODU QLFH EHKDYLRU ZKHQ [ LV QRW

DQ LQWHJHU� %HFDXVH WKH VHW = RI LQWHJHUV KDV /HEHVJXH PHDVXUH � LQ

5� LW PLJKW VHHP QDWXUDO WR FRQFOXGH WKDW WKH PRGHO ?W\SLFDOO\� H[�

KLELWV WKLV QLFH EHKDYLRU� %XW HFRQRPLFV LV IXOO RI LQVWDQFHV LQ ZKLFK

WKH SDUDPHWHUV DUH QHFHVVDULO\ LQWHJHU�YDOXHG� ,Q VXFK D FLUFXPVWDQFH

YLHZLQJ QRQ�LQWHJHU YDOXHV RI WKH SDUDPHWHU DV W\SLFDO DQG LQWHJHU YDO�

XHV DV H[FHSWLRQDO ZRXOG PDNH QR VHQVH DW DOO� :KDWHYHU QRWLRQ RI

W\SLFDOLW\ DQG H[FHSWLRQDOLW\ ZH XVH LQ D SDUWLFXODU FLUFXPVWDQFH PXVW

EH LQIRUPHG E\ HFRQRPLF PRGHOLQJ� ZH FDQQRW H[SHFW RQH QRWLRQ WR

VXLW DOO FLUFXPVWDQFHV�

� &RQVLGHU QH[W D PRGHO LQ ZKLFK WKH LQLWLDO FRQGLWLRQV LQFOXGH WKH VXSSO\
RI WZR FRPPRGLWLHV� ,I WKH PRGHO H[KLELWV VRPH SDUWLFXODU QLFH EHKDYLRU

H[FHSW IRU D VHW RI LQLWLDO FRQGLWLRQV KDYLQJ WZR�GLPHQVLRQDO /HEHVJXH

PHDVXUH �� LW PLJKW VHHP QDWXUDO WR FRQFOXGH WKDW WKLV SDUWLFXODU QLFH

EHKDYLRU LV?W\SLFDO�� %XW VXFK D FRQFOXVLRQ FRXOG EH YHU\ PLVOHDGLQJ LI

WKH FRPPRGLWLHV LQ TXHVWLRQ RFFXU RQO\ LQ PDWFKHG SDLUV _ QHZ SDLUV RI

VKRHV IRU LQVWDQFH� 7KH VXLWDELOLW\ RI ��GLPHQVLRQDO /HEHVJXH PHDVXUH

DV D FULWHULRQ IRU W\SLFDOLW\ GHSHQGV RQ D SUHVXPSWLRQ _ WKDW LQLWLDO

KROGLQJV FRXOG ?MXVW DV ZHOO� EH ��� �� DV ��� �� RU ��� �� RU DQ\ZKHUH

HOVH LQ WKH SRVLWLYH RUWKDQW� WKDW ZH GRQ
W NQRZ DQ\ SULRU UHVWULFWLRQV

RQ WKH SDUDPHWHUV�

� )LQDOO\� FRQVLGHU D PRGHO WKDW LQYROYHV VRPH SDUDPHWHU [ ZKRVH YDOXHV
DUH LQ VRPH LQ�QLWH GLPHQVLRQDO %DQDFK VSDFH ;� ,I WKH SUHVXPSWLRQ

LV WKDW [ OLHV LQ VRPH VLJPD�FRPSDFW VHW� WKHQ RI FRXUVH ZH VKRXOG

XVH D QRWLRQ RI W\SLFDOLW\ WKDW WDNHV WKLV LQWR DFFRXQW� %XW VLJPD�

FRPSDFW VXEVHWV RI LQ�QLWH GLPHQVLRQDO %DQDFK VSDFHV DUH YHU\ VPDOO�

,Q SDUWLFXODU� LI * � ; LV VLJPD�FRPSDFW WKHQ WKHUH H[LVWV DQ LQ�QLWH

VHW I[LJ � ; KDYLQJ WKH SURSHUW\ WKDW * DQG DOO WKH WUDQVODWHV *� [L
DUH SDLUZLVH GLVMRLQW� $ SUHVXPSWLRQ WKDW [ OLHV LQ VRPH VLJPD�FRPSDFW

VHW LV WKHUHIRUH LQFRQVLVWHQW ZLWK WKH SUHVXPSWLRQ WKDW WKH YDOXHV RI WKH

SDUDPHWHU FRXOG ?MXVW DV ZHOO� EH DQ\ZKHUH LQ ;� $V ZH KDYH QRWHG�

HYHU\ UHJXODU %RUHO PHDVXUH RQ ; OLYHV RQ VRPH VLJPD�FRPSDFW VHW�

�



VR D SUHVXPSWLRQ WKDW WKH SDUDPHWHU [ LV EHORQJV WR WKLV VHW LV DJDLQ

LQFRQVLVWHQW ZLWK WKH SUHVXPSWLRQ WKDW WKH YDOXHV RI WKH SDUDPHWHU

FRXOG ?MXVW DV ZHOO� EH DQ\ZKHUH LQ ;�

7KH SUHFHGLQJ FRQVLGHUDWLRQV PLJKW KDYH OHDG RQH WR JXHVV WKDW WKHUH

LV QR QRWLRQ RI W\SLFDOLW\ WKDW LV FRQVLVWHQW ZLWK WKH SUHVXPSWLRQ WKDW WKH

YDOXHV RI WKH SDUDPHWHU FRXOG ?MXVW DV ZHOO� EH DQ\ZKHUH LQ ;� %HLQJ D

UHVLGXDO VHW �LQ WKH VHQVH RI WKH %DLUH FDWHJRU\ WKHRUHP� SURYLGHV VXFK D

QRWLRQ RI W\SLFDOLW\ _ EXW LW LV D QRWLRQ WKDW LV TXLWH GL�HUHQW IURP DQ\

PHDVXUH�WKHRUHWLF QRWLRQ �HYHQ LQ WKH �QLWH�GLPHQVLRQDO FRQWH[W�� DQG KHQFH

LV QRW JHQHUDOO\ UHJDUGHG DV FRPSOHWHO\ VDWLVIDFWRU\� ,W VHHPV DOO WKH PRUH

UHPDUNDEOH� WKHUHIRUH� WKDW SUHYDOHQFH SURYLGHV D QRWLRQ RI W\SLFDOLW\ WKDW LV

RQH WKH RQH KDQG JURXQGHG LQ D PHDVXUH�WKHRUHWLF DSSURDFK DQG RQ WKH RWKHU

KDQG FRQVLVWHQW ZLWK WKH SUHVXPSWLRQ WKDW WKH YDOXHV RI WKH SDUDPHWHU FRXOG

?MXVW DV ZHOO� EH DQ\ZKHUH LQ WKH VSDFH�

� 6K\QHVV DQG 3UHYDOHQFH LQ D &RQYH[ 6HW

+XQW� 6DXHU DQG <RUNH ������ PDNH WKH IROORZLQJ GH�QLWLRQV� �7KH VHWWLQJ

LQ &KULVWHQVHQ ������ LV PRUH JHQHUDO DQG WKH WHUPLQRORJ\ LV GL�HUHQW� EXW

WKH QRWLRQV DUH HTXLYDOHQW��

'H�QLWLRQ ��� /HW ; EH D FRPSOHWHO\ PHWUL]DEOH WRSRORJLFDO YHFWRU VSDFH�

$ %RUHO VHW ( � ; LV VK\ LI WKHUH H[LVWV D UHJXODU� %RUHO SUREDELOLW\ PHDVXUH

� RQ ; ZLWK FRPSDFW VXSSRUW VXFK WKDW ��( � [�  � IRU HYHU\ [ � ;� $

�QRW QHFHVVDULO\ %RUHO� VXEVHW ) � ; LV VK\ LI LW LV FRQWDLQHG LQ D VK\ %RUHO

VHW� $ VXEVHW < � ; LV SUHYDOHQW LI ; Q < LV VK\�

�$ %RUHO PHDVXUH � LV UHJXODU LI� IRU HYHU\ %RUHO VHW %�

��%�  VXSI��&� � & � %�& FRPSDFWJ  LQII��'� � '   %�' RSHQJ�

�



$V ZH KDYH QRWHG LQ WKH ,QWURGXFWLRQ� WKHVH GH�QLWLRQV DUH QRW VDWLVIDFWRU\

IRU RXU SXUSRVHV EHFDXVH ZH DUH LQWHUHVWHG LQ SDUDPHWHU VSDFHV ZKLFK DUH

WKHPVHOYHV VPDOO VXEVHWV RI WKH DPELHQW WRSRORJLFDO YHFWRU VSDFH� :KDW ZH

ZDQW� WKHUHIRUH� DUH GH�QLWLRQV RI VK\QHVV DQG SUHYDOHQFH UHODWLYH WR D VXEVHW

& � ;� +RZHYHU� LW LV QRW DW DOO REYLRXV ZKDW WKHVH GH�QLWLRQV VKRXOG EH�

,W VHHPV REYLRXV WKDW ZH VKRXOG UHTXLUH WKDW WKH PHDVXUH � EH VXSSRUWHG

RQ &� EXW WKDW ZLOO QRW EH HQRXJK WR \LHOG WKH SURSHUWLHV ZH GHVLUH� 7R

XQGHUVWDQG WKH GL�FXOWLHV LW LV XVHIXO WR FRQVLGHU WKH +XQW� 6DXHU DQG <RUNH

������ SURRIV WKDW WKH XQLRQ RI WZR VK\ VHWV LV VK\ DQG WKDW WKH XQLRQ RI

FRXQWDEO\ PDQ\ VK\ VHWV LV VK\�

�� /HW (�� (� � ; EH VK\ %RUHO VHWV� 7R VKRZ WKDW WKH XQLRQ (�>(� LV VK\�
FKRRVH FRPSDFWO\ VXSSRUWHG PHDVXUHV ��� �� VXFK WKDW ���(� � [�  

�  ���(� � [� IRU HYHU\ [ � ;� 7KH FRQYROXWLRQ �  �� � �� LV WKH

PHDVXUH GH�QHG E\�

��$�  
=
;
���$� [�G���[�

,W LV HDVLO\ FKHFNHG WKDW �� � �� LV D FRPSDFWO\ VXSSRUWHG PHDVXUH DQG
WKDW ��� � ����( � [�  � IRU HYHU\ [ � ;� +HQFH (� > (� LV VK\�

�� /HW (�� (�� � � � � ; EH VK\ %RUHO VHWV� 7R VKRZ WKDW WKH XQLRQ
6
(Q

LV VK\� FKRRVH IRU HDFK Q D FRPSDFWO\ VXSSRUWHG PHDVXUH �Q VXFK WKDW

�Q�(Q � [�  � IRU HYHU\ [ � ;� 7KH LQ�QLWH FRQYROXWLRQ �� � �� � � �

PD\ QRW FRQYHUJH� EXW ZH FDQ UHPHG\ WKLV VLWXDWLRQ E\ PRGLI\LQJ WKH

PHDVXUHV �Q� &KRRVH� IRU HDFK Q� D SRLQW \Q � VXSS �Q DQG GH�QH

��Q E\ ��Q�$�  �Q�$ � \Q�� VR � � VXSS ��Q� :ULWH %Q IRU WKH FORVHG

EDOO RI FHQWHU �� UDGLXV ��Q DQG OHW �Q EH WKH UHVWULFWLRQ RI �
�
Q WR %Q�

QRUPDOL]HG WR KDYH WRWDO PDVV �� ,W LV QRZ HDVLO\ FKHFNHG WKDW WKH

LQ�QLWH FRQYROXWLRQ �  ������� � � GRHV FRQYHUJH DQG WKDW ��(�[�  �

IRU HDFK [ � ;�

,I ZH DWWHPSW WR UHODWLYL]H WKH GH�QLWLRQ RI VK\QHVV VLPSO\ E\ DGGLQJ WKH

UHTXLUHPHQW WKDW WKH PHDVXUH EH VXSSRUWHG RQ &� ZH HQFRXQWHU GL�FXOWLHV

LQ HDFK RI WKHVH DUJXPHQWV� ,Q WKH �UVW DUJXPHQW� WKH GL�FXOW\ LV WKDW WKH

��



VXSSRUW RI WKH FRQYROXWLRQ RI WZR PHDVXUHV LV WKH VXP RI WKH VXSSRUWV� KHQFH

LI ��� �� DUH VXSSRUWHG RQ & WKHQ WKH FRQYROXWLRQ �� � �� LV VXSSRUWHG RQ

& � & DQG QRW RQ &� ,Q WKH VHFRQG DUJXPHQW� RQH GL�FXOW\ LV WKDW WKH

WUDQVODWHV ��Q PLJKW QRW EH VXSSRUWHG LQ &� $ VHFRQG GL�FXOW\ LV WKDW� HYHQ

LI WKH WUDQVODWHV ��Q KDSSHQ WR EH VXSSRUWHG LQ &� WKH LQ�QLWH FRQYROXWLRQ

�� � �� � � � � ZLOO QRW EH VXSSRUWHG LQ &�

7KHVH FRQVLGHUDWLRQV SRLQW WKH ZD\ WR WKH IROORZLQJ GH�QLWLRQ�

'H�QLWLRQ ��� /HW ; EH D WRSRORJLFDO YHFWRU VSDFH DQG OHW & � ; EH D

FRQYH[ VXEVHW ZKLFK LV FRPSOHWHO\ PHWUL]DEOH LQ WKH UHODWLYH WRSRORJ\ LQGXFHG

IURP;�� /HW F � &� :H VD\ WKDW D VHW( � & ZKLFK LV XQLYHUVDOO\ PHDVXUDEOH

LQ ;� LV VK\ LQ & DW F LI IRU HDFK � ! � DQG HDFK QHLJKERUKRRG : RI � LQ ;�

WKHUH LV D UHJXODU %RUHO SUREDELOLW\ PHDVXUH � RQ ; ZLWK FRPSDFW VXSSRUW

VXFK WKDW VXSS � � >��& � F� � F@ ? �: � F� DQG ��( � [�  � IRU HYHU\

[ � ;�� >1RWH WKDW FRQYH[LW\ RI & HQWDLOV WKDW ��& � F� � F  �& � ��� ��F

LV D VXEVHW RI &�@ :H VD\ WKDW ( LV VK\ LQ & LI LW LV VK\ DW HDFK SRLQW F � &�

$Q DUELWUDU\ VXEVHW ) � & LV VK\ LQ & LI LW LV FRQWDLQHG LQ D VK\ XQLYHUVDOO\

PHDVXUDEOH VHW� $ VXEVHW < � & LV SUHYDOHQW LQ & LI LWV FRPSOHPHQW & Q <

�$OWKRXJK WKH GH�QLWLRQ ZRXOG PDNH SHUIHFWO\ JRRG VHQVH LI & ZHUH QRW FRPSOHWH

RU PHWUL]DEOH� ZH ZLOO VHH EHORZ WKDW� ZLWKRXW WKHVH UHVWULFWLRQV� ZH ZRXOG EH XQDEOH

WR HVWDEOLVK WKH GHVLUHG SURSHUWLHV� ,I ; LV FRPSHWHO\ PHWUL]DEOH WKHQ & ZLOO DOVR EH�

SURYLGHG WKDW & LV RSHQ� RU FORVHG� RU WKH LQWHUVHFWLRQ RI D FORVHG VHW DQG D RSHQ VHW� RU WKH

LQWHUVHFWLRQ RI D FORVHG VHW DQG FRXQWDEOH PDQ\ RSHQ VHWV �VHH &KULVWHQVHQ ������� SDJH

���� :H SUHIHU WR PDNH DVVXPSWLRQV GLUHFWO\ RQ & UDWKHU WKDQ RQ ; EHFDXVH WKDW LV PRUH

JHQHUDO� DQG WKH JHQHUDOLW\ LV XVHIXO� )RU LQVWDQFH� LI . LV D FRPSDFW PHWULF VSDFH WKHQ

WKH FRQH 0��.� RI QRQQHJDWLYH PHDVXUHV RQ . LV FRPSOHWHO\ PHWUL]DEOH LQ WKH ZHDN VWDU

WRSRORJ\� EXW WKH HQWLUH VSDFH 0�.� RI DOO PHDVXUHV RQ . LV QRW�
�5HFDOO WKDW D VXEVHW & � ; LV XQLYHUVDOO\ PHDVXUDEOH LI LW LV PHDVXUDEOH ZLWK UHVSHFW

WR WKH FRPSOHWLRQ RI HYHU\ UHJXODU %RUHO SUREDELOLW\ PHDVXUH RQ; � 7KH H[WHQVLRQ WR XQL�

YHUVDOO\ PHDVXUDEOH VHWV LV XVHIXO LQ VRPH DSSOLFDWLRQV �VHH 6KDQQRQ ������� IRU LQVWDQFH�

EHFDXVH WKH FRQWLQXRXV LPDJH RI D %RUHO VHW �LQGHHG WKH SURMHFWLRQ RI D %RUHO VHW� QHHG

QRW EH %RUHO� EXW LV DOZD\V XQLYHUVDOO\ PHDVXUDEOH�
�6LQFH � LV VXSSRUWHG RQ &� DQG ( LV XQLYHUVDOO\ PHDVXUDEOH� & DQG ( DUH PHDVXUDEOH

ZLWK UHVSHFW WR WKH FRPSOHWHWLRQ RI �� 7R HDVH WKH QRWDWLRQ� ZH VKDOO QRW GLVWLQJXLVK

EHWZHHQ � DQG LWV FRPSOHWLRQ�

��



LV VK\ LQ &���

:KHQ WKHUH LV QR GDQJHU RI FRQIXVLRQ� ZH RPLW WKH H[SOLFLW UHIHUHQFH WR

&� DQG VLPSO\ VD\ WKDW D VHW LV VK\ RU SUHYDOHQW�

7KH GH�QLWLRQ VHHPV DZNZDUG EHFDXVH WKH SRLQW F VHHPV WR SOD\ D VSHFLDO

UROH� DV WKH IROORZLQJ )DFW VKRZV� KRZHYHU� WKH VSHFLDO UROH LV DQ LOOXVLRQ� :H

GHIHU WKH SURRI RI WKLV DQG WKH RWKHU )DFWV WR $SSHQGL[ $�

)DFW � ,I ( LV VK\ DW VRPH SRLQW RI & WKHQ LW LV VK\ DW HYHU\ SRLQW RI & DQG

KHQFH VK\ LQ &�

7KH IROORZLQJ )DFWV UHFRUG WKDW VK\QHVV DQG SUHYDOHQFH LQ D FRQYH[ VHW &

VDWLVI\ DOO WKH SURSHUWLHV ZH VKRXOG H[SHFW RI D PHDVXUH�WKHRUHWLF GH�QLWLRQ

RI VPDOOQHVV�

)DFW � (YHU\ VXEVHW RI D VHW WKDW LV VK\ LQ & LV VK\ LQ &�

)DFW � ,I ( LV VK\ LQ & WKHQ ( � [ LV VK\ LQ & � [ IRU HYHU\ [ � ;�

)DFW � 7KH FRXQWDEOH XQLRQ RI VHWV WKDW DUH VK\ LQ & LV VK\ LQ &�

��:KHQ &  ; � VK\QHVV IRU %RUHO VXEVHWV RI & LV HTXLYDOHQW WR VK\QHVV IRU %RUHO VHWV LQ

WKH VHQVH RI +XQW� 6DXHU DQG <RUNH� ,I ( LV %RUHO DQG VK\ LQ WKH VHQVH RI +XQW� 6DXHU DQG

<RUNH� WKHUH LV D FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUH � VXFK WKDW ��( � [�  � IRU

HDFK [ � ;� *LYHQ F � ;� � ! � DQG D QHLJKERUKRRG : RI � � ;� SLFN DQ\ F� � VXSS �

DQG GH�QH WKH WUDQVODWH �� E\

���$�  ��$� F� � F�

&OHDUO\� ���(�[�  � IRU HYHU\ [� %HFDXVH : LV D QHLJKERUKRRG RI � � ; DQG F� � VXSS �

LW IROORZV WKDW ��: � F�� ! �� VR ���: � F� ! �� 6LQFH � LV UHJXODU� VR LV ��� VR ZH PD\

FKRRVH D FRPSDFW VHW . � : � F VXFK WKDW ���.� ! �� OHW ���  ��
M. EH WKH UHVWULFWLRQ�

QRUPDOL]HG WR KDYH WRWDO PDVV �� ,W LV HYLGHQW WKDW

VXSS ��� � . � : � F  >��; � F� � F@ ? �: � F�

DQG WKDW ����( � [�  � IRU HYHU\ [ � ; � +HQFH ( VDWLV�HV RXU GH�QLWLRQ RI VK\QHVV�

��



)DFW � 1R UHODWLYHO\ RSHQ VXEVHW RI & LV VK\ LQ &�

)DFW � ,I ;  5Q DQG & KDV QRQHPSW\ LQWHULRU LQ ;� WKHQ ( � & LV VK\

LQ & LI DQG RQO\ LI WKH /HEHVJXH PHDVXUH RI ( LV ��

'HPRQVWUDWLQJ WKDW D VHW LV VK\ PLJKW EH D GL�FXOW WDVN� EXW WKHUH LV D

VLPSOH VX�FLHQW FRQGLWLRQ� ,I 9 � ; LV D �QLWH GLPHQVLRQDO VXEVSDFH� ZH

ZULWH �9 IRU /HEHVJXH PHDVXUH RQ 9 ���

'H�QLWLRQ ��� $ XQLYHUVDOO\ PHDVXUDEOH VXEVHW ( � & LV �QLWHO\ VK\ LQ &

LI WKHUH LV D �QLWH�GLPHQVLRQDO VXEVSDFH 9 � ; VXFK WKDW �9 �& � D� ! �

IRU VRPH D � ;�� DQG �9 �( � [�  � IRU HYHU\ [ � ;� $Q DUELWUDU\ VXEVHW

) � ; LV �QLWHO\ VK\ LQ & LI LW LV FRQWDLQHG LQ D �QLWHO\ VK\ XQLYHUVDOO\

PHDVXUDEOH VHW�

)DFW � (YHU\ VHW WKDW LV �QLWHO\ VK\ LQ & LV VK\ LQ &�

7DNHQ WRJHWKHU� )DFWV � DQG � SURYLGHV D VLPSOH EXW SRZHUIXO PHWKRG IRU

GHPRQVWUDWLQJ WKDW D VHW LV VK\� H[KLELW LW DV WKH FRXQWDEOH XQLRQ RI �QLWHO\

VK\ VHWV� $V DQ HDV\ LOOXVWUDWLRQ� ZH GHPRQVWUDWH WKH VK\QHVV RI WKH HYHU\�

ZKHUH GL�HUHQWLDEOH FRQFDYH IXQFWLRQV LQ WKH FRQH RI DOO FRQFDYH IXQFWLRQV�

/HW. EH D FRPSDFW FRQYH[ VXEVHW RI5Q ZLWK QRQHPSW\ LQWHULRU� :ULWH &�.�

IRU WKH VSDFH RI FRQWLQXRXV UHDO�YDOXHG IXQFWLRQV RQ .� HTXLSSHG ZLWK WKH

VXS QRUP WRSRORJ\� DQG &FRQ�.� � &�.� IRU WKH VXEVHW RI FRQFDYH IXQFWLRQV�

QRWH WKDW &FRQ�.� LV D FORVHG FRQYH[ FRQH� *UXEHU ������ DQG +RZH ������

VKRZHG �LQGHSHQGHQWO\� WKDW WKH VXEVHW &GL�FRQ�.� � &FRQ�.� FRQVLVWLQJ RI

IXQFWLRQV WKDW DUH HYHU\ZKHUH GL�HUHQWLDEOH RQ WKH LQWHULRU RI . LV D UHVLGXDO

��6LQFH 9 LV �QLWH GLPHQVLRQDO� WKHUH LV D FRQWLQXRXV OLQHDU LVRPRUSKLVP 7 � 9 � 5N IRU

VRPH N� ,I �N LV /HEHVJXH PHDVXUH RQ5
N� ZH PD\ GH�QH �9 �$�  �N�7 �$�� IRU HYHU\ %RUHO

VHW $ � 9 � 2I FRXUVH WKLV GH�QLWLRQ RI �9 GHSHQGV RQ WKH FKRLFH RI OLQHDU LVRPRUSKLVP

7 � EXW GL�HUHQW FKRLFHV OHDG WR PHDVXUHV ZKLFK DUH PXWXDOO\ DEVROXWHO\ FRQWLQXRXV DQG

KHQFH KDYH WKH VDPH VHWV RI PHDVXUH �� 6LQFH ZH DUH LQWHUHVWHG RQO\ LQ VHWV RI PHDVXUH ��

ZH �QG LW FRQYHQLHQW WR DEXVH QRWDWLRQ LQ WKLV ZD\�
��:H DOORZ WKH SRVVLELOLW\ WKDW �9 �& � D�  ��

��



VXEVHW RI &FRQ�.�� �%\ FRQWUDVW� WKH QRZKHUH GL�HUHQWLDEOH FRQWLQXRXV IXQF�

WLRQV IRUP D UHVLGXDO VXEVHW RI &�.��� +RZHYHU� LQ RXU PHDVXUH�WKHRUHWLF

VHQVH� WKH HYHU\ZKHUH GL�HUHQWLDEOH FRQFDYH IXQFWLRQV IRUP D VPDOO VHW�

7KHRUHP ��� /HW . EH D FRPSDFW FRQYH[ VXEVHW RI 5Q ZLWK QRQHPSW\ LQWH�

ULRU� 7KH VHW &GL�FRQ�.� RI FRQFDYH IXQFWLRQV GL�HUHQWLDEOH HYHU\ZKHUH RQ WKH

LQWHULRU RI . LV VK\ �LQ IDFW �QLWHO\ VK\� LQ WKH FRQH &FRQ�.� � &�.� RI

FRQFDYH IXQFWLRQV�

3URRI &KRRVH D SRLQW [� LQ WKH LQWHULRU RI . DQG ZULWH ' � &FRQ�.� IRU

WKH VXEVHW RI IXQFWLRQV ZKLFK DUH GL�HUHQWLDEOH DW [�� :H DVVHUW WKDW ' LV D

%RUHO VHW DQG LV �QLWHO\ VK\ LQ &FRQ�.��

7R VHH WKDW ' LV D %RUHO VHW �ZKLFK LV PXFK WKH KDUGHU SDUW�� FKRRVH D

FRXQWDEOH GHQVH VXEVHW I[L � L � 1J RI WKH LQWHULRU RI . ZLWK [L � [� IRU

L � � DQG D FRXQWDEOH GHQVH VXEVHW 4 � 5Q� $ IXQFWLRQ I � . � 5 LV

GL�HUHQWLDEOH DW [� LI DQG RQO\ LI WKHUH LV D YHFWRU � � 5Q VXFK WKDW

OLP
[�[�

MI�[�� I�[��� � � �[� [��M
N[� [�N  �

(TXLYDOHQWO\� I LV GL�HUHQWLDEOH DW [� LI DQG RQO\ LI IRU HDFK LQWHJHU N ! �

WKHUH LV DQ LQWHJHU C ! � DQG D YHFWRU T � 4 VXFK WKDW

MI�[L�� I�[��� T � �[L � [��M
N[L � [�N �

�

N

ZKHQHYHU M[L � [�M � �

C
� )RU HDFK N� C� T� L� VHW

'�N� C� T� L�  

�
I � &FRQ�.� �

MI�[L�� I�[��� T � �[L � [��M
N[L � [�N �

�

N

�

1RWH WKDW '�N� C� T� L� LV DQ RSHQ VXEVHW RI &FRQ�.� DQG WKDW

'  
�?
N �

�>
C �

>
T�4

� ?
��M[L�[�M�

�

C

'�N� C� T� L�
�
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VR WKDW ' LV D %RUHO VHW�

7R VHH WKDW ' LV �QLWHO\ VK\ LQ &� GH�QH D IXQFWLRQ K � &�.� E\

K�[�  �M[� [�M

1RWH WKDW K LV FRQWLQXRXV DQG FRQFDYH� EXW LV QRW GL�HUHQWLDEOH DW [�� /HW

9 � &�.� EH WKH RQH�GLPHQVLRQDO VSDFH VSDQQHG E\ K� 6LQFH WK LV FRQFDYH

IRU HDFK W � �� LW LV HYLGHQW WKDW �9 �&FRQ�.�� ! �� 2Q WKH RWKHU KDQG�

ZH FODLP WKDW �9 �' � J�  � IRU HYHU\ J � &�.�� 7R VHH WKLV� LW VX�FHV

WR VKRZ WKDW �9 � J� ? ' LV HPSW\ RU D VLQJOHWRQ� ,I WKLV ZHUH QRW VR� ZH

FRXOG �QG GLVWLQFW UHDO QXPEHUV W� � W� DQG GLVWLQFW IXQFWLRQV G�� G� � '

VR WKDW G�  W�K � J� G�  W�K � J� 7KH GL�HUHQFH RI WZR IXQFWLRQV WKDW

DUH GL�HUHQWLDEOH DW D JLYHQ SRLQW LV DJDLQ GL�HUHQWLDEOH DW WKDW SRLQW� VR

G� � G� LV GL�HUHQWLDEOH DW [�� 2Q WKH RWKHU KDQG� G� � G�  �W� � W��K�

ZKLFK� E\ FRQVWUXFWLRQ� LV QRW GL�HUHQWLDEOH DW [�� 7KLV LV D FRQWUDGLFWLRQ� VR

�9 � J�?' LV HPSW\ RU D VLQJOHWRQ� DQG KHQFH ' LV �QLWHO\ VK\ LQ &FRQ�.��

%HFDXVH &GL�FRQ�.� � ' DQG HYHU\ VXEVHW RI D �QLWHO\ VK\ VHW LV �QLWHO\ VK\�

ZH FRQFOXGH WKDW &GL�FRQ�.� LV �QLWHO\ VK\� DV GHVLUHG�

7ZR PRUH )DFWV ZLOO EH XVHIXO� 7KH �UVW DVVHUWV WKDW D SUHYDOHQW VXEVHW

RI D SUHYDOHQW VHW LV SUHYDOHQW�

)DFW � ,I ( LV SUHYDOHQW LQ ) DQG ) LV SUHYDOHQW LQ * WKHQ ( LV SUHYDOHQW

LQ *�

)LQDOO\ ZH VKRZ WKDW� MXVW DV WKH VSHFLDO UROH RI WKH GLVWLQJXLVKHG SRLQW F

LV DQ LOOXVLRQ� VR LV WKH VSHFLDO UROH RI WKH DPELHQW YHFWRU VSDFH ;�

)DFW � /HW ;� < EH WRSRORJLFDO YHFWRU VSDFHV� OHW & � ; DQG & � < VXFK

WKDW; DQG < LQGXFH WKH VDPH WRSRORJ\ RQ &� DQG WKLV WRSRORJ\ LV FRPSOHWHO\

PHWUL]DEOH��� /HW ( � &� 7KHQ ( LV VK\ LQ & �YLHZHG ZLWKLQ ;� LI DQG RQO\

LI ( LV VK\ LQ & �YLHZHG ZLWKLQ < ��

��,Q SDUWLFXODU� ZH PLJKW KDYH & � ; DQG ; D VXEVSDFH RI < �

��



� (TXLOLEULXP LQ )LQDQFLDO 0RGHOV

:H UHFDOO WKH VWDQGDUG FRQWLQXRXV�WLPH �QDQFLDO PRGHO� IRU PRUH GHWDLO VHH

'X�H DQG +XDQJ ������� 'X�H ������ RU 'X�H DQG =DPH ������� 2XU

HFRQRP\ HYROYHV RYHU D �QLWH WLPH LQWHUYDO >�� 7 @� /HW ���) � �)W�� 3 � EH

D �OWHUHG SUREDELOLW\ VSDFH� VR WKDW �)W� LV DQ LQFUHDVLQJ IDPLO\ RI VXE� �

DOJHEUDV RI ) � LQGH[HG E\ W � >�� 7 @� KDYLQJ WKH SURSHUW\ WKDW )7  ) �
:H LQWHUSUHW )W DV UHSUHVHQWLQJ LQIRUPDWLRQ DYDLODEOH XS WR WLPH W� 7KH

FRQVXPSWLRQ VSDFH /� FRQVLVWV RI VTXDUH LQWHJUDEOH SUHGLFWDEOH VWRFKDVWLF

SURFHVVHV� WKDW LV� IXQFWLRQV [ � � � >�� 7 @ � 5 IRU ZKLFK WKH FRQVXPSWLRQ

UDWH [��� W� GHSHQGV RQO\ RQ LQIRUPDWLRQ DYDLODEOH XS WR WLPH W� DQG IRU ZKLFK

(

�= 7

�
[��� W��GW

�
� �

�$OO H[SHFWDWLRQV DUH ZLWK UHVSHFW WR 3 �� :ULWH /�� IRU WKH FRQH RI QRQQHJD�

WLYH IXQFWLRQV LQ /����

:H FRQVLGHU D SXUH H[FKDQJH HFRQRP\ ZLWK Q DJHQWV� $JHQW L LV GHVFULEHG

E\ D FRQVXPSWLRQ VHW� ZKLFK ZH WDNH WR EH /��� DQ HQGRZPHQW HL � /��� DQG

D XWLOLW\ IXQFWLRQ 8L � /
�
� � 5� ZKLFK ZH DVVXPH WR EH RI WKH IRUP

8L�[�  (

�= 7

�
YL �[�W� ��� W� GW

�

ZKHUH� IRU HDFK W � 7 � WKH IXQFWLRQ YL��� W� � 5� � 5 LV VPRRWK� VWULFWO\

FRQFDYH� LQFUHDVLQJ� DQG VDWLV�HV WKH XQLIRUP ,QDGD FRQGLWLRQ�

#YL
#[
�[� W�� � DV [ 	 � � XQLIRUPO\ IRU W � >�� 7 @

'X�H DQG =DPH ������ HVWDEOLVK WKH IROORZLQJ WKHRUHP�

7KHRUHP ��� ,I� LQ DGGLWLRQ WR WKH DVVXPSWLRQV DERYH� WKH DJJUHJDWH HQGRZ�

PHQW
3

HL LV XQLIRUPO\ ERXQGHG DZD\ IURP �� WKHQ WKHUH H[LVWV D :DOUDVLDQ

HTXLOLEULXP� DQG HYHU\ :DOUDVLDQ HTXLOLEULXP KDV WKH SURSHUW\ WKDW FRQVXPS�

WLRQV [L DUH XQLIRUPO\ ERXQGHG DZD\ IURP ��

��$V XVXDO� ZH LGHQWLI\ IXQFWLRQV ZKLFK DUH HTXDO DOPRVW HYHU\ZKHUH�

��



,QDGD FRQGLWLRQV DUH DVVXPHG LQ RUGHU WR JXDUDQWHH WKDW HTXLOLEULXP FRQ�

VXPSWLRQV DUH HYHU\ZKHUH QRQYDQLVKLQJ� D UHTXLUHPHQW IRU %UHHGHQ
V &$30�

+RZHYHU� LPSRVLQJ ,QDGD FRQGLWLRQV PHDQV WKDW XWLOLW\ IXQFWLRQV ZLOO QHFHV�

VDULO\ IDLO WR DGPLW VXSSRUWLQJ SULFHV DW VRPH SRLQWV� VHH 0DV�&ROHOO ������

DQG 0DV�&ROHOO DQG =DPH ������� $VVXPLQJ WKDW WKH DJJUHJDWH HQGRZPHQW LV

XQLIRUPO\ ERXQGHG DZD\ IURP � JXDUDQWHHV WKH H[LVWHQFH RI VXSSRUWLQJ SULFHV

DW WKH ?ULJKW� DOORFDWLRQV� DQG KHQFH WKH H[LVWHQFH RI HTXLOLEULXP� +RZHYHU�

WKLV LV D VWURQJ DVVXPSWLRQ� ,QGHHG� WKH VHW RI IXQFWLRQV LQ /�� ZKLFK DUH

ERXQGHG DZD\ IURP � LV �UVW FDWHJRU\� DQG WKXV H[FHSWLRQDO LQ WKH WRSRORJ�

LFDO VHQVH� $UDXMR DQG 0RQWHLUR ������ KDYH VKRZQ WKDW� IRU JLYHQ XWLOLW\

IXQFWLRQV VDWLVI\LQJ ,QDGD FRQGLWLRQV� WKH VHW RI HQGRZPHQWV �H�� � � � � HQ� IRU

ZKLFK DQ HTXLOLEULXP H[LVWV LV �UVW FDWHJRU\ LQ �/���
Q�

:H VKRZ� KRZHYHU� WKDW RXU PHDVXUH�WKHRUHWLF QRWLRQ RI W\SLFDOLW\ OHDGV

WR H[DFWO\ WKH RSSRVLWH FRQFOXVLRQ�

7KHRUHP ��� 7KH VHW RI HQGRZPHQWV

I�H�� � � � � HQ� � �/���Q �
Q;
L �

HL LV XQLIRUPO\ ERXQGHG DZD\ IURP �J

�DQG D IRUWLRUL WKH VHW RI HQGRZPHQWV IRU ZKLFK HTXLOLEULXP H[LVWV� LV �QLWHO\

SUHYDOHQW LQ �/���
Q�

7KLV UHVXOW IROORZV LPPHGLDWHO\ IURP WKH IROORZLQJ DEVWUDFW UHVXOW�

7KHRUHP ��� )RU HYHU\ %DQDFK ODWWLFH�� ; DQG HYHU\ H � ;�� WKH VHW

3H  I[ � /� � �� ! � � [ � �HJ
LV �QLWHO\ SUHYDOHQW LQ ;��

3URRI 1RWH �UVW WKDW 3H  >Q�1

Q
[ � [ � H

Q

R
LV D FRXQWDEOH XQLRQ RI FORVHG

VHWV� DQG KHQFH LV D %RUHO VHW� /HW (  ;� Q 3H� /HW 9 � ; EH WKH RQH�

GLPHQVLRQDO VXEVSDFH VSDQQHG E\ H� DQG OHW [ � ;� :H FODLP �9 �(�[�  ��

��6HH $OLSUDQWLV DQG %XUNLQVKDZ ������ IRU LQVWDQFH�

��



LQGHHG� ZH FODLP WKDW 9 ?�(�[� LV HPSW\ RU D VLQJOHWRQ� 7R VHH WKLV� VXSSRVH

QRW� 7KHQ ZH FDQ �QG UHDO QXPEHUV W� ! W� DQG HOHPHQWV Z�� Z� � ( VXFK

WKDW W�H  Z� � [� W�H  Z� � [� 7KHQ

Z�  Z� � �W� � W��H � �W� � W��H

VR WKDW Z� � 3 � ZKLFK LV D FRQWUDGLFWLRQ� :H FRQFOXGH WKDW 9 ? �( � [� LV

HPSW\ RU D VLQJOHWRQ� VR WKDW �9 �(�[�  �� DV DVVHUWHG� 6LQFH �9 �;�� ! ��

LW IROORZV WKDW 3 LV �QLWHO\ SUHYDOHQW LQ ;�� DV DVVHUWHG�

,I ZH WDNH ;  �/��Q DQG H  ��� � � � ��� �ZKHUH � LV WKH IXQFWLRQ ZKLFK

LV LGHQWLFDOO\ ��� LW IROORZV LPPHGLDWHO\ WKDW

I�H�� � � � � HQ� � �/���Q � �� ! � � �H�� � � � � HQ� � �H J
LV �QLWHO\ SUHYDOHQW� 6LQFH WKH VHW RI HQGRZPHQW SUR�OHV IRU ZKLFK WKH VRFLDO

HQGRZPHQW LV ERXQGHG DZD\ IURP � FRQWDLQV WKLV VHW� 7KHRUHP ��� IROORZV

LPPHGLDWHO\�

� 3XUH 6WUDWHJ\ 1DVK (TXLOLEULD

)L[ D VHW RI 1 ! � SOD\HUV DQG VWUDWHJ\ VSDFHV $�� � � � � $1 � )RU VLPSOLF�

LW\� DVVXPH WKDW HDFK $Q � 5NQ LV D FRPSDFW FRQYH[ SRO\KHGURQ �L�H�� WKH

LQWHUVHFWLRQ RI D �QLWH QXPEHU RI FORVHG KDOI�VSDFHV�� DQG �ZLWKRXW ORVV�

KDV QRQHPSW\ LQWHULRU� �$V ZH GLVFXVV EHORZ� WKHVH DVVXPSWLRQV DUH PXFK

VWURQJHU WKDQ QHFHVVDU\� DOO ZH QHHG LV WKDW VWUDWHJ\ VSDFHV DUH QLFH XQLRQV

RI VPRRWK PDQLIROGV RI YDULRXV GLPHQVLRQV�� :ULWH .  N� � � � � � N1 � VR

WKDW $  $� � � � � � $1 � 5. LV WKH VSDFH RI DFWLRQ SUR�OHV� /HW &��$�

EH WKH VSDFH RI IXQFWLRQV IURP $ WR 5 WKDW KDYH WZLFH FRQWLQXRXVO\ GL�HU�

HQWLDEOH H[WHQVLRQV WR VRPH QHLJKERUKRRG RI $� HTXLSSHG ZLWK WKH &� QRUP

�VXSUHPXP RI WKH DEVROXWH YDOXH RI WKH IXQFWLRQ DQG LWV �UVW DQG VHFRQG

GHULYDWLYHV�� WKLV LV D %DQDFK VSDFH��� /HW *  &��$�1 GHQRWH WKH VHW RI &�

SD\R� IXQFWLRQV X  �X�� � � � � X1 � � $ � 51 � (DFK X � * GH�QHV D JDPH
�X  �I�� � � � 1J� �$Q�� X�

��6HH 0DOJUDQJH ������ DQG 'XQIRUG DQG 6FKZDUW] ������ ,,������ SDJH ����

��



'XEH\ �������� VKRZHG WKDW WKHUH LV DQ RSHQ� GHQVH VHW * � * VXFK WKDW
IRU DOO X � *�

� �X KDV �QLWHO\ PDQ\ SXUH VWUDWHJ\ 1DVK HTXLOLEULD
� LI �[�� � � � � [Q� LV D 1DVK HTXLOLEULXP RI �X DQG QR [L LV D YHUWH[ RI $L

WKHQ �[�� � � � � [Q� LV 3DUHWR LQH�FLHQW

+HUH ZH UH�QH 'XEH\
V UHVXOW E\ VKRZLQJ WKDW * PD\ DOVR EH FKRVHQ WR EH

�QLWHO\ SUHYDOHQW�

7KHRUHP ��� 7KHUH LV DQ RSHQ DQG �QLWHO\ SUHYDOHQW VHW * � * VXFK WKDW

IRU DOO X � *�

� �X KDV D �QLWH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD��

� LI �[�� � � � � [Q� LV D 1DVK HTXLOLEULXP RI �X DQG QR [L LV D YHUWH[ RI $L

WKHQ �[�� � � � � [Q� LV 3DUHWR LQH�FHQW

3URRI %\ DVVXPSWLRQ� $Q LV D SRO\KHGURQ RI GLPHQVLRQ NQ� DQG KHQFH KDV

D �XQLTXH� SDUWLWLRQ LQWR RSHQ IDFHV� HDFK RI ZKLFK LV DQ RSHQ SRO\KHGURQ

�L�H�� WKH LQWHUVHFWLRQ RI D VXEVSDFH DQG D �QLWH QXPEHU RI RSHQ KDOIVSDFHV��

7KH XQLTXH RSHQ IDFH RI GLPHQVLRQ NQ LV WKH LQWHULRU RI $Q� DQG WKH IDFHV RI

GLPHQVLRQ � DUH WKH YHUWLFHV RI $Q� ,W LV FRQYHQLHQW WR FRQVLGHU HTXLOLEULXP

��'XEH\
V VHWWLQJ GL�HUV LQ PLQRU ZD\V IURP RXUV� +H UHTXLUHG WKDW WKH VWUDWHJ\ VSDFH

RI HDFK SOD\HU EH D VLPSOH[� DQG KH FRQVLGHUHG SD\R�V WKDW DUH &� RQ D �[HG RSHQ VHW

9   $�
��6LQFH ZH GR QRW DVVXPH SD\R� IXQFWLRQV DUH FRQFDYH LQ RZQ VWUDWHJ\� WKH QXPEHU RI

SXUH VWUDWHJ\ HTXLOLEULD PD\ LQ IDFW EH ]HUR� +RZHYHU� WKH VHW *FRQ RI SD\R� IXQFWLRQV ZLWK
WKH SURSHUW\ WKDW� IRU HDFK L� WKH VHFRQG GHULYDWLYH RI SOD\HU L
V SD\R� LV QHJDWLYH GH�QLWH

LQ SOD\HU L
V VWUDWHJ\ �HYHU\ZKHUH RQ $� LV D FRQYH[ RSHQ VHW LQ *� ,I X � *FRQ � WKH JDPH
�X DGPLWV DW OHDVW RQH SXUH VWUDWHJ\ 1DVK HTXLOLEULXP� *FRQ LV FRPSOHWHO\ PHWUL]DEOH

�&KULVWHQVHQ ������� SDJH ���� ,W IROORZV LPPHGLDWHO\ IURP 7KHRUHP ��� WKDW WKHUH LV D

SUHYDOHQW VXEVHW RI *FRQ VXFK WKDW JDPHV ZLWK SD\R� IXQFWLRQV LQ WKLV VHW DGPLW DW OHDVW

RQH EXW RQO\ D �QLWH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD�

��



SUR�OHV LQ HDFK DUUD\ RI RSHQ IDFHV �RQH IRU HDFK SOD\HU� EHFDXVH� LQ DQ RSHQ

IDFH� ZH FDQ DQDO\]H HTXLOLEULXP WKURXJK WKH �UVW RUGHU FRQGLWLRQV�

:H WKHUHIRUH OHW %Q EH WKH VHW RI RSHQ IDFHV RI $Q DQG OHW %  �%Q EH

WKH VHW RI SUR�OHV RI RSHQ IDFHV� ,I �  �%�� � � � � %1 � � %� OHW CQ EH WKH

GLPHQVLRQ RI %Q� :ULWH %  %� � � � � � %1 DQG /  C� � � � � � C1 � :H

PD\ DVVXPH ZLWKRXW ORVV RI JHQHUDOLW\ WKDW HDFK %Q LV DQ RSHQ VXEVHW RI 5
CQ

�ZKLFK ZH LGHQWLI\ DV WKH VXEVSDFH RI 5NQ FRQVLVWLQJ RI YHFWRUV ZKRVH ODVW

NQ � CQ FRRUGLQDWHV YDQLVK�� DQG WKDW � � %Q� )RU HDFK Q ZULWH %Q IRU WKH

FORVXUH RI %Q DQG %  %� � � � ��%1 �WKH FORVXUH RI %��

:H �UVW VKRZ WKDW WKH VHW RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD LV JHQHULFDOO\

�QLWH� )RU �  ���� � � � � �1� � 5/� GH�QH D SHUWXUEDWLRQ�� �� � 5/ � 51

E\

��Q�[
�� � � � � [1�  

CQ;
L �

�QL [
Q
L

*LYHQ X � * DQG � � %� GH�QH )X� � % �5/ � 5/ E\

)X��[� ��  

¥
#�X� ����

#[�
� � � � �

#�X� ���1
#[1

������
�[���

1RWH WKDW IRU DOO X � * DQG DOO � � *� ) LV &� RQ D QHLJKERUKRRG RI %�5/�

&RQVLGHU WKH /� / PDWUL[

-X��[� ��  
#)

#�[�� � � � � [1�

�����
�[���

6HW *���  IX � )X��[� ��  �� GHW �-X��[� ��� � �J DQG *  
7
��%*����

:H FODLP WKDW

� HYHU\ JDPH X � * KDV �QLWHO\ PDQ\ SXUH VWUDWHJ\ 1DVK HTXLOLEULD

� * LV RSHQ

��'XEH\ ������ XVHV VLPLODU SHUWXUEDWLRQV� 2XU SHUWXUEDWLRQV D�HFW WKH GHSHQGHQFH RI

SOD\HU L
V SD\R� RQ SOD\HU L�V VWUDWHJ\� ZKLOH 'XEH\
V SHUWXUEDWLRQV D�HFW WKH GHSHQGHQFH

RI HDFK SOD\HU
V SD\R� RQ WKH VWUDWHJLHV RI DOO WKH SOD\HUV�

��



� * LV �QLWHO\ SUHYDOHQW� KHQFH SUHYDOHQW �)DFW ��

7R VHH WKH �UVW FODLP� QRWH WKDW LI X � *���� WKH LQYHUVH IXQFWLRQ WKHRUHP

JXDUDQWHHV WKDW WKH [ � % IRU ZKLFK )X��[� ��  � DUH ORFDOO\ LVRODWHG� VLQFH

% LV FRPSDFW� WKHUH DUH RQO\ �QLWHO\ PDQ\ VXFK [ � %� +HQFH� WKHUH DUH

RQO\ �QLWHO\ PDQ\ SXUH VWUDWHJ\ HTXLOLEULD RI �X LQ %��� $Q\ SXUH VWUDWHJ\

1DVK HTXLOLEULXP RI �X HLWKHU RFFXUV DW D YHUWH[ �L�H� D ��GLPHQVLRQDO IDFH RI

$� _ RI ZKLFK WKHUH DUH RQO\ D �QLWH QXPEHU _ RU LQ WKH LQWHULRU RI VRPH

IDFH �L�H� LQ % IRU VRPH � � %�� VR LI X � * WKHQ X KDV RQO\ �QLWHO\ PDQ\

SXUH VWUDWHJ\ 1DVK HTXLOLEULD�

7R HVWDEOLVK WKH VHFRQG FODLP� ZH VKRZ WKDW * Q *��� LV FORVHG IRU HDFK

� � %� 7R WKLV HQG� VXSSRVH WKDW XQ � * Q *��� DQG XQ � X � *� )LQG
[Q � % VXFK WKDW )XQ��[Q� ��  � DQG GHW �-XQ��[Q� ���  �� 6LQFH % LV

FRPSDFW� FKRRVH D FRQYHUJHQW VXEVHTXHQFH [QM � �� 7KHQ )X��[� ��  

OLPM�� )XQM��[QM � ��  � DQG GHW-X��[� �� OLPM�� GHW�-XQM��[QM � ���  �� VR

X � * Q*���� SURYLQJ WKH VHFRQG FODLP�
7R HVWDEOLVK WKH WKLUG FODLP� VHW (���  * Q *��� IRU HDFK �� (DFK ��

EHORQJV WR *� VR
+  I�� � � � 5/J � *

LV DQ /�GLPHQVLRQDO VXEVSDFH RI *� 2EYLRXVO\ �+�*� ! �� ZH VKRZ WKDW

�+�(���� X�  � IRU HYHU\ X � *� 7R WKLV HQG� ZULWH

+X  I� � 5/ � X� �� � (���J

IRU HDFK X � *� 6LQFH �+ LV VXSSRUWHG RQ +� LW ZLOO VX�FH WR VKRZ WKDW

�+�+X�  � IRU HDFK X � *� 7R WKLV HQG� FRQVLGHU WKH -DFRELDQ PDWUL[ RI
)X�� 7KLV LV DQ / � �/PDWUL[ RI WKH IRUP �-X�M,�� ZKHUH , LV DQ /�/ LGHQWLW\

PDWUL[� DQG VR KDV KDV UDQN / IRU HYHU\ �[� ��� %\ WKH 7KRP 7UDQVYHUVDOLW\

WKHRUHP� WKHUH LV D VXEVHW : � 5/ RI IXOO /HEHVJXH PHDVXUH VXFK WKDW LI

��7KLV DUJXPHQW GRHV QRW HVWDEOLVK WKDW WKHUH DUH RQO\ D �QLWH QXPEHU RI SXUH VWUDWHJ\

1DVK HTXLOLEULD RI �Y LQ %� EHFDXVH ERXQGDU\ HTXLOLEULD QHHG QRW VDWLVI\ WKH �UVW RUGHU

FRQGLWLRQV� 7KLV ZLOO QRW EH D SUREOHP� KRZHYHU� EHFDXVH ERXQGDU\ HTXLOLEULD RI D IDFH DUH

LQWHULRU HTXLOLEULD RI ORZHU GLPHQVLRQDO IDFHV�

��



� � : DQG )X��[� ��  � WKHQ GHW�-X��[� ��� � �� L�H� X � �� �� (����

6LQFH : KDV IXOO /HEHVJXH PHDVXUH� ZH FRQFOXGH WKDW �+�+X�  �� +HQFH

*��� LV �QLWHO\ SUHYDOHQW� 6LQFH ZH DUH FRQFHUQHG ZLWK �QLWH SUHYDOHQFH LQ

WKH DPELHQW VSDFH� RXU QRWLRQ FRLQFLGHV ZLWK WKDW RI +XQW� 6DXHU DQG <RUN

������� WKHVH DXWKRUV VKRZ WKDW WKH �QLWH LQWHUVHFWLRQ RI �QLWHO\ SUHYDOHQW VHWV

LV �QLWHO\ SUHYDOHQW� VR ZH FRQFOXGH WKDW * LV �QLWHO\ SUHYDOHQW� DV FODLPHG�

7KLV HVWDEOLVKHV JHQHULF �QLWHQHVV RI WKH VHW RI 1DVK HTXLOLEULD�

1RZ� ZH WXUQ WR WKH SURRI RI JHQHULF 3DUHWR LQH�FLHQF\� 7KH VWUXFWXUH RI

WKH SURRI LV VLPLODU WR WKDW RI WKH SURRI RI JHQHULF �QLWHQHVV RI HTXLOLEULXP�

EXW WKH SHUWXUEDWLRQV DUH GL�HUHQW� 7R KLJKOLJKW WKH FRPPRQ HOHPHQWV RI

WKH WZR SURRIV� ZH XVH WKH VDPH QRWDWLRQ IRU DQ REMHFW KHUH DV ZDV XVHG IRU

WKH FRUUHVSRQGLQJ REMHFW LQ WKH SURRI RI JHQHULF 3DUHWR LQH�FLHQF\� *LYHQ

X � * DQG � � % ZLWK CQ � � �� � Q � 1�� GH�QH X� WR EH WKH UHVWULFWLRQ

RI X WR %� VR X� � % � 51 � 7KH -DFRELDQ -X�M[ LV DQ 1 � / PDWUL[�

/HW 0X��[� EH WKH 1 � 1 VXEPDWUL[ FRQVLVWLQJ RI WKH FROXPQV RI -X�M[
FRUUHVSRQGLQJ WR [��� [

�
�� � � � � [

Q
� � WKH �UVW VWUDWHJ\ GLUHFWLRQ IRU HDFK SOD\HU�

OHW IX��[�  GHW0X��[�� /HW )X� � % � 51�� EH WKH IXQFWLRQ ZKRVH �UVW 1

FRPSRQHQWV DUH WKH GLDJRQDO HQWULHV RI0X��[�� DQG ZKRVH 1��
VW FRPSRQHQW

LV IX��[��
�� 1RWH WZR WKLQJV�

� ,I [ � % LV D 1DVK HTXLOLEULXP WKHQ WKH GLDJRQDO HQWULHV RI 0X� DUH DOO

]HUR�

� ,I [ � % LV D 3DUHWR RSWLPXP WKHQ WKH URZV RI -X�M[ DUH OLQHDUO\
GHSHQGHQW� �,I WKH\ ZHUH OLQHDUO\ LQGHSHQGHQW WKHQ WKH PDWUL[ -X�M[
ZRXOG GH�QH DQ RQWR PDS IURP 5/ WR 51 � VR �  ��� � � � � �� ZRXOG EH

LQ WKH UDQJH RI WKLV PDS� VD\ �  -X�M[ �¡ �� %XW WKHQ� IRU VX�FLHQWO\
VPDOO � ! �� [� �¡ ZRXOG EH D VWUDWHJ\ SUR�OH \LHOGLQJ D KLJKHU SD\R�

WKDQ [ WR DOO SOD\HUV� FRQWUDGLFWLQJ 3DUHWR RSWLPDOLW\�� +HQFH� -X�M[
KDV UDQN OHVV WKDQ 1 � VR0X��[� KDV UDQN OHVV WKDQ 1 � ZKHQFH IX��[�  

��

7KXV� LI [ � % LV D 3DUHWR RSWLPDO 1DVK HTXLOLEULXP� WKHQ )X��[�  ��

��6LQFH X KDV D &� H[WHQVLRQ WR DQ RSHQ QHLJKERUKRRG RI $� -X� H[WHQGV XQLTXHO\ WR %�

��



6HW *���  IX � * � � �� )X��%�J DQG +���  * Q *���� 6LQFH % LV

FRPSDFW� +��� LV FORVHG� VR *��� LV RSHQ�

*LYHQ D PDWUL[ � � 5/�1 � ZH FDQ GH�QH DQ HOHPHQW RI * E\ Y��[�  �[���

/HW 9�  IY� � � � 5/�1J DQG OHW �� GHQRWH WKH H[WHQVLRQ WR * RI /HEHVJXH
PHDVXUH RQ 9�� 7KHQ ���*�  � � �� )RU DQ\ Z � *�

����+��� � Z��  ����+��� � Z� ? 9��

 ���+��� ? �9� � Z��

 ���IY � 9� � � � )�Y�Z���%�J�

!)URP WKH SURRI RI JHQHULF �QLWHQHVV RI HTXLOLEULXP� ZH NQRZ WKDW IRU DOPRVW

DOO Y� � 9�� WKHUH DUH �QLWHO\ PDQ\ VROXWLRQV [ � % WR WKH HTXDWLRQV

) Q
�Y��Z���[�  � � � Q � 1

0RUHRYHU� WKHVH VROXWLRQV GHSHQG RQO\ RQ WKH GLDJRQDO WHUPV RI �� )L[ WKH

GLDJRQDO WHUPV RI VXFK DQ �� DQG OHW WKH VROXWLRQV EH [�� � � � � [P� 1RZ YDU\

WKH R��GLDJRQDO WHUPV RI � DQG QRWH WKDW I�Y��Z���[L� LV �KROGLQJ [L DQG WKH

GLDJRQDO WHUPV RI � �[HG� D SRO\QRPLDO LQ WKH R��GLDJRQDO HOHPHQWV RI �� LW LV

QRW WKH LGHQWLFDOO\ ]HUR SRO\QRPLDO� VLQFH WKHUH DUH WHUPV LQ WKH GHWHUPLQDQW

WKDW GR QRW LQYROYH DQ\ RI WKH GLDJRQDO HQWULHV RI �� VR WKH VHW RI ]HURHV

RI WKLV SRO\QRPLDO LV D QXOO VHW ZLWK UHVSHFW WR /HEHVJXH PHDVXUH RQ WKH

R��GLDJRQDO HOHPHQWV RI � �VHH %RFKQDN� &RVWH DQG 5R\ �������� 7KXV� IRU

DOPRVW DOO FKRLFHV RI R��GLDJRQDO HOHPHQWV RI �� IY��Z�[L� � �� DQG KHQFH

IY��Z�[L� � � �� � L � P�� 7KXV� ���IY � 9� � � � )�Y�Z���%�J�  �� VR
����+��� �Z��  �� VR +��� LV FORVHG DQG �QLWHO\ VK\� VR *��� LV RSHQ DQG

�QLWHO\ SUHYDOHQW�

6HW *  
7
� *���� 6LQFH * LV D �QLWH LQWHUVHFWLRQ RI RSHQ� �QLWHO\ SUHYD�

OHQW VHWV� * LV RSHQ DQG �QLWHO\ SUHYDOHQW� ,I X � *� DQG [ LV D SXUH VWUDWHJ\

1DVK HTXLOLEULXP� WKHQ HLWKHU [L LV D YHUWH[ RI $L IRU VRPH L RU [ OLHV LQ WKH

LQWHULRU RI VRPH IDFH � RI $ ZKRVH GLPHQVLRQ LV /  
31

Q � CQ � 31
Q � �  1 �

LQ ZKLFK FDVH [ FDQQRW EH 3DUHWR RSWLPDO�

���[ GHQRWHV PXOWLSOLFDWLRQ RI WKH PDWUL[ � WLPHV WKH FROXPQ YHFWRU [� 7KLV JLYHV D

PDS IURP % WR 51 � ZKLFK LV H[WHQGHG WR DOO RI $ LQ WKH REYLRXV ZD\�

��



7ZR H[WHQVLRQV RI 7KHRUHP ��� DUH ZRUWK QRWLQJ� 7KH �UVW IROORZV IURP

WKH REVHUYDWLRQ WKDW WKH SRO\KHGUDO QDWXUH RI VWUDWHJ\ VHWV LV QRW UHTXLUHG�

:KDW LV UHTXLUHG LV WKDW HDFK RI WKH VWUDWHJ\ VHWV $Q EH VWUDWL�HG E\ VPRRWK

PDQLIROGV� LQ WKH VHQVH WKDW

$Q  
NQ>
M �

$M
Q

ZKHUH HDFK $M
Q LV D �SRVVLEO\ HPSW\� VPRRWK M�GLPHQVLRQDO VXEPDQLIROG RI

VRPH RSHQ VXEVHW RI 5NQ� $M
Q ? $N

Q  � LI M � N� DQG IRU HDFK N� WKH XQLRQ6N
M �$

M
Q LV FORVHG LQ $Q� �%HFDXVH $�Q LV LV D ��GLPHQVLRQDO PDQLIROG DQG

FRPSDFW LW PXVW WKHQ EH �QLWH�� 7KLV ZLOO FHUWDLQO\ EH WKH FDVH LI $Q LV D

SRO\KHGURQ� RU D FRPSDFW PDQLIROG� RU D FRPSDFW PDQLIROG ZLWK ERXQGDU\�

RU WKH �QLWH LQWHUVHFWLRQ RI FRPSDFW PDQLIROGV ZLWK ERXQGDULHV WKDW LQWHUVHFW

WUDQVYHUVDOO\� RU D VHPL�DOJHEUDLF VHW� RU D �QLWHO\ VXE�DQDO\WLF VHW� VHH %OXPH

DQG =DPH ������� $EXVLQJ WHUPLQRORJ\� ZH UHIHU WR HOHPHQWV RI $�Q DV YHUWLFHV�

7KH VHFRQG H[WHQVLRQ RI 7KHRUHP ��� IROORZV IURP WKH REVHUYDWLRQ WKDW WKH

RQO\ UHTXLUHPHQWV RQ WKH VSDFH RI SD\R� IXQFWLRQV DUH WKDW WKH\ EH FRPSOHWHO\

PHWUL]DEOH DQG FRQWDLQ WKH D�QH IXQFWLRQV� 7KXV ZH KDYH WKH IROORZLQJ PRUH

JHQHUDO UHVXOW�

7KHRUHP ��� $VVXPH WKDW HDFK VWUDWHJ\ VSDFH $Q LV VWUDWL�HG E\ VPRRWK

PDQLIROGV� /HW * � � * EH D VXEVSDFH RI SD\R� IXQFWLRQV RQ . ZKLFK FRQWDLQV

WKH D�QH IXQFWLRQV DQG LV FRPSOHWHO\ PHWUL]DEOH LQ VRPH WRSRORJ\ IRU ZKLFK

WKH LQFOXVLRQ PDSSLQJ * � � * LV FRQWLQXRXV� 7KHUH LV DQ RSHQ DQG �QLWHO\

SUHYDOHQW VHW * � * � VXFK WKDW IRU DOO X � *�

� �X KDV D �QLWH QXPEHU RI SXUH VWUDWHJ\ 1DVK HTXLOLEULD

� LI �[�� � � � � [Q� LV D 1DVK HTXLOLEULXP RI �X DQG QR [L LV D YHUWH[ RI $L

WKHQ �[�� � � � � [Q� LV 3DUHWR LQH�FHQW

)RU H[DPSOH� * � PLJKW EH WKH VSDFH RI D�QH IXQFWLRQV� RU WKH VSDFH RI
SRO\QRPLDOV RI GHJUHH DW PRVW G� RU WKH VSDFH RI &U IXQFWLRQV� RU WKH VSDFH

��



RI UHDO DQDO\WLF IXQFWLRQV RQ D �[HG QHLJKERUKRRG RI .��� 1RWH WKDW LQ WKLV

VHWWLQJ� LW LV SRVVLEOH WKDW $�Q  � IRU HDFK Q �VR WKDW VWUDWHJ\ VSDFHV KDYH

QR YHUWLFHV� LQ ZKLFK FDVH JHQHULFDOO\ DOO HTXLOLEULD DUH 3DUHWR LQH�FLHQW�

)RU D JDPH ZLWK �QLWH DFWLRQ VSDFHV� SD\R� IXQFWLRQV RQ WKH SURGXFW

RI WKH VSDFHV RI SXUH VWUDWHJLHV H[WHQG D�QHO\ WR D�QH IXQFWLRQV RQ WKH

SURGXFW RI WKH VLPSOLFHV RI PL[HG VWUDWHJLHV �ZKLFK DUH �QLWH SRO\KHGUD�� VR

7KHRUHP ��� FRQWDLQV WKH IDPLOLDU :LOVRQ ������ DQG +DUVDQ\L ������ UHVXOW

WKDW JHQHULF JDPHV ZLWK �QLWH VWUDWHJ\ VSDFHV KDYH D �QLWH QXPEHU RI PL[HG

VWUDWHJ\ HTXLOLEULD�

,W ZRXOG EH H[WUHPHO\ LQWHUHVWLQJ WR KDYH H[WHQVLRQV RI 7KHRUHPV ��� DQG

��� WR PL[HG VWUDWHJ\ HTXLOLEULD�

� 5HJXODU ([FKDQJH (FRQRPLHV

$V ZH KDYH QRWHG LQ WKH ,QWURGXFWLRQ� 'HEUHX
V ������ WKHRUHP� ZKLFK DVVHUWV

WKDW JHQHULF H[FKDQJH HFRQRPLHV DUH UHJXODU� KDV QRWKLQJ WR VD\ DERXW WKH

VLWXDWLRQ LQ ZKLFK VRPH FRQVXPHUV
 HQGRZPHQWV RI VRPH JRRGV DUH UHVWULFWHG

D SULRUL WR EH �� (YHQ WKH PRVW FDVXDO HPSLULFLVP� KRZHYHU� VXJJHVWV WKDW

LW LV FRPPRQ IRU PRVW FRQVXPHUV WR EH HQGRZHG ZLWK D UDWKHU VPDOO QXPEHU

RI FRPPRGLWLHV ZKLFK WKH\ WUDGH IRU WKH PXFK ODUJHU QXPEHU RI FRPPRGL�

WLHV WKH\ FRQVXPH� ,W KDG EHHQ FRQMHFWXUHG WKDW WKH FRQFOXVLRQV RI 'HEUHX
V

WKHRUHP ZRXOG VWLOO REWDLQ HYHQ LI VRPH DJHQWV ZHUH FRQVWUDLQHG WR KDYH

]HUR HQGRZPHQW RI FHUWDLQ JRRGV� DV ORQJ DV WKH QXPEHU RI GHJUHHV RI IUHH�

GRP LV DW OHDVW DV ODUJH DV WKH QXPEHU RI FRPPRGLWLHV� +RZHYHU� 0LQHKDUW

������ SURYLGHG D VXUSULVLQJ H[DPSOH WR VKRZ WKDW DW OHDVW WKH PRVW QDWXUDO

YHUVLRQ RI WKLV FRQMHFWXUH LV IDOVH��� 2Q WKH RWKHU KDQG� 0DV�&ROHOO ������

3URSRVLWLRQ ����� DQG SDJHV ������ VKRZHG WKDW� SDUDPHWHUL]LQJ HFRQRPLHV

E\ HQGRZPHQWV DQG SUHIHUHQFHV� DQG FRQVWUDLQLQJ VRPH FRQVXPHUV
 HQGRZ�

PHQWV RI VRPH FRPPRGLWLHV WR EH �� WKH VHW RI UHJXODU HFRQRPLHV LV DQ RSHQ

��6HH 0DOJUDQJH ������ IRU WKH DSSURSULDWH WRSRORJ\�
��:KHWKHU D VWURQJHU FRQGLWLRQ RQ WKH QXPEHU RI GHJUHHV RI IUHHGRP ZRXOG VX�FH WR

UHVWRUH JHQHULF UHJXODULW\ LV XQNQRZQ�

��



DQG GHQVH VHW�

+HUH ZH REWDLQ DQ DQDORJXH RI 0DV�&ROHOO
V UHVXOW XVLQJ RXU PHDVXUH�

WKHRUHWLF QRWLRQ RI JHQHULFLW\� :H VKRZ WKDW� HYHQ ZKHQ ZH FRQVWUDLQ VRPH

FRQVXPHUV
 HQGRZPHQWV RI VRPH FRPPRGLWLHV WR EH �� WKH UHJXODU HFRQRPLHV

IRUP DQ RSHQ SUHYDOHQW VHW� ,QGHHG� HYHQ LI ZH �[ HQGRZPHQWV RI DOO FRQ�

VXPHUV DQG XWLOLW\ IXQFWLRQV RI DOO EXW RQH FRQVXPHU� WKH VHW RI XWLOLW\ IXQF�

WLRQV IRU WKDW FRQVXPHU IRU ZKLFK WKH UHVXOWLQJ HFRQRP\ LV UHJXODU LV RSHQ

DQG SUHYDOHQW�

$OWKRXJK RXU ZRUN LV FORVHO\ UHODWHG WR $UDXMR ������� WKHUH DUH LPSRU�

WDQW GL�HUHQFHV� $UDXMR �[HV D FRPSDFW ER[ % LQ WKH FRPPRGLW\ VSDFH

DQG FRQVLGHUV XWLOLW\ IXQFWLRQV LQ 8%� WKH VHW RI GL�HUHQWLDEO\ VWULFWO\ PRQR�
WRQH� GL�HUHQWLDEO\ VWULFWO\ FRQFDYH XWLOLW\ IXQFWLRQV RQ WKLV ER[� %HFDXVH

8% LV DQ RSHQ VXEVHW RI &��%�� $UDXMR LV DEOH WR DSSHDO WR SUHYDOHQFH LQ
&��%�� +RZHYHU� $UDXMR
V DVVXPSWLRQV RQ XWLOLW\ IXQFWLRQV DUH LQFRPSDWLEOH

ZLWK 'HEUHX
V� DQG GR QRW UXOH RXW HTXLOLEULD ZLWK ERXQGDU\ FRQVXPSWLRQV�

$UDXMR WKHUHIRUH GH�QHV DQ HFRQRP\ WR EH UHJXODU LI DOO RI LWV :DOUDVLDQ HTXL�

OLEULD ZLWK LQWHULRU FRQVXPSWLRQV DUH UHJXODU� $UDXMR VKRZV WKDW� IRU �[HG

VWULFWO\ SRVLWLYH LQGLYLGXDO HQGRZPHQWV� WKH VHW RI XWLOLW\ IXQFWLRQV ZKLFK

OHDG WR HFRQRPLHV WKDW DUH UHJXODU LQ WKLV VHQVH LV D SUHYDOHQW VXEVHW RI 8%�
6LQFH ZH XVH D QRWLRQ RI UHODWLYH SUHYDOHQFH� ZH DUH DEOH WR ZRUN GLUHFWO\ LQ

'HEUHX
V VHWWLQJ� DQG DOVR WR FRQVLGHU LQGLYLGXDO HQGRZPHQWV WKDW DUH � LQ

VRPH FRPPRGLWLHV�

2XU IRUPXODWLRQ ZLOO EH VOLJKWO\ XQXVXDO LQ WZR ZD\V� )LUVW� ZH WDNH XWLO�

LW\ IXQFWLRQV_UDWKHU WKDQ SUHIHUHQFHV_DV SULPLWLYHV� :H QHHG WR WDNH WKLV

VWHS EHFDXVH� ZKLOH WKHUH LV D QDWXUDO YHFWRU VSDFH VWUXFWXUH RQ WKH VSDFH RI

XWLOLW\ IXQFWLRQV� WKHUH LV QR REYLRXV YHFWRU VSDFH VWUXFWXUH RQ WKH VSDFH RI

SUHIHUHQFHV� ,Q RXU FRQWH[W� KRZHYHU� WKH GL�HUHQFH EHWZHHQ XWLOLW\ IXQFWLRQV

DQG SUHIHUHQFHV LV QRW ODUJH RQH� 0DV�&ROHOO ������ 3URSRVLWLRQV ����� DQG

������ VKRZV WKDW HYHU\ &U SUHIHUHQFH UHODWLRQ RQ 5.
�� ZLWK FRQQHFWHG LQGLI�

IHUHQFH VXUIDFHV DGPLWV D &U XWLOLW\ UHSUHVHQWDWLRQ X ZLWK QR FULWLFDO SRLQW

DQG WKDW HYHU\ &U XWLOLW\ IXQFWLRQ X � 5.
�� � 5 ZLWK QR FULWLFDO SRLQW UHS�

UHVHQWV D &U SUHIHUHQFH� 7KH XWLOLW\ UHSUHVHQWDWLRQ LV QRW XQLTXH� LI X LV D

��



&U XWLOLW\ IXQFWLRQ ZLWK QR FULWLFDO SRLQW� DQG K � 5 � 5 LV DQ\ &U IXQF�

WLRQ ZLWK K��W� ! �� WKHQ K � X LV D &U XWLOLW\ IXQFWLRQ ZLWK QR FULWLFDO SRLQW

UHSUHVHQWLQJ WKH VDPH SUHIHUHQFH DV X� 2Q WKH RWKHU KDQG� LI ZH QRUPDOL]H

XWLOLW\ UHSUHVHQWDWLRQV E\ UHTXLULQJ X�W� � � � � W�  W IRU DOO W ! �� WKHQ WKH

VSDFH RI &U PRQRWRQLF SUHIHUHQFHV LV KRPHRPRUSKLF XQGHU WKH QDWXUDO PDS

WR WKH VSDFH RI QRUPDOL]HG PRQRWRQLF &U XWLOLW\ IXQFWLRQV ZLWK QR FULWLFDO

SRLQWV �LQ WKH WRSRORJ\ RI &U FRQYHUJHQFH RQ FRPSDFW VXEVHWV RI 5.
���� VHH

0DV�&ROHOO ������ 3URSRVLWLRQ �������

7KH VHFRQG XQXVXDO HOHPHQW RI RXU IRUPXODWLRQ LV WKDW ZH UHVWULFW DWWHQ�

WLRQ WR FRQFDYH XWLOLW\ IXQFWLRQV� UDWKHU WKDQ WR TXDVLFRQFDYH XWLOLW\ IXQF�

WLRQV� 7KH UHDVRQ LV WKDW ZH QHHG WKH DPELHQW VSDFH RI XWLOLW\ IXQFWLRQV WR EH

FRQYH[ DQG� ZKLOH D FRQYH[ FRPELQDWLRQ RI WZR FRQFDYH IXQFWLRQV LV FRQFDYH� D

FRQYH[ FRPELQDWLRQ RI WZR TXDVLFRQFDYH IXQFWLRQV QHHG QRW EH TXDVLFRQFDYH�

7KLV LV D UHVWULFWLRQ� EXW QRW D VWULQJHQW RQH� 0DV�&ROHOO ������ 3URSRVLWLRQ

������ VKRZV WKDW� JLYHQ DQ\ &� PRQRWRQH GL�HUHQWLDEO\ VWULFWO\ FRQYH[ SUHI�

HUHQFH UHODWLRQ � DQG DQ\ FRPSDFW ; � 5.
��� WKHUH LV D &� XWLOLW\ IXQFWLRQ

AX ZLWK QR FULWLFDO SRLQW UHSUHVHQWLQJ � DQG VXFK WKDW WKH UHVWULFWLRQ RI AX WR

; LV GL�HUHQWLDEO\ VWULFWO\ FRQFDYH� *LYHQ �[HG HQGRZPHQWV H���� � � � � H�1�

DQG VWURQJO\ PRQRWRQLF SUHIHUHQFHV ��� � � � ��1 � WKHUH LV D FRPSDFW VHW 3 LQ

WKH RSHQ VLPSOH[ RI VWULFWO\ SRVLWLYH SULFHV VXFK WKDW QR SULFH RXWVLGH RI 3

FDQ EH DQ HTXLOLEULXP �EHFDXVH WKHUH LV VRPH JRRG VXFK WKDW WKH GHPDQG RI

DJHQWV �� � � � � 1 IRU WKDW JRRG H[FHHGV WKH VRFLDO HQGRZPHQW RI WKDW JRRG��

7KHQ DV ORQJ DV H��� � �� WKHUH LV D FRQVXPSWLRQ YHFWRU \ � 5.
�� VXFK WKDW

S � \ � S � H��� IRU DOO S � '� 7KHQ ZKHWKHU RU QRW �� UHVXOWV LQ D UHJXODU
HFRQRP\ GHSHQGV RQO\ RQ WKH EHKDYLRU RI �� RQ I[ � S � [ � S � H��� IRU DOO
S � '� [ �� \J� ZKLFK� XQGHU RXU DVVXPSWLRQV� LV D FRPSDFW VXEVHW RI 5.

���

VR �� KDV D XWLOLW\ UHSUHVHQWDWLRQ ZKLFK LV FRQFDYH RQ WKLV VHW�
:H FRQVLGHU H[FKDQJH HFRQRPLHV ZLWK . JRRGV N  �� � � � �. DQG 1

DJHQWV Q  �� � � � � 1 � :H GH�QH WKH UHOHYDQW VSDFHV RI XWLOLWLHV EHORZ�

'H�QLWLRQ ��� /HW ' EH WKH YHFWRU VSDFH RI IXQFWLRQV X � 5.
� � 5 ZKLFK

DUH FRQWLQXRXV RQ 5.
� � WZLFH FRQWLQXRXVO\ GL�HUHQWLDEOH RQ 5.

��� DQG LGHQWL�

FDOO\ � RQ 5.
� Q5.

��� :H HTXLS ' ZLWK WKH WRSRORJ\ RI XQLIRUP FRQYHUJHQFH

��



RQ FRPSDFW VXEVHWV RI5.
� DQG XQLIRUP &� FRQYHUJHQFH RQ FRPSDFW VXEVHWV RI

5.
��� WKLV LV D FRPSOHWH VHSDUDEOH PHWULF WRSRORJ\� /HW G EH DQ\ �WUDQVODWLRQ

LQYDULDQW� PHWULF IRU WKLV WRSRORJ\�

/HW 8 EH WKH VHW RI IXQFWLRQV X � ' ZKLFK DUH GL�HUHQWLDEO\ PRQRWRQH RQ

5.
�� �L�H�� UXM[ � � IRU DOO [ � 5.

��� DQG GL�HUHQWLDEO\ FRQFDYH RQ5
.
�� �L�H��

WKH +HVVLDQ PDWUL[ RI VHFRQG SDUWLDO GHULYDWLYHV RI X LV QHJDWLYH VHPL�GH�QLWH

DW HDFK SRLQW RI 5.
���� 1RWH WKDW 8 LV D FORVHG FRQYH[ FRQH LQ '� DQG KHQFH

LV D FRPSOHWH VHSDUDEOH PHWULF VSDFH LQ WKH UHODWLYH WRSRORJ\�

/HW 8� EH WKH VHW RI IXQFWLRQV X � 8 ZKLFK DUH GL�HUHQWLDEO\ VWULFWO\

PRQRWRQH RQ 5.
�� �L�H�� UXM[ ¢ � IRU DOO [ � 5.

��� DQG GL�HUHQWLDEO\ VWULFWO\

FRQFDYH RQ 5.
�� �L�H�� WKH +HVVLDQ PDWUL[ RI VHFRQG SDUWLDO GHULYDWLYHV RI X LV

QHJDWLYH GH�QLWH DW HYHU\ SRLQW RI 5.
���� 1RWH WKDW 8� LV D FRXQWDEOH LQWHU�

VHFWLRQ RI RSHQ VHWV LQ 8 � DQG KHQFH LV FRPSOHWHO\ PHWUL]DEOH �&KULVWHQVHQ
������� SDJH ����

,Q RXU IUDPHZRUN� D FRQVXPHU LV GHVFULEHG DV DQ HQGRZPHQW HQ DQG D

XWLOLW\ IXQFWLRQ XQ DQG WKH GDWD RI DQ H[FKDQJH HFRQRP\ LV D VHW �QLWH VHW

I�HQ� XQ� � Q  �� � � � � 1J RI FRQVXPHU� 2XU PDLQ UHVXOW LV�

7KHRUHP ��� )L[ 1 HQGRZPHQW YHFWRUV H�� � � � � H1 ZLWK H� � � DQG 1 � �
XWLOLW\ IXQFWLRQV X�� � � � X1 � 8�� 7KH VHW 8� RI XWLOLW\ IXQFWLRQV X� � 8� IRU
ZKLFK WKH H[FKDQJH HFRQRP\ I�HQ� XQ� � Q  �� � � � � 1J LV UHJXODU LV RSHQ DQG

SUHYDOHQW LQ 8�� 0RUHRYHU� 8� LV SUHYDOHQW LQ 8 � VR 8� LV DOVR SUHYDOHQW LQ

8�

3URRI :H VKRZ �UVW WKDW 8� LV �QLWHO\ SUHYDOHQW LQ 8 � 7R WKLV HQG� ZULWH
8�  8 Q 8�� ZH VKRZ WKDW 8� LV �QLWHO\ VK\ LQ 8 �
:H DVVHUW �UVW RI DOO WKDW 8� LV D %RUHO VHW� &KRRVH D FRXQWDEOH IDPLO\

I/N � N � 1J VXFK WKDW >Q�1/N  5.
��� 'H�QH

8NQ  
�
X � 8 � UXM[ ¢

�
�

Q
� � � � �

�

Q

�
IRU DOO [ � /N

 
���

��



2EVHUYH WKDW HDFK 8NQ LV RSHQ� DQG WKDW WKH VHW RI GL�HUHQWLDEO\ VWULFWO\
PRQRWRQLF IXQFWLRQV X LV ?N >Q 8NQ� ZKLFK LV WKHUHIRUH D %RUHO VHW� 6LPLODUO\�
ZH VHH WKDW WKH VHW RI GL�HUHQWLDEO\ VWULFWO\ FRQFDYH XWLOLW\ IXQFWLRQV LV D %RUHO

VHW� +HQFH 8�� ZKLFK LV WKH LQWHUVHFWLRQ RI WKH VHW RI GL�HUHQWLDEO\ VWULFWO\
PRQRWRQLF XWLOLW\ IXQFWLRQV ZLWK WKH VHW RI GL�HUHQWLDEO\ VWULFWO\ FRQFDYH

XWLOLW\ IXQFWLRQV� LV D %RUHO VHW� VR LWV FRPSOHPHQW� 8�� LV DOVR %RUHO�
&KRRVH DQG �[ X� � 8�� DQG OHW 9 � ' EH WKH RQH�GLPHQVLRQDO VSDFH

VSDQQHG E\ X�� &OHDUO\ �9 �8� ! �� )L[ Z � '� :H FODLP WKDW �8��Z�? 9

FRQWDLQV DW PRVW RQH SRLQW� ,I QRW� ZH FDQ �QG X�� X� � 8� VXFK WKDW
X� � Z  W�X�

X� � Z  W�X�

ZLWK W� ! W�� VR

X� � X�  �W� � W��X� � 8� ���

:H DUH LQ RQH RI WZR FDVHV�

�� UX�M[ �¢ � IRU VRPH [ � 5.
��� 7KHQ VLQFH UX�M[ � �� U�X� � X��M[ �¢

�� D FRQWUDGLFWLRQ�

�� WKH +HVVLDQ RI X� LV QRW QHJDWLYH GH�QLWH DW VRPH [ � 5.
��� EXW VLQFH

WKH +HVVLDQ RI X� LV QHJDWLYH VHPLGH�QLWH� WKH +HVVLDQ RI X�� X� LV QRW

QHJDWLYH GH�QLWH DW [� DJDLQ D FRQWUDGLFWLRQ�

7KHVH FRQWUDGLFWLRQV VKRZ WKDW �8� � Z� ? 9 FRQWDLQV DW PRVW RQH SRLQW�

ZKHQFH �9 �8� � Z�  � VR 8� LV �QLWHO\ VK\� DV GHVLUHG�
7KH UHPDLQGHU RI WKH SURRI PDNHV XVH RI SHUWXUEDWLRQV RI XWLOLW\ IXQFWLRQV�

7KLV LV D IDPLOLDU LGHD� VHH $OOHQ ������� $UDXMR ������ DQG 0DV�&ROHOO ������

IRU LQVWDQFH� +RZHYHU� OLQHDU SHUWXUEDWLRQV �DV WKHVH DXWKRUV XVH� ZLOO QRW

ZRUN IRU RXU SXUSRVHV EHFDXVH ZH UHTXLUH WKDW XWLOLW\ IXQFWLRQV EH � RQ WKH

ERXQGDU\� :H WKHUHIRUH XVH &REE�'RXJODV SHUWXUEDWLRQV�

/HW

$  I���� � � � � �.� � 5.��
� � �N ! � �� � N � .��

.;
N �

�N  �J

��



EH WKH VHW RI SDUDPHWHUV RI &REE�'RXJODV XWLOLW\ IXQFWLRQV RQ 5.
� � DQG GH�QH


 � $ � ' E\


���� � � � � �.��[�  ��[
��
� � � � [�..

7KHQ &  
�$� LV WKH VHW RI &REE�'RXJODV XWLOLW\ IXQFWLRQV RQ 5.
� � %HFDXVH

WKH FRQYHUJHQFH QRWLRQ LQ ' LV XQLIRUP FRQYHUJHQFH RQ FRPSDFW VHWV LQ 5.
�

DQG XQLIRUP &� FRQYHUJHQFH RQ FRPSDFW VHWV LQ 5.
��� 
 LV FRQWLQXRXV�

,Q RUGHU WR VKRZ WKDW 8� LV SUHYDOHQW LQ 8�� �[ D QHLJKERUKRRG : RI

� � ' DQG D UHDO QXPEHU � ! �� ZH FRQVWUXFW WKH UHTXLUHG PHDVXUH �� )RU

� ! �� ZULWH

$�  I���� � � � � �.� � $ � �� � >�� ��@� �N � � �� � N � .�J
7KH LPDJH 
�$�� LV D FRPSDFW VXEVHW RI '� FKRRVH � ! � VR VPDOO WKDW

&�  
�$�� � : � /HW �� EH QRUPDOL]HG /HEHVJXH PHDVXUH RQ $� DQG OHW �

EH WKH GLUHFW LPDJH PHDVXUH�

��(�  ���

���(� ?$��

%\ FRQVWUXFWLRQ� � LV D SUREDELOLW\ PHDVXUH ZLWK FRPSDFW VXSSRUW VXSS �  

&� � : � 2I FRXUVH VXSS � � �8  8 �
)RU X � 8�� OHW ¤�X� GHQRWH WKH H[FKDQJH HFRQRP\ LQ ZKLFK DJHQW �

KDV XWLOLW\ IXQFWLRQ X� DJHQW Q KDV XWLOLW\ IXQFWLRQ XQ �� � Q � 1�� DQG

DJHQW Q KDV HQGRZPHQW H�Q� �� � Q � 1�� ,Q WKLV HFRQRP\� OHW 'Q�S� X�

GHQRWH WKH GHPDQG RI DJHQW Q DW WKH SULFHV S� �6WULFW FRQFDYLW\ LPSOLHV

WKDW GHPDQG LV D VLQJOHWRQ�� ,W ZLOO EH FRQYHQLHQW WR QRUPDOL]H SULFHV XVLQJ

WKH (XFOLGHDQ OHQJWK� L�H� MSM  �� )RU Q ! �� WKH FKDUDFWHULVWLFV RI DJHQW

Q GR QRW GHSHQG RQ X� VR 'Q�S� X� LV LQGHSHQGHQW RI X IRU Q ! �� /HW

&  IX � 8� � ¤�X� LV D FULWLFDO HFRQRP\J�
)L[ D FRPSDFW VHW / � 5.

��� DQG OHW

&/  IX � & � WKHUH LV D FULWLFDO HTXLOLEULXP

SULFH S VXFK WKDW '��S� X� � /J
:H ZLOO VKRZ WKDW &/ LV VK\ IRU HDFK FRPSDFW VHW /� EHFDXVH & LV D FRXQWDEOH

XQLRQ RI VHWV &/� VK\QHVV RI & ZLOO EH DQ HDV\ FRQVHTXHQFH�

��



:H QHHG WR VKRZ WKDW ��&/�Z�  � IRU HYHU\ WUDQVODWLRQ Z � '� �[ VXFK
D Z� 2EVHUYH WKDW ��&/�Z�  � LI DQG RQO\ LI ��IF � & � F�Z � &/J�  ��
/HW 8�/  IX � ' � X LV GL�HUHQWLDEO\ VWULFWO\ PRQRWRQLF DQG GL�HUHQWLDEO\

VWULFWO\ FRQFDYH RQ /J� 2EVHUYH WKDW 8�/ LV RSHQ LQ '� 7KHUHIRUH� �8�/�Z�?&
LV DQ RSHQ VXEVHW RI & LQ WKH UHODWLYH WRSRORJ\� DQG KHQFH 
�� �>8�/ � Z@ ? &�
LV DQ RSHQ VXEVHW RI $� 2EVHUYH DOVR WKDW �&/� � 8� � 8�/�
1RWLFH WKDW LI X  
���� Z ZLWK � � $ DQG X � 8�/� WKHQ IRU DOO [ � /�

UXM[  U
���M[ �UZM[
 �
�����[�

�
��
[�

� � � � �
�.
[.

�
�UZM[

VR WKDW VPDOO FKDQJHV LQ � DOORZ XV WR SHUWXUE WKH QRUPDOL]HG JUDGLHQW��

I�[� ��  
U�
���� Z�M[
MU�
���� Z�M[M

LQ DQ\ GLUHFWLRQ RQ WKH �.����VSKHUH� ZKHUH . LV WKH QXPEHU RI JRRGV��� LQ

RWKHU ZRUGV� WKH -DFRELDQ -��I�[� ��� KDV UDQN.�� IRU DOO [ � / DQG DOO � LQ

WKH RSHQ VHW 
�� �>8�/ � Z@ ? &�� 6LQFH '��S� 
����Z� VDWLV�HV WKH HTXDWLRQ

I�[� ��  S� DQG WKH -DFRELDQ -[�I�[� ��� �ZLWK [ � / UHVWULFWHG WR VDWLVI\

S�[  H���� KDV UDQN.�� EHFDXVH 
����Z  X � 8�/� WKH ,PSOLFLW )XQFWLRQ
7KHRUHP JXDUDQWHHV WKDW WKH -DFRELDQ -��'��S� 
���� Z�� KDV UDQN . � �
SURYLGHG WKDW '��S� 
����Z� � /� 6LQFH 'Q LV LQGHSHQGHQW RI F  
��� IRU

� � Q � 1 � WKH -DFRELDQ -��'�S� 
����Z��  -��'��S� 
����Z�� KDV UDQN

��6LQFH 
����Z  X � 8�

/ DQG [ � /� U�
����Z�M[ ¢ �� DQG LQ SDUWLFXODU U�
����
Z�M[ � ��

��$VVXPH �UVW WKDW WKH QRUPDOL]HG JUDGLHQW RI Z� �UZM[�  MUZM[M� LV QRW HTXDO WR WKH
QRUPDOL]HG JUDGLHQW RI 
���� �U
���M[�  MU
���M[M� )RU GLUHFWLRQV RQ WKH JHRGHVLF MRLQLQJ
� �UZM[�  MUZM[M WR �U
���M[�  MU
���M[M� DGMXVWLQJ WKH SDUDPHWHU �� VX�FHV� )RU DOO

GLUHFWLRQV LQ WKH WDQJHQW WR WKH VSKHUH RI QRUPDOL]HG JUDGLHQWV ZKLFK DUH SHUSHQGLFXODU

WR WKLV JHRGHVLF� DGMXVWLQJ WKH SDUDPHWHUV ��� � � � � �. VX�FHV WR PRYH U
���M[ LQ WKH
GHVLUHG GLUHFWLRQ� DGMXVWLQJ �� WR FRXQWHUDFW WKH H�HFW RI WKH FKDQJHV LQ ��� � � � � �. RQ WKH

VFDOH IDFWRU �
�����[� ZKLFK DSSHDUV LQ U
���M[� ZLOO NHHS WKH ZHLJKWLQJV RQ �UZM[ DQG
U
���M[ ZKLFK DSSHDU LQ WKH QRUPDOL]HG JUDGLHQW I�[� �� XQFKDQJHG� ,I WKH QRUPDOL]HG

JUDGLHQWV RI Z DQG 
��� DUH HTXDO� VLPSO\ DGMXVW WKH SDUDPHWHUV ��� � � � � �. WR PRYH UXM[
LQ WKH GHVLUHG GLUHFWLRQ�

��



. � � IRU DOO � � 
�� �>8�/ � Z@ ? &� DQG DOO S VDWLVI\LQJ '��S� 
���� Z� �
/� +HQFH� WKH IXOO -DFRELDQ -S��'�S� 
��� � Z�� KDV UDQN . � � ZKHQHYHU
� � ��8�/ � Z� ? &� DQG '��S� 
����Z� � /� 1RWH WKDW 
�� �>8�/ � Z@ ? &�

LV DQ RSHQ VHW LQ $� DQG $ LV GL�HRPRUSKLF WR DQ RSHQ VXEVHW RI 5.� +HQFH

ZH FDQ DSSO\ WKH 7KRP 7UDQVYHUVDOLW\ 7KHRUHP WR FRQFOXGH WKDW WKH VHW

RI � � 
�� �>8�/ � Z@ ? &� IRU ZKLFK WKH -DFRELDQ -S�'�S� 
��� � Z�� KDV

UDQN . � � ZKHQHYHU '�S� 
��� � Z�  � DQG '��S� 
��� � Z� � / LV

RI IXOO /HEHVJXH PHDVXUH� ,Q RWKHU ZRUGV� IRU DOPRVW DOO FKRLFHV RI �� WKH

HFRQRP\ ¤�
��� � Z� KDV QR FULWLFDO SULFH S ZLWK '��S� 
��� � Z� � /�

7KXV� ��IF � & � F� Z � &/J�  �� VR ��&/ � Z�  �� VR &/ LV VK\�

1RZ ZULWH /P  
K
�
P
� P

L.
� ,I X � 8� WKHQ '��S� X� � 5.

�� IRU DOO VWULFWO\

SRVLWLYH S� VR

&  
>
P�1

&/P

+HQFH & LV VK\ LQ 8�� DQG WKH VHW RI XWLOLW\ IXQFWLRQV X ZKLFK LQGXFH UHJXODU
HFRQRPLHV LV SUHYDOHQW LQ 8��
1H[W� ZH VKRZ WKDW & LV FORVHG LQ 8�� VR WKDW 8� LV RSHQ LQ 8�� 1RWH

WKDW VLQFH X�� � � � � XQ � 8��
���31

Q �'Q�S� X�
��� � � DV S WHQGV WR WKH ERXQGDU\

RI WKH SULFH VLPSOH[� 7KXV� WKHUH LV D FRPSDFW VHW . RI VWULFWO\ SRVLWLYH

SULFHV VXFK WKDW S �� . LPSOLHV
���31

Q �'Q�S� X�
��� !

���31
Q � H�Q�

���� VR S �� .

LPSOLHV WKDW S LV QRW DQ HTXLOLEULXP SULFH IRU ¤�X� IRU DQ\ X � 8�� 1RZ
VXSSRVH XP � X� DQG OHW SP EH DQ HTXLOLEULXP SULFH YHFWRU IRU ¤�XP� ZKLFK

LV QRW UHJXODU� 6LQFH SP � .� ZH FDQ �E\ WDNLQJ D VXEVHTXHQFH� DVVXPH

WKDW SP � S IRU VRPH S � .� 6LQFH SP � S !! �� WKHUH LV D FRPSDFW VHW

FRQWDLQLQJ >P�1I[ � 5.
� � SP � [ � SP � H���J� VR XP FRQYHUJHV XQLIRUPO\

WR X RQ WKLV VHW� DQG KHQFH '��SP� XP� � '��S� X�� &RQVHTXHQWO\� S LV DQ

HTXLOLEULXP SULFH IRU ¤�X�� 6LQFH X � 8�� '��S� X� � 5.
��� VR WKH VHFRQG

SDUWLDO GHULYDWLYHV RI XPM'��SP�X0 � FRQYHUJH WR WKRVH RI XM'��S�X�� KHQFH WKH

-DFRELDQ RI
31

Q �'Q�SP� XP� FRQYHUJHV WR WKH -DFRELDQ RI
31

Q �'Q�S� X�� VR

S LV D QRQUHJXODU HTXLOLEULXP SULFH IRU ¤�X�� 7KXV� & LV FORVHG LQ 8��
)LQDOO\� VLQFH 8� LV SUHYDOHQW LQ 8� DQG 8� LV SUHYDOHQW DQG %RUHO LQ 8 �

8� LV SUHYDOHQW LQ 8 E\ )DFW ��

��



� 'L�HUHQWLDELOLW\ RI /LSVFKLW] )XQFWLRQV DQG

WKH &RUH RI D *DPH

,Q WKLV 6HFWLRQ ZH HVWDEOLVK WKH JHQHULF GL�HUHQWLDELOLW\ RI /LSVFKLW] IXQFWLRQV

LQ LQ�QLWH GLPHQVLRQDO %DQDFK VSDFHV DQG XVH WKLV UHVXOW WR HVWDEOLVK WKH

JHQHULF VLQJOH�YDOXHGQHVV RI WKH FRUH IRU D FODVV RI WUDQVIHUDEOH XWLOLW\ JDPHV

ZLWK D FRQWLQXXP RI SOD\HUV�

7R PRWLYDWH RXU GHVFULSWLRQ RI WKH FODVV RI JDPHV RI LQWHUHVW� FRQVLGHU

D IDPLOLDU GHVFULSWLRQ RI D WUDQVIHUDEOH XWLOLW\ HFRQRP\ ZLWK D FRQWLQXXP

RI FRQVXPHUV� :H WDNH DV JLYHQ D PHDVXUDEOH VSDFH �$�$� RI FRQVXPHU
FKDUDFWHULVWLFV _ HQGRZPHQWV DQG XWLOLW\ IXQFWLRQV� $ SRVLWLYH PHDVXUH

� RQ �$�$� GH�QHV D SRSXODWLRQ GLVWULEXWLRQ� *LYHQ DQ\ VXFK SRSXODWLRQ
GLVWULEXWLRQ �� WKH WRWDO JDLQV DYDLODEOH WR WKH SRSXODWLRQ � DUH

J���  VXS
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$
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=
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=
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HDG��D�

 

�WKH DVVXPSWLRQ RI WUDQVIHUDEOH XWLOLW\ PDNLQJ WKLV D PHDQLQJIXO TXDQWLW\��

,W LV HDVLO\ FKHFNHG WKDW J LV VXSHU�DGGLWLYH DQG KRPRJHQHRXV RI GHJUHH � _

KHQFH FRQFDYH� 0RUHRYHU� IDPLOLDU DVVXPSWLRQV �VHH $XPDQQ DQG 6KDSOH\

������� +DUW ������� DQG *UHWVN\� 2VWUR\ DQG =DPH ������� JXDUDQWHH WKDW

J LV /LSVFKLW]� L�H�� WKHUH LV D FRQVWDQW . VXFK WKDW LI ��� �� DUH SRSXODWLRQ

GLVWULEXWLRQV WKHQ

MJ����� J����M � .N�� � ��N

:H FDQ GHVFULEH D WUDQVIHUDEOH XWLOLW\ JDPH ZLWK D FRQWLQXXP RI SOD\HUV

LQ D VLPLODU ZD\� :H WDNH DV JLYHQ D PHDVXUDEOH VSDFH �$�$� RI SOD\HUV� RU
SOD\HU FKDUDFWHULVWLFV� IRU WHFKQLFDO UHDVRQV� ZH DVVXPH $ LV JHQHUDWHG DV D

 �DOJHEUD E\ VRPH FRXQWDEOH VXEVHW� $V EHIRUH� ZH LQWHUSUHW D SRVLWLYH PHD�

VXUH � RQ �$�$� DV D SRSXODWLRQ GLVWULEXWLRQ� :H WDNH DV JLYHQ D UHIHUHQFH
SRSXODWLRQ GLVWULEXWLRQ �� DQG FRQVLGHU DOO SRSXODWLRQ GLVWULEXWLRQV WKDW DUH

DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR �� ,Q YLHZ RI WKH 5DGRQ�1LNRG\P WKH�

RUHP� ZH PD\ LGHQWLI\ WKH VHW RI VXFK SRSXODWLRQ GLVWULEXWLRQV ZLWK PHDVXUHV

ZLWK WKH SRVLWLYH FRQH /����� � /����� ZH �QG LW FRQYHQLHQW WR YLHZ WKH HO�

HPHQWV RI /����� DV PHDVXUHV UDWKHU WKDQ DV IXQFWLRQV� %HFDXVH �$�$� LV

��



FRXQWDEO\ JHQHUDWHG� /���� LV D VHSDUDEOH %DQDFK VSDFH� :H WDNH DV JLYHQ

D WRWDO JDLQV IXQFWLRQ J � /����� � 5� %\ DQDORJ\ ZLWK WUDQIHUDEOH XWLOLW\

HFRQRPLHV� ZH DVVXPH WKDW J LV VXSHU�DGGLWLYH DQG KRPRJHQRXV RI GHJUHH

� �KHQFH FRQFDYH� DQG /LSVFKLW]� (DFK SRSXODWLRQ GLVWULEXWLRQ � � /�����

LQGXFHV D JDPH ZLWK SOD\HU VHW $ DQG FKDUDFWHULVWLF IXQFWLRQ Y� GH�QHG E\�

Y��%�  J��M%� IRU % � $

7KH FRUH RI Y� PD\ EH LGHQWL�HG ZLWK WKH VXEGL�HUHQWLDO RI J DW WKH SRSXODWLRQ

GLVWULEXWLRQ �� �6HH 2VWUR\ ������� 0DNRZVNL DQG 2VWUR\ ������ DQG *UHWVN\�

2VWUR\ DQG =DPH �������� ,Q SDUWLFXODU� WKH FRUH RI Y� LV D VLQJOHWRQ LI DQG

RQO\ LI J LV *ADWHDX[ GL�HUHQWLDEOH DW I ���

7KH PDLQ UHVXOW RI WKLV VHFWLRQ LV WKDW IRU D SUHYDOHQW VHW RI SRSXODWLRQ

GLVWULEXWLRQV WKH FRUH LV D VLQJOHWRQ�

7KHRUHP ��� 7KH VHW RI SRSXODWLRQ GLVWULEXWLRQV � � /����� IRU ZKLFK WKH

FRUH RI Y� LV D VLQJOHWRQ LV D SUHYDOHQW VXEVHW RI /������

%HFDXVH WKH FRUH RI Y� LV D VLQJOHWRQ H[DFWO\ ZKHQ J LV *ADWHDX[ GL�HU�

HQWLDEOH DW �� 7KHRUHP ��� LV HTXLYDOHQW WR WKH DVVHUWLRQ WKDW J LV *ADWHDX[

GL�HUHQWLDEOH DW HYHU\ SRLQW RI D SUHYDOHQW VHW� ZKLFK LV DQ LPPHGLDWH FRQVH�

TXHQFH RI WKH IROORZLQJ LQ�QLWH GLPHQVLRQDO YHUVLRQ RI 5DGHPDFKHU
V WKHRUHP

�DOPRVW HYHU\ZKHUH GL�HUHQWLDELOLW\ RI /LSVFKLW] IXQFWLRQV RQ 5Q����

��,I & LV D FRQYH[ VXEVHW RI D %DQDFK VSDFH ;� WKH IXQFWLRQ X � & � 5 LV *ADWHDX[

GL�HUHQWLDEOH DW [ � & LI WKHUH LV D FRQWLQXRXV OLQHDU IXQFWLRQDO 
 � ;� VXFK WKDW

OLP
���

�

�
MX�[� �\�� X�[�� 
��\�M  �

IRU HDFK \ � ; KDYLQJ WKH SURSHUW\ WKDW [ � W\ � & IRU W ! � VX�FLHQWO\ VPDOO� ,I X LV

*ADWHDX[ GL�HUHQWLDEOH DW F� WKH OLQHDU IXQFWLRQDO 
 LV XQLTXHO\ GHWHUPLQHG RQ WKH VPDOOHVW

FORVHG VXEVSDFH RI ; FRQWDLQLQJ & � [� EXW LQGHWHUPLQDWH HOVHZKHUH�
��9HURQD ������ HVWDEOLVKHV WKH ZHDNHU UHVXOW WKDW FRQFDYH /LSVFKLW] IXQFWLRQV DUH

*ADWHDX[ GL�HUHQWLDEOH DW HYHU\ SRLQW RI D UHVLGXDO VHW�

��



7KHRUHP ��� /HW ; EH D VHSDUDEOH %DQDFK VSDFH� OHW & � ; EH D FORVHG

FRQYH[ VXEVHW� DQG OHW X � & � 5 EH D /LSVFKLW] IXQFWLRQ� 7KH VHW

I[ � & � X LV *ADWHDX[ GL�HUHQWLDEOH DW [J

LV D SUHYDOHQW VXEVHW RI &�

3URRI 7KH SURRI LV LQ WKUHH VWHSV� �� FRQVWUXFW D VX�FLHQWO\ ODUJH FRXQWDEOH

VHW RI �QLWH GLPHQVLRQDO VXEVSDFHV RI ;� �� IRU HDFK �QLWH GLPHQVLRQDO VXE�

VSDFH 9 LQ WKLV FROOHFWLRQ� XVH 5DGHPDFKHU
V WKHRUHP WR VKRZ WKDW WKH VHW

RI SRLQWV LQ & DW ZKLFK X LV *ADWHDX[ GL�HUHQWLDEOH LQ GLUHFWLRQV LQ 9 LV D

SUHYDOHQW VHW� �� XVH WKH /LSVFKLW] QDWXUH RI X WR FRQFOXGH WKDW X LV *ADWHDX[

GL�HUHQWLDEOH DW HYHU\ SRLQW RI WKH LQWHUVHFWLRQ RI WKLV FRXQWDEOH IDPLO\ RI

SUHYDOHQW VHWV� ZKLFK LV DJDLQ D SUHYDOHQW VHW�

6WHS � &KRRVH DQG �[ D FRXQWDEOH GHQVH VXEVHW I[QJ RI &� )RU HDFK SDLU
�L� M� RI LQGLFHV ZLWK L � M� VHW ]LM  [L � [M� OHW 9LM EH WKH RQH�GLPHQVLRQDO

VXEVSDFH VSDQQHG E\ ]LM� DQG OHW

=LM  I[ � & � [� W]LM � & IRU VRPH W ! �J

/HW , EH WKH VHW RI DOO �QLWH VXEVHWV RI WKH VHW RI DOO LQGH[ SDLUV I�L� M� � L � MJ�
DQG OHW - EH WKH VXEVHW RI , FRQVLVWLQJ RI V\PPHWULF VHWV �VR �L� M� � - �
�M� L� � - �� )RU HDFK - � - � OHW 9- � ; EH WKH OLQHDU VXEVSDFH RI ; VSDQQHG

E\ I[LM � �L� M� � -J�
6WHS � )RU HDFK - � - � ZH DQDO\]H WKH VHW RI SRLQWV DW ZKLFK X LV *ADWHDX[

GL�HUHQWLDEOH LQ GLUHFWLRQV LQ 9- � %HFDXVH ZH UHVWULFW DWWHQWLRQ WR SRLQWV DW

ZKLFK VPDOO WUDQVODWLRQV LQ WKH GLUHFWLRQV LQ 9- UHPDLQ LQ &� ZH ZULWH

=-  
?

�L�M��-

=LM

DQG GH�QH

<-  I\ � =- � XM>�9-�\�?&@ LV *ADWHDX[ GL�HUHQWLDEOH DW \J

��



,QIRUPDOO\ VSHDNLQJ� \ � <- MXVW ZKHQ X LV *ADWHDX[ GL�HUHQWLDEOH DW \ LQ WKH

GLUHFWLRQV LQ WKH VXEVSDFH 9- � :H VKRZ WKDW HDFK <- LV �QLWHO\ SUHYDOHQW LQ

&�

,W LV FRQYHQLHQW WR VKRZ �UVW WKDW HDFK =LM LV �QLWHO\ SUHYDOHQW LQ &�

7R VHH WKLV� QRWH �UVW WKDW [M� [L � &� VR �� �[L � [M� � & � [M� RI FRXUVH

�� �[L � [M�  ]LM � 9LM� %HFDXVH & LV FRQYH[ DQG 9LM LV D ��GLPHQVLRQDO

VXEVSDFH� LW IROORZV WKDW �& � [M� ? 9LM FRQWDLQV D UHODWLYHO\ RSHQ VXEVHW

RI 9LM� LQ SDUWLFXODU� �9LM�& � [M� ! �� 2Q WKH RWKHU KDQG� ZH FODLP WKDW

�9LM
�
�& Q=LM��\

�
 � IRU HDFK \ � ;� LQGHHG� ZH DVVHUW WKDW WKH LQWHUVHFWLRQ

9LM?
�
�& Q=LM��\

�
LV HLWKHU HPSW\ RU D VLQJOHWRQ� ,I QRW� FKRRVH WZR GLVWLQFW

SRLQWV T�� T� LQ WKH LQWHUVHFWLRQ� DQG ZULWH

T�  F� � \  W�]LM � T�  F� � \  W�]LM

:LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ VXSSRVH W� ! W�� ZKHQFH

F�  F� � �W� � W��]LM

%XW WKLV LPSOLHV WKDW F� � =LM� VR T� � =LM � \� ZKLFK LV D FRQWUDGLFWLRQ� :H

FRQFOXGH WKDW 9LM ?
�
�& Q =LM� � \

�
LV HLWKHU HPSW\ RU D VLQJOHWRQ� DQG KHQFH

WKDW �9LM
�
�& Q=LM� � \

�
 �� IRU HDFK \ � ;� VR WKDW =LM LV �QLWHO\ SUHYDOHQW�

DV DVVHUWHG�

7R VHH <- LV �QLWHO\ SUHYDOHQW LQ &� QRWH �UVW WKDW� EHFDXVH HDFK =LM LV

�QLWHO\ SUHYDOHQW LQ &� VR LV HDFK =- � LQ SDUWLFXODU� =- � �� 1RZ ZULWH

(-  =- Q <- � ZH VKRZ WKDW (- LV �QLWHO\ VK\� 7R WKLV HQG� ZULWH

)-  IZ � �9- � \� ? =- � XM>�9-�\�?=- @ LV QRW *ADWHDX[ GL�HUHQWLDEOH DW ZJ
&RQYH[LW\ RI & DQG V\PPHWU\ RI - LPSO\ WKDW �9-�\�?=- LV D UHODWLYHO\ RSHQ

VXEVHW �SRVVLEO\ HPSW\� RI 9-�\� 5DGHPDFKHU
V WKHRUHP �VHH )HGHUHU ������

������� IRU LQVWDQFH� JXDUDQWHHV WKDW D ORFDOO\ /LSVFKLW] IXQFWLRQ GH�QHG RQ

DQ RSHQ VHW LQ D �QLWH GLPHQVLRQDO VSDFH LV *ADWHDX[ GL�HUHQWLDEOH DOPRVW

HYHU\ZKHUH� VR �9- �)-�  �� +HQFH �9- �(- � \�  �9-
�
�9- � \� ? (-

�
 ��

6LQFH WKLV LV WUXH IRU HDFK \ � ;� ZH FRQFOXGH WKDW (- LV �QLWHO\ VK\ LQ &

DQG KHQFH WKDW <- LV �QLWHO\ SUHYDOHQW LQ &� DV DVVHUWHG�

��



6WHS � :ULWH

<�  
?
-�-

<-

%HFDXVH LW LV WKH FRXQWDEOH LQWHUVHFWLRQ RI VHWV WKDW DUH �QLWHO\ SUHYDOHQW LQ

&� <� LV SUHYDOHQW LQ & �)DFWV � DQG ��� 7R FRPSOHWH WKH SURRI LW VX�FHV WR

VKRZ WKDW X LV *ADWHDX[ GL�HUHQWLDEOH DW HDFK SRLQW RI <��

7R WKLV HQG� �[ \ � <�� )RU HDFK - � - � ZULWH 
- IRU WKH *ADWHDX[

GHULYDWLYH RI XM>�9-�\�?=- @ DW \� %\ DVVXPSWLRQ� X LV ORFDOO\ /LSVFKLW]� VR

WKHUH LV D QHLJKERUKRRG 4 RI \ LQ & VXFK WKDW X LV /LSVFKLW] RQ 4 ZLWK

FRQVWDQW .� ,W IROORZV WKDW WKH QRUP RI 
- �ZKLFK LV D OLQHDU IXQFWLRQDO RQ

WKH �QLWH GLPHQVLRQDO VXEVSDFH 9- � ;� LV DW PRVW .� :ULWH

�-  I¥ � ;� � ¥M9-  
- � N¥N � .J

7KH +DKQ�%DQDFK WKHRUHP JXDUDQWHHV WKDW 
- KDV DQ H[WHQVLRQ WR DOO RI ;

KDYLQJ WKH VDPH QRUP� VR �- � �� $ODRJOX
V WKHRUHP JXDUDQWHHV WKDW HDFK

�- LV D ZHDN VWDU FRPSDFW VXEVHW RI WKH GXDO VSDFH ;
�� %HFDXVH WKH *ADWHDX[

GHULYDWLYH LV XQLTXH ZKHQ LW H[LVWV� LW IROORZV WKDW �-   �- � LI - � - �� +HQFH7
-�- �- � �� OHW 
 EH DQ\ SRLQW LQ WKH LQWHUVHFWLRQ�
:H VKRZ WKDW 
 LV D *ADWHDX[ GHULYDWLYH RI X DW \��� 7R WKLV HQG� OHW ] � ;

DQG VXSSRVH WKDW \ � W�] � & IRU VRPH W� ! �� 5HSOD\LQJ ] E\ W�]� ZH PD\

DVVXPH \ � ] � &� E\ FRQYH[LW\ RI &� \ � W] � & IRU DOO W � >�� �@� )L[ � ! ��

%HFDXVH I[QJ LV D GHQVH VXEVHW RI &� ZH FDQ FKRRVH [L� [M VXFK WKDW

N[M � \N � �
�.��

DQG N[L � �\ � ]�N � �
�.��

� ZKHQFH N]LM � ]N � �
�.��

�

%HFDXVH <� � =- IRU HYHU\ - � LW IROORZV WKDW \ � �]LM � & IRU VX�FLHQWO\

VPDOO � ! �� 8VLQJ WKH IDFW WKDW X LV /LSVFKLW] ZLWK FRQVWDQW . DQG WKDW 


LV OLQHDU DQG KDV QRUP ERXQGHG E\ .� ZH FDQ HVWLPDWH�

MX�\ � �]�� X�\�� 
��]�M
 MX�\ � �]�� X�\ � �]LM� � X�\ � �]LM�

� X�\�� 
��]LM� � 
��]LM�� 
��]LM�M
��$V ZH KDYH QRWHG� WKH *ADWHDX[ GHULYDWLYH DW \ LV XQLTXHO\ GHWHUPLQHG RQO\ RQ WKH

FORVHG VXEVSDFH VSDQQHG E\ & � \�

��



� MX�\ � �]�� X�\ � �]LM�M
� MX�\ � �]LM�� X�\�� 
��]LM�M
� M
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��]LM�M

� .�N] � ]LMN
� MX�\ � �]LM�� X�\�� 
��]LM�M
�.�N] � ]LMN

� �.��

�. � �
� MX�\ � �]LM�� X�\�� 
��]LM�M

,I �L� M� � - � RXU FRQVWUXFWLRQ JXDUDQWHHV WKDW WKH UHVWULFWLRQ RI 
 WR 9- LV WKH

*ADWHDX[ GHULYDWLYH RI XM>�9-�\�?=- @� VR WKH VHFRQG WHUP ZLOO EH VPDOOHU WKDQ
��

�.��
� SURYLGHG WKDW � LV VPDOO HQRXJK� :H FRQFOXGH WKDW

MX�\ � �]�� X�\�� 
��]�M
�

�
�.�

�. � �
�

�

�. � �
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SURYLGHG WKDW � LV VPDOO HQRXJK� ZKLFK LV WKH GHVLUHG HVWLPDWH� +HQFH 
 LV D

*ADWHDX[ GHULYDWLYH RI X DW \� DV DVVHUWHG�

$SSHQGL[ $� 3URRIV RI )DFWV � � �

+HUH ZH FROOHFW WKH SURRIV RI )DFWV ����

3URRI RI )DFW � 6XSSRVH WKDW ( LV VK\ DW F� � &� OHW F � & EH DQ\ RWKHU

SRLQW� $VVXPH ZLWKRXW ORVV WKDW ( LV D XQLYHUVDOO\ PHDVXUDEOH VHW� *LYHQ

� ! � DQG D QHLJKERUKRRG : RI � LQ ;� XVH FRQWLQXLW\ RI DGGLWLRQ WR FKRRVH

D QHLJKERUKRRG :� RI � VXFK WKDW :��:� � : DQG XVH FRQWLQXLW\ RI VFDODU

PXOWLSOLFDWLRQ WR FKRRVH D ��� � � �� � � VXFK WKDW ���F� � F� � :�� 7 KH

GH�QLWLRQ RI VK\QHVV DW F� SURYLGHV D FRPSDFWO\ VXSSRUWHG %RUHO SUREDELOLW\

PHDVXUH �� VXFK WKDW

VXSS �� �
�
���& � F�� � F�

�
? �:� � F�� ���

DQG ���( � [�  � IRU HYHU\ [ � ;� 6HW F�  ��� ���F � ��F�� DQG GH�QH D

SUREDELOLW\ PHDVXUH � E\�

��$�  ���$ � F� � F��

��



IRU HDFK XQLYHUVDOO\ PHDVXUDEOH VHW $ � ;� ,W LV HDVLO\ FKHFNHG WKDW

VXSS �  VXSS �� � F� � F� ���

%HFDXVH WUDQVODWLRQ LV D KRPHRPRUSKLVP� ��� LPSOLHV WKDW VXSS � LV FRPSDFW�

&RPELQLQJ ���� ���� WKH FRQYH[LW\ RI & DQG WKH IDFW WKDW F�  ��� ���F� ��F�
\LHOGV

VXSS �  VXSS �� � F� � F�

� ���& � F�� � F� � F� � F�

 ���& � F�� � ��� ���F� ��F�

 ���& � F� � F

� ��& � F� � F

0RUHRYHU� EHFDXVH ���F� � F� � :� DQG :� �:� � : LW IROORZV WKDW

VXSS �  VXSS �� � F� � F�

� �:� � F��� F� � F�

 :� � ��� ���F� ��F�

 :� � ���F� � F� � F

� : � F

&RPELQLQJ WKHVH ODVW WZR FDOFXODWLRQV ZH VHH WKDW�

VXSS � �
�
��& � F� � F

�
? �: � F�

%HFDXVH � LV D WUDQVODWLRQ RI ��� ��( � [�  � IRU HYHU\ [ � ;� 6LQFH ��:

ZHUH DUELWUDU\� ZH FRQFOXGH WKDW ( LV VK\ LQ & DW F� DV DVVHUWHG�

3URRI RI )DFW � 2EYLRXV�

3URRI RI )DFW � 2EYLRXV�

3URRI RI )DFW � 7KH DUJXPHQW LV DGDSWHG IURP +XQW� 6DXHU DQG <RUNH

������� /HW I(QJ EH D FRXQWDEOH IDPLO\ RI VHWV� HDFK VK\ LQ &� ZH VKRZ

��



WKDW WKH XQLRQ (  
6
(Q LV VK\ LQ &� 7KHUH LV QR ORVV LQ DVVXPLQJ WKDW

� � & DQG WKDW HDFK (Q LV D XQLYHUVDOO\ PHDVXUDEOH VHW� DQG LW VX�FHV �LQ

YLHZ RI )DFW �� WR HVWDEOLVK WKDW ( LV VK\ LQ & DW �� )L[ � ! � DQG DQ

RSHQ QHLJKERUKRRG : RI � � ;� ZH FRQVWUXFW D PHDVXUH WKDW VDWLV�HV WKH

VXSSRUW FRQGLWLRQ DQG KDV WKH SURSHUW\ WKDW HYHU\ WUDQVODWH RI ( KDV PHDVXUH

�� 7KH PHDVXUH ZH FRQVWUXFW LV DQ LQ�QLWH FRQYROXWLRQ� JXDUDQWHHLQJ WKDW

WKLV LQ�QLWH FRQYROXWLRQ LV ZHOO�GH�QHG �WKDW LV� WKDW WKH VHTXHQFH GH�QLQJ LW

FRQYHUJHV� UHTXLUHV VRPH FDUH�

%\ DVVXPSWLRQ� & LV FRPSOHWHO\ PHWUL]DEOH� &KRRVH DQG �[ D FRPSOHWH

PHWULF G� RQ &� �,I &  ;� ZH FRXOG FKRRVH G� WR EH WUDQVODWLRQ LQYDULDQW�

,Q JHQHUDO� KRZHYHU� & LV D SURSHU VXEVHW RI ; VR LW PD\ QRW EH SRVVLEOH

WR FKRRVH G� WR EH WUDQVODWLRQ LQYDULDQW� 7KLV PDNHV WKH FRQVWUXFWLRQ EHORZ

UDWKHU IXVV\�� 'H�QH WKH PHWULF G RQ �& E\

G�[� \�  G�����[� ���\�

%HFDXVH PXOWLSOLFDWLRQ E\ � LV D KRPHRPRUSKLVP IURP & WR �& DQG G� LV D

FRPSOHWH PHWULF RQ &� LW IROORZV WKDW G LV D FRPSOHWH PHWULF RQ �&�

:ULWH :�  : � :H XVH LQGXFWLRQ WR FRQVWUXFW D VHTXHQFH �:Q� RI RSHQ

QHLJKERUKRRGV RI � � ; DQG D VHTXHQFH ��Q� RI UHJXODU %RUHO SUREDELOLW\

PHDVXUHV RQ ; VXFK WKDW IRU HYHU\ Q � ��

�L� .Q  VXSS �Q LV FRPSDFW

�LL� .Q � :Q ? ��Q�&
�LLL� �Q�(Q � [�  � IRU HYHU\ [ � ;

�LY� :Q �:Q � :Q��

�Y� LI [ � .� � � � � �.Q DQG Z � :Q�� ? ��&� WKHQ G�[� [� Z� � ��Q

�YL� �Q�(Q � [�  � IRU DOO [ � ;

7R FRQVWUXFW :�� ��� FKRRVH RSHQ QHLJKERUKRRGV 4�� 4� RI � � ; VXFK

WKDW 4� � :� DQG 4� � 4� � 4�� VHW :�  4� ? 4�� 1RZ XVH VK\QHVV RI
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(� LQ & WR FKRRVH D FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUH �� VXFK WKDW

���(� � [�  � IRU HYHU\ [ � ; DQG

.�  VXSS �� � :� ? ����&

1RZ VXSSRVH WKDW ��� � � � � �Q DQG:�� � � � �:Q KDYH EHHQ FKRVHQ VDWLVI\LQJ

�L�^�YL�� 8VH FRPSDFWQHVV RI .� � � � � � .Q DQG FRQWLQXLW\ RI WKH GLVWDQFH

IXQFWLRQ G WR FKRRVH RSHQ QHLJKERUKRRGV 4�� 4�� 4� RI � � ; VXFK WKDW

4� � :Q� 4� �4� � 4�� DQG LI [ � .� � � � � �.Q DQG T � 4� ? ��&� WKHQ
[�T � �& DQG G�[� [�T� � ��Q� 6HW :Q��  4�?4�?4�� %HFDXVH (Q�� LV

VK\ LQ & DW � WKHUH LV D FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUH �Q�� VXFK

WKDW �Q���(Q�� � [�  � IRU DOO [ � ; DQG

.Q��  VXSS �Q�� � :Q ? ���Q����&

,W LV HDVLO\ FKHFNHG WKDW ��� � � � � �Q�� DQG :�� � � � �:Q�� VDWLVI\ �L���YL�� VR WKH

LQGXFWLYH FRQVWUXFWLRQ LV FRPSOHWH�

,Q RUGHU WR GH�QH WKH LQ�QLWH FRQYROXWLRQ �  �� � �� � � � � ZULWH

A.  
�<
Q �

.Q

,Q WKH SURGXFW WRSRORJ\� A. LV D FRPSDFW PHWULF VSDFH �EHFDXVH HDFK .Q LV��

0RUHRYHU� WKH %RUHO  �DOJHEUD RQ A. FRLQFLGHV ZLWK WKH SURGXFW  �DOJHEUD���

��%\ GH�QLWLRQ� WKH SURGXFW  �DOJHEUD LV JHQHUDWHG E\ VHWV RI WKH IRUP
4
�

Q �
%Q� ZKHUH

HDFK %Q LV D %RUHO VXEVHW RI .Q DQG %Q  .Q IRU DOO EXW D �QLWH QXPEHU RI LQGLFHV Q� (DFK

RI WKH JHQHUDWLQJ VHWV LV LQ WKH  �DOJHEUD JHQHUDWHG E\ VHWV RI WKH IRUP
4
�

Q �
7Q� ZKHUH

HDFK 7Q LV DQ RSHQ VXEVHW RI .Q DQG 7Q  .Q IRU DOO EXW D �QLWH QXPEHU RI WKH LQGLFHV Q�

VLQFH WKHVH VHWV DUH RSHQ LQ WKH SURGXFW WRSRORJ\� WKH SURGXFW  �DOJHEUD LV FRQWDLQHG LQ

WKH %RUHO  �DOJHEUD JHQHUDWHG E\ WKH SURGXFW WRSRORJ\� 7R VHH WKDW WKH %RUHO  �DOJHEUD

JHQHUDWHG E\ WKH SURGXFW WRSRORJ\ LV FRQWDLQHG LQ WKH SURGXFW  �DOJHEUD� QRWH WKDW VLQFH

HDFK .Q LV FRPSDFW PHWULF� WKHUH LV D FRXQWDEOH FROOHFWLRQ 7Q �ZLWK .Q � 7Q� ZKLFK IRUPV
D EDVH IRU WKH WRSRORJ\ RQ .Q� $ EDVH IRU WKH SURGXFW WRSRORJ\ LV JLYHQ E\ VHWV RI WKH

IRUP
4
�

Q �
7Q� ZKHUH 7Q � 7Q IRU DOO Q DQG 7Q  .Q IRU DOO EXW �QLWHO\ PDQ\ YDOXHV

RI Q� 1RWLFH WKDW WKLV EDVH LV FRXQWDEOH� DQG FRQVLVWV HQWLUHO\ RI VHWV WKDW DUH SURGXFW

PHDVXUDEOH� VR HYHU\ SURGXFW RSHQ VHW LV SURGXFW PHDVXUDEOH� DQG KHQFH HYHU\ %RUHO VHW

LV SURGXFW PHDVXUDEOH�
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:H DVVHUW WKDW 7 LV ZHOO�GH�QHG �L�H�� IRU HDFK �[Q�� WKH LQ�QLWH VXP FRQYHUJHV

WR DQ HOHPHQW RI �&�� WKDW 7 LV FRQWLQXRXV� DQG WKDW 7 � A.� � �& ?: �

7R VHH WKDW WKH 7 �[Q� LV ZHOO�GH�QHG� FRQVLGHU WKH SDUWLDO VXPV VN  3N
Q � [Q� )L[ Q�P� 7KH WULDQJOH LQHTXDOLW\ LPSOLHV WKDW

G�VQ� VP� �
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N �

G�VQ�N� VQ�N���

%\ GH�QLWLRQ� VQ�N��� VQ�N  [Q�N��� VQ�N � .�� � � ��.Q�N DQG [Q�N�� �
.Q�N�� � :Q�N�� VR �Y� JXDUDQWHHV WKDW

G�VQ�N� VQ�N��� � ���Q�N�

+HQFH

G�VQ� VQ�P� � ���Q���

,Q SDUWLFXODU� WKH VHTXHQFH RI SDUWLDO VXPV LV &DXFK\� %HFDXVH �& LV FRPSOHWH�

WKH VHTXHQFH RI SDUWLDO VXPV FRQYHUJHV WR DQ HOHPHQW RI �&� VR 7 LV ZHOO�

GH�QHG�

7R VHH WKDW 7 LV FRQWLQXRXV� �[ [ � A. DQG � ! �� &KRRVH DQ LQGH[ 1 VR

WKDW ���1��� � � �� 'H�QH 71 � A. � �& E\
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Q �
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�WKH 1 �WK SDUWLDO VXP�� &RQWLQXLW\ RI DGGLWLRQ JXDUDQWHHV WKDW WKHUH LV D

QHLJKERUKRRG 9 RI [ LQ A. VXFK WKDW
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ZKHQHYHU \ � 9 � &RPELQLQJ WKLV ZLWK WKH WULDQJOH LQHTXDOLW\ DQG WKH FDOFX�

ODWLRQV RI WKH SUHFHGLQJ SDUDJUDSK� ZH �QG WKDW LI \ � 9 WKHQ
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+HQFH 7 LV FRQWLQXRXV�

:ULWH .  7 � A.�� FRQWLQXLW\ RI 7 LPSOLHV WKDW . LV D FRPSDFW VXEVHW

RI ;� %\ FRQVWUXFWLRQ� .Q � ��Q�& IRU HDFK Q� %HFDXVH & LV FRQYH[ DQG

� � & LW IROORZV WKDW
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6LQFH HOHPHQWV RI . DUH OLPLWV RI &DXFK\ VHTXHQFHV LQ �&� WKH\ WKHUHIRUH

EHORQJ WR �&� WKXV . � �&� &RPELQLQJ �LL� ZLWK UHSHDWHG DSSOLFDWLRQV RI

�LY� \LHOGV WKDW

.� � � � ��.1 � :� � � � ��:1 � :� �:�
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IRU HDFK %RUHO VHW % � ;� 1RWLFH WKDW � LV D SUREDELOLW\ PHDVXUH DQG WKDW

��.�  �� VR WKDW VXSS � � . � �& ?: �

1RZ �[ \ � ;� )RU HDFK P� OHW A.P  
4

Q� P.Q DQG A�P  
4

Q� P �Q� (P

LV XQLYHUVDOO\ PHDVXUDEOH� KHQFH VR DUH DOO RI LWV WUDQVODWHV� VR WKHLU FKDUDF�

WHULVWLF IXQFWLRQV DUH PHDVXUDEOH LQ WKH FRPSOHWLRQ RI WKH SURGXFW PHDVXUH

�A�P� �P� RQ A.P �.P� VR )XELQL
V 7KHRUHP DSSOLHV� 7KXV�
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%HFDXVH � LV FRXQWDEO\ DGGLWLYH DQG (  >(P
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+HQFH ( LV VK\ LQ & DW �� LQ YLHZ RI )DFW �� ( LV VK\ LQ &� DV GHVLUHG�

3URRI RI )DFW � 6XSSRVH WKDW 4 � & LV UHODWLYHO\ RSHQ DQG VK\ LQ &� ,Q

YLHZ RI )DFW �� WKHUH LV QR ORVV LQ DVVXPLQJ WKDW � � 4� &KRRVH DQ RSHQ VHW

8 � ; VXFK WKDW 8 ?&  4�

:H VKRZ �UVW WKDW� IRU HDFK SRVLWLYH LQWHJHU Q� Q4 ? & LV VK\ LQ & DW ��

*LYHQ � ! � DQG D QHLJKERUKRRG : RI � LQ ;� FKRRVH D FRPSDFWO\ VXSSRUWHG

SUREDELOLW\ PHDVXUH � VXFK WKDW
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,W LV LPPHGLDWH WKDW � LV D SUREDELOLW\ PHDVXUH� WKDW

VXSS �  Q VXSS � � �& ?:

DQG WKDW � KDV FRPSDFW VXSSRUW� ,I \ � ;� WKHQ
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+HQFH Q4 ? & LV VK\ LQ & DW � DQG KHQFH �E\ )DFW �� VK\ LQ &�

:H QRZ REWDLQ D FRQWUDGLFWLRQ� %HFDXVH � � & DQG & LV FRQYH[� & Q �
&� VR
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�
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+HQFH & LV WKH XQLRQ RI FRXQWDEO\ PDQ\ VXEVHWV WKDW DUH VK\ LQ &� 6LQFH

WKLV FRQWUDGLFWV )DFW �� ZH FRQFOXGH WKDW 4 LV QRW VK\ LQ &� DV GHVLUHG�

3URRI RI )DFW � 6XSSRVH ( LV VK\ LQ &� &KRRVH D XQLYHUVDOO\ PHDVXUDEOH

VHW =   ( DQG D SUREDELOLW\ PHDVXUH � ZLWK ��&�  � VXFK WKDW ��=�[�  �

IRU DOO [ � 5N� 7KHQ

��=�  
=
5N

��=�G��]�

��



 
=
5N

��= � ]�G��]�

 
=
5N

=
5N

�=�[� ]�G��[�G��]�

 
=
5N

=
5N

�=�[� ]�G��]�G��[�

 
=
5N

��= � [�G��[�

 
=
5N
�G��[�  �

VR = LV D VHW RI /HEHVJXH PHDVXUH ]HUR� ZKHQFH ( LV D VHW RI /HEHVJXH PHDVXUH

]HUR� $V LQ WKH SURRI RI )DFW �� WKH XVH RI )XELQL
V 7KHRUHP LV MXVWL�HG EHFDXVH

= LV XQLYHUVDOO\ PHDVXUDEOH� KHQFH �=�[�]� LV PHDVXUDEOH LQ WKH FRPSOHWLRQ

RI WKH SURGXFW PHDVXUH�

,I WKH /HEHVJXH PHDVXUH RI ( LV � WKHQ ( LV �QLWHO\ VK\ LQ &� )DFW � EHORZ

WHOOV XV WKDW ( LV VK\ LQ &� DV GHVLUHG�

3URRI RI )DFW � /HW ( � & EH �QLWHO\ VK\� VR WKHUH LV D �QLWH GLPHQVLRQDO

VXEVSDFH 9 DQG D SRLQW D � ; VXFK WKDW �9 �& � D� ! � DQG �9 �( � [�  �

IRU HYHU\ [ � ;� ,Q YLHZ RI )DFW �� WKHUH LV QR ORVV LQ DVVXPLQJ WKDW D  �� VR

�9 �&� ! �� %HFDXVH & LV FRQYH[ DQG 9 LV �QLWH GLPHQVLRQDO� 9 ?& FRQWDLQV

D FRQYH[ UHODWLYHO\ RSHQ VXEVHW 4 RI 9 � WKHUH LV DJDLQ QR ORVV LQ DVVXPLQJ

� � 4� *LYHQ � ! � DQG D QHLJKERUKRRG : RI � LQ ;� WKH VHW �4? �: ? 9 �

LV D QHLJKERUKRRG RI � LQ 9 � VR LW FRQWDLQV D FRPSDFW VHW . ZLWK � LQ LWV

UHODWLYH LQWHULRU� 'H�QH
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%\ FRQVWUXFWLRQ� � LV D UHJXODU FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUH

DQG VXSS � � �4 ?: � �& ?: � %HFDXVH � LV DEVROXWHO\ FRQWLQXRXV ZLWK

UHVSHFW WR �9 � LW IROORZV WKDW ��( � [�  � IRU HYHU\ [ � ;� %HFDXVH ��:

ZHUH DUELWUDU\� LW IROORZV WKDW ( LV VK\ LQ & DW �� DQG KHQFH �)DFW �� WKDW (

LV VK\ LQ &� DV GHVLUHG�

%HIRUH WXUQLQJ WR WKH SURRIV RI )DFWV � DQG �� ZH QHHG WR HVWDEOLVK WKH

IROORZLQJ WHFKQLFDO UHVXOW� 7KLV PD\ ZHOO EH NQRZQ� EXW ZH KDYH QRW EHHQ
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DEOH WR �QG D UHIHUHQFH�

3URSRVLWLRQ ��� ,I ; LV D +DXVGRU� WRSRORJLFDO VSDFH DQG & � ; LV FRP�

SOHWHO\ PHWUL]DEOH LQ WKH UHODWLYH WRSRORJ\� WKHQ & LV D *� VXEVHW RI LWV FORVXUH

& � ;� ,Q SDUWLFXODU� & LV D %RUHO VXEVHW RI ;�

3URRI &KRRVH DQG �[ D FRPSOHWH PHWULF G RQ &� )RU$ � &� ZULWH GLDP �$�  

VXSIG�[� \� � [� \ � $J IRU WKH GLDPHWHU RI $ ZLWK UHVSHFW WR WKH PHWULF G�

)RU [ � ; GH�QH WKH RVFLOODWLRQ RI & DW ; WR EH

��[�  LQI GLDP �8 ? &�

ZKHUH WKH LQ�PXP LV WDNHQ RYHU DOO RSHQ QHLJKERUKRRGV 8 RI [ �ZLWK UHVSHFW

WR ;�� 1RWH WKDW ��[�  � LI [ � & DQG WKDW ��[�  �� LI [ �� & �IRU

WKHQ WKHUH LV D QHLJKERUKRRG 8 RI [ ZKLFK PLVVHV &� ZKHQFH 8 ?&  � DQG
GLDP �8 ?&�  GLDP ���  ����
:H DVVHUW WKDW LI [ � & DQG ��[�  � WKHQ [ � &� 7R VHH WKLV� QRWH WKDW

HYHU\ RSHQ QHLJKERUKRRG 8 RI [ PHHWV &� VR IRU HDFK 8 ZH FDQ FKRRVH D

SRLQW [8 � 8 ?&� 7KH RSHQ QHLJKERUKRRGV RI [ DUH GLUHFWHG E\ VHW LQFOXVLRQ

VR I[8J LV D QHW LQ &� 7KH DVVXPSWLRQ WKDW ��[�  � LPSOLHV WKDW IRU HYHU\

� ! � WKHUH LV DQ RSHQ QHLJKERUKRRG 9 RI [ ZLWK GLDP �9 ? &� � �� VR LI

8�8 � � 9 WKHQ G�[8 � [8 �� � �� 7KDW LV� I[8J LV D &DXFK\ QHW LQ &� %HFDXVH

& LV FRPSOHWH LQ WKH PHWULF G� WKLV QHW FRQYHUJHV WR D SRLQW [� � &� 2Q WKH

RWKHU KDQG� WKH FRQVWUXFWLRQ RI I[8J JXDUDQWHHV WKDW LW FRQYHUJHV WR [ � ;�

DQG ; LV +DXVGRU�� VR OLPLWV RI QHWV DUH XQLTXH� +HQFH [  [� � & DV

DVVHUWHG�

/HW:Q  I[ � ; � ��[� � � QJ� ,I [ � :Q� WKHQ WKHUH LV D QHLJKERUKRRG

8 RI [ VXFK WKDW GLDP �8 ? &� � � Q� )RU DQ\ RWKHU \ � 8 � ��\� �
GLDP �8 ?&� � � Q� VR \ � :Q� 7KHUHIRUH� :Q LV DQ RSHQ VXEVHW RI ;� VR

&  I[ � & � ��[�  �J  & ?
�?
Q �

I[ � ; � ��[� � � QJ

LV D *� VXEVHW RI &� DV DVVHUWHG�
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3URRI RI )DFW � 6XSSRVH WKDW ( LV SUHYDOHQW LQ ) DQG ) LV SUHYDOHQW LQ *�

) Q ( LV VK\ LQ ) � VR WKHUH LV D XQLYHUVDOO\ PHDVXUDEOH VHW + � ) WKDW LV

VK\ LQ ) DQG �) Q (� � +� )L[ I � ) � � ! �� DQG D QHLJKERUKRRG : RI �

LQ ;� 7KHUH LV D UHJXODU %RUHO SUREDELOLW\ PHDVXUH � ZLWK FRPSDFW VXSSRUW

� �>��) � I� � I @ ? �: � I�� VXFK WKDW ��+ � [�  � IRU DOO [ � ;� ) � *

VR I � * DQG �>��) � I� � I @ ? �: � I�� � �>��*� I� � I @ ? �: � I��� VR

+ LV VK\ DW I LQ *� E\ )DFW �� + LV VK\ LQ *� * Q ) LV VK\ LQ *� VR WKHUH LV

D XQLYHUVDOO\ PHDVXUDEOH VHW , � * WKDW LV VK\ LQ * DQG �* Q ) � � ,� 7KHQ

* Q(  �) Q(�> �* Q ) � � + > ,� VLQFH WKLV LV WKH XQLRQ RI WZR VK\ VHWV LQ

*� LW LV VK\ LQ *� VR * Q ( LV VK\ LQ *� 7KHUHIRUH� ( LV SUHYDOHQW LQ *�

3URRI RI )DFW � %HFDXVH ; DQG < LQGXFH WKH VDPH WRSRORJ\ RQ & DQG

WKLV WRSRORJ\ LV FRPSOHWHO\ PHWUL]DEOH� 3URSRVLWLRQ ��� JXDUDQWHHV WKDW & LV

D %RUHO VXEVHW RI ; DQG RI < � ,I ( LV VK\ LQ & ZLWK UHVSHFW WR ;� WKHUH LV D

XQLYHUVDOO\ PHDVXUDEOH �ZLWK UHVSHFW WR ;� VHW ) � & VXFK WKDW ( � ) DQG

) LV VK\ LQ & ZLWK UHVSHFW WR ;�

:H VKRZ �UVW WKDW ) LV XQLYHUVDOO\ PHDVXUDEOH ZLWK UHVSHFW WR < � /HW �

EH D UHJXODU %RUHO PHDVXUH RQ < � ZH ZDQW WR VKRZ WKDW ) LV PHDVXUDEOH ZLWK

UHVSHFW WR WKH FRPSOHWLRQ RI �� 7R WKLV HQG� OHW �& EH WKH UHVWULFWLRQ RI � WR

&� VLQFH & LV D %RUHO VXEVHW RI < � �& LV D UHJXODU %RUHO PHDVXUH RQ &� 'H�QH

�; WR EH WKH WULYLDO H[WHQVLRQ RI �& WR ;� �; LV D UHJXODU %RUHO PHDVXUH RQ

;� 6LQFH ) LV XQLYHUVDOO\ PHDVXUDEOH ZLWK UHVSHFW WR ;� ) LV PHDVXUDEOH

ZLWK UHVSHFW WR WKH FRPSOHWLRQ RI �; � VR WKHUH H[LVW %RUHO VHWV $�% LQ ; ZLWK

$ � ) � % DQG �;�%Q$�  �� $ DQG %?& DUH %RUHO VHWV LQ &� KHQFH %RUHO

VHWV LQ < � $ � ) � % ?&� DQG ���% ?&� Q$�  �;�% Q$�  �� +KHQFH )
LV PHDVXUDEOH ZLWK UHVSHFW WR WKH FRPSOHWLRQ RI QX� 6LQFH � LV DUELWDU\� ) LV

D XQLYHUVDOO\ PHDVXUDEOH VXEVHW RI < �

)L[ F � &� � ! �� DQG D QHLJKERUKRRG 9 RI � LQ < � 7KHQ �F � 9 � ? & LV

D QHLJKERUKRRG RI F LQ &� VR WKHUH H[LVWV D QHLJKERUKRRG : RI � LQ ; VXFK

WKDW �F �: � ? & � �F � 9 � ? &� 6LQFH ) LV VK\ LQ & ZLWK UHVSHFW WR ;�

WKHUH LV D UHJXODU %RUHO SUREDELOLW\ PHDVXUH � RQ ; ZLWK FRPSDFW VXSSRUW

� >��& � F�� F@? �: � F� DQG ��) � [�  � IRU HYHU\ [ � ;� 'H�QH D %RUHO

SUREDELOLW\ PHDVXUH RQ < E\ �< �%�  ��%?&�� �< LV FRPSDFWO\ VXSSRUWHG�

��



ZLWK VXSSRUW � �>��& � F� � F@ ? �: � F�� � �>��& � F� � F@ ? �9 � F��� ,I

[ � ; ? < � �< �) � [�  ��) � [�  �� ,I \ � < Q;� �) � \� ?;  �� VR
�< �) � \�  �� 7KXV� ) LV VK\ LQ & ZLWK UHVSHFW WR < � ZKHQFH ( LV VK\ LQ

& ZLWK UHVSHFW WR < � 7KH FRQYHUVH IROORZV E\ LQWHUFKDQJLQJ WKH UROHV RI ;

DQG < �

$SSHQGL[ %� ([DPSOHV

:H SUHVHQW KHUH IRXU H[DPSOHV� 7KH �UVW H[DPSOH GHOLQHDWHV WKH GL�HUHQFH

EHWZHHQ VK\QHVV DQG �QLWH VK\QHVV E\ SURYLGLQJ D VK\ VHW WKDW LV QRW FRQ�

WDLQHG LQ WKH XQLRQ RI FRXQWDEO\ PDQ\ �QLWHO\ VK\ VHWV� 7KH VHFRQG DQG

WKLUG H[DPSOHV SURYLGH PRWLYDWLRQ IRU RXU GH�QLWLRQV E\ VKRZLQJ WKDW LI WKH

VXSSRUW FRQGLWLRQV ZHUH ZHDNHQHG WKHQ WKH GHVLUHG SURSHUWLHV ZRXOG QRW RE�

WDLQ� 7KH IRXUWK H[DPSOH VKRZV WKDW SUHYDOHQFH GRHV QRW VDWLVI\ WKH REYLRXV

DQDORJ RI )XELQL
V WKHRUHP�

%HIRUH EHJLQQLQJ� LW LV XVHIXO WR FROOHFW VRPH QRWDWLRQ DQG D IHZ IDFWV

WKDW ZLOO EH XVHG UHSHDWHGO\� /HW � EH /HEHVJXH PHDVXUH RQ WKH XQLW LQWHUYDO

>�� �@� 5HFDOO WKDW /�  /���� LV WKH %DQDFK VSDFH RI �HTXLYDOHQFH FODVVHV� RI

/HEHVJXH LQWHJUDEOH IXQFWLRQV RQ >�� �@� )RU I � /�� W � >�� �@ ZH ZULWH IW IRU
WKH URWDWLRQ RI I E\ W�

IW�V�  I�V� W�

�:H FDUU\ RXW VXEWUDFWLRQ PRGXOR ��� 7UDQVODWLRQ�LQYDULDQFH RI /HEHVJXH

PHDVXUH LPSOLHV WKDW IW � /� IRU HDFK W� :H QHHG � OHPPDV�

/HPPD $ 7KH URWDWLRQ PDS W �� IW � >�� �@� /� LV FRQWLQXRXV�

3URRI 6HH 5XGLQ ������ SDJH ���

/HPPD % /HW 8 � >�� �@ EH D GHQVH RSHQ VHW ZLWK ��8� � �� DQG OHW I  

��¤8 EH WKH FKDUDFWHULVWLF IXQFWLRQ RI WKH FRPSOHPHQW RI 8� ,I $ � >�� �@ LV
D VHW RI SRVLWLYH /HEHVJXH PHDVXUH� WKHQ LQID�$ ID  � �WKH LQ�PXP FRPSXWHG

LQ /���

��



3URRI :H VKRZ �UVW WKDW LI % � >�� �@ LV DQ\ GHQVH VHW DQG $ � >�� �@ LV DQ\
VHW RI SRVLWLYH /HEHVJXH PHDVXUH� WKHQ $ � % KDV /HEHVJXH PHDVXUH �� 7R

VHH WKLV� FKRRVH D FRXQWDEOH VXEVHW %� � % ZKLFK LV GHQVH LQ >�� �@� %HFDXVH

%� LV FRXQWDEOH� LW LV FHUWDLQO\ PHDVXUDEOH� VR $�%� LV WKH FRXQWDEOH XQLRQ

RI WUDQVODWHV RI $ DQG LV WKXV PHDVXUDEOH� 6XSSRVH ��$ � %�� � �� VR WKDW

'  >�� �@ Q �$ � %�� KDV SRVLWLYH PHDVXUH� &KRRVH SRLQWV RI GHQVLW\ RI

D � $� G � ' UHVSHFWLYHO\��� )LQG � ! � VXFK WKDW

��' ? >G� �� G� �@� !
��

�

� �$ ? >D� �� D� �@� !
��

�

6LQFH %� LV GHQVH� ZH FDQ �QG E � %� ?
�
G� D� �

�
� G� D � �

�

�
� 7KHQ

�
�
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�
�
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,Q SDUWLFXODU� �$�%��?' � �� 7KLV LV D FRQWUDGLFWLRQ� VR ZH FRQFOXGH WKDW
��$ � %��  �� %HFDXVH %� � % DQG HYHU\ VXSHUVHW RI D VHW RI /HEHVJXH

PHDVXUH � LV /HEHVJXH PHDVXUDEOH� ZH FRQFOXGH WKDW ��$�%�  ��

7R VKRZ WKDW LQID�$ ID  �� WDNH %  8 DQG FRQFOXGH IURP WKH DERYH

DUJXPHQW WKDW ��$ � 8�  �� %HFDXVH ID LV ]HUR RQ D � 8 � LW IROORZV WKDW

LQID�$ ID�F�  � IRU DOPRVW HYHU\ F � >�� �@� ,W ZRXOG EH WHPSWLQJ WR FRQFOXGH
WKDW LQID�$ I  �� EXW LW ZRXOG EH ZURQJ�� EHFDXVH WKLV LQ�PXP LV WR EH

FRPSXWHG LQ /��� QRW SRLQWZLVH� ,QVWHDG� VXSSRVH LQID�$ ID � �� 7KHQ WKHUH
��5HFDOO WKDW [ LV D SRLQW RI GHQVLW\ RI ( � >�� �@ LI

OLP
K���

�

�K
� ��[� K� [� K� ? (�  �

7KH 'HQVLW\ 7KHRUHP �VHH $OLSUDQWLV DQG %XUNLQVKDZ ������ 7KHRUHP ������ DVVHUWV WKDW

DOPRVW HYHU\ SRLQW RI ( LV D SRLQW RI GHQVLW\ RI (�
��:H DUH JUDWHIXO WR 5LFKDUG 0� 1L[RQ IRU SRLQWLQJ WKLV RXW�

��



H[LVWV D VHW ( RI SRVLWLYH PHDVXUH VXFK WKDW LQID�$ ID LV SRVLWLYH DOPRVW HY�

HU\ZKHUH RQ (� %HFDXVH ��$ � 8�  �� ��( ? �$ � 8��  ��(� ! �� VR ZH

FDQ �QG H � �( ? �$ � 8�� DQG �� ! � VXFK WKDW ��( ? �H � �� H � ��� ! �

ZKHQHYHU � � ��� 6LQFH H � $ � 8 � ZH FDQ �QG D � $ VXFK WKDW H � D � 8 �

6LQFH 8 LV RSHQ� ZH FDQ �QG �� ! � VXFK WKDW �H���� H� ��� � D�8 � 6HWWLQJ

�  PLQI��� ��J� ZH VHH WKDW ID LV ]HUR DOPRVW HYHU\ZKHUH RQ �H � �� H � ���

VR LQID�$ ID LV ]HUR DOPRVW HYHU\ZKHUH RQ �H� �� H� ��� ZKLFK FRQWUDGLFWV WKH

IDFW WKDW ��( ? �H� ��� H� ���� ! �� :H FRQFOXGH WKDW LQID�$ ID  ��

:LWK WKH SUHOLPLQDULHV RXW RI WKH ZD\� ZH WXUQ WR RXU H[DPSOHV� :H EHJLQ

ZLWK DQ H[DPSOH RI D VHW WKDW LV VK\ EXW QRW �QLWHO\ VK\ DQG QRW FRQWDLQHG

LQ WKH XQLRQ RI D FRXQWDEOH IDPLO\ RI �QLWHO\ VK\ VHWV�

([DPSOH � :H DVVHUW WKDW WKH SRVLWLYH FRQH /���>�� �@� � /��>�� �@� LV VK\�

EXW LV QRW FRQWDLQHG LQ D FRXQWDEOH XQLRQ RI �QLWHO\ VK\ VHWV�

%HFDXVH WKH +XQW� 6DXHU DQG <RUNH QRWLRQ RI VK\QHVV FRLQFLGHV ZLWK RXU

QRWLRQ RI VK\QHVV LQ ;� WR YHULI\ WKDW /�� LV VK\ LQ /�� ZH QHHG RQO\ FRQVWUXFW

D FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUH � VXFK WKDW ��/�� � [�  � IRU

HDFK [ � /�� 7R DFFRPSOLVK WKLV� GH�QH I � /� E\

I�V�  �>PLQIV� �� VJ@�� �

DQG OHW )  IIW � W � >�� �@J EH WKH VHW RI URWDWLRQV RI I � %HFDXVH URWDWLRQ
LV D FRQWLQXRXV PDS �/HPPD $�� ) LV FRPSDFW� /HW � EH WKH LPDJH LQ ) RI

/HEHVJXH PHDVXUH RQ >�� �@� IRU $ � 7 � ��$�  ��IW � >�� �@ � IW � $J��
6XSSRVH WKDW ��/���[�  � ! � IRU VRPH [ � /�� /HW [  [��[� EH WKH

GHFRPSRVLWLRQ RI [ LQWR LWV SRVLWLYH DQG QHJDWLYH SDUWV� /HW $  ID � >�� �@ �
ID � /�� � [J� WKXV� D � $ LI DQG RQO\ LI ID � [ LI DQG RQO\ LI �[� � ID�

)L[ DQ LQWHJHU 1 DQG SDUWLWLRQ WKH LQWHUYDO >�� �@ LQWR 1 HTXDO VXELQWHUYDOV

,Q  
K
Q
1
� Q��

1

�
�Q  �� � � � � 1�� %HFDXVH ��$�  �� DW OHDVW 1� RI WKHVH

VXELQWHUYDOV PXVW FRQWDLQ D SRLQW RI $� ,I ,Q LV RQH RI WKHVH VXELQWHUYDOV DQG

D � $ ? ,Q� WKHQ =
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%HFDXVH 1 LV DUELWUDU\� ZH FRQFOXGH WKDW=
>���@

�[�G�  ��

VR [  � /�� ZKLFK LV D FRQWUDGLFWLRQ� +HQFH ��/�� � [�  � IRU HYHU\ [ � /��

VR /�� LV VK\� DV DVVHUWHG�

,W UHPDLQV WR VKRZ WKDW /�� LV QRW FRQWDLQHG LQ WKH FRXQWDEOH XQLRQ RI

�QLWHO\ VK\ VHWV� 6XSSRVH LW ZHUH� :LWKRXW ORVV RI JHQHUDOLW\� ZH PD\ DV�

VXPH WKHVH �QLWHO\ VK\ VHWV DUH XQLYHUVDOO\ PHDVXUDEOH� VLQFH /�� LV FORVHG�

WKHLU LQWHUVHFWLRQV ZLWK /�� DUH �QLWHO\ VK\ XQLYHUVDOO\ PHDVXUDEOH VHWV� ZKRVH

XQLRQ HTXDOV /��� 7KXV� ZH VXSSRVH �LQ RUGHU WR GHULYH D FRQWUDGLFWLRQ� WKDW

/��  
6�
Q �$Q ZKHUH HDFK $Q LV D �QLWHO\ VK\ XQLYHUVDOO\ PHDVXUDEOH VHW� ,Q

RUGHU WR GHULYH D FRQWUDGLFWLRQ� ZH VKRZ �UVW WKDW HDFK $Q LV �QLWHO\ VK\ LQ

/��� 7R DFFRPSOLVK WKLV� XVH WKH GH�QLWLRQ RI �QLWH VK\QHVV WR FKRRVH D �QLWH

GLPHQVLRQDO VXEVSDFH 9 � /� IRU ZKLFK �9 �/
�� ! � EXW �9 �$Q � [�  � IRU

HDFK [ � ;� 7R VKRZ WKDW $ LV �QLWHO\ VK\ LQ /�� ZH QHHG RQO\ VKRZ WKDW

�9 �/
�
� � \� ! � IRU VRPH \ � /�� 7R WKLV HQG� FKRRVH D EDVLV I�� � � � � IP RI

9 � )RU HDFK L� GHFRPSRVH IL  I�L � I�L DV WKH GL�HUHQFH RI LWV SRVLWLYH DQG

QHJDWLYH SDUWV� DQG VHW \  ��I�� � � � � � I�P�� %HFDXVH I�� � � � � IP IRUP D

EDVLV IRU 9 � WKH VHW

=  
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FRQWDLQV D UHODWLYHO\ RSHQ VXEVHW RI 9 � +RZHYHU�
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+HQFH = � /�� � \� ZKHQFH �9 �/
�
� � \� � �9 �=� ! �� :H FRQFOXGH WKDW $Q

LV �QLWHO\ VK\ LQ /�� IRU HDFK Q�

,Q YLHZ RI )DFW �� $Q LV VK\ LQ /�� IRU HDFK Q� VR /�� LV WKH FRXQWDEOH XQLRQ

RI VHWV� HDFK RI ZKLFK LV VK\ LQ /��� DQG KHQFH �)DFW �� /
�
� LV VK\ LQ LWVHOI� D

FRQWUDGLFWLRQ� :H FRQFOXGH WKDW /�� LV QRW FRQWDLQHG LQ D FRXQWDEOH XQLRQ RI

�QLWHO\ VK\ VHWV� `

7KH QH[W WZR H[DPSOHV VKRZ ZK\ WKH GH�QLWLRQ RI VK\QHVV PDNHV VXFK

VWULQJHQW UHTXLUHPHQWV RQ WKH VXSSRUWV RI WKH PHDVXUHV� ([DPSOH � VKRZV

WKDW LI WKH UHTXLUHPHQW WKDW WKH VXSSRUW RI WKH PHDVXUH EH FRQWDLQHG LQ

DUELWUDULO\ VPDOO FRQWUDFWLRQV RI & WRZDUG D SRLQW F � & ZHUH HOLPLQDWHG IURP

WKH GH�QLWLRQ� WKHQ LW ZRXOG EH SRVVLEOH WR �QG D VHW & DQG WZR UHODWLYHO\

VK\ VXEVHWV ZKRVH XQLRQ LV DOO RI &�

([DPSOH � &KRRVH DQ RSHQ GHQVH VHW 8 � >�� �@ ZLWK ��8� � �� /HW ¤8

EH WKH FKDUDFWHULVWLF IXQFWLRQ RI 8 DQG OHW I  �� ¤8 EH WKH FKDUDFWHULVWLF

IXQFWLRQ RI WKH FRPSOHPHQW RI 8 � 6HW

.  IIW � W � >�� �@J � /��

%HFDXVH URWDWLRQ LV FRQWLQXRXV �/HPPD $�� . LV WKH FRQWLQXRXV LPDJH RI D

FRPSDFW VHW� DQG KHQFH LV FRPSDFW� /HW &  FRQY. EH WKH FORVHG FRQYH[

KXOO RI .� %HFDXVH /� LV D %DQDFK VSDFH� & LV FRPSDFW�� DQG �RI FRXUVH�

FRQYH[� :ULWH <  & Q.�
:H FRQVWUXFW SUREDELOLW\ PHDVXUHV ��� �� VXSSRUWHG RQ & IRU ZKLFK

���J � < �  � IRU HYHU\ J � /� ���

���J �.�  � IRU HYHU\ J � /� ���

2Q WKH RWKHU KDQG� WKHUH LV FHUWDLQO\ QR SUREDELOLW\ PHDVXUH VXSSRUWHG RQ

& IRU ZKLFK & KDV PHDVXUH ��

��6HH 'XQIRUG DQG 6FKZDUW] ������� 7KHRUHP 9����� SDJH ����

��



7R FRQVWUXFW WKH GHVLUHG PHDVXUHV ��� ��� GH�QH PDSSLQJV �� � � >�� �@�
& E\

��W�  IW

��W�  
�

�
IW �

�

�
I��W

DQG OHW ��� �� EH WKH GLUHFW LPDJH PHDVXUHV�

���$�  ������$��

���$�  ������$��

:H �UVW HVWDEOLVK (TXDWLRQ ���� /HW J � /�� ZH DUH WR VKRZ WKDW ���J �

< �  �� ,I J  � WKHUH LV QRWKLQJ WR SURYH �EHFDXVH �� LV VXSSRUWHG RQ .�

ZKLFK LV GLVMRLQW IURP <  & Q .�� 6XSSRVH WKHUHIRUH WKDW J � � DQG WKDW
���J � < � ! �� :ULWH

$  IW � >�� �@ � IW � J � < J

%\ FRQVWUXFWLRQ� ��$�  ���J � < � ! �� 'HFRPSRVH J DV WKH VXP RI LWV

SRVLWLYH DQG QHJDWLYH SDUWV� J  J� � J�� %HFDXVH < � /�� LW IROORZV WKDW

IW � J  IW � J� � J� � �

IRU HDFK W � $� %HFDXVH IW � � DQG J�AJ�  �� LW IROORZV WKDW IW�J� � �� DQG
KHQFH WKDW IW � J� IRU HDFK W � $� %HFDXVH ��$� ! �� LW IROORZV IURP /HPPD

% WKDW LQIW�$ IW  �� ZKHQFH J
�  �� 7KXV� IRU HDFK W � $ ZH KDYH IW � J  

IW � J�� %HFDXVH I� J� DUH SRVLWLYH� LW IROORZV WKDW NIW � JN  NIWN � NJ�N�
2Q WKH RWKHU KDQG� WKH QRUP RI HDFK HOHPHQW RI . LV � � ��8� ! �� VR

IW � J� FDQ RQO\ EHORQJ WR . LI J�  �� :H FRQFOXGH WKDW J  �� ZKLFK LV D

FRQWUDGLFWLRQ� 7KLV HVWDEOLVKHV (TXDWLRQ ����

7KH DUJXPHQW WKDW HVWDEOLVKHV (TXDWLRQ ��� LV DOPRVW WKH VDPH� H[FHSW

IRU RQH SRLQW� 7KH LPDJH RI � FHUWDLQO\ LV QRW GLVMRLQW IURP .� LQ SDUWLFXODU�

����� ��� ��� ���� DOO EHORQJ WR .� :H DVVHUW� KRZHYHU� WKDW ��W� � . � W

LV UDWLRQDO� LQ SDUWLFXODU� IW � >�� �@ � ��W� � .J KDV PHDVXUH �� 7R VHH WKLV�
VXSSRVH ��W�  �

�
IW �

�
�
I��W � .� 6LQFH . FRQVLVWV HQWLUHO\ RI FKDUDFWHULVWLF

��



IXQFWLRQV� LW IROORZV WKDW ��W� PXVW DOVR EH D FKDUDFWHULVWLF IXQFWLRQ� +HQFH

IW�V�  � � I��W�V�  �� IURP ZKLFK LW IROORZV WKDW 8 � W  8 � �� � W��

RU HTXLYDOHQWO\ WKDW 8  8 � �� � �W�� %HFDXVH 8 LV DQ RSHQ VHW� LW FDQ

EH ZULWWHQ LQ D XQLTXH ZD\ DV D FRXQWDEOH XQLRQ RI GLVMRLQW RSHQ LQWHUYDOV

8  
6
Q�18Q� %HFDXVH 8  8�����W�� HDFK RI WKH WUDQVODWLRQ 8������W�

PXVW FRLQFLGH ZLWK RQH RI WKH LQWHUYDOV 8�� 8�� � � ��
�� ,Q SDUWLFXODU� IRU HYHU\

Q�P � � WKH WUDQVODWHV 8� � Q��� �W� DQG 8� �P��� �W� PXVW EH LGHQWLFDO
RU GLVMRLQW� 6LQFH DQ\ WZR VXFK WUDQVODWHV DUH VXEVHWV RI >�� �@ DQG KDYH WKH

VDPH SRVLWLYH PHDVXUH� WKH\ FDQQRW DOO EH GLVMRLQW� 7KDW LV� WKHUH DUH SRVLWLYH

LQWHJHUV Q � P IRU ZKLFK 8��Q����W�  8��P��� �W�� ZKLFK LPSOLHV WKDW
�Q�P���� �W� LV FRQJUXHQW WR ]HUR PRGXOR �� LQ SDUWLFXODU� �� �W PXVW EH
UDWLRQDO� ZKHQFH W PXVW DOVR EH UDWLRQDO� :H FRQFOXGH WKDW ��W� � . � W LV

UDWLRQDO� LQ SDUWLFXODU� IW � >�� �@ � ��W� � .J KDV PHDVXUH �� (TXDWLRQ ���
QRZ IROORZV E\ HVVHQWLDOO\ WKH VDPH DUJXPHQW DV ZH XVHG IRU (TXDWLRQ ����

:H QRWH WKDW WKH PHDVXUHV �� DQG �� KDYH VXSSRUWV ZKLFK DUH FXUYHV EXW

DUH QRW FRQWDLQHG LQ WUDQVODWHV RI VPDOO QHLJKERUKRRGV RI � � /�� EXW WKLV

DGGLWLRQDO UHTXLUHPHQW LV HDVLO\ VDWLV�HG� )RU � ! �� OHW ���� �
�
� EH WKH GLUHFW

LPDJHV RI WKH UHVWULFWLRQ RI /HEHVJXH PHDVXUH WR WKH LQWHUYDO >�� �@ �VXLWDEO\

QRUPDOL]HG�� `

([DPSOH � VKRZV WKDW LI WKH DVVXPSWLRQ WKDW WKH VXSSRUW RI WKH PHDVXUH

EH FRQWDLQHG LQ DQ DUELWUDULO\ VPDOO QHLJKERUKRRG RI � � ; ZHUH HOLPLQDWHG

IURP WKH GH�QLWLRQ� WKHQ LW ZRXOG EH SRVVLEOH WR �QG D VHW & DQG D FRXQWDEOH

IDPLO\ RI UHODWLYHO\ VK\ VXEVHWV ZKRVH XQLRQ LV DOO RI &�

([DPSOH � )RU HDFK Q� OHW SQ  ¤>��� Q@ DQG OHW

&Q  I\ � /�� � SQ � \ � �J
,W LV FOHDU WKDW HDFK &Q LV D FORVHG VXEVHW RI /

�
�� WKDW &Q � &Q��� DQG WKDW6�

Q �&Q  /���

:H FRQVWUXFW FRPSDFWO\ VXSSRUWHG SUREDELOLW\ PHDVXUHV �Q IRU ZKLFK

�Q�&Q � [�  � IRU HYHU\ [ � /�� DQG IRU ZKLFK WKH VXSSRUWV VXSS �Q DOO OLH

��$V DOZD\V� ZH FRPSXWH WUDQVODWLRQV PRGXOR ��
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